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PREFACE
This volume contains the full-length papers presented in the 7th International Conference on
Computational Methods in Structural Dynamics and Earthquake Engineering (COMPDYN 2019)
that was held on June 24-26, 2019 in Crete, Greece.
COMPDYN 2019 is one of the 32 Thematic Conferences of the European Community on
Computational Methods in Applied Sciences (ECCOMAS) to be held in 2019 and is also a Special
Interest Conference of the International Association for Computational Mechanics (IACM). The
purpose of this Conference series is to bring together the scientific communities of Computational
Mechanics, Structural Dynamics and Earthquake Engineering, to act as the forum for exchanging
ideas in topics of mutual interests and to enhance the links between research groups with
complementary activities. We believe that the communities of Structural Dynamics and
Earthquake Engineering will benefit from their exposure to advanced computational methods and
software tools which can highly assist in tackling complex problems in dynamic and seismic
analysis and design, while also giving the opportunity to the Computational Mechanics community
to be exposed to very important engineering problems of great social interest. The COMPDYN
2019 Conference is supported by the National Technical University of Athens (NTUA), the
European Association for Structural Dynamics (EASD), the European Association for Earthquake
Engineering (EAEE), the Greek Association for Computational Mechanics (GRACM).
The editors of this volume would like to thank all authors for their contributions. Special thanks go
to the colleagues who contributed to the organization of the Minisymposia and to the reviewers
who, with their work, contributed to the scientific quality of this e-book.

M. Papadrakakis
National Technical University of Athens, Greece
M. Fragiadakis
National Technical University of Athens, Greece
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Abstract
This study focuses on the development of a real-time damage detection technology based on
statistical pattern recognition methods to detect damages in a complex structure, such as a
cable-stayed bridge. Further, the performance of the proposed method is evaluated experimentally. The real-time damage detection method is devised on a statistical pattern recognition technology from a damage data assessment section and a simulation based on a nondamage data generation section. The damage data assessment section applies the improved
Mahalanobis distance theory from among the available statistical pattern recognition technologies. Further, the non-damage data generation section comprises logic based on the
state-space equation. To verify the performance of the technology developed, a damage detection test was conducted on the model structure of the cable-stayed bridge. The experiment
confirms that the real-time damage detection technology determines the location of damages
in the cable-stayed bridge in real time.
Keywords: Statistical pattern recognition, Real-time damage assessment, Mahalanobis distance, State-space equation, Maintenance, Cable-stayed bridge
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1

INTRODUCTION

Owing to the development of modern society, human beings now live in more densely
populated spaces. Structures that are built recently consider service loads, but old structures
are always exposed to loads that exceed the serviceability limit of the structure itself. In addition, the safety of structures is always threatened by typhoons and earthquakes whose intensity increases with global climate changes.
Researchers have perceived such threats to the safety of structures and studied diverse
technologies for the inspection and assessment of structure safety. Such an assessment technology is called structural health monitoring (SHM). SHM is a technology that can determine
damages or unsafe elements in structures by conducting a statistical analysis of the data
measured from the structures and clarifies the current conditions of the structures [1,2]. The
method of statistical analysis on the current conditions of the structures is divided primarily
into supervised learning and unsupervised learning. Supervised learning is a high-level damage detection method that can assess the current conditions of the structures using both nondamage data and damage data. For such a damage assessment, it is essential to secure nondamage data and a large volume of data learning is required. Unsupervised learning that has
improved the problems of supervised learning is a convenient method of assessing the current
conditions of structures without learning a damaged structure; however, the level and degree
of damage assessment [2] are limited. Recently, such a limit of unsupervised learning is overcome by applying the data mining technology that extracts new information hidden in data by
analyzing the correlation between data [3,4]. The Mahalanobis distance (MD) theory is a diverse data mining technology that has been studied by many researchers; it uses a simple
method of perceiving the data pattern and can analyze a large data volume [5,6]. However, the
Mahalanobis distance theory presents drawbacks even though it is an unsupervised learning,
as it requires non-damage data for setting a threshold and is a post-treatment method that analyzes data only after the occurrence of a damage.
The objective of this study is to overcome the limit of the statistical analysis method used
for the existing SHM method and to develop a technology that enables a real-time damage
assessment. A real-time damage assessment technology was developed by offering nondamage data required for supervised learning as a simulation based on the information of a
structure and by using a complex learning method that adopted the Mahalanobis distance for
unsupervised learning. To verify the developed real-time damage assessment method, damage
detection tests were performed on a cable-stayed bridge. The result proved that the real-time
assessment method developed for this study can approximately yield the location of damages
in a cable-stayed bridge.
2
2.1

REAL-TIME DAMAGE ASSESSMENT TECHNOLOGY
Statistical Pattern Recognition Technology

The assessment of damages in structures using the Mahalanobis distance theory was proposed in 2007 by Nair and Kiremidijian, who applied a specific vector obtained using the
Gaussian mixture model (GMM) to calculate the Mahalanobis distance; this assessment
method was verified using the ACSE benchmark structure’s interpreted data [5]. Heo et al.
proposed an improved Mahalanobis distance theory to resolve issues with the existing theory
and verified it by conducting damage detection tests on a cable-stayed bridge [7].
This study used the improved Mahalanobis distance theory for real-time damage assessment. Equation (1) represents the improved Mahalanobis distance (IMD) that offsets the de-
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crease following a substantial variability between data; this was a shortcoming of the existing
MD. that the improved method can reduce large variability in data by utilizing the differences
in the data before and after damage occurrence.
IMD = (∆x − m)T R −1 (∆x − m)

(1)

In the equation, x is the measurement value obtained from a structure; m is the average
value of x ; R is the covariance matrix of the measured x value. ∆x is the difference between x before damage and x′ after damage.

2.2

Simulation to Obtain Non-Damage Data

The most general technique of assessing damage in a structure is to compare the responses
between the damaged and undamaged structures. However, the majority of structures built
before the development of a monitoring system do not contain information about their initial
condition. In this study, a simulation logic was created based on the basic information of a
structure to obtain non-detection data for real-time damage assessment and was included in
the real-time damage detection system. The simulation logic for obtaining the non-damage
data was established based on the motion equation. Information on the mass, hardness, and
damping obtained from a detailed finite element (FE) modeling and interpretation of the target
bridge that used NX Nastran were used as the basic information of the structure. To ensure
reliability of the obtained information, the modal assurance criteria (MAC) was used to compare the response data obtained from a model test with the target bridge, and the data was interpreted through FE analysis.
2
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Here, Φ X and Φ A are the mode shapes calculated and obtained from interpretation and
experiment, respectively, and the MAC value approaches 1 as the two compared modes correspond more with each other. The result of the FE interpretation of the target bridge indicated
an approximately 4% of maximum error when compared to the result of the model test. To
resolve such a problem, model updating was performed. Table 1 and Fig. 1 below indicate the
MAC results for which model updating was performed.

FE Analysis Modes (Updating)
1st
2nd

Exp. Modes

3rd

1st

1

0.016348

0.010044

2nd

0.016091

1

0.003991

3rd

0.010122

0.003648

1

Table 1: FE Interpretation and MAC Value from Modal Test
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Figure 1: MAC Plot

2.3

Real-Time Damage Assessment Program

For the experimental verification of the developed real-time damage assessment technology, programming was performed using Matlab & Simulink, as shown in Fig. 2 below.

Figure 2: Real-Time Damage Assessment Program

For the real-time damage assessment program shown in Fig. 2, programming was performed separately for a seismic excitation signal output section for the vibration experiment, a
measurement section that measures the response from the structure, and a damage detection
section that is used to assess damages. Here, the damage assessment section is divided into a
simulation section that provides the non-damage data of the structure based on measured
seismic excitation signals and a statistical analysis section that compares the measured response from the structure and non-damage data by applying the IMD theory.
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3
3.1

REAL-TIME DAMAGE ASSESSMENT TEST
Model Cable-Stayed Bridge for Damage Assessment Test

A model cable-stayed bridge that is a 1/200 replica of the Seohaedaegyo Bridge in Korea
was used as the target for the verification of the developed real-time damage assessment
method. The model bridge had 4,200 mm length, 170 mm width, and 1,000 mm pylon height,
as displayed in Fig. 3. The seats at both ends of the bridge were of the roller type and the seat
of the pylon was of the roller and hinge type.

Figure 3: Model Cable-Stayed Bridge

As shown in Fig. 3, a shaker was located at the bottom of the left-side span to generate vibrations by imposing an external force to the cable-stayed bridge.

3.2

Damage Detection Test

Damage assessment tests were performed to assess the performance of the developed realtime damage assessment technology experimentally. For the output of the structure’s seismic
excitation signal and the measurement of its response, dSPACE 1103 was used. Control Desk
based on Matlab & Simulink that is an operation-dedicated program was used for the operation of dSPACE 1103. Dytran’s 3055B3 acceleration sensor was used for the measurement of
the structure’s response. Eight sensors were selected using kinetic energy optimization techniques, and one sensor on each of the left-side and right-side spans were positioned as illustrated in Fig. 4.

Figure 4: Measuring Instrument Locations and Cable Numbers
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As shown in Fig. 4, the damage assessment test was implemented by removing the cables
that support the span between two pylons in consecutive order. A set of cables in the front and
back in the same section was removed together.

4

DAMAGE DETECTION PERFORMANCE OF DEVELOPED REAL-TIME
DAMAGE ASSESSMENT TECHNOLOGY

Three damage tests were conducted for each case for the assessment of the damage detection performance of the newly developed real-time damage assessment technology to ensure
the reliability of the test result. Fig. 5 below expresses the result of the response from the No.6
sensor out of the data obtained from the damage test in a graph.

Figure 5: Acceleration Response Following Cable Damage

RMS. IMD

RMS. IMD

Fig. 5 compares the non-damage response and the acceleration response by damages in the
No. 6 and No. 15 cables. As illustrated in the graph, the response following cable damage was
similar to a non-damage response to the extent that the difference between the two could not
be detected. Such results were observed in the other damage cases and sensors as well.
Subsequently, the result of damage detection that utilized the improved statistical pattern
recognition technology was compared. IMD was calculated using data measured from ten
sensors. Further, the root mean squared (RMS) value of each IMD was compared to detect the
damage in 20 test cases. Fig. 6 below shows the result of damage detection using the improved statistical pattern recognition technology.

(a) A difference result

(b) Indeterminate result

Figure 6: Result of Damage Detection that Utilizes Statistical Pattern Recognition Technology
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As shown in Fig. 6(a), the IMD by cable damage was significantly different from nondetection IMD. However, a pattern that enables the damage location to be detected by simply
comparing the IMD is not shown, as illustrated in Fig. 6(b).
Heo et al. compared the data obtained from one sensor to detect the degree of cable damage by utilizing the improved statistical pattern recognition technology [7] Such a data analysis method may be appropriate for assessing the degree of damage; however, it is not
sufficient to detect the damage location in a bridge out of various responses from the bridge.
In addition, as indicated by Fig. 6(b), the IMD calculated from each sensor did not offer a pattern for accurate damage detection.
Hence, the variability of the IMD and the RMS values of each test case are analyzed in this
study to detect the damaged location from the IMD and RMS results from each sensor. As
demonstrated in Fig. 6(b), the IMD and RMS values of each sensor did not indicate a significant variability for sensors No. 1 to 5; however, the variability between sensors was shown in
sensors No. 6 to 10. Accordingly, the variability of the IMD and RMS values of sensors No. 6
to 10 were analyzed for each test case. Fig. 7 shows the variability of the IMD and RMS values in a graph.

Figure 7: Detection of Damage in a Structure Using IMD Variability

Fig. 7 shows the RMS results from the IMD based on the data obtained from sensors No. 6
to 10 in 20 test conditions (cable damage) and the variability of each case. In Fig. 7, the red
bars represent the result from a non-damage condition and the blues bars represent the result
from damaged conditions. As the graph indicates, the variability of the damage is greater for
the positions nearer to the pylon or the middle of the spans than the variability of the nondamaged conditions, while the variability was reduced at the 1/4 and 3/4 positions of the span.

5

CONCLUSIONS

Bridges are exposed to the threat of external loads frequently, even though they are critical
in the transportation network. This study aimed at developing a technology that can perform a
real-time damage assessment for bridges using a statistical pattern recognition technology.
The real-time assessment technology was developed by applying a complex learning method
that combined a simulation section offering non-detection data required for supervised learn-
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ing and the Mahalanobis distance theory, which is the most well-known method of unsupervised learning. Notably, to overcome the limits of the newly improved Mahalanobis distance
theory that resolved the shortcomings of the original version, a new method of analysis that
considered the variability between the responses of a structure was proposed. Damage assessment tests were performed on a model cable-stayed bridge to verify the result of the study
experimentally. The test result proved that the real-time damage assessment technology newly
developed in this study could approximately detect the location of cable damage. The conclusion of this experimental study is as follows:
1) For the damage detection technology newly developed in this study, non-damage data
were offered through simulations and the improved Mahalanobis distance theory utilizing
such data was confirmed to demonstrate a difference by damage. However, the technology
presented a drawback in that it did not exhibit a pattern that could detect the damage location;
2) This study proposed an analysis method that considered the variability between data for
overcoming the limit in detecting the damage locations. The result of real-time damage assessment utilizing the proposed method proved its ability to approximately detect the location
of cable damage.
Finally, it was confirmed that the real-time damage assessment technology and data analysis method developed in this study could perform the detection of damage location in a structure while non-damage data have not been obtained. However, the performance should be
further verified on cases of damages in mass and in diverse structure types, as it was verified
only on the cable of a cable-stayed bridge in this study.
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Abstract
Motion Magnification (MM) is an emerging video processing methodology that acts like a
microscope for motion in digital videos. Hardly visible motions are magnified leaving unchanged the general topology of the image. Therefore, the micro-displacements produced by
vibrations can be amplified greatly and made available to the standard frequency domain
analysis. The MM was recently successfully explored as a viable method to perform modal
identification, at least in laboratory. In outdoor environment ambient vibration acquisitions
are unavoidably affected by significant noise disturbing the modes identification. However,
the first three or four modes, which are usually the most relevant to the dynamic behaviour of
most structures, can be identified with little supervision, possibly reducing the calculation requirements as much as possible. All these tasks may be accomplished using MM together with
the Blind Source Separation (BSS) algorithm. BSS allows the separation of mixed signals
without previously known information about the mixture. MM provides the data while the BSS
improves the identification of the modes by separating their contribution within the mixed
noisy signals. A case-study is proposed to explore the application of the methodology to large
ancient masonry structures, which represent very challenging objects for their structural
complexities and heterogeneities. In particular, the studied structure was represented by an
ancient bridge, the Ponte delle Torri, Spoleto. Due to the outdoor environmental difficulties,
to the state of damage of the bridge and to the high level of noise in the video footages, this
case-study has to be considered a very demanding one, nevertheless the modes were identified
with good approximation in comparison to the results by Operational Modal Analysis (OMA)
techniques, applied to ambient vibration data from seismographs equipped with accurate triaxial velocimeters.

Keywords: Motion Magnification, Blind Source Separation, Modal Identification.
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1

INTRODUCTION

Monuments in the urban environment are affected by strong vibrations caused by anthropic
activities, besides the natural events, therefore the health monitoring of these ancient constructions is required periodically. The standard procedure for the monitoring is the frequency
domain analysis since a significant variation of the frequency response suggests that a damage
has occurred, but expensive equipment, time-consuming elaborations and, last but not least,
trained personnel are needed. Moreover, if the monument to be analysed is a large building,
sensors have to be positioned to cover critical areas, but often is not possible to reach these
points easily and sometimes it is impossible at all [1]. Even more important, since to perform
reliable elaborations high density data should be collected, that is, the number of devices to be
deployed to provide the full coverage of the building should be huge or alternatively, many
measurement repetitions should be done. As a matter of fact, usually one chooses carefully
some points, hoping that they will suffice to the analysis purpose. Once data have been collected, their processing and analysis may result in a long, hard and complex task.
To face these difficulties in the field of the mode identification, we propose the recently
developed motion magnification (MM) digital video methodology [2] together with the Blind
Source Separation (BSS) [3] algorithm. Motion magnification acts like a microscope for micro-motions in video sequences, saving the topology of the images but unveiling tiny visual
patterns hardly visible with the naked eye. The magnification enables the spatial resolution of
the videocamera to extract physical properties from images, to make inferences about the dynamical behaviour of the object no matter its dimensions, since any point on its surface can be
considered a “virtual sensor”.
Recently, a number of laboratory experiments have ascertained the reliability of the MM
methodology compared to standard techniques of modal identification, but regrettably, an extensive on-the-field experimentation for real buildings is still lacking.
On the other hand, the BSS original algorithm [3] allows the separation of randomly mixed
signals, without previously known information about the mixture. Therefore, the MM provides the data, while the BSS (in the second-order statistical BSS formulated by McNeill’s [4])
improves the identification of the modes, separating their contributions within the mixed signals semi-automatically.
In the present paper, a case-study is proposed about the analysis of the Ponte delle Torri, a
mediaeval bridge located in Spoleto, Italy. The McNeill approach properly adapted to the
modal identification [4-6] was applied to video footages of the bridge processed through
phase based MM. The analysis was limited to the first four modal frequencies and a comparison with the results obtained by Operational Modal Analysis (OMA) of velocimeters data is
discussed.

Figure 1. The Ponte delle Torri of Spoleto.
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2

THE PONTE DELLE TORRI OF SPOLETO

Our case study is the so-called Ponte delle Torri of Spoleto (Figure 1). It is a large historical construction that connects Colle Sant’Elia with Mount Monteluco in Spoleto, which used
to be an important city in central Italy during the middle-ages.
The bridge superstructure is made up of a pedestrian deck, provided with a water canal on
one side, supported by lancet arcades and stone piers known as "towers".
The bridge has a stone structure with shoulders and piers made up of rubble walls in a
square matrix assembled by mortar and lime. The structure is only apparently regular. In fact,
piers and arches have all different shapes and sizes, as well as the walls towards Colle
Sant’Elia and Monteluco are also diverse in the masonry texture, due to their different construction timing and subsequent rebuilding interventions. The bridge has an overall length of
about 230 m, while the highest tower is over 70 m. The bridge has a state of damage typical of
historic masonry bridges. At the top of the arches, especially those on the slope of Monteluco,
there are heavy water infiltrations resulting in losses of mortar binder and wall apparatus skiving. Moreover, a widespread damaged layer, especially in the lower part of the piers, was detected. This has caused the expulsion of some cornerstones of the piers, the disarticulation of
the masonry texture and the collapse of portions of the outer layers. The bridge showed a
widespread and extended state of damage already prior to the Central Italy sequence. The
cracks present in the bridge seem mostly to be related to the heterogeneity of the construction
materials, as usually befalls to ancient structures that are subjected to a series of structural interventions, architectural modifications and functional changes during their long history. The
upper part of the piers is generally made up of better quality masonry with mortar of good
consistency. In the lower piers, widespread damages caused the expulsion of some cornerstones, local dislocations of the masonry and some partial detachments of the outer layers.
The fourth pier from West displayed two very large cracks that are clearly visible [1, 4].
3

THE MM AND BSS ALGORITHMS

Now we present briefly the two main algorithms used to perform the blind modal outputonly identification, just the necessary to the comprehension of the proposed methodology,
since the complete mathematical formalization is rather cumbersome.
3.1

The Magnified Motion algorithm

In the present work we have used the phase based version of the MM algorithm [7] to process the digital videos. It is important to observe that within the MM processing a band-pass
derivation step is included, so that to magnify the motion displacements, either the initial Taylor’s expansion or the amplification factor α do not have to be too large. In practice, slowly
changing scenes and small amplifications permit to remain into the linearity bound needed.
Moreover, the algorithm implies a certain noise amplification too [8]. Physical sources of
noise are lighting conditions, presence of shadows, camera unwanted vibrations, poor pixel
resolution, presence of unexpectedly large motions, excessive camera-object distance. In particular, the scene lighting conditions should remain constant, as changing the background
light could produce apparent motions. In general, the video duration heavily affects the computation time of the whole processing and may be a major problem. Obviously, according to
the Shannon-Nyquist Theorem the frame rate should be appropriate as it represents the sampling frequency ffps of the data. The general condition to be respected is given by:
ffps ≥ 2fmax
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where fmax is the maximum frequency of interest.
3.2

The Blind Source Separation algorithm

The Blind Source Separation is an Independent Component Analysis (ICA) signal processing technique, that extracts n original signals s from their random mixtures x, observed by
a certain number m of sensors and possibly polluted by noise. Thus the blind source separation consists in identifying the mixing matrix A and retrieving the source signals s without
resorting to any a priori information about s, the mixing process, or the signals propagation
medium. The only hypothesis is that the source signals are mutually statistically independent
[4]. ICA algorithms are based on an objective function to be optimized according to a measure of independence of the source in the direction of the increasing independence. The physical phenomenon is represented by:
x(t) = A*s(t) + η(t)

(2)

where, given m sensors and n sources of signal, x is the observed signals vector that originate
from the mixture, and vector η is the noise of unspecified distribution, A is the random “mixing matrix”. The number of sensor m must be at least equal to the number of sources n, otherwise the reconstruction will be affected by very large errors. There are two important types
of mixing models: instantaneous mixtures and convolutive mixtures. The first one is a mixing
model which does not take into account any delays whereas the convolutive mixture involves
some delays in the mixing process. In our case we admit no delays.
Originally, the BSS was developed to solve the “cocktail party” problem, whose simplest
formulation is this: two people are speaking during a party, while two distant microphones
record the overlapping voices amid noise. We want to separate voices s using only their registrations x from at least two microphones.
Thus, m = n = 2 and the mixing system is:
x1(t) = a11s1(t) + a12s2(t) + η(t)
x2(t) = a21s1(t) + a22s2(t) + η(t)

(3)
(4)

If the sources are statistically independent, the problem is solvable estimating the matrix W
= A-1 , called the de-mixing matrix (up to some constants scaling factors):
s(t) = W* x(t)

(5)

Today many ways to calculate W are known. Usually a cost function is chosen according to
geometric information or theoretical considerations and minimized by the gradient descent,
the simulated annealing or a genetic algorithm, resulting in an estimation of W [3].
Here we use the McNeill BSS version [4], to obtain the separation of signals from noise and,
at the same time, the output-only calculation of vibration modes. The underlying idea is quite
simple: the physical responses x of the dynamic system are constructed from the modal response q, through the modal matrix  :
x(t) =  * q(t)
hence using the BSS framework to calculate W =  -1 :
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q(t) = W * x(t)

(7)

the modes q are obtained.
This decomposition allows for the estimation of the natural frequencies and damping ratios
too. The modal matrix and modal responses are formed by real values if the topology of the
damping matrix results in a proportional damping, otherwise are formed by complex values
(for details see [4-6]).
4

APPLICATION TO THE PONTE DELLE TORRI

We validated the methodology on the case-study of the Ponte delle Torri, using the modal
frequencies by OMA as a reference ground-truth. Besides the magnified motion that provides
a very large number of “virtual sensors”, the major advantages coming from the McNeill-BSS
algorithm are the semi-automation of the mode calculations and the separation of the signals
from most of disturbances. Two sets of time-series are used as inputs to the BSS: those from
the MM and those from a velocimeter.
4.1

Modal identification by OMA of velocimeters data

Ambient vibration was measured by SL06 recorders (SARA Instruments) equipped with
triaxial electrodynamic velocimeters, set to 200 Hz sampling frequency [8]. The instruments
were positioned along the bridge deck, on top of each pier and in the middle between piers.
Also the basis of the central pier and both abutments were recorded. All configurations were
acquired for at least 20 minutes.
The OMA techniques implemented in the ARTeMIS Modal Pro software were used to
elaborate the experimental data of the velocimeters. Among the several OMA techniques
available, the Frequency Domain Decomposition (FDD), the Enhanced Frequency Domain
Decomposition (EFDD) and the Stochastic Subspace Identification (SSI) were utilized. EFDD
provides also an estimation of modal damping, SSI is a more sophisticated and automatic procedure based on time-domain approach. The results of the identification of the modal frequencies averaged over the OMA techniques are resumed in Table 1. Also a finite element
analysis (FEM) has been carried out along with the experimental campaign, further confirming results of Table 1 [1, 4].
4.2

BSS with velocimeters data

We firstly applied the BSS to SARA velocimeters data in order to validate the algorithm
efficiency by comparison with the OMA results of the same dataset. A velocimeter channel
y(t) was considered for the following processing steps. The segmentation can be expressed as
follows:
y1 = y(ti : tf1);
y2 = y(tf1 : tf2);
y3 = y(tf2 : tf3);
y4 = y(tf3 : tf);

(8)

The above segmentation is correct only if the ergodic hypothesis holds, otherwise the BSS
error could be quite large. It is not easy to demonstrate the ergodicity of the system under
consideration, however, as a matter of fact, the errors with respect to OMA modes are small
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(Figure 2, Table 1). This reduced error could be quite predictable by means of specific tests
and will be the object of future investigations.
In the Fast Fourier Transform (FFT) of the velocimeter signal, the peaks are well defined
and separated, allowing a clear identification of modes (Figure 3). This is clearly due to the
good quality of the high-performance velocimeters mounted on the SARA recorder. Therefore, BSS proved to be an effective tool for frequencies identification with good-quality vibration data.

Figure 2. The first four vibration modes indicated by the red arrows (right column) and on the left their amplitude time-series. Each subgraph shows the related peak, according to the mode order. Here the signal is from a
velocimeter, direction y.

Mode
1
2
3
4

BSS-vel (Hz)
0.635
0.977
1.416
1.855

OMA (Hz)
0.632
1.011
1.496
1.975

% error
-0.44
-3.40
5.34
-6.08

Table 1. Modal frequencies calculated by BSS of velocimeter data (BSS-vel), the reference values of OMA, and
the percentage errors with respect to the OMA values.

Figure 3. FFT amplitude of the velocimeter signal processed by BSS. Dotted coloured vertical lines represent the
modes identified by OMA. The peaks are well defined and separated, allowing a clear identification of modes.
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4.3

The Magnified Motion data

A video footage of the bridge was recorded contemporarily to the ambient acquisition of
velocimeters data during the campaign of 29th May 2017. Large motions, such as people passing by in front of the camera and swinging objects, were avoided [10]. The presence of large
motions is one of the most important sources of noise for the MM, requiring the experimenter
to isolate part of the image, although usually this is not a feasible option. Video footage was
recorded by means of a commercial low-cost camera (pixel resolution 360 x 445, frame rate
of 50 fps). The basic methodology is to take advantage of the large number of pixels contained in the camera view. Theoretically, we could have 160,200 “virtual sensors”, meaning
that each pixel provides a time history of intensity variation (colour or grey scale), from the
first frame to the last one. These time series contain the information about the displacements
of the physical points related to the pixels (although they are not real displacements). Of
course, not all the surface of the structure generates useful information, therefore we identify
a small area with high signal-to-noise ratio (SNR). The identification of the region of interest
(ROI) is a crucial point of the procedure.
In Figure 4 the first frame of the MM video, note also the field of view. The red box enlarged on the right is the selected region of interest used to extract the MM intensity timeseries and finally the average over all the pixel time series (bottom).
It is not mandatory to perform the PSD on this averaged signal, but it is useful to exploit
the low-passing action of the mean to reduce noise disturbances. The main source of vibrations is the wind, although a road flanks the monument on the right side. In any case, manmade vibrations may be considered of low intensity. The camera is positioned on the road
near the monument hence wind and traffic affect its stability too [11].
To run the MM algorithm [3] we need to set some parameters. In particular, the magnification band and the amplification factor are the most important. We chose a band of 0.5-2.5 Hz
and an amplification factor of 140. Similar values would be also acceptable, nevertheless,
since the MM acts as a pass-band filter, choosing a band close to the actual modes gives better
results. In our case we have been supported by the previous analysis [1], but generally one
must rely on experience to decide a suitable band. After the MM phase based magnification
step [3], we have to select the region of interest of the virtual sensors, meaning to pick some
pixels whose time history of colour variation will be translated into the frequency domain. We
choose the area as in the red box of Figure 5, because it is morphologically different from the
wall and provides some edges to the algorithm.

Figure 4. The camera view of the bridge. The red box enlarges the lamppost selected for analysis.
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(a)

(b)

(c)
Figure 5. Signals time histories (b) from the selected pixels (a) and the related average signal (c).

The presence of marked edges or texture would be very helpful for the MM, but unfortunately the surface of the monument is rather homogeneous. These circumstances produce a
large amount of noise, to be added to other disturbances. Also the angle of the camera is much
less than 90° (Figure 4), therefore the magnification will be affected by a distortion. Also the
air refraction and the wind provide a substantial source of noise, affecting the algorithm. No
attempt to compensate for these distortions has been made.
The ROI is part of a lamppost, in-built to the wall about 40 m from the camera; however
only the red box pixels are able to supply low-noise information, because are close to the
structure. In fact, the upper part of the lamppost spreads spurious frequencies, due to its own
resonances. Other choices of the ROI have not improved the measurements.
Signals provided by MM do contain displacement information, but they cannot be used
immediately as real displacements. Anyway, acceleration may be calculated just like it can be
done with the velocimeter displacement measurements, and the PSD obtained as well.
The ROI area of Figure 4 may be identified qualitatively by trial and error considering the
number of peaks in the PSD and their inter-distance; a dense presence of peaks suggests a
high level of noise and of course is misleading, therefore only PSD spectra with identifiable
frequencies are acceptable. In practice, to avoid a biased choice, one may select manually the
area several times, repeat the calculation and average the results. In our case, we find that ten
iterations of the MM-PSD procedure is a good trade-off between speed and precision (intended as closeness to the mean value). The smooth appearance of the MM-PSD depends on the
short time span of the video that decreases the PSD frequency resolution. Another selection
criterion of the ROI could be based on the entropy calculation for the single pixel time-series,
choosing the high information content suggested by the entropy.
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4.4

BSS with Magnified Motion data

Having extracted the time-series from the digital video as described above, we take the
temporal average on four sets of selected pixels to simulate the signal obtained from four sensors, in order to match the basic BSS requirement, then we apply the McNeill calculation to
unveil the modes [5-6]. Focusing on the first four modes, we must consider at least 4 signals,
thus m = 4.
m=n=4

(9)

where eq. 9 is the BSS requirement condition. To such purpose we took four segments of the
original averaged MM signal s (Figure 3, bottom) as follows:
s1 = s(ti : tf1);
s2 = s(tf1 : tf2);
s3 = s(tf2 : tf3);
s4 = s(tf3 : tf);

(10)

The eq. 10 is the formalization of the signal segmentation of s, in analogy to eq. 8. Each of
the above four signals can be considered as the measurement time-series received from some
“virtual sensors” (i.e. a group of pixels, see Figure 3), acting as input to the second order-BSS
algorithm [9]. The first four modes obtained are shown in Figure 6. Each subgraph shows the
related peak, according to the mode order. The smoothness of the peak depends on the particular choice of the algorithm parameters, which introduce a certain amount of unwanted arbitrariness. From the FFT amplitude of signal s (Figure 7), it can be noted that the peaks are ,ore
noisy and not as well-separated as in the case of velocimeters data. Here the noise is introduced mostly by the MM mechanism, but usually noise sources may be related also to a variety of factors, and anyway they are hardly avoidable. In such cases, the McNeill’s algorithm
contributes to resolve the hardly distinguishable frequency peaks. In fact, the first four modes
could be identified with interesting accuracy with respect to the modes identified by OMA
(Table 2). Therefore, integrating the MM with the BSS proved interesting potential as a vibration measurement technique for fundamental frequency identification. It must be remarked
that this achievement was due to the proper choice of the pixels to process by MM.

Figure 6. The first four vibration modes indicated by the red arrows (right column) and on the left their amplitude time-series. Each subgraph shows the related peak, according to the mode order.
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Mode
1
2
3
4

MM (Hz)
0.635
1.074
1.416
2.051

OMA (Hz)
0.632
1.011
1.496
1.975

% error
-0.44
-6.23
5.34
-3.85

Table 2. Modes calculated from MM data, the reference values of OMA, and the MM errors.

Figure 7. FFT amplitude of the MM signal processed by BSS. Dotted coloured vertical lines represent the modes
identified by OMA.

5

CONCLUSIONS

Ambient vibration monitoring of large buildings is a difficult task both in terms of data
collection and elaboration. Several sensors must be deployed on the structure, which is quite
expensive and often demand specialized operators. After on-the-field collection, vibration data must be pre-processed, elaborated and finally analysed. In the presented case-study, about
the Ponte delle Torri, the data were collected also as video footages for the application of MM
technique. The large number of virtual sensors extracted from the acquired scene were processed with a semi-automatic procedure through the second order BSS to identify the modes
of the analysed structure. Although the used McNeill algorithm for BSS still needs a complete
automatization, the number of parameters to be set is limited, making it already quite easily
usable for non-expert operators. On the other hand, it proved to be very stable and wellintegrated with the MM. Moreover, it must be stressed that the proposed case-study was particularly tricky with regard to the noise/disturbance issues. Nevertheless, the overall procedure
performed well in terms of speed, simplicity and accuracy of modal frequencies identification
(6%-error accuracy with respect to the frequencies obtained with velocimeters data processed
by OMA techniques). Improvements of both the basic MM and the BSS algorithms are definitely within reach, paving the way to the perspective of very easy, speedy and low-cost data
acquisition for modal identification of monitored structures.
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Abstract

The SHM has a very important role in the diagnostic process of cultural heritage buildings,
for which generally, the identification of the structural behaviour is affected by many uncertainties. The use of ambient vibration tests allow to characterize the dynamic behavior of the
structures, providing also information to validate numerical modeling. Moreover, continuous
monitoring allows to record streams of seismic ambient noise for long time intervals in order
to retrieve the temporal evolution of the structural characteristics and to highlight the response of them to seasonal variations of environmental parameters (temperature, humidity)
and the stresses due to the human activities or to the rapid (daily or weekly) changes in the
ambient conditions (temperature, wind velocity and intensity).
Three seismic monitoring experiments were performed in 2012, 2013 and 2014 at the Asinelli
and Garisenda Towers, two masonry leaning tower built in the center of Bologna (Italy). The
aim of this work is to present the results of the analysis of the data recorded by seismic monitoring that allowed to clearly identify the normal modes of oscillation of the Two Towers. A
particular attention was devoted to the identification of transient that, propagating inside the
structures, produce beating effects at the top stations. Implication to the structural modeling
and to the State of health monitoring are discussed.
Keywords: Dynamic Structural Health Monitoring, Masonry tower, Ambient vibration
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1

INTRODUCTION

The assessment of the structural heath of the historical buildings, through non-destructive
techniques, is fundamental in order to preserving their cultural integrity. For this purpose,
Structural Health Monitoring (SHM) plays a crucial role in providing information both on the
dynamic properties of the structures and the damage caused by earthquakes, impacts or traffic
loads. In the last decade, the number of SHM systems designed and implemented on historic
structures increased considerably. SHM perfectly meets principles and guidelines of Italian
and European seismic codes concerning the historical buildings, which require the preservation of the structural architectural integrity, promoting removable, non-invasive and compatible solutions in the knowledge process, restoration and strengthening [1], [2]. The data obtained from a dynamic monitoring system shall provide information regarding the intrinsic
properties of the structure that can be used to develop more accurate models and thus to plan
effective strengthening interventions. Vibrations are one of the main factors for fatigue in
structures. For this reason, with the increase of heavy traffic in the cities the study of the effects of the road traffic vibrations induced on the historical buildings is becoming another important issue. Continuous monitoring allows to record streams of seismic ambient noise for
long time intervals in order to retrieve the temporal evolution of the structural characteristics,
the influence on them of the ambient conditions (temperature, wind velocity and intensity)
and the stresses due to the human activities (traffic loads). Three seismic monitoring experiments were performed in 2012, 2013 and 2014 at the Asinelli and Garisenda Towers, two masonry leaning tower built in the center of Bologna (Italy). The aim of this work is to present
the results of the analysis of the data recorded by seismic monitoring, that allowed to identify
the dynamic properties of the Two Towers, and to investigate the effects of the vibrations induced by the traffic loads on the Towers. The information obtained from the monitoring are
also used to calibrate FEM models with the purpose of identify models able to better simulate
the real behavior of the Towers. Particular attention was paid to the evidence of particular
signals propagating inside the Towers that point out clear effects of beatings at the top.
2

GARISENDA AND ASINELLI TOWER

Garisenda and Asinelli Towers, commonly referred to as “The Two Towers”, are the main
monument of the city of Bologna, North Italy (Figure 1). The Asinelli Tower is the taller one
(97 m) and was built between 1109 -1119. During the Second World War, the Tower was
used as a watchtower. It tilts toward South-West of 2.23 m [3]. The external walls were built
using solid bricks for the outer skins and rubble masonry fill. The total thickness of the masonry decreases almost linearly from 3.15 m at the base to 0.45 m at the top. Three main discontinuities are present at 11.5 m, 34.0 m and 56.0 m (Figure 1b) [4]. The Garisenda, the older one, can be dated around the last two decades of the eleventh century. During the construction phases, the foundation soil underwent important subsidence phenomena, which caused a
visible tilt of the tower [5]. The tower is 48 m high and has a slope of 3.40 m towards SouthEast. The base of the Garisenda tower presents an external selenitic layer that cover the external wall for the first 3.5 m. The Tower cross section above the selenitic base (built using solid
bricks for outer skins and rubble masonry fill) reduces with height as the common construction practice at the time of construction (Figure 1c) [6]. The knowledge of actual state of
health the towers is a crucial issue in order to preserve these monuments. For this reason, at
the beginning of the 2011 the Municipality decided to installed a static SHM systems in both
the Towers [7], [8]. In addition, following the Emilia earthquakes (20th May 2012 and 29th
May 2012, respectively 5.8 and 5.6 Mw), seismic monitoring experiments were commissioned to the Istituto Nazionale di Geofisica e Vulcanologia (INGV) in conjunction with the
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University of Bologna with the purpose of obtaining information on the dynamic behaviour of
the Two Towers.

(a)
(b)
(c)
Figure 1- (a) The Two Towers of Bologna, (b) The Asinelli Tower elevation with the indication of the main discontinuities, (c) Garisenda Tower cross section at two different heights

2.1

The monitoring system and the tests developed

The Towers’ vibrations induced by natural or artificial sources (ambient noise) have been recorded in order to evaluate their dynamic properties. The first experiment [9] was performed
from June 2012 to September 2012. Six seismic stations, equipped with three-axial seismometers (Lennartz Le3d5s coupled to 24-bit digitizers Reftek 72A-07/08) were installed along the
height of each Towers (4 in the Asinelli, 2 in the Garisenda), see Figure 2. A second experiment was repeated the year after, from September 2013 to March 2014 (Lennartz Le3d5s
coupled to 24-bit digitizers Reftek 130). A third experiment was performed from August to
October 2014 (three seismic stations in the Asinelli, SS20 2Hz seismometer coupled to a
SL06 24 bit DAS from Sara Electronics S.r.l.).

(a)
(b)
Figure 2-a) Three-axial seismometers (Lennartz Le3d5s coupled to 24-bit digitizers Reftek 72A-07/08;
(b)Position of the seismometers on the Asinelli tower (left) and Garisenda tower (right)
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At the end of the third experiment (October 2014) additional experimental measurements
have been carried out in order to study the effects of the transit of a heavy vehicle on the Asinelli tower, at the end of the monitoring period. For this aim, the oscillations produced by the
transit of an heavy truck at different speed along Strada Maggiore (the road at the base of the
Asinelli Tower, Figure 3) were recorded by the three seismometric stations, installed at the
base, at 35 m high and at the top of the Asinelli Tower.

Truck

Asinelli tower
Figure 3-a) View of the position of the Two Towers (Google Earth);b)Picture of the transit of a truck along
Strada Maggiore during the experimental measurements.

3

AMBIENT MODAL FREQUENCIES IDENTIFICATION AND MODELING

Recording natural vibration on built structures gives a way to identify their fundamental frequencies of vibration. Since the use of these techniques allows to make measurements without
any damage to the building and without interfering with its normal use, it appear particularly
suitable for the analysis of structures of historical and monumental interest. Also, from the
spectral-analysis point of view, taking into account the wide frequency band covered by the
natural vibration, it is possible to recognize the principal modal frequencies in a single step.
Figure 4 and 5 show the average spectra computed over the entire monitoring period of 2013
for the three components of the top station for the Asinelli and Garisenda, respectively [7, 8].
The first three fundamental flexural frequencies (indicated as F1, F2, F3 in the spectrum of
figure 4a) of the Asinelli Tower fall within the range of 0.32-0.33 Hz, 1.3-1.5 Hz and 3.0-3.3
Hz. The third peak (indicated as R1 in figure 4a) of the spectrum of the horizontal components may be associated with a torsional motion. The first three fundamental frequencies of
the Garisenda tower, instead, fall within the range of 0.71- 0.73 Hz, 3.7-4 Hz and 8.8 9.0 Hz
respectively (Figure 5). It can be noticed that these peaks are split and characterised by different amplitudes between the two horizontal components (figure 4b and 5b). The frequency
splitting, not existing in a symmetrical structure, is probably due to the asymmetry in building
characteristics and to the leaning angle of the Towers.
A more detailed observation of the spectral response of the Garisenda Tower (Figure 5a) allows to capture a quite interesting phenomena, that is the presence of two small spectral peaks
at frequencies corresponding to the fundamental frequencies of the Asinelli Tower. Such phenomena can be interpreted as a mutual induction effect of oscillation. The same effect, on the
other hand, is visible only on the vertical average spectrum of the Asinelli Tower that exhibits
in this frequency band the minimum spectral amplitude (Figure 4a).
In the last years, the assessment of the structural health was mostly focused on the Asinelli
Tower rather than on the Garisenda Tower, mainly because being the larger height of that
would probably make it more vulnerable to the effects of lateral vibrations, such as those in-

3884

Baraccani S., Azzara R. M., Gasparini G., A. Morelli, Palermo M., Trombetti T., L. Zaccarelli

duced by earthquakes. In the past, some of the authors have conducted numerical studies
based on the use of Finite Element Method (FEM) to asses to seismic response of the Tower.
FE models of increasing complexity (mono and bi- dimensional models considering different
base conditions) have been developed and the results of modal analysis were compared with
the data recorded by the dynamic monitoring. Details are available in [10].
In this work, to investigate the phenomenon of frequency splitting and of beating (that will be
presented in the next sections), a further FE model of the Asinelli Tower has been developed.
considering isotropic shells elements using the commercial softwareSAP2000. The model reflects faithfully the geometry in the following aspects: inclination, thickness of the walls at
the differed sections, windows, holes used to install the scaffolding during the construction
phases and steel ties installed during the years to confine the masonry walls. In particular, the
openings could influence the structural response of the Tower and could be a possible cause
of the frequency splitting detected through the dynamic monitoring. Figure 4c displays the
mode shapes obtained by the FE model. It can be noticed that the fundamental periods obtained from the model analysis are in good agreement with those obtained from the measurements. Time history analyses, using the recorded data at the base of the Tower as input, are
under development to better investigate the cause of the beating phenomenon observed.
In 2018, a possible material degradation at the base of the Garisenda tower has been revealed
pointing out the necessity to assess its current structural health. Several models (bidimensional and three-dimensional finite element models) of the Garisenda have been developed. Particular attention has been paid to the modelling of the base of the Tower composed
by an external and internal perimeter of selenitic stones (thickness of around 50-60 cm) and
an internal filling. The measured frequencies have been used to calibrate these models, which
will be used to investigate the consequences of the natural decay of material properties in
terms of safety and stability. For sake of brevity, only the mode shapes as obtained by the bidimensional model are reported in Figure 4c. The material properties used in the models of
both Towers, characterized through in situ tests (both destructive and non-destructive), are
summarized in Table 1.
East-West
North-South
z

F1

F2

R1

F3

T1,f=3.7s

T2,f=0.8s

T3,t=0.39s

(a)
(b)
(c)
Figure 4- a) Average spectra computed over the entire monitoring (2013) for the top station. b) Example of the
distribution of the FFT spectra along the vertical profile inside the Asinelli Tower. c) Modal shape obtained by a
finite element model developed by the authors.
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East-West
North-South
z

F1
F2

F3

T1,f=1.1s

T2,f=0.21s

T3,t=0.18s

(a)
(b)
(c)
Figure 5- a) Average spectra computed over the entire monitoring (2013) for the top station. b) Example of the
distribution of the FFT spectra along the vertical profile inside the Garisenda Tower.
c) Modal shape obtained by a finite element model developed by the authors.

Specific
Weight


Material

Masonry bricks
Selenitic stone
infill

[KN/m3]
18
24
17



Elastic
Modulus
Em

Compressive
strength
fm

Shear
strength
fv,m

0.2
0.2
0.2

[MPa]
3000
5000
2500

[MPa]
4
7
4

[MPa]
0.5
0.7
0.5

Table 1: Material properties of the Asinelli and Garisenda towers

4

CHANGES IN THE OSCILLATION DUE TO VARIATION OF AMBIENT CONDITION

Dynamic monitoring, if performed continuously and for a long period, can be an effective tool
to describe the health status of a built structure. The recording of long data flows allows to
follow the variation of the modal parameters with time and to correlate it to the changes in the
environmental conditions, natural or artificial, that can influence the behavior of the structure
and can produce fatigue or rapid modification of the mechanical-physical properties. It is the
case of the Two Towers, which have been monitored for several months over several years,
allowing not only to depict a snapshot of the modal parameters but also to observe how the
Towers are solicited by the variation of ambient parameters.
A first aspect taken into account was to measure the variation of the amplitude of oscillation
with the variation of anthropic noise due to the daily increment of the vehicular traffic at the
base of the Towers. As representative example of an average behaviour for both Asinelli and
Garisenda Tower, Fig. 6 shows the daily oscillation recorded at the Asinelli top station during
August 2012 between 1–20 Hz, the frequency band where the seismic ambient noise is known
to be dominated by “cultural sources”. It is clear the similarity of the trend during the working
days, showing a sharp increment in the amplitude of oscillation when the human activity rises
(about at 6: am, local time), a reduction during the evening and an almost instant decrease in
the night, after the 01 a.m. (local time). On the other hand, also during holidays (15, 17, 18
August 2012) the pattern is similar but the interval when the oscillation amplitude is increasing reduces its duration only in the central part of the day.
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Velocity (m/s)
Velocity (m/s)

Velocity (m/s)
Velocity (m/s)
Velocity (m/s)

Velocity (m/s)

Velocity (m/s)

Velocity (m/s)

AS89 Top Asinelli tower

Figure 6- Daily trend of the oscillation recorded by the top station of the Asinelli Tower from 13th to 20th August 2012. The signal has been filtered in the 1-20 Hz frequency band, in order to point out the content associated with the anthropic noise surrounding the Tower.

To evaluate the amplitude ratio of the oscillation between night and day periods and between
weekdays and holidays, the trends of the maximum amplitudes of oscillation in the different
periods have been calculated, performing the averages of the maximums. It can be noticed
that the oscillation between day and night is between 2 and 6 times greater on weekdays and
doesn’t exhibit evident differences between weekday and holidays.
The continuous monitoring has allowed recognizing the propagation inside the Towers of
transients that trigger beatings at the top of the Asinelli Tower. Figure 7 shows the time history of the three components of recorded signals (200 s) recorded by the three stations. The signals recorded by the station at the top clearly show beatings. The phenomenon has been investigated by some of the authors Palermo et al [11] using a simplified eccentric planar model
with an equivalent eccentric and torsional stiffness. The results indicated that the equivalent
eccentricity could be compatible with some partial wall disconnections due to cracks propagating along the openings.
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Figure 7. Example of transient propagating inside the Towers and triggering beatings at the Top level of Asinelli
Tower. Each set of three signals are the waveforms on the Z, NS, EW directions, from down to top respectively
for GA02, AS00 and AS97 measurements point.

In order to individuate the possible source of the impulse at the base, a horizontal particle motion analysis of the signal recorded at the base of the Two Towers has been performed. Figure
8 shows that the cross point of the composition of the horizontal components, taking into account the position of the instrumentation inside the Towers, points toward the intersections of
roads “Via Rizzoli” and “Strada Maggiore”, daily traveled by heavy vehicular traffic.

Figure 8. Particle motion analysis along the horizontal directions for the two seismic stations installed at the base
of the Two Towers

3888

Baraccani S., Azzara R. M., Gasparini G., A. Morelli, Palermo M., Trombetti T., L. Zaccarelli

5

VIBRATION INDUCED BY HEAVY TRAFFIC: EXPERIMENTAL TEST

In October 2014, during the execution of some maintenance works along road “Strada Maggiore” that required the road closure, an experimental test has been performed in order to record the Asinelli Tower vibrations induced by the passage of a heavy truck along the road
(Figure 3). Three seismic station equipped with three-axial seismometrs (SARA SS20 and
SL06) were installed at the base, at 35 m and at the top level of the Tower. The signal was
sampled at 100 sps. The truck made five passages at different speeds (10, 20, 30 km / h). The
presence of a sudden discontinuity in the pavement was also accounted for by placing an obstacle in the road, namely a wooden beam in the direction perpendicular to the road. For each
measurement, the following tests have been conducted (Figure 9):
A. truck moving at 20km/h with no obstacle
B. truck moving at 30km/h with no obstacle
C. truck moving at 10km/h in correspondence of the storm drain
D. truck moving at 30km/h with obstacle
E. truck moving at 10km/h with obstacle

Figure 9. Vertical component waveforms recorded at the three measurement points during the five passages of
the truck.

As is evident from Figure 9, during the first three passages (A,B,C) the amplitude of motion
along the vertical component of the base didn’t exceed the maximum average vibration recorded in absence of input. During the last two tests (D and E), the input at the base was significantly stronger. In these cases at both the stations inside the Tower beatings were recorded,
similar to those observed during the continuous monitoring (Figure 10). This seems to confirm that the input at the base produced by heavy traffic along the roads surrounding the Towers is responsible for the observed beatings. The acceleration and displacement peak values
(PGA and PGD) recorded during the tests were computed and collected in Table 2. The maximum values of PGA and PGD recorded at the top along the horizontal direction refer, as expected, to the two most energetic tests (D, E). They are equal to 3 mg and 0.4 mm respectively (Table 2).
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Figure 10. Waveforms recorded during the most energetic test (E) at the top level station, from top to down respectively EW, NS and Z components.
Acceleration
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Z
E
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N
Z
E
N
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Test A

Test B

Test C

Test D

Test E

mg

mg

mg

mg

mg

0.08
0.07
0.24
0.36
0.34
0.38
0.62
0.86
0.63

0.11
0.10
0.45
0.45
0.34
0.37
0.84
0.64
1.14

0.05
0.05
0.19
0.21
0.18
0.25
0.50
0.49
0.53

0.28
0.48
1.71
1.31
1.41
1.13
1.23
2.71
2.89

0.19
0.33
1.08
0.62
0.91
1.09
1.24
1.41
1.81

Test A

Test B

Test C

Test D

Test E

μm

μm

μm

μm

μm

1.72
2.16
3.40
50.7
32.4
10.7
162.9
138.9
16.1

1.93
1.55
2.13
72.2
55.0
8.63
193.0
286.0
11.92

1.81
2.02
2.81
66.6
43.5
9.51
278.8
260.2
11.32

1.96
2.03
5.06
73.7
95.8
12.4
369.5
375.0
19.3

2.12
1.89
4.56
62.7
67.0
16.4
261.8
204.2
24.6

Table 2: The acceleration and displacement peak values (PGA and PGD) recorded during the tests.
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CONCLUSIONS
The main conclusions of the study can be summarized as follows:
 The experimental modal frequencies determined from the dynamic monitoring performed between 2012 and 2014 result in good agreement with those obtained from
modal analysis performed on the FE models.


The long duration and the repetition over several years of the survey allowed to recognize a typical trend of the vibration of the Towers that at high frequency (1-20 Hz)
seems to be strongly correlated to the surrounding anthropic sources. In particular,
some specific transients propagating inside the Asinelli Towers triggered beatings that
are evident at the top of the Tower.



The passage of an heavy truck monitored during one specific experiment induced
beatings that resulted to be similar to those evidenced during the long term monitoring.



Further analyses are necessary to better interpret the observed beatings in order to
identify possible relations between structural and material irregularities and the peculiar dynamic response.
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Abstract. Vibration-based Structural Health Monitoring (SHM) is receiving increasing attention due to the high technological level that the developed methodologies are nowadays
reaching, together with the increasing quest for the implementation of effective, but ideally of
low-cost, monitoring instrumentation. The latter is relatively easy to deploy and allows for the
recording of the structural vibration response at multiple locations, which, for large strategical infrastructures, such as high-rise buildings, bridges, wind farms, etc. may be of critical
importance. On the other hand, low-cost instrumentation may typically be accompanied by
high Noise-to-Signal (N/S) ratios, contaminating the structural response, increasing the induced uncertainties and rendering the implementation of SHM methods more difficult. This
calls for appropriate and effective denoising processes. In tackling such an associated denoising problem, several methods have been proposed and are currently under further development.
Among specific variants, the utilization of multi-rate filter banks, especially the one based on
Discrete Wavelet Transform (DWT), as well as the application of Singular Value Decomposition (SVD), have revealed to be rather effective. Yet, they have mostly been applied to problems
where structural vibration response signals originate from specific behavioral classes, as, e.g.,
in monitoring applications of rotating machinery. In this study, the aforementioned methods are
reconsidered and reimplemented; then, assessed on noise-corrupted vibration response signals
related to civil engineering applications. Different Noise-to-Signal (N/S) ratios and excitation
types are considered, i.e. earthquake and ambient vibration input. Advantages and limitations
of both denoising approaches are presented and discussed, with a critical comparison. The
outcomes prove the effectiveness of the considered methods in clarifying earthquake response
signals, yet also their difficulty in purifying ambient vibration signals, motivating further specific research on the filtering of this latter common class of structural response.
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1

INTRODUCTION

Due to ever increasing structural requirements and loading condition magnitudes to which
civil engineering structures are continuously subjected, an effective and accurate evaluation
of the safety of existing structures, as well as an appropriate estimation of their remaining
lifetime, become more and more necessary. In particular, in the last few years, the increasing
interest in predicting the potential deterioration and collapse of such critical infrastructures by
collocating on them various sensors for detecting data related to their dynamic response, has
led to the emergence of the field of Structural Health Monitoring (SHM). Many case studies in
which the structural vibration response has been employed as a critical and directly measurable
quantity for evaluating structural safety, may be found in the literature [1–4]. From all these
examples, the availability of reliable data on structural safety, usability and fatigue resistance,
represents an essential point for efficient SHM, aiming at preserving structural integrity over
time. However, often either no updated information on the structural characteristics is available
or it may result incomplete, or even noise affecting the signals may considerably alter the useful
information embedded within the response signals themselves. Consequently, in many cases,
the application of denoising techniques aiming at enhancing the data quality by removing the
noise affecting the signals, might become necessary.
Several denoising approaches for dealing with signals have been developed and reported in
the literature [5–7]. In particular, the application of band pass filters, such as high-pass and lowpass filters, may be considered as a most simple and rudimentary denoising method. The Fourier
Transform might also be employed for denoising purposes [8]. However, all these mentioned
approaches are ineffective when the noise is concentrated in a frequency band similar to that
of the useful part of the signal, and this occurs in several real cases. In fact, this would mean
removing not only the noise but also a relevant portion of the meaningful signal, which instead
should be preserved.
In the last two decades, this has led to search for alternative denoising approaches able to
overcome this issue, by removing the contaminated part of the signal without losing the important information contained within it. In particular, two important denoising approaches are
identified, as focus herein, i.e., one based on a Discrete Wavelet Transform (DWT) implementation [9] and one based on a Signal Value Decomposition (SVD) algorithm [10]. In addition,
a further interesting approach to the problem of signal denoising is the effectuated use of a
Kalman Filter (KF), as a powerful tool to enhance noise-corrupted data, as presented in recent
publications [11–13]. Specifically, in Ravizza et al. [13], a KF algorithm has been integrated
into a Heterogeneous Data Fusion (HDF) scheme, aiming at improving the quality of displacement response signals detected on a numerical dynamic system.
In this paper, DWT- and SVD-based denoising approaches are reconsidered and independently implemented, in order to explore their effectiveness in dealing with signal typologies
typical of civil engineering contexts, namely structural vibration response signals. This may
open up to new perspectives in the post-processing of such signals; in fact, although these
techniques have been already tested, for instance, on gravity and magnetic signals, biological
signals such as electrocardiograms (ECG) or electroencephalograms (EEG), or even acoustic
signals and pressure signals, their application on structural vibrational signals, typical of the
civil engineering field, has not been deeply inspected yet. Furthermore, structural response
data are crucial for SHM purposes, as their observation over time, also supported by the wide
development of modal identification techniques for the acquisition of the structural modal features [14–16], may reveal variations in the physical properties of the monitored structure. This
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might be related to the possible appearance of damage and, consequently, it could lead to a
decay of the structural performance characteristics.
In particular, within the present analysis, seismic response and ambient vibration signals, in
terms of acceleration, will be considered. This choice is motivated by the fact that, since these
signals display a very different nature, i.e., non-stationary (seismic excitation) vs. stationary
(ambient vibration), they could bring out different aspects inherent to the process of denoising, depending on the performed approach. A ten-story shear-type building is assumed as a
benchmark reference structure, in order to generate simulated response signals, which are then
subsequently contaminated with different levels of noise, and further denoised by means of the
proposed techniques.
The main goal which this study aims to achieve is twofold:
• to inspect the effectiveness of denoising methods in dealing with response signals which
are typical of the civil engineering context, i.e., ambient vibration and seismic acceleration response signals, through the assessment of their performance based on the comparison between the reconstructed denoised signal and the original clean one;
• to shed light on strengths and limitations of DWT- and SVD-based denoising approaches,
depending on the amount of noise that affects the data, and as referring to the type of the
response signal (ambient vs. seismic).
The paper is organized as follows. In Section 2 a brief description of the analysis procedure is provided, through the presentation of the benchmark dynamical system, the synthetic
generation of last-floor’s acceleration response signals (considering both seismic excitation and
ambient vibration), and the process of their distortion by adding a Gaussian white noise. In
Section 3, DWT- and SVD-based denoising approaches are performed on data affected by increasing noise levels, and results are presented and commented on. A critical comparison based
on the performance evaluation of the two considered techniques is also presented. Conclusions
and global remarks are finally outlined in Section 4, together with some possible future research
perspectives.

2
2.1

ANALYSIS PROCEDURE
Problem statement

The traditional formulation of a generic signal denoising problem may be expressed according to the following relation:
y=x+n

(1)

where y = (y1 , ..., yi , ..., yn ) is the noise-affected signal which has to be processed, and that may
be interpreted as the sum of a clean (noise-free) signal x = (x1 , ..., xi , ..., xn ), which embeds
the useful information to be preserved, and an additive noise signal n = σ(n1 , ..., ni , ..., nn ),
of intensity given by standard deviation σ, which may be modeled as a stationary independent
zero-mean Gaussian term [17, 18], superimposed on the useful signal and altering its content.
The application of each numerical denoising technique aims at achieving a best approximation xb = (xb1 , ..., xbi , ..., xbn ) of original (noise-free) signal x, starting from noise-affected
signal y, removing most of the unwanted noise without losing the useful information. It is
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worth mentioning that, at least at this preliminary stage of research, all signals involved within
the analyses are constituted by synthetic signals, since this assumption allows to more deeply
explore all possible strengths and limitations of the two studied denoising methods, rather than
and before eventually considering real signals.
Several approaches have been presented in the literature in order to assess the effectiveness of
denoising techniques [19–21]. Here, since both original (clean) signal x and denoised signal xb
are available, the Percentage Root Mean Square Difference (PrmsD) [22] value can be employed
toward such purposes:
v
uP
n
u (x − x
b i )2
u
i
u i=0
PrmsD = 100 · u
n
P
t
2
i=0

(2)

xi

Small values of PrmsD are desirable for achieving a reliable approximation of original signal x.
In this study, PmrsD is considered as an evaluation term to compare the performances of DWTand SVD-based denoising approaches in processing both stationary and non-stationary response
signals.
2.2

Description of benchmark structure

In order to generate simulated acceleration response signals, a one-bay ten-story shear-type
building is taken as a reference structure. For making the analysis as truthful as possible, realistic values of mass, stiffness and damping are assumed. In particular, for the first-floor, values
of mass m1 = 100 t and stiffness k1 = 4 · 106 kN/m are considered, while the upper floors are
characterized by values of mass mi = 80 t and stiffness ki = 3 · 106 kN/m, with i = 2, ..., 10.
Furthermore, a modal damping ratio ζi = 5%, as typical of reinforced concrete structures, is
assumed, for all the modes.
During the analysis, two different input typologies are considered acting on the structure,
i.e. an earthquake acceleration excitation, acting at the base, and an ambient vibration force
distribution, applied along the structure with a linear variation (increasing from bottom to top
of the building). In both cases, the last-floor acceleration response signal is solely monitored, as
it shall be associated to the most critical response values and, consequently, it may be enough
to well characterize the whole structural response of the analyzed building.
2.3

Generation of noise-affected response signals

In this section, the procedure of generation of noise-affected response signals is shown. In
particular, a zero-mean Gaussian white noise is added to the original (noise-free) signals, aims
at simulating the intrinsic error characterizing the sensor technology, as well as the errors which
might occur “in situ” at the signal acquisition stage. The fact that the added Gaussian white
noise affects each single frequency component indifferently over the whole length of the signal,
makes its removal always a challenging task. Here, the Noise-to-Signal (N/S) ratio is used
to quantify the amount of noise, in relation to the useful signal. Although in today’s sensor
technology N/S ratios greater then 20% might be considered as unrealistic, or extremely rare,
for a complete understanding of the limitations of the explored denoising techniques, in the
present analysis N/S ratios up to 50% are taken into account. Two different types of excitation
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are considered as acting on the benchmark structure, i.e., seismic input and ambient vibration
input; whereupon, performing a classic direct analysis, the dynamic response of the system is
obtained.
The analyzed non-stationary input is the earthquake excitation that struck Kalamata (Greece)
in 1986, characterized by a Peak Ground Acceleration (PGA) of 0.24 g, magnitude of M = 5.9
and focal depth of 22 km. Such a seismic excitation has been assumed acting at the base of
the reference building. The numerically-determined acceleration response signal related to the
tenth floor is first obtained and then contaminated by adding a white Gaussian noise level of
25% N/S ratio, as depicted in following Fig. 1.
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Figure 1: 10th-floor acceleration response signal of the benchmark structure under earthquake excitation input
and subsequent noise addition process (25% N/S ratio).

Ambient vibration, instead, represents the stationary excitation to which the structure is subjected to during its regular operating condition, and is commonly associated to environmental
loads like wind, traffic load or wave motion. The last-floor dynamic acceleration response of
the benchmark structural system under ambient vibration input is represented in Fig. 2, as well
as the process of data corruption through the addition of a Gaussian white noise characterized
by a N/S ratio of 25%.
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Figure 2: 10th-floor acceleration response signal of the benchmark structure under ambient vibration input and
subsequent noise addition process (25% N/S ratio).

The so generated noise-corrupted signals are now processed within a denoising implementation based on the application of DWT and SVD. The outcomes of the analysis are presented in
next Section 3.
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3
3.1

ANALYSIS RESULTS
DWT-based denoising application

The optimal calibration of the DWT-based denoising approach for dealing with seismic response signals has been first investigated through a criterion of minimization of the PmrsD index
between the original (noise-free) signal and the denoised one. For this purposes, several mother
wavelets (i.e. Symlet, Coifet, Daubechies, Biorthogonal, Reverse Biorthogonal and Discrete
Meyer) and thresholding rules (i.e. Heuristic SURE, Sqtwolog, Minimax and Rigorous SURE)
have been explored, with the optimal solution being identified in the adoption of Smylet with
two oscillations in its mother wavelet combined with Heursure hard thresholding, at decomposition level 2. The results of the DWT-based denoising performed on a seismic acceleration
response signal corrupted with a 25% N/S ratio are shown in Fig. 3. The small error which may
be appreciated between the original signal and the denoised one reveals the effectiveness of the
method in the clarification of such a non-stationary signal.
A similar procedure has then been applied for the denoising of an ambient vibration response
signal. However, even though the denoising method based on DWT has been suitably recalibrated for dealing with this specific class of signals, in this latter case, the error which occurs
between the original signal and the denoised one becomes more visible, as observed in the last
graph in Fig. 4. In particular, here, the combination of Coifet, featuring two oscillations in
its mother wavelet and Minimax hard thresholding at decomposition level 3 is adopted. The
difficulty in the denoising of stationary signals and, in general, the relevant discrepancy in the
obtained results seems to clearly show how the typology of the processed signal strongly affects
the performances of the DWT-based denoising technique.
3.2

SVD-based denoising application

The SVD-based implementation exploited in this study for denoising purposes is based on
the computing of the singular values associated to so-called Hankel matrix A, which contains
the noise-corrupted signal components that ought to be denoised. Since it has been shown that
the noise mainly affects the small singular values of the signal, it follows that by removing those
lower than a selected threshold, a new matrix Â (of a lower rank) containing solely the denoised
signal components, may be obtained. Thus, in this process, the critical point is represented by
the choice of the threshold value. To this end, here, a criterion based on the minimization of the
PrmsD index between the noise-free and denoised signal has been adopted, which has led to the
selection of a threshold value of 10.
In Fig. 5, the results of the SVD-based denoising approach performed on the non-stationary
seismic response signal are shown. It may be asserted that, through the proposed SVD implementation, and despite the considered significant level of noise (i.e. 25% N/S ratio), the original
signal has been almost completely reconstructed, as demonstrated by the very small error that
can be appreciated.
A similar analysis has then been performed on the stationary ambient vibration response
signal and, contrary to what was seen for the denoising approach based on DWT, in this case,
satisfactory outcomes may still be achieved, as represented in Fig. 6. Thus, the SVD-based
denoising technique seems to better fit the different nature of the considered input, providing
a more stable solution and, thus, leading to a more reliable estimate of the original reference
signal.
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Figure 3: DWT-based denoising of a noise-corrupted ẍ(t) response signal under seismic input (25% N/S ratio).
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Figure 4: DWT-based denoising of noise-corrupted ẍ(t) response signal under ambient vibration (25% N/S ratio).
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ẍ(t) [m/s2 ]

Denoised signal
10
0
-10
0

5

10

15
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Figure 5: SVD-based denoising of a noise-corrupted ẍ(t) response signal under seismic input (25% N/S ratio).
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Figure 6: SVD-based denoising of a noise-corrupted ẍ(t) response signal under ambient vibration (25% N/S ratio).
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3.3

DWT- vs. SVD-based denoising techniques

In this section, a critical comparison based on the performance evaluation of the two analyzed denoising approaches in clarifying noise-affected response signals is presented. The
effectiveness of both methods is assessed, depending on the typology of the processed signal
(non-stationary vs. stationary) and on the level of Gaussian white noise added to the source
data. For academic purposes, N/S ratios up to 50% are considered within the analysis, and a
PrmsD value between the reference signal and the denoised one is computed for each noise
level. Results are summarized in following Table 1, and depicted in Fig. 7.
N/S ratio [%]
Seismic excitation
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Ambient vibration

5

10

15

20

25

30

35

40

45

50

DWT

0.06

0.13

0.18

0.20

0.88

1.18

1.23

1.39

2.11

2.69

SVD

0.23

0.34

0.46

0.55

0.44

0.69

0.59

0.55

0.60

0.71

DWT

0.59

1.25

2.64

3.80

4.58

4.93

5.23

5.90

6.21

6.82

SVD

0.15

0.07

0.21

0.39

0.57

0.53

0.66

1.19

2.33

2.88

Table 1: PrmsD [%] index between original and denoised signal for different signal typologies and N/S ratios:
DWT vs. SVD.
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Figure 7: Effectiveness evaluation of DWT- and SVD-based denoising techniques for increasing N/S ratios and
different signal typologies: (a) earthquake excitation; (b) ambient vibration. Notice that scales on the PrmsD axes
are different, almost twice for (b). Indicated trends come from a polynomial fit of degree 2.

From the obtained outcomes it may be deduced that both considered denoising approaches
seem to be well suited for dealing with non-stationary signals, and in particular for seismic
response. However, the analysis performed on ambient vibration response has shown that, for
the denoising of stationary signals, only the SVD-based technique leads to reliable estimates.
This technique seems less affected by the level of noise considered in the source signals, in
comparison to the DWT-based approach. Its robustness may also be better appreciated by the

3901

Gabriele Ravizza, Rosalba Ferrari, Egidio Rizzi, Vasilis Dertimanis and Eleni N. Chatzi

graphs in Fig. 7, which plot the data in Table 1, where the error trends (in terms of PrmsD
index) of the two denoising approaches are compared, considering the two studied typologies
of source response signals.
4

CONCLUSIONS

In this paper, two different approaches for the denoising of (acceleration) structural response
signals have been presented, i.e. one based on Discrete Wavelet Transform (DWT) and one
based on Singular Value Decomposition (SVD). These two denoising techniques have been implemented with reference to simulated response signals typical of the civil engineering context,
such as earthquake excitation and ambient vibration response signals. A ten-story shear-type
building has been assumed as a benchmark structure, in order to generate the source noiseaffected signals, and the last-floor acceleration response has been monitored.
Salient research contributions which this study is bringing to light may be briefly summarized
as follows:
• stationary signals proved more problematic to purify than non-stationary ones, due to
their almost constant distribution in time and frequency;
• the effectiveness of the SVD-based denoising method has been fully proven. It can be
stated that it constitutes a rather robust technique, which is able to return reliable estimates
of the original (noise-free) signal, despite for the significant amount of additive noise
assumed on the source data. Moreover, this technique seems to be suitable for both nonstationary and stationary signals;
• The DWT-based approach may be considered as useful for the denoising of non-stationary
signals, such as seismic response signals, especially for N/S ratios lower than 20%, where
it may provide even better results than those for the SVD-based approach. However, the
performed analysis has proven also its limitations in the processing of stationary signals,
for which the application of the denoising method based on SVD is instead suggested.
Finally, after this first necessary phase of effectiveness assessment of the two denoising methods, in which only simulated signals have been considered, future developments shall concern
the employment and denoising of real response signals (accelerations but also displacements),
within the developed denoising procedure.
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Abstract
Roads and railway tracks are a major focus of interest in transport infrastructure monitoring.
Settlement in a road or railway track profile changes the dynamic excitation applied to passing
vehicles. This, in turn, results in a changed dynamic response in the original source of loading,
such as a passing vehicle. These changes in dynamic excitation make it possible to detect
damage in transport infrastructure from the vehicle response. In this paper, the profile is
calculated using accelerations in a passing vehicle and used to monitor transport
infrastructure.

Keywords: Direct Integration, Drive-by, Profile, Railway Track, Acceleration, SHM.
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1

INTRODUCTION

Roads and railway tracks are critical parts of transport infrastructure. They routinely become
damaged with features emerging such as potholes in the roads and ‘soft spots’ in the railway track.
These damages may influence the serviceable and safe operation of the transportation network.
Therefore, infrastructure monitoring is an important area of research.
Railway tracks are subject to reductions in stiffness due to deteriorating foundations and to
permanent fatigue deformations that result in a change in the track profile. The objective of this
research is to identify local reductions of profile or stiffness that can help with the identification
of problems related to track settlement, vehicle-ride comfort, track geometry and even groundborne vibrations [1]. Railway track stiffness can currently be measured using specialised
medium-speed vehicles or stationary equipment. A track recording vehicle (TRV) is a
traditional method used by railway infrastructure managers to assess the condition of their
network. A TRV is a specialised, instrumented train which periodically collects geometric data
of the railway track including track gauge, longitudinal profile, alignment, super-elevation
irregularity (cross level or cant) and twist. European Standard EN13848 defines the method of
measurement of railway track using TRVs in Europe [2]. TRVs are the current preferred method
of measurement for these parameters. However, they are expensive to operate and may disrupt
regular services during operation. Using in-service vehicles to determine at least some of these
parameters represents a possible alternative that can provide much more frequent measurements
at much less cost [3].
In this method, sensors mounted on in-service vehicles collect accelerations and possibly
other dynamic parameters. Improvements in band-width of wireless communications,
reductions in sensor and data acquisition electronics cost have allowed the development of
unattended track geometry inspection systems that are compact and robust enough to be
mounted on in-service vehicles [4]. This concept of using trains in regular service to measure
track stiffness has the potential to provide inexpensive daily ‘drive-by’ track monitoring to
complement data collected by other less frequent (but more accurate) monitoring techniques.
Railway track longitudinal profile is also regard as indicator of serviceability condition.
Perfectly level track profiles can minimise dynamic responses of the vehicle, which can increase
passenger comfort, reduce power consumption and reduce wear on vehicle components. A
reduction in vehicle dynamics also reduces the vehicle load on the track. Therefore, keeping a
good vertical longitudinal profile helps maintain overall track condition through a reduction in
vehicle dynamic effects [5].
Accelerometer(s) mounted on a vehicle also provide a way to measure road profile which is
of low cost. González et al identify the relationship between vehicle accelerations and the power
spectral densities of road surfaces using a transfer function [6]. The road condition is accurately
classified by Fourier analysis which is used to calculate the power spectral density (PSD)
function of the surface. OBrien et al present a drive-by method to monitor transport
infrastructure (such as bridges and pavements) by analysing vehicle accelerations [7]. An
algorithm is proposed to identify the dynamic vehicle-bridge interaction forces using the vehicle
response. It is suggested that this method could be used to identify the global bending stiffness
of the bridge and to predict the pavement roughness. This paper will use a new direct integration
approach to calculate track and/or road profiles using vehicle accelerations. Points of low
stiffness in the track are also determined as it is loaded track profile that is measured which is
a combination of permanent deformation/profile and deflection in response to the weight of the
train.
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2

MODEL DESCRIPTION

2.1 Vehicle Model
The vehicle is represented by a 4 degree-of-freedom half-car model travelling on a beamon-elastic-foundation track (Figure 1(a)) and rigid road (Figure 1(b)). The four independent
degrees of freedom correspond to sprung mass bounce displacement, 𝑢𝑠 , sprung mass pitch
rotation 𝜃𝑠 and axle hop displacements of the unsprung masses at axles 1 and 2, 𝑢𝑢1 and 𝑢𝑢2
respectively. The vehicle body is represented by sprung mass, 𝑚𝑠 . The axle components are
represented by unsprung masses, 𝑚𝑢1 and 𝑚𝑢2 . The sprung mass connects to the axle masses
via a combination of springs and dampers. The damping coefficients of viscous dampers are
𝐶𝑠,𝑖 and stiffnesses of springs are 𝐾𝑠,𝑖 which represent the suspension components for the front
and rear axles (𝑖 = 1,2). The axle masses connect to the road or railway track surface via springs
with linear stiffnesses, 𝐾𝑡,𝑖 which represent the tyre components for the front and rear axles (𝑖 =
1,2). Finally, 𝐼𝑠 is the sprung mass moment of inertia and the distances of the axles to the centre
of gravity are 𝐷1 and 𝐷2 . Table 1 gives the property values of the half-car.

𝑚𝑠
𝑚𝑢1
𝑚𝑢1
𝐾𝑠,1
𝐾𝑠,2
𝐶𝑠,1
𝐶𝑠,2
𝐾𝑡,1
𝐾𝑡,2

Half-Car and
track model
16 200
700
1100
4×105
1×106
1×104
2×104
1.75×106
3.5×106

Half-Car and
road model
16 200
700
1100
4×105
1×106
1×104
2×104
1.75×106
3.5×106

𝐼𝑠

111 193

93 457

𝐷1

4.13

2.375

𝐷2

4.13

2.375

Property

Unit

Symbol

Body mass

kg

Axle mass

kg

Suspension
stiffness
Suspension
damping

N/m
N s/m

Tyre stiffness

N/m

Pitch moment of
inertia
Distance of axle
to centre of
gravity

kg m2
m

Table 1: Vehicle model properties.

Figure 1(a): Half-Car and track model.
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Figure 1(b): Half-Car and road model.

The equations of motion of the vehicle are obtained by imposing equilibrium of all forces
and moments acting on the vehicle:
M𝑣 𝑢̈ 𝑣 + 𝐶𝑣 𝑢̇ 𝑣 + K 𝑣 𝑢𝑣 = 𝑓𝑣

(1)

where M𝑣 , C𝑣 , and K 𝑣 are the mass, damping and stiffness matrices of the vehicle respectively.
The vehicle accelerations, velocities and displacements are represented by vectors, 𝑢̈ 𝑣 , 𝑢̇ 𝑣 and
𝑢𝑣 respectively, where the displacement vector of the vehicle is,
𝑢𝑣 = {𝑢𝑠 , 𝜃𝑠 , 𝑢𝑢1 , 𝑢𝑢2 }𝑇
(2)
The time-varying dynamic interaction force vector is,
𝑓𝑣 = {0,0, 𝐹𝑡1 , 𝐹𝑡2 }𝑇

(3)

The dynamic interaction force at wheel i is,
𝐹𝑡𝑖 = 𝐾𝑡,𝑖 × 𝑦𝑖

(4)

𝑖 = 1,2, where 𝑦𝑖 is the road or track profile. The mass, damping and stiffness matrices are:
𝑚𝑠
0
Mv = [ 0
0
𝐶𝑠,1 + 𝐶𝑠,2
𝐷 𝐶 − 𝐷2 𝐶𝑠,2
Cv = 1 𝑠,1
−𝐶𝑠,1
−𝐶𝑠,2
[
𝐾𝑠,1 + 𝐾𝑠,2
𝐷 𝐾 − 𝐷2 𝐾𝑠,2
K v = 1 𝑠,1
−𝐾𝑠,1
−𝐾𝑠,2
[

0
𝐼𝑠
0
0

0
0
𝑚𝑢,1
0

0
0
0 ]
𝑚𝑢,2

𝐷1 𝐶𝑠,1 − 𝐷2 𝐶𝑠,2
𝐷1 2 𝐶𝑠,1 + 𝐷2 2 𝐶𝑠,2
−𝐷1 𝐶𝑠,1
𝐷2 𝐶𝑠,2

𝐷1 𝐾𝑠,1 − 𝐷2 𝐾𝑠,2
𝐷1 2 𝐾𝑠,1 + 𝐷2 2 𝐾𝑠,2
−𝐷1 𝐾𝑠,1
𝐷2 𝐾𝑠,2

(5)
−𝐶𝑠,1
−𝐷1 𝐶𝑠,1
𝐶𝑠,1
0

−𝐾𝑠,1
−𝐷1 𝐾𝑠,1
𝐾𝑠,1 +𝐾𝑡,1
0

−𝐶𝑠,2
𝐷2 𝐶𝑠,2
0
𝐶𝑠,2 ]

(6)

−𝐾𝑠,2
𝐷2 𝐾𝑠,2
0
𝐾𝑠,2 +𝐾𝑡,2 ]

(7)

2.2 Road model
In this paper, a 100 m road profile is generated by Monte Carlo simulation according to the
ISO standard [8]. It simulates a class ‘A’ road which is a ‘very good’ profile, typical of a wellmaintained highway. The geometric spatial mean is 8×10 -6 m3/cycle. A moving average filter
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is applied to the generated road profile heights, yi. It is over a distance of 0.24 m to simulate the
attenuation of short wavelength disturbances by the tyre contact patch [7,9].
2.3 Track Model
In past work, the railway track is represented using a beam-on-elastic-foundation model [1].
This model features a single layer of discrete elastic springs. Figure 1(a) shows the beam-onelastic-foundation track model. It features an elastic beam (the rail) supported on some springs
with different stiffness, 𝑘. Track supports have regular interval spacing, 𝐿s , representing the
spacing between the sleepers. A UIC60 rail is simulated as a finite element Euler-Bernoulli
beam with one beam element per sleeper spacing. Each track element has 2 nodes with 2 degrees
of freedom (DOF), vertical translation and rotation, at each node. Rail irregularities are not
considered in this research which means the track profile is entirely from deflection of the
springs under the loaded train.
3

DIRECT SOLUTION OF PROFILE CALCULATION

The forward problem and the inverse problem are features of any profile calculation. The
forward problem is to find vehicle accelerations, velocities and displacements for a given profile.
The inverse problem, in contrast, uses given 𝑢̈ and 𝜃̇𝑠 to find the profile. In previous research,
the inverse problem is solved using a complex optimisation procedure [10]. It repeatedly solves
the problem for thousands of trial profiles, until a good match is achieved between measured
and theoretical accelerations. It also should repeat this for each segment of track/road. In this
paper, the direct integration approach is proposed to solve the inverse problem directly to find
the profile.
The forward problem is solved first. In the forward problem calculation, a ‘true’ profile is
used to generate the ‘measured’ sprung mass accelerations and sprung mass pitch rotational
velocity. Then, to test the method of solving the inverse problem, the profile 𝑦𝑖 is calculated
with these ‘measured’ sprung mass accelerations and sprung mass pitch rotational velocities.
All problems are solved here using the Newmark-Beta integration scheme and simulated in
MATLAB.
In the Newmark-Beta integration scheme, a value of γ=0.5 is used to ensure unconditional
stability of the algorithm. In the Newmark-Beta method, the integration constants are chosen
as:
Time step 𝛥𝑡，𝛾 = 0.5, 𝛽 = 0.25 × (0.5 + 𝛾)2
1

𝛾

1

1

𝛾

𝑎0 = 𝛽×𝛥𝑡 2 , 𝑎1 = 𝛽×𝛥𝑡 , 𝑎2 = 𝛽×𝛥𝑡 , 𝑎3 = 𝛽×2 − 1, 𝑎4 = 𝛽 − 1,
𝑎5 =

(8)

𝛥𝑡
𝛾
× ( − 2) , 𝑎6 = (1 − 𝛾) × 𝛥𝑡, 𝑎7 = 𝛾 × 𝛥𝑡
2
𝛽

The profile is calculated step by step in the process as follows: The sprung mass bounce
acceleration, 𝑢̈ and the sprung mass pitch rotational velocity, 𝜃̇𝑠 are taken to be known at first.
Then the sprung mass bounce displacement, 𝑢𝑠 , and velocity, 𝑢̇ 𝑠 , sprung mass pitch rotational
displacement, 𝜃𝑠 , and accelerations, 𝜃̈𝑠 , can be calculated using the Newmark-Beta integration
scheme:
𝑢𝑠,𝑡+𝛥𝑡 = (𝑢̈ 𝑠,𝑡+𝛥𝑡 + 𝑎2 × 𝑢̇ 𝑠,𝑡 + 𝑎3 × 𝑢̈ 𝑠,𝑡 )⁄𝑎0 + 𝑢𝑠,𝑡
𝑢̇ 𝑠,𝑡+𝛥𝑡 = 𝑢̇ 𝑠,𝑡 + 𝑎6 × 𝑢̈ 𝑠,𝑡 + 𝑎7 × 𝑢̈ 𝑠,𝑡+𝛥𝑡
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𝜃𝑠,𝑡+𝛥𝑡 = (𝜃̇𝑠,𝑡+𝛥𝑡 + 𝑎4 × 𝜃̇𝑠,𝑡 + 𝑎5 × 𝜃̈𝑠,𝑡 )/𝑎1 + 𝜃𝑠,𝑡

(11)

𝜃̈𝑠,𝑡+𝛥𝑡 = 𝑎0 × ( 𝜃𝑠,𝑡+𝛥𝑡 − 𝜃𝑠,𝑡 ) − 𝑎2 × 𝜃̇𝑠,𝑡 − 𝑎3 × 𝜃̈𝑠,𝑡

(12)

According to Equations (1) to (7), the equations of motion of the sprung mass can be found:
𝑚𝑠 × 𝑢̈ 𝑠,𝑡+𝛥𝑡 + (𝐶𝑠,1 + 𝐶𝑠,2 ) × 𝑢̇ 𝑠,𝑡+𝛥𝑡 + (𝐷1 𝐶𝑠,1 − 𝐷2 𝐶𝑠,2 ) × 𝜃̇𝑠,𝑡+𝛥𝑡 − 𝐶𝑠,1 × 𝑢̇ 𝑢1,𝑡+𝛥𝑡
−𝐶𝑠,2 × 𝑢̇ 𝑢2,𝑡+𝛥𝑡 + (𝐾𝑠,1 + 𝐾𝑠,2 ) × 𝑢𝑠,𝑡+𝛥𝑡 + (𝐷1 𝐾𝑠,1 − 𝐷2 𝐾𝑠,2 ) × 𝜃𝑠,𝑡+𝛥𝑡
−𝐾𝑠,1 × 𝑢𝑢1,𝑡+𝛥𝑡 −𝐾𝑠,2 × 𝑢𝑢2,𝑡+𝛥𝑡 = 0

(13)

𝐼𝑠 × 𝜃̈𝑠,𝑡+𝛥𝑡 + (𝐷1 𝐶𝑠,1 − 𝐷2 𝐶𝑠,2 ) × 𝑢̇ 𝑠,𝑡+𝛥𝑡 + (𝐷1 2 𝐶𝑠,1 + 𝐷2 2 𝐶𝑠,2 ) × 𝜃̇𝑠,𝑡+𝛥𝑡
−𝐷1 𝐶𝑠,1 × 𝑢̇ 𝑢1,𝑡+𝛥𝑡 +𝐷2 𝐶𝑠,2 × 𝑢̇ 𝑢2,𝑡+𝛥𝑡 + (𝐷1 𝐾𝑠,1 − 𝐷2 𝐾𝑠,2 ) × 𝑢𝑠,𝑡+𝛥𝑡
+(𝐷1 2 𝐾𝑠,1 + 𝐷2 2 𝐾𝑠,2 ) × 𝜃𝑠,𝑡+𝛥𝑡 −𝐷1 𝐾𝑠,1 × 𝑢𝑢1,𝑡+𝛥𝑡 +𝐷2 𝐾𝑠,2 × 𝑢𝑢2,𝑡+𝛥𝑡 = 0

(14)

The terms, 𝑢̇ 𝑢2,𝑡+𝛥𝑡 and 𝑢𝑢2,𝑡+𝛥𝑡 can be removed by combining Equations (14) with Equations
(13), scaled by 𝐷2 :
𝐷2 𝑚𝑠 × 𝑢̈ 𝑠,𝑡+𝛥𝑡 + 𝐷2 (𝐶𝑠,1 + 𝐶𝑠,2 ) × 𝑢̇ 𝑠,𝑡+𝛥𝑡 + 𝐷2 (𝐷1 𝐶𝑠,1 − 𝐷2 𝐶𝑠,2 ) × 𝜃̇𝑠,𝑡+𝛥𝑡 +
𝐷2 (𝐾𝑠,1 + 𝐾𝑠,2 ) × 𝑢𝑠,𝑡+𝛥𝑡 + 𝐷2 (𝐷1 𝐾𝑠,1 − 𝐷2 𝐾𝑠,2 ) × 𝜃𝑠,𝑡+𝛥𝑡 + 𝐼𝑠 × 𝑢̈ 𝑠,𝑡+𝛥𝑡 + (𝐷1 𝐶𝑠,1 −
𝐷2 𝐶𝑠,2 ) × 𝑢̇ 𝑠,𝑡+𝛥𝑡 + (𝐷1 2 𝐶𝑠,1 + 𝐷2 2 𝐶𝑠,2 ) × 𝜃̇𝑠,𝑡+𝛥𝑡 + (𝐷1 𝐾𝑠,1 − 𝐷2 𝐾𝑠,2 ) × 𝑢𝑠,𝑡+𝛥𝑡 +
(𝐷1 2 𝐾𝑠,1 + 𝐷2 2 𝐾𝑠,2 ) × 𝜃𝑠,𝑡+𝛥𝑡 =(𝐷2 𝐶𝑠,1 +𝐷1 𝐶𝑠,1 ) × 𝑢̇ 𝑢1,𝑡+𝛥𝑡 + (𝐷2 𝐾𝑠,1 +𝐷1 𝐾𝑠,1 ) × 𝑢𝑢1,𝑡+𝛥𝑡
(15)
In the Newmark-Beta method,
𝑢̇ 𝑢1,𝑡+𝛥𝑡 = 𝑎1 × (𝑢𝑢1,𝑡+𝛥𝑡 − 𝑢𝑢1,𝑡 ) − 𝑎4 × 𝑢̇ 𝑢1,𝑡 − 𝑎5 × 𝑢̈ 𝑢1,𝑡

(16)

Substituting (16) into (15), the unsprung mass displacement can be calculated:
𝑢𝑢1,𝑡+𝛥𝑡 = (𝐷2 𝑚𝑠 × 𝑢̈ 𝑠,𝑡+𝛥𝑡 + 𝐼𝑠 × 𝜃̈𝑠,𝑡+𝛥𝑡 + (𝐷2 𝐶𝑠,1 + 𝐷1 𝐶𝑠,1 ) × 𝑢̇ 𝑠,𝑡+𝛥𝑡 + (𝐷2 𝐷1 𝐶𝑠,1 +
𝐷1 2 𝐶𝑠,1 ) × 𝜃̇𝑠,𝑡+𝛥𝑡 + (𝐷2 𝐾𝑠,1 + 𝐷1 𝐾𝑠,1 ) × 𝑢𝑠,𝑡+𝛥𝑡 + (𝐷2 𝐷1 𝐾𝑠,1 + 𝐷1 2 𝐾𝑠,1 ) × 𝜃𝑠,𝑡+𝛥𝑡 +
(𝐷2 𝐶𝑠,1 +𝐷1 𝐶𝑠,1 ) × (𝑎1 × 𝑢𝑢1,𝑡 + 𝑎4 × 𝑢̇ 𝑢1,𝑡 + 𝑎5 × 𝑢̈ 𝑢1,𝑡 ))/(𝐷2 𝐾𝑠,1 +𝐷1 𝐾𝑠,1 +
(𝐷2 𝐶𝑠,1 +𝐷1 𝐶𝑠,1 ) × 𝑎1 ) (17)
Unsprung mass acceleration and velocity can be calculated using the Newmark-Beta method:
𝑢̈ 𝑢1,𝑡+𝛥𝑡 = 𝑎0 × (𝑢𝑢1,𝑡+𝛥𝑡 − 𝑢𝑢1,𝑡 ) − 𝑎2 × 𝑢̇ 𝑢1,𝑡 − 𝑎3 × 𝑢̈ 𝑢1,𝑡
𝑢̇ 𝑢1,𝑡+𝛥𝑡 = 𝑢̇ 𝑢1,𝑡 + 𝑎6 × 𝑢̈ 𝑢1,𝑡 + 𝑎7 × 𝑢̈ 𝑢1,𝑡+𝛥𝑡

(18)
(19)

This is used to calculate 𝑓𝑣,𝑡+𝛥𝑡 at time step, 𝑡 + 𝛥𝑡,
The effective stiffness matrix is:
̅ = 𝐾𝑣 + 𝑎0 × 𝑀𝑣 + 𝑎1 × 𝐶𝑣
𝐾

(20)

The effective force is:
̅
̅ × 𝑢𝑣,𝑡+𝛥𝑡
𝑓𝑣,𝑡+𝛥𝑡
=𝐾

(21)

and,
̅
𝑓𝑣,𝑡+𝛥𝑡 = 𝑓𝑣,𝑡+𝛥𝑡
− M𝑣 × (𝑎0 × 𝑢𝑣,𝑡 + 𝑎2 × 𝑢̇ 𝑣,𝑡 + 𝑎3 × 𝑢̈ 𝑣,𝑡 )
−𝐶𝑣 × (𝑎1 × 𝑢𝑣,𝑡 + 𝑎4 × 𝑢̇ 𝑣,𝑡 + 𝑎5 × 𝑢̈ 𝑣,𝑡 )
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𝑇

According to Equation (3), 𝑓𝑣,𝑡+𝛥𝑡 = {0,0, 𝐹𝑡1,𝑡+𝛥𝑡 , 𝐹𝑡2,𝑡+𝛥𝑡 } , so 𝐹𝑡𝑖,𝑡+𝛥𝑡 is known, and the
profile can be found according to Equation (4):
𝑦𝑖,𝑡+𝛥𝑡 = 𝐹𝑡𝑖,𝑡+𝛥𝑡 /𝐾𝑡,𝑖

(23)

The calculated road profile and track profile are shown in the Figure 2(a) and Figure 2(b)
respectively. The results show that the profiles are found with a great degree of accuracy. This
direct integration approach allows the calculation to be completed in a very short time which is
massively more efficient than an optimisation approach.
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Figure 2(a): Calculated road profile and true profile.
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Figure 2(b): Calculated track profile and true profile.

4

DAMAGE IN RAILWAY TRACK

Local variations in the track stiffnesses can be detected from the calculated track profile
which is effectively a combination of profile and deformations under load. In this example,
there is a 50% loss in the track stiffness from 60 m to 65 m. This changes the ‘measured’
accelerations and rotational velocities. Using these changed signals, the new deflected profiles
are calculated. The calculated track profile with and without a local reduction in railway track
stiffness are shown in Figure 3. The results show that calculating track profile is a good means
of identifying defects in the track.
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Figure 3: Calculated track profile with variations in railway track stiffness.

5

CONCLUSIONS

This paper introduces a new method of monitoring transport infrastructure. A direct
integration approach is proposed to calculate road and railway track profiles using measured
accelerations from vehicles. The direct method is used to calculate profiles using these
‘measured’ accelerations. The results show that the calculated profiles are the same as the ‘true’
profiles which are from the forward problem (used to generate the accelerations). What is more,
direct integration is much more efficient and allows the calculation to be completed much more
quickly in comparison to the optimisation procedure used by previous researchers. Also, the
calculated track profile can be used to detect local variations in railway track stiffness. It has
good potential as a means of detecting areas where railway tracks have suffered a reduction in
stiffness.
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Abstract
Continuous vibration-based structural monitoring is increasingly used to assess the state of
health of existing structures and infrastructures in environmental conditions through non-invasive methods that allow, in most cases, an early identification of damage. To date, the innovative wireless smart sensor networks are the subject of numerous researches in the field of
structural health monitoring, but their use on real structures is still limited, due to problems
related to energy consumption and algorithmic optimization. In fact, most of the traditional
identification algorithms work in centralized topology and are not suitable for electronic elements with low computational capacity. Nevertheless, the high energy consumption of wireless
communication does not allow continuous data transmission for centralized processing in real
time. However, the limited costs of new technologies, compared to traditional wired acquisition
systems, shifts the interest towards innovative solutions, both from an algorithmic and hardware point of view, in order to provide innovative monitoring systems that can also be used on
minor structures, for which traditional systems would be inaccessible. This paper presents a
first practical application of a structural identification algorithm specifically designed for lowcost embedded electronic systems on a scaled laboratory model. The proposed solution consists
of a single sensing node able to identify natural frequencies in real time, even in conditions of
non-stationary excitation and variable structural characteristics. The estimated parameters are
periodically uploaded to a cloud platform, where a preliminary real-time damage detection
takes place.
Keywords: Structural Health Monitoring, Real Time Modal Identification, Damage Detection, Smart Sensors, Teager Energy Operator, Wavelet Packet Transform.
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1

INTRODUCTION

In order to ensure the reliability and efficiency of existing civil structures, they have to be
properly maintained. Because of the strict constraints of architectural conservation, the preservation of historical buildings mainly means monitoring [1]. For this reason, in recent decades,
infrastructures and buildings of strategic and monumental importance have been equipped with
advanced vibration-based structural health monitoring systems that allow to detect any changes
in the dynamic characteristics potentially connected with ongoing damage [2-3]. Nevertheless,
recent news has highlighted the fact that maintenance, and then monitoring, is of the utmost
importance also for minor structures and infrastructures, which could undergo fatigue load cycles or other forms of degradation during their rated life time. However, providing each viaduct
or building of traditional monitoring systems would be difficult due to the prohibitive costs of
traditional sensors and related equipment.
Nowadays, by using the most recent Micro Electro-Mechanical Systems (MEMS) sensors
combined with low-cost microcontrollers and wireless transmission modules, it is possible to
design innovative monitoring solutions having less impact from the visual and economic point
of view with respect to the traditional configurations based on wired piezoelectric sensors [45]. Furthermore, thanks to the computational capacity of the microcontrollers, part of the processing activities can be performed directly on board, making the system particularly suitable
for applications in the Internet of Things (IoT) [6-11].
However, these systems have important limitations related with the weak computational
abilities of processing units [5]. It is therefore of fundamental importance that the operational
algorithms are simple and use few resources, both in terms of memory and energy consumption.
For this reason, most of the traditional techniques used for modal identification and damage
estimation are not suitable for applications through the innovative low-cost systems.
In this paper, we propose a variant of a structural identification algorithm previously presented for multi-node monitoring networks [12]. This variant is specifically designed for singlenode embedded systems and is able to estimate the first natural frequencies of the monitored
structure in real time, in order to notice any changes that could be related with damage.
A first application on a scaled laboratory model is also presented. In particular, two acceleration channels collected by a single triaxial sensor are analyzed in order to compute the instantaneous natural frequencies of the first three vibration modes of the structure. The results
are automatically uploaded to the cloud through a platform that allows the real-time visualization of data from any device connected to the Internet. Moreover, a simple procedure for measuring frequency variations with respect to the initial condition is implemented within the online
platform in order to perform an early damage detection.
2

MONITORING SYSTEM

In this section, a brief description of the hardware and software parts is given. Both these
aspects have been designed in order to exploit the computational capabilities of the implemented low-cost electronic devices.
2.1 Hardware configuration
The hardware implemented in this study consists of a sensing node and a gateway (Fig. 1).
The node is an embedded system composed of a MEMS triaxial accelerometer connected to a
microcontroller on which the preliminary signal processing procedures take place through the
proposed identification algorithm. In the presented application, the node communicates via a
wired one-to-one connection with the gateway, consisting of a single board computer with a
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microprocessor that performs the modal identification. The gateway is wirelessly connected to
the Internet in order to upload the identification results to a programmable data-logging application that allows simple post-processing activities, mainly aimed at data representation.
The sensor implemented in the proposed system is the digital low-power and low-noisedensity ADXL-355 triaxial MEMS accelerometer by Analog Devices, with incorporated 20-bit
analog-to-digital converter. An amplitude limit of ±2g has been selected, corresponding to a
sensitivity of 256000 LSB/g and noise density of 20 µg/√Hz for an output data rate of 500 Hz.
The accelerometer is connected via the serial peripheral interface (SPI) to an ARM Cortex-M3
microcontroller unit with 64 kB of flash memory and 20 kB of Random Access Memory (RAM).
Some additional LEDs are connected to the microcontroller for debugging purposes.
The sensing node is connected via the Universal Asynchronous Receiver-Transmitter
(UART) interface to the gateway, consisting of a Raspberry Pi 3 model B.
The overall cost of the hardware used in this study is very low, and much lower than the cost
of traditional piezoelectric sensors, which are usually connected to onerous external monitoring
stations.
In order to evaluate the quality of the signal collected through the implemented MEMS sensor, two mono-axial piezoelectric accelerometers 333B40 by PCB Piezotronics have been installed, with a sensitivity of 500 mV/g and noise density equal to 0.4 µg/√Hz for an output data
rate of 1 kHz.

Figure 1: Hardware setup.

2.2 Algorithm description
The identification algorithm consists of two steps that are recursively performed to generate
a signal-adaptive procedure. The first step involves the construction of a wavelet filter bank
used to decompose the acquired signal in separate modal responses, while the second step lies
in the real-time estimation of the instantaneous dynamic parameters (frequencies and amplitudes) for each component.
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In particular, the first step involves the preliminary decomposition of the acceleration time
histories collected on the structure in different positions and/or directions over a limited time
window. The decomposition is performed through a wavelet filter bank, whose properties depend on the parameters selected at the base of the algorithm (i.e., the implemented wavelet
function, its order, and the transform level). The signals are therefore decomposed into a series
of components, each characterized by a narrow frequency band, which are subsequently
grouped into clusters. Then, the signals associated to the same cluster are merged together and
only the clusters whose energy (computed as the root mean square of the merged signals) is
higher than a user-defined threshold (e.g., the mean value over all the clusters) are selected.
Finally, a new filter bank is generated in order to extract by convolution only the selected components. This filter bank is used in the second step of the algorithm, that involves the real-time
decomposition of acquired signals and the simultaneous identification of modal parameters.
In the algorithm presented in [12], the clustering procedure is based on the similarity of the
operational deflection shapes computed for each component. Since in this application only one
sensing node is used, in order to carry out the clustering procedure, the components extracted
from two orthogonal channels collected by the same triaxial sensor are analysed, considering a
bidirectional element of the operational deflection shape as clustering variable. This method is
based on the assumption that the signal window used to build the filter bank is collected under
360° broadband input excitation.
Moreover, in this application, the modal identification is performed by using the Teager
Energy Operator (TEO) [13], that allows to compute the instantaneous frequency and amplitude
of each component by analysing extremely reduced signal windows. In particular, by implementing the Discrete-Time Energy Separation Algorithm-1 (DESA-1), only five samples per
component are required to estimate an instantaneous parameter value, allowing a real-time and
relatively simple evaluation of frequencies and amplitudes, easily performed on board low-cost
electronic devices.
In this study, the first step is entirely performed on the gateway, while the second step is
carried out partly on the node and partly on the gateway, exploiting the computational capacity
of both the devices. The algorithm has been converted into a script for the microprocessor and
a firmware for the embedded sensing system, the first aimed at the filter bank construction and
modal identification, and the latter used to extract the modal components in real time, as illustrated in Fig. 2.
If the filter bank is no longer suitable for decomposing the modal responses due to a variation
of modal parameters, it should be updated. For this reason, each identified frequency value is
compared to the limits of the bandpass filters. If these limits are exceeded, the first step of the
procedure is repeated.
The natural frequencies are temporarily stored on the on-board memory and, after applying
a median filter and a downsampling, are logged on an online platform specifically designed for
IoT applications. Here, the variation in terms of frequency for each vibration mode is calculated
and plotted in real time, in order to allow users to access the identification results from any
location at any time.
In addition, a simple script for damage detection has been written within the online platform.
In a “training” window of user-defined duration, the median values of all the identified frequencies are determined. Then, the instantaneous variation of frequency for each mode and an average trend over all the identified modes are computed in the same window with respect to the
median values. Finally, the maximum term in the averaged variation is multiplied by a userdefined factor and used as a threshold in damage detection (i.e. as the maximum allowed average frequency variation to consider the structure as undamaged).
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Figure 2: Workflow of the proposed algorithm.

3

APPLICATION

As a first application, the proposed monitoring system has been tested on a scaled steel laboratory model. The experimental tests have been conducted to evaluate the reliability of lowcost electronic devices for structural monitoring purposes and the effectiveness of the algorithm
in estimating instantaneous natural frequencies.
This section gives a brief description of the specimen and the discussion of the results obtained during the experimental campaign. First, the accelerations recorded through the MEMS
sensor implemented in the embedded system are compared with those obtained through a traditional piezoelectric acquisition system during an impulsive test, in order to evaluate the differences in the recorded signals. Subsequently, the results of real-time identification procedure
performed through the proposed monitoring system under ambient vibration are reported.
3.1 Model description and experimental setup
The model is a three-level steel frame structure (Fig. 3) with a total height of 916 mm, whose
base is formed by a 16 mm thick rectangular plate with main dimensions of 460x300 mm. Each
level consists of a 12 mm thick plate measuring 400x300 mm and is supported by rectangular
columns with a section of 40x3 mm. The connections between columns and plates are formed
by L30x3 angle profiles and 72x40x3 mm flat plates held together by couples of M4 bolts with
washers, as illustrated in Fig. 4. The net distance between each floor plate is 288 mm. The base
plate and the top plate are connected to the columns through stud bolts.
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Figure 3: Front, side, and top view of the case study with sensor layout.

Figure 4: Detail of the connection between columns and plates.
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In a preliminary analysis, the proposed monitoring system and two mono-axial piezoelectric
sensors have been mounted on the last level of the structure, as shown in Fig. 3 and 5, in order
to collect the response of an impulsive excitation along the same two acceleration channels (i.e.,
X and Y with reference to Fig. 3).
In a second analysis, only the proposed embedded system has been used to monitor the structural conditions under environmental excitation. In this case, several structural configurations
(described in Tab. 1) have been reproduced in row, in order to simulate different operative and
damaged conditions. After a “training” phase with the reference setup (U, represented in Fig. 3
and 5), four configurations characterized by different mass distributions have been considered.
The first three conditions consist of an increase in the floor masses of around 12% (i.e., 1.5 kg
steel elements placed on the floor plates), at the first level (MA), at the first and second levels
(MB), and at all three levels (MC). Then, in condition MD, an additional mass of 1.5 kg has
been introduced at the third level. Subsequently, all the additional masses have been removed
in order to bring the structure back to its initial state (R). Then, two damaged configurations
have been induced: the first consisted of loosening two bolts in position A for the node NA
(with reference to Fig. 3 and 4) at the second level, while in the second configuration two additional bolts in the same position at the first level have been loosened.
Condition
U
MA
MB
MC
MD
R
DA
DB

Description
Initial configuration
Additional mass of 12% at level 1
Additional masses of 12% at levels 1 and 2
Additional masses of 12% at levels 1,2 and 3
Additional masses of 12% at levels 1 and 2, 24% at level 3
All additional masses removed
Loosened bolts at level 2
Loosened bolts at levels 1 and 2

Duration [s]
585
605
610
550
605
605
590
650

Table 1: Summary of the progressively induced structural conditions.

Figure 5: Model equipped with the proposed technology and the traditional sensors (left), detail of the sensor disposition (right-up), and traditional monitoring station used with piezoelectric sensors (right-down).
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Acceleration data on all channels have been collected with a sampling rate of 100 Hz through
the MEMS sensor and 1000 Hz through the piezoelectric accelerometers. The total duration of
the experimental tests of the second analysis is 4800 seconds.
3.2 Considerations on the signal quality
The acceleration data collected by piezoelectric sensors have been first compared to those
collected using the MEMS sensor. In Fig. 6, the time histories collected along direction Y (with
reference to Fig. 3) after an impulsive excitation in the same direction, over a 30-second time
window, are reported. Moreover, in Fig. 7 the intervals 0-50 Hz of the Fourier spectra of these
signals are represented.

Figure 6: Comparison between the acceleration impulse responses in Y direction collected by the piezoelectric
and MEMS accelerometers. In the upper part of the figure, two zoomed windows of 1 second are reported.

Figure 7: Fourier spectra obtained from the impulse responses. The main figure is represented on logarithmic
scale, while the upper graph is on linear scale.
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In particular, the first signal is the acceleration collected by the MEMS sensor, which is
compared to the second signal obtained through the piezoelectric accelerometer, downsampled
by a factor 10 in order to have the same sampling rate as the first. The third signal is the original
acceleration recorded by the piezoelectric sensor, reported as a reference.
From Fig. 6 it is possible to observe, especially in the first part of the recording, how the
signal obtained by using the piezoelectric sensor is considerably more accurate than the one
measured through the MEMS sensor, also for the downsampled version. In fact, the ratio between the root mean square (RMS) of the difference between the two signals (considering the
downsampled version for the piezoelectric sensor) and the RMS of the signal obtained through
the MEMS sensor is equal to 0.42. However, it is possible to observe how the upper parts of
first three peaks in the frequency spectra reported in Fig. 7, are almost coincident. In particular,
the main differences are for lower amplitudes, and noticeable only by representing the spectrum
on a logarithmic scale. For this reason, even if the MEMS sensor is less accurate, it still allows
to correctly identify the first natural frequencies. The three identified peaks also correspond to
the natural frequencies associated with the first three translational vibration modes in the Y
direction of a finite element model designed to confirm the results obtained from modal analysis.
3.3 Results of the proposed system
Following the analyses performed to evaluate the signal quality, the modal identification
algorithm has been applied using only the MEMS sensor under environmental vibration.
The wavelet function Fejér-Korovkin 14 has been chosen to build the filter bank used in the
first phase of the identification algorithm. The wavelet transform has been performed up to the
fifth order, generating a bank of 32 bandpass filters. Following the clustering procedure, based
on the parameters computed over a 10-seconds initialization window, three signal components
have been selected, associated with the first three modal responses.
With the application of DESA-1 algorithm, each value of the instantaneous natural frequencies has been computed considering only 5 acceleration samples. In order to lighten the computed parameters, a median value of the frequency has been calculated every 5 seconds. The
results obtained for each vibration mode have been then uploaded to the cloud platform. The
instantaneous frequency for each identified mode is represented over time in Fig. 8 as a solid
line, while the state representing the reference condition, computed as the median value of each
natural frequency over a training window of 50 samples obtained during the state U, is reported
as dotted line.
During the real-time processing procedure, the estimated frequencies exceeded the limits of
bandpass filters in two instants, indicated as vertical violet dashed lines in Fig. 8, where the
filter bank has been updated following the scheme of Fig. 2. It can be noted that the proposed
algorithm has shown particularly suitable also for detecting sudden changes in modal parameters, since the results reported in Fig. 8 has been calculated continuously, without interrupting
the identification procedure during the changes in structural conditions.
Within the cloud platform, a script has been written to evaluate the frequency variation with
respect to the baseline, in order to indicate any possible state of damage. The frequency variation has been evaluated with respect to the reference value computed during the training window. The results for the three identified modes and an average trend are reported as functions
of time in Fig. 9. In this application, the criterion selected to define a condition as probably
damaged consists in evaluating whether the average instantaneous frequency variation exceeds
more than twice the maximum average variation value encountered in the training window.
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Figure 8: Instantaneous frequencies estimated through the proposed system during the experimental tests.

Figure 9: Instantaneous variation of frequency and damage detection performed through the algorithm written
within the online platform.

In Fig. 9, the red dots represented on the time axis indicate the instantaneous detection of a
“possibly damaged” configuration. Where the red sign appears continuous, a persistent damaged condition is detected, in which the frequency variation does not return within the bounds
evaluated during the training interval. It is observable how all the operational and damaged
condition have been indicated as “possibly damaged”, with some missing alarms for the MA
condition, where the frequency variation is in some parts comparable with the values of the
training window. However, by applying a median filter with a window of 10 samples to the
instantaneous frequency variations, the whole condition MA would be referred to as “possibly
damaged” and the detection would become more robust.
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4

CONCLUSIONS

In this paper, the implementation of a modal identification and damage detection algorithm
on a specifically-designed electronic monitoring system has been presented. The algorithm
proved to be particularly effective for the identification of dynamic parameters of a scale laboratory model, even if the quality of the accelerations obtained through the implemented MEMS
sensor is lower than the quality of the recordings collected by piezoelectric accelerometers. In
fact, also small variations in natural frequencies have been evaluated with sufficient accuracy
to allow the distinction between all the considered structural configurations.
On-board processing was made possible by the simplicity and low amount of memory required by the identification algorithm. This allows to apply the proposed method through small,
non-invasive and low-cost smart devices.
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Abstract
This study aims to establish an evaluation method for bridge pier safety. To achieve this aim, a
full-scale bridge pier was constructed, and a series of nondestructive tests were conducted
using impact loads. The overburden loaded in the full-scale bridge pier was increased from 0
tonf up to 25 tonf by increments of 2.5 tonf. Impacts were applied to the upper and lower parts
of the bridge pier in longitudinal, transverse, and lateral directions to analyze the behaviors of
the bridge pier. Accelerometers were used to measure acceleration responses to impacts. Test
results were converted to natural vibration frequencies according to impact direction and
overburden using a fast Fourier transform algorithm. In addition, phase differences were
utilized to analyze the behaviors of the bridge pier from the 1st to 4th modes. The effect of
scouring was numerically analyzed. Ultimately, the safety of the bridge pier could be
reasonably evaluated through the 2nd and 3rd modes.

Keywords: Full-Scale Bridge Pier, Nondestructive Test, Overburden, Mode Number.
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1

INTRODUCTION

Special structures, such as railway bridges, and their social and economic impact are
receiving more attention than ever. When a structure demands careful maintenance, an
appropriate maintenance technology is needed to retain a target performance in
accordance with the processes of rational inspection, measurement, evaluation, decisionmaking, maintenance, and reinforcement. In practice, however, most inspection works
depend on manpower. Maintenance works also often lack data about past works, major
drawings, and construction records, which are necessary for sufficient examination.
Railway bridges do not collapse suddenly; they give signs in advance. The conventional
practices of occasional manpower-centered inspection or regular inspection using a
vehicle at a considerably long interval have limitations in identifying such signs. Many
studies have been performed to develop a technology of detecting the collapse of bridge
pier in advance, both at home and abroad. In Schoharie creek, New York, USA, in April,
1987, a bridge was washed away because of scour at the bottom of the footing foundation.
This accident caused enormous financial damages and many casualties. After the tragic
accident, the research fund for only the scour issue received nearly USD11M. Since then,
research projects have been supported at the national level under the remit of National
Cooperation Highway Research Program (NCHRP). Additionally, based on the outcomes
of active research and assessment programs after 1987, the Federal Highway
Administration (FHWA) prepared technical manuals (e.g., Hydraulic Engineering
Circular (HEC)-18 (2012), HEC-20 (2001), and HEC-23 (1997)) for bridge scour,
channel stabilization, and countermeasures and applied them to the analysis and designs
of bridge scour.
However, most studies have focused on bridges built on sandy soils. Therefore, they
did not consider the scour characteristics of the ground. The formula proposed by HEC18 is commonly used for scour analysis. Because this formula is based on experimental
data about sand, it is not valid or applicable to different soil conditions. Recently, the
scour rate over time and time effects are considered for clay soils [1], and a new approach
using erosion index is applied to rock sites [2].
In the Netherlands, the national project called “Dutch Delta Works” has been
conducted to systematically and comprehensively investigate scour tendencies since 1953.
This research project is led by Delft Hydraulics and the Ministry of Transport, Public
Works, and Water Management. Delft Hydraulics performs numerous indoor
experiments by considering various parameters about hydraulic characteristics and scour
materials. A semi-empirical formula comprising functions of time and locations was
derived. A comprehensive technical manual about the scour phenomenon was also
proposed. This is the Breusers-equilibrium method and leverages the mean velocity of
flow at the maximum scour depth, relative turbulent intensity, and dominant time
characteristics [3].
In Japan, a method of evaluating the safety of foundations is being developed, utilizing
the variation of natural frequency based on the vibration of the bridge pier caused by
water-flow force. A soundness diagnostic index is also being prepared [4]. Keita and
Michiko [5] proposed a soundness diagnostic index correlated to natural variation
frequency by using the results of model experiments and field measurements. Bridgecollapse accidents are most likely to occur because of the scour, settlement, and cracks of
bridge piers. The stability of the bridge substructure is closely related to bridge safety.
Unfortunately, most safety inspections and tests in South Korea focus on issues about
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bridge materials and superstructures. Thus, no quantitative evaluation method for
substructure has been established. This study leverages a full-scale bridge pier where
nondestructive impact tests were performed to achieve a method of deriving natural
frequencies that could be used to assess the safety of bridge piers. Furthermore, a mode
number analysis was conducted to ascertain the tendency of bridge behaviors under
impact conditions.
2

NATURAL MODE NUMBER ANALYSIS OF BRIDGE PIER

2.1 Dimensions of full-scale bridge pier
We used a direct foundation type bridge pier to evaluate the characteristics of
deteriorated foundations. The slab of the bridge foundation was 5.15-m long, 2.42-m wide,
and 0.50-m tall. The pier was constructed to have a height of 4.5 m by repeating the
process of placing 1.5-m thick concrete sections and curing three times. The length and
width of the pier were 4.15 m and 1.42 m, respectively. Fig. 1 shows the dimensions of
the full-scale bridge pier.

Figure 1: Dimension of full-scale bridge pier.

2.2 Mode number analysis of bridge pier
Before the full-scale bridge-pier test was conducted, the eigenvalues of the bridge pier
were derived by using [6], a finite element program, to analyze the behaviors of the pier.
The dimensions of the full-scale bridge pier were applied to the analysis. Accordingly,
the behaviors of the bridge pier from the 1st to 4th modes could be analyzed according to
the eigenvalues. The analysis result is illustrated in Fig. 2. In the 1st mode, the
displacement occurred in the longitudinal direction. In the 2 nd mode, the displacement
occurred in the transverse direction. In the 3rd mode, the bridge pier showed a torsional
behavior. In the 4th mode, the middle part of the pier had the largest displacement. The
mode number analysis revealed that the transverse impacts caused natural vibration
frequencies corresponding to the 2nd mode, whereas the longitudinal impacts generated
natural frequencies corresponding to the 1st, 3rd, and 4th modes. Table 1 presents natural
frequencies for the 1st, 2nd, 3rd, and 4th modes. Based on the analysis of eigenvalues of the
bridge pier, impact directions could be selected to derive the mode numbers of the fullscale bridge pier.
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(a) 1st mode

(b) 2nd mode

(c) 3rd mode

(d) 4th mode

Figure 2: Mode numbers of the bridge pier through a numerical analysis.

Mode number

Natural vibration frequency
(Hz)

Direction of a test impact
where a mode number can be
driven

1

15.28

Longitudinal

2

25.19

Transverse

3

37.23

Longitudinal (lateral)

4

75.12

Longitudinal

Table 1: Natural frequencies and impact directions for the full-scale bridge-pier test through the
analysis of eigenvalues.

3

TEST CONDITIONS AND RESULTS

3.1 Test method
Eight accelerometers and an impact hammer were used to evaluate the safety of the
bridge pier in a series of nondestructive tests. Fig. 3 illustrates the test cases according to
impact directions. The accelerometers were installed at 3 points: 50 cm from the top; 50
cm from the bottom; and at the middle point of the bridge pier. Two accelerometers were
attached to each point to measure accelerations in both longitudinal and transverse
directions. Apart from the six accelerometers, another two were attached to the external
side of the bridge pier in order to measure accelerations in the transverse direction.
Impacts were applied in six directions. Table 2 presents the information of the test cases.
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Figure 3: Schematic of accelerometer locations and impact directions.

Test case

Impact direction

Impact location

Case-1

Transverse

Top

Case-2

Longitudinal

Top

Case-3

Longitudinal (lateral)

Top

Case-4

Transverse

Middle

Case-5

Longitudinal

Middle

Case-6

Longitudinal (lateral)

Middle

Table 2: Natural frequencies through the analysis of eigenvalues and the selection of impact directions for
the full-scale bridge-pier test.

3.2 Analysis method of test data
Figure 4(a) shows the accelerations measured in the test. In the case of an
impact/vibration test, natural vibration frequencies and modes can be determined by
analyzing a spectrum of repeated waveforms obtained from by repeating recorded
waveforms multiple times. The fast Fourier transform (FFT) method, which can divide
signals at each frequency, is the most appropriate for spectrum analysis. As shown Fig.
4(b), the natural vibration frequencies of the bridge pier in a frequency domain could be
derived using FFT. Fig. 4(c) displays the phases of measurement locations. Accordingly,
the overall behavior of the bridge pier could be analyzed by obtaining the phase
differences among accelerometers.
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(a) Acceleration-time history

(b) Natural frequency

(c) Phase
Figure 4: Results of the analysis using accelerometers.

3.3 Derivation of mode numbers in the full-scale bridge pier test
Mode numbers of the bridge pier were analyzed, and the natural vibration frequencies
for each mode were derived in a series of tests. Fig. 5(a) shows the natural vibration
frequencies of Case 2, where the impacts were applied to the top of the bridge pier in the
longitudinal direction. The natural vibration frequencies were around 15.24 Hz.
Additionally, phases were calculated from measurements of each height to analyze the
behavior of the bridge pier. Fig. 5(b) illustrates the phase differences among the different
locations. All phase differences, where a natural frequency occurred, tended to converge
on 0°. This indicates that all the accelerometers at each height were displaced in the same
direction. Thus, the bridge pier moved in the same direction. This was analyzed to show
a similar tendency to the 1st mode of the eigenvalue analysis. Fig. 5(c) shows the result
of Case 1, where the natural vibration frequencies were derived at each height by applying
a transverse impact to the top of the bridge pier. The natural vibration frequencies were
about 22.4 Hz, which was higher than those in the longitudinal direction by about 7 Hz.
This difference of natural vibration frequency was analyzed to be attributable to the fact
that the bridge pier had a large stiffness in the transverse direction than in the longitudinal
direction. Thus, the difference of stiffness was influential on natural vibration frequencies.
As shown in Fig. 5(d), the phase difference was analyzed to identify the behavior of the
bridge pier in the transverse direction. Like the behavior of the 1 st mode, the phase
difference was analyzed to converge on 0° when a natural vibration frequency occurred.
This was similar to the behavior of the 2nd mode, which was identified by the eigenvalue
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analysis of the bridge pier. Fig. 5(e) presents the natural vibration frequencies of Case 3,
where acceleration was measured by applying an impact to the lateral part of the top of
the bridge pier. Clearly distinct natural vibration frequencies occurred at two locations.
These natural vibration frequencies were 15.14 Hz and 54.19 Hz. Regarding the phase
differences of Fig. 5(f), one phase difference at around 15.14 Hz tended to converge on
0°. Because this natural vibration frequency was similar to the behavior of the 1 st mode,
it was predicted. However, the phase difference at around 54.19 Hz converged on 180°.
This result indicates opposite behaviors in the lateral part of the bridge pier: a torsional
behavior. This behavior was similar to that of the 3 rd mode. Accordingly, when a
longitudinal impact was applied to the lateral part of the bridge pier, the 1 st mode occurred
followed by the 3rd mode: a torsional behavior. Fig. 5(g) magnified the range of 60~100
Hz in the result of Case 2. Whereas there was no clear natural frequency in the range of
60~100 Hz, unlike the other results, the phase difference between the top and the bottom
of the bridge pier converged on 0°. Both the phase difference between the middle and the
top of the bridge pier and that between the middle and the bottom were 180°, indicating
an opposite behavior. This was similar to the behavior of the 4 th mode in the eigenvalue
analysis. Thus, the 1st mode occurred first. Then, as the impact vibration decreased, the
4th mode appeared.

(a) Natural frequency of 1st mode

(b) Phase difference of 1st mode

(c) Natural frequency of 2nd mode

(d) Phase difference of 2nd mode
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(e) Natural frequency of 3rd mode

(f) Phase difference of 3rd mode

(g) Natural frequency of 4th mode

(h) Phase difference of 4th mode

Figure 5: Natural frequency and phase difference of each mode.

In a series of the full-scale bridge-pier tests, the natural vibration frequencies of the
bridge pier were derived using accelerations, and the behaviors from the 1 st to 4th modes
were analyzed based on phase differences. As presented in Table 3, the natural vibration
frequencies of the full-scale bridge-pier test were compared with the results of the
numerical eigenvalue analysis. The full-scale bridge-pier test and the eigenvalue analysis
showed natural vibration frequencies in a similar range at an error rate of less than 5% in
all the modes (1st to 4th).
Classification

1st mode

2nd mode

3rd mode

4th mode

Natural frequency of
the eigenvalue

15.39

23.18

52.04

88.30

15.14

22.4

54.19

83.94

1.62

3.37

-4.13

4.94

analysis (Hz)
Natural frequency of
the full-scale test (Hz)
Error rate (%)

Table 3: Comparison of natural frequencies in each mode.
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4

ANALYSIS OF PARAMETERS

4.1 Numerical analysis of scour effect
Owing to the limitations of the full-scale bridge pier test, the effect of scour on the na
tural vibration frequency was examined by a numerical analysis. Regarding the analysis
condition, the scour progress was described by removing one side of the soil under the a
butment by increments of 10% until 50% remained. Fig. 6 illustrates the analysis conditi
on.

Fig. 6 Numerical analysis condition for the effect of scour progress

The scour effect was analyzed by setting the scour progress to five cases. Figure 7
shows the variation of natural vibration frequencies according to scour progress, which
was obtained with the numerical analysis. As the scour proceeded, every natural vibration
frequency from the 1st to 4th modes decreased. As presented in Table 4, the natural
vibration frequency decreased from 15.39 Hz to 10.24 Hz along with the increase of
overburden in the 1st mode. Thus, the maximum decreasing rate of natural vibration
frequency was 33% in the 1st mode. The maximum decreasing rates of natural vibration
frequency were 57%, 55%, and 23% in the 2nd, 3rd, and 4th modes, respectively. The scour
was analyzed to be significantly influential in the 2nd and 3rd modes. Therefore, the test
methods of the 2nd and 3rd modes turned out to be reasonable for identifying the effects
of soil scour. Moreover, as the 3rd mode indicated a torsional behavior of the bridge pier.
It was appropriate to evaluate the scour effect.

Figure 7: Variation of natural vibration frequency according to scour progress.
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Scour progress
(%)

1st mode

2nd mode

3rd mode

4th mode

0

15.39 Hz

23.18 Hz

52.04 Hz

88.30 Hz

10

15.14 Hz

22.40 Hz

54.19 Hz

83.94 Hz

20

13.95 Hz

18.53 Hz

41.56 Hz

80.65 Hz

30

12.92 Hz

15.80 Hz

35.23 Hz

76.01 Hz

40

11.69 Hz

12.90 Hz

28.98 Hz

71.65 Hz

50

10.24 Hz

9.95 Hz

23.28 Hz

67.52 Hz

Table 4: Natural vibration frequencies of each mode according to scour progress.

5

CONCLUSIONS

This study leveraged a full-scale bridge pier to conduct an indoor test. The scour effect
was also numerically analyzed. Acceleration was measured for the bridge pier under an
impact load, and both natural vibration frequencies and phase differences were obtained
from the measurements. In this way, a new method of evaluating the safety of bridge piers
was established. Moreover, all mode numbers of the bridge pier were analyzed. The
results of this study can be summarized as follows.
 (1) Eigenvalues and mode numbers of the bridge pier were derived by conducting a
numerical analysis. Thus, based on the full-scale bridge pier test, a method of
evaluating the safety of bridge piers was established, which could derive 1st, 2nd, 3rd,
and 4th modes.
 (2) The effects of scour on the natural vibration frequency of bridge pier was
numerically analyzed. As the scour progress increases, the natural vibration
frequency of every mode decreases. The scour effect was largest in the 2nd and 3rd
modes. The scour progress at the soil under the bridge-pier foundation can be
identified by utilizing the 3rd mode, showing the torsional behavior of the bridge pier.
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Abstract
In this study the effects of (SPSI) forces on the seismic response of a hospital in Brig, Switzerland were investigated. The building is an existing reinforced concrete construction with concrete columns. The primary lateral loads are resisted by a reinforced concrete core and a
number of shear walls and massive concrete columns. Due to the importance of the building
and its potential danger in failure cases of the loadbearing structure, earthquake analysis was
first carried out by using a 3D finite element model for the entire structure and FCONE program for the soil under the structure. FCONE program was developed by Smteam for soil
modeling based on CONE Model which was proposed by J.P.Wolf from ETH. This program
utilizes the equivalent dynamic modeling concept in the analysis of soil dynamics and pilefoundation interaction. The implementation of simulation was conducted in two different conditions: namely fixed-base behavior and soil-structure interaction are considered. In this
case, soil-structure interaction is considered by assigning equivalent springs and dashpots
located under foundation and the analyses were carried out directly in the time domain for
considering the effects of interaction. It is shown that the effects of soil-structure-interaction
are demonstrated as increasing the period of vibrations and the displacements. Based on the
results obtained by using CONE method, the period of vibration in the case of concentrated
piles with the correction factor for pile-group action, exhibiting the value of (1.2 seconds),
which is increased up to 42% compared with the case of fixed-based (0.7 seconds). Besides, a
comparison was made between the structural responses of the obtained Cone method and 3D
finite element simulation in ABAQUS which indicated that these results were in good agreement with direct results. It was concluded that Cone model as a convenient, fast and rather
accurate method can be applied for foundation vibration and dynamic soil-structureinteraction analysis in a practical engineering projects whenever possible.
Keywords: Seismic analysis, Soil-Pile-structure Interaction (SPSI), Pilegroup effect, CONE
Model, FEM method
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1

INTRODUCTION

The soil-pile-structure interaction (SPSI) plays an important role in assessing the dynamic
response to seismic ground motions or vibrations internally generated within the structural
system. It is very important to note that the SPSI can alter the superstructure’s performance by
influencing the dynamic properties of structure. A fundamental understanding of this complex
phenomenon is essential for improvements of the structural design and construction practices,
and, as a result, for reduction of loss of life and monetary damages caused by earthquakes.
Extensive field testing and experimental investigations on different aspects of pile behavior
have resulted in a number of empirical and approximate analytical methods for the pilefoundation design [1-6]. In addition, other studies have resulted in more rigorous schemes for
pile analysis. The results of research from various studies also back up the point that dynamic
impedance of foundation is affected by several geometric and material factors such as foundation shape (i.e., disk, rectangular, strip), type of soil profile (i.e., deep uniform or multi-layer
deposit, shallow stratum on rock), foundation embedment (i.e., surface foundation, embedded
foundation, pile foundation), shear wave velocity and type of loading (static, dynamic) [7-8].
Generally, three direct numerical approaches have so far been evolved for predicting the
dynamic pile behavior. The first approach represents soil as an elastic continuum, the second
represents the soil-pile system by a set of discrete masses, springs and dashpots, and the third
one uses either boundary element or finite element methods based on the actual soil properties
[9, 10]. The continuum model was considered to be a generalized Winkler model. The major
contribution regarding this approach was carried out by Novak [11], who introduced an approximate method based on the analytical solution of Baranov [12]. The soil was considered
to be made of a set of independent infinitesimally thin horizontal layers in this model.
Therefore, it automatically considered wave propagation in the horizontal direction. A set of
equations for stiffness and damping ratio based on frequency independent parameters were
provided for a single pile under vertical vibration. Thereafter, further progress on this model
was made by Novak et al. [13] and Dobry and Gazetas [14]. The reduction in soil stiffness
and the increase in damping associated with strong shaking are sometimes modelled crudely
in these analyses by making arbitrary reductions in shear moduli and arbitrary increases in
viscous damping. Moreover, several researchers developed dynamic nonlinear finite element
analysis in the time domain using the full 3-dimentional wave equations to investigate the
seismic soil structure interaction [15], but is not feasible for engineering practice at present
because of the time needed for the computations. A rigorous finite-element analysis of a pile
foundation subjected to lateral loading was done by Kaustell et al. [16]. These numerical
methods have an advantage in that they can analyze the soil–pile system as a whole.
Therefore, no separate analysis is required to calculate the dynamic interaction factors for pile
group analysis [17].
The major drawbacks of analytical and numerical models in prior research studies were
overcome with the introduction of Cone model which applies only for shallow foundations.
Wolf has rearranged and extended the concept of the cone model to cover a complete range of
dynamic excitations and physical situations. This model was based on one dimensional wave
propagation in cone segments with reflections and refractions at layer interfaces.
Due to the simplification of the physical problem, the mathematics of the cone models can be
solved rigorously [18-20].
The present study investigates the effectiveness of applying the CONE model to analysis
the dynamic response of pile groups in a critical hospital in south of Switzerland. For this
purpose, FCONE program were developed for soil modeling. This program utilizes the equiv-
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alent dynamic modeling concept in the analysis of soil dynamics and soil-pile-structure interaction.
2

THE CONCEPT OF CONE MODEL

The dynamic response of pile foundations embedded in a horizontally stratified soil profile
is determined using the Cone model (Meek and Wolf 1994). Linear behavior of the site is
assumed; hence the soil is assumed to remain linearly elastic with hysteretic material damping
during dynamic excitation. Figure 1 shows the loaded disk on the surface of a homogeneous
half-space, modelled in the one-dimensional strength-of-materials approach as a truncated
semi-infinite bar with a vertical axis [20].

Figure 1: Translational truncated semi-infinite
cone model of a loaded disk on a half-space.

Figure 2: Pile modelled by a stack of
disks

The soil region is divided into several segments by massless rigid disks (Figure 2). The
disks will coincide with the interfaces of the half-space. In addition, further disks are selected
to adequately represent the dynamic behavior. After assemblage, the dynamic stiffness matrices of all the cone frustum segments are then calculated and subsequently assembled together
with the underlying half-space to form the dynamic stiffness matrix of the corresponding
backbone cone. Applying a unit load at the disk and solving for the displacement amplitudes
at all disks leads to a column in the flexibility matrix [G(w)] of the free field condition. Thus,
the force-displacement relationship is obtained as (Eq.1); where {u(w)} is the displacement
amplitudes, and {P(w)} is the force amplitudes:

u(w) = G(w)P(w)

(1)

This procedure is repeated for all disks to obtain all columns of the dynamic flexibility
matrix [G(w)]. The dynamic stiffness of a single cone S1(w) modeling an incident wave induced by a disk load of radius r0 on a half space is given by (Eq.2), where Ks is the static
translational stiffness coefficient of the cone modelling the incident wave, c is the relevant
wave velocity, w is the load circular frequency and  is the soil density. The value of the aspect ratios of a particular cone are shown in (Table 1) for each type of motion.
S1 ( w) = K s (1 + i

wz 0
)
c

Ks =
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Table1: Aspect ratios for different types of motion

Motion
Aspect ratio

Horizontal

z0
r0

Poisson’s ratio υ


8

(2 −  )

all υ

Vertical

c
(1 −  )( ) 2
4
cs
1 1
1
  ,  
3 3
2

Rocking
9
c
(1 −  )( ) 2
32
cs
1 1
1
  ,  
3 3
2

Torsional
9
32
all υ

The dynamic stiffness matrix of the cone frustum segments is obtained by inverting the
dynamic flexibility matrix [S f (w)] = [G −1 (w)] , and then the forces acting on the top and bottom disks and their corresponding displacements are related as:

P(w) = S f (w)u(w)

(3)

It is well known that the behavior of a pile in a compact group is quite different from that
of a single pile because of pile-soil-pile interaction. These interaction effects depend mainly
on pile spacing. These dynamic interactions incorporated into the analysis by a factor which is
defined as the ratio of fractional increase in displacement amplitude at receiver pile to the displacement amplitude at the loaded source pile. The dynamic normal-axial interaction factor
αυ(w) can be obtained from (Eq.4), where Cs = shear-wave velocity; ζg = hysteretic damping
ratio; w = frequency of excitation; r0 = radius of the pile; and d = distance between two piles.
d

 ( w) =

d

r − g w cs −iw cs
ur f ( w)
= 0e
e
us ( w)
d

(4)

u ( w) = − Sin .ur (90 , w)
f

f

urad ( w) = Cos .ur (0, w)
f

f

When analyzing soil-structure interaction, two types of damping have to be taken into
account, namely the geometric attenuation (radiation attenuation) that results from the distance of the excitation source to the object and the material damping due to the friction between the individual soil particles. The latter can be taken into account by substitution of G
and G (1 + 2iζ) and E by E (1 + 2iζ), with ζ as the degree of attenuation of the soil. The material damping is independent of the excitation frequency.
When the distance between the piles is large (greater than about 20 diameters) the piles do
not affect each other and the group stiffness and damping are simply the vector sums of the
individual pile stiffness and damping. The dynamic stiffness matrix of the pile embedded in
the half space can be obtained by replacing the properties of the soil between two consecutive
disks with the mechanical properties of the pile section. This can be performed by adding the
difference between the dynamic stiffness matrix of the pile and that of the corresponding soil
cylinder,  S ( w)  leading to:

S (w) = S f (w) + S = S f (w) + [K ] − w2 [M ]

(5)

P ( w) =  S ( w) u ( w )

(6)

Where P(w) is force amplitudes, and ∆K and ∆M is the difference between stiffness matrices and mass matrices of the pile and soil cylinder, respectively. (Eq.6) can be written as
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 Pz   K z ( w)
0
0
0
0
0  u z 
P  
 
0
0
0
K hx ( w)
K hxry ( w)  u x 
 x   0
 py   0
0
0
0  u y 
K hy ( w)
K hyrx ( w)
 =
 
0
0
0
0   z 
Ktz ( w)
 mz   0
m   0
0
0
0   x 
K hyrx ( w)
K rx ( w)
 x 
 
0
0
0
K hxry ( w)
K ry ( w)   y 
 my   0
 

(7)

Where v, h, r and t denote vertical, horizontal, rocking and torsional motions respectively. It can be noted that coupling occurs between horizontal and rocking motions. Furthermore,
the dynamic stiffness coefficient obtained from the analysis is then decomposed into two parts:
K ij ( w) = K st [kij + ia0cij ]

(8)

In (Eq.7), Kst is the static stiffness, i the imaginary unit, kij and cij, respectively called
stiffness and damping coefficients, are dimensionless coefficients depending on the Poisson’s
coefficient of the soil and the frequency parameter.

a0 =

w(2r0 )
Cs

(9)

Where Cs = G  is the shear wave velocity in the soil. Finally, the total displacement of
receiver pile(i) due to lateral load of source pile(j) can be written as:
i −1

ui ( w) =  v (dij , w)u jj ( w) + uii ( w) +
j =1

n

 (d , w)u

j = i +1

v

ij

jj

( w)

, (i = 1,.., n)

(10)

or
n

1  i −1

(
d
,
w
)
P
(
w
)
+
P
(
w
)
+
 v (dij , w) Pj ( w) , (i = 1,.., n)
(11)
 v ij

j
i
S ( w)  j =1
j = i +1

In order to achieve a sufficient accuracy, the number of disks n has to be selected so that
the length L of a pile element does not exceed about one tenth of the shortest wavelength
propagating from the pile. Because the shear wave velocity is less than the dilatational wave
velocity in the soil, the wavelength of shear waves is lesser than that of longitudinal ones and
the number of disks can be chosen as:

ui ( w) =

n 1+
3

5 L
( )a
 2r0 0

(12)

CASE STUDY (AN EMERGENCY HOSPITAL IN SOUTH OF SWITZERLAND)

The building is of a general rectangular shape with the overall dimensions of 73 meters in
the longitudinal direction, 25 meters in the width direction, and a height of 35.6 meters. The
building is a new reinforced concrete construction with concrete columns. The primary lateral
load carrying system consists of three reinforced cores and an integrated reinforced concrete
exterior frame system. For the earthquake resistance evaluation a special micro zoning map
and a response spectrum developed by Resonance Ltd for Brig was used. The building is classified as a category III construction with an importance factor of 1.4. This is the highest class
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of building categories in Switzerland. The building was modeled in three dimensions (3D)
and calculated for non-ductile behavior according to the SIA Standard 262 (2013 edition).
The summary of the building characteristics and modeling assumptions is given below:
3.1

Modeling assumptions:

- Longitudinal direction

The earthquake loads are carried by the three reinforced concrete cores and two shear walls
together with the reinforced concrete framework. As the geometry of all floors is similar, continuous transfer of earthquake loads is guaranteed from the roof to the foundation. Additionally, due to the layout and stiffness differences the mass center and the stiffness center of the
building do not match resulting in torsional stresses due to lateral earthquake effects.
- Lateral (short) direction

Three reinforced concrete core and two reinforced concrete frames transfer the horizontal
equivalent loads corresponding to the earthquake effects from the higher levels through the
lobby level to the basements of the building. There is a concern of soft story in the building.
As a result, high shear stress concentrations occur in the building due to this irregularity.

3.2

Numerical Investigation:

The earthquake loads are determined according to the Swiss Code SIA 260-262; Merkblatt
SIA 2018. The following material characteristics have been used;
Concrete: Ec = 20,000Mpa (Elastic modulus);

f ’c= 19.2 Mpa (compressive strength)

For the seismic structural analysis four computer programs were used:
- ETABS which is a well-known structural analysis and design software, CSI, Berkeley, USA
- OpenSees Open System for earthquake engineering Simulation. This is an earthquake simulation software based on the displacement based structural analysis considering material nonlinearities. The program is very suitable for assessing the behavior of buildings in seismic
situations. The purpose of modeling with OpenSees is to perform a nonlinear static pushover
(NSP) analysis of the reinforced concrete system with concrete cores, shear walls, and the
heavy concrete columns. The modeling is based on ASCE 41-13 (2014). Material nonlinearities and hysteretic behavior are considered for the elements under normal forces, bending and
shear effects. For the calculations, both force-based and displacement-based methods have
been used. For the displacement-based method ASCE 41 procedures have been implemented
in the calculation of target displacements.
- FCONE program was developed at Smteam based on the CONE model for soil modeling.
This program utilizes the equivalent dynamic modeling concept in the analysis of soil dynamics and pile- foundation interaction [22,23].
-Abaqus/Cae was used to investigate the structure response according to seismic soil-pilestructure interaction effect. The finite element simulation phase of the present study along
with a description of boundary conditions, the meshing and analysis techniques and the materials’ constitutive laws is also presented below.
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3.2.1 Pile group effect

When piles are used as part of a building foundation system, they are usually configured in
groups to support continuous mat foundations or discrete pile caps for individual load-bearing
elements. The impedance of a pile group cannot be determined by simple addition of individual pile impedances because grouped piles interact through the soil by “pushing” or “pulling”
each other through waves emitted from their periphery. This is called a group effect, and it
can significantly affect the impedance of a pile group as well as the distribution of head loads
among individual piles in the group. Group effects depend primarily on pile spacing, frequency, and number of piles. They are more pronounced in the elastic range, and dynamic group
effects decrease in the presence of material nonlinearity. Numerical analysis methods of soilpile-structure interaction (SPSI) problems can be classified into two approaches: direct method and substructure method. In the direct method for analysis of SPSI it is necessary to model
underlying soil, foundation and structure with best precision and accuracy since they are supposed to be analyzed together. In substructure method, soil-structure system is divided into
two parts: first part is structure and the second part is the soil that has common boundary with
foundation and each part can be modeled in detail (Wolf 1985) [21]. In order to consider the
influence of the piles on the dynamic response of the structure, the substructure method was
used in this study. This consists of three consecutive steps:
(1) Calculation of foundation input motion in the absence of superstructure inertia (kinematic interaction) includes translational displacements and rotational components.
(2) Calculation of the dynamic impedances (spring and damping coefficients) for horizontal rotation and the combination of base foundation and pile system.
(3) Calculation of the seismic response of the building supported on the springs and dashpots of step-2 and subjected at its base to the foundation input motion of step-1.
The method of Fan and Gazetas [7], based on the BDWF model (Beam on Dynamic Winkler Foundation) is used to determine the foundation input motion. In this method, the displacement of the pile head (U11) as a function of the free-field motion (Uff) is calculated as
follows:
U11 = Γ Uff

(13)

Here Γ is a function of spring and damping constants, frequency, mechanical characteristics
of the piles such as Ip, Ap, Mp, Ep.
A detailed study of gazetas shows that the kinematic factor Iu = U11 / Uff for small frequencies, like the first frequency of the hospital Brig (0.7 Hz), is equal to 1; This means: no increase in the amplitude of the freefield earthquake motions. Therefore, in the case of the Brig
hospital, the kinematic interaction effect was neglected.
The arrangement of pile group in rectangular foundation is shown in Figure 3. In this case,
both rigid and flexible foundations are considered. In fixed-base model, the structure is being
analyzed without soil and foundation with fixed boundary condition to resist all displacements
or rotations at the bottom.
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#

Pile Type

Diameter (Cm)

Length (m)

1
2
3

100
100
120

22
28
30

Figure 3: The arrangement of pile group in rectangular foundation
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In Cone model the structure is built on a rigid foundation with springs and dashpots in the
bottom in place of soil. The response spectrum method was used for determining the displacements and accelerations.
To determine the vertical axial load in the upper part of the piles, a finite element model of
the building was created using the ETABS program. In the modeling of the core 3D shell elements were used. The elastic modulus E of concrete has been reduced to 60% of the design
value to include the effects of cracking in concrete. The (q) factor (response factor) is set to 2,
and the importance factor is assumed 1.4. In 2015, a new earthquake hazard map of Switzerland (Figure 4) was issued with a corresponding design spectrum, which was used for the present study. The modal analysis was performed to determine natural modes of frequencies for
the structural model in two different conditions: namely fixed-base behavior and behavior including SPSI (containing embedded piles with pile group effect).

Figure 4: The response spectrum for the Brig ground motion and
The Seismity map of Switzerland

Figure 5: The first vibration mode shape of the Brig structure (Period: 1.195)
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The results of ETABS analysis are given in table 2, and the first vibration mode shape of
the building with dynamic pile group effect obtained from the ETABS is shown in Figure 5.
Table 2: The results of two analysis obtained from the ETABS model

Period of vibration (s)

The Roof displacement (cm)

0.7

6.5

1.2

11.5

Fixed based foundation
(No Piles)
Flexible foundation
(Including Piles)
3.2.2 Target Displacements

The calculated target displacement in long direction and short direction according to the
Euronorm 8 and ASCE 41-13, 2014, are found to be 12cm and 15cm, respectively. These values represented the demand on the structure to have a sufficient ductility level under earthquake loads before a collapse of the building can occur.
3.2.3 Nonlinear Pushover Analysis
A pushover analysis involves the application of static lateral loads distributed over the
height of the structure, and calculation of the resulting displacements in a model of the SPSI
system. A pushover analysis of a structure with a flexible base is schematically illustrated in
Figure 6. A non-linear pushover analysis was reported for the reinforced concrete system
model of the building with the parameters defined in ASCE 41-13. Behavior of each wall was
determined based on the wall thickness, the wall length and the material properties as provided by the ETABS model. At each point on the pushover curve, the deformations of all components in the structural system are related to the reference displacement. The ETABS model
has been read into OpenSees for conducting the pushover analysis.
The pushover analysis resulted in displacement capacities of 20 cm in the transverse direction, and 22 cm in the longitudinal direction, as shown in Figure 7. This compared with the
target displacements, found from ASCE 41-13, of 12 cm in longitudinal direction and 15 cm
in the transverse direction.

Figure 6: Schematic illustration of a pushover analysis and development of a pushover curve for a structure with
a flexible base [24]

3946

Niloufar Ghazanfari, Mohsen Rostami, Setayesh Rostami, Rolf Liechti, and Sassan Mohasseb

Target displacement

Displacement
Capacity

Figure 7: The pushover curve obtained by OpenSees analysis

3.2.4 Dynamic Stiffness of pile groups
Dynamic stiffnesses (spring and damping coefficients) for a pile group are strongly frequency-dependent. Therefore, the dynamic stiffnesses for different blocks (pile groups) as a
function of frequency were calculated using the cone method according to John P. Wolf [20].
For the determination of stiffness, a new method of solving dynamic interaction problems was
developed at Smteam, which, the seismic behavior of Pile-Soil-Pile structure interaction
(SPSI) system is investigated as a whole considering both pile group effect and soil constitutive model according to the CONE theory. Results of the program for one 3×3 block under a
core (i.e., spring and damper constants as a function of frequencies) are attached at the end of
this report.
The spectral values have been reduced to take account of the radiation and material
damping of the soil. It turns out that in the case of the flexible-base structure, in addition to
the added rocking component to the horizontal motion of the structure, a part of the structure
vibration energy will transmit to the soil layer and can be dissipated. This results in a
reduction of the natural frequency in comparison to the fixed-base model and an increase of
the damping (mainly due to radiation damping resulting from the wave propagation and
hysteresis damping of the soil materials).
Detaied mechnaical characteristics of the soil has been explained in Table 3 where E is Elastic
modulus, Gs is shear modolus, is unit weigth, Cs is shear wave velocity, is poisson’s ratio
and ξ is material damping ratio. The soil region was assumed to be homogeneus with uniform
shear modulus and density during analysis. The horizontal, vertical, and rotational dynamic
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stiffness and damping ratios of a soil layer captured by using FCONE program,which are
shown as a function of dimensionless frequency in Figure 8.
Table 3: The mechanical characteristics of the soil

Parameter
Quantity

E (MPa)
350

Gs (MPa)
125

a)

ρ (KN/m3)
16.45

Cs (m/s)
276.00

Horizontal Stiffness for a 3×3 Pile group

b) Vertical Stiffness for a 3×3 Pile group
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c)

Rotational Stiffness for a 3×3 Pile group

Figure 8: The vertical, horizontal, and rotational dynamic stiffness for a 3×3 Pile group

3.3

The Finite-Element Simulation:

The finite element code ABAQUS/Cae model as an accurate direct way was used to investigate the seismic behavior of the structure under SPSI effect. For this purpose, the infinite
soil medium is reduced to a finite region using infinite element boundaries. In this case, an
elastic perfectly plastic model was adopted for modeling the concrete piles with a modulus of
elasticity of 30 MPa (C30). In the 3D finite element model developed using Abaqus/Cae, both
the pile and the soil were modeled using eight-nodded solid continuum elements (C3D8R) to
account for the continuum nature of the soil. This element has quadratic shape function which
is well suited to model the medium with bending dominated deformation. A too coarse mesh
may deviate from the expected response, whereas a too fine mesh requires very long computational time. Hence, a relatively fine mesh was adopted for the pile and a coarser mesh was
adopted for the soil. Overall 11089 elements for the piles and 10205 elements for 10-story
SPSI model was used. Soil was modeled using 98400 elements and the soil-pile interaction
was modeled by defining the tangential and normal behavior of the contact surfaces in the FE
model.
A strain hardening model using Mohr–Coulomb failure criterion was adopted for the soil
which uses the five significant soil parameters, such as shear modulus (G), Poisson’s ratio (ν′),
shearing resistance angle (φ′), effective cohesion (c′), and angle of dilatancy (ψ) as shown in
Table 4. An angle of internal friction of 35° was used in the definition of the Mohr–Coulomb
failure criterion. The geometrical details adopted for the SPSI analysis is shown in Figure 11.
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Table 4: The soil parameters used in the finite element code ABAQUS/Cae model

Plastic Parameters

Elastic Parameters
Mass density, ρ (KN/m3)
Modulus of Elasticity, E (MPa)
Poisson’s ratio, ν′

(Mohr–Coulomb failure criterion)

Shearing resistance angle, φ′
Angle of dilatancy, ψ
Effective Cohesion, c′ (kPa)

16.45
350
0.4

34
0.1
22

Figure 11: The geometrical details of SPSI model using ABAQUS/Cae

Results of 3D numerical prediction of first mode of vibration in Eigenvalue analysis for
both cases (fixed-base and SPSI interaction), and maximum lateral displacements in short direction are shown in Figure 12, 13 respectively.

a)

Fixed base behavior (period of vibration: 0.73)
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(b) SPSI analysis (period of vibration: 1.24)
Figure 12: The first mode of vibration in Eigenvalue analysis

Figure 13: The maximum lateral displacements in short direction

Table 5 provides a good comparison between the results of SPSI analysis obtained by Cone
method and FEM solution, which indicate that the results of Cone method are in close agreement with FEM results. As the structural stiffness in comparison with soil or building height
increases, the period rate increases as well. For first mode of vibration in modal analysis a
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good tendency with negligible difference was observed. Therefore, the Cone model provided
reasonable accuracy of modal analysis for the high-rise building responses because the deviation was limited to 3%.
Table 5: Comparison between the results of SPSI analysis obtained by Cone method and FEM solution

The period of vibration (s)
(First-mode)

The lateral displacement in short direction
(Cm)

Fixed base

SPSI

Foundation

The roof story

0.7
0.73

1.20
1.24

0.28
0.30

11.50
12.73

CONE Model
FEM Model

From the comparison between the maximum lateral displacements, it can be seen that the
foundation displacements results obtained from Cone method give good agreement with FEM
analysis results with about 6% and the most difference was observed in the roof displacement
with around 10%. As expected, nonlinear modeling of soil results in increased lateral displacements of stories. It can be also concluded that the maximum lateral displacement of
structures increases with the increasing number of stories, and the upper stories displacements
are more affected with SPSI than the lower stories.

4

CUNCLUSION

The FCONE program we designed at Smteam is a new method of solving dynamic interaction problems, in which the seismic behavior of pile-soil-pile structure interaction on a large
building is investigated as a whole considering pile group effect and soil constitutive model
according to the CONE theory. The capability of the CONE method to predict the dynamic
SPSI effects giving it an advantage over other time-consuming rigorous methods. This approach leads to physical insight with conceptual clarity, is simple to use and solve, as the
mathematical solution is simplified, and provides sufficient generality (layered site, embedment, all frequencies) and acceptable engineering accuracy. The accuracy of any analysis is
limited anyway, because of the many uncertainties, some of which can never be eliminated
(for instance the definition of the dynamic loads and the values of the dynamic soil properties
in the analysis of a structure). The analysis with cones fits the size and economics of practical
engineering projects. Thus, the results presented in this article can contribute to relevant engineers in designing safe and economical structures based on foundation vibration and dynamic
SPSI analysis in practical projects whenever possible.
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Abstract
A computational method which uses the nonlinear adaptive static (pushover) analysis to evaluate the static force-deformation response of a planar moment resisting frame (MRF) is presented. The MRF considered in this study is a seismic-resisting frame of a prototype five-storey
five-bay steel building structure designed based on the Japanese seismic design code.
The frame model is simulated by the finite element software ABAQUS. Failure on members is
captured by adopting shell elements for beams and columns combined with a refined meshing.
The lateral force distribution is adapted during the pushover analysis according to the first
eigenmode of the structure by utilizing a novel inverse optimization algorithm. A new stop analysis criterion is introduced that overcomes the numerical difficulty of the available static-solution algorithms to terminate the analysis in the degrading region of the load-deformation
response. The effects of load distribution and first (fundamental) small strain eigenperiod on
the force-deformation pushover curve are studied.
The monotonic adaptive pushover procedure is implemented using the programming language
MATLAB. The new tool effectively combines the advanced modeling and analysis capabilities
of ABAQUS with the programming simplicity of MATLAB, thus leading to a user-friendly environment. The last offers a robust implementation of pushover analysis and superior numerical
results can be obtained, especially the descending branch of the pushover curve and collapse
mechanism.
Keywords: Pushover, Adaptive, Finite element, Descending branch, Collapse.
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1

INTRODUCTION

Static pushover analysis has been widely used in earthquake engineering and design of buildings, such as in the Capacity Spectrum Method (CSM) [1]. In general, pushover analysis is used
for seismic evaluation of existing buildings and design verification for new construction in order to identify damage states and their correlation with the amplitude of the seismic ground
motion. Among the advantages of the pushover analysis method are that it is simple, fast and
provides all the capacity points of a structure until collapse [2,3].
In an attempt to increase the accuracy of the results of the pushover analysis, adaptive force
or displacement patterns are considered during the analysis. Adaptivity is realized in a way that
ensures that the force or displacement pattern imposed on the building during the pushover
analysis is continually updated depending on the instantaneous dynamic characteristics of the
structure and/or a site-specific spectrum. Among the first studies that have introduced procedures to utilize fully adaptive patterns for pushover analysis is [4], where the various eigenproperties of the structure and the associated spectral quantities are used primarily to determine the
demands to develop a capacity spectrum envelope.
A comprehensive presentation of the importance and various special traits of the pushover
curve can be found in [5,6]. It is shown that the slope of the descending branch of any pushover
curve depends strongly on the level of modelling sophistication, elastic unloading of the stories
not participating in the collapse mechanism, and on the static or dynamic nature of the pushover
algorithm. This implies that the reduction of a MDOF system in an equivalent SDOF system or
use of simplified plastic hinge formulations may not apply for tracing the descending branch
accurately.
An advanced modelling through FEA would be beneficial to accurately capture the descending branch of a pushover curve and finally the collapse mechanism. However, to trace accurately the descending branch in a force-controlled pushover analysis is generally difficult
(almost impossible with normal static analysis) since once the maximum capacity is reached
the lateral loads cannot increase further. In addition, the use of advanced modelling approaches
often generate convergence errors (strain concentration etc.) that terminate the analysis at an
early stage. To overcome these problems, FEA softwares have adopted computational techniques, such as the arch-length control static analysis or advanced stabilization algorithms.
In this study, a computational platform that combines ABAQUS [7] and MATLAB [8] is
developed and used for the generation of pushover curves of buildings. The key points of this
new computational tool are:
a. It uses “active” advanced modelling methods for members and materials instead of “passive” plastic hinge models with fixed material parameters.
b. Failures related to strength and stiffness reduction, such as local buckling, overall buckling etc. are captured accurately through advanced FEA modeling.
c. It utilizes the common static analysis of Abaqus without obscure stabilization algorithms or arc-length methods that may become uncontrollable or give erroneous results under
certain circumstances.
d. It is mainly a force-based pushover analysis after the post-peak strength point and captures the collapse mechanism that is not captured in displacement-based pushover analysis.
e. The load distribution is updated based on subsequent modal analysis (adaptive procedure) for accounting the stiffness reduction. The loading pattern is closer to that of a dynamic
analysis.
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2

NUMERICAL MODELING

2.1 Description of the Analyzed Building
The building under consideration is a five-floor steel structure designed by the Japanese
seismic code [9,10] using the Ai force distribution. It has a rectangular floor plan with aspect
ratio equal to 1.70. The longitudinal dimension LX has length 32.0m and five bays, while the
transverse dimension LY has length 18.6m and three bays. In Fig. 1a, the structural system of a
typical floor plan is presented while in Fig. 1b a general view of the building side is shown. The
total building’s height is 20.50m. The structural system illustrated in Fig. 1a consists of three
plane moment resisting frames (MRFs) along the X axis and two MRFs along the Y axis. The
building have square tube column sections and H beam sections. The cross-section of the columns and beams are given in Table 1. The seismic design of the building was achieved through
a characteristic factor Ds = 0.25 (i.e., behavior factor q = 4.0), while the drift limitation requirement 1 / 200 was satisfied for a base shear coefficient C0 = 0.20. Table 2 provides the weight
of each floor, the Ai load distribution, the strength-based and drift-based seismic forces, the
total story strength determined by the cross-sections, and the normalized first mode. The period
of the building is 0.94 sec along the X axis and 0.90 sec along the Y axis.
The Ai force distribution is described by the following relation:

 1
 2T
− ai 
Ai =
1+ 
 a
 1 + 3T
 i


(1)

where ai and T is obtained by:

ai =

∑W

i

(2)

W

and:
T =
H ⋅ (0.02 + 0.01 ⋅ α )

(3)

In the Eq. (2), W is the total weight of structure, ΣWi is the summation of the weight of all
stories above of the story i, H the total building height and α equals 1.0 for steel buildings (along
the height). The structural period T was estimated equal to 0.615 sec.

(a)

(b)

Figure 1: (a) Plan view of the building; and (b) side view of the building.
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Floor

Columns

Beam Ends

Beam Middle

Columns

Beam Ends

Beam Middle

5
4
3
2
1

500×22
500×22
500×22
500×22
500×22

H-600×250×12×19
H-600×250×12×19
H-600×250×12×19
H-600×250×12×22
H-600×250×12×22

H-600×250×12×19
H-600×250×12×19
H-600×250×12×19
H-600×250×12×19
H-600×250×12×19

BCP325
BCP325
BCP325
BCP325
BCP325

SN490B
SN490B
SN490B
SN490B
SN490B

SN490A
SN490A
SN490A
SN490A
SN490A

Table 1: Column and beam cross-sections, and steel materials.

Floor

Floor
Weights
Wi (kN)

Distribution
Ai

5
4
3
2
1

6600
5523
5523
5538
5567

1.743
1.459
1.275
1.128
1.000

DriftBased Design
Qi (kN)
2662
3841
4753
5463
5974

StrengthBased Design
Qun (kN)

Floor
strength
Qu (kN)

3328
4801
5953
6829
7446

6844
9874
12243
14044
15313

Overstrength
Factor
Qu/Qun
2.06
2.06
2.06
2.06
2.06

Modal
Analysis
4.70
4.17
3.33
2.22
1.00

Table 2: Seismic demand and seismic capacity.

2.2 FEA Model of the Building
One plane frame of the three along the X direction shown in Figure 1 was modelled by the finite
element analysis software Abaqus [7]. The overall view of the plane frame (YA) is shown in
Figure 2a, while modeling details can be seen in Figure 2b. The model developed is a mixed
shell/beam element model that combines the powerful nonlinear S4R shell elements with beamcolumn elements. Shell elements were used in the critical regions of the building, such as beamcolumn connections and column at the base, where strong geometrical nonlinearities (e.g., local
buckling) are expected to take place. Beam-column elements were used for the rest length of
beams and columns which tend to remain mainly in the elastic region. The beam-column connection is fully restrained by diaphragm plates located at the bottom and top of the panel-zone
height thus simulating a rigid welded connection. The welding access hole was not modelled.
Shell elements were used for a length equal to two times the width of column and depth beam,
respectively.
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(a)

(b)

Figure 2: (a) Overall view of the frame model in Abaqaus; and (b) Modelling details of a beam-column
connection.

2.3 Material properties
For sufficiently small straining, steel is modeled as a linear elastic isotropic material with
density ρ=7850kg/m3, modulus of elasticity E=205GPa and Poisson ratio ν=0.3. The constitutive model used for steel includes pressure-independent plasticity with kinematic hardening and
is suitable to simulate the inelastic behavior of metals. The evolution of the backstress for the
isothermal (temperature independent) material response follows the Ziegler’s hardening rule.
According to this evolution law, the yield surface is translated in the stress space through the
backstress, the rate of which due to plastic straining is in the direction of the current radius
vector from the center of the yield surface. The equivalent stress remains constant throughout
the analysis, and is equal to its initial value which defines the size of the yield surface at zero
plastic strain. The kinematic hardening modulus is linear, and for temperature independent analyses it requires only two stress-strain pairs for its definition: the yield stress at zero plastic strain
and a yield stress at a finite plastic strain value. A strain hardening equal to 1.0% of the modulus
of elasticity was assigned.
2.4 Analysis
The force distribution that is applied to the structure in each increment of the static adaptive
pushover analysis carried out in this study is updated according to the first eigenmode of the
structure. This eigenmode is calculated with the use of a shifted block Lanczos algorithm, similar to that developed and described in detail in [11,12]. It is noted that in order to perform an
adaptive pushover analysis in Abaqus, none of the analysis types offered by Abaqus can be
used since (in the best case) they preserve the load distribution until the analysis is ended. Two
types of nonlinear static analysis procedures can be carried out in Abaqus finite element software in order to perform static pushover analysis of any structural model, which are described
below, along with their limitations:
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• Static analysis with force, displacement and/or force/displacement control. Even in a
non-adaptive pushover analysis, it is recognized that this type of Abaqus analysis cannot be
used with force-control to trace the descending branch of the material response. Therefore, neither for an adaptive, nor for a non-adaptive constant load pattern pushover analysis can this
type of analysis be used.
• Static analysis with arc-length control (Riks). Assuming that the model is loaded with
forces of constant pattern, although this analysis can trace the descending branch of the material
response, it can trace only a single loading path during the analysis and does not allow the user
for control over the force distribution pattern during the pushover analysis. Therefore, for an
adaptive load pattern pushover analysis, this type of analysis cannot be used.
Abaqus offers the capability of the restart analysis, which enables the user to stop the analysis at a desired time point and restart at the same or another time point the analysis of an
updated version of the model already analyzed. Actually, each increment of the proposed pushover analysis procedure includes a restart analysis, in which the model definitions and all information of the current analysis state is written in a set of restart files. The Abaqus input file is
properly updated based on the specified loading definitions in conjunction with the response of
the structure calculated so far, and finally the updated input file along with the restart files
written at the current increment are read by the restart Abaqus analysis calculating thus the
structural response at the next increment.
Since the static Riks analysis with arc-length control cannot distinguish between loading and
unloading directions, if the step of the restart analysis is a static Riks step, there is the possibility
that the analysis starts from a point different from the last converged equilibrium point, and
apply the loading in a direction opposite to the one specified, leading thus the structure to unexpected unloading instead of reloading condition.
For the above reasons, in this study the restart analysis is used only with general static analysis with mixed force and displacement control, as will be shown in a later section. Displacement control is applied by directly specifying the desired displacement at the top of the structure.
Force control is applied indirectly through an optimization procedure which ensures that the
force pattern is maintained or appropriately updated throughout the pushover analysis. With
repeated use of the restart capability, ABAQUS [7] can be consistent with the quasi-static structural loading response.
In each increment of the novel adaptive pushover analysis procedure that is proposed in this
study, a static analysis is performed in which both forces and displacements are imposed at the
structure. The forces and displacements are imposed in a controlled manner that ensures the
linear dependence between the actual force distribution imposed at the structure, {Fi } , and the
desired force distribution that is based on its fundamental eigenmode, { Fi } , i.e. that the following relation is satisfied at all storeys of the structure:

F=
λi Fi ( =
j ) , j 1,...,5
i ( j)

(4)

Since the way of computation of the load proportionality factor λi at the i th increment of pushover analysis is not straightforward, it is indirectly calculated through the implementation of an
optimization procedure. The optimization problem that is considered at each increment of the
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pushover analysis is to find the optimum load proportionality factor λi that minimizes the variance of the vector defined by the division of {F } to { F } in an element-wise manner:
i

Ri =
( j)

i

Fi ( j )
=
, j 1,...,5
Fi ( j )

If var ( Ri ) = 0 this means that all the elements of the vector

(5)

Ri are equal with each other, and

λi , since it is always var ( Ri ) ≥ 0 by definition. The design variable of the optimization problem is the scalar λi and the objective function to be minimized is equal to
equal to

Fi obj = var ( Ri ) .

Matlab [8] is employed for carrying out the optimization analysis associated with the mixed
force-displacement control static analysis at each increment and operate Abaqus [7] analysis.
The optimization algorithm considered in this study for the solution of the optimization problem
is the Interior Point Algorithm (IPA). The application Abaqus2Matlab [13] (developed by Papazafeiropoulos et al. [14]) which integrates between Matlab [8] and Abaqus [7] is adopted in
this study as a suitable tool for post-processing the analysis results.
3

RESULTS

Figure 3a shows the pushover curves for building model as obtained by utilizing the developed algorithm. The curve is presented in the typical fashion: total lateral force on the building
(base shear force) normalized by the total building’s weight W on the vertical axis versus roof
drift on the horizontal axis. The building is seen to have an over-strength of more than 2 relative
to its design base shear of 0.09W. The pushover curve reaches 0.192 W at a roof drift of 0.048
and then descends. The descending branch drops more steeply after reaching a roof drift of 0.10.
Gravitational instability is observed at a roof drift of 0.22. Figure 3b shows the normalized by
the total weight base shear of each column. External columns reached lower values since they
subjected to higher axial loads. The normalized axial loads sustained by each column during
the lateral loading are shown in Figure 3c and the bending moment reached is shown in Figure
3d. The building deforms in a collapse mechanism that involves the first two stories. Active
plastic hinges are formed in the columns at the building base and just below the second floor
level and in the intermediate beams. Figure 4 illustrates the overall view of the collapse mechanism as identified with the proposed method. The failure of local buckling at the columns of
second floor level is highlighted.
An additional analysis was also performed utilizing the conventional static algorithm in a
single step. Figure 3a compares the conventional pushover curve against the one obtained by

utilizing the proposed algorithm scheme. In conventional static pushover analysis, the scaler λi
is increased over time. However, once the peak of the pushover curve is reached, a converged
solution cannot be obtained because the total pushover load being applied is greater than the
lateral strength of the structure (assuming there is not a higher peak further out).
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Figure 3: (a) Pushover curve; (b) Base shear at each column; (c) Axial loads; and (d) Bending moment at
each column.

Column of 2nd storey

Figure 4: Overall collapse mechanism of the frame model.

Based on the frequency analysis conducted at the first step of the adaptive pushover analysis,
the period T of the frame model is equal to 1.02 sec. The mode shape is [1.00; 2.22; 3.33; 4.17;
4.70] while the load proportion factor (LPF) is [1.00; 2.22; 3.28; 4.11; 5.55]. Figure 5a shows
the normalized by the building’s weight applied loads per floor level and Figure 5b the normalized mode shapes for roof drifts equal to 0.0, 0.072, 0.10, 0.14, 0.202 and 0.22. The modes are
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representative ones from those determined during the proposed adaptive pushover analysis. In
the following roof drift at which gravitational instability was observed (i.e., 0.22 roof drift), the
roof control displacement obtained a negative value for maintaining the force equilibrium of
the reduced stiffness forces and applied loads. At this point the analysis was terminated.
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Figure 5: (a) Applied loads at each storey; and (b) Normalized mode shape for roof drifts 0.0, 0.072, 0.10, 0.14,
0.202 and 0.22.

4

CONCLUSIONS

A computational method which uses the nonlinear adaptive static (pushover) analysis to
evaluate the static force-deformation response of structures is presented. The method is validated on a five-storey five-bay steel moment-resisting frame (MRF) designed based on the Japanese seismic design code. Main conclusion of the present study are as follows:
• The computational platform uses finite element modelling methods for members and materials. Failures related to strength and stiffness reduction, such as local buckling, are captured accurately. The load distribution is updated based on subsequent modal analysis
(adaptive procedure) accounting for the stiffness reduction.
• The computational platform utilizes the common static analysis of Abaqus without obscure
stabilization algorithms or arc-length methods that may become uncontrollable or give erroneous results under certain circumstances. It is mainly a force-based pushover analysis
after the post-peak strength point and captures the collapse mechanism.
• The building is seen to have an over-strength of more than 2 relative to its design base
shear of 0.09W. The pushover curve reaches 0.192 W at a roof drift of 0.048 and then
descends. The descending branch drops more steeply after reaching a roof drift of 0.10.
Gravitational instability is observed at a roof drift of 0.22.
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Abstract. Reinforced concrete damage over time can cause severe structural problems (e.g.
Morandi Bridge in Italy [1]). Many factors contribute to concrete deterioration (Thermal conditions, chemical attacks, shrinkage, creep, carbonatation, corrosion, etc.) [2]. Reinforced
concrete deterioration starts at early-age and continues with structure aging. Early-age shrinkage, creep and thermal conditions or initial cracks can have a significant impact on the dynamic
behavior of concrete structures. As shown in [3], the natural frequency of a beam subjected to
early-age restrained shrinkage is highly affected. In order to quantify the impact of early-age
concrete damage on the dynamic behavior of structures, the GEOMAS Lab at INSA Lyon is
working on a research project combining both numerical modeling and pseudo-dynamic tests
on two groups of reinforced concrete portal frames. The first group is a reference group kept
in endogenous conditions during its early age period in a way to limit drying effects leading
to cracks while the second group is kept in non-endogenous conditions similar to construction
site conditions, which induces damage. The present paper focuses on the enhanced multifiber
beam model developed for the portal frames and that allows describing their behavior when
subjected to a seismic loading while taking into account their initial damage due to early age
effects. Future papers will deal with experimental results obtained using the pseudo-dynamic
technique. In the numerical model developed, concrete shrinkage and thermal deformation are
calculated independently using a THC 3D model [4] , while creep is described by a series of
three Kelving-Voigt models [5] and calculated using strain superposition in series with concrete µ Damage model [3]. Then values are implemented into a multifiber finite element model.
Damage evolution of the RC structures over time is followed using the numerical model during 28 days and then their dynamic response when subjected to a seismic event is simulated
numerically.
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1

INTRODUCTION

In 2018 the Morandi Bridge collapsed in Italy as well as buildings in France causing many
deaths. Such dramatic events remind us that during their aging process reinforced concrete
structures get damaged and become more vulnerable. This damage starts at early age and continues during the life time of the structure (Figure 1). It can be caused by creep, shrinkage,
corrosion, thermal deformation, carbonatation and so on [2]. As a consequence of this damage,
the structure becomes more vulnerable and can collapse either due to its self weight and live
loads or due to accidental hazards such as an earthquake or an impact. This paper focuses on
the impact of the initial damage that takes place during the early age period (0-28 first days)
on the seismic response of reinforced concrete structures. In RC design, early age damage is
often neglected and it is roughly assumed that the structure is initially undamaged when put into
service. Early age effets on structure dynamic performances need to be quantified.
Accidental Hazard
(earthquake, impact…)

0 days

Life time of reinforced
concrete structures

28 days

EARLY
AGE

Reinforced concrete damage
(Creep, shrinkage, corrosion, thermic deformation…)

Figure 1: RC deterioration over time

1.1

Methodology

Two types of reinforced concrete portal frames are considered (Figure 2). A first group kept
during its early age period in endogenous conditions (by covering it using a plastic sheet) in a
way to limit drying effects leading to cracks. It’s supposed to be a reference group where almost
no damage should happen. The second group will be kept in non-endogenous conditions that are
similar to the ones found on construction sites. Consequently, its initial damage will be more
important. An enhanced multifiber beam model was developed for each group which allows
following their early age damage due to creep, shrinkage, thermal deformation and to evaluate
their response under an earthquake. It is based on the THC model of Buffo Lacarrière [4], on the
creep model of Briffaut [5] and on the µ damage model [3].The enhanced concrete non-linear
constitutive law used will be explained in details. Results obtained with this numerical model
will be presented in this paper. In parallel, pseudodynamic tests on the two portal frame groups
are still undergoing. Using such technique, which is an interesting alternative to shaking table
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tests [6], the same seismic load will be applied on the two types of portal frames after their early
age period in order to determine their dynamic response.

Seismic event

Endogenous
Conditions
ALMOST NO DAMAGE

Portal Frame
Construction

Seismic event

Non-Endogenous
Conditions

INITIAL DAMAGE

Step 1: 0-28 days: Numerical simulation of concrete
damage evolution due to creep, shrinkage and
thermic deformation.

Step 2: Non linear
Time-History

Figure 2: Methodology

Ultimately, the objective of the research project undergoing will be to compare purely numerical results with pseudo-dynamic resuls in order to validate the numerical model and to
determine the impact of early age damage on the seismic response of reinforced concrete structures.
2

NUMERICAL MODEL
This section presents in details the numerical model developped for the portal frames.

2.1

Geometry of the structures

Studied portal frames are 1.05 meter by 1.1 meter structures as shown in Figure 3a. Longitudinal and transverse reinforcements were designed in a way to comply with Eurocodes requirements. Chosen longitudinal and transverse reinforcements have a diameter of 6 mm (Figure 3b).
Figure 3c presents the experimental set up that will be used in portal frames pseudo-dynamic
tests.
2.2

Material properties

Concrete used in the portal frames has a compressive strength of 30 MPa and a tensile
strength of 3.7 MPa. Steel reinforcements have a yield stress of 500 MPa.
2.3

Finite Element discretization

Figure 4b gives node numbers that were used in the finite element model that was developed
for the portal frames. The structures are subjected to 3 concentrated masses (M1 , M2 and M3 )
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Y
X

(a) Front view
Load sensor
Jack

Displacement sensors

z
y
Y
X

Pinned connections

(b) Cross-section

(c) Portal frame experimental set up

Figure 3: Geometry of the RC portal frame
(orange circles) representing the contribution of upper floors. M1 = M2 = M3 = 1148 kg.
Therefore, Mtot = M1 + M2 + M3 = 3444.4 kg. Where Mtot is the total mass of the frame
(self weight is neglected). The same concentrated masses will be simulated numerically when
conducting pseudo-dynamic tests on the portal frames. As seen in figure 4b the structures are
pinned at their three ends. It was chosen to use pinned ends rather than fixed ends since such
type of connections are more commonly used in constructions ( it is very hard to realize fixed
connections in practice).
2.4

Multifiber beam model

The portal frame was devided into 3D Timoshenko beam elements, where each beam element is composed of two nodes. At each node there are 6 degrees of freedom: 3 rotations and 3
displacements. Each beam element is composed of 2 Gauss integration points and each integration point represents a cross section made of concrete and steel fibers (for the reinforcements).
Concrete fibers are located at the section Gauss points. Using shape functions, displacement
value can be calculated at any point of the beam element knowing displacement values at the
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8 Fibers

Concentrated Mass

𝑀1
4 Fibers

𝑀2

𝑀3

y

Node number

(a)
Steel fiber

z
Y
(b)

X

Pinned Connection

Figure 4: (a) Multifiber cross-section and (b) Finite element mesh and concentrated masses

nodes. Timoshenko kinematic then allows determining strain values at the different fiber elements with displacement values. Then, using a non-linear strain to stress relation stress is
determined at the different fibers. Through integration over the cross section, force values at the
Gauss points are determined. Figure 5 summarizes the principle of the multifiber beam model
used for the portal frames ([10] and [7]). Where: K= Stiffness Matrix; as = Section compatibility Matrix; B= Gradient Metric; L= Length of the beam element; U = Nodal displacement;
σ = Stress Matrix; P =Load Vector; = Strain Matrix. Figure 4a gives the multifiber reinforced
concrete cross-section used for the concrete portal frames. Its is composed of 32 concrete fibers:
4 fibers in the z direction and 8 fibers in the y direction. 4 additional fibers are used to model
steel longitudinal reinforcements (x axis).
2.5

Constitutive Laws

Strain and stress calculation details are given hereafter.
2.5.1

Constitutive laws for concrete

Strain decomposition Deformation at each concrete fiber is calculated in a way to take into
account the influence of shrinkage, ceep, thermal deformation, and mechanical deformation.
The total deformation at a fiber element is considered to be equal to the sum of all 4 contributions. Hence:
tot = shrinkage + thermal + creep + mechanical

(1)

Mechanical model Strain to stress relationship for concrete fibers is determined using a nonlinear Mazars µ model [8]. This model is based on continuum mechanics. It relates deformation
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x

Figure 5: Principle of the multifiber beam model ([7] [10])

to stress using a damage variable D that can be calculated using a thermodynamics framework
based on two variables Yt and Yc for concrete cracking and crushing.
σ = ∆0 (1 − D) : 

(2)

Y = rYt + (1 − r)Yc

(3)

D = 1 − (1 − A)

Y0
− Ae−B(Y −Y0 )
Y

(4)

Where: ∆0 = Stiffness Matrix;  = Strain Matrix; σ = Stress Matrix; D = Damage; r = Triaxiality
factor; A and B and constant parameters; Y0 is the initial elastic treshold (takes into account
compression and traction contributions). Thus, a 1D cyclic strain to stress relation is used at
each concrete fiber as shown in Figure 6a. Where σxx stands for normal stress along the concrete
fiber axis.

8

8

8

8

Creep model Since strain due to creep and to mechanical deformation are related to each
other, an intermediate subsystem as shown in Figure 7 is solved. It is composed of 3 viscoelastic
Kelving-Voigt models for creep [5] in series with a non-linear Mazars µ model for concrete [3].
Creep evolution follows a Briffaut model [5] where creep 1 is the primary creep (also known
as the transient creep), creep 2 is the secondary creep (also called steady-state creep) and creep
3 is the tertiary creep and has an exponential evolution. Each creep model uses 2 viscoelastic
constants τ and k . τ1 = 0.1 day ; τ2 = 1 day; τ3 =10 days and k1 = 3 ×1011 (µm/m);
k2 = 9 × 1010 (µm/m); k3 = 2.5 × 1010 (µm/m). Those values were determined through
calibration tests [3] .
Shrinkage and thermal deformations Shrinkage and thermal deformations are calculated
independently using a THC (Thermo-hygro-chemo) model with COMSOL Software. The
model is based on the work of Buffo-Lacarrière [4] and Mainguy [13]. In such model, the
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(a) Concrete Cyclic µ model [8]

(b) Steel Cyclic model [9]

Figure 6: Material constitutive laws

𝜀𝑡𝑜𝑡 = 𝜀𝑠ℎ𝑟𝑖𝑛𝑘𝑎𝑔𝑒 + 𝜀𝑇ℎ𝑒𝑟𝑚𝑖𝑐 + 𝜀𝑐𝑟𝑒𝑒𝑝 + 𝜀𝑀𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙

Figure 7: Strain calculation at a fiber element [3] [5]

degree of saturation of the mortar is calculated by solving three sets of differential equations
based on conservation laws: liquid water, water vapour and wet air equilibrium equations. The
evolution of the total porosity as well as the distribution of pores were taken into account when
solving the equilibrium equations to account for early age effects. Using the equivalent pore
pressure of cement based materials concept as explained by Coussy [14] shrinkage evolution is
then calculated. As for thermal deformation, it was calculated by solving a heat transfer thermal conduction differential equation. All differential equations were solved using COMSOL
software and model parameters were calibrated to account for the properties of concrete used in
the portal frames.
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2.5.2

Constitutive law for steel

For steel reinforcements, a non-linear 1D Menegotto cyclic model with strain hardening [9]
is used as presented in Figure 6b. Here, σxx stands for normal stress along the steel fiber axis.
2.5.3

Material parameters

Table 1 gives concrete and steel parameters used in the numerical model of the portal frames.
Concrete parameters

Steel parameters

E = 25 GP a
At = 0.8
Ac = 1.62
Bt = 20000
Bc = 500
ft = 3.67 M P a
fc = −10 M P a
β1 = 0 M P a
β2 = 0 M P a

E = 210 GP a
Fy = 500 M P a

Table 1: Concrete and Steel reinforcements model parameters
Where: E= Elastic modulus; ν= Poisson ratio; Y01 = Initial damage treshold for traction;
Y02 = Initial damage teshold for compression; At = 1st parameter govering the evolution of damage (traction); Ac = 1st parameter govering the evolution of damage (compression); Bt = 2nd
parameter governing the evolution of damge (traction); Bc = 2nd parameter governing the evolution of damage (compression); β1 = anelastic parameter for traction; β2 = anelastic parameter
for compression and Fy = Steel yield stress.
2.6

Input Data

Shrinkage and temperature evolutions calculated using COMSOL were implemented into the
multifiber model by interpolation. Figure 8 gives shrinkage and temperature evolutions used as
input datas of the numerical model (values at the concrete fibers).
3

Results

With the enhanced multifiber beam model presented in section 2, concrete damage was followed during the 28 first days of the life time of the two portal frame groups. A modal analysis
and spectral analysis were performed in order to quantify the difference in response of both
structures after their early age period. A static pushover and a non-linear dynamic analysis
were also numerically conducted. Results of those simulations are presented in this section.
3.1

Early Age Damage Evolution

Damage evolution due to shrinkage, creep and thermal deformation was followed for the
endogenous and non-endogenous portal frames during their early age period (0-28days). The
following results were obtained: During step 1, damage at the different concrete fibers remained
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(a) Endogenous case Shrinkage

(b) Endogenous case Temperature

(c) Non-Endogenous case Shrinkage

(d) Non-Endogenous case Temperature

Figure 8: Shrinkage and temperature evolutions (at the concrete fibers)

equal to 0 in the portal frame kept in endogenous conditions as shown in Figure 9a since stress
value remained below the maximum allowable concrete tensile stress (Figure 9b). In the portal
frame kept in non-endogenous conditions, damage increased during the early age period at the
different concrete fibers (Figure 9c) since stress reached its maximum allowable value Rt of 3.7
MPa (Figure 9d). Concrete damage during the early age period is thus more important in the
non-endogenous case than in the endogenous case because of shrinkage.
3.2

Modal Analysis

After 28 days (end of step 1 as shown in Figure 2), a modal analysis was performed on
both groups. The 3 mode shapes are presented in Table 2. Natural frequencies were calculated
after early age for both groups as shown in Table 3. Where f1 = First Natural frequency; f2 =
Second Natural frequency and f3 = Third Natural frequency. For the endogenous portal frame,
there is no decrease of the natural frequency after the first step since no damage occured. In
the non endogenous case, an important damage happened during the first step due to shrinkage,
which induced concrete to reach its maximum tensile stress value. A modal analysis performed
after that first step showed a decrease (Table 2) of its first natural frequency of about 53% (f1
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(a) Endogenous portal frame Damage

(b) Endogenous portal frame Stress
𝑅𝑡

(c) Non-Endogenous portal frame Damage

(d) Non-Endogenous portal frame Stress

Figure 9: Damage and normal stress (σxx ) evolutions at early age in all portal frame concrete
fibers (many fibers get damaged at early age)

decreased from 6.8 Hz to 3.2 Hz).
It should be noted that the behaviour of the portal frames will be mainly dictated by mode
1. Indeed, concentrated masses on top are very important compared to the self weight of the
portal frame. Consequently, effective modal mass participation calculation shows that the total
mass Mtot of the structure is almost equal to the effective modal mass participation of mode 1.
Effective modal mass participation mef fi of mode i is calculated as follows:
mef fi =

(φTi M δ)2
;
φTi M φi

(5)

Where: φi is the mode shape value at mode i; M is the structure mass matrix and δ is the
projection vector. For instance the endogenous case gives the following results: Mtot = mef f1 +
mef f2 + mef f3 ≈ mef f1 = 3444.4 kg. Thus, the structure behaves as a one degree of freedom
system of mass Mtot .
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Mode1

Mode2

Mode3

f1

f2

f3

Table 2: Portal frame mode shapes

f1 (Hz)
f2 (Hz)
f3 (Hz)

Endogenous
6.8
110.7
190.8

Non-Endogenous
3.2
71.2
123.0

Table 3: Natural frequency values at the end of 28 days
3.3

Spectral Analysis

Modal analysis showed that there is a difference in behaviour between the portal frame that
was kept in endogenous conditions and the one that was kept in non-endogenous conditions
(change in frequency content). In order to further illustrate this difference, a spectral analysis
was performed on the portal frames using a Eurocode (French annex) non-linear Time History
(Figure 10a). The response spectrum obtained using this non-linear Time History is given in
Figure 10b. Spectral Analysis conducted on the two types of portal frames using the Eurocode

(a) Time History [12]

(b) Pseudo-acceleration Response Spectrum

Figure 10: Eurocode input data for spectral analysis
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accelerogram showed (Figure 11) that the maximum base shear in the endogenous case is equal
to 78 kN while it is equal to 42 kN in the non-endogenous case (about 46% decrease). Maximum

Figure 11: Spectral Analysis results

Base shear is calculated by summing up base shear values Fi max at each mode i.
Fi max =

Spa × φTi M δ
M φi ;
φTi M φi

(6)

Where: Spa is the spectral acceleration of mode i; φi is the mode shape value at mode i; M is
the structure mass Matrix and δ is the projection vector.
3.4

Static Pushover

A numerical pushover was performed on both groups after their early age period. An incremental displacement was imoposed at node 1 (Figure12b) until reaching the maximum capacity
of structures. Load and displacement values at node 1 are calculated in order to plot pushover
curves. Results are given in Figure 12a. It can be seen that the initial slope in the endogenous
case is 53% higher than the one of the non-endogenous case, while their maximum capacity is
similar and equals approximately 16 kN. Pushover results suggest that the behaviour of such
structures when subjected to a moderate earthquake will be different while if they are subjected
to a very devastating earthquake that cause them to reach their maximum capacity their behavior
will be similar.
3.5

Dynamic Analysis

A moderate 0.13 g synthetic accelerogram of the city of Nice (Figure 13a) was applied
numerically on the portal frames. Such signal was already used for experimental analysis in
[11] and complies with French standards. Load as a function of displacement curves were
plot (Figure 13b). Results show that there is a significant difference in behavior between the
endogenous and non-endogenous cases. Dynamic curves have the same initial slope as spectral
analysis curves, then their slope decreases due to stiffness decrease. Displacement and force
evolutions over time are presented in Figures 13c and 13d. It can be seen that the maximum
displacement in the non-endogenous case is 30 % higher than the endogenous case while the
maximum force is 16 % higher in the non-endogenous case than in the endogenous case. The
behaviour of the two portal frames groups is very similar (14) when they are subjected to a
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𝑀1

𝑀2

𝑀3

Incremental
Displacement

Y
X

(a) Pushover results

(b) Pushover loading

Figure 12: Static numerical pushover loading (12b) and results (12a)

Eurocode devastating synthetic Time History [12] (French annex) as it causes them to reach
their maximum capacity.
4

CONCLUSIONS AND PERSPECTIVES

Hence, numerical multifiber finite element models that allow assissing the behavior of RC
structures under a seismic loading while accounting for early age damage were developed. Such
models showed that the first natural frequency of a portal frame that was kept during its early age
period in non-endogenous conditions, decreases by 53% after its first 28 days while it remains
constant for a portal frame kept at early age in endogenous conditions. Under a non-linear moderate intensity accelerogram, portal frames kept in endogenous and non-endogenous conditions
during their early age behave differently. It was noticed that the maximum displacement in the
non-endogenous case is 30 % higher than the endogenous case whereas the maximum force is
16 % higher in the non-endogenous case than in the endogenous case. Pseudodynamic tests are
undergoing on the RC structures. Experimental results will be compared to numerical ones in
order to improve and validate the numerical model.
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(a) 0.13 g accelerogram of Nice city ([11])

(b) Load Displacement curve

(c) Displacement over time

(d) Load over time

Figure 13: Dynamic analysis results using a non linear moderate intensity accelerogram
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Figure 14: Dynamic results under Eurocode synthetic signal [12]

REFERENCES
[1] Caprani, Colin. Genoa bridge collapse a sign of things to come if infrastructure maintenance ignored, 2018.
[2] Portland Cement Association. Types and causes of concrete deterioration, Portland Cement Association: Skokie, IL, USA,2002.
[3] Mazars J., Grange S., Briffaut M. Simplified modeling strategy for the thermomechanical
analysis of massive reinforced structures at an early age. Applied Science, MDPI, 2018.
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[9] M. Menegotto. Method of Analysis for Cyclically Loaded Reinforced Concrete Plane
Frames Including Changes in Geometry and Nonelastic Behavior of Elements under Combined Normal Force and Bending. In IABSE Symposium on Resistance and Ultimate Deformability of Structures Acted on by Well-Defined Repeated Loads, Final Report, Li.
1973.
[10] P. Kotronis, J. Mazars. Simplified modelling strategies to simulate the dynamic behaviour
of R/C walls. J. Earthq. Eng , 9, 285–306, 2005.
[11] D. Combescure, T. Chaudat, Direction des Réacteurs Nucléaires. Départe-ment de
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Abstract
Progressive collapse consists in the spreading of local damage from element to element,
which results in the collapse of the entire structure or a large part of it. To avoid progressive
collapse, the structure should withstand events like fire, explosions, impact or the consequences of human error, without being damaged to an extent disproportionate to the original
cause. In this study, nonlinear dynamic response of a reinforced concrete framed structure to
multiple column-loss scenarios is investigated by means of fiber-based finite element capacity
models and incremental-mass dynamic analysis. The influence of removal of two columns on
the behavior of the structure is evaluated. The residual capacity of the structure was assessed
under varying location and time of columns’ removal. Two different multiple column-loss
scenarios were explored, namely simultaneous and sequential removals. Analysis results allow the worst scenarios to be identified, as well as the sensitivity of progressive collapse resistance to be evaluated.

Keywords: Progressive collapse, Robustness, Reinforced concrete buildings, Column loss,
Nonlinear dynamic analysis.
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1

INTRODUCTION

Extreme events can produce a special type of structural failure that is named progressive
collapse and is characterized by damage propagation from a portion of the structure to the
whole structural system or a significant part of it. Such a type of systemic failure is referred to
as disproportionate collapse when damage propagation produces a disproportion in size between the final and initial amounts of damage. Many structures have suffered progressive collapse, motivating a growing research on this topic in the last twenty years [1]. The Ronan
Point apartment building in London, UK, which partially collapsed after a gas explosion, and
the Murrah Federal Building in Oklahoma City, Oklahoma, which was destroyed by a bomb
explosion, are two symbolic events that have contributed to increase the worldwide interest on
progressive collapse. Nonetheless, a few studies have been carried out to assess the influence
of multi-column loss on nonlinear dynamics and progressive collapse resistance of reinforced
concrete (RC) building structures [2-4]. This work is aimed at investigating the capacity of
RC framed buildings subjected to either simultaneous or sequential, sudden loss of couples of
columns at the ground floor. The loss of multiple columns can be induced by several actions
such as detonation of explosives at different locations and impact of objects dragged by floods
or flow-type landslides.
2

METHODOLOGY AND CASE-STUDY STRUCTURE

The building under study is a RC framed structure investigated in previous studies (see e.g.
[5]), from which a two-dimensional (2D) capacity model was extracted to carry out progressive collapse simulations. The structure was designed only to gravity loads, according to Eurocode 2 [6], and consists of five floor levels, five primary frames with six bays in the xdirection and seven secondary frames with four bays in the y-direction. Primary frames provide the main support to one-way slabs and one of those 2D framed systems is considered
herein. The case-study structure is characterized by the same span length in both directions
(Lx = Ly = 5 m) and the interstory height is 3 m at each floor. Column and beam cross sections
are 400×400 mm2 and 300×500 mm2, respectively. Uniform longitudinal reinforcement consisting of 8 Ø18 was assigned to columns, while 6 Ø18 were used to reinforce beams. Transverse reinforcement is composed of Ø8 stirrups with spacing of 200 mm, both in beams and
columns. Concrete and steel properties are listed in Table 1.
Material
Concrete
Steel

Property
fck
fcd
fyk
fyd

Value [MPa]
20
11.3
450
391.3

Table 1: Material properties.

Design strengths of concrete and reinforcing steel were defined as fcd = 0.85fck/1.5 and
fyd = fyk/1.15, respectively, where fck and fyk denote the characteristic values of cylinder concrete strength and yielding steel strength.
The structure was modeled through the FE code Seismostruct [7], in which the nonlinear
capacity modeling of the structure was based on a spread plasticity approach with force-based
fiber formulation. The use of fiber elements allows the flexural, arching and catenary
behavioral modes of RC beams to be well simulated [6,8-10]. A force-based formulation was
assumed to accurately simulate the deformed shape during progressive collapse analysis. Each
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cross section was discretized in 200 fibers. A simple bilinear hysteretic model with isotropic
strain hardening was assigned to reinforcing steel. The uniaxial uniform confinement model
by Mander et al. [11] was used for concrete, explicitly accounting for tension softening and
conservatively omitting strain rate effects in the simulations [12].
Nonlinear time history analysis (NLTHA) was carried out using a tangent stiffnessproportional Rayleigh damping and the Newton-Raphson algorithm with a displacement/rotation based convergence criterion to iteratively equilibrate loads.
The progressive collapse capacity of the structure was assessed through IDA, which is a
series of NLTHAs performed with an incremental intensity of gravity loads. According to
UFC guidelines [13], the following design load combination was used:

Qbd  1.2DL  0.5LL

(1)

in which DL and LL indicate the dead load and live load, respectively. The former was
assumed to be 3 kN/m2, whereas the latter was set to 2 kN/m2.
Different scenarios were identified, depending on the position of the removed column and
its deactivation time. A special purpose, death element routine (i.e. activation/deactivation
time option) was integrated in Seismostruct [7] to operate member removal. Columns were
labeled as shown in Figure 1. As gravity loads on the structure were increased, the maximum
load capacity, Qb,max, and the corresponding vertical drift, θmax, were monitored in order to
identify the worst column-removal scenarios. The vertical drift was defined as follows:

  tan 1 ( Dv Lb )

(2)

where Lb is the beam length and Dv denotes the downward displacement of the residual
structure after column removal. That kind of displacement was monitored at the upper joint
(control point) of one of the removed columns until system failure was reached.

Figure 1: Labeling of columns removed at the ground floor and control points.

The methodology used to generate the multiple column-loss scenarios considered in this
research is outlined in Figure 2. Two different strategies were used by varying the deactivation time of columns, which is here denoted as Td. If two generic columns i and j are considered, the simultaneous removal was obtained by assigning them the same deactivation time,
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i.e. Tdi = Tdj = 10-2 s. Conversely, the sequential removal was achieved by removing the generic column i (or j) at Tdi = 10-2 s and column j (or i) at either 10-1 s or 1 s.

Figure 2: Framework for progressive collapse resistance assessment.

3
3.1

DISCUSSION OF RESULTS
Simultaneous removal of columns

In the first stage of research, the influence of simultaneous removal of columns on the progressive collapse capacity of the structure was evaluated. As previously mentioned, simultaneity was obtained by assigning the same deactivation time to couples of columns i and j, that
is Tdi = Tdj = 10-2 s. Twelve multi-column removal scenarios were selected due to the symmetry of the structure and one hundred NLTHAs were carried out. Analysis results in terms of
max = Qb,max/Qbd, i.e. the percentage of design load associated with maximum load capacity,
and corresponding vertical drift are listed in Table 2. The results show that the structure was
able to withstand the highest percentage of design load in case of simultaneous removal of
corner columns (scenario A1-A7) and when opposite columns adjacent to corner columns
were simultaneously removed (scenario A2-A6). By contrast, when consecutive columns at a
frame corner were removed, the capacity of the structure drastically reduced to 30% of design
load. Table 2 also shows that, in the case of simultaneous removal of a corner column (A1)
and any internal column (A2, A3, A4, A5, A6), the vertical drift is more sensitive to the control point than in the case of other scenarios that do not involve a corner column. To better
understand this finding, IDA curves related to scenarios A1-A4 and A2-A4 are plotted in Figures 3a and b. The former scenario involved a corner column, while the latter did not. It is recalled that IDA curve is a dynamic capacity curve that provides the relationship between the
gravity load intensity and a response parameter, namely the downward displacement of the
control point in this case. Figure 3a shows that IDA curves associated with scenario A1-A4
are quite different in terms of displacement capacity, as the latter structural feature is sensitive
to the control point (i.e. node 8 or 11). On the other hand, the curves related to scenario A2-
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A4 (Fig. 3b) indicate a negligible variation in displacement capacity between the two control
points (i.e. nodes 9 and 11).
Scenario

max [%]

A1-A2

30

A1-A3

136

A1-A4

135

A1-A5

136

A1-A6

134

A1-A7

140

A2-A3

61

A2-A4

127

A2-A5

132

A2-A6

140

A3-A4

63

A3-A5

138

θmax [%]
Node8
11.67
Node8
10.18
Node8
9.76
Node8
10.06
Node8
9.30
Node8
11.37
Node9
9.82
Node9
4.25
Node9
5.65
Node9
8.31
Node10
11.07
Node10
7.03

Node9
10.57
Node10
6.88
Node11
6.38
Node12
6.54
Node13
6.3
Node14
11.36
Node10
9.84
Node11
3.71
Node12
5.08
Node13
8.31
Node11
11.07
Node12
7.05

160

160

140

140

120

120

100

100

αQbd [%]

αQbd [%]

Table 2: Maximum load capacity and drift capacity under simultaneous column-removal scenarios.
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12
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Figure 3: IDA curves corresponding to multi-column removal: (a) scenario A1-A4; (b) scenario A2-A4.

Since scenarios A1-A2 and A1-A7 are related to the minimum and maximum
loadbearing capacity of the structure, respectively, their deformed shapes at ultimate conditions are shown in Figures 4a and b.
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(a)

(b)
Figure 4: Collapse mechanisms under multi-column removal: (a) scenario A1-A2; (b) scenario A1-A7.

3.2

Sequential removal of columns

The consequences of column loss scenarios involving the notional (sudden) removal of
column A1 were evaluated, because of their greater impact in simultaneous scenarios in terms
of maximum load capacity and vertical drift of the structure.
According to the scheme in Figure 2, sequential column-removal scenarios were generated
by assigning different deactivation times Tdi and Tdj to each couple of columns i and j, as well
as the possible loss sequences with Tdi < Tdj and vice versa. This approach led to 6 scenarios,
each of them with 4 combinations of deactivation times (Table 3).
Table 4 outlines the maximum load capacity and maximum drift capacity associated with
each scenario and couple of deactivation times, denoting maximum values in bold. It is evident that structural capacity under sequential removal scenarios reduces or does not change
when the column is removed at 0.1 s, compared to the case of simultaneous removal. Conversely, the capacity of the structure increases when either a corner or internal column is removed at 1 s.
Scenario A1-A7 remains always the local damage condition that allows the highest load
capacity of the structure. Even when central columns were removed at 0.1 s, load capacity
reduced by 5%. In almost all scenarios, the removal of the second column at 1 s produced an
increase in Qb,max, nearly approaching the maximum value (max = 140%). Indeed, in scenarios
A1-A3 and A1-A4, the removal of columns A1 and A4 at 1 s induced the attainment of
max = 139%.
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Scenario
A1-A2

A1-A3

A1-A4

A1-A5

A1-A6

A1-A7

Deactivation times
Td1 = 0.01 s, Td2 = 0.1 s
T d1 = 0.01s, Td2 = 1s
Td2 = 0.01s, Td1 = 0.1s
Td2 =0.01s, Td1 = 1s
Td1 = 0.01s, Td3 = 0.1s
Td1 = 0.01s, Td3 = 1s
Td3 = 0.01s, Td1 = 0.1s
Td3 = 0.01s, Td1 = 1s
Td1 = 0.01s, Td4 = 0.1s
Td1 = 0.01s, Td4 = 1s
Td4 = 0.01s, Td1 = 0.1s
Td4 = 0.01s, Td1 = 1s
Td1 = 0.01s, Td5 = 0.1s
Td1 = 0.01s, Td5 = 1s
Td5 = 0.01s, Td1 = 0.1s
Td5 = 0.01s, Td1 = 1s
Td1 = 0.01s, Td6 = 0.1s
Td1 = 0.01s, Td6 = 1s
Td6 = 0.01s, Td1 = 0.1s
Td6 = 0.01s, Td1 = 1s
Td1 = 0.01s, Td7 = 0.1s
Td1 = 0.01s, Td7 = 1s
Td7 = 0.01s, Td1 = 0.1s
Td7 = 0.01s, Td1 = 1s

Table 3: Sequential column-loss scenarios and deactivation times.

Table 4 also shows the vertical drift capacity of the structure for each sequential loss scenario. The highest value of θmax, which is equal to 11.40%, was attained when considering
scenario A1-A2, particularly in the combination where column A2 was removed at 0.01 s and
column A1 was removed at 1 s. By contrast, scenario A1-A3 was found to be the worst case
in terms of vertical drift capacity. Indeed, the lowest value of θmax, that is 2.54%, was reached
when columns A1 and A3 were removed at 0.01 s and 0.1 s, respectively. It is worth noting
that such a drift capacity is very low compared to beams drifts observed in several experimental tests, as discussed in [1].
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Deactivation times
Scenario A1-A2
Td1 = 0.01s, Td2 = 0.01s
Td1 = 0.01s, Td2 = 0.1s
Td1 = 0.01s, Td2 = 1s
Td2 = 0.01s, Td1 = 0.1s
Td2 = 0.01s, Td1 = 1s
Scenario A1-A3
Td1 = 0.01s, Td3 = 0.01s
Td1 = 0.01s, Td3 = 0.1s
Td1 = 0.01s, Td3 = 1s
Td3 = 0.01s, Td1 = 0.1s
Td3 = 0.01s, Td1 = 1s
Scenario A1-A4
Td1 = 0.01s, Td4 = 0.01s
Td1 = 0.01s, Td4 = 0.1s
Td1 = 0.01s, Td4 = 1s
Td4 = 0.01s, Td1 = 0.1s
Td4 = 0.01s, Td1 = 1s
Scenario A1-A5
Td1 = 0.01s, Td5 = 0.01s
Td1 = 0.01s, Td5 = 0.1s
Td1 = 0.01s, Td5 = 1s
Td5 = 0.01s, Td1 = 0.1s
Td5 = 0.01s, Td1 = 1s
Scenario A1-A6
Td1 = 0.01s, Td6 = 0.01s
Td1 = 0.01s, Td6 = 0.1s
Td1 = 0.01s, Td6 = 1s
Td6 = 0.01s, Td1 = 0.1s
Td6 = 0.01s, Td1 = 1s
Scenario A1-A7
Td1 = 0.01s, Td7 = 0.01s
Td1 = 0.01s, Td7 = 0.1s
Td1 = 0.01s, Td7 = 1s
Td7 = 0.01s, Td1 = 0.1s
Td7 = 0.01s, Td1 = 1s

max [%]

θmax [%]
Node8
11.67
10.43
9.64
8.53
11.40
Node8
10.18
4.91
10.88
10.08
8.96
Node8
9.76
7.77
10.49
9.68
7.84
Node8
9.69
9.31
9.63
7.67
8.11
Node8
9.30
8.30
9.31
8.61
6.59
Node8
11.37
9.44
11.44
9.34
8.29

30
29
31
27
34
136
119
138
136
139
135
129
139
135
134
136
134
135
129
136
134
131
134
132
129
140
135
140
135
140

Node 9
10.57
9.37
8.59
7.55
10.28
Node 10
6.88
2.54
6.01
6.85
7.61
Node 11
6.38
4.59
5.57
6.37
5.89
Node 12
6.20
5.81
5.03
4.34
6.43
Node 13
6.30
5.25
5.81
5.61
4.76
Node 14
11.36
9.31
8.49
9.45
10.98

Table 4: Maximum load capacity and drift capacity under sequential column-removal scenarios.

3.3

Comparison between simultaneous and sequential removal

Table 5 shows variations in maximum load capacity and vertical drift capacity from simultaneous to sequential column-removal scenarios.
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Deactivation times
Scenario A1-A2
Td1 = 0.01s, Td2 = 0.01s
Td1 = 0.01s, Td2 = 0.1s
Td1 = 0.01s, Td2 = 1s
Td2 = 0.01s, Td1 = 0.1s
Td2 = 0.01s, Td1 = 1s
Scenario A1-A3
Td1 = 0.01s, Td3 = 0.01s
Td1 = 0.01s, Td3 = 0.1s
Td1 = 0.01s, Td3 = 1s
Td3 = 0.01s, Td1 = 0.1s
Td3 = 0.01s, Td1 = 1s
Scenario A1-A4
Td1 = 0.01s, Td4 = 0.01s
Td1 = 0.01s, Td4 = 0.1s
Td1 = 0.01s, Td4 = 1s
Td4 = 0.01s, Td1 = 0.1s
Td4 = 0.01s, Td1 = 1s
Scenario A1-A5
Td1 = 0.01s, Td5 = 0.01s
Td1 = 0.01s, Td5 = 0.1s
Td1 = 0.01s, Td5 = 1s
Td5 = 0.01s, Td1 = 0.1s
Td5 = 0.01s, Td1 = 1s
Scenario A1-A6
Td1 = 0.01s, Td6 = 0.01s
Td1 = 0.01s, Td6 = 0.1s
Td1 = 0.01s, Td6 = 1s
Td6 = 0.01s, Td1 = 0.1s
Td6 = 0.01s, Td1 = 1s
Scenario A1-A7
Td1 = 0.01s, Td7 = 0.01s
Td1 = 0.01s, Td7 = 0.1s
Td1 = 0.01s, Td7 = 1s
Td7 = 0.01s, Td1 = 0.1s
Td7 = 0.01s, Td1 = 1s

ΔQb,max [%]
‒
‒3.33
+3.33
‒10.00
+13.33
‒
‒12.50
+1.47
0.00
+2.21
‒
‒4.44
+2.96
0.00
‒0.74
‒
‒1.47
‒0.74
‒5.15
0.00
‒
‒2.24
0.00
‒1.49
‒3.73
‒
‒3.57
0.00
‒3.57
0.00

Δmax [%]
Node8
Node9
‒
‒
‒10.65
‒11.34
‒17.36
‒18.67
‒26.94
‒28.56
‒2.27
‒2.75
Node8
Node10
‒
‒
‒51.73
‒63.05
+6.90
‒12.67
‒0.94
‒0.43
‒11.99
+10.70
Node8
Node11
‒
‒
‒20.43
‒28.09
+7.50
‒12.75
‒0.85
‒0.24
‒19.68
‒7.67
Node8
Node12
‒
‒
‒3.93
‒6.28
‒0.64
‒18.81
‒20.82
‒29.97
‒16.34
+3.76
Node8
Node13
‒
‒
‒2.24
‒10.82
0.00
0.07
‒7.49
‒10.93
‒29.13
‒24.41
Node8
Node14
‒
‒
‒16.94
‒18.05
0.59
‒25.22
‒17.88
‒16.83
‒27.04
‒3.30

Table 5: Variations in maximum load capacity and drift capacity from simultaneous to sequential scenarios.

If Tdi = Td1 = 0.01 s and Tdj = 0.1 s (with j = 2,….,7) are considered, the maximum load capacity reduces with variations ranging from ‒1.47% (scenario A1-A5) to ‒12.50% (scenario
A1-A3). In scenarios with Tdj = 1 s, the maximum load capacity increased, except for scenarios A1-A6 and A1-A7 that produced the same capacity levels and scenario A1-A5 that induced
a small capacity drop. The maximum increase, which was equal to 3.33%, was obtained for
scenario A1-A2.
Sequential scenarios with Tdj = 0.01 s and varying Td1 produced the following outcomes:
 the load capacity reduced again in almost all cases when Td1 = 0.1 s;
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if Td1 = 1 s, the load capacity increased in scenario A1-A2 and A1-A3, while reducing or
remaining the same in other scenarios.
The highest increase in maximum load capacity (i.e. +13.33%) was recorded for scenario
A1-A2, which was characterized by Td2 = 0.01 s and Td1 = 1 s. The highest reduction in load
capacity (i.e. ‒12.50%) occurred in scenario A1-A3, namely when the following deactivation
times were assumed: Td1 = 0.01 s and Td3 = 0.1 s.
Scenario A1-A3 is also characterized by the maximum and minimum variations in vertical
drift capacity, which were respectively found to be +10.70% and ‒63.05%. The analysis results outline that in most cases the maximum vertical drift reduced.
IDA curves were derived for each scenario, showing the sensitivity of maximum vertical
drift to the percentage of design gravity load and deactivation times of removed columns.
Figures 5a‒d show the IDA curves related to scenario A1-A3, which turned out to be the most
significant. Markers allow a quick identification of the difference between sequential scenarios (red and blue lines) and simultaneous scenarios (black lines).
In addition to IDA curves, displacement time histories associated with consecutive increments of gravity loads were obtained, particularly recording the structural response corresponding to the maximum load capacity. Figures 6a‒d show the displacement time histories
related to scenario A1-A3 and ultimate conditions (i.e. associated with Qb,max).

(a)

(b)

(c)

(d)

Figure 5: IDA curves related to scenario A1-A3: (a) Td1 = 0.01 s and control node 8; (b) Td1 = 0.01 s and control
node 10; (c) Td3 = 0.01 s and control node 8; (d) Td3 = 0.01 s and control node 10.
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(a)

(b)

(c)

(d)

Figure 6: Displacement time histories at ultimate conditions related to scenario A1-A3: (a) Td1 = 0.01 s and control node 8; (b) Td1 = 0.01 s and control node 10; (c) Td3 = 0.01 s and control node 8; (d) Td3 = 0.01 s and control
node 10.

4

CONCLUSIONS
In this study, two different cases of multiple columns loss, namely simultaneous and sequential scenarios, and their influence on a RC framed building were investigated. Scenarios
were differentiated one each other by considering different couples of columns, deactivation
times and removal sequences. Analysis results allow the following conclusions to be drawn:
 Simultaneous removal of two columns induced 140% and 30% of design gravity load as
maximum and minimum load capacities, respectively.
 After simultaneous removal of columns, the maximum load capacity was reached when
two corner columns (scenario A1-A7) and two opposite columns adjacent to corner columns (scenario A2-A6) were removed. Conversely, the minimum load capacity was
found when two consecutive columns were removed.
 The maximum load capacity under sequential removal scenarios was lower than or equal
to that associated with simultaneous scenarios when the second column was removed at a
time instant 10 times higher than that of the first column removal. On the contrary, the
load capacity increased again when the second column was removed at a time instant 100
times higher than that of the first column removal.
Further research is required to assess the progressive collapse resistance under simultaneous and sequential scenarios involving the loss of multiple columns located at different floor
levels.
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Abstract
Driven piles used in the foundations of earthquake resistant structures are typically designed
to sustain horizontal shear loads together with excessive axial loads. Moreover, it is frequent
to use the equivalent static load analysis in piles design. However, in contrast to vertically
loaded piles, laterally loaded piles behavior has different characteristics. Such characteristics
include that the soil-pile interaction is more complex, as well as the demand that the soil-pile
system must respond elastically.
As a result of that, it can be figured out that the lateral capacity of the pile depends on the
soil properties, the geometrical and material properties of piles, such as the pile stiffness,
embedded depth, and the horizontal allowable displacement. Furthermore, in-situ static and
dynamic pile tests indicate that the lateral capacity of piles results from the comprehensive
behavior of various factors described above. Based on such complexity of modeling the problem, it may be beneficial to use field tests results such as PDA tests and CAPWAP analysis to
give a close estimate to the actual piles lateral capacity. Such results can act as proof testing,
confirming that the expected capacities assumed in design are in fact available in the field.
Thus, based on accumulative results of PDA-CAPWAP tests in different types of soil for different types of piles and by modeling the soil pile-system and asymptotically loading laterally
till critical displacements are achieved, a stochastic equation is derived to correlate the piles
lateral capacities to available geotechnical information and PDA-CAPWAP tests. This is
based on the assumption that the resistance to penetration can be divided into lateral and vertical components.

Keywords: Instructions, Structural Dynamics, Earthquake Engineering.
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1

INTRODUCTION

There are many reasons why a geotechnical engineer would recommend a deep foundation
over a shallow one, but some of the common reasons are very large design loads, a poor soil
at shallow depth, or site constraints like property lines. There are different terms that are used
to describe the different types of deep foundations including piles, drilled shafts, and caissons.
Piles are generally driven into the ground in situ where other deep foundations or pile are typically put in place using excavation and drilling. The naming conventions may vary between
engineering disciplines and firms.
Piles are designed to withstand lateral applied loads without undergoing a structural failure or
exceeding deformation limits. The behavior of laterally loaded piles is complicated due to the
nature of the pile-soil interaction, where the soil resistance at any point is a function of the
pile’s deflection at that point, while the pile deflection is a function of the soil’s resistance. As
such; the engineering parameters of the soil, the pile properties, and geometry are the main
parameters determining the response of a laterally loaded free-head single pile. Laterally
loaded piles are commonly analyzed using the well-known P-Y-method, in which the pile-soil
stiffness is defined by nonlinear soil resistance (p) vs. lateral deflection (y) curves derived
from field tests.[1]
However, the soil profile properties under any structure cannot be neglected in such an assessment since the soil underneath structures is undoubtedly the medium that transfers the
seismic excitation to the structures foundations. The process in which the response of the soil
influences the motion of the structure and the motion of the structure influences the response
of the soil is termed as soil-structure interaction (SSI) [2]. Moreover, studying the soil formation in any region, one can recognize that the geological conditions, topographic characteristics and climatic conditions play a vital role in such soil formation. Thus, the soil is
generally considered as a three-phase system (air, water and solid) causing significant changes
in the system characteristics due to the interaction of these phases under applied dynamic or
static loads [2]. Accordingly, determination of dynamic soil properties is a critical requirement in geotechnical-earthquake engineering problems.
2

PROBLEM DEFINITION

Pile foundations usually find resistance to lateral loads from (a) passive soil resistance on
the face of the cap, (b) shear on the base of the cap, and (c) passive soil resistance against the
pile shafts. The latter source is usually the only reliable one. Analysis of the problem yields
deflections, rotations, moments, shears, and soil reactions as required for the structural design.
Beam-on-elastic-foundation theory is adequate for analysis of the problem. Most piles are relatively flexible and may be analyzed as though infinitely long. Only short rigid piles are likely
to require consideration of the lower boundary conditions in the analysis. Non-dimensional
solutions are available for both constant and linearly increasing modulus-depth relationships.
[3].
As Designers usually seek simpler methods for application in their design and assessments,
it would be beneficial to obtain estimates of the lateral capacity from available soil properties
and CAPWAP field tests results. Such estimates not only can help designers but rather can
even help confirm to quality control engineers that the erected driven piles in-situ complies to
specifications requirements. For efficiency, the expected behavior of different soil profiles
under seismic effect needs to be verified in advance. This application is important as it affects
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the design strategy of structures in general but mostly large and strategic ones including piles
in their foundation systems.
3

LITERATURE REVIEW

Laterally loaded piles may be classified as active piles or passive piles, with regard to the
loading transferring direction between the piles and the surrounding soils (De Beer, 1977). An
active pile is principally loaded at its top, with the lateral load being transferred to the soil;
such as piles acting as foundations for transmission towers, advertisement posts and offshore
structures. A passive pile usually sustains lateral thrusts along its shaft arising from horizontal
movement of the surrounding soil; such as piles in a moving slope or landslides. A variety of
design and analysis methods have been developed for both active and passive piles. These
methods range from relatively simplistic approaches that calculate the ultimate lateral capacity to relatively sophisticated methods involving advanced numerical analyses that estimate the
pile deflections. First, the approaches for analyzing active piles are reviewed. They are
subdivided into five sections: (1) pile flexibility and critical length; (2) failure modes; (3) limiting force or ultimate soil resistance profiles; (4) ultimate lateral capacity; and (5) load- deflection calculation of laterally loaded piles.
4

CASE STUDY

The lateral load resistance of pile foundations is critically important in the design of structures
which may be subjected to earthquakes, high winds, wave action, and ship impacts. Because
of the high cost and logistical difficulty of conducting lateral load tests on the pile. Several
case studies on 28 driven pre-stressed concrete piles areas in Route 52 Causeway, New Jersey,
United States of America (fig. 1)
As part of the site investigation, cone penetration tests were performed to characterize the
subsurface conditions. The pile load testing program consisted of dynamic testing by means
of the Pile Driving Analyzer (PDA), CAPWAP and full-scale static load tests. The results of
the cone penetration tests, dynamic and static load tests, and pile driving records were analyzed to form a database of high quality, well-correlated data to inform the models. The results indicate that cone penetration tests can be used to accurately predict capacity and
required embedment lengths for the tapered piles. PDA and CAPWAP testing measures acceleration and strain imparted to a pile during driving. These data are then used in CAPWAP
to calculate pile capacity. The CAPWAP program runs a numerical simulation of load testing
the pile. It compares calculated capacity to the acquired PDA data, iterating until it converges
on the indicated pile capacity.
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Figure 1

5

DATABASE

Data was collected from 28 PDA tests for the purposes of this study which driven piles were
installed for bridge foundations. Typical records of pile driving (pile penetration rate and
hammer stroke) were accompanied with dynamic measurements using a Pile Driving Analyzer (PDA) for both end of driving and beginning of restrike conditions. All piles were prestressed concrete piles driven with an impact hammer and is presented in Table 1. In the case
of the square piles was calculated the equivalent diameter. According to AASHTO bridge design specifications [4], the resistance factor for driven piles is 0.65.
Table (1) Dimensions and allowable capacities of the concrete piles

no.

type

name

1
2
3
4
5
6
7
8
9
10

Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.

P 46 NB
P56 NB
P 63 sB
P 64 sB
P 67 NB
P 67 sB
P 57 NB
P60sB
P1NB
n.ab

Dimensions
side
pile
length
m
m
0.76
28.04
0.76
31.09
0.76
20.51
0.76
20.09
0.76
19.23
0.76
19.26
0.76
19.26
0.76
21.61
0.76
33.77
0.61
15.88
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Mobilized
axial
Capacity
KN
9277.71
8232.02
8294.32
7626.86
10025.27
7675.80
11760.67
8605.80
7595.71
4133.81

allowable
axial
Capacity
KN
6030.51
5350.81
5391.31
4957.46
6516.42
4989.27
7644.43
5593.77
4937.21
2686.98
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11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

6

Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.
Conc.

P48 sB
P58 nB
P59 sB
P 63 sB
P42 n
P46s
P 48 n
P 51 n
P 56s
P57s
P 58s
P 59n
p 1s
p 2s
p 68s
p60n
p69s
p65s

0.76
0.76
0.76
0.76
0.76
0.76
0.76
0.76
0.76
0.76
0.76
0.76
0.76
0.76
0.76
0.76
0.76
0.76

26.21
24.08
24.08
20.51
33.38
29.11
26.97
24.69
28.04
22.25
24.84
15.54
33.53
33.53
19.72
21.76
21.06
19.35

12414.78
11346.84
12815.25
8294.32
8677.00
8779.34
11177.75
11791.81
12325.78
12290.19
12815.25
11124.35
6247.44
8992.93
10283.35
6238.54
10056.41
7693.60

8069.61
7375.45
8329.92
5391.31
5640.05
5706.57
7265.54
7664.68
8011.76
7988.62
8329.92
7230.83
4060.83
5845.40
6684.18
4055.05
6536.67
5000.84

SOIL STRATIFICATION

The subsurface profile was characterized using a variety of methods to provide basic geotechnical data for use in subsequent computer analyses of the test results. Based on the results of
the field and laboratory testing, but to simplify reading the soil properties of each layer, the
soil profile shown in Table 2 was developed. The soil profile generally consists of two main
layers first one was losses sand and the second layer was dense sand.

3997

Andrew G. Gouda 1, Mina Mikaeel 2 MarianneWilliam3 Marina Shenoda4

Table (2) Sample of soil Profile
Pile no.

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

sand

sand

Layer
thickness

ɣ

m

kN/m3

18.90
18.59
13.72
13.72
13.72
13.72
10.36
14.63
26.82
11.58
15.24
18.29
11.58
13.72
18.29
18.29
18.29
13.72
12.80
16.76
18.29
12.19
13.11
9.00
10.00
14.02
12.34
14.33

20.16
20.63
20.50
21.02
20.44
20.98
19.95
21.10
21.30
20.20
19.84
20.16
20.63
20.60
17.95
20.16
19.84
18.58
20.63
20.00
20.16
20.63
21.08
21.51
20.20
20.80
20.30
20.42

ᶲ
32
34
33.5
36
35
36
32.5
37.5
38
35.1
31
32
34
33.5
27
32
31
28
34
32
32
34
35.5
38.5
32
37
34.5
35.5

Layer
thickness

ɣ

m

kN/m3

54.86
48.77
27.43
48.77
48.77
48.77
30.48
35.05
50.29
36.58
36.58
33.53
30.48
27.43
35.05
35.05
32.00
32.00
32.00
32.00
32.00
32.00
39.62
40.00
50.00
28.96
27.43
30.48
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ᶲ

21.73 41
21.57 40
21.28 38
21.00 40
20.47 40.5
20.69 41
20.69 38
19.84 39.1
21.51 40
19.84 39.1
21.57 40
20.79 35
21.57 40
20.28 38
21.26 38
21.73 41
21.57 40
21.73 41
21.73 41
21.57 40
20.79 35
21.57 40
20.60 39
21.70 41
18.90 36
20.70 39
20.30 39
20.40 38
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7

METHODOLOGY

The present study focuses on determining the pile-head deflections. Typically, these values may often govern the design of laterally loaded piles. Therefore, an estimate of these values is of primary importance. In the present study, the LPile program was utilized to
determine the pile-head deflections corresponding to the applied lateral load the pile head at
the ground surface (i.e., lateral load applied at an eccentricity from the ground surface). The
latter program has the capability to generate and take into account nonlinear values of flexural
stiffness (EI). These values are generated internally by the program based on
cracked/uncracked concrete behavior and user-specified pile dimensions, and material properties for reinforced concrete sections. LPile software can perform pushover analyses and analyze the pile behavior after a plastic hinge (yielding) develops. The soil-layers data structures
can be entered conveniently with default values provided. Therefore, LPile may be advantageous over other applications for the subject handled in this research. However, future studies
would use other techniques as finite element analysis for soil modeling in the studied problem
for comparison.
By using (H. G. Poulos 1980) [5] method, a linear elastic soil response due to lateral pile
movements was assumed. A critical length, Lc, exists for a laterally-load pile, over which any
increase in pile length has no influence on the ground line deflection δ. The critical pile length
Lc is a function of the relative stiffness of pile and soil nature (H. G. Poulos 1989). Lc can be
calculated from the following equations:

Where: EpIp is the bending stiffness of pile, and Es is the Young’s modulus of soil.
8

FAILURE CRITERIA

There are many methods of analyzing the response of a laterally loaded pile. These methods
can be categorized into the subgrade reaction approach and elastic continuum approach. Subgrade reaction approach has been initially proposed by Palmer & Thompson and subsequently
further developed by Reese and Matlock (1956). Further advancements lead to the development of p-y curves and are commonly used to model the non-linear pile and soil behavior.
These have been described by McClelland and Focht [6] and Davisson and Gill (1963), Often
nonlinearity typifies the pile load-deflection behavior.
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The p‐y curve simply relates the unit soil resistance to pile deflection. Theoretically, it is
normally assumed that the soil in the back and front of the pile will remain in contact with
reference to the pile during lateral displacement. The slope of the P-Y curve at any deflection
represents the tangent soil stiffness at that deflection. The ratio p/y at any deflection represents the secant soil stiffness corresponding to that deflection [7].
(H. Matlock 1970) developed the empirical expression to represent the p‐y curve defined by
the power function of deflection normalized by pile deflection at 50% of the ultimate soil reaction. In case of the sand layer (L. C. Reese 1974) [8] proposed the procedure in constructing
the p-y curves for sand under static and cyclic lateral loadings. The method in developing the
p-y curves involves the estimation of the initial modulus of subgrade reaction and ultimate
soil resistance. Flexible driven piles embedded in a deposit of submerged, dense, fine sand
(Cox et al., 1974). The characteristic shape of the p-y curve is highly nonlinear and can be
described by three straight line portions and a parabolic curve as illustrated in Figure 2

Figure 2

The method in developing the p-y curves involves the estimation of the initial modulus of subgrade reaction and ultimate soil resistance. The suggested values of initial modulus of subgrade
reaction for different relative densities of sand are given by Reese et al. (1974). This initial
straight-line portion of the curves (where Es is linearly with deflection) governs for only small
deflections. Therefore, the initial slope of the p-y curve influences analyses for only very small
load level, The ultimate soil resistance near the ground surface is developed based on equations
for estimating the soil resistance where the ultimate resistance is assumed at pile deflection equal
3/80D where D is a pile diameter. the allowable lateral capacity of a pile is half of the load causing 3/80D of deflection (50% of the ultimate soil resistance)
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9

ANALYSIS OF CASE STUDY

Predictive methods of pile behavior under lateral loading are widely ranging in complexity from
simple and empirical methods to three-dimensional, non-linear finite element methods, modeling
the pile-soil interaction with great detail. (S. L. Paikowsky 2007) [9] Reported that P-Y curves
were most commonly used by geotechnical engineers in analyzing the behavior of laterally loaded
piles in bridge design.
LPile[10] is a widely used computer software which specializes in the analysis of piles and
drilled shafts under lateral load. The development for the commercial distribution of LPile by Dr.
Lymon C. Reese began in 1985. However, it was preceded by general pile theory a methodology
similarly used in the computer program COM624 developed for mainframe computers. The current version used in this work is LPile version 2015.8.03 which will be referred to as LPile
throughout the remainder of this thesis. LPile computes deflection, shear, bending moment and
soil response as a function of depth. The user interface allows for the consideration of various soil
types as well as pile configurations. These features qualify their use in this study
In an LPile model, the soil around the pile is replaced with a series of nonlinear springs
representing the soil resistance over a length, p, as a nonlinear function of pile deflection, y Figure (3). The pile is typically divided up into 50 to 100 nodal points, and p-y curves appropriate for
the soil type and soil strength are computed at each node. In an iterative process, the lateral resistance at each node is adjusted until it is consistent with the deflection computed at that node
based on the p-y curve defined for that node.
The basic differential equation governing the
lateral load behavior of a pile in a soil profile
is given by the equation[11]

Where:
Q = axial thrust load in the pile
y = lateral deflection of the pile at a point x along the length of the pile,
p = soil reaction per unit length,
Figure 3
EI = flexural rigidity, and
W = distributed load along the length of the pile.
The first term governs the influence of pile flexural resistance; the second term deals with p-delta
effects from the axial load on the pile as it deforms laterally, the third term accounts for the
soil resistance along the length of the pile, and the last term accounts for the distributed load. The
differential equation can only be solved by the application of boundary conditions at the top of the
pile which defines applied load or moment, rotation or deflection.
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10 RESULTS AND DISCUSSION
For the given pile and the given set of soil conditions, pile-head load versus deflection curves
were generated by increasing the lateral load as shown in Figure (4) For the range of pile sizes and
soil parameters used in this study, for laterally loaded pile, it was found that the depth below the
critical length (Lc) of the pile remains unaffected by the lateral load. Most of the piles achieved
complete bending with zero deflection at the pile tip.

Figure 4

Calculation of lateral load capacity of pile using LPile
Lpile is capable of determining the flexural response of pile and load increased automatically.
The passive resistance of soil is considered by the software and is indicated by it whenever it
is exceeded. This principle has been considered taking into account the generated P-Y curves.
In the present paper, the load acting at the pile head and the number of increments have been
provided to reach the load. In Lpile software, an automatic load increment feature is available
which is used to estimate
the lateral load capacity of the pile as shown in table 3
Table (4) the results of critical deflection and lateral capacity
yc
(H)
yc
(H)
Pile no.

1
2
3
4
5

(critical
def.)
cm
0.867
0.787
0.809
0.739
0.714

lateral
capacity
KN
391.22
422.57
417.33
460.74
444.05

15
16
17
18
19

4002

(critical
def.)
cm
1.126
0.839
0.846
1.017
0.734

lateral
capacity
KN
281.23
386.04
347.30
289.02
375.81

Mina Mikaeel 1, Andrew G. Gouda 2 MarianneWilliam3

6
7
8
9
10
11
12
13
14

0.737
0.790
0.703
0.701
0.643
0.819
0.820
0.720
0.793

454.28
355.67
472.10
503.50
388.50
331.04
350.61
367.19
414.42

20
21
22
23
24
25
26
27
28

0.789
0.774
0.752
0.770
0.693
0.820
0.721
0.765
0.755

344.76
339.09
391.14
447.25
488.00
372.10
476.24
405.68
440.71

ESTIMATION OF LATERAL LOAD CAPACITY OF PILE
After the analysis of these results for 28 concrete pile in soil profile a trial was done to find a
relation between the lateral load (H) versus the internal friction angle (Ф), as well as the relation with the unit weight (ɣ) of the soil where the pile-soil system is assumed to deflect along
the critical length. Nearly linear relations were found in both cases, as shown in Figure (5), (6).
In addition, the relationship between the lateral load capacity and axial load, therefore, it was
tried to find a between the ratio (H/V) versus the axial vertical load (V) was investigated and
found that (H/V) is inversely proportional to (V). The relationship is non-linear between (V),
and (H/V) as shown in figure (7). Moreover, it is shown in Figure (7). That the lateral to vertical capacities ratio ranges from 4% to 11% of the axial capacity.
Figure 5 The relation between H in kN vs. the internal friction angle tan (Ф)
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Figure 6 The relation between H in kN vs. the unit weight ɣ in kN/m3

Figure 7 The relation between the ratio (H/V) vs. the axial load (V)

Based on the observed relations from Figures (5),(6),(7) one can distinguish that there are multiple
parameters that affect the estimate of the lateral capacity such as the friction angle (ᶲ), the unit
weight, ɣ, and the vertical capacity, V. Moreover, studying the results as shown in Figure (7), one
can realize that there is not one parameter that is solely sufficient to identify the lateral capacity.
Thus, a multiple non-linear regression analysis by using SPSS program is applied to relate the correlated parameters to the lateral capacity of piles. where founded that H = fn. (V, Ф ɣ). The latter
analysis between the friction angle (ᶲ), the soil unit weight (ɣ) and the axial load (V), is used to
obtain a four-dimensional relationship between the above-mentioned parameters versus the lateral
load capacity.
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After finding correlated parameters to the lateral capacity of piles, we can draw a relation in twodimensional between the H vs. V and H vs. ᶲ with constant values for other parameters in Figures
(8),(9).

Figure 8 The relation between H in kN vs. V in kN at (ᶲ) =32

Figure 9 the relation between H in kN vs. Ф at v =3000 kN
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Moreover, from the defined nonlinear multi parametric equation, by setting the unit weights to be
in the range between 16 to 20 kN/m3, the space schematic is shown in Figure (10) is obtained. The
latter schematic incorporates the full results from the CAPWAP tests and the available soil profiles properties for all piles to allow users to estimate a lateral capacity for any driven prestressed
pile.
Furthermore, Figure (11) shows a three-dimensional surface that relates the soil properties and the
CAPWAP results for the case of having a unit weight of 17 kN/m3 for the soil layers within the
critical depth of the piles. Similarly, other three dimensional surfaces can be obtained for other
unit weights of the soil within the critical depth of the pile along which the pile deflects. The lateral capacity for the driven piles can be obtained easily from such relations.

Figure 10 The relation between lateral capacity (H), vertical capacity (V) and friction angle (ϕ)

for a unit weight (ɣ) from 16-20 kN/m3
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Figure 11 The relation between lateral load (H) & axial load (V) & and friction angle (ϕ) and a

unit weight (ɣ)=17kN/m3

11 CONCLUSIONS
As Designers usually seek simpler methods for applications in their design and assessments,
it would be beneficial to help designers to obtain estimates of the piles lateral capacity from
available soil properties and axial load. This study focused on piles behavior in soil profiles
that are composed of soft stratum right below the surface, followed by stiff stratum underneath. The lateral capacity of the pile was found to depend mainly on three major parameters.
These parameters include the angle of internal friction (Ф), unit weight (ɣ) for the soil layers
within the critical depth of the pile from the surface in which the pile is allowed to deflect, in
addition to the vertical axial load capacity of piles (V).
Based on the results of the present study, it was observed that:
The lateral load capacity of the pile (H) is strongly affected by the properties of soil layers
surrounding the critical length (Lc) in which the pile deflects laterally.
The pile’s lateral capacity (H) increases in a nearly linear relation to the soil cohesion (c) or
tan (Ф) the angle of internal friction and unit weight (ɣ).
The relationship between the pile vertical axial load capacity (V) and the ratio (H/V) is a
non-linear relation.
For the studied case, the ratio (H/V) is ranging from 3.00% to 11.00%.
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Abstract
This work examines experimentally and numerically the influence of steel fibre reinforcement
on lightweight aggregate concrete (LWAC). The replacement of conventional aggregates with
recycled lightweight ones has several benefits such as reducing the mass of the structure leading to more economical designs (also beneficial under earthquake loading). The experimental
project showed that it was possible to produce higher strength to weight ratio of LWAC compared to normal weight aggregate concrete (NWAC) as dry densities were approximately 700
Kg/m3 lower for identical characteristic compressive strengths between 40MPa and 30MPa.
This could lead to savings in materials, construction and transportation costs making it especially useful and economical for long-span and seismic-resistant structures. Conversely,
LWAC is noted for its highly brittle nature due to its associated weak aggregate interlock
mechanism which can be typically compensated for by increasing shear reinforcement and
dowel action by means of adding higher reinforcement ratios. Nonetheless, this creates several challenges in construction such as congestion of reinforcement in critical regions as well
as increased dead loads which render LWAC use counterproductive. Thus, steel fibre reinforcement emerges as a promising solution where partial or total substitution of conventional
transverse reinforcement could become a possibility. This project carries out examination of
the effectiveness of hooked-end steel fibre reinforcement with fibre volume fractions of Vf =
1% and Vf = 2%. The experimental investigation includes the study of direct uniaxial compression and tension (unique pullout test) and indirect splitting and flexural tensile tests.
Moreover, a nonlinear finite element study has been carried out using ABAQUS to model the
experiments using CDP. Currently, there is no international standards or design guidelines
for steel fibre reinforced lightweight concrete (SFRLC). This project will help address that
and lead to sustainable and innovative seismic design solutions in the future.

Keywords: Recycled lightweight concrete, Hooked-end steel fibres, ABAQUS, Ductility,
Flexural beam test, Pullout.
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1

INTRODUCTION

Today, the use of structural lightweight aggregate concrete has become attractive especially as a precast material due to advantages which mainly involve the reduction in structural
weight as compared to normal weight aggregate concrete. This in turn results in a decrease in
the amount of reinforcement required, material transport costs and in the cross section of
structural members especially columns, beams, walls and foundations which leads to reduced
inertial and gravity loads and the catering for the growing need for taller and longer span
structures. This is especially beneficial for seismic structures. In this sense, LWAC can grow
to be competitive against NWC (Libre et al., 2011; Campione, 2014; Dias-Da-Costa, 2014;
Mo et al., 2017). Although the price for lightweight concrete per m3 can be higher than that of
normal weight concrete, the overall cost of the structure due to the aforementioned savings
can be substantially reduced with increased structural performance for an equivalent normal
concrete structure. Kang and Kim (2010) report overall savings of 10% to 20%. Other advantages of lightweight concrete include reduction in carbon emissions and providing solutions to the lack of sufficient gravel and quarry resources foreseen in the imminent future
(Gerritse, 1981).
Concrete in general and lightweight in particular is a brittle material which lacks material
toughening mechanisms such as aggregate interlock. This makes LWAC susceptible to cracking and sudden brittle failure. To address the latter and enhance ductility, steel-bar reinforcement is usually incorporated in structural elements. However, due to the brittle nature of
lightweight concrete this may become impractical and inherently counterproductive as a large
number of reinforcement bars coupled with stirrups may increase the total weight of the structure and lead to difficulties in placing them within critical zones in concrete section during
construction. Therefore, fibre reinforcement which has long proven its effectiveness in controlling and bridging tensile and shear cracks in the past for both lightweight and normal
weight concretes can become an adequate solution (Gao et al., 1997; Balendran et al., 2002;
Campione and La Mendola, 2004; Abbas et al., 2014a; Di Prisco, Colombo and Dozio, 2013;
Grabois et al., 2016).
Steel fibre reinforced concrete is a composite material defined mainly by improved post
cracking tensile behaviour due to the capability of fibres to bridge the crack faces preventing
their propagation and widening into bigger cracks. This crack control mechanism leads to improved toughness, ductility and flexural and shear load carrying capacity (Swamy, Jones and
Chiam, 1993; Kang and Kim, 2010; Di Prisco, Colombo and Dozio, 2013; Iqbal et al., 2015;
Grabois et al., 2016). Unlike plain concrete, fibrous concrete can display tension softening or
tension hardening depending on fibre dosage which leads to enhanced energy dissipation and
ductility. Also, since cracking due to shrinkage is present naturally in concrete even prior to
loading, fibres can be used to control cracking due to all types of shrinkage (Libre et al.,
2011). The mechanical properties of SFRC are governed essentially by the bond strength between matrix and steel fibres, their dispersion, location, orientation, volume fraction and type
(geometry and aspect ratio) (Concrete Society, 2007; Di Prisco, Colombo and Dozio, 2013).
Even though the advantages of the usage of fibrous concrete has been reported for over 40
years (Ritchie and Kayali, 1975), comprehensive studies on SFRLC (especially with modern
fibres) is still largely scarce with most of the current work being merely theoretical and
SFRC-based. It should also be noted that currently, there is no international standards or design guidelines for steel fibre reinforced lightweight concrete (SFRLC). This work will help
pave the path for the latter.
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This project suggests a comprehensive methodology to test lightweight fibrous concrete both
on the meso- and micro-scale levels experimentally and numerically.
2

EXPERIMENTAL LABORATORY WORK
2.1

Experimental Programme

The experimental programme comprises tensile and compressive tests on lightweight and
fibrous concretes. The aim is to study the influence of the incorporation of fibres into the
lightweight mix on the mesoscale level (compression tests, direct fibre pullout tests) and macroscale level (flexural beam tests). The philosophy behind the experimental testing and its parameters can be seen in the table 1 below. As mentioned previously, the experimental
programme will include a variety of specimen types. For uniaxial compression tests, both cylinders and cubes (3 per mix) are used and compared besides prisms to evaluate Modulus of
Elasticity, Poisson’s ratio, compressive ductility and to study the effect of fibres on short columns. For tensile tests, direct pullout cubes (2 per mix) will be tested to evaluate the direct
tensile behaviour of plain and fibrous lightweight concrete while indirect tensile tests on splitting cylinders (3 per mix) and unnotched and notched beams will be carried out to study the
material and flexural and shear behaviour of LWAC and SFRLC.

Parameters
Mi
x

V f (%)

Fibre
type

1.1

0

N/A

1.2

1

1.3

2

1.4

1

5D

1.5
1.6

0
1

3D

3D

f ck /f ck,cube

Reinforcement layout

2T12 @ Bot;
2T6 @ Top
LC30/33

LC35/38

Aims

Stirrups
spacing

R6 @120mm
& 240mm

Study the behaviour of plain
concrete
Study the effect of increasing
fibre dosage and potential replacement of stirrups with fibres in beams
Study the effect of the modern
5D fibres on the behaviour of
concrete
Study the effect of fibres on a
different concrete strength

Table 1: Summary of parameters used in experimental testing

The testing programme encompasses the study of 3 types of concrete strengths, 2 different
steel fibres, 2 different fibre dosage V f and 2 different steel cages. Steel fibres were either 3D
or 5D. This was the case because hooked-end 3D fibres are currently the most commonly
used in industry (Abdallah et al., 2018) and will be used as the base of experiments while
modern hooked-end 5D fibres with more extensive hooks than the typical hooked-end 3D fibres are considered to be the strongest. Moreover, DRAMIX claim that this type of fibre is
capable of replacing primary reinforcement in beams. Fibre dosages of 1% and 2% are chosen
for testing. This is the case since most common structures such as tunnels and pavements require at least a dosage of V f =1% for efficient crack control and thickness reduction (The concrete Society, 2007). Also, 2 different stirrups spacing was used. A spacing of 120mm is valid
to EC2 shear design and the beam should thus fail in flexure while a spacing of 240mm is inadequate according to EC2 and the beam should thus fail in shear. The cross sections for the
beams are shown in figure 1. Also, a relatively low reinforcement ratio in tension (ρ=0.0018)
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was used to study the flexural effect of fibres on concrete beams. This was similar to the reinforcement ratio used by Kodur et al. (2019).

Figure 1: Longitudinal and cross-sectional sections for the beams tested
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2.2

Experimental tests

The experiments include splitting tensile, the pullout test, compression cylinder and flexural beam tests. The Splitting tensile tests on cylinder specimens will be performed according
to BS EN 12390-6. A direct uniaxial tensile fibre pull-out test was designed to study the effect
of the embedded fibre onto the direct tensile stress-crack width of the concrete. Unlike Robins
et al (2002) pullout test, the test is designed to have the fibre completely embedded in Lytag
concrete. To ensure breakage of the specimen in tension at the monitored middle section, this
section of the concrete was reduced to a diameter corresponding to the area a single DRAMIX
fibre is predicted to occupy in the concrete. This area was determined using numerical and
statistical models which depend mainly on fibre geometry and fibre volume fraction and take
random distribution and dispersion of fibres into account (Krenchel et al., 1975; Romualdi
and Mendel, 1964; Soroushian and Lee, 1990). Hence, this test can be regarded as a truer and
more realistic pullout test than the classical pullout test with the fibre embedded on 1 side
while the other end of the fibre is clamped by the machine (Abdallah et al., 2018). The pullout
specimen is carefully placed in a tensile testing machine equipped with an in-built calibrated
displacement transducer which will be used to measure the deformation histories of the effective section of the pullout specimens with a load cell where the two steel bars from each end
are securely gripped in a way to disallow any superfluous slip. While one end is fixed, the
other will be gradually pulled in tension at a displacement-controlled loading.
Due to their uniform stress distribution and adequate confinement, cylinders are the chosen
specimens to test for compression and thus generate the complete compressive stress-strain
behaviour for lightweight plain and fibrous concrete. A calibrated compressometerextensometer steel ring designed according to ASTM C 469 and fitted with LVDT’s is
clamped onto the concrete cylinders. For the flexural beam tests the LVDTs were glued using
high strength epoxy after the concrete surface in touch with the LVDT was ground in the midsection at the front of the beam to enable the LVDTs to fully adhere onto the concrete. The
LVDT’s are connected to a computer software. For the purpose of estimating the vertical deflection accurately, a steel bar inspired by a technique similar to JSCE-SF4 recommendations
was made. The beams are placed onto two frictionless steel supports. This was deemed adequate as the loading was symmetrical. A displacement controlled constant loading of
0.2mm/min was adopted using the hydraulic machine which has a load capacity of 500kN. It
should be noted that the machine is also supplied with a calibrated displacement transducer.
3

NUMERICAL PROGRAMME
3.1

FEM approach

The 3D NLFEM analyses (Zienkiewicz and Taylor, 2005) will be carried out using the finite element package ABAQUS (Habbit et al., 2000). This software has proven its successful
prediction of the behaviour of SFRC specimens and other composites in the past by using material relationships adopting a discrete crack approach (σ-ω) (Ngo and Scordelis, 1967) or
smeared crack approach (σ-ε) (Rashid, 1968) to predict the tension stiffening behaviour postcrack and was used by a number of researchers (Tlemat, Pilakoutas and Neocleous, 2006;
Mirza, 2008; Syed Mohsin, 2012; Abbas et al, 2014a, b). ABAQUS can address the tensile,
compressive and shear behaviour of fibrous concrete to a great level of accuracy as well as
determining the cracking patterns and failure mechanism in the presence of steel fibres and
reinforcement. The methodology used in this work will not model fibres discretely. Instead,
fibres will be modelled as part of the concrete matrix. This approach was opted for as modelling fibres discretely can be time consuming and will produce a purely FE based model, diffi-
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cult to practically use by designers. In addition, fibrous concrete as a composite material involves the randomness of fibres inherently. This means that modelling fibres discreetly as realistic as it might be is also likely to completely miss the actual distribution and location of
the fibres in a particular beam test especially for lower V f and longer fibres. On the other
hand, modelling fibres as part of the concrete matrix can offer an easier and simpler way to
derive the behaviour of the material while also taking into consideration the random distribution and dispersion of fibres by introducing factors on the composite fibrous concrete stressstrain. The latter is derived from the uniaxial tensile pullout tests. However, the main disadvantage of the homogenous composite concrete modelling method is that local failures on the
mesoscale level (such as fibre pullout) are not explicitly detected unlike in the discrete fibre
3D continuum modelling method (Zhang et al., 2018).
Concrete damaged plasticity (CDP) was calibrated and chosen to model the concrete specimens of the experiments. Previous papers (Syed Mohsin, 2012; Behinaein et al, 2018) claim
that both brittle cracking (CBC) and damaged plasticity produced good results for their models. While this remains somewhat true, for the work carried out in this project CDP was
deemed the more accurate and suitable tool to model reinforced and non-reinforced plain and
fibrous concrete beams. This was the case as the experimental results for both tension as well
as compressions tests can be used which makes CDP more realistic as compared to the crude
CBC which assumes the behaviour of concrete to be completely elastic in compression. The
other issue with CBC is that the performance of concrete is highly sensitive to the material
shear behaviour which has to be calibrated. No material pure shear tests were carried out in
this research. It should also be noted that convergence problems were very common for CBC
and there was a need to use the Brittle failure criterion which might significantly affect the
accuracy of the results.
The explicit dynamic solver in a quasi-static analysis is also adopted. The explicit dynamic
analysis was found to be a more computationally efficient tool at solving the problems used in
this project as compared with implicit solver which had a tendency to terminate.The experimental results from this thesis will be input into ABAQUS to model SFRLC structural beams.
This project models the uniaxial pullout cubes and compression cylinders on ABAQUS first
to calibrate both the behaviour of fibrous Lytag concrete in tension and compression. Then,
these were used to model the flexural beam tests.
3.2

Calibration of material models

For concrete model using CDP a few important parameters need to be defined namely;
Eccentricity, fb0/fc0 which is the ratio of initial equibiaxial compressive yield stress to initial
uniaxial compressive yield stress, K is the viscosity parameter and the dilation angle. The latter was found to be the single most influencing parameter on the behaviour of concrete beams
for explicit CDP analysis. The dilation angle was calibrated using uniaxial compression tests
on cylinders where volumetric strains for both experimental and numerical results were compared in a manner inspired by Kupfer (1974) (Szczecina and Winnicki, 2016). Other factors
were determined to have little to no influence on the behaviour of plain and lightweight fibrous concrete based on the calibration work from this research and previous work (Szczecina
and Winnicki, 2016; Rodriguez et al., 2013; Jankowiak and Lodygowski, 2005; Hafezolghorani et al., 2017). The behaviour of concrete in uniaxial compression and tension was taken directly from the experiments. With regards to the behaviour of plain concrete in uniaxial
tension, lightweight concrete would fail abruptly once the peak is reached. However,
ABAQUS requires a tension softening curve to avoid computational errors and convergence
problems. For this reason, a small displacement based on a calibrated fracture energy method
calculated using fib model code 2010 was used.
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With Regards to steel material model, a simple elastic-plastic stress-strain curve based on experiments is input.
4

RESULTS AND DISCUSSION
4.1

Experimental Results

Slump tests according to BS EN 12350-2 are carried out immediately after mixing the
concrete to evaluate the consistency of the concrete and compare it to the consistency values
recommended by Lytag. Table 2 below summarises the values of slump. Although consistent
amongst each other, it can be seen that the values of slump highly exceed those recommended
by Lytag (70 mm). This was also observed elsewhere (Lambert, 1982). In the latter, it was
also explained that in a practical situation such as mixing on site, longer period of time lapses
between mixing and placing allowing more of the free water to either evaporate or be absorbed by the lightweight aggregates.
It can be seen that the addition of fibres drastically reduces workability. At fibre dosage of
V f =2%, it was observed that the finishing process becomes challenging, the possibility for
balling of fibres high and inhomogeneity of concrete likely. This further emphasizes that the
design of mixes for fibre dosage should not exceed V f =2% provided that no superplasticizers
or water reducing agents are used.
Overall the wet density of concrete fell in the recommended range 1910-2000Kg/m3. Theoretically the addition of steel fibres should increase the density of the concrete. However, it is
clear from the table below that the higher the steel fibre dosage the less the density of the concrete. This was the case as hooked end fibres tend to create air voids within the concrete lattice. This finding is also consistent with Mo et al. (2017) observations for fibres with similar
geometrical properties.

Properties of mix
W/C ratio

Slump (mm)

Fibre Type

Plain

V f =1%

Mix 1.1

0.49

Mix 1.2

0.49

3D

168

60

Mix 1.3

0.49

3D

147

55

Mix 1.4

0.49

5D

150

50

Mix 1.5

0.43

3D

170

Mix 1.6

0.43

V f = 2%

169

150

Wet Density Kg/m3
2145
2000

26

1860
1934
2081

45

2002

Table 2: Slumps and Wet densities

Figure 2 depicts the average normal compressive stress-strain behaviour for the cylinders. The
compressive strength values for the cylinders lied within the acceptable design values for both
LC30 and LC35. Young’s Modulus of Elasticity was measured to be 17.8, 17.3, 18.6 and 17.6
GPa for mix 1.1, 1.2, 1.3 and 1.4 respectively. These values are lower than Eurocode 2 table
3.1.11 recommendations, which suggest 22.1 and 22.8 GPa for both LC30 and LC35 respectively. Nonetheless, this is consistent with Lambert (1982) experiments on Lytag, which
measured the modulus of Elasticity to be between 17.5 and 18 GPa for similar strengths de-
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pending on curing conditions. The measured Poisson’s ratio values ranged between 0.16 and
0.19 for all the specimens. These were consistent with Lambert (1982).
The behaviour of cylinders can be split into 3 stages. During stage A, both fibrous and plain
Lytag lightweight concrete mixes experience a progressive load increase before macro cracking starts to take place in the middle section of the cylinder. This gradually reduces the tangent modulus of Elasticity and marks the start of stage B. As soon as a larger crack is formed,
the cylinder specimens for plain Lytag concrete mixes 1.1 and 1.5 collapse in diagonal shear
through the middle section. This is attributed to the absence of crack arresting and lateral confining mechanisms such as aggregate interlock. For fibrous lightweight concrete however,
stage B illustrates a plateau-like behaviour. The macro cracking at the end of stage. At stage
C, as extensive lateral cracking dominates the post peak behaviour of the cylinders, the compressive load finally begins to decline in a ductile manner for both lightweight fibrous mixes
1.3 and 1.6. The post-peak compressive ductility is measured by (ε ult - ε peak )/ ε peak with ε ult as
the strain at 50% of the peak compressive strength. Cylinders with V f =2% added a post peak
ductility of about 7.7 whereas those with V f =1% added a post peak ductility of about 3.5.
Hence, as V f dosage is doubled, the ductility provided doubles as well
It can be seen that fibre reinforcement has no effect on the elastic behaviour of the cylinders
and merely gradually manifest as post peak softening depending on type and dosage of fibres.
Therefore, compressive strength, modulus of Elasticity and Poisson’s ratio remained unaffected with the addition of fibres to the lightweight concrete mix whereas post-peak ductility substantially increased. This finding is consistent with Li et al. (2018) which found that random
SFRC has little to no effect on the modulus of Elasticity and slight favourable or unfavourable
effect on compressive strength depending on the mixing process and the geometry of fibres.

Figure 2: Compressive stress-strain behaviour for cylinders

Table 3 summarises the mean values of splitting tensile strength measured by crushing 3 cylinders per mix. It can be seen that plain lightweight concrete cylinders which included mix 1.1
and 1.5 produced splitting tensile strengths within 10% of Eurocode 2 table 11.3.1 recom-
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mendations. LC30/33 cylinders reinforced with V f =1% produced splitting tensile strengths
equivalent to those of C40/44 while those reinforced with V f =2% produced tensile strengths
equivalent to those of C70/77. Also, LC35/38 cylinders reinforced with V f =1% generated an
equivalent strength of LC100. This shows that steel fibres are highly effective at upgrading
the tensile resistance of lightweight concrete. Nonetheless, fibres may or may not be concentrated at the vicinity of the main crack to provide bridging reinforcement. Hence, it can be understood from the table below that some cylinders reinforced with V f =1% (mix 1.2) showed a
lower upgraded splitting tensile strength at 20% as compared to those reinforced with V f =1%
(mix 1.6) which was estimated to be at 47%. This can also be blamed for by the possibility of
developing stronger bond between 3D fibres and LC35 which has lower W/C ratio than that
between 3D and LC30. The latter and the random distribution and dispersion of fibres remain
the two most important factors governing the behaviour of fibrous lightweight concrete. This
will be investigated in the pullout test.

Mix

f lctm, Exp
(MPa)

f lctm, EC2
(MPa)

Mix 1.1 (LC30/33, Vf=0%)
Mix 1.2 (LC30/33, Vf=1%)
Mix 1.3 (LC30/33, Vf=2%)
Mix 1.4 (LC30/33, Vf=1%)
Mix 1.5 (LC35/38, Vf=0%)
Mix 1.6 (LC35/38, Vf=1%)

2.67
3.21
4.20
3.03
3.19
4.70

2.64
2.64
2.64
2.64
2.91
2.91

Upgraded
Strength due to
fibres (%)
20.1
57.3
13.5
47.3

Equivalent
EC2 Class

Std

LC30
LC40
LC70
LC35
LC40
LC100

0.12
0.10
0.12
0.49
0.47
0.02

Table 3: Splitting tensile strength

The figure below depicts the uniaxial tensile pullout behaviour of plain and fibrous lightweight concrete with V f =1%. Using the curve above the peak uniaxial tensile stress of plain
lightweight concrete was calculated to be 2.16MPa based on the cylindrical volume of concrete through which the fibre is embedded. After reaching peak, the concrete stress drops immediately to 0 at 0.8mm slip which is expected for lightweight concrete due to the absence of
strong aggregate interlock and any tension stiffening mechanism. The peak uniaxial tensile
stress of lightweight concrete reinforced with a single 3D fibre equivalent to V f =1% was calculated to be 2.35MPa and 2.88MPa at approximately 1.2mm and 1.8mm slips for both LC30
and LC35, respectively based on the cylindrical volume of concrete through which the fibres
are embedded. As compared to mix 1.1, mix 1.2 saw an upgrade of 9% in maximum uniaxial
tensile strength due to the presence of steel fibre. After reaching peak, fibre hook straightening followed by eventual frictional pullout which took place at approximately 19mm and
14mm slips for mix 1.2 and 1.6, respectively. For 5D fibres, the concrete again cracks at a
load of 280N, however due to the extensive number of mechanical hooks and higher fibre tensile strength the load peaks at a higher load of 662N. This is equivalent to a uniaxial tensile
stress of 5.86MPa which is 2.6 times greater than that of plain Lytag fibrous concrete. After
that, hook straightening, and frictional pullout finally took place at a slip of around 26mm.
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Figure 3: Pullout load-slip

Figure 4 below depicts the load-deflection curves for the 6 beams tested with different stirrup
spacing and fibre dosages. All beams showed ductile behaviour as expected aside from mix
1.1 beam with inadequate spacing S=240mm and V f =0% which failed in a brittle shear manner as predicted by Eurocode 2 shear design calculations. Hence, steel fibres are capable of
altering the failure mode from shear to flexure. Using uniaxial tensile test results in combination with TR63 and Model Code 2010 flexural and shear design calculations for SFRC, it was
possible to theoretically estimate the failure mode and the maximum load possible for the
structural beams which agreed with the flexural beam tests results. It is observed that the ductility of the beams increases as spacing of stirrups and dosage of fibres increase. Ductility is
calculated by dividing ultimate deflection at load 85% of the peak by the yield deflection at
the load-deflection curve gradient before reaching peak. The ductility of fibrous beams are
summarised in the table below. Relative ductility is the ductility of the beam being evaluated
divided by the beam with the lowest ductility (failed in shear).
It can be seen from the table that the relative ductility for the beams with V f =0%, S=120mm
and that of V f =1%, S=240mm are approximately identical with the latter having slightly
higher ductility. A similar trend is seen for beams with V f =1%, S=120mm and that of Vf=2%,
S=240mm. This means that adding 1% of fibres is equivalent to halving the spacing of stirrups from S=240mm to S=120mm. The behaviour of beams with 2% fibre volume fraction is
of an elastic plastic nature.
Beam
V f =0%; S=240mm
V f =0%; S=120mm
V f =1%; S=240mm
V f =1%; S=120mm
V f =2%; S=240mm
V f =2%; S=120mm

Ductility
1.57
1.91
1.99
2.69
2.83
9.22
Table 4: Ductility and Relative Ductility of the beams
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1
1.21
1.26
1.71
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Figure 4: Load-deflection for flexural beam

4.2

Numerical Results

Figure 5 below depicts the pullout stress-displacement of plain concrete from ABAQUS
in comparison with experimental fib model code derived curve. It is noticed that ABAQUS
is capable of predicting with a reasonable approximation the uniaxial tensile stress-cracking
displacement until the load drops to about 5% where an asymptote is seen to avoid numerical convergence errors.

Figure 5: Derived Stress-Displacement using ABAQUS
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For the compression cylinders, the ABAQUS and Experimental stress-strain behaviour is almost perfectly identical aside from 5% difference at the peak strength where the ABAQUS
prediction is more conservative than the experimental solution. Figure 6 illustrates the latter
relationship for plain lightweight concrete.

Figure 6: Compression stress-strain for ABQUS vs EXP

Figure 7 below show the cracking pattern for the reinforced beam with stirrup spacing
S=120mm. The patterns are similar to experiments

Figure 7: Development of flexural cracks for beam with S=120mm

4020

Hasanain Al-Naimi, Ali Abbas

Figure 8 below depicts the load-deflection relationship of the beam reinforced with S=120mm.
It can be seen that the approach employed predicted accurate results.

Figure 8: Load-deflection relationship of beam reinforced with S=240mm

5

CONCLUSIONS
• Density and workability are negatively influenced by the addition of steel fibres.
• Compression peak strengths are unaffected by fibres however post peak ductility is enhanced.
• Beam load carrying capacity and ductility are enhanced while mode of failure changes
from shear to flexure as V f increases. Fibres can adequately replace stirrups.
• The designed direct tensile test was successful at showing the behaviour of concrete and
its bond with different fibres.
• The approach adopted for the numerical modelling shows good correlation between experimental and numerical results.
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Abstract
In this article, the dynamic behavior of a base isolated structure located in Augusta City (Italy) is analyzed during ambient noise and during several release tests. On the 22th of May
2013, through different release tests, several accelerometers have been installed within the
structure and on the surrounding soil in order to acquire the dynamic response of the structure
and the effects of soil-structure interaction. During the experimental campaign, the dynamic
behavior of the structure has been monitored before, during and after each test, comparing the
dynamic characteristics in the different phases and evaluating possible damages on nonstructural elements. Particularly, the base-isolated structure has been characterized in terms of eigenfrequencies, equivalent viscous damping factor and mode shapes in ambient noise
(considering the superstructure as a fixed-base structure) and during the release tests (monitoring the dynamic behavior of superstructure, base isolation system and underground floor).
The aim of this article is to analyze the experimental behavior of the based isolated building
and evaluate soil-structure effects in terms of energy released into the ground and maximum
acceleration produced on the surrounding structures during the released tests.

Keywords: Base isolation, Full-scale tests, Dynamic identification, Non-linear dynamics.
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1

INTRODUCTION

The loss of life and the enormous damages occurred in civil engineering structure disasters
during the last decades have exposed the importance of preventative actions to mitigate the
effects of structural failures. The serious damages and structural collapses are caused by high
vulnerability of the existing buildings, designed and built without seismic details, but also by
the frequency and intensity of earthquakes. Therefore, the evaluation of potential effects to
structures in different permanent and/or accidental load scenarios is an important issue to be
considered in rehabilitation decisions and emergency measure planning. Furthermore, there is
the need to ensure more effective protection of existing constructions in regard to earthquakes,
in order to mitigate the damages associated with these events. For this reason, it is very important to identify the real structural behavior, using Structural Health Monitoring (SHM) and
dynamic identification techniques. Using this kind of approach, it is possible, using ambient
and/or forced vibration and/or release test, to evaluate all the dynamic characteristics of a
monitored structure: eigenfrequencies, equivalent viscous damping factors and mode shapes.
In this article, we analyzed the dynamic behavior of a base isolated structure during ambient noise and during several release tests; dynamic tests were performed applying an initial
displacement to the structure using a special kind of jack. Release tests have already been carried out in Italy on base isolated buildings of TELECOM Ancona [1]-[3]. In that case it was
applied to a shift of about 10 cm, through a complex system of synchronized cylinders with
explosive charges in order to apply the instantaneous release. Other similar experiments have
been carried out on the building of Rapolla in Potenza [4]-[6] and on some building of the
University of Basilicata [7]. In the first case, the experiment was carried out on a building
composed by two different interchangeable isolation systems. At Rapolla city, the initial displacement was applied by moving the structure just above the isolation system using the same
mechanical set-up employed at the University of Basilicata. The device was redesigned to apply an initial displacements ranging from 0 to 20 cm. It consists of a three-hinged arch (two
sets of trusses and three cylindrical shafts) vertically pulled on the middle hinge by means of a
hydraulic jack equipped with a load cell. The release takes place when the three hinges reach
the horizontal unstable alignment and the trusses detach from the middle hinge (central shaft).
In the second case, in order to characterize the real dynamic behavior of the headquarters
of the Department of Mathematics of the University of Basilicata, an experimental campaign
complete of a sequence of snap-back tests was performed. In this case many release tests were
carried out by using a mechanical device purposely designed to give the initial displacement
to the building and then produce free damped vibrations. In the summer of 2004 and in July of
the same year another example of release tests were performed on two reinforced concrete
building by base isolation in a small town of Solarino in Eastern Sicily. Dynamic tests were
performed in the form of free vibrations after applying an initial displacement as close as possible to the design displacement [8]-[9]. Free vibration tests performed on base-isolated buildings have also been reported in literature.
A four-story building was built in 1992 in Santiago, Chile, on 8 HDRB and subjected to 5
free vibration tests under imposed displacements, ranging from a minimum of 6.1mm to a
maximum of 19.5 mm, with corresponding deformations from 0.140 to 0.445. The main results were the measured periods of vibration and the equivalent damping ratio [10]. In literature there are also other examples of experimentation using snap-back test to estimate the
behavior of different type of structures [11]-[13]. Several authors used accelerometric recordings of release tests also to analyze the problem of energy back-radiated from vibrating structures on both models [14] and real buildings [15]-[18]. Scientific literature provides several
case studies that confirm the capability of fixed-base structures to modify the motion on the
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surrounding area during an earthquake or a release test [19], on the contrary, with reference to
the same soil-structure interaction mechanism, there are few case studies related to baseisolated structures.
For this reason, exploiting a series of release tests carried out on a base isolated structure in
Augusta city (Italy), aim of this article is to test the seismic performance of the base isolation
system, to compare the dynamic characteristics of the structure before, during and after each
test (individuating possible damage on non-structural elements) and to evaluate soil-structure
effects in terms of energy released into the ground and maximum acceleration produced on
the surrounding structures during the released tests.
2

EXPERIMENTAL CAMPAIGN

During the experimental campaign carried out on the base isolated structure in Augusta
city (Italy), a jack able to apply a maximum thrust force of about 200 tons has been applied.
Following the test, the structure has shifted about 10 cm but without any damage, demonstrating the effectiveness of the isolation system. Figure 1a shows the tested structure and Figure
1b the device used to make the release test. The release test was carried out using a specially
designed system able to impart to the building a prefixed initial displacement. Then, the structure was instantaneously released in a free-oscillating condition. The displacement impressed
to the building during different release tests were prefixed taking into account the target maximum design displacement. The dynamic "snap-back" tests were carried out to verify the
compliance of the isolation system to the expected behavior derived from the numerical analyses. In Figure 2 the plan of the building and the section A-A of structure are shown.

a)

b)
Figure 1: a) Base isolated structure of Augusta; b) Thrust device of the release test.

a)

b)
Figure 2: a) Plan of the building; b) Section A-A of building.

The building, designed and constructed using the new Italian technical regulations, D.M.
14/01/2008 (NTC08), is characterized by a hybrid base isolation system composed by 16
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High Damping Rubber Bearings and 20 low friction sliding Bearing [20]. The structure is
made using reinforced concrete and characterized by three stories above the isolation plane
and one story beneath it (Figure 2b). The ground floor is characterized by an inter-story height
equal to 3.85 m respect to the basement, the first floor is characterized by an inter-story height
equal to 4.25 m and finally the last level is characterized by an inter-story height equal to 3.25
m. The building has a rectangular shape with a length of 35.70 m, a width of 16 m and a maximum height above the ground at 10.50 m. The mass of the structure is equal to 2400 tons.
The isolation plan runs along the top of the pillars of the basement story slightly above the
ground level.
In order to evaluate the dynamic behavior and the soil-structure interaction effects, several
accelerometers were installed within the structure and on the surrounding area (both in ambient vibration and during the release tests). Figure 3 shows the accelerometers position on the
last floor of the structure while in Figure 4 the n°125-126 accelerometers installed on the top
floor are detected.

Figure 3: Accelerometers position on the last floor for the first configuration.

Figure 4: Accelerometers n° 125-126.

In order to assess the displacements of the structure appropriate transducers were installed
in correspondence of the elevator shaft, of the pillars and on two corner of the structure, along
the same diagonal, as shown in the following figures (from Figure 5 to Figure 7).
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a)

b)
Figure 5: a) Transducers position on the corner of the building; b) transducers characteristics.

Figure 6: Transducers position along the rubber bearings 25 and 8, the sliding bearing 20, 21 and the sliding
bearing of elevator shaft.

a)

b)
Figure 7: a) Monitored displacement of the pillars and b) along the perimeter of the structure.
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Figure 8 shows the recorded signals at each floor of test structure during an ambient noise
(Figure 8a) and a release test (Figure 8b).

a)

b)
Figure 8: a) Recorded signals at each floor of structure in ambient noise and b) in forced vibration.

3

STRUCTURAL DYNAMIC IDENTIFICATION DURING AMBIENT NOISE AND
RELEASE TESTS

In order to assess the dynamic characteristics of the monitored structure, in the fixed base
condition, the transfer functions have been calculated using seismic noise recordings retrieved
from the accelerometers installed at each floor. Figure 9a shows the transfer function evaluated using the accelerometric recordings performed on the base and the top floor of the building.
The mode shapes evaluated on the experimental data using time domain analyses are depicted
in Figure 9b.

a)

b)
Figure 9: a) Transfer function calculated using ambient noise and b) mode shapes.

In ambient noise condition, using the transfer function it has been possible to evaluate the
main frequencies of the superstructure. The fundamental frequency of the superstructure is
equal to 2.6Hz and, observing the related modal shape it seems to be a torsional mode. It is
important to highlight that the dynamic characterization has been performed using ambient
vibration test (characterized by very small amplitude), so also the contribution of nonstructural elements is considered. The second mode (translational) is characterized by a frequency equal to 8.2 Hz and the third mode (translational) by a frequency equal to 9.8 Hz.
The accelerometric recording acquired on the top floor during release tests was analyzed
using the Stockwell Transform [21], operating on the time-frequency domain, and transfer
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function of the signal, operating on the frequency domain. From the time-frequency analyses
(Figure 10) it was been possible to confirm the linear behavior of the superstructure and to
detect the main eigenfrequencies.

a)

b)
Figure 10: a) Stockwell transform along x direction and b) y direction.

Using the Stockwell transform on the signal recorded on the superstructure and on the base
isolation level it was been possible to evaluate the frequency of the base isolation system,
equal to 0.73 Hz while the first detected frequency for the superstructure is equal to 2.6 Hz.
Analyzing the data using the transfer function the same frequency for the base isolation system has been detected. Figure 11 shows these last results with the related modal shapes.

a)

b)

Figure 11: a) Transfer Function evaluated on the accelerometric recordings during the release test and b) modal
shapes of the structure for the main frequencies.

The values of the fundamental frequencies of superstructure evaluated in ambient noise
and release test and the characteristics of the base isolation system are reported in Table 1 and
Table 2.
FREQUENCIES OF SUPERSTRUCTURE
1° roto-translational Y mode
2,6 Hz
2° translational X mode
8,2 Hz
3° translational Y mode
9,8 Hz
Table 1: Values of superstructure frequencies.
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CHARACTERISTICS OF BASE ISOLATION SYSTEM
1° translational X mode
0,73 Hz
Equivalent viscous damping factor
14,65%
Table 2: Characteristics of the base isolation system.

The evaluation of the equivalent viscous damping factor of the structure was carried out
using the logarithm decrement method. Particularly, the accelerometric recordings related to
the station installed to the last level have been considered for the equivalent viscous damping
factor evaluation along the x direction (test direction). Figure 12 shows the kinematic parameter (acceleration, velocity and displacements) evaluated at each floor of the test building.

a)

b)

c)
Figure 12: Kinematic parameters: a) acceleration, b) velocity and c) displacements.

Starting from the accelerometric recordings, a routine developed in MATLAB software
was used to evaluate velocity and displacement. The main problem related to the determination of the displacement time-history starting from the accelerometric recordings, acquired
during a release test, is related to the use of classical filter (standard approach) on impulsive
signals. For this reason a special kind of filter was built using a routine implemented in
MATLAB. Comparing the displacement time-history retrieved from the accelerometric recordings with those acquired using the displacement transducers it is possible to observe a
very good agreement. On the contrary, using the standard approach the displacement retrieved
from the accelerometric recordings is very different from those acquired from the transducers
(Figure 13).
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Figure 13: Comparison between the displacements evaluated using a MATLAB routine, the displacements acquired using a displacement transducer (on the rubber bearing n° 25) and the displacements obtained with standard methods.

4

CONCLUSIONS

This paper reports the preliminary results of the experimental campaign performed on a
base isolated structure located in Augusta, providing information about the test and consideration on the seismic behavior of the structure. The release test allowed to simulate the maximum displacement occurred during a very strong earthquake on the area where the building is
located. Taking the advantage of the release tests it has been possible to analyze and compare
the experimental structural dynamic behavior during ambient vibration conditions (microtremors), and simulating the effects of weak and strong motion earthquakes. The maximum
displacement reached during the experimental campaign is 10cm at the base isolation level.
The dynamic behavior of the structure and of the base isolation system was monitored using
several kind of instrumentation: cabled accelerometric stations, displacement transducers and
wireless accelerometric station.
The analyses were performed both in ambient vibration and during the release test using
transfer function and time-frequency analyses based on the S-Transform. In order to evaluate
the displacement time-history, starting from the accelerometric recordings a special kind of
filter has been designed. The results were compared with those acquired directly from the displacement transducers installed at the base isolation level.
The preliminary results obtained from the experimental campaign confirmed the high performance level of protection of the base isolation system installed on new buildings. Further
studies are necessary to analyze the dynamic performance of the structure in more detail, to
build a realistic numerical model (using model updating techniques) and to compare the experimental behavior with those predicted from linear and nonlinear numerical models.
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Abstract
Nonlinear dynamic modeling of full-scale mid- and high-rise reinforced concrete structures
through the use of the 3D detailed approach that foresees the use of hexahedral elements with
embedded rebars is not yet feasible due to numerous reasons. The two main numerical problems
that do not allow for this type of analysis to be performed, are the numerical instabilities that
immerse when the opening and closing of cracks initiates during the dynamic analysis and the
excessive computational demand that is required even when dealing with small numerical models. This work will present the computational response of a newly developed algorithm that is
used herein to perform modal analysis of large-scale models. The under study algorithmic development is a part of a project that aims towards alleviating the prementioned numerical constraints in regard to performing nonlinear dynamic analysis of full-scale reinforced concrete
structures. An extensive numerical investigation is presented that foresees the performance of
modal analysis on different full-scale reinforced concrete structures that are discretized with
the Hybrid Model (HYMOD) approach. Based on the numerical investigation findings, the developed algorithm was found to be computationally efficient offering a robust numerical tool
for performing modal analysis of large-scale numerical models.

Keywords: Eigenvalue problem, hybrid modeling, large-scale numerical models, reinforced
concrete, finite element method, 3D detailed modeling
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1

INTRODUCTION

The development of a computationally efficient model for reinforced concrete (RC) structures that can produce accurate results in dynamic nonlinear modeling has been a critical issue
for many researchers. It is difficult to simulate and capture the mechanical behavior of RC
structures due to the complexity of the concrete material’s behavior. Researchers usually simulate RC structures by using 1D and 2D numerical models, in order to decrease the computational cost of the analysis and avoid numerical instabilities when nonlinearities occur. Although,
3D numerical approaches produce objective results, they increase significantly the computational demand of the analysis. Therefore, a numerical tool that can alleviate numerical limitations and produce numerically robust solutions has to be developed.
The use of the detailed RC modeling approach is impractical for engineers due to the computational complexity of the derived models. One of the main numerical limitations when dealing with 3D detailed modeling through the use of solid elements with embedded rebars, is the
high computational demand that arises during the nonlinear analysis. Additionally, many researchers try to increase the objectivity of their models by using higher order models and high
integration rules, which can significantly increase the computational cost of the numerical analysis. Therefore, several researchers (Hartl [1], Spiliopoulos and Lykidis [2], Červenka and
Papanikolaou [3], Papanikolaou and Kappos [4], Markou and Papadrakakis [5], Mourlas et al.
[6,7]), used their proposed numerical models in order to study single RC structural members or
relatively small structural configurations (i.e. 1-span RC frames).
Dynamic nonlinear analysis is still not an option when deploying the 3D detail approach,
while this research work aims towards alleviating this obstacle. When analyzing any multistorey structure under dynamic loading conditions, the models’ eigenmodes have to be computed,
whereas this numerical problem can become computationally demanding when dealing with
large-scale models. Therefore, decreasing the computational cost of this numerical procedure
is of great importance. The results presented within this manuscript were developed by using
the model presented by Mourlas et al. [8], where a 4-storey RC building was analyzed by using
the 3D detailed modeling and the hybrid modeling (HYMOD) approach. The original model
found in [8] was modified accordingly by adding more storeys and/or by increasing the model’s
plan view in order to construct the meshes that were analyzed herein. A modal analysis through
the use of the developed models in order to compare the numerically obtained fundamental
periods with those derived from different design codes is also performed and presented herein.
In order to overcome the numerical limitations derived from the high computational demand
of the 3D detailed modeling, the HYMOD method is implemented in this research work as it
was proposed by Markou and Papadrakakis [9], while the proposed modal algorithm [8] was
programmatically optimized for the needs of this research work to be able to manage largescale numerical problems. The HYMOD approach and its main assumptions are presented in
the next section. Section 3 discusses the theory in regards to the numerical methodology that
lies behind the calculation of the eigenvalues for large-scale models and section 4 presents the
numerical results as they derived from the parametric investigation.
2

HYBRID MODELING

The HYMOD approach adopted in this work is based on the formulation presented by
Markou and Papadrakakis [9], which was also extended in [8] in order to analyze large-scale
RC structures submitted to cyclic loading conditions. Based on the proposed framework of
Markou and Papadrakakis [9], the element types that are combined, are the isoparametric hexahedral element and the natural Beam-Column Flexibility-Based (NBCFB) fiber element. The
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NBCFB element is a one dimensional element and the 8-noded isoparametric hexahedral element is a three dimensional element that consists of 24 degrees of freedom (dof). By using the
HYMOD method, a mesh can be created that will combine the different in dimensionality elements managing to decrease the computational demand and at the same time maintain a sufficient level of accuracy [9].
The NBCFB element offers simplicity and accuracy, given it is computationally efficient, a
numerical feature that makes it ideal for 1D concrete material modeling. Furthermore, the
NBCFB element foresees that each concrete section is divided into fibres, where each fibre is
assigned with a maximum tensile stress that is directly connected to the corresponding compressive strength of the material. Therefore, it has the ability to capture material nonlinearities
that may occur at the section level.
As seen in Fig. 1, the coupling between the beam-column and hexahedral elements is
achieved through kinematic constraints. The kinematic constraints are enforced at each hexahedral node that is located on the interface between the beam and the solid elements [9]. The
kinematic connection is performed as follows:
uiHEXA  Tim  umNBCFB
 3 x1

 3 x 6  6 x1

(1)

,

with

1 0 0
Tim  0 1 0
3 x 6
0 0 1

0

zi  zm

zm  zi
yi  ym

0
xm  xi

ym  yi 
xi  xm 
0 

(2)

where umNBCFB and uiHEXA are the displacement vectors of the NBCFB node corresponding to 6
dofs and the hexahedral nodes (3 dofs per node) at the interface, respectively. The subscript i
of the global coordinates x, y, z refer to the hexahedral node ID located at the interface section
Ω1j , while subscript m refers to the NBCFB elemental node ID that controls the displacements
(master node) of the interface section Ω1j (Fig. 1). The connection matrix Tim is computed from
the compatibility conditions of the NBCFB and hexahedral nodal coordinates.

Figure 1: Hybrid model showing the interface between 1D and 3D elements [9].

It is noteworthy to state here that, the main limitation of layered or fibre elements is related
to the fact that they cannot simulate the nonlinear response of structural members that undergo
considerable shear deformations. One of the first attempts to overcome this limitation was that
of Vecchio and Collins [10] who proposed a model with a dual-section analysis procedure discretizing the element into layers, where iterations are performed for each layer until the internal
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equilibrium between adjacent sections was satisfied. Nevertheless, the beam-column finite element cannot overcome the modeling limitations when dealing with the simulation of real 3D
structures that consist of shear walls and irregular geometry. Both approaches used in HYMOD
modeling (beam-column and solid element) have their advantages and disadvantages that cannot be surpassed just by improving their numerical features and formulations, whereas their
combination was found to be optimal in developing computationally efficient and numerically
accurate models.
It must be noted at this point that, the length of the solid part is a crucial geometrical parameter that defines the length of the plastic hinge that is developed during the nonlinear analysis
(see Fig. 1). Therefore, the value of this length is crucial for the overall accuracy of the nonlinear
analysis. The numerical investigation conducted in [8, 9], showed that the length of the potential plastic hinge at the ends of the structural members should be equal to h - 2h, where h is the
height of the member’s section. This was also the values that were adopted in this research
work.
3

MODAL ANALYSIS OF LARGE-SCALE MODELS

In this article, several models are developed and used to perform a modal analysis in order
to calculate the natural frequencies and natural modes of their framing system, which provide
an overview of the structures’ dynamic response. Therefore, it is important to determine the
eigenfrequencies of any RC structure so as to provide the structural engineer with the ability to
understand the dynamic behavior of their designs, where they will be able to establish that periodic excitations will not cause resonance phenomena that may lead to the development of
excessive stresses and strains. The eigenfrequencies depend on the geometry of the framing
system and the material of the elements. Mass is also a controlling parameter when dealing with
heavy or light structures, thus the investigation that will presented in the following section assumes the detailed representation of the frame’s geometry and structural mass.
There are several solution methods for solving the eigenvalue problem that are describe by
the following equation:

Kφi  i Μφi

(1)

where, K is the stiffness matrix of the model, M is the mass matrix of the model, φi is a vector
that contains the eigenvectors of the system and λi is the corresponding eigenvalue. The solution
method used in this research work is called the subspace iteration algorithm [11]. This solution
technique is indicated when dealing with large-scale structures since it calculates few eigenvalues and eigenvectors of a significantly demanding finite element system.
This solution algorithm finds an orthogonal basis of vectors in 𝑬𝐾+1 , calculating in one step
the required eigenvectors when 𝑬𝐾+1 converges to 𝑬∞ . The developed algorithm foresees the
iteration used in the subspace iteration method, i.e., step 2 of the complete solution phase proposed by Bathe [11]. For k = 1, 2, …, iterate from 𝑬𝑘 to 𝑬𝑘+1:
𝑲𝑿𝑘+1 = 𝑴𝒙𝑘

(2)

then, find the projections of matrices K and M onto 𝑬𝑘+1:
𝑲𝑘+1 = 𝑿𝑇𝑘+1 𝑲𝑿𝑘+1

(3)

𝑴𝑘+1 = 𝑿𝑇𝑘+1 𝑴𝑿𝑘+1

(4)

and solve for the eigensystem of the projected matrices:
𝑲𝑘+1 𝑸𝑘+1 = 𝑴𝑘+1 𝑸𝑘+1 𝜦𝑘+1
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Thereafter, find an improved approximation to the eigenvectors:
𝒙𝑘+1 = 𝑿𝑘+1 𝑸𝑘+1

(6)

and then provided that the vectors 𝒙1 are not orthogonal to one of the equilibrium eigenvectors, 𝜦𝑘+1 →𝜦 and 𝑿𝑘+1 → Φ as k → ∞.
It is important to note that the convergence of this method assumes that within the iteration
procedure the vectors in 𝑿𝑘+1 are ordered in such a way that the ith diagonal element in 𝑨𝑘+1
is always larger than the previous i-1 element, i=2, ..., p. This ensures that the ith column in
𝑿𝑘+1 converges linearly to 𝜱𝑖 . Although this is an asymptotic convergence rate, it was found
that the smallest eigenvalues converge fastest [11]. This numerical response was also verified
in section 4 of this research work were all numerical analysis managed to converge for six or
less internal iterations.
4

NUMERICAL IMPLEMENTATIONS

The models that formed part of the first parametric investigation were constructed by modifying the geometry of the initial model examined in [8], by adding or removing storeys. These
models foresee the use of columns and drop beams only. The initial meshes that were examined
herein foresaw the use of 2-,4-,6-,8-,10- and 20-storeys (as can be seen in Fig. 2a). The second
group of models that were constructed for the computational efficiency investigation of the
developed algorithm foresaw the use of a shear wall throughout the height of the two parallel
frames. In this case, the same number of storeys were used as described above and as shown
in Fig. 2b. The height per storey for all models was equal to 3 meters.

(a)

(b)
Figure 2: Initial models with 2, 4, 6, 8, 10 and 20 storeys. HYMOD meshes (a) without and (b) with shear walls
(not to scale).

The eigenfrequencies obtained from the analysis of the 12 meshes shown in Fig. 2, were
compared to the values derived from the codes of South African National Standard (SANS),
Eurocode (EC), Cyprus and NEAK (New Greek Antiseismic Code).
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The formulae for calculating the periods for the different under study codes are expressed
by the following equations:
NEAK [12]:
𝑇𝑁𝐸𝐴𝐾 = 0,09

𝐻
√𝐿

𝐻

√𝐻+𝑝𝐿

(7)

where, H is the total height of the building, L is the dimension of the building along the direction
that the period is computed for, and ρ is the percentage of the summation of the shear wall areas
positioned along the direction of the computed oscillation over the total of the vertical structural
members’ area.
Cyprus [13]:
𝑁

𝑇𝐶𝑦𝑝𝑟𝑢𝑠 = 10

(8)

where, N is the total number of storeys of the RC structure.
EC [14] and SANS [15]:
𝑇𝐸𝐶 = 𝐶𝑇 𝐻 0,75

(9)

where, 𝐶𝑇 = 0,085 for steel frames, 𝐶𝑇 = 0,075 for RC moment – resisting frames and for eccentrically braced frames, 𝐶𝑇 = 0,05 for all other buildings, while H is the total height of the
building. Alternatively, for structures with concrete or masonry shear walls, the value of 𝐶𝑇
may be taken as:
0,075
𝐶𝑇 =
(10)
√𝐴𝑐

𝐿
( 𝐻𝑤𝑖 )2)],

where, 𝐴𝑐 = Ʃ [𝐴𝑖 (0,2 +
which is the total effective area of shear walls in the first storey of the building (subject to walls remaining relatively unchanged over the height of the building) in square meters [14].
Table 1 shows the eigenperiods, as they derived from the numerical analysis and the ones
calculated according to the four under study design codes. It must be noted here that, the SANS
and EC codes use the same formulae, given that South Africa adopted the Eurocode considerations in regards to the periods calculations, thus the results are shown as EC for brevity purposes. Additionally, all periods (T1 and T2) that were computed through the numerical models
foresaw an oscillation along the y and x directions, respectively, thus referred here as Ty and
Tx. The mode shape that foresees the rotation about the z-axis is referred to as Tz. As it can seen
in Table 1, as the number of storeys increases, the magnitude of the first two periods is significantly increasing due to the corresponding height increase. This phenomenon is explained by
the fact that the stiffness of the building is decreasing as its height increases, where the mass
per storey remains constant.
Number
of storeys
2
4
6
8
10
20

Height
(m)
6
12
18
24
30
60

Numerical
Ty
Tx
Tz
(s)
(s)
(s)
0.23 0.18 0.12
0.44 0.36 0.16
0.59 0.5
0.2
0.74 0.64 0.24
0.94 0.87 0.31
1.99 1.93 0.64

NEAK
Ty
Tx
(s)
(s)
0.22 0.18
0.43 0.36
0.65 0.54
0.86 0.72
1.08 0.90
2.16 1.81

Cyprus
Tx & Ty
(s)
0.2
0.4
0.6
0.8
1.0
2.0

EC
Tx & Ty
(s)
0.29
0.48
0.66
0.81
0.96
NA

Table 1: Periods for all the initial models without shear walls. Numerical and design code results.
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The initial models without shear walls for the cases of 2- and 20-storey models, can be seen
in Figs. 3 and 4, respectively. In order to avoid a lengthy manuscript, the rest of the models are
not shown herein. As it was stated above, the first two modes foresee the translational deformation along the y- and x-axis directions, for all models. Furthermore, the third mode for the
cases of the shorted buildings was the rotation about the z-axis, while the multistorey buildings
resulted additional translational modes that foresaw a sinusoidal deformation along the x- and
y-axis prior to deriving the Tz deformed shape.

Figure 3: Initial 2-storey model without shear walls. Mode (Left) T y, (Center) Tx and (Right) Tz.

Figure 4: Original 20-storey model without shear walls. Mode (Left) T y, (Center) Tx and (Right) Tz.
2.50

Period (s)

2.00
Numerical

1.50

NEAK
1.00

Cyprus

0.50

EC and SANS

0.00
0

5

10
Number of storeys

15

20

Figure 5: Relationship between period along the x-direction and number of storeys for the initial models without
shear walls.

The numerical results are compared with the values of the periods derived from the formulas
proposed by the four codes (Eqs 7-10) in Fig. 5 (see also Table 1). As it resulted from the
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numerical investigation, the periods obtained from the design codes along the x-axis direction
are on average in a good agreement with the numerical results for the case where shear walls
are not included within the framing system of the structure. Base on Eurocode, the proposed
formula can only be used for structures with heights equal or less than 40 m, therefore, the 20storey case is not included within Table 1 and Fig. 5. It is also easy to observe that for the
computed periods for the cases of the 2, 4 and 6 storey buildings, the codes illustrate a higher
divergence from the numerical results, where for the higher storey models the difference decreases. The periods derived from the Cyprus code are the most accurate compared to the other
three codes’ results, deriving an average of a 1% divergence when compared to the numerical
values of the computed periods along the y-axis direction. The NEAK follows with an average
divergence of 7% and last Eurocode with 12%.
2.50

Period (s)

2.00
Numerical

1.50

Neak
1.00
Cyprus
0.50

EC and SANS

0.00
0

5

10
15
20
Number of storeys
Figure 6: Relationship between period along the y-direction and number of storeys for the initial models without
shear walls.

When the code formulae are used to compute the fundamental period along the x-axis direction, the computed periods were found to be close to the numerically obtained magnitudes, but
with a higher average divergence. Fig. 6 shows the comparison between the numerical and
design code formulae results for the case of the Tx period. Based on the analysis of the results
presented in Table 1, the NEAK formulae was found to derive the lowest average divergence
in comparison to the numerical results (3%), followed by the Cyprus code with 14%. Eurocode
(and SANS) had the highest average divergence in this case, which reached a 32.7%, for the
case of computing the Tx period (mode 2 for all numerical models).
Table 2 shows the computational time and finite element numerical details for each mesh
according to the modal analyses performed in this work. It can be observed that for the case of
the 20-storey model the maximum embedded rebar mesh generation time was 237.7 s, while
the corresponding modal analysis for computing the first 12 eigenmodes was 11 minutes and
42 seconds. As it was expected, the computational demand of the numerical problem when the
number of storeys is increased to 20, derives a more computationally demanding problem, for
which the developed algorithm manages to maintain its computational efficiency and robustness. For this reason, the corresponding models with the shear walls were also analyzed in order
to investigate the numerical response of the under study algorithmic implementation.
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2

Time for
embedded
rebar
mesh gen.
(s)
6.0

8 672

RAM requirement for the
stiffness matrix
(Mb)
51

4

19.8

14 546

276

32 028

33.6

6

40.9

20 376

389

47 052

39.1

8

73.4

26 228

676

62 220

80.4

10

106.6

32 080

1 000

77 388

156.0

20

237.7

61 340

4 000

153 228

702.9

Number
of
storeys

Number of
embedded
rebars

Number of
unknown
equations

Time for
Modal
analysis
(s)

16 716

2.9

Table 2: Computational performance and numerical details for the initial models without shear walls.

Figure 7: Initial 2-storey model with shear walls. Mode (Left) T y, (Center) Tx and (Right) Tz.

Figure 8: Initial 20-storey model with shear walls. Mode (Left) T y, (Center) Tx and (Right) Tz.

Figs. 7 and 8 illustrate the deformed modal shapes of the 2- and 20-storey models, respectively, as they resulted from the numerical analysis. As it can be seen, the obtained results
demonstrate a similar behavior in terms of deformation when compared with those derived from
the models that did not assume for any shear walls (see Figs. 3 and 4). However, Table 3 shows
that the values of the corresponding eigenperiods are smaller than the ones presented in Table
1 due to the increase of the stiffness of the models with the addition of the shear walls along the
x-axis direction.
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Number
of storeys

Height
(m)

2

6

Numerical
NEAK
Ty
Tx
Ty
Tx
(s)
(s)
(s)
(s)
0.193 0.115 0.216 0.123

4
6
8
10
20

12
18
24
30
60

0.377
0.558
0.729
0.914
1.914

0.187 0.432 0.288
0.323 0.648 0.461
0.481 0.864 0.637
0.673 1.08 0.815
1.857 2.16 1.713

Cyprus
Tx & Ty
(s)
0.2

EC
Ty
(s)
0.288

Tx
(s)
0.363

0.4
0.6
0.8
1.0
2.0

0.484
0.655
0.813
0.961
NA

0.790
1.145
1.458
1.745
NA

Table 3: Periods for all the initial models with shear walls. Numerical and design code results.

According to the comparison of the modes depicted in Table 3, the SANS code and Eurocode
show a significant divergence in term of values for the case of the Tx period, the global direction
of the shear wall sections. Even though Eurocode has the provision of taking into account the
effect of the shear walls’ stiffness, it fails to predict a realistic period along the x-axis direction.
This is attributed to Eq. 10, which derives a CT variable that is larger than 0.075 given that the
minimum computed value of √𝐴𝐶 was equal to 0.55 for the case of the 20-storey and the maximum was equal to 0.79 for the case of the 2-storey. When this value is used to divide the 0.075
(initial CT value) it results into a higher CT magnitude, which is not realistic. The low √𝐴𝐶
value is attributed to the fact that there are only two shear walls thus the summation of the
𝐿
𝐴𝑖 (0,2 + ( 𝑤𝑖 )2) equation for each shear wall does not result into a value that is larger than 1.
𝐻
Therefore, in this case, the Tx period value should be taken equal to the Ty for all models, which
derives a more realistic period value. It is also easy to observe (see Table 3) that Eurocode
(hence SANS code as well) fail to capture the period of the models along the stiffer x-axis
direction.
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2.00

Numerical
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NEAK
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0

5

10
15
20
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Figure 9: Relationship between period along the x-direction and number of storeys for the initial models with
shear walls.

On the other hand, the formula proposed by NEAK code shows a better approximation when
compared with the numerical values, with an average divergence of 25% for the values of Tx.
The Cyprus code that uses the most simplified formula out of the four codes, basically ignores
the presence of the shear walls thus fails to capture the effect of the relevant stiffness increase
within the framing system. Therefore, the periods derived from the Cyprus code diverge from
the numerical ones by an average value of 66%. It is obvious that the divergence of the T y is
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significantly smaller than the Tx because the shear walls have a minimal contribution to the
overall stiffness of the structure along the y direction. The corresponding average divergences
along the y-axis are 22%, 10% and 7% for the Eurocode, NEAK and Cyprus codes, respectively.
The values of the periods of Tx and Ty calculated by using the different approaches, are plotted
in Figs. 9 and 10.
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Numerical
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5

10
Number of storeys

15

20

Figure 10: Relationship between period along the y-direction and number of storeys for the initial models with
shear walls.

2

Time for
embedded
rebar
mesh gen.
(s)
11.4

11 804

RAM requirement for
the stiffness
matrix
(Mb)
109

4

21.1

20 398

335

44 460

25.9

6

46.0

29 196

840

65 508

78.7

8

77.7

37 696

1 000

86 556

175.5

10

121.4

46 836

2 000

107 604

336.6

20

468.7

90 936

8 000

212 844

2 214.6

Number of
storeys

Number of
embedded
rebars

Number
of
unknown
equations

Time for
Modal
analysis
(s)

23 412

4.6

Table 4: Computational performance and numerical details for the initial models with shear walls.

Table 4 shows the computational performance of the proposed algorithm when the models
with the shear walls are analyzed. As it can be seen, the largest model required 8 Gb just for the
stiffness matrix allocation, while consisted of 90,936 embedded rebar elements. The computational demand for computing the 12 modes for the case of the 20-storey model was approximately 37 minutes. Even though this is a relatively large model, the algorithm managed to finish
the analysis in a reasonable computational time. For this reason, the initial models with shear
walls were modified accordingly and they were increased along the x, y and z-directions in
constructing larger models.
Therefore, the second phase of this numerical investigation foresaw the construction of models with high computational demand to examine the computational response of the developed
algorithm and investigate the ability of the codes to predict the first two modes of realistic RC
buildings. For the needs of this second investigation phase, three additional models were developed by assuming 8 shear walls placed along the x-axis direction. When constructing the models, the geometry of the initial models with shear walls presented above were modified by
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enlarging the surface area of the initial model along both directions (x- and y-axis), where the
dimension. Along the x-axis the size was doubled (17.386 m) and along the y direction it was
tripled (18.255 m). The three models assumed 4-, 10- and 20- storeys, respectively.
The numerically derived eigen-shapes of the 4- and 20-storey models can be seen in the Figs.
11 and 12, respectively. In order to demonstrate the abilities of the code to generate and analyze
the 368,773 embedded rebars found in the 20-storey modified model, Fig. 13 was developed
where the deformed shape of the embedded rebar elements is shown for the case of the fourth
modal shape. As it can be seen, the embedded rebar elements follow the deformed shape of the
concrete domain.

Figure 11: Modified 4-storey model with shear walls. Mode (Left) Ty, (Center) Tx and (Right) Tz.

Figure 12: First four modes of the modified 20-storey model with shear walls.

Figure 13: Deformed shape of the embedded rebar elements of the modified 20-storey model with shear walls.
Mode 4.
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The 20-storey model was identified as a large computationally demanding model given that
the model, which was constructed by using the HYMOD approach took a full nine days to finish
the analysis and used a total of 185 Gb RAM for the solution of the problem. Given that the
computer that was used to perform all the analysis had a 4.2 GHz computational power standard
pc with a 64 Gb RAM, the operating system used the compressed memory feature so as to
handle this large numerical problem that significantly slowed down the computational procedure. This was the main reason why the computational demand was controlled from the procedure of compressing and uncompressing the RAM in order to handle this extremely large
numerical problem. Table 5 shows the computational times for the modal analyses and the corresponding numerical problem size for each one of the modified model that was developed for
the needs of this investigation.
Number of
storeys
4
10
20

Number of
virtual
embedded
rebars
82 514
191 802
368 773

RAM requirement for the
stiffness matrix
(Mb)
3 000
18 000
87 000

Number of
FEM
elements

Number of
unknown
equations

Time for
Modal
analysis
(minutes)

59 062
140 364
275 288

198 840
484 032
959 352

473.7
13 822.2
9 days

Table 5: Computational performance and numerical details for the modified models with shear walls.

A 15-storey model was also constructed and analyzed, as seen in Fig. 14, so as to decrease
the RAM requirements and investigate whether the RAM compression feature is significantly
affecting the performance of the algorithm. This analysis required approximately 11 hours to
complete demonstrating the significant effect of the RAM compressing feature that was noted
in the case of the 20-storey model. The compression in memory extends the computational time
by a large margin as illustrated herein. Fig. 14 shows the deformation modal shapes as they
resulted from this last analysis for the case of the 15-storey RC building.
Tables 6 and 7 show the comparison between the periods computed numerically and through
the use of the design formulae. Table 7 shows the error that each design formulae resulted in
comparison to the numerically computed periods. It is evident that all design codes fail to provide with a realistic estimation of the mode value along the x- and/or y- directions.

Figure 14: Modified 15-storey model with shear walls. Mode (Left) Ty, (Center) Tx and (Right) Tz.
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Numerical
Number
of storeys

Height
(m)

4

12

10
20

Ty
(s)

NEAK

Tx
(s)

Cyprus

EC

Ty
(s)

Tx
(s)

Tx & Ty
(s)

Tx
(s)

0.434 0.214

0.253

0.175

0.4

0.395 0.484

30

1.071 0.696

0.632

0.532

1.0

0.872 0.961

60

2.115 1.720

1.264

1.163

2.0

NA

Ty
(s)

NA

Table 6: Periods for all the modified models with shear walls. Numerical and design code results.

Number
of
storeys

Height
(m)

4
10
20

12
30
60

Numerical
Ty
Tx
(s)
(s)
0.434 0.214
1.071 0.696
2.115 1.720
Average:

NEAK error

Cyprus error

EC error

Ty

Tx

Ty

Tx

Ty

Tx

41.8%
41.0%
40.2%
41.0%

18.4%
23.5%
32.4%
24.8%

7.9%
6.6%
5.4%
6.7%

-86.8%
-43.7%
-16.3%
-48.9%

-11.3%
10.2%
NA
-0.6%

-84.5%
-25.3%
NA
-54.9%

Table 7: Design code formulae error in comparison to the numerical results.

The corresponding values of the periods Tx and Ty as they can be depicted in Tables 6 and
7 are illustrated in Figs. 15 and 16, to visually compare the period values as they resulted for
the two global axis directions (x- and y-axis, respectively). As it can be easily observed from
these figures, the only curve that manages to capture the numerical results with less than 10%
error is the Cyprus code for the case of the Ty period. Based on the findings of this numerical
investigation, it is recommended to use this approximate formula when dealing with framing
systems or directions that do not consist of shear walls. In regards to the directions where the
use of shear walls is foreseen; none of the codes was found to be effective, thus further research
is required to develop objective formulae that will provide with more accurate period predictions in the case where the period is not computed by using finite element models.
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Figure 15: Relationship between period along the x-direction and number of storeys for the modified models
with shear walls.
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Figure 16: Relationship between period along the y-direction and number of storeys for the modified models
with shear walls.

5

SOIL STRUCTURE INTERACTION

In order to model realistically the boundary conditions of any RC structural system, the soil
structure interaction (SSI) phenomenon has to be taken into account. The effect of the SSI is
crucial for the mechanical behavior of any structure [16]. In this article, a flexible soil is assumed and modeled by assuming a Young Modulus of elasticity E=65 MPa and the numerically
obtained results were compared with the fixed base 4-storey model with shear walls. Fig. 17
shows the SSI model as it was developed for the needs of this initial parametric investigation.
The objective was to develop an initial model to be tested prior to a more rigorous parametric
investigation that will be performed in the near future. Based on the discretization of the soil
domain, the model assumed that the length and width of the soil medium would be three times
larger than the relevant dimensions of the RC structure along both the x- and y-axis.

Figure 17: 4-storey model with shear walls and soil domain.
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Fixed Base
Model

SSI (soft soil) Model
E = 65 MPa

Mode

f(Hz)

T(s)

f(Hz)

T(s)

Dif. %

1

2,656

0,3766

2,532

0,395

4,66%

2

5,349

0,1870

2,885

3
4
5
6
7
8
9
10
11
12

0,347 46,07%
7,508 0,1332 6,259 0,160 16,63%
7.983 0.1253 6.310 0.158 20.97%
8.626 0.1159 7.652 0.131 11.30%
8.734 0.1145 8.691 0.115 0.49%
8.767 0.1141 8.749 0.114 0.21%
8.791 0.1138 8.779 0.114 0.13%
10.478 0.0954 9.031 0.111 13.81%
10.599 0.0944 10.577 0.095 0.20%
10.636 0.0940 10.654 0.094 -0.17%
10.690 0.0935 10.667 0.094 0.21%

Table 8: Comparison between the fixed base and the SSI models. Computed modes and frequencies.

As it can be seen in Table 8, there is a significant difference between the fixed base model
and the model with the flexible soil foundation (isolated footings). The maximum derived difference was found to result at mode 2 (46%), where the structure oscillates along the x-axis
direction. Given that the shear walls are very stiff, it was found that their foundations rotated
significantly due to the settlement of the soil, resulting into a significant stiffness decrease along
this direction (global x-axis). Fig. 18 shows the first three modes as they resulted from the
analysis, where the deformed shape of both the frame and the soil domain can be depicted.
Further investigation will be performed as a continuation of this research work in order to study
the effect of the SSI and the foundation system’s effect on the modal response of different
framing geometries. One of the main objectives of this future research work will be to establish
a relation between the dimensions of the structure and the SSI effect when SSI considerations
are accounted for, whereas propose improved formulae for the computation of the fundamental
periods when the SSI effect is accounted for.

Figure 18: 4-storey model with shear walls and soil domain. Deformed shapes of modes 1, 2 and 3 (from left to
right).
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6

CONCLUSION

Based on the findings of this research work, it is evident that the HYMOD approach provides
with computational efficiency and numerical accuracy when dealing with modal analysis of
large-scale numerical problems. The HYMOD method manages to alleviate the computational
limitations when analyzing large 3D models without losing the required accuracy of the numerical analysis. Therefore, this method is found to be suitable for modeling large-scale structures
and will be used for the dynamic analysis or RC buildings in future research projects.
By conducting the analysis and interpreting the results in section 4, it can be concluded that
the design codes yielded inaccurate results were Eurocode (EC) and the South African National
Standard codes did not manage to satisfactorily predict the periods of the numerous models that
were studied herein. These codes approximated the periods inaccurately, especially when dealing with frames that assumed shear walls. Eurocode, which is adopted by the South African
code as well, needs to be scrutinized for improvements in order to take into account more efficiently the effect of the RC shear walls found within any RC frame geometry. On the other
hand, the NEAK formula produced results that were found to be closer to the numerical analysis
data, given its objective formulation that takes into account the ratio of the shear wall section
areas along the under study direction. Nevertheless, the NEAK code equation should also be
improved to approximate accurate results when dealing with RC structures with different geometries. The Cyprus code, which is now obsolete, proposed a simplified formula that does not
take into account for the shear walls’ contribution when computing the fundamental period.
This makes the formula inadequate for computing the fundamental modes along directions that
foresee the use of shear walls. Nevertheless, when shear walls are not present, it is a formula
that provides with a good fundamental period approximation.
Further research foresees the use of the HYMOD approach to study the dynamic behavior
of structures by performing modal analysis with SSI models. Based on the preliminary findings
from the analysis of a model that also discretized the soil domain through the use of hexahedral
elements, it was found that the periods can be significantly affected especially when the soil
material characteristics assume for a soft soil and the structure uses a relatively flexible foundation system (i.e. isolated footing). It is also evident that the assumption of a fixed base structure is not a realistic approach in cases where structures are founded on flexible soils.
7
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Abstract
In the seismic response analysis of large-scale reinforced concrete (RC) structures, such as
nuclear power plant buildings, while considering the soil-structure interaction (SSI) using
high-fidelity models, the application of high-performance computing (HPC) is indispensable
owing to the number of the degrees of freedom (DOF). This study shows the development of a
seismic response analysis method for large-scale RC structures with FEM utilizing HPC.
Herein, we implemented a previously proposed constitutive relation of concrete to the HPCFEM program, FrontISTR. In the HPC-FEM program, conjugate gradient method is usually
used as the solver algorithm that requires a positive-definiteness of the stiffness matrix. However, the constitutive relation of concrete expresses the material damage by stress-strain curve
softening; hence one cannot assure that the stiffness matrix is positive-definite. Several techniques have been proposed to overcome this limitation. Herein, we adopted the method to calculate the stiffness matrix using elastic tensor of the material by comparing the speed of
computation. We applied the developed software to a seismic response analysis of a nuclear
power plant with surrounding ground, which is approximately 150 million-DOF problem. This
paper shows the results and discusses the analysis performance.
Keywords: Seismic Response Analysis, Large-Scale Reinforced Concrete Structure, SoilStructure Interaction, High Performance Computing, High-Fidelity Model.
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1

INTRODUCTION

Lumped mass models are usually used in the seismic response analysis of reinforced concrete (RC) structures. Using such models for structures, which are sufficiently validated with
experiments, is rational because of their low computational cost. Even in a nonlinear analysis,
applying experimental results to the structural elements, which represent the members or groups
of members, is not difficult.
Meanwhile, it is necessary to care to the applicability of the models. A method that can be
applied to the analysis for a seismic load larger than the design load is needed because of the
large earthquakes that happened in Japan in the recent years. In such cases, it is required to
consider the models’ applicability to such a load. High-fidelity models using solid elements
should be applied when the applicability check is difficult. For considering the safety of nuclear
power plant (NPP) buildings, it is meaningful to simulate the response for a seismic load larger
than the design load using high-fidelity models due to their importance.
To apply the high-fidelity models is also useful to consider soil-structure interaction (SSI)
precisely. In lumped mass models, a few spring elements are used for the soil-structure interaction even in the seismic response analysis of large-scale structures such as NPP buildings.
However, it is difficult for the existing finite element method (FEM) programs for the RC
structures to deal with large-scale structures and surrounding ground using high-fidelity models
because the number of the degrees of freedom is large. Therefore, applying a high-performance
computing (HPC) technology is indispensable.
In HPC-FEM programs, the conjugate gradient (CG) method [1] is usually used as the fast
solver algorithm that requires the positive-definite stiffness matrix. The CG method cannot be
easily applied to a concrete material, whose strain-stress curve has a negative stiffness representing the fracture in the material. When using the concrete material in HPC-FEM programs,
we need to focus on the combination of implementation of the concrete constitutive relation
model and that of nonlinear analysis method. We have several possible combinations, and the
faster one must be chosen.
Herein, we study the optimization of combination of the implementation of concrete constitutive relation model and that of nonlinear analysis method. A basic performance study is done
using a small-scale RC structure. Finally, we apply the method to the seismic response analysis
of NPP buildings considering the SSI and show the results and its performance.
2

PROBLEM IN DEVELOPMENT

We outline the problem to develop the HPC-FEM for RC structures. We explain the constitutive relation model of the concrete material used herein and its problems from the viewpoint
of the stability of analysis and computational cost.
This study employs the constitutive relation model of the concrete material proposed by
Maekawa et al. [2], and is one of the de-facto standards in Japan. The elasto-plastic fracture
model is used before cracking occurs and the model switch to the cracked concrete model after
cracking occurs, as shown in Figure 1.
This model can be utilized to solve two problems in HPC-FEM. One is the computational
cost of the model itself and the other is the difficulty in assuring that the stiffness matrix is
positive definite.
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Figure 1: Concrete constitutive relation model.

Although it is relatively easy for HPC-FEM to achieve high scalability on computation about
constitutive model in each element, saving the computational cost is still important because the
number of elements or integration points is large. The original model has an inverse matrix
computation that would acquire the elasto-plastic tensor, whose computational cost is high. In
the study by Yamashita et al. [3], the original model was reconstructed to reduce this computational cost. The outline is shown below. Equation (1) presents the method of computing the
elasto-plastic tensor
in the original Maekawa model.
,
(1)
where is the elastic tensor, is elastic strain tensor, is unit tensor, and is the tensor that
associates the elastic strain and plastic strain increments, which is a unique part of this model.
Yamashita derived Equation (2) using the same constitutive relation with Maekawa as follows:
(2)
where is the tensor that associate stain and plastic strain increments. Equation (2) avoids the
inverse matrix computation. An implementation technique is shown in the authors’ work [4].
Another problem in the constitutive model of concrete, which is a difficulty in assuring the
positive-definite of the stiffness matrix, is still remained after reconstructing. We first studied
the method that directly uses the elasto-plastic tensor shown in Equation (2) for calculating the
stiffness matrix. In this method, the stiffness matrix is not assured as positive definite in the
large strain area. However, in the seismic response analysis, the dynamic effect is added to the
stiffness matrix. The dynamic stiffness matrix is derived as
. Hence, a
smaller dt will improve the condition of the stiffness matrix . In the first study, the authors
tried to acquire computational stability by setting a smaller dt.
This method also has a problem, in which the stability and the elapsed time depend on targets.
A decrease in the elapsed time with stability conservation becomes a limitation because of the
large number of time steps. In other words, the method is necessary in which the stability of
computation does not depend on dt. We focus on the method of the nonlinear analysis or the
Newton method. New method uses an elastic tensor to calculate the stiffness matrix. In this
method, the computation stability is expected to be assured even with a larger dt. On the contrary, the estimation of the increment of displacement is supposed to have a larger error introducing the increase in the number of the nonlinear steps. It is needed that the suitable nonlinear
analysis method for the RC structures in HPC is selected by comparing the performances of
existing method and the new one.
The proposed method is explained in the next chapter. The chapter after the next one presents
the method application to the target problem and its performance.
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3

NONLINEAR ANALYSIS METHOD FOR RC STRUCTURES

3.1 Trial method
This section explains the trial method of the nonlinear analysis. In consideration of convenience, we call this method as proposed method in this study.
Unlike the existing method explained in Section 2, the elastic tensor is used in the proposed
method for calculating the stiffness matrix. This method can directly avoid dealing with the
softening behavior that expresses a negative stiffness; hence, the positive definite of the stiffness matrix is assured. In the implementation, we need to ensure that the elastic stiffness is
changed by the strain increase. This method is a kind of modified Newton method ignoring the
change of elastic stiffness. Figure 2 depicts the method outline.

fn-1

fn
using elasto-plastic tensor

Load

Load

fn

fn-1
using elastic tensor

Displacement

Displacement

Newton metod
(existing method)

Modified Newton method
(proposed method)

Figure 2: Outline of the nonlinear method.

3.2 Model for performance check
The cyclic loading test of the RC structure by Habasaki et al. [5] was used as the target. We
constructed a simulation model and tried the response analysis. This target is constructed by
four RC walls as a box structure. The thickness, width, and height of each wall was 75, 1500,
and 1000 mm, respectively. The reinforced bars were 6 mm in diameter (D6), equivalent to
SD345. The steel ratio in the wall was 1.2%. The material parameter in the simulation was set
from the test literature.
Figure 3 exhibits the outline of the simulation model. The loading slab whose thickness was
200 mm was modeled on the walls as a rigid body. Figure 3 also shows the cross-section of the
wall. The groups of reinforced bars were modeled by shell elements. The bottom face was fixed
and the loading condition is set by displacement at the center of loading slab as the boundary
conditions.
Figure 4 depicts an example result. The simulation result was compared with the loading test
which is traced by the literature. Although the accurate estimation of the hysteresis curve
needed additional study, the skeleton was estimated to be accurate enough. This result implied
that this model can express the damage history of the structure. Hence, this simulation model
is suitable for the test model of the performance check of the nonlinear analysis method for the
RC structure.
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Figure 4: Example of the simulation result.

3.3 Performance check
The basic performance study of the nonlinear analysis for the RC structure was tested herein
by comparing the elapsed time and number of analysis steps of the two mentioned methods
above, existing method using the elasto-plastic tensor and proposed method using the elastic
tensor. A monotonic loading simulation, in which the target displacement was 2 mm, was the
target case. Considering the existing method, a dynamic simulation was applied with a loading
time of 10 s. While applying the existing method, we tried three cases in which dt was different
(i.e., dt = 0.1, 0.01, 0.001). The stiffness was fixed at each time step (the model was linearized),
indicating no repeated calculation for convergence. Only dt = 0.01 was tried in the proposed
method. In this method, the limitation of the maximum of the repeated calculation for convergence was five times. The force was carried over to the next step if the residual force was not
converged.
Figure 5 shows the simulation results. In this trial, although a smaller time step improved
stability of simulation, the existing method could not acquire the convergence of the CG method
even in the case of dt = 0.001. On the contrary, the proposed method was stable for this target
case.
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Figure 5: Result of the performance check simulation.

Number of
analytical steps
Elapsed time of solver
per one step
Number of CG steps
per one step

Existing
(dt=0.1)
100
(25)

Existing
(dt=0.01)
1000
(304)

Existing
(dt=0.001)
10000
(3278)

Proposed
(dt=0.01)

0.328 s

0.332 s

0.300 s

0.322 s

898.5

894.5

786.4

800.9

3485

Table 1: Comparison of the performances in each case.
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Figure 6: Number of CG steps at each step.

Table 1 lists the number of analytical steps and averaged elapsed time per one step. The
number of analytical steps means the total number of calculation steps for the Newton method
convergence, which is equal to the number of solver functions called. We also show the number
of calculation steps for the CG method convergence per one step. The results of the existing
method show the supposed number of analytical steps and the number of analytical steps before
calculation stopped in round brackets.
We discuss using case dt = 0.001 as the existing method. Using the proposed method, the
number of analytical steps was decreased by approximately one third in comparison with the
existing method. Considering an increase of the elapsed time per one step, the performance of
the proposed method is still high. By existing method, dt should be set smaller; hence, the difference in performance was larger than the results in Table 1.
Additionally, we compared the change of the number of CG steps depending on the progress
of the loading step. Figure 6 shows the result. The x-axis denotes the loading displacement,
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whereas the y-axis denotes the number of CG steps at each displacement. In the existing method,
the number of CG steps increases at a larger displacement. In contrast, in the proposed method,
the change of the number of CG steps is smaller because the change of stiffness by proposed
method is smaller than that by existing method. In other words, the proposed method is suitable
to the analysis for the RC structures using HPC.
The obtained results imply that the proposed method is a better method for the RC structures
from the view of analytical stability and computation performance.
4

SEISMIC RESPONSE ANALYSIS OF NPP BUILDINGS

4.1 Target building
We tried the seismic response analysis of NPP buildings with a surrounding ground. Figure
7 illustrates the model outline. The surrounding ground size was 600 m × 800 m horizontally
and 200 m vertically. This model was constructed by a real structure; hence, the size is omitted
because of safety. Table 2 lists the computation scale.
The seismic wave was set compatible to the spectrum proposed by Kato et al. [6], whose
duration time of the seismic wave was 22.08 s, boundary condition of the seismic load was set
to the bottom and each side of the surrounding ground, each time step was 0.005 s, and the total
number of time steps was 4,416.
(X,Y,Z)=(-300000,-400000,2600)

600 m

800 m

OS

FHB

200 m

REB

建屋部位略称
OS 外周コンクリート壁
IC 内部コンクリート
CV 原子炉格納容器
REB 原子炉周辺補機棟
FHB 燃料取扱棟
SG 蒸気発生器

X=W（西） Y=S（南）

OS: Outer Shield
CV: Container Vessel

(X,Y,Z)=(300000,400000,-197400)

OS側面
（外部）
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OS側面
（外部）
Y=23370

OS上端（外部）Z=83359
CV上端Z=80722

FHB上端Z=54700
REB北側
上面
Z=36800
IC 1F中央
床面
Z=9600

FHB: Fuel Handling Building
OS側面
（外部）
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X=-23370

OS側面
（外部）
X=23370

IC: Inner Concrete

FHB中段Z=39500
FHB壁上端Z=46800
IC・REB 4F床上面Z=32300

Figure 7: Outline of the model
of the NPP buildings.
IC・REB 3F床上面Z=24000

Node

IC・REB 2F床上面Z=17000
IC・REB 1F床上面Z=10000
地盤上面Z=2600
Element 基礎下面Z=600
DOF

REB側面
CV 側面
405,326 CV側面444,060
基礎上端
（外部）
（中立面）
（中立面）
Y=41700
Y=20022.25
Y=-38200 Y=-20022.25

REB側面
1,472,529

Table 2: Computation scale.
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CV側面
（中立面）
（外部）
X=-31000 X=-20022.25

CV側面
（中立面）
X=20022.25

REB側面
（外部）
X=31200

4.2 Results of the seismic response analysis
The elapsed time of this analysis was approximately 10 h using 64 cores. This is enough fast
for the practical use. The proposed method herein utilized the HPC technique considering the
nonlinearity of the concrete material.
Figure 8 presents the examples of the results. The crack distribution on the outer shield is
shown as well as the shear strain distribution at the same time step. These results imply that we
can analyze the deformation and the damage caused by the deformation with a high resolution.
Figure 9 exhibits the acceleration response and acceleration response spectrum. The target
points are at the same level of the reactor enclosure building. These results show that the response has spatial distribution, which means that the accurate estimation of the seismic response
needs such a high-fidelity model. The linear analysis results are also shown in this figure. The
acceleration response spectrum changes at some frequency in comparison with the nonlinear
analysis results. Considering fine nonlinearity might make the device design more rational.
crack because of
large shear force

damage area

shear strain

Figure 8: Distribution of the crack and shear strain on OS.
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Figure 9: Acceleration and acceleration response spectrum.
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5

CONCLUSIONS

Herein, we developed the nonlinear analysis method suitable for RC structures using HPC.
The performance of the proposed method was checked by the loading test of a small RC structure. We applied the developed method to the seismic response analysis of the NPP buildings
considering the soil-structure interaction. The results showed that the computation performance
is high enough for practical use. We finally discussed the effectiveness of the analysis with a
high-fidelity model.
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Abstract
The study of the hysteretic behavior of reinforced concrete members that undergo static cyclic
and dynamic loading conditions in cases where the loading level is close to their carrying capacity, is a challenging open research subject, which currently is being investigated by many
researchers. The development of an objective and robust 3D constitutive modeling approach
that will be able to account for the accumulated material damage and stiffness deterioration
is of great importance in order to realistically describe the physical failure mechanisms thus
numerically study the seismic performance of RC structures. The adopted concrete material
model in this research work is based on the material model proposed by Markou and Papadrakakis, which was an extension of the Kotsovos and Pavlovic work. Furthermore, the use of
two newly proposed damage factors that are computed through the use of the number of
opening and closing of cracks during the nonlinear cyclic analysis, are further investigated
and their ability in capturing the accumulated material damage in both steel and concrete is
further discussed in this research work.
The numerical accuracy of the proposed method is validated by comparing the numerical results with the experimental data of two beam-column frame joints, a shear wall and a threestorey three-bay RC frame. According to the experimental setups, the RC joint and the shear
wall specimens were tested under ultimate limit state cyclic loading, whereas the RC frame
was tested under dynamic loading conditions. Based on the numerical findings, the proposed
algorithm manages to capture the experimental results in an accurate manner and the numerical response of the understudy algorithmic implementation was found to exhibit computational robustness and efficiency.
Keywords: Nonlinear dynamic analysis, concrete material modeling, finite element method,
damage factor, accumulated material damage
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1

INTRODUCTION

Many numerical constitutive models have been proposed for the simulation of reinforced
concrete (RC) structural members. Most of these approaches are based on uniaxial constitutive laws with strain softening and tension stiffening characteristics. The analysis of RC structural members under ultimate limit state conditions is characterized by heavy nonlinearity,
which is mainly caused by the cracking of concrete and steel rapture. Mainly due to the complex behavior of concrete structures under cyclic and dynamic loading conditions, the numerical procedure becomes unstable causing the nonlinear solution procedure to diverge.
Therefore, a realistic 3D approach that is characterized by simplicity and computational efficiency is an open research subject for Civil Engineering scientific community.
As a solution to this numerical modeling limitation, most researchers use uniaxial constitutive laws that can describe only certain aspects of concrete behavior. Many of these numerical
approaches are based on elastoplasticity theories, thermodynamic laws and fracture mechanics. These models place emphasis on strain softening, tension stiffening characteristics and
generally they foresee for numerous material parameters that describe the post cracking behavior of concrete. By adopting this approach, they introduce properties of concrete that are
related to the triaxial behavior of concrete such as plasticity, concrete crushing and effect of
confinement, but have no actual physical meaning nor interpretation. Additionally, most of
these models are restricted to 2D analysis in order to capture the biaxial behavior of concrete
structures that are subjected to monotonic loading conditions. This makes these numerical material models difficult to handle (lacking in objectivity) and not of practical interest given their
limited applicability. Therefore, the necessity of a 3D constitutive material law that will not
require additional material parameters that are not associated with the behavior of concrete at
a material level is required.
Furthermore, the implementation of the pre-mentioned modeling methods is limited to examples of small practical interest (i.e. single structural members). Thus, it is important to formulate a constitutive model that will represent accurately the realistic mechanical behavior of
concrete and offer the required computational efficiency allowing its implementation in fullscale structure nonlinear dynamic analysis.
The proposed approach described in [1, 2] and further investigated herein, emphasizes on
the objectivity and the applicability of the proposed modeling method under nonlinear static
cyclic and dynamic analysis of RC structures. In this research article, the proposed damage
parameters for concrete and steel reinforcement that are proposed in [2], are further validated
in capturing the accumulated material damage that is developed during cyclic and dynamic
loading conditions, through the use of experimental data found in the international literature.
The numerical accuracy and robustness of the proposed modeling method [2] is investigated
by comparing the numerical results with the experimental data of two beam-column frame
joints, a shear wall and a three-storey three-bay RC frame.
2
2.1

MATERIAL MODELING
Concrete Material Modeling and Damage Factor

The proposed numerical model adopted herein is based on the experimental findings of
Kotsovos and Newman [3], which were derived from tests on specimens subjected to triaxial
loading conditions, through the use of techniques capable of both inducing definable states of
stress in the specimens and measuring reliably the deformational response of concrete [4].
Based on the experiment findings [4], the concrete material loses all of its carrying capacity
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when the criterion of failure is satisfied, thus the adopted material model assumes that the
cracked concrete will behave in a brittle manner. The expression of the strength envelope of
concrete that was used during the nonlinear analysis in this research work is provided in Eq. 1
and it’s based on the Willam and Warkne [5] formulae.
 0u 

2 0c ( 02c   02e ) cos    0c (2 0e   0c ) 4( 02c   02e ) cos 2   5 02e  4 02c 02e
4( 02c   02e ) cos 2   (2 0e   0c ) 2

(1)

The concrete stress-strain relationships are expressed most conveniently by decomposing
each state of strain and stress into hydrostatic and deviatoric components describing a realistic
behavior of concrete under generalized three-dimensional states of stress. The constitutive
relations take the following form:
 0   0( h )   0( d )  ( 0   id ) / (3K s )

(2)

 0   0( d )   0 / (2Gs )

(3)

where Ks and Gs are the secant forms of bulk and shear moduli, respectively. The secant forms
of bulk, shear modulus and σid are expressed as functions of the current state [4] take into account the coupling effect of τ0-ε0(d) (h and d stand for hydrostatic and deviatoric components,
respectively). It must be also noted herein that, the model uses the smeared crack approach for
simulating cracking, therefore, the model simulates the geometrical discontinuity by the assumption of displacement continuity and by modifying the material properties along the crack
plane. This approach avoids the need of remeshing when cracks open and close during the cyclic analysis.
Furthermore, a new criterion of crack closing which was introduced in [1] is used that defines the crack closure in a numerical manner. The criterion has the following form:
 i  a   cr

(4)

where εi is the current strain in the i-direction normal to the crack plane and εcr is the strain
that caused the crack formation. Parameter a is a reduction factor described by Eq. 5.
a  1

 cr  max   cr

 max
 max

(5)

The maximum strain εmax is determined through the iterative Newton-Raphson procedure.
For more details in regards to the closing crack criterion one may refer to [5]. According to
the solution strategy and the material modeling of concrete [2], when the criterion of crackclosure is satisfied at a Gauss Point (assuming that this point had prior to that only one crack
formation), a part of the stiffness is lost along the crack plane at this Gauss Point to account
for the damage accumulation due to the opening and closing of the under study crack. Therefore, the proposed damage factor [2] modifies the constitutive matrix of concrete accordingly
to model the stiffness deterioration. The damage factor is denoted as DC and describes the accumulated energy loss due to the number of times a crack has opened and closed. After a numerical investigation, the proposed damage factor was found to perform in a numerically
optimum manner when it takes the form of Eq. 6:
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(6)

where fcc is the number a crack has closed during the cyclic loading history and it is updated in
every iteration for every Gauss Point.
After the crack closure, the stresses are corrected by using the following expression:

 i   i 1  C΄   i

(7)

where C’ is the modified constitutive matrix of concrete with the damaged material properties
across the direction of the closed cracks. The constitutive matrix takes the following form:
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(8)

where β is the concrete shear retention factor. Additionally, the material deterioration that occurs due to the opening and closing of cracks affects the bonding relation between the steel
reinforcement and the damaged concrete domain that contains them. In order to take into account this loss of bonding, a modification of the steel stress-strain relation of Menegotto-Pinto
[6] was proposed in [2]. Therefore, pinching characteristics that are caused by the loss of
bonding between steel reinforcement and its surrounding concrete medium can be taken into
account indirectly by reducing the stiffness contribution of the steel reinforcement [2]. In order to numerically establish such a connection, the average of all parameters a (Eq. 5) at the 8
Gauss Points within each concrete hexahedral element is computed and used to determine the
overall level of damage of each concrete hexahedron found within the concrete mesh. Eq. 9
gives the expression through which the steel damage factor is computed through the use of the
damage factor a.

Ds  1  aElement 

(9)

where,
ncr

aElement 

a

i

1

ncr

, ncr is the number of cracked Gauss Points

(10)

The material deterioration of the steel reinforcement is computed based on the following
proposed formulae:
Es '  (1  Ds ) Es

(11)

where Es’ is the modified steel modulus of elasticity. As explained in [7], an alternative way
of introducing the pinching effect through the stress-strain law of steel reinforcement, is by
reducing the parameter R of the Menegotto-Pinto [6], which has the following form:
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R  R0 

a1
2  

(12)

where ξ is the strain difference between the current asymptote intersection point and the previous load reversal point with maximum or minimum strain, depending on whether the corresponding steel stress at reversal is positive or negative. R0, a1 and a2 were assumed to be 20,
18.5 and 0.15, respectively, in this study. Therefore, by using the same reduction factor the
parameter R΄ is calculated though the following expression:
R'  (1  DR ) R ,

where DR  Ds

(13)

In this case, the material deterioration is applied when the criterion σs εs < 0 is satisfied
during the nonlinear analysis. This criterion describes the situations when crack closures and
re-openings occur, where the pinching phenomena are present. The modified material model
is shown in Fig. 1 for different damage levels.

Figure 1: Menegotto-Pinto steel model by taking into account the accumulated damage due to opening/closure of
cracks. Different damage levels. [7]

3
3.1

NUMERICAL IMPLEMENTATION
Beam-Column frame joints

Two beam-column joints shown in Fig. 2, were tested by Shiohara and Kusuhara [8] under
static cyclic loading. The uniaxial compressive concrete strength was reported to be equal to fc
= 28.3 MPa and the yielding stress of the steel reinforcement was 456 MPa for the 13 mm in
diameter rebars found in the beam section. The rebars placed within the column section, were
reported to have a 357 MPa yielding stress [8]. The Young modulus of elasticity for the longitudinal reinforcement was reported to be equal to ES = 176 GPa, where 6 mm stirrup reinforcement had a yielding stress of 326 MPa and a Young modulus of elasticity equal to 151
GPa.
The frame joint was subjected to different cyclic loading sets according to the experiment
[8]. The loading history that was numerically applied in this work, is presented in the form of
15 cycles of imposed displacements as shown in Fig. 3 and as it was reported in [8].
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(a)

(c)

(b)

(d)

(e)

Figure 2: Beam-Column joints. Geometry of (a) A1 and (b) A3 specimens, and reinforcement details of the (c)
beam, (d) column and (e) joint section. [8]

Figure 2: Beam-Column joints. Imposed displacement history.

For the modeling requirements, the concrete domain was discretized with 8-noded hexahedral finite elements and the steel reinforcement was discretized with beam-column finite elements. A total number of 128 concrete (23cm x 15cm x 15cm) and 888 steel Natural BeamColumn Flexibility-Based (NBCFB) finite elements were used to discretize the entire frame
joint. Specimen A1 was simulated as an interior beam-column joint, while specimen A3 was
developed to simulate the conditions of an exterior corner joint. The boundary conditions of
the numerical model can be seen in Fig. 4, where the displacements were imposed at the top
section of the column for specimen A1 and at the left edge of the beam for specimen A3 (according to the experimental setup described in [8]). A 216 kN compressive force was applied
at the top section of the column for both specimens. Additionally, 8-noded hexahedral finite
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elements were used at the support and at the sections where displacements are imposed to
simulate the metallic plates, which were placed in order to avoid local failure.
Applied displacement
history

(a)

(b)
Applied axial
force

(c)

(d)

Figure 4: RC beam-column frame joint. Finite element concrete mesh with imposed displacements for specimens
a) A1 and (b) A2. Steel reinforcement mesh and applied axial loads for specimens c) A1 and (d) A2.

The numerically computed force-displacement curves are compared with the corresponding
experimental data in Fig. 5. As can be seen, the numerical results match very well with the
experimental data, where the stiffness and the resulted load-carrying capacity of the specimen
were predicted in an accurate manner. Furthermore, the numerical energy dissipation values
were found to be close to the experimental ones. Fig. 6 also shows the force-displacement
curves and the corresponding hysteretic behavior when the proposed damage factors for concrete and steel reinforcement are being activated and deactivated for the modeling of specimen A1. The numerical results show that the concrete damage factors manage to capture the
stiffness and load-capacity degradation, whereas the pinching characteristics are captured
through the use of the steel material damage factor (see Fig. 6b).
When modeling the A3 specimen, the pinching effect is observed to be smaller than the experimental one. This is probably attributed to the loss of bond, which resulted during the experimental test (Fig. 5) due to the slippage of the steel reinforcement. Nonetheless, the
numerical model manages to capture the hysteretic behavior with an acceptable accuracy.
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Figure 5: Beam-Column frame joint. Comparison between numerical (Left) and experimental results [8] (Right).
Complete force-displacement history for specimens A1 (up) and A3 (down).

(a)

(b)

Figure 6: Beam-Column frame joint. Comparison between numerical results that were obtained by activating
and deactivate the two damage factors for specimen A1. Comparison between numerical results when a) Model
assumes no damage factors and compared to the model that assumes only for the concrete damage factor. b)
Model with concrete damage factor only and compared to the case with both damage factors activated.

Furthermore, as it resulted from the numerical investigation, the hysteretic loops of specimen A3 produce larger hysteretic loops when compared with that of specimen A1, a mechanical behavior that can be easily observed through Figs. 5 and 6. Based on the numerical
findings obtained through the analysis of the two specimens, it can be concluded that the use
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of both damage factor (DC, DS) play an important role in capturing the strength and stiffness
deterioration of the RC specimens.
According to the numerically obtained results, Table 1 was developed to compare the numerically predicted maximum (negative and positive) storey shear forces with the corresponding experimental data. The comparison shows that the discrepancy between the numerical and
the experimental data is lower than 10%.
Specimen
A1
A1
A3
A3

Maximum Storey Shear
Experimental (kN) Numerical (kN)
126.6
127.84
-122.8
-134.12
176.4
171.16
-124.5
-112.98

(+)
(-)
(+)
(-)

Divergence from Experiment
(%)
0.98
-9.21
-2.97
9.25

Table 1: Beam-Column frame joint. Comparison of the maximum storey shear between experimental and numerical results.

3.2

RC Shear wall SW4

The RC shear wall investigated by Pilakoutas and Elnashai [9], was also analyzed by using
the proposed model. The shear wall was denoted as SW4 and it has a rectangular geometry
with a 1.2 m height and a 0.6 m length, where its thickness was reported to be equal to 0.06 m,
as showed in Fig. 7. The material properties and reinforcement details are given in Table 2, as
they were reported in [9].
Concrete
Region
fc (MPa)
Web
Boundary

36.9
36.9

Ec
(MPa)
35240
35240

Horizontal
Reinforcement
ρ
fy (MPa)
(%)
0.39
545
0.79
545

Vertical
Reinforcement
ρ
fy
(%)
(MPa)
0.5
545
6.86
470

Confining
Reinforcement
ρ
fy
(%)
(MPa)
0.43
545

Table 2: Material properties and reinforcement ratios of Shear wall SW4

Figure 7: Geometric and reinforcement details of Shear wall SW4 [9].
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The shear wall was subjected to different cyclic loading sets according to the experimental
setup [9]. The loading history represents extreme conditions experienced during a severe
earthquake and it was modeled as shown in Fig. 8. The concrete domain was discretized with
8-noded hexahedral finite elements and the steel reinforcement was discretized with NBCFB
elements. A total number of 50 concrete (23cm x 15cm x 15cm) and 250 steel embedded rebar elements were used to discretize the entire shear wall as shown in Fig. 9. Additionally,
rigid hexahedral elements were used to simulate the metallic plates near the boundaries in order to avoid local failure (red elements in Fig. 9).

Figure 8: Loading history imposed at the top beam of specimen SW4.

Figure 9: Shear wall SW4. 3D views of the finite element meshes of concrete and embedded rebar elements.

The numerically obtained curves are compared with the corresponding experimental data in
Fig. 10. As can be seen, the numerical results match very well with the experimental data,
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where the stiffness and the load-carrying capacity of the specimen were predicted in an accurate manner (less than 10% deviation from the experimental data). Furthermore, the numerical
energy dissipation of the structure was found to be very close to the experimental one. In addition, the experimental results show a more flexible behavior in terms of structural response
without significant pinching effect characteristics. The same mechanical behavior was captured from the numerical results that also did not indicate for any significant pinching behavior.

Figure 10: Shear Wall SW4. Comparison between numerical and experimental results in terms of the forcedeflection curves.

3.3

Three-storey, Three-bay RC Frame Subjected to High Intensity Ground Motions

A three-storey, three-bay frame was designed, built and tested at the University of California, Berkeley [10] in order to study the collapse behavior of RC frames with light transverse
reinforcement. The geometrical and reinforcement details of the specimen can be depicted in
Fig. 11. The RC frame was subjected to a dynamic loading test. The cylindrical compressive
strength of concrete that was used to construct the RC frame, was equal to fc = 24.6 MPa,
where the yielding stress of the longitudinal steel reinforcement was reported to be equal to fy
= 445 MPa. Additionally, the beam and column ties were 4.8 and 3.2 mm in diameter with a
yielding strength of 558 and 655 MPa, respectively.
Two of the columns, as shown in Fig. 11, have been designed according to ACI 318-08 [11]
and they were referred to as “ductile” columns with a longitudinal reinforcement ratio of ρl =
1.09% and a transverse reinforcement ratio of ρt = 1.1% at the end of the column members.
The other two columns were referred to as “older type” columns, with longitudinal reinforcement ratio equal to ρl = 2.45% and a transverse reinforcement ratio of ρt = 0.15%. Furthermore,
the beam’s transverse reinforcement was also designed according to ACI 318-08 [11], while
beam-column joint failure was not expected based on the design provisions of the frame.
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Each beam span has been loaded with four packets of lead weights (6.67 kN per packet).
The total load (load packets and weight of concrete frame) of the structure produced the
equivalent amount of load in a typical office building. Additionally, the resulting gravity axial
load on the first-storey interior columns was approximately 0.16Agfc, while the axial load of
the exterior loads was approximately of 0.08Agfc (where Ag is the column gross section area).
Therefore, every beam span was considered that it had a uniformly distributed load of 16.67
kN/m, which was the load used to account for the mass contribution within the numerical
model developed for the needs of this numerical investigation. The ground motion record
from the 1985 Chilean earthquake at Valparaiso (Llolleo Station, Component 100) was chosen for this dynamic test. The motion was scaled up 4.06 times from its original acceleration
amplitudes for the dynamic test and it is given in Fig. 12. In addition to that, the ground motion time scale was divided by a factor of 30.5 to satisfy the amplitude requirements [10].

Section of Beams

8 ties @ 32mm
13
ties
equally
spaced
8 ties @ 32mm

10 ties @ 100mm

Longitudinal: 8Φ9.53
Transverse: Φ4.8/89

0.3

Longitudinal: 8Φ6.35
Transverse: Φ4.8/32

Section of columns D, C

Longitudinal: 8Φ9.53
Transverse: Φ3.2/100

Section of columns A, B

Figure 11: Three-storey, three-bay RC frame. Geometrical and reinforcement details. [10]

For the modeling requirements, the concrete mesh foresaw the use of 336 hexahedral elements and 4,554 steel embedded rebar NBCFB elements were used to model the reinforcement of the specimen, as shown in Fig. 13. Furthermore, 108 hexahedral elements are used
(red elements, see Fig. 13) in order to account for the additional mass placed on the structure.
In order to account for the exact applied load through the packets, the red hexahedral elements
where assigned a mass density that would derive the corresponding load after it was multiplied by its volume. Finally, 60 hexahedral elements (blue elements, see Fig. 13) were used
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for the support of the columns so as to simulate the boundary conditions of the specimen and
to avoid any local failure at the area where the accelerogram was applied.

Figure 12: Three-storey, three-bay RC frame. Acceleration history used during the experiment [10].

(a)

(b)

Figure 13: Three-storey, three-bay RC frame. 3D view of the finite element mesh of the (a) 8-noded hexahedral
and (b) embedded rebar elements.

The natural periods for the first three modes were compared with the corresponding experimental ones and given herein in Table 3. The comparison shows that the natural periods that
derived from the numerical model, were very close to the experimental ones, where the average computed error was equal to 8.7%.

First

Experimental period
T (s)
0.30

Numerical period
T (s)
0.30

Divergence from experimental (%)
0

Second

0.10

0.09

10

Third

0.069

0.08

15.94

Average

8.65

Mode

Table 3: Three-storey, three-bay RC frame. Comparison between the numerically and the experimentally derived
natural periods.
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a)

b)

c)

Figure 14: Three-storey, three-bay RC frame. Comparison between the numerical and experimental results of
base shear-fist storey drift curves when using damping ratio equal to (a) 5%, (b) 7% and (c) 9%.

Fig. 14 shows the force-displacement curves comparison between the numerical and experimental data. For the needs of this numerical investigation, three different damping ratios
were examined (9%, 7% and 5% damping). Based on the analysis of the computed curves, it
was found that the two numerical models that adopt damping ratios equal to 7% and 9% produce more accurate results in comparison to the model with a 5% damping ratio. It is also
easy to observe that the proposed modeling method manages to capture the overall dynamic
response of the specimen, maintaining a good accuracy when compared with the experimental
curves. It important to note at this point that, during the experiment, there was a steel frame
that was post-tensioned to the shake table on each side of the concrete frame to restrain the
out-of-plain movements. This frame could have had an impact on the stiffness of the specimen and on the damping mechanisms that were developed. This effect was not accounted for
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during the numerical results and can explain the differences between the curves given in Fig.
14.
The required Newton-Raphson internal iterations per displacement increment are shown in
Fig. 15 for the case where the damping ratio was set to 9% (similar results derived when the
use of 5% and 7% damping ratios is adopted). It can be easily seen that all the displacement
increments require a minimal number of iterations to achieve convergence, regardless the degree of nonlinear behavior of the model. As it can be seen, the required internal iterations per
dynamic step during the solution procedure were limited to 1 to 2, underlining the numerical
stability of the proposed modeling method [2]. The computational time for the nonlinear solution procedure is given in Table 4, which refers to the solution of 12,125 dynamic time increments. The total required time for solving the nonlinear dynamic problem was 658.5s with an
average error of 1.1x10-5. It is important to note herein that, the CPU used to perform all the
analyses in this study had a 3.7 GHz computing power.

Figure 15: Three-storey, three-bay RC frame. Number of internal iterations per dynamic step increment.
Task

CPU Time
(s)

Embedded rebar element mesh generation

0.24

Nonlinear incremental-iterative solution

658.22

Total Time

658.46

Table 4: Three-storey, three-bay RC frame. CPU time for different tasks of the nonlinear analysis.

4

CONCLUSIONS

In this research paper, a proposed 3D constitutive modeling approach is used for the analysis of RC structures that are subjected to limit states static cyclic and dynamic loading conditions. The concrete material constitutive model was found to describe a realistic behavior of
concrete under generalized 3D states of stress. Based on the adopted modeling method of
concrete, the cracking phenomenon was modeled through the smeared crack approach. The
introduction of two damage parameters for concrete and steel reinforcement materials in order
to take into account the accumulated damage during the nonlinear analysis was found to pro-
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vide the analysis with objectivity and numerical accuracy when dealing with extreme nonlinearities.
Furthermore, the proposed numerical model managed to capture the mechanical behavior
of two RC beam-column frame joints, a shear wall and a three-storey three-bay RC frame that
was tested under extreme dynamic loading conditions. This validation study is an extension
on the research work presented in [2] that reported similar findings.
Based on the numerical findings of the research work presented herein, for the case of the
RC beam-column joints, the damage parameter for steel reinforcement was found to be able to
take into account for the loss of bonding within the damaged concrete areas, where it manages
to partially capture the pinching characteristics observed within the experimental hysteretic
curves. For extreme pinching modeling through the use of the proposed modeling approach,
one may refer to [7].
Finally, the thee-storey RC frame specimen was modeled for both modal and nonlinear dynamic analysis. According to the parametric investigation, the first three natural modes were
captured with an overall deviation from the experimental data equal to 8.7%, a finding that
highlights the ability of the developed algorithm in capturing the modes of a real structural
system. Finally, the dynamic analysis of the RC frame that was designed to exhibit a brittle
behavior was performed successfully through the use of different damping rations. The ability
of the proposed modeling method in capturing the nonlinear dynamic response of the RC
frame through the use of the exact material properties (as they were reported within the report
[10]) demonstrates its computational superiority, indicating that it is a powerful tool when it
comes to the modeling of RC structures.
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Abstract
The development of sustainable concretes is becoming an emerging issue in civil construction
sector. The use of recycled aggregates is one way to fulfill sustainability goals in concrete
industry, and among others, Electric Arc Furnace (EAF) slag aggregates has been proven to
be promising. Past research demonstrated a significant increase of mechanical properties of
EAF concretes when compared with ones made with natural aggregates (NA); however, at the
same time, their use implies also an increase of self-weight loads. The present study aims
therefore to investigate the seismic reliability of reinforced concrete frame buildings made with
EAF, and compare it with the same structural configurations built with NA mixes, in order to
show how the change in mechanical properties and self-weight can impact the seismic response
of the analyzed case-studies.

Keywords: EAF slag, reinforced concrete moment frames, seismic fragility, seismic reliability.
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1

INTRODUCTION

Construction waste reduction is one of the main goals construction industry has to face in
the upcoming years [1]. Recycling and reuse are seen as the main policies for waste reduction
disposal and a lot of studies and research has been done on achieving this objective. Recycled
Aggregates (RAs) production is one of the main uses of Construction and Demolition Waste
(C&DW) and their use is allowed in most countries around the world [3-5]. Among RAs from
C&DW, recently, other kind of waste, mostly originating from industrial processes, have been
object of research to evaluate their possible use to produce RAs or so-called industrial
aggregates. Only in Europe, nearly 2.7 billion tonnes of natural aggregates are consumed each
year [2]. Previous research has shown that among all industrial waste or by-products, those
coming from steelmaking industry, particularly electric arc furnace (EAF) slag, offer the best
performance when used in structural concrete. Particularly has been observed that EAF slag use
enhances both mechanical strength [6-10] (i.e compressive strength, tensile strength and elastic
properties) and durability [11-13] of concrete mixtures when compared to ordinary ones.
Another difference worth highlighting is heavy-weight metals presence in the EAF slag
composition which gives EAF concrete mixtures a higher specific weight with respect to NA
mixtures. [14-15] have demonstrated that reinforced concrete (RC) elements with EAF slag
aggregates manifest better flexural and shear capacity with respect to ordinary RC when tested
to monotonic loading under four-point bending. Columns under uniaxial compression has
shown a similar ductility to that of NA mixtures [17] while a higher shear strength of exterior
beam-column joint is observed [18]. Experiments of EAF concrete joints under cyclic loading
have shown a gain with respect to NA ones in terms of ductility, dissipated energy and reduced
cracking patter. The same results were obtained even for a joint made with a minor cement
amount [18]. Bond properties, between reinforcement and concrete, are also improved when
using EAF slag aggregates [16]. Other beam-column joint conditions (i.e strong beam – weak
column and strong column – weak beam situations) have been numerically investigated [19].
EAF concrete has found different applications, especially in gravity structures that require
shielding from radiations where its high specific weight and high strength can be better
exploited [20]. However, no studies have been made to investigate the efficacy of EAF slag
concrete when applied in elevation RC structures, particularly, in seismic regions where an
important change of the building mass can lead to a variation of the vibration modes and
fundamental periods, impacting so the seismic loads acting in the structure elements.
Therefore, the present study aims to investigate this topic, analyzing the seismic response of
code conforming RC frame buildings designed with ordinary NA concretes then replaced with
three different EAF concrete classes characterized by different aggregates replacement ratios.
For the mechanical properties’ definition of EAF concrete mixtures a dataset of experimental
tests based on two previous research works of some of the authors [21-22] is used. Mean
mechanical properties, ratios of variation and self-weight were extracted via statistical
processing for three EAF concrete classes (C1, C2, A) with respect to a benchmark mixture
realized with NAs. For the purpose, three RC frame structures with three, six and nine stories
were designed according to the current Italian Code for Constructions [5] for a medium-to-high
seismic hazard site. From these an overall of 12 models resulting from the combinations of 3
structural configurations and 4 concrete mixes, were created. Fragility functions were then
computed from the seismic responses of the analyzed configurations under a set of non-linear
time history analysis (NLTHAs) and a seismic reliability assessment was carried out for all 12
combinations, investigating the variation of structural safety margins related to the use EAF
concrete mixtures in replacement to a conventional NA concrete.

4080

M. A. Zanini, F. Faleschini and K. Toska

2

EAF SLAG AND ITS USE AS AGGREGATE IN STRUCTURAL CONCRETE

EAF slag properties depend on several factors, such as the type of steel to be produced, scrap
composition, slag cooling method and speed, and further weathering process. Its composition
includes mainly iron, calcium, silicon and aluminum oxides [23]. Usually, before the raw
product is ready to be used as a recycled aggregate, it must pass through a weathering protocol
[23] to reduce the volumetric instability of the matrix. The main properties of the slag for two
size fractions compared, with a dolomitic aggregate, are reported in Table 1.

EAF slag 0-4 mm
EAF slag 4-16 mm
NA 0-4 mm
NA 4-16 mm

Apparent density
(kg/m3)
3800
3950
2760
2790

Water
absorption (%)
1.0 – 1.5
<1.0
1.0 1.5
<0.5

Porosity
(%)
2.0
0.5 – 2-7
< 2.0
0.9 – 1.8

shape
Crushed
Crushed
Roundish
Roundish

Table 1: Physical properties of EAF slag compared to dolomitic aggregate (NA).

The properties of the concrete matrix with EAF slag aggregates depends on type and amount
of substitution. Generally coarse aggregates improve mechanical properties, while fine fraction
affect is minor [12]. Workability of EAF concrete is highly reduced by high porosity and the
crushed shape that characterizes the slag. Another important variation is observed on the
specific weight of EAF concrete. Compared to a conventional NA concrete, the use of EAF
slag can increase the specific weight of the matrix up to 15-20%. While gain in mechanical
properties depends on slag type and fraction size, it seems that specific weight increase is almost
constant and is not affected by these factors. Elastic modulus is also improved when using EAF
slag. This is mainly because concrete elastic modulus depends mainly on the aggregates elastic
modulus. The overall property improvements are also due to the interfacial transition zone
between EAF aggregate and cementitious matrix. If a bad quality cementitious matrix or a high
water/cement ratio is employed property enhancements are less important.
3

RC FRAME CODE-CONFORMING ANALYZED CASE STUDIES

To analyze the seismic response of different buildings built with EAF concrete three moment
frame RC structures with 3-, 6-, and 9- stories were considered. The structures are characterized
by a rectangular shape with five spans in the longitudinal direction and three in the transversal
one. Span length is equal to 5 m in both directions.
The structures were designed in accordance with the Italian Building Code [5] considering
a moderate-to-high seismic hazard site (Municipality of Pordenone, Northeast Italy) and a low
ductility class (Class B). Seismic actions were computed from a dynamic linear analysis while
beams and columns were designed accordingly using a C25/30 conventional concrete class.
4

THEORETICAL BACKGROUND ON SEISMIC RELIABILITY ANALYSIS

The occurrence of main shock events at a given site is assumed to be a Homogenous Poisson
Process for the Performance-Based Earthquake Engineering (PBEE) framework [24]. So, the
process of events causing structural failure is also a HPP and its unique parameter, failure rate
𝜆𝑓 , can be used for computing the failure probability at any time. The failure rate depends on
the seismicity of the site (hazard curve 𝜆𝑖𝑚 ) and on the structural behavior (fragility curve
𝑃[𝑓|𝑖𝑚] ) [25-29]. 𝜆𝑓 is computed by applying the Total Probability Theorem as:
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𝜆𝑓 = ∫𝑖𝑚 𝑃[𝑓|𝑖𝑚] ⋅ |𝑑𝜆𝑖𝑚 |
a)

b)

(1)
c)

Figure 2: RC frame layouts analyzed: 3- (a), 6- (b) and 9-story (c) building archetypes.

4.1 Seismic hazard estimation
The so-called Probabilistic Seismic Hazard Analysis [30-31], for the computation of 𝜆𝑖𝑚
associates to each 𝑖𝑚 value, the annual rate of events that exceed it at a given site. The
seismicity of a given area di defined by three main components: the earthquake occurrence
model, the spatial seismogenic model and the attenuation model. |𝑑𝜆im | represents the mean
number of events per year with an intesity of exactly 𝑖𝑚 and is obtained as:
|𝑑𝜆im | = −

𝑑𝜆im
𝑑(𝑖𝑚)

𝑑(𝑖𝑚)

(2)

On the other hand, 𝜆𝑖𝑚 is obtained via the following PSHA integral:
𝑛

𝑚

𝑟

𝑆𝑍
𝜆𝑖𝑚 = ∑𝑖=1
𝜈𝑚𝑚𝑖𝑛,𝑖 ∫𝑚 𝑚𝑎𝑥,𝑖 ∫𝑟 𝑚𝑎𝑥,𝑖 𝑃[𝐼𝑀 > 𝑖𝑚|𝑚, 𝑟]𝑓𝑀𝑖 (𝑚)𝑓𝑅𝑖 (𝑟) 𝑑𝑚 𝑑𝑟
𝑚𝑖𝑛,𝑖

𝑚𝑖𝑛,𝑖

(3)

where 𝜈𝑚𝑚𝑖𝑛,𝑖 is the rate of occurrence of earthquakes greater than a suitable minimum
magnitude 𝑚𝑚𝑖𝑛,𝑖 of the ith seismogenic zone (SZ), 𝑓𝑀𝑖 (𝑚) is the magnitude distribution for the
ith SZ and 𝑓𝑅𝑖 (𝑟) is the distribution of the source ith-to-site distance. Given a combination of
magnitude m and distance r, 𝑃[𝐼𝑀 > 𝑖𝑚|𝑚, 𝑟] is the probability to exceed 𝑖𝑚. The seismic
hazard map for Italy is provided by the National Institute of Geology and Volcanology (INGV)
[32]. To compute the failure rate a continuous hazard function is needed. Since INGV provides
hazard data (values of the 16th, 50th and 84th percentile) only for nine return times, it is possible
to fit the median values (i.e., the 50th percentile) with a quadratic function in the logarithmic
space as:
𝜆(𝑠) = 𝑘0 𝑒 (−𝑘1 ln(𝑠)−𝑘2 𝑙𝑛

2 (𝑠))

(4)

In assessing seismic reliability, instead of the median hazard curve, it is more suitable to refer
to the mean one which is possible to derive with the following equation:
1 2
𝜆̅(𝑠) = 𝜆(𝑠) 𝑒 (2𝛽𝐻)
(5)
where 𝛽𝐻 can be estimated as:
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𝛽𝐻 =

ln(𝑆84% )−ln(𝑆16% )

(6)

2

4.2 Seismic fragility analysis
The fragility function (𝑃[𝑓|𝑖𝑚]) represents the probability to reach and exceed a certain
damage state given a specific intensity 𝑖𝑚. Several frameworks for fragility function estimation
exits in literature, the most popular ones are the Incremental Dynamic analysis [33], the Cloud
Analysis [34] and the Multi-Stripes Analysis [35].
In this work the Cloud Analysis method is adopted. The fragility parameters are estimated
starting from a set of n natural ground motion records. The fragility function is computed as
follows:
[𝑓|𝑖𝑚] = 𝑃[𝐸𝐷𝑃 > ̅̅̅̅̅
𝑒𝑑𝑝|𝑖𝑚] = 1 − Φ [
𝑒𝑑𝑝|𝑖𝑚] = 1 − 𝑃[𝐸𝐷𝑃 ≤ ̅̅̅̅̅

̅̅̅̅̅̅)−𝑙𝑛(𝑒𝑑𝑝)
𝑙𝑛(𝑒𝑑𝑝
]
𝛽

(7)

̅̅̅̅̅ is the median threshold value of the assumed structural limit state, and 𝑒𝑑𝑝 represents
𝑒𝑑𝑝
the median estimate of the demand that can be computed with a ln-linear regression model, as:
𝑙𝑛(𝑒𝑑𝑝) = 𝑎 + 𝑏 ∙ 𝑙𝑛(𝑖𝑚)

(8)

𝛽 is the standard deviation of the demand conditioned on 𝑖𝑚 and can be estimated from the
regression of the seismic demands as:
𝛽𝐻 =
5

ln(𝑆84% )−ln(𝑆16% )

(9)

2

SEISMIC RELIABILITY ASSESSENT OF THE ANALYZED EAF RC FRAME
ARCHETYPES

NLTHAs were carried out with SeismoStruct software [36]. A diffused plasticity model,
using a fiber section discretization, was adopted to consider material non-linearities.
Unconfined and confined concrete was modeled via the Mander et al. [37] model whereas the
Menegotto-Pinto [38] steel model was used for the non-linear behavior of rebars. EAF concrete
characteristics are computed using the ratio coefficients in Table 2 and the reference concrete
material (C25/30) characteristics.
ρc,EAF / ρc,Ref
fc,EAF / fc,Ref
fct,EAF / fct,Ref
Ec,EAF / Ec,Ref

Class EAF-C1
1.166
1.395
1.280
1.330

Class EAF-C2
1.166
1.404
1.100
1.100

Class EAF-A
1.154
0.915
1.080
1.040

Table 2: Ratios between EAF and Reference concrete properties.

Fragility analysis is computed from a set of point data representing the Intensity Measure
(IM) of a given seismic event and the corresponding non-linear response parameter (i.e
Engineering Demand Parameter (EDP)). Since the Performance Based Earthquake Engineering
was introduced, many researchers have tried to study IM and EDP parameters that best describe
structure response under seismic excitation [39-41]. In the present paper, the chosen EDP
parameter is the maximum interstory drift ratio (IDR) while the peak ground acceleration
(PGA) is used as IM. In addition, four damage states: Slight, Moderate, Extensive and
Complete, with corresponding EPD threshold of 0.4%, 0.8%, 1.5% and 3%, were defined.
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Threshold values result similar to those proposed for ductile RC moment frame structures by
[39] and were defined from non-linear static analysis. For the mid-rise and high-rise buildings,
a reduction factor of respectively 2/3 and 1/2 as proposed by [42] was considered to account
for higher mode effects and differences between average computed in a non-linear static
analysis and maximum individual IDR from NLTHAs.

Figure 3: Selected seismic records: X- , Y- and Z- direction.

6

RESULTS AND DISCUSSION

For the NLTHAs a set of 30 natural unscaled ground motion records were adopted. In the
seismic simulation all three components of the seismic wave, which spectral response is shown
in figure 3, were considered. The structural response was then evaluated with respect to the four
DSs previously defined, varying from Slight to Complete. Fragility functions were computed
for each of the 12 cases, resulting from different geometrical and material combinations, using
the Cloud Method described in Section 4.2.
Fragility curves for Slight, Moderate, Extensive and Complete damage are shown in Figure
4 in green, yellow, orange and red color respectively. Additionally, solid lines were used for
frames realized with the reference concrete; instead, dotted, dashed and dash-dot lines were
used for EAF-C1, EAF-C2 and EAF-A concretes, respectively.

Figure 4: Slight, Moderate, Extensive and Complete DS fragility curves for 3- (a), 6- (b) and 9- (c) story RC
frame archetypes (Solid - reference material (C25/30); Dotted - EAF-C1; Dashed - EAF-C2; Dash-dot – EAFA).
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A comparison of the seismic performance of structures built with the reference concrete and
EAF concrete is given in Figure 4. It can be noted that the overall performance of EAF concrete
structures is close to the performance of the reference material one. The 6- story model has
shown almost the same response for all considered materials, proven by the overlapping
fragility curves, while the 3- and 9- story curves tend to vary more when considering different
materials. Comparing the fragility curves for the different geometrical configurations
considered, is noted that 3- and 6- story buildings fragilities result similar for all DSs
considered, while the 9 story building results more vulnerable under seismic solicitation with
respect to the low- and mid-rise buildings.
Mean failure rates were also computed for all building frames (Table 3). When compared to
the reference material the EAF concrete buildings report similar mean failure rate values. This
confirms that in terms of safety margins with respect to seismic actions, buildings designed
with ordinary concrete but built with EAF aggregates are exposed to almost the same risk as
those realized with NAs ones. This highlights that NAs replacement with EAF aggregates, in
the same structural system, has a small impact in terms of seismic reliability levels achieved. It
is also observed that the mean failure rate for the 9-story building is almost twice the ones
computed for the 3- and 6- story archetypes. This great difference may be affected by the
reduced damage states EDP threshold adopted for the 9- story by considering it a high-rise
building but it also points out that current code recommendations does not guarantee building
design characterized by the same level of seismic reliability but often some differences can be
observed, especially when comparing different rise buildings.
The construction of the three hypothesized models would require more than 2000 m3 of
concrete. In terms of environmental benefits, considering about 1700kg of NA/m3 in a mix
design for a reference concrete, nearly 3400 tons of NA could be saved if natural material would
be fully replaced with EAF slag.
DS
Slight

Moderate

Extensive

Complete

Story
369369369369-

C25/30
4.31E-03
4.97E-03
1.08E-02
8.98E-04
9.93E-04
2.46E-03
1.80E-04
1.89E-04
5.27E-04
2.43E-05
2.36E-05
7.71E-05

C1-EAF
4.28E-03
4.91E-03
1.02E-02
9.23E-04
9.77E-04
2.39E-03
1.93E-04
1.85E-04
5.30E-04
2.76E-05
2.31E-05
8.13E-05

C2-EAF
4.37E-03
5.05E-03
1.12E-02
9.23E-04
1.01E-03
2.61E-03
1.88E-04
1.94E-04
5.78E-04
2.58E-05
2.45E-05
8.80E-05

A-EAF
4.22E-03
4.94E-03
1.08E-02
8.27E-04
9.76E-04
2.34E-03
1.55E-04
1.83E-04
4.80E-04
1.90E-05
2.26E-05
6.58E-05

Table 3: Comparison between mean failure rates derived for 3-, 6- and 9-story RC frame archetypes.

7

CONCLUSIONS

The main goal of this paper was to investigate the seismic performance of different code
conforming RC-frame archetypes (3-, 6- and 9- stories) built with different substitution rates of
NAs with EAF slag. The impact of EAG slag in weight and stiffness variation can change the
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eigen values of the structure, therefore, seismic loads and global response of the building. A
seismic reliability assessment was carried out and mean failure rates were computed for each
combination of geometrical configuration and concrete type considered starting from the
fragility functions derived with the cloud analysis for four DSs. Based on the results of the
present study the following conclusions can be highlighted:


Using materials that were proved to have higher mechanical strength than the reference
one, might not improve the global seismic behavior of the structure.



The seismic reliability analysis demonstrates that when replacing NAs of ordinary
concrete with EAF ones the seismic safety levels achieved are comparable ti those of the
same structural configuration built with ordinary concrete.



For the low- and mid- rise buildings considered (3- and 6- stories) results showed a
similar mean failure rate, while a significant variation was observed for the high-rise case
(9- story). This marks out how current building codes may non ensure the same seismic
reliability level for higher structures as for low- and mid- rise ones.
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Abstract
In consideration of the increased community expectations towards the reduction of postearthquake damage to non-structural elements, even for strong seismic events, and in the context of performance-based design, this paper focuses on the experimental investigation of the
seismic behavior of fasteners and practical implementation to improve their performance.
In the last decade several laboratory tests have been carried out to better understand the
seismic behavior of anchors and a new concept of low-damage solution has been proposed.
This earthquake-resistant fastener, referred to as EQ-Rod, relies upon the use of supplemental damping to reduce the acceleration demand and consequently the force applied to the
non-structural component placed on the floors of multi-storey reinforced concrete buildings.
Building on this original research, the paper presents a second experimental campaign carried out at the Structural Laboratory of the University of Rome “La Sapienza” to extend the
investigation and propose solutions to a larger variety of fastening systems (expansion and
chemical anchors) and focusing on the behavior in both un-cracked and cracked concrete.
A comprehensive set of uniaxial shaking table tests have been performed using a specific apparatus and considering a test matrix with spectra compatible accelerograms.
The experimental tests provided satisfactory confirmation of the beneficial effects of the concept of dissipative anchor rod to seismically protect the non-structural components and suggestions are provided to further improve the system.

Keywords: Non-structural system, Post-installed fastener, Earthquake-Resistant Rod, Shake
table tests, Seismic Performance.
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1

INTRODUCTION

Non-structural components are typically connected to reinforced concrete buildings using
post-installed fasteners, which are usually preferred by designers for their flexibility, easy
handling and large field of possible applications compared to cast-in-place anchors.
In the research field, the study of the seismic behaviour of this type of anchors is spreading,
with the aim of better understanding through experimental and numerical investigations both
the seismic performance of anchors and the effect onto the attached non-structural system.
Following the higher community expectations towards the reduction of post-earthquake damage, economic losses and downtime, mainly due to non-structural systems, the study and improvement of the seismic behavior of post-installed anchors/fasteners is becoming
fundamental.
Over the past few decades, large amount of work has been carried out to study the behaviour of different types of individual or groups of post-installed anchors, subjected to quasistatic and dynamic forces or displacement-controlled loading protocols, either in uncracked or
cracked concrete [1, 2, 3, 4, 5]. In recent years, the dynamic behaviour of post-installed fasteners has been also investigated through shake table tests, including tests performed using triaxial shake table excitations [6], or uniaxial shaking table tests on anchors installed in regions
where cracking of the structure is expected due to the seismically induced demands [7].
In the current context of performance-based seismic design and with the aim of improving
fastening techniques, a comprehensive experimental and numerical campaign has been carried
out at the University of Canterbury to develop a new generation of post-installed fasteners referred to as EQ-Rod, able to reduce the damage onto the non-structural component under severe seismic events [8]. This type of fastener relies upon the use of supplemental damping,
either viscous and/or hysteretic, added in series or in parallel to a traditional fastener to reduce
the acceleration demand and consequently the force applied to the non-structural component
and represents a first generation of low-damage system for this type of component (Figure 1).

Figure 1: Shake-table test details on traditional and EQ-Rod fasteners (left and top-right) and configurations
adopted for the supplemental damping devices (bottom-right) [8, 9].

Building on this original research, the paper presents the findings of a second experimental
campaign carried out at the Structural Laboratory of the University of Rome “La Sapienza”
with the aim of extending the previous investigation and propose solutions to a larger variety
of fastening systems (traditional and low-damage expansion and chemical anchors), focusing
on the behavior in both un-cracked and cracked concrete.
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2

INNOVATIVE EARTHQUAKE-RESISTANT FASTENERS

Fasteners can be grouped in function of the way they transfer tension loads to the anchorage material [10]. Load-transfer mechanisms are typically identified as: 1) mechanical interlock, where the load is transferred by bearing the fastener onto the anchorage material; 2)
friction, due to fasteners that have a geometry that generates an expansion force, which in turn
produces a friction force between the anchor and the sides of the drilled hole; 3) bond, where
the tension load is transferred to the anchorage material by a chemical interlock.
During an earthquake, a fastener may be subjected to tension, shear, combined tensionshear, and combined shear and bending cycling loading [10]. Referring to a non-structural
component anchored to a reinforced concrete structure using a fastener, during the seismic
motion the anchor loads develop due to the inertial response of the non-structural element to
the acceleration of the building floor to which it is attached.
The seismic behaviour of the acceleration-sensitive non-structural component is typically
described by floor acceleration response spectra, which provide the maximum associated acceleration as a function of the fundamental period of vibration of the element. The response
spectra depend on the system viscous damping (non-structural component + connections),
therefore by increasing the value of the damping the demands on the non-structural component can be reduced. Taking into account this concept and in order to achieve a significant
reduction of the seismic demand and increase in performance, the idea of adding supplemental damping to the fasteners started to develop and a first innovative damage-resistant fastener was developed [8, 9], the so-called EQ-Rod fastener. An external supplemental damper
is added to a traditional anchor, increasing the system damping, and this results in reducing
the amplitude of the spectral response and the acceleration on the non-structural element under a given ground motion (Figure 2).

Figure 2: Effect of supplemental damping on fasteners in reducing the seismic demands of the attached nonstructural component (modified after [8]).

3

RESEARCH MOTIVATION

Following on the first initial yet comprehensive experimental campaign on the EQ-Rod solution for post-installed fasteners, further investigations are needed to explore the beneficial

4092

Jonathan Ciurlanti, Simona Bianchi and Stefano Pampanin

effects of the concept of dissipative anchor rod to seismically protect the non-structural components for a greater variety of fastening systems (expansion and chemical anchors) in both
un-cracked and cracked concrete.
The shaking table tests carried in 2008 at the University of Canterbury focused on the response of expansion fasteners in uncracked concrete. As a follow-up it was considered important to extend the application of the low-damage solution to other types of anchors and
system conditions. In fact, fasteners can be located in a crack that either forms during an
earthquake or has formed at some prior time and the crack width can typically change over
the duration of an earthquake, therefore investigations are also needed to apply the lowdamage strategy in cracked concrete.
In such a context, a new low-damage prototype (EQ-Rod 2.0) has been proposed and a
new Research and Development project has been carried out between the University of Rome
“La Sapienza” (Research Leader), the University of Natural Resources and Life Sciences (Vienna, Austria), and Fischer (Fischerwerke Artur Fischer GmbH & Co. KG).
The paper describes the shaking table test setup, the testing protocol and the key results
and findings of the experimental investigation carried out at Sapienza University
4

EXPERIMENTAL CAMPAIGN

Uniaxial shake table tests have been carried out at the Structural Engineering Laboratory of
the University of Rome “La Sapienza” through a specific testing protocol capable of simulating the dynamic response of fasteners under seismic actions.
The experimental campaign involved different phases: 1) preparation of the ad-hoc test
setup and monitoring system; 2) preliminary tests on different types of anchors to confirm the
correct functioning of the whole testing apparatus, including fastener installation, loading protocol, control and acquisition system, post-processing of the results; 3) finally, further and
comprehensive experimental tests have been performed according to a detailed test matrix on
cracked and uncracked blocks.
Six different types of M12 anchors – i.e. two categories, expansion (FAZ II) and chemical
(Superbond) anchors, in three configurations, traditional, EQ-Rod 2.0, traditional with mortar
filling - have been tested under real recorded earthquake ground motions, through shear loads
to the anchors, to investigate the anchor behaviour as well as the accelerations and displacements transferred to the attached non-structural component.
4.1

Test setup

The experimental Single-Degree of Freedom (SDOF) test setup comprises of three main
parts: a concrete block representing the floor slab; a driving mass representing the attached
non-structural element (NSE); the anchorage system. The shake table reproduces the selected
input motion transmitted to the floor concrete block where the anchor rod is installed and
connected through a lever arm to the driving mass, that is excited (Figure 3).
The 1.5m x 1.5m shake-table at the University of Rome “La Sapienza” is a uni-axial earthquake ground motion simulator (MOOG n. L081-324-011), consisting of guiding rails designed for a maximum stroke (travel) of ± 200 mm and a maximum payload capacity of 2 tons.
The concrete floor slab on which the anchor is installed is represented by a cracked or
uncracked concrete block (80x80x30 cm, fck=20 MPa) rigidly attached to the shake table. Lateral sliding is prevented by steel angles fixed on the shake table in both directions.
A driving mass of 1046 kg, made by assembling steel plates, represents the non-structural
mass attached to the anchor rod. The mass is located on low-friction linear rail guides (LLT of
the SKF Group), fixed on an exterior steel frame, to allow the movement along the shaking
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direction. These guides have precision-ground raceways and a carriage with four rows of balls
in an X-arrangement, the dynamic coefficient of friction of the whole system is approximately
µd=0.5% while the maximum acceleration guaranteed is 75 m/s2.
A steel lever-arm connects the driving mass to the anchor and consists of L profiles of
S355 steel seated to a steel plate where the load cell ends. The rigid lever arm spreads the inertia force from the driving mass to the fastener and the inertia force acts in the center of the
attached element, therefore the vertical displacement of the anchor is not influenced by additional push and pull forces.
Finally, a steel plate with two different holes is located on the concrete block to install the
fasteners. A larger hole, with a diameter of 24mm, is adopted for the EQ-Rod solutions, while
the smaller one, with a diameter of 14mm, is adopted for the traditional anchors.

Figure 3: Details of shake-table test setup.

4.2

Test instrumentation

The load transferring to the anchor rod is measured by a load cell, with a maximum capacity of 200kN (tension and compression), installed between the driving mass and the steel lever-arm.
Three accelerometers attached to the driving mass, the concrete block and the shake table
are used to monitor the system acceleration. The shake table acceleration is measured to compare the input record and the output signal of the table. The acceleration of the concrete block
is needed to check that the connection between concrete block and shake table is effectively
“rigid”. The acceleration of the driving mass provides information on the effect of the fastener
in the transfer of acceleration to the non-structural component.
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Three LVDT transducers are used to measure the relative displacement between driving
mass and concrete block. In particular, the vertical displacement of the anchor rod is monitored and the horizontal displacement of both the fastener and the steel plate is measured; the
difference between these horizontal displacements provides information on the gap between
steel plate and fastener.
4.3

Input motions

Different types of input signals have been considered for the experimental test campaign.
Initially, sinusoidal inputs, either acceleration history with constant frequency and varying the
amplitude (from 0.05 g to 0.5 g) or sweep signals with amplitude of 0.15g and 0.3g, a frequency range of 1-5Hz and a time-period of 10s, were considered to study the dynamic behaviour of the fasteners. Finally, the experimental tests were carried out using time-history
earthquake inputs, selecting three Far Field and two Near Fault ground motions, properly
scaled. The characteristics of the selected records can be found in Table 1, while the acceleration spectra of each record are shown in Figure 4.
Input name
Cape Mendocino
Landers
Friuli
Kobe
Christchurch

Year
1992
1992
1976
1995
2011

Mw
7
7.3
6
6.8
6.3

Record ID
EQ1
EQ2
EQ3
EQ4
EQ5

Table 1: Main characteristics of the selected input earthquake records.

Figure 4: Acceleration response spectra for the Far Field (left) and Near Fault (right) input ground motions.

4.4

Testing protocol

The installation of anchors is a crucial phase for the experimental test. In fact, test results
can be directly affected by the installation operation of the fasteners, therefore for each type
of anchors the installation procedure has to be applied in a rigorous manner before performing
the shaking table tests.
Each M12 fastener was installed into the concrete block following the procedure specified
by the manufacturer. Regarding the concrete blocks, to study the seismic performance of anchor rods located along cracks parallel to the shaking direction, an appropriate apparatus was
developed to generate these cracks (Figure 5): a bar with a sharp edge was positioned exactly
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between two cotters inserted in the concrete block and the crack was opened by blowing onto
both cotters on the left and on the right of the bar until the crack reaches 0.5 mm width.

Figure 5: Testing protocol for crack opening.

Therefore, the shaking table tests were performed following a specific test matrix that included three different expansion anchors (FAZ II Traditional, FAZ II EQ-Rod and FAZ II
Traditional with Mortar Filling) and three different chemical anchors (Superbond Traditional,
Superbond EQ-Rod and Superbond Traditional with Mortar Filling) anchored in uncracked
and cracked concrete blocks. The configurations with mortar filling indicated the presence of
mortar into the gap due to construction tolerances between steel plate and anchor.
Referring to the five input motions previously described and their simulated aftershocks
(EQi-50), assumed as 50% of the input motion (amplitude-only reduction, same duration), for
each type of expansion/chemical fastener the experimental test matrix in Table 2 was considered.
Test ID
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

Input motion
EQ1 + EQ1-50
EQ1 + EQ1-50
EQ1 + EQ1-50
EQ2 + EQ2-50
EQ2 + EQ2-50
EQ2 + EQ2-50
EQ3 + EQ3-50
EQ3 + EQ3-50
EQ3 + EQ3-50
EQ4 + EQ4-50
EQ4 + EQ4-50
EQ4 + EQ4-50
EQ5 + EQ5-50
EQ5 + EQ5-50
EQ5 + EQ5-50

Type of fastener
Traditional
Traditional with Mortar Filling
EQ-Rod
Traditional
Traditional with Mortar Filling
EQ-Rod
Traditional
Traditional with Mortar Filling
EQ-Rod
Traditional
Traditional with Mortar Filling
EQ-Rod
Traditional
Traditional with Mortar Filling
EQ-Rod

Table 2: Test matrix for the FAZII or Superbond type of fasteners.

The tests in Table 2 were performed three times on different anchors of the same typology
to provide at least three responses for the same input motion and derive mean and standard
deviation probabilistic results. In total, the test matrix of the experimental campaign consisted
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of a total number of 360 shake table tests (input + aftershocks), 180 for uncracked concrete
and 180 for cracked concrete.
5

EXPERIMENTAL RESULTS

The acceleration of the driving mass representing the non-structural system and the hysteretic behaviour (force-displacement relationship) of the fastener anchored in the concrete block
fixed to the shake table have been determined from the experimental tests.
This paper presents only some of the main findings and discussions related to the obtained
experimental tests on all the anchor types (Figure 6), while a more complete description of all
the experimental data can be found in the Research Project report [11].
The efficacy of EQ-Rod prototypes in improving the seismic response of the system is determined as the capacity of reducing the acceleration demand onto the connected nonstructural component (driving mass) when compared to the demand related to the application
of traditional (expansion or chemical) fasteners.
Concerning the data processing, it is observed that the data obtained with the high-speed
logger connected to the shake table was filtered using a low pass (6th order Butterworth filter)
with a cut off frequency of 20Hz to reduce external noise.

Figure 6: FAZ II and Superbond anchors.

5.1

Sinusoidal input test results

The preliminary experimental results from the sinusoidal input tests on uncracked concrete
blocks are initially presented in terms of hysteretic loops for both Traditional anchor and EQRod 2.0 considering either FAZ II or Superbond configurations (Figure 7).

Figure 7: Comparison between FAZ II Traditional and FAZ II EQ-Rod (left) and Superbond Traditional and
Superbond EQ-Rod (right) in terms of Hysteretic Loop for uncracked concrete.
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The installation of each anchor followed the testing protocol, with the only difference that
the application of the torque was reduced to 0 Nm - instead of 30Nm or 20 Nm - in order to
simulate the complete loss of tightening torque due to long period.
Analyzing the maximum force values determined on the non-structural system, the results
showed a reduction in the range of 15-25% for the EQ-Rod solution when compared to the
FAZII traditional one, and 20-35% for EQ-Rod system when compared to the Superbond traditional anchor. These results were associated to the large hysteretic energy of the EQ-Rod
system, thus to the greater displacements that it reached during most of the cycles.
5.2

Ground motion input test results

In accordance to the proposed test matrix, the shake table tests were carried out for all the
proposed configurations in uncracked and cracked concrete. Test results in terms of
force/displacement curves of the driving mass are shown for just one test of an input record
(EQ1) for all the three types of expansion anchors (Figure 8) and chemical anchors (Figure 9).

Figure 8: Force-displacement relationships for the FAZII Traditional, FAZII EQ-Rod, FAZII Traditional with
Mortar Filling in uncracked and cracked concrete.
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Figure 9: Force-displacement relationships for the Superbond Traditional, Superbond EQ-Rod, Superbond with
Mortar Filling in uncracked and cracked concrete.

The experimental tests provided the following main results: 1) for the expansion anchors in
uncracked concrete, the EQ-Rod system can provide a reduction in terms of driving mass
forces and accelerations in the range of 10-15% for the input signals and of 15-30% for the
aftershocks; 2) for the expansion anchors in cracked concrete the EQ-Rod reduction in terms
of driving mass forces is in the range of 20-30%, while in terms of accelerations in the range
of 25-40% for the input signals and 30-40% for both accelerations and forces considering the
aftershocks; 3) for chemical anchors in uncracked concrete the EQ-Rod reduction is 10-25%
in terms of forces and 20-30% in terms of accelerations when considering the input signals,
while 30-40% for both demands when considering the aftershocks; 4) finally, for chemical
anchors in cracked concrete, the EQ-Rod solution provided a reduction in terms of driving
mass forces and accelerations in the range of 20-30% for the input signals and of 30-40% for
the aftershocks.
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The performance and benefits of EQ-Rod in cracked concrete appears in general superior
to that in uncracked concrete. It should be noted that, in addition to the inherent isolationdissipation mechanism, EQ-Rod anchor reaches larger displacements in cracked concrete and
the overall system has thus lower frequencies (higher period) and attracts less forces as it
moves towards the de-amplification part of the spectra.
Notwithstanding the efficiency of the proposed EQ-Rod configuration, test results also
showed that a significant benefit in terms of response can be obtained by applying mortar filling, with a reduction of 40-60% for all the analyzed configurations in uncracked and cracked
concrete. This high reduction is due to the lack of dynamic impact (pounding) due to the presence of gaps between steel plate/anchor and concrete/anchor. The anchor with mortar filling
thus acts as a more rigid element, while EQ-Rod allows for a combination of isolation and
dissipation. It appears that a combination of the two concepts (filling the gap and adding a
tight-fit EQ-Rod dissipative system) would be able to provide the best and most reliable benefits.
6

CONCLUSIONS

With the aim of improving the seismic response of non-structural systems anchored to
concrete structures a post-installed fastener with supplemental damping has been experimentally proposed and studied. The first prototype of this solution, referred to as EQ-Rod, was
developed in 2008, while a new system, named EQ-Rod 2.0, is herein considered, conceived
as an easily applicable solution useful for either expansion or chemical fasteners. The seismic
performance of this system has been deeply studied through uni-directional shake table tests
using specific testing protocols for both uncracked and cracked concrete.
Worth noting that due to the larger geometric tolerances between the EQ-rod and fastener
rod (inner tolerance/gap) as well as due to the different material of the new EQ-Rod when
compared to the initial prototype, during the tests the bearing stresses on the rubber material
led sometimes to the yielding of the rubber damper with permanent deformations and amplifications of the dynamic effects and this in turns reduced the efficiency of the EQ-Rod system
as a damping element under cumulative aftershocks.
However, the experimental results confirmed that the concept of adding damping to a fastener can be adopted to improve the seismic performance of the system, reducing both accelerations and forces onto the connected non-structural component. The proposed system can
thus be considered as a damage-control solution for such applications.
The shake table test results provided evidence of the efficiency of the dissipative solution,
yet further improvements of the system design are needed and recommended to fully exploit
the novelty of the dissipative/isolation mechanism of the EQ-Rod and obtain a greater and
robust reduction of the driving mass accelerations when compared to the traditional anchor
(with or without mortar filling).
7
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Abstract
Nonlinear static analysis of reinforced concrete frame structures is useful in pushover analyses for structural capacity computation. A popular method for nonlinear static analysis is by
modelling with force-based fiber beam column elements, where equilibrium, compatibility
and constitutive relationship are satisfied at structure level, element level and fiber level respectively. The existing formulation of the fiber beam column element consists of an iterative
procedure at the element level to satisfy element compatibility, where the residual deformations of the sections are integrated to find the element residual deformation. Then the
corrective force corresponding to element residual deformation is applied globally at the element level which is in turn distributed to the section level according to force interpolation
functions. However, the existing formulation does not evaluate section level equilibrium directly where the section forces and deformations are calculated by minimizing element level
residual deformations. This paper proposes a modification to this existing formulation by
transferring equilibrium satisfaction to the section level. This modification allows the minimization of section unbalanced forces at the section level itself, rather than transferring unbalanced forces of the sections displaying high nonlinearity, to element level. This equilibrium
satisfaction is done by adjusting the section deformation through an iterative procedure
which yields the correct section stiffness and deformation for the corresponding section force
increment. Section stiffness can be assembled to find corresponding structure stiffness which
can be used to calculate structure resisting force. At structure level, the Newton Raphson iterative procedure is identical to that of the existing formulation. The study focuses on the reinforced concrete frame elements with only material nonlinearity where plane sections
remain plane and normal to the longitudinal axis. Furthermore effects of bond slip and shear
were not considered in this study. The proposed formulation was experimentally validated
and was proved to be well suited to predict the nonlinear static response of rein-forced concrete structures exhibiting highly localized nonlinear behavior.
Keywords: RC frames, nonlinear static analysis, force based fiber beam column element
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1

INTRODUCTION

Reinforced concrete structures exposed to severe earthquakes and winds can cause massive
destruction of lives and property. Therefore accurate numerical simulation of reinforced concrete structures using nonlinear analysis is vital. The existing nonlinear analysis methods can
be categorized in to three groups namely, lumped plasticity method, distributed plasticity
method and modelling with three dimensional solid elements. In lumped plasticity method,
plasticity is monitored at predetermined locations where nonlinear behavior is expected. This
method requires expert knowledge to identify intended plastic hinges. Modelling with three
dimensional solid elements can yield an accurate prediction but unfortunately that accuracy
comes with a huge computational cost. The best compromise between accuracy of prediction
and cost of computation is the line element with distributed plasticity, where plasticity is
monitored at several integration points along the element. The line element with distributed
plasticity can be modelled using either force based or displacement based finite element approaches. The displacement based finite element formulation is based on satisfying compatibility and constitutive relationship in strong form while satisfying equilibrium in weak form.
In addition to that, the relationship between element nodal deformations and section deformations needs to be assumed. Therefore displacement based formulation requires discretization of frame elements, in the cases of material nonlinearity and/ or tapered sections which is
computationally expensive. However, force based formulation do not require such refinement
as the force interpolation functions which defines the relationship between nodal forces and
section forces is exactly known. It is important to note that in force based formulation there
are no additional assumptions except compatibility satisfaction in weak form. Accordingly
researchers are inclined to use force based finite element formulation to model line elements
with distributed plasticity. Reference [2] introduced a force based fiber element which was
later improved in [9]. The main problem at that time was determining the element resisting
forces corresponding to a given element nodal deformation. Reference [1] introduced an iterative procedure at element level to minimize element residual deformations to obtain element
resisting forces corresponding to a given element nodal deformation. Later, [7] improved the
method of stated in [1] which resulted in the force based fiber beam column element. This element is capable to predict the axial force – bending moment interaction of reinforced concrete structures and is widely used by structural Engineers [4]. The existing fiber beam
column element formulation has two main nested iterative procedures at structure level and
element level. When satisfying compatibility at element level, the residual deformation of the
element is calculated using section residual deformations. Then the corrective force corresponding to element residual deformation is applied at the element level and is subsequently
distributed to the section level according to force interpolation functions. However, if the nonlinear behavior is concentrated to a certain section, the corrective force applied at element
level may fail to directly address the section which exhibits highly nonlinear behavior. Therefore in such cases satisfaction of element level compatibility becomes problematic. The novel
formulation is proposed with the idea of correcting the section unbalanced forces at the section level itself rather than correcting integrated section residual deformations at element level.
In the novel formulation, an iterative procedure is introduced at the section level to minimize
section unbalanced forces and achieve section level equilibrium at the section level itself.
2

MODEL ASSUMPTIONS

The proposed formulation focuses on planar reinforced concrete structures which exhibit
material nonlinearity. The present study do not account the effects of geometric nonlinearity.
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The novel formulation is based on force based line element which has two nodes, each having
three degrees of freedoms. Figure 1 illustrates the nodal forces and deformations of the force
based frame element referring global (X, Y) coordinate system.

Figure 1: Nodal forces and deformations of the force based frame element referring global (X, Y) coordinate
system

The element force vector and the deformation vector can be written as
respectively.
and
The frame element shown in Figure 1 has a singular stiffness matrix. Thus, the nodal forces,
deformations and element stiffness are expressed referring local coordinate system (x, y) and
the rigid body modes are removed to achieve a nonsingular stiffness matrix. This resulting
basic system is illustrated in Figure 2 referring (x, y) local coordinate system.

Figure 2: Nodal forces and deformations of the basic system referring local coordinate system
(x, y)

Hereafter in this paper, the element force and deformation vectors refer to the force and deformations vectors of the basic system. Accordingly, the element force and deformation vectors can be written as
and
respectively.
The element proposed, is a line element with distributed plasticity where the nonlinearity is
monitored at selected number of gauss integration points. Each section at control stations are
sufficiently divided in to several number of fibers where uniaxial material models are assigned to each fiber. The control stations and division of a section into fibers is illustrated in
Figure 3.
The proposed formulation is based on the assumption that plane section remains plane and
perpendicular to the longitudinal axis. This assumption allows to use a uniaxial material model for the relationship between fiber strain (
) and fiber stress (
). Accordingly, the section force vector can be written in terms of axial force (
) and bending moment (
)
while section deformation vector can be written in terms of section curvature (
) and axial
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strain of the centroid axis ( ) as illustrated in Figure 4. Section force and deformation vectors
can be written as

and

respectively.

Figure 3: The integration points and division of a section into fibers of the force based frame element without rigid body modes

Figure 4: Section forces and deformations at a control station.

In addition, effect of bond slip and shear was not accounted in this study.
3

PROPOSED FORMULATION

The formulation is based on four hierarchical levels namely, structure level, element level,
section level and fiber level where, the law of equilibrium is satisfied at both structure level
and section level while constitutive relationship is fed at the fiber level. However, the compatibility of the structure is satisfied indirectly by the computation of the correct section deformation and section stiffness for a given section force increment by entertaining an iterative
procedure at section level. In order to facilitate the satisfaction of equilibrium at structure and
section levels, two nested iterative procedures are adapted at structure level and section level.
It is important to note that there is no iterative procedure at element level as in the existing
fiber beam column formulation.
The formulation was written utilizing the displacement control method of structure state
determination where, displacement is applied to a specific degree of freedom using a series of
steps. At each displacement step, the structure force and deformation increments are calculated by following the aforementioned iterative procedures. Once the calculation of structure

4105

Sameera S. Hippola, Chatura M. Rajapakse, Kushan K. Wijesundara and Ranjith Dissanayake

force and deformation vectors are completed for a series of steps, the load – deformation response of the reinforced concrete structure can be generated.
The computations at structure level are performed after applying boundary conditions and
rearranging vectors and matrices by shifting the rows and columns representing displacement
controlling degree of freedom to the end. Here, P2 and U2 represent the force and displacement at displacement controlling degree of freedom while F1 and U1 represent the forces and
deformations of other degrees of freedom excluding the restrained ones. The structure stiffness matrix is condensed accordingly for the computations. O and R represent unbalanced
forces and resisting forces while i represent the structure level iteration number.
At the start of a step, a displacement is applied on a certain degree of freedom. Based on
this displacement increment, an initial estimate of structure force and deformation increment
is computed linearizing around the structure stiffness matrix of the previous iteration as
shown in (1).
(1)
In the next stage, structure resisting force corresponding to the deformation increment estimate needs to be calculated as shown in (2).
(2)
For this purpose, the updated structure stiffness matrix corresponding to the estimated structure force increment is computed using an iterative procedure at section level. Here, the correct section deformation and updated section stiffness matrix is generated corresponding to a
section force increment by minimizing the force difference between section force and section
resisting force.
Once the structure resisting force corresponding to the estimated displacement increment is
computed, the difference between the estimated structure force and resisting force is evaluated
using (3).
(3)
If the unbalanced force is significant, a corrective force and deformation vectors are calculated linearizing around the freshly calculated structure stiffness matrix as demonstrated in (4).
(4)
In the next phase, the structure stiffness matrix will be updated again for the calculated displacement correction, by delving to element, section and fiber levels and completing the section state determination process. Subsequently, structure resisting force corresponding to the
structure deformation correction is computed as before. Then, structure force and resisting
force is evaluated again. These nested iterative procedures are continued until structure unbalanced force comes under a prescribed tolerance value. This process will produce a correct
structure force and displacement increment, corresponding to the applied displacement step.
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Once this process is repeated for a series of displacement steps, the behavior of the structure
can be predicted.
4
4.1

EXPERIMENTAL VALIDATION
Flexural cantilever wall

The experimental validation of the proposed novel formulation was done with the reinforced
concrete cantilever wall RW2, experimented in [8] which was designed to behave in flexure
mode. Figure 5 and Table 1 depicts the loading arrangement and details of the reinforced cantilever wall RW2. Figure 6 illustrates the cross section with reinforcement arrangement.

Figure 5: Loading arrangement and dimensions of RW2

Height (mm)
Outer perimeter depth x width (mm x mm)
Aspect ratio
Compressive axial load (kN)
Cube strength (MPa)
Yield strength of longitudinal reinforcement (MPa)
Table 1: Information about RW2
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Figure 6: Details of the cross section

Input Parameter
Number of elements
Number of integration points
Number of fibers
Section level force tolerance (kN or kNm)
Element level residual deformation tolerance (m)
Structure level force tolerance (kN or kNm)

Novel formulation
1
6
20
10-10
10-10

OpenSees model
1
6
20
10-20
10-10

Table 2: Input parameters for numerical models

Figure 7: Load deformation responses of the RW2 cantilever wall obtained experimentally, using novel formulation and using OpenSees software

It is evident from Figure 7 that the prediction made by the proposed formulation is very close
to the prediction made by experiment and OpenSees. The proposed novel formulation has
been able to capture the tensile concrete cracking behavior, tensile steel yielding behavior and
the ductility of the reinforced concrete wall.
In the load – deformation response predicted by the novel formulation, the initial slope is approximately constant until the tensile concrete fibers starts to crack around 13 kN load. Due to
further cracking of concrete tensile fibers, a considerable drop of slope can be seen around 30
kN load. Due to this concrete tensile fiber cracking, the centroid axis shifts towards the compression zone. With the application of further displacement increments, cracking of concrete
tensile fibers reaches a saturated level resulting a constant slope until tensile steel starts to
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yield at 98 kN. The drop of tangent stiffness of the concrete constitutive model is reflected by
the gradual reduction of slope in the load – deformation response. After yielding of tensile
reinforcement, the stiffness of the beam drops to a very lower value and the strength remains
approximately constant producing a larger ductility as shown in Figure 7. The comparison
shown in Figure 7 also depicts that these nonlinear behaviors can be captured by the proposed
novel formulation. Figures 8, 9, 10, 11, 12, 13, 14, 15 present the stress and strain distributions generated by the novel formulation, at different regions of the load - deformation curve.
The section numbers referred in the figures correspond to the integration points shown in Figure 3.

Figure 8: Stress distribution of the critical section at the
end of 10 kN load

Figure 9: Strain distribution of the critical section
at the end of 10 kN load

Figure 10: Stress distribution of the critical section at the
end of 63 kN load

Figure 11: Strain distribution of the critical section
at the end of 63 kN load

Figure 12: Stress distribution of the critical section at the
end of 115 kN load

Figure 13: Strain distribution of the critical section
at the end of 115 kN load
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Figure 14: Stress distribution of the critical section at the
end of 154 kN load

4.2

Figure 15: Strain distribution of the critical section
at the end of 154 kN load

Shear dominant cantilever wall

The load-deformation response of a shear dominant reinforced cantilever wall (SW21), experiment by Lefas [3], was compared with that of numerical prediction from the proposed
novel formulation. The loading arrangement, dimensions and reinforcement details of the cantilever wall are given in Figure 16. Table 3 lists out the physical parameters.

Figure 16: Loading arrangement, dimensions and reinforcement details of SW21

The load – deformation comparison of the experimental and numerical predictions given in
Figure 17 displays a considerable deviation. The slope of the load – deformation curve of numerical prediction is quite high compared to that of experimental prediction. This behavior
can be explained by the fact that the proposed formulation only accounts axial force – bending
moment interaction. In the numerical prediction, a deformation corresponding to a certain
force level consists of only flexural deformation component. However, in the real situation,
the deformation should include the shear deformation component. Thus, the deformation in
the experimental prediction is higher for the same force level. Thus, the proposed formulation
cannot be recommended to predict the response of shear dominant reinforced concrete beams
and walls. However, the proposed formulation can predict the flexural behavior accurately.

4110

Sameera S. Hippola, Chatura M. Rajapakse, Kushan K. Wijesundara and Ranjith Dissanayake

Height (mm)
Outer perimeter Depth x width (mm x mm)
Aspect ratio
Compressive axial load (kN)
Cube strength (MPa)
Ratio of main flexural reinforcement to gross concrete area of edge element (%)
Yield strength of longitudinal reinforcement (MPa)
Ultimate strength of longitudinal reinforcement (MPa)

1300
650 x 65
2
0
42.8
3.3
470
565

Table 3 Details of shear dominant reinforced concrete cantilever wall

Figure 17: Load deformation response of shear dominant cantilever wall in the experiment and when using
proposed formulation

5

SENSITIVITY ANALYSIS

A sensitivity analysis was performed on the proposed element using the reinforced concrete
cantilever wall experimented [8]. The load deformation response was examined by changing
number of fibers, number of integration points and step size. The force tolerances at structure
level and section level was kept at
.
5.1

Number of fibers

Division of a section in to a sufficient number of uniaxial fibers is required to calculate section resisting forces corresponding to a given section deformation. In order to accurately predict the section resisting forces, number of fibers needs to be increased. However, drastic
increase of number of fibers may cause an increase in the computational cost. Figure 18
demonstrates the variation of load-deformation curves with number of uniaxial fibers used in
sections. In this comparison, number of integration points at each element was kept at six
while the displacement step size was maintained at 0.1 mm. The load – deformation responses
when the number of fibers 2, 4, 6, 8 shows a considerable deviation from that of having 50
fibers. The section height of RW2 is 1.22 m, thus the analysis should be carried out with
higher number of concrete fibers.

4111

Sameera S. Hippola, Chatura M. Rajapakse, Kushan K. Wijesundara and Ranjith Dissanayake

Figure18: Load deformation curves varying the number of fibers

5.2

Number of integration points

The proposed element utilizes Gauss-Lobatto integration scheme to find the element stiffness matrix from section stiffness matrix. Reference [7] describes that Gauss-Lobatto integration scheme is far more superior to the conventional Gauss integration due to the fact that the
end sections are not monitored in Gauss integration. Reference [7] further suggest that if
Gauss integration to be used, the order of integration needs to be increased. The load – deformation responses varying the number of integration points is plotted in Figure 19. These load
– deformation curves were recorded while maintaining number of fibers at 50 and displacement step size at 0.1 mm. Figure 21 demonstrates that, in this problem, using 5 to 7 integration points per element provides a better monitoring of the plasticity along the element.

Figure 19: Load deformation curves varying number of integration points

5.3

Displacement step size

The load deformation responses varying the displacement step size is given in Figure 20.
These load – deformation curves were obtained, maintaining number of fibers at fifty and
number of integration points at six. The deviation of the load deformation curves exhibited in
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the case of larger displacement steps, points out that in order to capture all nonlinear behaviors of reinforced concrete structures, the total displacement should be applied to the structure
in sufficiently small displacement steps.

Figure 20: Load deformation curves varying displacement step size

6

CONCLUSIONS

This paper introduces a novel force based frame element with distributed plasticity which
can predict the axial force – bending moment interaction. The existing force based fiber beam
column element [6], [7] which can predict axial force – bending moment interaction, satisfies
the equilibrium, compatibility and constitutive relationships at structure level element level
and fiber level. However, section level equilibrium is not evaluated directly. Therefore the
proposed formulation omits the compatibility satisfaction at element level and introduce an
iterative procedure at section level to satisfy section level equilibrium. The novelties of the
proposed formulation are introduction of section level iterative procedure to find correct section deformation and updated section stffness for a given force increment and the use of updated structure stiffness matrix to compute structure resisting force. The formulated element
was validated with a well-recognized experimental reinforced cantilever wall RW2 [8]. The
comparison of load – deformation response illustrated a very good agreement with the experimental response. The load – deformation response of reinforced cantilever wall was also predicted using OpenSees software, using equal number of elements, integration points, number
of concrete fibers per section and tolerance values. The comparison proved that the proposed
formulation has the capability to predict the load- deformation curve of RW2 to the level of
the experimental curve where as the OpenSees prediction became unstable in the midway.
Accordingly, the proposed novel formulation has the capability to predict the flexural response of reinforced concrete structures accurately in a stable manner.
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Abstract
This research aims to obtain envelopes of the moment and shear demands in reinforced concrete (RC) wall buildings subjected to ground motions. These envelopes are intended to be
used for designing RC buildings. Three research buildings with non-rectangular walls designed according to Eurocode 8 are considered. The seismic performance of the buildings is
evaluated from nonlinear response history analysis (NRHA) with increasing levels of ground
motion intensity. The RC walls are simulated with a model with distributed inelasticity (MDI),
which considers that the nonlinear behaviour can take place at any building level if the demand is larger than the wall yield capacity, while the flexural stiffness is a function of the
moment demand of the wall. The design envelopes for moment and shear forces are obtained
from the results of the NRHA, where the effects of higher modes are evidenced.
Keywords: Reinforced concrete, Walls, Seismic demands, Seismic behaviour.
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1

INTRODUCTION

In high seismicity areas, RC structural walls are largely used as lateral-load resisting systems for mid- and high-rise buildings. RC walls are stiff and strong, easily incorporated into
architectural layouts, and, when properly designed and detailed, perform satisfactorily when
subjected to severe earthquakes. Structural walls can be configured in numerous ways within
a building, with multiple walls resisting the demands in each principal direction. Rectangular
sections are relatively easy to be designed, and have been extensively studied in the last years.
Intersecting wall segments can be combined to create flanged or non-rectangular walls, including T-, C-, and L-shaped cross sections. RC walls are common in residential buildings
and hotels and are usually located around stairs, elevators, corridors, and partitions between
residential units [1].
Seismic moment and shear forces demand in walls of RC buildings have been studied
mainly using a single wall as a representation of the entire building, where the interaction between different walls within buildings is not considered [2, 3]. Moreover, these studies assume that the nonlinear behaviour takes place at the base of the wall only. Therefore, elements
with lumped plasticity and constant stiffness above the critical section have been used. The
first problem of this approach is that a constant flexural stiffness is considered along the wall
height. However, the flexural stiffness of the wall is a function of the moment demand which
varies along the wall height. A second problem of such approach, that assumes an elastic response above the critical section, is that the bending moments in such regions are not bounded,
while the bending moment at the base is bounded by the provided moment strength. Because
certain design codes specify design envelopes for bending moments in RC wall buildings (e.g.
Eurocode 8, NZS 3101, CSA A23.3), the assumption of elastic response and unbounded
bending moments above the base of the walls may be an unrealistic situation under severe
earthquakes.
The main objective of this research is to provide design recommendations for RC wall
buildings. Specifically, design envelopes for moment and shear demands are proposed. The
envelopes are obtained from an analytical study of three research buildings with nonrectangular RC walls.
2

RESEARCH BUILDINGS

The plan view of the research buildings is shown in Figure 1, where T-shaped and Cshaped RC walls are considered to resist lateral loads in both directions. The buildings have
ten, twenty and thirty storeys and the inter-storey height is 3.0 m. The thickness of the walls
of the three buildings varies between 0.3 m and 0.4 m, depending on the number of storeys.

Figure 1: Plan view of the research buildings (dimensions in centimetres).
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The buildings were designed according to Eurocode 8 (EC8) [4]. A type C soil (dense sand
or gravel, or stiff clay) was used in conjunction with 0.4g design ground acceleration, considering a high seismicity area. The properties of concrete and reinforcement adopted for the
seismic design are typical values used in engineering practice. The yield strength of the reinforcement (fy) and characteristic compressive strength of the concrete (f´c) are 500 MPa and
30 MPa, respectively.
Table 1 summarises the main design outputs of the three buildings, where T is the fundamental period of the buildings, q is the behaviour factor for uncoupled wall systems of high
ductility class [4], W is the seismic weight, V is the design base shear of the building, ρL is the
longitudinal reinforcement ratio, Ned is the factored axial load in the walls, and Ag is the gross
area of the walls. The value of ρL for the 30-storey building is lesser than that the 20-storey
one because of the lower seismic demand induced by the larger period of the tall building.
N°-Storey T [sec]
10-Storey
20-Storey
30-Storey

0.45
1.12
2.40

q

W [kN]

V/W

4.4
4.4
4.4

73412
156108
252851

0.19
0.11
0.08

T-shaped wall
ρL [%]
0.5
0.8
0.7

Ned/Ag f´c
0.06
0.11
0.15

C-shaped wall
ρL [%]
0.6
0.7
0.4

Ned/Ag f´c
0.05
0.10
0.16

Table 1: Design outputs.

3

ANALYTICAL MODELS OF BUILDINGS

The seismic performance of the research buildings is estimated from two-dimensional
(2D) nonlinear response history analyses (NRHA) using the finite-element software
RUAUMOKO 2D [5]. The walls and beams are modelled using beam elements with lumped
flexural nonlinear behaviour and elastic shear behaviour.
Figure 2 shows the two-component beam element used to model the walls, where two
members in parallel represent the behaviour of the element. The two members are elastic but
one of them allows the formation of hinges at ends of the member [5]. The nonlinear behaviour is achieved assigning a hysteretic model to the flexural behaviour of the hinges.

Figure 2: Two-component beam element, adapted from Carr [5].

In this study, the nonlinear moment-rotation relationship of the hinges of the twocomponent beam elements used to represent the RC walls is represented using the tri-linear
SINA hysteretic model [6]. This hysteretic model is shown in Figure 3a and consists on a trilinear backbone with stiffness changes at cracking (Fcr+, Fcr-) and yielding (Fy+, Fy-). The
SINA hysteresis rule allows different behaviour in the two loading directions, allowing modelling the behaviour of asymmetric RC walls. Additionally, the pinching effect is considered
through the definition of the crack closing moment (Fcc). The SINA model considers that Fcc
is the same in both directions.
Using available experimental data of non-rectangular RC walls subjected to cyclic loads
reported by Thomsen and Wallace [7] (named TW1, TW2), Sittipunt and Wood [8] (CLS,
CMS), Beyer et al. [9] (TUA, TUB), and Brueggen [10] (NTW1, NTW2), the RC wall model
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was calibrated achieving a good representation of the cyclic behaviour of the tested walls. For
each specimen the tri-linear backbone was obtained directly from the moment-curvature relationship while the crack closing moment (Fcc) was defined through a trial and error procedure.
The values of Fcc obtained for the specimens are shown in Figure 3b. The comparison between the experimental behaviour and the predicted response for two specimens is shown in
Figure 4, where the proposed model is able to predict the cyclic response adequately in both
loading directions.

T-shaped walls
C-shaped walls

b)

a)

Figure 3: a) Tri-linear SINA hysteretic model, adapted from Carr [5], and b) Fcc values used for the studied walls.

a)

b)

Figure 4: Comparison between the analytical model and experimental results: a) T-shaped wall (NTW1) after
Brueggen [10], and b) C-shaped wall (TUA) after Beyer et al. [9].

Figure 4 shows that the experimental yield displacements, mainly for flange in tension
(FiT), are larger than the analytical values due to the gradual yielding of the tension reinforcement within the flanges, whereas the reinforcement closest to the webs yields first, and
subsequently progressing out from the web–flange intersection as lateral displacement increases [11]. Even though the simulated values overestimate the elastic stiffness, the proposed
model is considered adequate because the response of the studied walls is essentially inelastic.
3.1

Building Model

The two-dimensional model of the building is shown in Figure 5, where all the axes of the
building are modelled simultaneously. The walls were modelled with two-components beam
elements using the described tri-linear SINA hysteretic constitutive relationship that considers
different strength and stiffness in opposite directions. The effective slabs, which connect the
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two walls in each axis, were modelled using two-node beam elements considering the Takeda
hysteretic rule. End offsets are considered in these elements to account for the wall widths.

Figure 5: RUAUMOKO 2D structural model of studied buildings.

To model the RC walls, the approach used in this study is a model with distributed inelasticity (MDI), which considers that the nonlinear behaviour can take place anywhere in the
wall if the moment demand is larger than the yield moment. The MDI of one wall is shown in
Figure 6a, where four two-component beam elements are considered at each storey. This
number of elements is considered adequate to represent satisfactorily the lateral displacement
profile and flexural lateral stiffness of the walls. Since the inelastic behaviour is lumped in
discrete points along the wall height (perfect hinge of two-component beam element), the
proposed model in RUAUMOKO 2D was validated with a fibre beam model developed with
SeismoStruct [12]. The comparison of a static pushover analysis of the T-shaped wall predicted with the two models in both loading directions is shown in Figure 6b. For the pushover
analysis a concentrated load at the top of the wall was considered. The figure shows that the
obtained behaviour with both models is similar for the two loading directions (flange in compression (FiC) and flange in tension (FiT)). Therefore, the proposed model with twocomponent beam elements is able to predict the behaviour of the wall adequately. A further
development of the research will be the validation of the proposed MDI model with a fibre
beam-column element able to capture the nonlinear shear behaviour of the wall [13, 14] and
the multi-axial stress interaction under multi-axial loading conditions [15, 16].

a)

b)

Figure 6: a) MDI and b) comparison of pushover analysis of the T-shaped wall using the proposed model with
Ruamoko 2D and a fiber model with SeismoStruct.
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4

CONSIDERED GROUND MOTIONS

To carry out the NRHA of the three buildings (Table 1) a set of seven artificial accelerograms were generated to be compatible with the design spectrum of EC8 [4]. Artificial records were selected because they matched the design spectrum for almost the full period range
with a comparatively small error. The number of records was selected according to the prescriptions of the design codes (IBC, EC8, among others), which prescribe a minimum of seven spectrum-compatible records in order to obtain representative average results for design
verification. The accelerograms were generated with SeismoArtif v2016 program [17]. Figure
7 compares the pseudo-acceleration and displacement spectra for 5% damping for each accelerogram with those of the EC8 design spectrum. Additionally, the figure shows the average
response spectrum of the artificial accelerograms.

a)

b)

Figure 7: EC8 design and artificial spectra used for NRHA: a) pseudo-acceleration and b) displacement.

5

RESULTS

The results obtained from NRHA are presented in this Section. The NRHAs were performed with RUAUMOKO 2D program using the seven records mentioned in the previous
section. The records were scaled to 100% (IR=1.0), 150% (IR=1.5) and 200% (IR=2.0) of the
design intensity to analyze the seismic behaviour of the buildings. The use of seven records
for each analysis permits to obtain representative average values of the moments and shear
forces.
From the nonlinear results of the buildings, moments and shear design envelopes are proposed for the walls of the studied buildings with the non-rectangular walls. Figure 8 shows the
shape of the moment and shear envelopes and the parameters that define them (whose definition will be given later).
The proposed envelopes for capacity design are based on the Simplified Capacity Design
model for rectangular cantilever RC walls developed by Priestley et al. [18]. This model was
also used on T-shaped walls by Smyrou et al. [19]. However, the results obtained in this study
present several differences with respect to the previous ones, as it is explained in the following sections.
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a)

b)

Figure 8: Capacity design envelope for cantilever walls: a) moment and b) shear.

5.1

Superposition of the proposed envelopes and demands from NRHA

Figures 9, 10 and 11 show the maximum moment and shear demands from the NRHA, its
average values and the proposed design envelopes (moment and shear forces). Due to the limited space, only some representative results are presented in this paper; however, more information is available elsewhere [20]. As expected, the figures shown different responses of the
walls for the flange in tension (FiT) and flange in compression (FiC) directions, which is an
important difference with respect to the responses of rectangular walls.

a)

b)

Figure 9: T-shaped wall demands and design envelopes for 10-storey building (IR=1.0): a) moment and b)
shear force.

a)

b)

Figure 10: T-shaped wall demands and design envelopes for 20-storey building (IR=1.5): a) moment and b)
shear force.
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a)

b)

Figure 11: T-shaped wall demands and design envelopes for 30-storey building (IR=2.0): a) moment and b)
shear force.

5.2

Moment envelope

Figure 12 shows the values of the C1,W coefficient estimated for each record and each
seismic intensity for the 10-storey building. This coefficient is the ratio of the mid-height
moment to the overstrength base moment MB (see Figure 8) that considers the overstrength
conditions at the base hinge (strain hardening of reinforcement). The C1,W coefficients are
similar for FiC and FiT for each intensity level; however, a large number of analyses is necessary to estimate the relationship between the storey numbers (or elastic period), the intensity
ratio (IR) and the C1,W coefficient.

a)

b)

Figure 12: Ratio of mid-height moment over base moment for T-shaped wall of 10-storey building with different
intensity levels: (a) FiC, and (b) FiT.

The C1,W coefficients obtained for the three research buildings and three seismic intensity
ratios (IR) are summarized in Table 2. The results obtained in this work show that the dynamic amplification in moment and shear profiles increases for higher intensity. The same tendency has been demonstrated in previous studies of RC wall buildings [3, 18, 19]. Therefore, the
moment and shear force envelopes need to be related to the seismic intensity, which is characterized by the curvature ductility demand (µФ) due its direct relationship with the seismic intensity.
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N°-Storey

C1,W FiC
IR=1.0 IR=1.5

IR=2.0

C1,W FiT
IR=1.0 IR=1.5

IR=2.0

10-Storey

0.38

0.40

0.45

0.39

0.41

0.44

20-Storey

0.36

0.48

0.56

0.46

0.46

0.51

30-Storey

0.44

0.58

0.69

0.52

0.50

0.52

Table 2: Summary of C1,W coefficients.

From the C1,W values for FiC the following equation is proposed, which can also be conservatively be used for FiT.
C1,W = m µФ + b

(1)

where µФ is the curvature ductility demand for FiC at the base of the walls, while the coefficient m and b are given by Equation 2 and Equation 3, respectively. These latter coefficients,
estimated with a regression analysis, depend on the elastic periods of the buildings (Te).
m = 0.022 Te + 0.006

(2)

b = 0.03 Te + 0.33

(3)

For the calibration and definition of previous equations, which define the moment and
shear envelopes, the curvature ductility demand for FiC was used, even though the response
of the T-shaped walls was different for FiT and FiC. For FiC both stiffness and yield curvature are lesser than for FiT. Therefore, due to the fact that larger nonlinear behaviour (or ductility demand) is expected if the flange acts in compression, the use of the curvature ductility
demand for FiC is justified.
5.3

Shear envelope

NRHAs indicate that the shear force demand in the T-shaped walls is larger for the direction with FiT than for that with FiC because the moment strength and the stiffness of the wall
is larger for the direction with FiC. Figure 13 shows the coefficient ωv for the 10-storey building. This coefficient is the ratio of the maximum shear forces from NRHA at the base (VB) to
the shear forces from an equivalent static analysis (VESA), the capacity design base shear is
calculated as the product of VESA at the base and ωv (see Figure 8b). To estimate the base shear
force of the wall (VESA) the provided moment strength at the base of the wall should be considered. Table 3 summarizes the maximum shear forces and the amplification factors (ωv) for
the three research buildings and three seismic intensity ratios (IR). The table shows that the
values of ωv depend on the seismic intensity, storey number, and the loading direction (FiC or
FiT). Table 3 summarises the maximum average values for base shear forces from NRHA and
equivalent static analysis, for T-shaped walls when flange acts in compression (FiC) and tension (FiT). Since the shear is resisted mostly by the web of the walls, identifying the loading
direction is not relevant to the definition of the envelope, but the estimation of the ωv factor
should be consistent with the direction of analysis. In this study, the amplification factors ωv
were calculated with the shear forces for FiT. Table 3 shows that ωv increases with the storey
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numbers and with the seismic intensity. Therefore, this amplification factor increases with the
elastic period (Te) and curvature ductility demand (µФ).

a)

b)

Figure 13: Ratio between base shear from NRHA and ESA for T-shaped wall of 10-storey building with different intensity levels: (a) FiC, and (b) FiT.

Moment [kN-m]
N°-Storey

10-Storey

20-Storey

30-Storey

IR

Shear forces [kN]
VESA

VESA

FiC

FiT

-70173

1685

38609

-84406

2.0

41260

1.0

MB FiC

MB FiT

1.0

34900

1.5

ωv

VB FiC

VB FiT

3389

2579

-3641

1.07

1865

4076

3371

-5283

1.30

-87291

1993

4216

4482

-5903

1.40

65881

-105189

1624

2592

3402

-4226

1.64

1.5

79981

-137129

1971

3380

4892

-5898

1.75

2.0

83791

-149043

2065

3673

5672

-7804

2.12

1.0

90407

-128457

1494

2122

4776

-4387

2.06

1.5

113071

-167429

1868

2766

5790

-7329

2.65

2.0

116621

-183336

1927

3029

6824

-8060

2.68

Table 3: Summary of maximum shear forces and amplification factors.

From the ωv values for FiT, the following equation is proposed.
ωv = 0.10 µФ + 0.5 Te + 0.70

(4)

The ratio between the base shear and the top shear of the wall is given by:
C3 = -0.08Te + 0.60

(5)

In previous equations, the curvature ductility demand for FiC and the elastic period of the
building were used.
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5.4

Comparison with previous studies

This section compares the proposed moment and shear design envelopes with those proposed by Priestley et al. [18] and Smyrou et al. [19]. Figure 14 compares the ratio of the midheight moment over the base moment for the three research buildings. The model of Smyrou
et al. is the most conservative for all the research buildings. On the other hand, for the 10storey building, the ratios of the proposed model are similar to the ones of Priestley et al. approach. However, for taller buildings and larger ductility demands the aforementioned tendency changes and the values obtained from the proposed model are larger than those
proposed by Priestley et al.

a)

b)

c)

Figure 14: Ratios of mid-height moment over the base moment according to different approaches: a) 10-storey
building, b) 20-storey building, and c) 30-storey building.

Figure 15 compares the dynamic amplification factors (ωv) obtained from the proposed
model with those presented by for Smyrou et al. and Priestley et al. for the three buildings.
For the 10-storey building, the amplification factors of the proposed model are significantly
larger than those of the other two models. For the 20- and 30-storey building, despite the differences between the models are lesser, the proposed approach is more conservative.

a)

b)

c)

Figure 15: Dynamic amplification factors according to different approaches: a) 10-storey building, b) 20-storey
building, and c) 30-storey building.

The discrepancies between the proposed model and the other two studied models can be
explained by the different assumptions used in each of the cases. The periods of the studied
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buildings are significantly smaller than those of the buildings studied by Priestley et al. and
Smyrou et al. The larger periods of the buildings studied by Priestly et al. are related to the
use of the direct displacement-based seismic design (DDBD) approach for designing their
buildings. In this study, the EC8 design code was used, which resulted in buildings with
shorter periods because of the drift limitation of the code. Another difference is that the flexural stiffness considered in this study varies along the height of the buildings due to the variation of the axial load in the walls (or moment strength) and also varies for FiC and FiT,
whereas the flexural stiffness considered by Smyrou et al. and Priestley et al. was considered
constant above the critical section.
Finally, in this study the whole building was modelled, which is expected to capture the interaction between walls [21].
6

CONCLUSIONS

In this work, three RC buildings with non-rectangular walls were designed according to
Eurocode 8 and their seismic performance was assessed from nonlinear response history analysis (NRHA) for three different ground motion intensity levels. Walls were modelled with a
model with distributed inelasticity (MDI) and the nonlinear behaviour was represented with a
calibrated hysteretic rule. Capacity design envelopes for moment and shear of RC walls are
proposed as a function of the building elastic period and the wall curvature ductility demand.
These envelopes were defined and calibrated from the results of NRHA on T-shaped walls
using a MDI. The proposed design envelopes have differences with respect to previous ones
available in the literature. The differences are related to the use of non-rectangular walls in
this study where strength and stiffness depend on the direction of loading. Additionally, this
study considered the entire building in the analysis model, capturing the interaction and redistribution of strength between the walls within of building. The proposed envelopes are intended to be used for designing RC buildings.
7
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Abstract. In the railway domain, studies have been undertaken on the attenuation of vibrations transmitted to the vehicle in order to improve the comfort of the passengers. However, a
slight variation in the stiffness and damping characteristics of the train constitutive parts can
considerably change the amount of energy transmitted to the soil in terms of vibrations. To predict those ground-borne vibrations generated by the vehicle moving along the track that could
affect or disturb the surrounding environment, a relevant option would be to build a numerical
model that simulates the passage of a vehicle on a track by coupling a multibody modeling of
the train with a finite element modeling of the soil using co-simulation techniques. However
the location where the model has to be split remains uncertain and then the border between the
multibody and the finite element parts must be determined. The aim of this paper is to emphasize the possibility to perform co-simulation between two or more subsystems using an in-house
C++ library package called EasyDyn. Using its co-simulation capabilities, the recoupling of a
vehicle, that can be modeled using the minimal coordinates approach in multibody systems and
a track modeled using a finite element representation of the rail and sleepers, will be discussed.
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1 INTRODUCTION
Nowadays virtual prototyping constitutes a truly useful tool that can provide decisive information about a specific problem. Indeed, in the railway domain, a modeling of a train passing
over a soil can be used in order to estimate the ground-borne vibrations generated. Although
single simulation were firstly adopted to predict the effect of a running train on the generated
ground wave propagation [1, 2], recent research suggested to split the problem in order to take
into account specific complex phenomena [3]. Theferore, Kouroussis et al. designed and validated a two-step model [4, 5, 6] that furnishes a sufficiently accurate prediction of the vibrations
generated on the ground for different types of soil. This model uses a first step to estimate the
forces applied on the soil through a fully coupled model of the vehicle, the track and a reduced
coupled lumped masses (CLM) model of the soil [7]. While the first step uses a multibody representation of the vehicle and a finite element definition of the track, both two-dimensional, the
second step involves a three-dimensional modeling of the soil including different layers if required. This soil modeling is performed into a dedicated finite element software which provides
the different levels of vibrations for different distances from the track and also for different soil
configurations.
In order to go further in the modeling of this vehicle/track/soil problem, it is interesting to
investigate the possibilities offered by the co-simulation techniques that couple the problem
during the time integration process. However this re-coupling involves a discussion on two
different issues: the way the time integration of both subsystems is performed (co-simulation
scheme) and the type of data (force or displacement) that are exchanged between each subsystem (co-simulation type). In order to compare efficiently the different co-simulated models,
different types of tracks including a fixed soil will be studied. Indeed, depending on the split
location and the co-simulation scheme chosen, the simulations can lead to drastically different
results. Furthermore, depending on the split location, the number of coupling points and the
stiffness and damping characteristics of the coupling link between both subsystems can significantly change the results obtained.
The aim of this work is to investigate the benefits and also the drawbacks of co-simulation
techniques through a railway example using an in-house C++ library package called EasyDyn.
After a brief description of the model used, the different split locations and coupling approaches
will be discussed through the rail deflection results obtained.
2 EASYDYN FRAMEWORK
The EasyDyn framework [8] is an in-house set of tools initially dedicated to the timeintegration of differential equations for teaching and research purposes. The framework programmed in C++ evolved in a library package able to simulate the behavior of multibody systems through the minimal coordinates approach. The workflow of the framework, illustrated in
Figure 1, consists in:
• Defining the kinematics of bodies of the multibody system through their homogeneous
transformation matrices T0,i and their mass and inertial properties. This step is performed
in a python environment that will, thanks to a python library called CaGEM (Computer
Aided Generation of Motion), compute the different equations of motion symbolically.
At the end of this step, a C++ file containing the kinematics is written.
• Defining applied forces and torques, through their wrench form Ri and MGi , into the
C++ file such that the multibody library (mbs) of EasyDyn can compute the equations of
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motion into their residual form ~f .
• Time-integrating the equations of motion using the simulation (sim) library of EasyDyn.
Recently, co-simulation features were added to EasyDyn to allow it to communicate with
other subsystems included in the same program or even with subsystems implemented in other
software packages.
Positions
T0,i
Applic.py
Python
CaGEM.py

Kinematics
~i
~ i ,v̇~i ,ω̇
T0,i ,v~i ,ω
Applic.cpp
Compute Motion

EasyDyn
vec

Forces
Ri ,MGi
Add applied forces

EasyDyn mbs

EasyDyn visu
Applic.vol Applic.van

Differential equations
~f (~q, ~q̇, ~q̈, t)
Compute residual

EasyDyn sim

Applic.res
gnuplot

EasyDyn cosim

EasyAnim
Other subsystems
Figure 1: EasyDyn workflow

3 MODEL COMPOSITION
The model studied here (inspired by [9]) to test the co-simulation possibilities offered by
EasyDyn is illustrated in Figure 2. It consists of a two-dimensional monolithic modeling of
a wheel, on which a constant force mtot g, equivalent to the static force applied by the whole
vehicle, is applied. The wheel mass is tuned such that the maximal mass per wheelset is reached.
The wheel is moving on a track at a v0 speed and has a vertical degree of freedom q0 . Its contact
with the rail is defined by a purely stiff and non-linear Hertz contact of stiffness KHz .
The track is composed of the rail which is described by its degrees of freedom qr,j related
to the motions allowed by the Euler-Bernoulli definition of the rail beam elements. Each rail
element possesses two nodes with two degrees of freedom each: one for the vertical translation
and one for the rotation about the axis perpendicular to the plane containing the model.
The sleepers are described by their degrees of freedom qs,i that are only vertical. The soil is
considered as a fixed reference.
The three parts that forms the monolithic model (vehicle, track and soil) are linked by different elastic elements. Besides the Hertz contact that links the vehicle and the rail, the railpads
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(denoted by the subscript p) provides an elastic and damped link between the rail and the sleepers while the ballast (defined by subscript b) links the sleepers with the fixed soil.
mtot g
q0

qr,j+1

qr,j
v0

Frail/wheel

qs,i

qs,i+1
y

KHz
dp
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Figure 2: Monolithic modeling of a wheel passing over a flexible track.

The aforementioned monolithic modeling will be taken as a reference to compare the cosimulated results with. Furthermore, the co-simulated models will be very similar to the monolithic one since the only variable element will be the place in which the model will be split, all
other parameters remaining identical.
4 SUBSYSTEMS DEFINITION AND INTERACTION
To define the subsystems from the monolithic reference, the only point that requires to be
discussed is the split location. Once the subsystems are defined, it has to be decided the type
of the data that each subsystem will send to the other one. Moreover, the order in which both
subsystems are integrated must be defined.
4.1 Split locations
The co-simulation technique studied in this work consists of an applied-force coupling (see
[10, 11]) of both subsystems. This means that the coupling will involve a force (computed or
not in each subsystem) applied on both subsystems. Other co-simulation schemes exists such
as the constraints coupling [12, 13, 14] but they involve algebraic equations that require specific
time-integration schemes. Similar applied-force studies have been undertaken by Antunes et al.
[15]. Nevertheless, the present work investigates the case of a flexible track and studies also
different split locations and different types of data exchange.
Considering the applied-force methodology, the only way to split the monolithic modeling
is through an elastic element that can be used to compute the applied force. The two possible
locations are, for this example:
• The wheel/rail contact: it involves a relative asymmetry in the degrees of freedom distribution between the subsystems. Moreover, the contact is unique and purely stiff. The
contact point is also moving horizontally when observed by the rail.
• The rail/sleepers: the asymmetry in the degrees of freedom distribution is minimized
with respect to the previous case. Moreover, there exist as many exchange points as the
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number of sleepers but in opposition to the wheel/rail case, those points do not move
horizontally. Finally, the rail pads are stiff and also damped elements while the Hertz
contact is only stiff.
Figure 3 and 4 show the wheel/rail split and rail/sleepers split respectively. The main variables are not changed between those Figures and Figure 2. In both Figures, the subsystem that
contains the vehicle is always called Subsystem 1 (S1 ) and the one that contains the sleepers,
Subsystem 2 (S2 ).
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Figure 3: Coupling of wheel and track subsystems through a displacement/displacement method.

4.2 Type of data exchanged
Besides the cutting location, the type of data received by each subsystem (inputs u) must be
defined. Indeed, the information going from one subsystem to the other one can take two forms:
the displacement of the coupling point or a force applied on the coupling point. In the case of a
displacement receiving, the velocity is also required if the element at which the cut is realized
presents damping.
In the present work, two different cases will be investigated:
• Both subsystems S1 and S2 receive a displacement (called X-X case). Specifically in the
case of the Rail/Sleepers cut, the velocity of the coupling points has also to be exchanged
since the rail pads present damping characteristics. The X-X Wheel/Rail situation is
illustrated in Figure 3.
• Subsystem S1 receives a displacement and Subsystem S2 receives a force (called X-T
case). Again, a velocity must be sent by S2 to S1 in the case of the Rail/Sleepers cut due
to the damping properties of the rail pads. The X-T coupling type for a Rail/Sleepers cut
is illustrated in Figure 4.
It must be specified that, in the end, a force is always used (being re-computed or not) in the
each subsystem. The major difference between the displacement and the force exchange is that
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Figure 4: Coupling of wheel-rail and sleepers subsystems through a displacement/force method.

in the force case, the force is a constant until the next time step while this force is a function of
the state variables of the subsystem in the displacement exchange.
4.3 Co-simulation schemes used
The co-simulation scheme defines the order in which both subsystems are time-integrated
and then how the data are exchanged between them. There exist several types of co-simulation
schemes such as explicit, semi-implicit and implicit schemes [10] but this work will focus on
two explicit schemes [11]:
• A parallel scheme for which the inputs (coupling variables coming from the other subsystem) of each subsystem are extracted from the state variables of the other subsystem
at the beginning of the time step. This means that each subsystem can be time-integrated
without waiting for the other one to be integrated. This is called Jacobi scheme.
• A sequential scheme for which both subsystems are integrated sequentially since the inputs of the second subsystem will be computed using the states variables of the first subsystem integration. As for the Jacobi scheme, the inputs for first subsystem integration
are computed from the state variables of the other subsystem but at the beginning of the
timestep (then the values obtained at the previous time step integration). This is called
the Gauß-Seidel scheme.
It has to be mentioned that the data are exchanged following a specific timestep called the
macrotimestep while each subsystem can have its own timestep for its time-integration during
a macrotimestep. Furthermore, this microtimestep can be different between both subsystems
as far as the macrotimestep is common for both of them in order to have a consistent data
exchange.
5 RESULTS
In order to demonstrate the co-simulation capabilities of EasyDyn and also the effect of
co-simulation techniques on a railway problem, the different aforementioned methods were im-
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plemented including the monolithic modeling. The different parameters, whose values are not
changed between all the model representations, are expressed in Table 1. It must be mentioned
that if the macrotimestep is specified in this table, the microtimestep of each subsystem is not
given. This comes from the time integration scheme used that possesses an adaptive time-step.
This scheme is identical for both subsystems and is a Newmark-β scheme tuned such that it
does not produces numerical damping on the results (β = 0.25 and γ = 0.5).
Parameter
Total mass of the wheel
Hertz contact stiffness
Rail Young modulus
Rail geometrical moment of inertia
Mass of a sleeper
Spacing between two sleepers
Area of rail cross section
Rail density
Stiffness of rail pads
Stiffness of the ballast
Damping of rail pads
Damping of the ballast
Number of sleepers
Number of rail elements between sleepers
Vehicle speed
Vehicle initial position
Simulation macrotimestep

Symbol Value
Unit
mtot
11250
kg
3
KHz
92.86 GN/m 2
E
210
GPa
I
1987
cm4
ms
90.84
kg
l
0.6
m
Ar
63.8
cm2
ρ
7850
kg/m3
kp
180
MN/m
kb
25.5
MN/m
dp
28
kNs/m
db
40
kNs/m
N
50
Nr
2
v0
300
km/h
x0
2
m
H
10−4
s

Table 1: Values of the parameters involved in the model simulated.
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Figure 5: Rail deflexion at t = 0.25 s for Wheel/Rail and Rail/Sleepers coupling locations.

Generally speaking, the results obtained are compared through the rail deflection. Figures
5a and 5b illustrates the results obtained for the different coupling locations (W/R and R/S)
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and also the different coupling types (X-X and X-T). It can be remarked that a large part of the
solutions are slightly different from the monolithic reference. However, one solution involves
an abnormal amplification of some specific modes: the Jacobi scheme with an X-T coupling at
the wheel/rail contact level.
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Figure 6: Rail deflexion error at t = 0.25 s for Wheel/Rail (top) and Rail/Sleepers (bottom) coupling locations, for
Jacobi (left) and Gauß-Seidel (right) coupling approaches and X-X and X-T coupling types.

In order to distinguish the more accurate methods, Figure 6 proposes the rail deflection
error defined as the subtraction of the rail deflection given by the monolithic modeling to the
considered co-simulated solution. While the instability of the Jacobi X-T W/R is again clearly
visible in Figure 6a, a similar but less amplified tendency is present in the corresponding GaußSeidel deflection curve in Figure 6b.
Furthermore, due to the classification between the different cases, the error encountered
using a specific scheme can easily be observed between different cases. For example, since the
Jacobi X-T W/R presents a huge amplification, the generated error remains the biggest found
in all the cases. Also, it seems that changing to Gauß-Seidel from Jacobi in the X-X R/S case
divides the error by almost 10.
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6 CONCLUSIONS
Through a two-dimensional railway example, the capabilities of EasyDyn in co-simulation
was highlighted and the effect of co-simulation techniques was studied and compared to the
corresponding monolithic modeling. Several cases were developed in terms of coupling location (wheel/rail contact cut and rail pads cut), coupling type (displacement/displacement and
displacement/force) and coupling approach (Jacobi and Gauß-Seidel).
Generally speaking, the parallel scheme (Jacobi) provides a less accurate rail deflection than
the sequential Gauß-Seidel scheme for this specific railway example. This can be explained
by the loss of accuracy in the parallel integration of both subsystems during a macrotimestep
while the time-integration of the second subsystem in Gauß-Seidel scheme uses a more accurate
version of its input variables thanks to the already performed integration of the first subsystem.
Furthermore, if the displacement/displacement coupling type seems to be more accurate in
the wheel/rail coupling location case, the tendency is reversed in the rail/sleepers case. Meanwhile, even if the rail deflection seems more accurate in the wheel/rail coupling case (except
for the Jacobi X-T case), the rail/sleepers case remains more stable. Additional studies could
be carried out in order to detect if it comes from the lack of physical damping in the coupling
element or if it comes from the fact that the coupling point is moving in the wheel/rail case.
Finally, this example was developed in order to determine the best coupling method that
could be used to perform co-simulation on a more comprehensive model in order to evaluate
the ground-borne vibrations in a 3D modeling of a soil. Indeed, it is currently possible to
perform co-simulation between EasyDyn an another software containing a three-dimensional
modeling of a soil. Based on the results obtained with the model treated in this work and thanks
to the EasyDyn capabilities of co-simulation through network, actual co-simulation between a
multibody modeling of a full vehicle and a finite element modeling of a soil will be investigated
in further research.
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Abstract
The safety evaluation of concrete arch dams requires validated numerical procedures capable
of representing the dynamic interaction between the dam and the reservoir during a seismic
event. The proposed numerical model employs a discrete element formulation, which is ultimately intended to represent the potential dynamic slip of discontinuities in the rock mass
foundation. The present paper focuses on the dam-water interaction modelling, which is a key
component of the dynamic response of concrete arch dams. A fluid element discretization of
the reservoir domain was adopted, based on Cundall's mixed discretization technique, which
provides a displacement formulation for time domain analysis. Simple validation tests confirmed the accuracy of the solution. The model was also applied to a case study involving a
recently built arch dam in Northern Portugal. In situ measurements of the dam dynamic response were made by two methods: forced vibration tests, performed before and after filling
the reservoir, and a continuous monitoring systems installed in the structure. These measurements provided extensive data that allowed the dynamic characterization of the concrete arch
structure and the validation of the numerical model.

Keywords: Concrete dams, Dam-water interaction, Discrete elements.
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1

INTRODUCTION

The safety evaluation of concrete arch dams built in regions of significant seismic hazard
requires the simulation of their response under various levels of seismic action. The numerical
models employed in those analyses have to be validated with experimental data, which is becoming more extensively available nowadays. There is a long experience in the development
and application of finite element representations of dam-foundation-reservoir systems [1]. Direct finite element procedures involving nonlinear response history analysis have gained more
attention recently, proving to be a highly performing tool [2].
Discrete element models are widely used in rock mechanics, namely in dam foundation
analysis [3], given their ability to address the role of discontinuities and their complex nonlinear behavior. Some studies of dynamic slip on rock joints during earthquakes have been performed for arch dam foundations [4], in which the reservoir effect was modelled by the
classical Westergaard's added mass technique. A more elaborate representation of the hydrodynamic interaction, involving the discretization of the water domain, is proposed in the present paper. The fluid elements are based on Cundall's mixed discretization technique [5],
which is available in the discrete element code 3DEC [6]. The tests performed show that this
formulation is capable of addressing the hydrodynamic interaction problem.
A research project involving a recently built arch dam in Northern Portugal is providing
extensive data on the dynamic behavior of the structure. In situ measurements of the dam dynamic response were made by two methods: forced vibration tests, performed before and after
filling the reservoir, and a continuous monitoring system that has been installed in the structure [7,8]. In the present paper, the results obtained with the proposed numerical model are
compared with these field measurements, providing a test of its practical performance under
essentially linear conditions, given the relatively low levels of vibration induced.
2
2.1

CUNDALL'S MIXED DISCRETIZATION TECHNIQUE
Fluid elements

The representation of the reservoir in the 3DEC model was achieved with a displacement
formulation of fluid elements, as this approach provides a straightforward mechanical interaction with the dam upstream face and the foundation, using the standard contact logic.
The mixed discretization formulation was initially proposed by Marti & Cundall [5] for the
accurate solution of plasticity problems with low order elements (or zones). The principle of
the mixed discretization technique is to give the element more volumetric flexibility by proper
adjustment of the first invariant of the element strain tensor. In the plane case, a 4-node plane
element is formed by 2 overlays of 2 uniform-strain triangles. The volumetric strains and
stresses are averaged in each overlay. A three-dimensional version of this formulation was
subsequently implemented in the 8-node brick element available in the codes FLAC-3D [9]
and 3DEC [6]. In this case, the 8-node brick element (or zone) is built by assembling 2 overlays of 5 uniform-strain tetrahedral elements each, as shown in Figure 1. The first invariant of
the strain tensor of a particular tetrahedron is evaluated as the volumetric-average value over
all tetrahedra in the brick element.
This formulation also allows the representation of the fluid behavior, so it can be used to
derive fluid elements. Using the elastic bulk modulus, the same pressure results in the 5 tetrahedra of each overlay. The reduction of the number of deformation modes that this constraint
enforces allows a stable numerical response even in the case of zero shear modulus, as it occurs in perfectly-plastic yielding or in a fluid. The main computational advantage of this ap-
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proach is that it can be implemented in codes using explicit time stepping algorithms, such as
FLAC-3D or 3DEC.

Figure 1: An 8-node element with 2 overlays of 5 tetrahedra in each overlay.

2.2

Application to dam-reservoir interaction problems

Tests of the 3DEC fluid elements based on the mixed discretization technique were performed by comparison with the classical Westergaard solution for a rigid dam with a vertical
face. Figure 2 shows the numerical model of the reservoir, for the case of a 100 m high dam.
The extension of the reservoir is 200 m, with absorbing boundaries based on a viscous formulation placed at the far end to allow energy radiation [6]. The acceleration was prescribed at
the near end, and out of plane displacements were prevented along the two lateral boundaries.
A time domain analysis was performed, which converged towards a steady-state solution.
Figure 3 shows the pressure diagram along the height, comparing the analytical solution with
the results of two fluid element models with different mesh sizes. The numerical results approach the analytical solution, as the element mesh is refined. A fair agreement is obtained
with mesh A corresponding to elements with 10 m of dimension (shown in Figure 2), which
improves as the element size is reduced to 2.5 m, in mesh B.
A series of tests of this type of fluid elements in transient conditions are presented by Andrian and Agresti [10], using a FLAC-3D model. These authors also performed an application
of this model to the case of a gravity dam in Japan, for which field records of earthquake response are available.
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Figure 2: Model of fluid elements and boundary conditions for comparison with Westergaard formulation.
Coarse mesh A (10 m elements).
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Figure 3: Comparison between the Westergaard formulation and fluid elements for mesh A (10 m elements), and
mesh B (2.5 m elements)

3
3.1

CASE STUDY
Description of the dam

The Baixo Sabor hydroelectric project, owned by EDP, is located in Torre de Moncorvo, in
the North of Portugal, over the lower reach of river Sabor, a right bank tributary of river Douro. The project includes an arch dam, upstream, and a gravity dam, downstream, to create the
pool required for pumping. The main dam is a double curvature arch, with a maximum height
of 123 m above the foundation (Figure 4). The crest, at elevation 236.00 m, has a 6.00 m
thickness and a total length of 505 m. The arch is formed by 32 blocks, separated by vertical
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contraction joints. At the upper central zone of the dam, a crest spillway is installed with 4
openings, equipped with radial gates.

Figure 4: View of Baixo Sabor arch dam and cross-section through the central cantilever

Forced vibration tests were performed for the dynamic characterization of the dam, before
the reservoir filling [7], and with full reservoir. The dam is equipped with a seismic monitoring system to evaluate the behavior of the structure when subjected to seismic actions. In addition, a dynamic monitoring system, comprising 20 uniaxial accelerometers, has been
installed to continuously characterize its dynamic response. Results obtained during the first
six months of operation, which includes the reservoir-filling phase, have clearly shown the
effect of the water level on the natural frequencies [8].
3.2

Numerical model

For interpreting the experimental results, a numerical representation of the dam was built
with 3DEC [6], a discrete element code widely used in the field of rock mechanics. This code
has been applied to the safety assessment of dams, considering the failure modes through the
rock foundation, under static or dynamic loads, namely for Baixo Sabor dam [4]. The code
allows the consideration of deformable blocks, which are discretized into an internal finite
element mesh. For polyhedral rock blocks, tetrahedral elements are preferred, while to represent the concrete arch, 20-node brick elements can be employed. 3DEC has been employed in
previous seismic analysis of arch dams considering the nonlinear behavior of the joints, but
adopting added-masses to simulate the reservoir effect [11].
The dam model has 32 cantilever blocks separated by vertical contraction joints (Figure 5,
where all element faces are approximated by triangular facets). The blocks of the dam cantilevers were discretized into 20-node brick elements, with 3 elements across the thickness. In the
present study, focused on the hydrodynamic interaction, a simplified representation of the
foundation rock mass was used. An elastic dam-rock interface was adopted, with a joint stiffness calculated to provide an approximate value of the rock mass deformability. Given the
low intensity of the dynamic input, the dam contraction joints were assumed elastic. The damwater and water-foundation interfaces were assigned a null shear stiffness, reproducing a frictionless behavior. At the far end of the reservoir a viscous boundary condition was applied to
provide the energy radiation.
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Figure 5: Numerical model of dam and reservoir.

The dam concrete Young's modulus was 36 GPa and the Poisson's ratio was 0.20, values
consistent with in situ material tests. A joint normal stiffness of 50 GPa/m was assigned to the
dam contraction joints, while a value of 12.5 GPa/m was used for the dam-rock interface. In
both cases, the joint shear stiffness was taken as 0.42 of the normal stiffness. The water was
assigned a bulk modulus of 2 GPa, and zero shear modulus; the water-dam and water-rock
interfaces had a normal stiffness of 2 GPa/m, and zero shear stiffness.
3.3

Comparison of results

In order to determine the natural frequencies in the numerical model, time domain analyses
were performed by applying a random excitation to the model, which was simulated by means
of horizontal tractions distributed along the dam crest. The frequencies and modal shapes
were then identified by standard software, from the response obtained at the locations in the
dam that were also used in the experimental measurements.
A comparison of the numerical results with the experimental values is shown in Figure 6.
The four lower modal frequencies and configurations, for a condition of full reservoir, are
displayed. Regarding the experimental results, a good match had already been found between
the forced vibration tests and the continuous monitoring data under ambient vibration conditions [8]. The measurements also agree quite well with the present numerical model using fluid elements, both in terms of frequency values and modal shapes. For this particular wide arch
dam, the first mode is the symmetric configuration, while the second mode is anti-symmetric.
The classical Westergaard’s added-mass approach is still often used in dam engineering, as
it provides a relatively accurate solution with a low computational cost. Various authors have
compared it with more elaborate models (e.g. [12]). In general, to have a better approximation,
the values of the masses given by the analytical formula need to be scaled, with different scaling factors having been proposed for dams of various heights. In many cases, the full value
overestimates the hydrodynamic interaction. The scaling procedure obviously implies the existence of field measurements, which are not available at design stage.
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Forced vibration tests
Freq,
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Numerical model
Freq,
(Hz)

2.44

2.44

2.57

2.58

3.34

3.35

3.93

3.82

Modal configuration

Figure 6: Comparison of experimental and numerical modal frequencies and configurations.

In the present study, the results of the fluid element model were also compared with the
added-mass representation, using the same dam mesh. In order to match the first frequency, a
scaling factor of 0.525 had to be applied to the added-masses. The comparison of frequencies
is presented in Table 1. It may be seen that the fluid element results approximate better the
measured field data. For example, the difference between the first two frequencies is overestimated with the added-mass solution. However, in many practical situations, the simpler added-mass model can still perform reasonably well in seismic analysis, provided a scaling factor
can be determined by either experimental tests or by running a more elaborate numerical
model of the reservoir.
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Mode

Measured

1
2
3
4

2.44
2.57
3.34
3.93

Fluid
elements
2.44
2.58
3.35
3.82

Added
masses
2.44
2.67
3.56
4.03

Table 1: Natural frequencies measured in forced vibration tests and results of numerical models with fluid elements and scaled added masses.

4

CONCLUDING REMARKS

Various types of numerical representations have been proposed over the years for the damreservoir interaction under dynamic loads. The choice is often dictated by the particular aim
of the study and by the formulations available in the code selected for the analysis. The present paper is framed within a discrete element environment, which provides appropriate representation of media with discontinuities. The particular model of the arch dam was focused on
the assessment of the dam-water dynamic interaction. The only discontinuities were the dam
contraction joints and the interfaces between dam, water and foundation, all of which could be
assumed elastic for the low intensity of vibration that was measured in the field experiments.
The fluid elements based on Cundall's mixed discretization technique showed a good performance in comparison with the measured data. In the future, this type of model is mainly intended for earthquake analysis, including the evaluation of potential movements in rock joints
that may be induced by the seismic event.
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Abstract
The paper addresses the significance of soil-structure interaction on the dynamic behaviour
of the “Chiaravalle viaduct”, based on ambient vibration measurements and numerical simulations. The viaduct is located in Central Italy and is founded on piles in an eluvial-colluvial
soil deposit. Experimental modal properties are evaluated by means of the operational modal
analysis on accelerometric data from ambient excitation and the role of soil-structure interaction in the interpretation of tests is investigated by means of a refined finite element model of
the viaduct. In the soil-structure interaction models the local site condition in correspondence
of each bridge piers (resulting from geotechnical and geophysical investigations) are considered in the definition of the soil-foundations compliance. Comparison between the experimental and numerical results highlight the role of the pile-soil-pile interaction, the radiation
problem, the pile cap embedment and the variability of the soil stratigraphy along the longitudinal direction of the viaduct in the interpretation of the experimental data.

Keywords: reinforced concrete viaduct; Soil-Structure Interaction; site response; dynamic
identification; Operational Modal Analysis; finite element model.
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1

INTRODUCTION

The high Italian seismicity in conjunction with the existing dense transport infrastructures
require the seismic verification and upgrading of bridges to improve the overall earthquake
resilience of communities. In this framework, system identification and structural health monitoring of structures have recently drawn attention for developing assessment tools and reducing uncertainties in the risk assessment procedures. Estimation of the dynamic properties of
bridges using recorded vibration data allows the calibration of numerical models for the assessment of the structural safety and for the design of a seismic retrofit (e.g. [1-2]). The Ambient Vibration Test (AVT) is one of the most attractive methods for the evaluation of the
dynamic properties of existing constructions in elastic range since it uses natural vibrations as
input and foresee the use of small and portable instrumentation. It is generally common practice to perform AVTs, to get modal parameters through the Operational Modal Analysis
(OMA) [3-4] and then to calibrate finite element models by changing the mechanical properties of materials, achieving the best fit of the model results with the experimental data. On the
contrary, geometry of structural components is assumed in a deterministic way and the structure is assumed to be fixed at the base. However, it is well-known in the literature, from both
numerical (e.g. [5-10]) and experimental studies (e.g. [11-12]), that Soil-Structure Interaction
(SSI) may play an important role in the dynamic structural response, especially for medium or
soft soil conditions and for existing bridges. Thus, numerical models developed to interpret
results of vibrational measurements should include the soil-foundation compliance [13].
The objective of this work is to address the significance of soil-structure interaction in the
interpretation of the vibrational tests performed on the Chiaravalle viaduct, for which detailed
experimental campaigns and surveys on both the soil deposit and the superstructure were
available. A 3D finite element model of the bridge is developed accounting for the soilfoundation compliance through Lumped Parameter Models (LPMs) [14], reproducing the dynamic impedances of soil-foundation systems. The latter are obtained with a refined 3D solid
model accounting for the pile-soil-pile interaction, the radiation problem and the pile cap embedment. Modal parameters obtained from the OMA are compared with those derived from
the numerical models of the bridge.
2

THE CHIARAVALLE VIADUCT

The Chiaravalle Viaduct in Central Italy connects the SS76 road to the Raffaello Sanzio
airport (Figure 1a). The viaduct has a total length of 875 m and is constituted by 4 Kinematic
Chains (KC#), separated by structural joints. The KCs are constituted by 27.5 m long simply
supported girders connected over the piers through post-tensioned cables at the level of the
concrete slab. The deck is 12.10 m wide and is constituted by three simply supported Vshaped r.c. beams underlying a 0.25 m thick concrete slab. The column bent piers are constituted by 2 circular columns with diameter of 1.4 m, with heights ranging between about 6÷12
m. Only one pier (P17 of KC2) is different, characterized by a single column with a rounded
rectangular cross section (Figure 1a). The foundation of each pier is constituted by 6 r.c. piles
of length 30 m and diameter 1 m, connected at the head by a rigid cap of dimensions 5 x 9 x
1.70 m (Figure 1b). During construction, 240 concrete samples were tested, so that results of
samples, in conjunction with tests performed specifically for the retrofit design, allow to assume the mechanical parameters (mean compressive strength fcm and elastic mean modulus
Ecm) reported in Table 1.
From the geomorphological point of view, the viaduct is located in a wide almost flat area
with low altitudes set at almost 17-20 m above the mean sea level. With reference to Figure
2a, the geological configuration of the site is constituted by three main formations: a Plio-
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Pleistocene marine deposit, prevalently composed of Pleistocene marly, silty clays (AD4) underlying a recent continental covering soil that mainly consists of Quaternary (PleistoceneHolocene) eluvial-colluvial (sandy and clayey silts, AD1) and Plio-Pleistocene alluvial (mainly sandy gravels with clayey silts lenses, AD2) deposits. Locally, above the Plio-Pleistocene
clayey substratum, lenses of sands in clayey-silty matrix can be found (AD3). The area was
investigated by means of Boreholes (B), laboratory tests (e.g. triaxial tests, oedometer test)
and in-situ Standard Penetration Test (SPT) conducted up to a maximum depth of about 24 m.
The geophysical characterization was performed through a Multichannel Analysis of Surface
Waves (MASW) and Down Holes (DH). Locations of tests are shown in Figure 2a, b. Furthermore, two Piezometers (PZ) were used to monitor the ground-water level along the viaduct. Results of geotechnical and geophysical surveys leads to the mechanical and dynamic
parameters reported in Table 2 for each lithotype.
3

AMBIENT VIBRATION TESTS

Ambient vibration measurements were performed to evaluate modal parameters of the viaduct
in order to develop and validate a finite element model for the design of the bridge seismic upgrading.
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Figure 1. (a) Plan location of KCs and view of the viaduct, (b) dimensions of the viaduct cross section and foundations in [m].
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Figure 2. (a) Soil geological profile, (b) position of the test site and geotechnical surveys.
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Structural element
Columns
Foundation piles
Pile foundation caps
Column caps
Beams

Number of
specimens
33
20
29
8
10

fcm
[MPa]
17.0
7.5
12.8
27.1
40.7

Ecm
[MPa]
25796
20181
23691
29670
33520

Table 1. Mechanical properties of concrete.
Soil

γ
[kN/m³]

ID
[%]

c’
[kPa]

cu
[kPa]

Φ’
[°]

Eu
[kPa]

Eoed
[kPa]

Vs
[m/s]

G0
[kPa]

AD1
AD2
AD3
AD4

19.02
19.60
20.00
20.00

63
-

20
7
30

20
35
400

27
39
27
26

63000
42000
15000
70000

8700
-

230
540
325
600

92000
567000
218000
770000

ID = density index
γ = unit weight of soil
Φ’ = angle of internal friction

Vs = shear wave velocity
G0 = small strain shear modulus
Eu = undrained modulus

c’ = drained cohesion
cu = undrained cohesion
Eoed = oedometric modulus

Table 2. Mechanical and dynamic parameters

AVTs are carried out with low noise unidirectional piezoelectric accelerometers connected to a
24-bit data acquisition system by means of coaxial cables and a portable PC for data storage. Each
KC is monitored separately, and different sensor configurations are scheduled where necessary;
KC3 was not investigated due to logistic problems. Tests for each KC were performed in different
days during the same week of July 2014 in the same timeslot so that ambient effects on the estimated modal parameters can be considered negligible (e.g. [15-17]).
To capture the transverse dynamic behaviour of the bridge, unidirectional accelerometers are
placed at each span support and oriented in the transverse direction. For each configuration, 1800
seconds long records sampled at a rate of 2048 Hz are acquired. All the recorded data are processed with standard signal processing techniques before performing the modal analyses. Finally,
signals are down-sampled at 51.2 Hz to decrease the number of data and the SSI-Cov technique was used to identify the dynamic properties of the viaduct [3].

4

NUMERICAL MODELLING STRATEGY FOR THE AVTS INTERPRETATION

A refined 3D finite element model of the viaduct is developed to interpret results of AVTs.
As for the superstructure, both deck and column bent piers are modelled with elastic frame
elements considering the real position of the centroids through rigid links. Mechanical properties of the concrete are based on experimental results presented in Table 1. The deck bearings
are modelled with elastic links of suitable stiffnesses. A Fixed Base model (FB) as well as a
Compliant Base model (CB) of the viaduct, accounting for the soil-foundation dynamic stiffnesses are developed. In Figure 3a some pictorial views of the FB model are reported.
The CB model, addressing the SSI problem, is developed in the framework of the substructure approach, which allows analysing separately the soil-foundation and the superstructure systems. The analysis of the soil-foundation subdomain furnishes the frequencydependent complex dynamic impedance matrix of the system that represents the behaviour of
the superstructure restraints. Since software dedicated to structural modelling generally performs time domain analyses, the frequency dependent behaviour of the soil-foundation system
is generally included through the use of LPMs constituted by assemblages of frequency independent springs, dashpots and masses. Parameters of the lumped system are calibrated to as-
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sure the best match between its dynamic stiffness matrix and that of the actual soil-foundation
system in a selected frequency range. The LPM presented by Carbonari et al. [14] is adopted
to simulate the soil-foundation dynamic behaviour of each pier in the CB model (Figure 3b).
Each LPM is characterized by 24 parameters and is able to reproduce the frequency dependent translational, rotational and coupled roto-translational dynamic behaviour of the pile
foundations characterised by a double symmetric layout. The external node, representing the
interface between the soil-foundation system and the superstructure, is located at the intersection of the two symmetry axes.
4.1

Soil-foundation modelling

The analysis of the soil-foundation system necessary to determine the relevant frequencydependent impedance matrix is performed adopting a refined 3D solid model. Considering the
2D stratigraphic profile, characterised by an almost constant thicknesses of soil layers for the
first 20 m, only one soil-foundation system, assumed to be representative for all the bridge, is
modelled within the computer software ANSYS. 8-node brick elements are used to model a
cylindrical soil portion with diameter D and height T satisfying conditions D/d = 50 and
T/d = 45 (Figure 4) where d is the pile diameter. The soil is assumed to be a viscoelastic material and infinite elements are provided at boundaries to absorb the outgoing waves and satisfy
the radiation condition. Piles are modelled with 2-node beam elements and their physical dimensions are considered by removing cylinders of soils. The beam-solid coupling is assured
exploiting potentials of the software. The pile cap, which is assumed to be rigid, is simulated
through the soil excavation and the introduction of a rigid constraint, with master node M, between soil-cap interfaces and the piles head. Meshing criteria aim at obtaining an as much as
possible structured mesh and assuring a sufficient number of nodes per wavelength.
External node (M)
z
cxh

x
y

(a)

(b)
Plane xz Vertical &
and yx
torsional

Figure 3. (a) Fixed base model (FB), (b) adopted LPM.
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Figure 4. 3D solid finite element model of the soil-foundation system.
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Some validation studies are preliminarily performed to define the mesh dimension, balancing results reliability with computational efforts; in particular, the mesh dimension is selected
so as the propagation of waves with frequency up to 10 Hz are well captured. Components of
the impedance matrix are obtained by imposing unit steady harmonic displacements at the fully restrained master node and evaluating the relevant reaction forces.
Figure 5 shows impedances obtained from the 3D solid model from which a change of the
impedance functions slopes at 9.2 Hz is evident. The latter is due to the cut-off frequency of
the deposit associated to the fundamental vibration mode of the first soil layer (lithotype
DA1). However, as will be shown later, results of experimental tests (AVTs) revealed that the
first three structural fundamental frequencies, which are expected to dominate the transverse
dynamic response of the bridge, fall below 5 Hz. For this reason, parameters of LPMs are calibrated to reproduce the soil-foundation impedances in the frequency range 0-8 Hz. Impedances of the LPM are reported in Figure 5 with dotted lines. The lumped model is able to
capture the dynamic behaviour of the comprehensive 3D solid model very well.
4.2

Experimental data and comparisons with numerical results

In this section results of AVTs are presented in terms of fundamental structural frequencies, modal damping ratios and mode shapes, providing comparisons with those obtained
from the developed numerical models (FB and CB).
Figure 6a shows for each KC the normalised mean amplitude of transverse displacements
measured above piers at the deck level, obtained from steady-state analysis of the CB model
considering unit amplitude forces applied at the master node M of the LPMs implemented a
the piers base to simulate the soil-foundation compliance. For each KC, the highest amplitude
peaks are evident in correspondence of the relevant chain fundamental frequencies; in addition, the interaction of the i-th KC is revealed by the presence of lower response peaks also in
the response of the other KCs. Three fundamental frequencies are highlighted in Figure 6a for
each KC; these will be used to compare experimental and numerical mode shapes.
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Figure 5. (a) Soil geological profile, (b) position of the test site and geotechnical surveys.
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Figure 6b shows the stabilization diagrams obtained from the OMA (continuous lines are
the average of PSD of sensors positioned on the KCs), used to identify the viaduct fundamental frequencies. It can be observed that the experimental response is consistent with the numerical one: peaks in the stabilization diagrams are almost aligned with the numerical ones
for each KC, as highlighted by vertical dotted lines. Furthermore, also the measured relative
amplitude of peaks at different frequencies is almost reproduced by the numerical model for
all the KCs, with minor differences for the first peaks of KC1. Results from the FB model is
not reported in Figure 6a since its response is sensibly different from the measured one. Results from this model is presented in terms of frequencies and mode shapes, obtained with a
classical modal analysis.
Table 3 compares the selected three fundamental structural frequencies obtained from the
AVTs and from the numerical models. With reference to experimental results, values of
damping ratios are also reported for completeness. Frequencies resulting from the FB model
are sensibly higher than the experimental ones; thus, the model appear not able to capture the
actual viaduct dynamic behaviour. The CB model better reproduces the experimental data
with relative errors always below 1% (excepting mode 3 of KC2).
Figure 7 compares the three transverse mode shapes previously selected for KC1, KC2 and
KC4, obtained from the experimental tests and the numerical models, normalized with respect
to its relevant maximum transverse displacement.
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Figure 6. (a) Mean displacement amplitudes from the CB model, (b) stabilization diagrams.

4153

5

Sandro Carbonari, Francesca Dezi, Fabrizio Gara

KC#

OMA
f
ξ
[Hz]
(-)
1.61
0.57
1.81
1.91
2.05
1.78
1.58
0.93
1.66
0.43
1.98
0.60
2.26
0.42
2.79
0.27
4.04
0.21

Mode
1
2
3
1
2
3
1
2
3

1

2

4

CB

FB
Δf
(%)
-0.6
1.1
1.4
0.6
0.0
2.5
0.0
0.0
0.0

f
[Hz]
1.60
1.83
2.08
1.59
1.66
2.03
2.26
2.79
4.04

Δf
(%)
5.8
3.2
4.2
2.5
2.9
7.5
6.2
1.8
5.6

f
[Hz]
1.71
1.87
2.14
1.62
1.71
2.14
2.41
2.84
4.28

Table 3. Comparison of experimental and numerical fundamental frequencies.
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Figure 7. Comparison of numerical and experimental mode shapes.

Experimental data are reported with black lines while continuous lines are used for the
numerical results. Experimental and numerical mode shapes from the CB model are practically superimposed while the FB model is not able to well interpret the experimental data.
5

CONCLUSIONS

The significance of soil-structure interaction in the interpretation of vibrational tests performed on bridges has been discussed in this work, with reference to a multi-span r.c. viaduct
in Central Italy. A conventional fixed base, as well as a numerical model accounting for the
soil-foundation compliance, are developed to interpret the experimental data. The soilstructure interaction is included through the sub-structure approach, simulating the frequencydependent soil-foundation impedances through lumped parameter models. Models accuracy in
reproducing the experimental modal parameters is evaluated on the basis of both fundamental
frequencies and mode shapes. It is found that only a numerical model addressing the soilstructure interaction problem in a comprehensive way, i.e. including both the pile-soil-pile
and pile-cap interactions, is able to interpret the experimental data.
The presented case study demonstrates that the common practice of calibrating and updating fixed base finite element models to fit experimental results from ambient vibration tests
by only changing mechanical properties of materials should be prudently evaluated in the case
of bridges, for which soil-structure interaction effects may significantly affects the structure
dynamics, especially in the case of soft or medium soil deposits.
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Abstract
In the soil-structure interaction framework, among the results of the soil-foundation system
analysis (kinematic analysis) the dynamic impedance functions represent the forcedisplacement relationships of the compliant restraint for the superstructure. The intrinsic variability of soil parameters and of design materials represents an uncertainty source which is
necessary to include in the definition of the soil-foundation model, in order to predict the superstructure response adequately. The aim of this work is to evaluate effects of uncertainties
on soil dynamic and mechanical properties on the impedance matrix of single piles in homogeneous soils, focusing on the sensitivity of the parameters. A Quasi Monte Carlo (QMC)
simulation with sampling based on Sobol’ sequence is performed starting from the probabilistic distribution of three main parameters characterizing the soil-piles response, i.e. the soil
density, the shear waves velocity and the concrete elastic modulus of piles, available from the
literature. The analyses are carried out through the numerical model developed by the Authors and a sensitivity study on the optimal number of simulations is performed, comparing
the use of Quasi-random sampling with the classical Monte Carlo simulation technique.
Moreover, results of sensitivity studies show the influence of variability of each considered
mechanical parameter on the global response of the soil-foundation system.
Keywords: Probabilistic Analysis, Pile foundations, Soil-foundation impedance matrix, SoilStructure Interaction Analysis, Quasi-random Simulation.
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1

INTRODUCTION

It is known from the literature that Soil-Structure Interaction (SSI) has a not negligible impact on the structural response [1, 2]. To properly account for SSI in the structural design, the
sub-structure approach can be employed under the assumption of a linear soil-foundation behaviour [3]. The method provides for the analysis of the structural system in two steps. The
first one (kinematic interaction analysis) studies the soil-foundation system subjected to the
Free-Field Motion (FFM) and provides (i) the dynamic impedance functions, which represent
the force-displacement relationships of the compliant restraint for the superstructure, and (ii)
the Foundation Input Motion (FIM), i.e. the actual motion experienced by the foundation because of the seismic waves propagating in the soil. The second step (inertial interaction analysis), allows to evaluate the actual superstructure response under the FIM with a compliant
base characterized by the soil-foundation impedance matrix.
The soil-foundation geometrical and mechanical parameters largely affect results of the
kinematic interaction analysis. Classically, deterministic values are adopted for the main
quantities governing the kinematic interaction, basing on design statements, design drawings,
field tests or expert engineering judgement. Even if the intrinsic variability of natural and construction materials has been widely studied in the literature, with both focus on the statistical
characterization of soil mechanical properties [4, 5] and structural materials [6, 7], few works
dealing with probabilistic approach for SSI are available [8-10] and, to the authors’
knowledge, none of them address the problem of deep foundations. Since the kinematic interaction may produce not negligible effects on pile foundations [11, 12], a particular interest on
the probabilistic characterization of such substructure behaviour arises.
This paper deals with the study of the impedance matrix of a single pile in homogenous
soil with a probabilistic approach, suitably accounting for uncertainties related to the mechanical parameters of the soil-foundation system through statistic distributions available in the
literature. The effects of the variability of the soil density, the shear wave velocity and the
concrete elastic modulus on the dynamic impedance functions are investigated through the
analytical model developed by the Authors [13], assuming no correlation between the aleatoric variables. Firstly, sensitivity analyses are performed to validate the sampling method: a
comparison between Monte Carlo Simulations (MCSs) [14] and the adopted Sobol’ Quasi
Random Sampling (QRS) [15], which allows for a significant reduction of the number of
samples and consequently of the computational effort, is shown. Then, trends of impedance
functions in the frequency range of practical interest for seismic engineering is discussed. Finally, a second sensitivity analysis on the variable parameters highlights the different role of
each one on the final output.
2

VARIABILITY OF SOIL AND FOUNDATION MECHANICAL PARAMETERS

In the sub-structure method, the impedance matrix defines the relationship between forces
and displacements of the soil-foundation system that can be used in the inertial interaction
analysis to simulate the foundation compliance. For a single pile of circular cross-section, the
impedance matrix assumes the form
 x
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whose terms are complex-valued and express the harmonic forces to be applied at the pile
head, where the degrees of freedom of the system are condensed according to the substructuring approach, to produce its uncoupled vibration.
Each term of the matrix depends on the mechanical and geometrical characteristics of the
entire system. To investigate the effects of the variability of mechanical parameters on the
impedance functions, three fundamental quantities are considered as independent aleatoric
variables: the soil density ρs, the shear wave velocity Vs and the concrete elastic modulus Ep.
The latter is evaluated basing on the variability of the concrete cylindrical compressive
strength fc. Mean values (μ), standard deviations (σ) and Coefficients of Variation (COV) of
the variable parameters are chosen to represent a reinforced concrete foundation in homogeneous sand soil [5, 16] starting from values available in the literature [4, 7]. Regarding the
other parameters affecting the definition of the impedance functions (i.e. soil and concrete
Poisson’s modulus, soil damping, concrete density), deterministic values are assumed since
available works in the literature [8, 17] reveal that their variability is negligible as much as
their effect on the impedance functions. Table 1 shows the statistical distributions and their
relevant parameters for the three examined parameters, while Table 2 lists the deterministic
values adopted for soil and concrete Poisson’s modulus, soil and concrete damping and concrete density.
Statistical
Distribution
Normal
Lognormal
Lognormal

Uncertainties
Soil density ρs [t/m3]
Shear wave velocity Vs [m/s]
Concrete elastic modulus Ep [MPa]

μ

σ

17.5
400
3E4

10
σln =0.39
σln (fc) =0.20 -

COV

Table 1: Statistical distributions for ρs, Vs, fc.

Mechanical parameters
Soil Poisson’s Modulus νs [-]
Concrete Poisson’s Modulus νp [-]
Soil Damping ξs [-]
Concrete Density ρp [t/m3]

value
0.4
0.2
0.05
2.5

Table 2: Deterministic parameters.

3

CASE STUDY

In this paper, a single floating pile in a homogeneous deposit is considered, with L/d = 16,
where L is the total length of the pile and d is its diameter. The analyses are performed
through the analytical model proposed by the Authors in [13], in which the problem is formulated in the frequency domain, the pile is assumed to be a linear elastic Euler-Bernoulli beam,
the soil is constituted by infinite independent horizontal layers, and the soil-pile interaction is
included through Elastodynamic Greens’ functions available in the literature. Figure 1 illustrates the case study and summarizes its geometrical and mechanical characteristics.
d
x
y2

L/d = 16
m

Vs s ξs
z

μρs = 1.75 t/m3
CVρs = 0.10
μVs = 400 m/s
σln,Vs = 0.39
μEp = 30000 MPa σln (fc) = 0.20

L

 = 0.4
ξs = 5%

Figure 1: Case study.
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4

GENERATION OF SAMPLES

The propagation of the uncertainties through the analytical model starts with a sampling
procedure on the independent aleatoric variables according to their probability distributions. It
is known that simple Monte Carlo sampling has a low efficiency since it requires a huge
number of simulations to achieve a high precision in the results. Many different probabilistic
approaches capable of reducing the required number of analyses without a loss in the accuracy of the final output are available in the literature, with many structural and seismic engineering applications (see the use of Latin Hypercube Sampling in [18], Importance Sampling
[19] or Subset Simulation in [20, 21]). Among them, Quasi-Random Sampling (QRS) based
on Sobol’ sequence [15] is adopted in this paper. In the following sections, a brief recall on
the QRS is provided, then a sensitivity analysis on the optimal number of simulations required
is shown and commented to validate the adopted procedure in comparison with the standard
Monte Carlo Simulation (MCS).
4.1

Quasi-Random Sampling (QRS)

Differently from the MCS, where samples are generated from a pseudo-random number
source and result randomly distributed, in sense of being completely unpredictable, quasirandom samples derive from a particular algorithm in which the choice of the samples is
steered to ensure a uniform cover of the sample space. Hence, quasi-random sampling techniques provide good results, since typical gaps or clusters of the MCS are avoided. Among
the various quasi-random sequences available in the literature, Sobol’ sequence can be used in
sensitivity analysis [22], also for engineering applications [23]. More details about the efficiency of Sobol’ sequence can be found in [24].
4.2

Comparison of Sobol’ QRS and MCS

A preliminary study on the optimal number of required analyses is developed to validate
the adopted sampling procedure, assuming results from the standard MCS as benchmark. The
comparison is made on the basis of results of the sensitivity analyses.
Variance-based methods for sensitivity analysis [22] allow to study the influence of the input parameter uncertainties on the uncertainty of the final output, adopting variance as a
measure of uncertainty. The first-order index, also called ‘importance measure’, represents the
main effect contribution of each input factor to the variance of the output. Calling Xi the sample vector of the i-th input variable and Yω the output vector (one for each ω), the conditional
expectation E(Yω |Xi) can be calculated by cutting the entire input variable domain into i slices
and averaging the values of (Yω |Xi) within the same slice Xi. Thus, if the conditional expectation E(Yω |Xi) has a large variation across Xi, i.e. the variance of E(Yω |Xi), V[E(Yω |Xi)], is
high, Xi is revealed to be important. The first-order sensitivity index Si,ω for Xi is obtained dividing V[E(Yω |Xi)] for the unconditional variance V(Xi):
Si ,  =

V E (Y | X i )
V (X i )

(2)

Since the considered variable parameters have been assumed independent, the following
condition holds
S =  Si ,  = 1
i

4160

(3)

L. Minnucci, F. Dezi, S. Carbonari, M. Morici, F. Gara and G. Leoni

where, for the present applications, i = 1, 2, 3 refers to the aleatoric parameters ρs, Vs and Ep.
Values of Sω greater than 1 suggests that a not sufficiently high number of samples have been
considered. A comparison between MCS and Sobol’ QRS is shown in Table 3 in terms of the
mean value S of the sum of sensitivity indexes within the investigated frequency range, computed for different total numbers of processed analyses. It is worth noting that QRS performs
much better than MCS. A reduction of the number of samples is gradually applied to reach an
optimum on the minimum number of analyses to be performed with a maximum loss in precision equal to 1%. As a result, 10000 is chosen as the number of analyses to perform.
Number of simulations
125000 25000 10000
5000
(MCS)
(QRS) (QRS)
(QRS)
S

1.164

1.002

1.006

1.012

Table 3: Evaluation of the sum of first-order sensitivity indexes.

5
5.1

RESULTS
Variability of impedance functions

Starting from previous considerations, 10000 analyses were executed on the soilfoundation model described in Chapters 2 and 3. The parameter distributions obtained
through Sobol’ QRS are illustrated in Figure 3 for the investigated aleatoric variables.

(a)

(b)

(c)

Figure 3: Sample distributions: (a) normal distribution of ρs, (b) lognormal distribution of Vs, (c) lognormal
distribution of Ep

Boxplots in the following graphs show the statistic distribution of both real and imaginary
components of the impedance functions in the frequency range 0-15 Hz, which may be considered of practical interest in earthquake engineering. In detail, the red dashed line represents
the median trend of the response, the blue rectangular box encloses the 10th and the 90th percentile of the impedance at each frequency, black vertical dashed lines extend up to the 99th
percentile of the output and red crosses represent the “outliers”.
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Figure 4: Impedance functions variability on the frequency range 0-15 Hz.

It is worth noting that the median trend well approximates the general one, while the ratio

r=

90th
10th

(4)

between impedance values at 10th percentile and those at 90th can vary from 1.25 to 3, reflecting the great variability of the global response. Then, the variability of input parameters plays
an important role in the definition of the soil-foundation response under the excitation produced by seismic waves, which should be properly addressed when the kinematic analysis is
performed to reliably predict pile stress resultants, impedances and foundation input motion.
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5.2

Sensitivity analysis on ρs, Vs and Ep

Sensitivity indexes are evaluated for each variable parameter. For sake of brevity, only
sensitivity indexes of the real part of rotational impedance function
are illustrated in Figure 5. The graph shows the higher values on Vs, with SVs equal to 9 times SEp and over 10
times Sρs. Furthermore, a constant trend on the frequencies reveals that Vs is the most influential parameter for all the interest frequency domain. Similar results are obtained for other impedances functions. Hence, the response of the overall system is mainly governed by the
variability of the shear wave velocity, while the soil density and the concrete elastic modulus
have no predominant effect on the response in the frequency domain of interest.

Figure 5: Sensitivity indexes of ρs, Vs and Ep; variability on the frequency range 0-15 Hz.

6

CONCLUSIONS

In this paper, first results of a research dealing with the effects of soil and foundation mechanical parameter uncertainties on soil-structure interaction analysis are addressed, focusing
on the impedance functions of a single pile in a homogeneous soil deposit. Uncertainties are
taken into account through statistical distributions of three fundamental parameters influencing the soil-pile system response, the soil density, the shear wave velocity and the elastic
modulus of the pile concrete. The latter are assumed to be mutually independent. A Sobol’s
sequence Quasi-Random Sampling (QRS) technique is adopted to perform probabilistic analyses. A comparison between QRS and Monte Carlo Simulation (MCS) is discussed with the
purpose of evaluating the optimal number of analyses to perform. The results of 10000 QRS
analyses are shown and discussed, highlighting the not negligible role of uncertainties of the
input parameters on the overall response. It appears that the variability of the input parameters
should be included both in the kinematic analysis, where stresses on the foundation, features
of the compliant base and foundation input motion are evaluated, and consequently in the inertial one, since the system “filters” the input experienced by the superstructure. Finally, sensitivity indexes of the three independent variables are calculated, addressing the soil shear
wave velocity as the most influential parameter for the impedance variability. From the sensitivity analysis results, the primary influence of the shear wave velocity on the overall response
allows to say that future applications may be developed considering the variability on Vs only,
reducing the total computational effort without a significant loss in the result accuracy. Further studies are needed to investigate the role of uncertainties in the response of other kind of
soil-substructure systems (for example, pile-group foundations), on both the impedance matrix and the FIM in order to characterize the kinematic interaction probabilistically.
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Abstract
Tensile structures are one of the most convenient solutions for covering large spans. For both temporary
and permanent uses, they are optimal as sport arenas, meeting rooms or concert halls. However, codes and literature neglect these structures thus making it difficult to carry out preliminary designs for this structural typology
in order to estimate the cost-benefit ratio compared to others. On the contrary, parametric equations used to
preliminarily estimate the static and dynamic behavior of these structures are useful to designers. In order to give
parametric information about some examples of these structures, this paper investigates the initial natural frequency and vertical displacements under dead and permeant loads of cable nets, with a hyperbolic paraboloid
shape and square plan, depending on geometry. In total, two curvatures of a hyperbolic paraboloid surface and
five different plan sizes are calculated with eight different cable tractions in order to give design trends. The trends
are illustrated with an error bar resulting from the variation between different tractions considered for each
geometry. The results are useful to preliminarily estimate the cost and the range of interference between wind and
structure.

Keywords: Tensile structures, Cable net, modal analyses, design trends.
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1

INTRODUCTION

Tensile structures for roofs are a particularly convenient way of covering large spans
for both temporary or permanent conditions. Commonly, they were used for sport arenas but
recent studies have shown that they can also be used for music halls ([1],[2]). Focusing the
study on the cable net hyperbolic paraboloid roofs, the strength of these structural typologies is
the roof lightness and its short thickness compared to the span. In addition, the absence of pillars
except around the borders allows a multifunctional use of the indoor space. The limits are many
but the most important are the wind action sensitivity and the gaps in technical codes.
The cable net tensile structure’s sensitivity to wind action is well known. Many studies
([3]-[21]) have confirmed that the cable nets and membranes need to be designed by taking into
account the dynamic instability given by the wind – structure interaction. This aspect is crucial
because it affects the design of the roof and its reliability that closely depend on the geometry.
In section 3 some basic information about the cable net design and calculus are given.
To investigate the wind – structure interaction, the roof needs to be designed statically
and dynamically. Currently however, the design phase suffers from a gap in codes and literature
which neglect this structural typology. In particular two aspects are neglected, the wind action
estimation for the hyperbolic paraboloid roof and the geometrical parametrization of structural
elements (i.e. cables and membrane). In order to estimate the wind action, tunnel tests are necessary during the preliminary phase of the project. A great number of examples of wind tunnel
campaign tests are described in literature ([22]-[29]) However, all references are unique cases
and thus are not standardized for various geometries. Some examples follow a parametric approach that is useful for replicating the study. This approach was followed by [31], [30] and
[13]. In particular, [31] and [30] have carried out pressure coefficients maps (i.e. mean, maximum and minimum) on a total of 12 different plan geometries of hyperbolic paraboloid roofs.
Recently[32]and [33] have analyzed the distribution of the peak factors on a hyperbolic paraboloid roof. These studies allow designers to estimate the wind action on the roof before carrying
out expensive wind tunnel tests. Some of these studies synthetized the results achieved by the
Codes of Practice for other geometries ([34] - [38]). However, the parametric results published
in literature should be categorized by codes. [35] discussed some of the most important Codes
of Practice ([39] - [48]). The shortcomings regard the generalization and parametrization of the
aerodynamic coefficients to the widest number of geometries derived from the hyperbolic paraboloid. Similarly, very little information is given regarding the structural design of cable nets
and membranes which makes it difficult to develop these structural systems at the expense of
their dissemination.
Based on these gaps, this paper discusses through a parametrical approach the dynamics
of cable nets with a square plan and hyperbolic paraboloid surface roof. The paper in particular
investigates the dependence on the geometry of the first natural frequency and the vertical displacements under dead and permanent loads (i.e. 0.5 kN/m2), known as the final construction
condition. The first natural frequency (i.e. mode with biggest participating mass) was estimated
taking into account masses given by structural and permanent loads and it was given considering the initial pretension of cables. It is known that the cables strain and stress vary significantly
under snow or wind action. This study is only focused on the structural response under structural weight and permanent loads. For this reason, equations and figures, that illustrate structural response variation, are only referred to the structural weight and permanent loads. A
comparison between ten geometries with two different hyperbolic paraboloid surfaces and five
different plan sizes (i.e. 100, 80, 60, 40 and 20 meters), respectively are discussed. With the
purpose to compare only cable net performances, the distance between load bearing and stabilizing cables are kept constant for all geometries and span length. For this reason, the curvature
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of the roof with the smaller spans (i.e. 40 m or 20 m) is badly reproduced. However, the distance between cables can be proportionally varied as function of the span. In this research the
cable net is only investigated. For this reason the border structures are restrained. In addition,
the membrane in terms of roof stiffness is not considered so as to study only the cable net
performances.
It is important to note that the study is focused on structures with medium and small
spans in order to promote the dissemination about these kind of structures. The purpose is to
use cables nets as an alternative to steel truss or wood structures for small and medium sport
arenas. That’s because they have an efficient cost-benefit ratio also for small span ([6], [7]). In
addition, it is important to specify that the geometrical span range (i.e. from 100 to 20) was
chosen as linear variation of the span in order to give a measure of the structural response variation as function of the span.
The aim is to give a range of the first natural frequency and vertical displacements for
a preliminary structure design and to evaluate the cost-benefit. This last evaluation is possible
because the vertical displacements depend on the cable traction and consequently on their section area. Section 2 describes the geometrical sample investigated while Section 3 gives some
notions of the cable net calculation and information about the analyses carried out. Section 4
includes a short description of the analyses results.
2

THE GEOMETRICAL SAMPLE

The hyperbolic paraboloid surface equation is given by Eq(1). In the case of this research, the term c is equal to 1 (i.e. regular hyperbolic paraboloid). Consequently, the hyperbolic paraboloid cable net is made up of cables with the same curvature along one side. In Eq.(1),
x, y and z are respectively the spatial variables; x0, y0 and z0 are the coordinates of the origin of
the axes while a, b and c are the geometric coefficients of the function. Parameter c was set
equal to 1 making all the parabolas lying on the surface, parallel and of identical curvature ([6],
[7]). Totally, the net is made up of two orders of cables, upward and downward, respectively.
The upward cables are load bearing under gravitational loads, whereas the downward cables
are stabilizing under gravitational loads. Under wind suction (i.e. upward action), the order is
inverse. The global instability is usually due to the inversion of some cable curvatures caused
by extreme wind or snow action; in the case of the cable net it is general due to the loss of the
initial strain by cables.
; 1/C = 1

(1)

In this study, only the structural behavior under permanent loads is investigated. The
aim is to compare different structural configurations in terms of weight, natural frequencies and
difference in geometrical configurations between undeformed and deformed geometry under
permeant loads.

(a)
(b)
Fig.1 Geometrical parameters (a) geometry (1), (b) geometry (2).
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Fig.1 shows the geometrical parameters listed in Table 1 for investigated geometry (1)
and (2) ([31]). The two couple parameters l1, f1 and l2, f2 are the upward and downward cable
sags and spans, respectively. In this case, l1 is equal to l2. H is the sum of f1 + f2+HB and it is
equal to 1/10 (i.e. geometry (1)) and 1/6 (i.e. geometry (2)) of l1. The geometry was chosen
based on the geometrical parametrization, as function of the optimal structural performances of
the net, given by [31]. The various curvatures of the hyperbolic paraboloid surface and the
different values of the span, affect the static and dynamic behavior of the structures. In Table 1,
N represents the number of cables along l1 that is equal along l2. The i quantities in Table 1
represent the distance between the cables.
Table 1 Geometrical sample
Geoml1
l2
HB
f1
f2
H
model
etry
[m] [m]
[m]
[m]
[m]
[m]
1
100.00 100.00 3.33 6.67 10.00 13.33
13.33
2
80.00 80.00 2.66 5.34 8.00
13.33
(1)
3
60.00 60.00 2.00 4.00 6.00
13.33
4
40.00 40.00 1.33 2.67 4.00
13.33
5
20.00 20.00 0.66 1.37 2.00
1
100.00 100.00 5.55 11.11 16.66 13.33
2
80.00 80.00 4.44 8.89 13.33 13.33
(2)
3
60.00 60.00 3.33 6.66 10.00 13.33
13.33
4
40.00 40.00 2.22 4.44 6.66
13.33
5
20.00 20.00 1.11 2.22 3.33

i
[m]
2.00
2.00
2.00
2.00
2.00
2.00
2.00
2.00
2.00
2.00

N
51
41
31
21
11
51
41
31
21
11

In Section 3, some base notions regarding the cable net theory are shortly given in order
to clarify the static and dynamic response dependence on geometry.
It is important to note that in this study the ratio between f1 and f2 is equal to 0.5. This
ratio was set based on [31], that gave a parametric study of geometries and suggested 0.5 as an
optimal ratio in order to minimize the horizontal forces applied to the border structures.
3

METHOD OF ANALYSES

Hyperbolic paraboloid cable nets have a double curvature with different cable lengths
and curvatures, and generally, different cable areas and pre-stresses. In addition, the shape plays
a decisive role in the net deformation behavior under the action of external loads. The cable net
deformation is given by vertical displacements of nodes. In fact, the two orders of cables are
connected as shown in Fig.2 a. As discussed in Section 2, the two orders of cables become
load-bearing or stabilizers depending on the direction of the acting load; the load-bearing cable
is concave in the direction of the acting load. Therefore, in conditions of snow (i.e. gravitational)
or wind (i.e. gravitational and suction), the two orders of cables may reverse their behavior.
This inversion may be dangerous because it may lead to the instability of either the cable net or
the border structures. It is worth noting that the theoretical geometry is only an initial condition
and that the real geometry of the net is defined on the basis of the cable pre-stress under dead
and permanent loads.

4169

M. Di Giovanni, C. Taddeo

(a)
(b)
Figure 2 The cable net model: the “Rope beam” model (a), the technological node detail (b).

The action given by loads and the pre-stress on the cables modify the theoretical geometry and the goal is to reduce the difference between theoretical and initial geometry. A small
difference between the theoretical geometry and the deformed shape is important because, as it
is known, the pressure coefficients evaluated in wind tunnel vary with the geometry. The theoretical fundamentals of the cable net calculation is its two-dimensional simplification model
called "Rope beam" illustrated in Fig.2 a ([6], [7]). The equilibrium of the system forces in the
mutual node ensures the forces’ transmission between the two cables. The rope beam assumes
the prefixed hypotheses listed in the following ([6], [7]). Vertical links in tension or in compression are treated as a continuous membrane between the two main cables. The horizontal
displacements are neglected compared to the vertical ones which is due to the fact that the node
connection permits the scroll between cables. The scroll results from the different strains of the
two orders of cables (Fig.2 b). In order to preliminarily design the cable areas and strain, the
rope beam model is used applying cable pretension as an equivalent distributed load. The system congruence is required only in the central span node. The mutual actions between cables
are uniformly distributed as the external load, and consequently, load-bearing and stabilizing
cable have a parabolic configuration also in elastic regime.
The stiffness coefficients are considered, respectively for the load-bearing cable (C1)
and stabilizing one (C2) as expressed in Eq.(2) and Eq.(3), where k1 and k2 represent, respectively, the stiffness of the load-bearing cable C1 and the stiffness of the stabilizing cable C2,
defined in Eqs.(4) and (5), while E is the Young Module of the cable steel assumed equal to
165000 Mpa and , are the cable areas.
As it is known, the yield stress of harmonic steel ranges from 1100 to 1700 Mpa, which
is the limit under maximum loads (i.e. maximum wind and snow action). Consequently, under
dead and permanent loads the cable stress should be smaller. It is worth noting that cables are
made of ropes which are made of wires

k

k

(2)
k
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(4)

(5)

. The equivalent yield stress of the cable is not the same for a single wire. The initial
stress (i.e. in traction) for cables is equal to 1150 Mpa to assume as maximum value under
permanent loads. The applied load after construction and without snow and wind (Fig.2 a) corresponds to the sum of the cable weight (i.e. in the following dead loads, G1,2w), permanent
loads (i.e. 0.5 kN/m2, Gp) and initial pretension (G1,2t). Referring to Fig.2 a, the load balance is
given by +Gp (downward) +G1w (downward) + G1t (upward) + G2w (downward) + G2t (downward) =0. Preliminarily, the cable weight was estimated based on the undeformed cable length,
calculated according to Eqs. (6) and (7), referring to Fig.2 a (Majowiecki 1994).
)*,
67,
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(6)
(7)

L7, ,=>?@ and L7, ,=>?@ are undeformed geometrical cable lengths ; the cable traction
horizontal componentsH7, andH7, are given by Eqs.(8) and (9) and they are assumed equal,
([6], [7]).The horizontal components depend on the cable geometry and it varies based on the
different cable sags. If the sag of the two orders of cables are different, the cable traction (i.e.
load bearing and stabilizing) has to be different. An iterative calculus procedure estimates the
cable areas and strains in order to achieve the balance ([6], [7]).
Eqs. (8) and (9) link the geometry to the loads and consequently the cable traction to the
geometry. Based on this, the initial traction into the cables gives the real geometrical configuration (i.e. # and # ) under dead and permeant loads (i.e. G). In this paper, in order to evaluate
the geometry dependence on cable traction, five different values of T1 are considered, 100 (A),
200 (B), 400 (C), 600 (D), 1000 (E), 2000 (F), 4000 (G) and 8000(H) kN respectively. It is
important to specify that values bigger than 2000 kN are very big and they excessively overload
the border structures.
B*, =

C/
=
13

F7, =

G
=
8#

D

+ E"
H

3
$
/

#
1 + 16 " $

(8)

(9)

For this reason, it is suggested to balance these loads using stays. In this study, values
of traction bigger than 2000 kN are used only to have a measure of the asymptotic trends of the
displacements and first natural period. Consequently, having fixed the same exercise stress for
both orders of cables, according to the Hook law (Eq.10), the initial cable elongation (J)is defined equal for both orders of cables.
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K =K ;
∙J ; L = ∙J
∙J = ∙J ;
J = J = 0.0035
T
T
=
#
#
1 + 16 " $
1 + 16 " $
l
l
#
T 1 + 16 " $ (
l
T =
= 1.05 or 1.14 T
#
1 + 16 " $
l
T = ∙J ∙
T = ∙J ∙
L =

= 1.05 TU 1.14

(10)

(11)
(12)

(13)

(14)

Consequently, assuming F7, = F7, , ratio T2 / T1 and A2 / A1 are geometrically calculated (Eqs. 11 to 13) and, for the case study considered, they are equal to 1.05 for geometry (1)
and 1.14 for geometry (2).
is assumed equal between geometry (1) and (2). The Based on
Eq. (14) where the cable areas were evaluated. Table 2 lists the traction and areas of cables.
Table 2 Mechanical parameters after fixing the initial strength ε1 = ε2 = 0,0035.
analysis
H
H
Geometry model
[kN]
[kN]
[m2]
[m2]
(A)
100.0
105.0
0.00018
0.00017
(B)
200.0
210.0
0.00037
0.00035
(C)
400.0
420.0
0.00074
0.00070
(D)
600.0
630.0
0.00105
0.00100
From
(1)
(E)
1 to 5
1000.0
1050.0
0.00179
0.00170
(F)
2000.0
2100.0
0.00368
0.00350
(G)
4000.0
4200.0
0.00735
0.00700
(H)
8000.0
8400.0
0.01460
0.01390
(A)
100.0
114.0
0.00019
0.00017
(B)
200.0
228.0
0.00040
0.00035
(C)
400.0
456.0
0.00080
0.00070
(D)
600.0
684.0
0.00114
0.00100
From
(2)
(E)
1 to 5
1000.0
1140.0
0.00194
0.00170
(F)
2000.0
2280.0
0.00399
0.00350
(G)
4000.0
4560.0
0.00798
0.00700
(H)
8000.0
9120.0
0.01585
0.01390

Static and modal analyses are carried out using TENSO, a non-commercial software
that includes modules for simulating cable and beam finite element models and for the study of
wind-structure interaction phenomena through the generation of wind speed time histories and
simulation of various aeroelastic loads. The main cables are discretized as rectilinear cable
segments. The global stiffness matrix is updated at each load step by assembly of the stiffness
sub-matrices of the elements, updated to account for the strain found at the previous time step.
In this way the software considers the geometric nonlinearity of the structure. The TENSO
software first solves the static equilibrium of the structure under dead, gravity and construction
loads (prior to the application of the wind loads) through nonlinear static analysis whereby two
methods are simultaneously used: step-by-step incremental method and a “subsequent interaction” method with variable stiffness matrix (secant method). The secant method is a finite-
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difference approximation of the Newton-Raphson’s modified method for systems of nonlinear
algebraic equations ([49], [50]). For geometry (1), the first three mode shapes are the same for
traction T1 greater than 1000 kN for each value of L1. On the other hand, the first mode shape
for T1, smaller than 1000 kN, is similar to the second mode shape for traction greater than 1000
kN, while for geometry (2) it is the same. The first three modes are in descending order of
participating mass. It is obvious that the cable areas and the plan sizes (i.e. l1 and l2) closely
affect the weight of the cable net and consequently the masses of the structures, listed in Table
3 for L1 equal to 100 m.
In this study the first natural frequency with the bigger participating mass is only considered to make a comparison between geometry (1) and (2). The fist mode is symmetric for T1
smaller than 1000 kN and L1 equal to 100, 80 and 60 for geometry (1), and equal to 100 and 80
m for geometry (2). The first mode is antisymmetric for traction bigger and equal to 1000 kN
and L1 smaller than 60 m for geometry (1) and 80 m for geometry (2). For sake of brevity Table
3 shows values for L1=L2=100 m.
Table 3 Geometry (1) and (2) modal analyses results (L1 = L2 =100 m)
analysis
(A)
(B)
(C)
(D)
(E)
(F)
(G)
(H)
(A)
(B)
(C)
(D)
(E)
(F)
(G)
(H)

Mode 1st

VW
X8
[ ]

Y
[Hz]
Mode 1st
0.0402
0.0462
0.0659
0.0794
0.1012
0.1342
0.1645
0.1890
0.0432
0.0570
0.0825
0.0981
0.1239
0.1629
0.1988
0.2278

;

5.23
5.37
5.64
5.92
6.46
7.83
10.57
16.04
5.23
5.37
5.65
5.92
6.47
7.85
10.60
16.10

Z
[s]

24.90
21.66
15.18
12.59
9.88
7.45
6.08
5.29
23.17
17.54
12.12
10.19
8.07
6.14
5.03
4.39

All geometries listed in Table 1 are modelled with a FEM model. They were statically
and dynamically calculated by TENSO in order to estimate the maximum (i.e. in the middle of
the roof) vertical displacements and the first ten natural frequencies. Only the value of first
natural frequency is discussed in this paper.
As previously described, the initial cable traction (i.e. T in Fig.2) affects the structural
response because it modifies the cable net stiffness. In particular, the border anchorage structures and the vertical displacements under loads are closely affected by the traction (T). In order
to investigate the dependence on cable traction of displacements and of the natural frequencies,
a range of eight different initial tractions (i.e. cables pre-stress) are investigated.
Tables 3 gives a list of the first natural frequency and period of the structures (1) and
(2), for l1 = l2 = 100 80 60 40 20] m), with the eight cable tractions (i.e. between 100 kN and
8000 kN). The tables also give the mass (Mi) for square meters for a generic node i of the net.
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4

RESULTS

Static and model analyses results have shown that the vertical displacements under dead
and permanent loads (i.e. 0.5 kN/m2) varies nonlinearly as a function of load bearing cable
traction (T1). Figs 3a and b show the vertical displacement trend as function of T1 for geometry
(1) and (2), respectively. For geometry (1) vertical displacement δ (i.e. in the middle of the roof)
tends towards very high values for small values of T1. For the smallest values of T1 (i.e. 100
kN), δ ranges from about 5/250 l1 to 1.5/250 of l1. On the contrary, for the biggest value T1 (i.e.
8000 kN), δ is almost constant for all plan sizes and it is equal nearly 1/250 l1. Similarly, for
geometry (2) vertical displacement δ (i.e. in the middle of the roof) tends towards very high
values for small values of T1. For the smallest values of T1 (i.e. 100 kN), δ ranges from about
3/250 l1 to 0.8/250 of l1. On the contrary, for the biggest T1value (i.e. 8000 kN), δ is almost
constant for all plan sizes and it is nearly 0.6/250 l1 equal.

(a)

(b)

(b)
(c)
Fig.3 Vertical displacements under dead and permanent loads depending on cable traction, geometry

Fixed the cable stress limit due to the material yield stress, the T1 variation depends on
cable areas and consequently, the cable area variation gives the structural mass for square meter
(Mi) variation. For the sake of brevity, Table 3 list the 1st natural frequency (φ) in Hz and period
(t) in s values for all geometries (i.e. geometry (1) and (2) and conditions i.e. traction from (A)
to (H)). Figs.3 c and d synthetized the values of t as function of T1 for both geometry (1) and
(2).Mi varies significantly between (A) and (H) traction condition and consequently, the 1st
natural period varies too. However, it is quite constant for traction greater than 2000 kN. For
geometry (1), the t values range from 24.90 s (i.e. l1=100 m and T1 = 100 kN) to about 1.03 s
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(i.e. l1=20 m and T1=8000 kN). For geometry (2), the t values range from 23.17 s (i.e. l1=100
m and T1 = 100 kN) to about 0.85 s (i.e. l1=20 m and T1=8000 kN). As was expected, the first
natural period of geometry (1) is slightly longer than geometry (2) and this is due to the larger
radius of curvature of the hyperbolic parabolic surface for geometry (1) than geometry (2). The
standard deviation of t ranges from 5.83 s (i.e. l1=100 m) to 1.05 s (i.e. l1=20 m) for geometry
(1), whereas it ranges from 4.66 s (i.e. l1=100 m) to 0.86 s (i.e. l1=20 m) for geometry (2). The
standard deviation decreases when the plan size decreases too.).
5

CONCLUSION

Design trends for the first natural period of a hyperbolic paraboloid cable net with a
square plan depending on span length are given for two surfaces of the hyperbolic paraboloid.
The H sum of the two orders of cable sags was divided by 10 (i.e. geometry (1)) and 6 (i.e.
geometry (2)). For each geometry, the span length was varied between 100 m and 20 m. Static
analyses were carried out with the aim to estimate the vertical displacements as function of the
fixed cable traction in order to respect the material limits. The cable traction varied between
100 to 8000 kN. The structural mass variations due to the cable area variations gave different
values of the first natural period for each geometry. Results showed that the first natural period
varied very little for cable traction greater than 2000 kN and thus was described as a function
of the cable span. The design trends showed that when the radius of curvature of the hyperbolic
surfaces increases (i.e. geometry (1) radius is bigger than (2)), the first natural period slightly
increases and it has greater values of standard deviation considering different cable tractions.
The standard deviation increases when the span length increases too. The design trends are
useful to designers in order to evaluate preliminarily the possibility of resonance due to wind –
structure interaction. This knowledge, in the next development of the research, will be helpful
to evaluate the structure reliability of existing roofs. The purpose is to design a retrofitting according the same scientific approaches followed for traditional structures as for examples structures made of reinforced concrete [51].
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Abstract
The purpose of this study is to develop a damper to improve the seismic performance of storage
racks, which are representative non-structural elements sustaining successive external loads,
such as earthquakes. To evaluate the seismic performance of general storage racks, a shaking
table test was conducted. As a result, the necessity of reinforcement of the general storage rack
to prevent permanent deformation of the direction of passage was confirmed. In addition, the
results of the member unit static experiment examining the function of the general storage rack
proved the necessity of reinforcing a beam-column joint. To improve this performance, a
viscoelastic damper was developed to strengthen the beam-column joint in the direction of
passage. To verify the effect of improving the seismic performance of the developed viscoelastic
damper, a shaking table test was conducted. The developed viscoelastic damper reduced not
only the displacement in the time-domain when under an external load but also the damage of
the storage racks due to permanent deformation.

Keywords: viscoelastic damper, storage racks, seismic performance, shaking table test,
structural damage, permanent deformation
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1

INTRODUCTION

Storage racks are representative nonstructural elements that are used to store and classify
items from the point of origin to that of consumption. Multi-shelf storage racks are
conventionally used as they are not only lightweight but can also support heavy loads. The
number of shelves and the height of such storage racks tend to increase with the increase in
volume of commodities that require efficient storage in a confined space. Typically, storage
racks are simply assembled to immediately secure a space at a user’s demand, and this assembly
method implies structural instability [1]. The structural instability is an influential factor on the
behavior characteristics of the storage rack under external loads, such as earthquakes, and this
factor causes various damages. In addition, apart for some countries situated in earthquake fault
zones, most other countries do not have any established standards for the installation and
operation of storage racks. Therefore, the failure of a storage rack due to an external load is
very likely to cause considerable damage
Seismic loads are representative of external loads that damage logistics facilities, including
storage racks. The 1994 LA Northridge earthquake and the 1995 southern Hyogo earthquake
caused financial damages of approximately US$ 40 billion and 9.7 trillion yen, respectively.
Such enormous damages awakened people’s interest in the seismic stability of storage racks,
and new technologies for improving the seismic performance of storage racks started being
developed. To date, various devices have been developed. Hydraulic damper, viscous elastic
material damper, and base isolation system are devices that are commonly intended to enhance
the seismic performance of storage racks. Fall prevention devices for objects stored have also
been developed [2-5]. The majority of devices for enhancing the seismic performance of storage
racks are based on either of the following two methods: In the first method, after large-scale
storage rack sets form a single system through additional jigs, a large device is used to reduce
the vibration of the storage rack. In the second method, after the operation of the existing storage
rack is suspended, devices are installed on bottom surfaces and junction. These methods require
the fabrication of additional jigs and have a high installation cost. Storage is also suspended
while devices are being installed. As the use of small-scale storage facilities tends to increase,
technical development needs to focus on ensuring the seismic safety of small storage racks.
This study was an attempt to develop a device that could solve the problems of existing
devices and improve the seismic performance of small storage racks, thereby ensuring the safety
of these racks under external loads. To develop such a device, the behavior characteristics of
the existing storage racks were analyzed by conducting a test, in which seismic loads were
applied. Based on the test result and the structural shape of the storage rack, the weak parts of
the storage rack were identified. Then, a viscoelastic damper was developed to reinforce the
identified weak parts and enhance the seismic performance of the storage rack. A static load
test was also performed to evaluate the preliminary performance of the damper. Finally, a
seismic load test for the storage rack, to which the proposed viscoelastic damper was applied,
was conducted to experimentally verify the performance of the damper.
2

CONSTRUCTION AND BEHAVIOR CHARACTERISTICS OF THE BASIC
STORAGE RACK

2.1 Construction
The storage rack is a nonstructural element of the logistics process used for efficiently
storing objects either for a short or long period. As illustrated below, the storage rack simply
consists of columns, beams, and bracings. Such a simple structure is easy to modify depending
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on users’ subjective judgments or situations. Specifically, the open down-aisle section is
intended to prevent any interruption while objects are being loaded. In the cross-aisle direction,
bracings are installed to supplement relatively smaller sections and ensure the structural
stability of the storage rack. To secure a sufficient space for large objects, the simple hooked
beam-to-column connection is applied, as shown in Figure 1.

Figure 1: Construction of a storage rack

As there is no international standard for the specifications and dimensions of storage racks,
majority of the storage racks are made-to-order to reflect the characteristics of each warehouse
facility. Among the various storage racks, this study selected a three-shelf storage rack as the
test object, which is widely used in mid- and small-sized logistics centers and warehouses in
South Korea. The test object had a width of 2,785 mm, length of 1,000 mm, and height of 4,500
mm. M10 bolts were used for all the connections except the beam-to-column connections, for
which M8 bolts were used along with hooks to prevent the separation of beams. Moreover, an
additional load of 1.2 ton, which corresponds to 80% of the maximum designed load (1.5 ton),
was installed on each shelf.
2.2 Behavior characteristics
To improve the seismic performance of storage racks, the behavior characteristics of the
racks under external loads need to be accurately identified. To analyze the behavior
characteristics of the storage rack under external loads, the dynamic characteristic analysis was
conducted using the shaking table of the Seismic Simulation Test Center in South Korea. The
shaking table test for analyzing dynamic characteristics was based on AC156 (Acceptance
Criteria for Seismic Certification by Shake-table Testing of Nonstructural Components, 2010)
proposed by ICC-ES, which is a representative testing method for nonstructural elements [6].
In accordance with the seismic response spectrum of KBC2016, the shaking table was assumed
to be installed on normal rock soil in the seismic zone I. Table 1 presents the information of the
seismic response spectrum [7].
Building Code

SDS

z/h

KBC2016

0.37

0

Horizontal
damping
AFLX-H (g) ARIG-H (g)
0.37
0.15
5%

Table 1: Shaking table test parameters
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For the analysis of dynamic characteristics, the shaking table was vibrated by doubling the
maximum acceleration (PGA = 0.3 g) of the seismic waveform created from the seismic
spectrum information. The test was conducted only in two horizontal directions, and no vertical
direction was considered.
The test results revealed that the 1st mode natural frequencies of the test object were 0.750
Hz in the longitudinal direction (x) and 2.375 Hz in the lateral direction (y). The test object was
not overturned, inverted, or damaged. The bottom fixture was not separated, and the bolts did
not show any crack or deformation. However, as shown in Figure 2 below, 84 mm and 7 mm
performant deformations were observed in the longitudinal direction (x) and lateral direction
(y), respectively.
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(b) lateral direction (y)

Figure 2: Permanent deformation of storage racks

3

DEVELOPMENT OF VISCOELASTIC DAMPER FOR IMPROVING THE
SEISMIC PERFORMANCE OF STORAGE RACKS

Based on the shaking table test results regarding the dynamic characteristics of the storage
racks, a larger permanent deformation occurred in the longitudinal direction (x) than in the
lateral direction (y). The reason for this phenomenon is the shape of the storage racks. Most
components of a storage rack are connected through bolts. Conversely, the beam-to-column
connection in the longitudinal direction (x) depends on a simple hook system. Unfortunately,
this method cannot satisfy the longitudinal stiffness requirement. This study developed a
damper that could enhance the seismic performance of a storage rack by reinforcing the beam-
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to-column connection in the longitudinal direction (x). ISD-111 VE polymer produced by 3M
was used for the damper. The down-aisle direction of a storage rack should not be an obstacle
in loading or unloading objects to achieve the purpose of the rack. In this regard, three types of
small triangular viscoelastic dampers were developed, as illustrated below.

(a) 7 cm

(b) 10 cm

(c) 15 cm

Figure 3: Viscoelastic dampers for reinforcing the beam-to-column connection of storage racks

To verify the basic performance of the viscoelastic dampers, which were developed to
improve the seismic performance of storage racks, a test was conducted using an actuator of
the Advanced Construction Materials Testing Center in South Korea. In the performance test,
the displacement condition varied (±2 mm, ±4 mm, ±6 mm) at 1 Hz. As the size of the
viscoelastic damper increased, the control force was almost doubled. Additionally, the control
force was proportional to the displacement. Figure 4 illustrates the force-displacement graphs
obtained from the performance tests for the three dampers.
1.5
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0.5
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-1
-1.5

-6

-4

-2

0
2
Displacement(mm)

(a) 7 cm
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Figure 4: Performance test results for viscoelastic dampers for reinforcing the beam-to-column connections of
storage racks

4

ANALYSIS OF BEHAVIOR CHARACTERISTICS OF THE STORAGE RACKS
WITH VISCOELASTIC DAMPERS

A shaking table test was performed to experimentally evaluate the performance of the
viscoelastic dampers that were developed to reinforce the seismic performance of storage racks.
The shaking table test was intended to identify the effect of reducing seismic loads and
permanent deformation of the proposed dampers. For the test, three types of viscoelastic
dampers were installed in each shelf of the basic storage rack, as shown below. The conditions
of the dynamic characteristics test were applied to the shaking table test. Data obtained from
the shaking table test were compared with the experimental data of the basic storage rack.
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(a) Installation diagram of dampers

(b) Storage rack with dampers

Figure 5: Test for reducing the seismic loads of the storage rack with viscoelastic dampers

Figure 6 depicts the displacement responses on each shelf, which were obtained from the
basic storage rack and the storage rack with viscoelastic dampers. Table 2 presents the values
of the maximum displacement and permanent deformation obtained from each test.
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Figure 6: Shaking table test result (Displacement generated)

Experiment result
Basic storage racks

Maximum displacement
(mm)
st
1
2nd
3rd
88
164
222

Permanent deformation
(mm)
st
1
2nd
3rd
15.56
29.82
44.46

Storage racks using
viscoelastic damper

67

121

162

3.72

6.69

10.78

Reduction rate (%)

23.9

26.2

27

76.1

77.6

75.8

Table 2: Maximum and permanent deformation of storage racks
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As shown in the above figure and table, in comparison with the basic storage rack, the storage
rack reinforced with the proposed viscoelastic dampers reduced the maximum displacement by
23.9% on the 1st shelf, 26.2% on the 2nd shelf, and 27% on the 3rd shelf. In addition, after the
test, the permanent deformation, or residual displacement, improved by 76.1% on the 1st shelf,
77.6% on the 2nd shelf, and 75.8% on the 3rd shelf. Here, the maximum displacement is
influential on the behavior characteristics of the stored objects, and the permanent deformation
is related to the inversion of the storage racks.
5

CONCLUSIONS

The present study aimed to develop a damper to ensure the safety of storage racks. Although
the demand for storage racks drastically increases due to the increase of logistics service, there
is no standard concerning the design and operation of storage racks, and devices have not been
sufficiently developed to enhance the safety of the racks under external loads, such as seismic
loads. To develop an appropriate damper for storage racks, a shaking table test was conducted
to analyze the behavior characteristics of the basic storage rack. Weak parts of the storage rack
were identified based on the test result and the analysis result of the shape of the storage racks.
Then, viscoelastic dampers were developed to ensure the safety of storage racks through the
reinforcement of the identified weak parts. The performance of the developed dampers was
evaluated by conducting the basic performance test. Finally, another shaking table test was also
performed for the storage rack reinforced with the proposed viscoelastic dampers to
experimentally evaluate the excellent performance of the dampers. The findings of this
experimental study can be summarized as follows.
1) The test for analyzing the dynamic characteristics of the basic storage rack demonstrated
that the permanent deformation was much larger in the down-aisle direction than in the crossaisle direction. In addition, the analysis of the storage rack shape revealed that the hook system
for the beam-to-column connections, which were installed in the down-aisle direction, was the
most unsafe part of the storage rack. In other words, the reinforcement of the beam-to-column
connections and the reduction of the down-aisle behaviors were of utmost importance to ensure
the safety of storage racks.
2) Viscoelastic dampers were developed to reinforce the safety of storage racks. The
dampers were designed to have a small triangular shape to minimize the interruption of loading
or unloading objects. Three types of dampers with different sizes were developed. The test of
the basic performance of the viscoelastic dampers showed that as the size of the damper
increased, the control force was almost doubled.
3) A shaking table test was performed to check whether the storage rack with the developed
viscoelastic dampers could reduce the seismic loads. The data obtained from the shaking table
test were compared with the experimental data of the basic storage rack. In comparison with
the basic storage rack, the storage rack with the viscoelastic dampers could reduce the
maximum displacement by over 20% and the permanent deformation by approximately 76% or
more on every shelf.
In conclusion, the viscoelastic dampers improved the stiffness of the beam-to-column
connection, which was the weakest part, thereby demonstrating excellent performance of
ensuring the safety of the storage rack under external loads. Moreover, because the dampers
developed in this study were cheap and easy to install without any interruption of the operation
of storage racks, they proved to be applicable to secure the safety of small storage racks.
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Abstract
This paper analyses the floor vibration behavior of typical car park structures made of steel concrete composite decks. Two configurations are chosen amongst the most common on the
European market and compared from the static and dynamic point of view. Beside a modal
analysis made with different mass assumptions, time-history analysis are performed under
realistic load cases with vehicle loading the deck at different speeds to test the realistic structural response.
The results show that standard steel-composite decks reasonably comply with acceptance criteria given in the literature. It is interesting to notice as different configurations with same
static design may present significant differences in respect to the dynamic response.

Keywords: Floor vibration, dynamic acceptation criteria, steel-concrete composite structure,
car park.

1
1.1

STEEL FRAMED CAR PARK STRUCTURES
Introduction and market overview

One of the major objectives of modern traffic planning is to reduce, as much as possible,
the use of private transport in densely populated areas. Parking facilities located in the suburbs, having optimal connections with the public transport network (so called Park and Ride)
are necessary prerequisites for this purpose. In this view open over ground car parks are gaining more and more relevance in dense urban areas as well as in medium cities, as the need towards improved mobility form is becoming more urgent.
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Figure 1: External views of typical steel framed open car park structures.

Car Parks structure are therefore over ground or underground buildings providing parking
facilities. From the Fire Safety Approach point of view, these buildings are classified either
Open or Closed Car Parks – and this distinction has relevant consequences in the structural
design. Open refers to the requirement that such buildings must provide sufficient natural ventilation through permanent openings along the façades so to exclude the occurrence of a generalized fire embracing the whole compartment. In this case only localized fire scenarios can
be applied, which by mean of an adequate Natural Fire Safety approach lead to reasonable
requirements for the fire design the structural elements [5]. The requirement to classify a Car
Park as opens slightly different from country to country but is typically expressed as minimal
ratio of permanent façade openings on built surface [2].
In most European countries this kind of buildings are realized by means of steel-framed
structures when they are classified as open. This choice is based both on economical as well
as on architectural aspects, since it is appreciated the possibility to avoid obstacles between
parking lots which affect the functionality of the building. This leads to rather considerable
main spans – usually from 16 up to 18 meters [7].
When the requirement concerning sufficient natural ventilation is not fulfilled, the Car
Park is conversely classified as closed. This is typically the case for the car parks which are
built under ground or below other buildings. One first important difference from the open
overground car parks is that the structural grid is oven linked with constraint from the upper
levels, from walls or stiffening systems as well as from the choice of the retaining walls. This
fact in general limits the designer in the choice of an optimal structural grid and in the general
case leads to significant shorter free spans (typically main spans about 8m, like the buildings
on top) where the benefits of steel framed structures are less relevant.

Figure 2: Internal views of typical steel framed open car park structures.
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The second reason is that Natural Fire Safety Concept is nowadays established in Europe
for Open Car Parks which leads to unprotected steel structures therefore sparing the significant cost of fire protection. In the case of closed car parks the limited natural ventilation
linked with the interactions with other structures makes the task more complicated. For this
reason the conservative Prescriptive Fire Safety Approach based on ISO834 heating curve is
adopted leading to severe requirements for 60, 90 or even 120 minutes. This prescriptive requirements may hardly affect the cost competitiveness of steel structures [5].
These two reasons are the main causes to explain why modern Open Car Parks are today a
domain of steel framed structures, whereas conversely closed underground car parks remain
the domain of traditional prestressed or reinforced concrete typology. In the scope of this paper will consider the first case, so standard steel framed car parks conceived for external
building so in view of an optimized grid in view of architectural, functionality and structural
requirements.
1.2

Floor vibration – Situation and scope of this paper

As every long-span slender floor, steel-concrete decks for car parks are exposed to the risk
of vibration [1], [3], [8], [9], [10]. The complexity in the case of car parks is that two kind of
loadings are present: human and vehicular. But beside this structural consideration, the experience shows that floor vibration is not an issue for car parks: in fact visitors are just shortly
crossing by feet the lanes so floor vibration won’t disturb them significantly, and once they
are in the car they are well isolated from the floor vibrations. For this reason typically no serviceability requirements concerning deflection under live loads is imposed [3].
Nevertheless in some literature and design rules there are still some recommendation concerning the limit of eigenfrequencies, for example 3 Hz according [11]. Such prescriptive approach may in fact result in becoming the main design criteria and therefore affecting the
competitiveness of the solution. Scope of this paper is to identify a realistic case study, define
two different relevant structural configurations, and analyze their dynamic behavior under realistic assumptions in order to assess their dynamic behavior in view of human comfort criteria. With the help of this two representative examples we will furthermore evaluate whether
such frequency limitation criteria are appropriate.

2
2.1

DEFINITION OF A GENERAL RELEVANT CASE STUDY
Geometrical layout

In the scope of this paper we will consider a standard layout of parking lots 5 x 2.5m with a
central lane of 6m. This bay of 16.0m will be framed by steel construction, so we will consider a span for the secondary beam of 16.5m [5].

Figure 3: Standard geometrical layout
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2.2

Structural deck - Configuration A and B

In the frame of this example we will consider a composite steel concrete structures according Eurocode 4 [6], as they are currently in use since decades for this kind of buildings. Secondary beams are stock hot rolled sections with headed studs welded on the top flange. The
use of high steel strength S460 has become a standard for these elements since it permits to
optimize the steel weight for strength design, whereas deformation under self-weight and
permanent weight are compensated by adequate cambering (for this kind of structures typically in the range L / 100 … 120, where L is the span).
In the scope of this paper two different configurations will be considered and compared.
Configuration A presents a shallow steel decking with depth 60mm (type Cofraplus 60 [13])
made composite with reinforced concrete depth of 70mm on top of the rib for a total depth of
130mm. The ribs have an center distance of 207mm. The decking is set on top of the beam
flange and is pre-holed in correspondence of the headed stud location. The beam spacing
which this slab system covers efficiently is 2.5m – corresponding to 1 parking lot. This typology corresponds to the classical steel-concrete composite floors in use since several decades.

Figure 4: Configuration A (left), pre-holed shallow steel decking posed on top of the beam flange. Configuration
B (right), deep steel decking set in the depth of the beam.

Configuration B is an alternative where the main aim is to cover 2 parking spaces instead
of 1, which results in a beam spacing of 5.0m without propping in the construction stage. This
is achieved with a deep steel decking of 220mm (type Cofraplus 220 [13]) with 90mm of reinforced concrete on top. The deep steel decking cannot be placed on the top of the flange due
to their height, therefore they are integrated in the secondary beam height by fixing them on
special supports welded onto it. These supports shoes where the ribs of the decks are supported are called wings. In the final phase, the steel-concrete floor behaves therefore as a ribbed
deck, with a rib center distance of 750mm. This solution with 5m beam spacing has begun to
spread in Europe in the ’90 thanks to the introduction of a successful decking – beam connection system and has afterwards evolved in the shape presented here.
In table 1 we present the principal data for each configuration presented. Configuration B
has for sure the advantage to decrease the number of elements and is more efficient in steel
consumption in the regular car parks bays. Configuration A is more flexible and requires usually less steel tonnage in the irregular part of the parking (slab ends, ramps, transition to staircases cores). Anyway as it can be seen the total steel consumption is comparable and both
configurations are fit for use in this application; the choice between the two systems depends
mainly on the designer and / or the steel contractors habits.
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Configuration
Span
Beam spacing
Secondary beam - cross section
Steel grade
Studs - Type and spacing
Steel decking type
Decking thickness
Beam weight
Studs weight
Wings weight
Connection plates / bolts weight
Decking weight
Total weight - sec. beams + decking
Concrete utilization

A
16.50
2.50
IPE A 450
S460M
d22/100 - 207
Cofraplus60
0.75
26.88
0.70
0.54
8.53
36.64
0.095

B
16.50
5.00
IPE A 550
S460M
d19/80 - 150
Cofraplus220
1.13
18.42
0.29
0.98
0.37
15.14
35.20
0.127

[m]
[m]
[-]
[-]
[-]
[-]
[mm]
[kg / m2]
[kg / m2]
[kg / m2]
[kg / m2]
[kg / m2]
[kg / m2]
[ m3 / m2 ]

Table 1: Resume of main structural data for Configuration A and Configuration B

3
3.1

STRUCTURAL MODEL AND MODAL ANALYSIS
Base structural model

Self-weight and permanent loads are based on [4]. For the traffic loads we have considered
§6.3.3 for garages and vehicle traffic areas, category F (Traffic and parking areas for light vehicles <30 kN gross vehicle weight and < 8 seats not including driver) [4] (see Table 2).
Configuration
G : Self-weight
P: Permanent loads
Qk: Design variable loads
QReal: Realistic variable loads

A
2.69
1.00
2.50
1.25

B
3.46
1.00
2.50
1.25

[kN / m2 ]
[kN / m2 ]
[kN / m2 ]
[kN / m2 ]

Table 2: Surface loads considered for design.

The design has been made according Eurocode 4 [4] for a simply supported standard composite beam. Freely available tools are available on the net for this kind of application (for
example ABC edited by ArcelorMittal – CTICM [13]). As expected for this kind of structure,
the value of the first frequency is between 2 and 3 Hz (see Table 3).
Configuration
ULS utilization factor
Pre-cambering foreseen
First frequency (G + P)

A
95.6%
140
2.71

B
96.0%
180
2.27

Table 3: Resume of most relevant design results.
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[-]
[mm]
[Hz]

3.2

Finite Element Model

A complex Finite Element Model has been built with the software SCIA Engineer [12].
For the scope of this study we have considered a portion of a car park structure with a bay of
20m (corresponding to 8 parking spaces, so 9 beams for configuration A and 5 for Configuration B) by 16.5m in the other direction (corresponding to the span of a simply supported
beam). The slab is modeled with shell elements, whereas secondary beam and slab ribs re
modeled by beam elements. It has been paid proper attention that in longitudinal direction
(=beam direction) only the part of the slab above the dovetail is participating with the adequate offset. In transversal direction the ribs have been added as beam elements attached to
the shell with an adequate offset. The model is linear concerning material and geometry.
Beam

20.0m

Slab

16.5m

Rib
s

Figure 5: View of the FE structural model used for Configuration B.

3.3

Results of the modal analysis

The modal analysis is run with the model described above where the self-weight of the
structure is given in table 2. It has been checked that for the load case self-weight and permanent loads (G+P), the first eigenfrequency calculated with the FEM software corresponds to
the result of the analytical tool (compare Table 3 and table 4 for (G+P)).
When considering the mass linked with the presence of variable loads, only realistic configurations shall be considered. Therefore we have decided to consider a maximal value
showed in table 2 but only in the parking lots where the presence of vehicles can expected.
The realistic surface load corresponds to a vehicle of 1600 kg, which approximates the average vehicle weight in European countries, spread of a standard parking lot of 2.5m x 5m.
Configuration
G+P
G + P + QReal in every parking space
G + P + QReal in every parking space on one side of the lane
G + P + QReal in every second parking space
G + P + 0.8 * QReal in every parking space
G + P + 1.2 * QReal in every parking space

A
2.71
2.56
2.63
2.67
2.59
2.53

Table 4: First eigen frequency calculated for different load combinations.
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B
2.27
2.18
2.22
2.25
2.20
2.16
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Figure 6: First two eigenmodes of the system

The eigenfrequencies have been afterwards calculated for each system with different
combinations of parking lots being occupied (see load combinations in Table 4). In the scope
of a sensitivity analysis, we have also evaluated the case of an exceeding of loading of +/20%, and as it can be seen the variation of the first eigenfrequency remains moderate as the
main masses are still linked with the self-weight.
As it could be expected, all relevant modes, independently from the loading combinations
showed before, are one-wave bending in the sense of the secondary beams (on the 16.5m
length) and n-wave in transversal direction (mode 1: 1 wave which means all beams upwards
or downwards together; mode 2: 2 wave in transversal direction, and so on).
It shall be noted that the first 4 modes are in a range of 1 Hz, which means that the
transversal stiffness is relatibe small compared to the longitudinal one and it is rather easy to
uncouple the bending modes of each secondary beam.

4

TIME-HISTORY ANALYSIS

4.1

Load model considered

For this study we have considered an axle load running in the middle of the central lane at
a given speed. The load model is taken directly from [4] and is showed in Figure 7. The total
load point load (Qk in figure below) has been set equal to 20kN as the recommended upper
boundary value.
Axle load running
on the system

Central beam considered
for comparison

Figure 7: Loading model considered for the time-history analysis.
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The load has been moving with different speeds chosen in the range from 18 km/h to
90km/h. The speeds exceeding 20…30 km/h in a parking are rather unprobeable event but are
considered anyway as a term of comparison to establish an upper bound scenario.
In the meantime, the parking spaces have been considered full as per the previous simulation in order to achieve the lowest Eigen frequency that the system could possibly express. It
has to be stressed that this corresponds to a very conservative approach, since an extreme vehicle load of 2tons (so quite unprobeable) is applied compactly on only single axle in a parking where are parking lots are full.
4.2

Analysis and damping ratio

The analysis has been run for each given speed for configuration A and B in a space of in a
time step of 0.02s. The size of the mesh has been reduced to 0.25m so to achieve a good accuracy in the results. A damping ratio of 3% has been assumed in the analysis. This value is
quite conservative as it applies, whereas a significant amount of the mass is given by the mass
of the vehicles which provide a substantial higher damping ratio according to the literature [3],
[11], [9].

Figure 8: Example of displacement form achieved for a given load position in a dynamic analysis

4.3

Results - displacements

In figure 9 and 10 it is shoed the displacement curves of the midspan of the central beam in
function of the time. The peak displacement corresponds to the moment where the vehicle is
right above the central beam: this moment occurs in different time of analysis since the speed
of the vehicle starting from the edge of the parking are different (the quicker the vehicle travels the sooner it will reach the central mid-span of the beam).
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Figure 9: Configuration A – vertical deformation of central reference beam in function of different speeds.

Figure 10: Configuration A – vertical deformation of central reference beam in function of different speeds.
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Some key results are showed in the table below. It has to be stressed that despite configuration B presents an higher dynamic impact factor, nevertheless the displacement and the amplitude of the vibration is substantially lower (between 35% and 45%) than configuration A.
Configuration
Static displacement
Dynamic displacement
Dynamic impact factor

A
4.2
4.9mm
1.17

B
2.4
2.8
1.25

[mm]
[mm]
[-]

Table 5: Dynamic impact factor concerning displacement.

4.4

Results - accelerations

In the assessment of the dynamic behavior of a floor the accelerations are far more important than the actual displacements. For the assessment of the floor vibration the guide [1],
[11] will be followed. According the guidelines the root mean square acceleration has been
calculated based on the calculated vertical values for each speed and each configuration. The
results have been multiplied by two weighting factors, whereas the base curve for acceptance
has been multiplied for a factor based on the type of structure considered.

Figure 11: Weighting factors used as multiplier of the root mean square acceleration for each load case.

Configuration
Wb
Wg
Base curve multiplying factor

A
0.512
0.800
24

B
0.436
0.7382
24

Table 6: Factors used based on BS 6472 [1] and [11]
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[-]
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Figure 12: Vertical reference acceleration obtained for different speeds for Configuration A and B compared to
the reference acceptance curve for floor vibration

4.5

Findings from the Time-history analysis

Figure 12 shows that several points lye below the considered acceptable floor vibration
curve, whereas by increasing the speed the response of the system may result outside the conventional acceptance criteria. In order to express more clearly the results, the same points of
Figure 12 have been replotted in Figure 13, but with the speed of the vehicle on the horizontal
axis and the vertical reference acceleration in the vertical axis. The limits of the acceptance
criteria have been set corresponding to the frequency of configuration A and configuration B.
Thanks to this representation we can clearly recognize that the acceptance criteria is satisfied for speed up to 22 km/h for Configuration A and up to 52 km/h for Configuration B, even
under quite conservative assumptions that were taken to obtain these results. For vehicle
speeds over this limit, the comfort acceptance criteria concerning criteria is not more guaranteed. Let’s remind that current speed limitation criteria for cark parks are in the range of 20
km/h, so it can be considered that floor vibration disturbance can be excluded.
It is interest to remark that configuration B, despite having significantly lower eigenfrequencies, behaves consistently better than A under realistic traffic load. Even up to 60
km/h the vertical acceleration remains quite limited. This is mainly linked with the possibility
of a larger transversal distribution under point loads. In this view it has to be stressed the importance of the continuity of the transversal ribs (there are systems with discontinuous slab
ribs – in this case the dynamic behavior may be different due to a less efficient transversal distribution).
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Figure 13: Vertical reference acceleration towards Vehicle speed

5

CONCLUSIONS

It is possible to resume the investigations showed in this paper in mainly three assessments:
• The two case studies considered, which are representative of the common solutions built
nowadays, shows that steel-framed structures optimized for design strength behaves correctly also in serviceability limit states and more specifically regarding floor vibration.
This shall confirm that no further serviceability criteria are needed.
• The first frequency is not a clear indicator for the dynamic performance of the system
under traffic load, which is considered the more relevant for car park structure. Therefore
imposing an arbitrary limit on this does not appear to be appropriate.
• For the loading considered and under same design assumptions, steel concrete composite
structure with larger beam spacing (e.g. over two parking lots) and composite slabs with
continuous ribs behave better from the dynamic point of view than comparable system
with smaller beam spacing (e.g. over one parking lots). This is mainly due to a better
load transversal distribution that in the case of localized loads (phenomena already
known in bridge design).
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Abstract
This paper reports an application of the Probabilistic Theory of Plastic Mechanism Control
(P-TPMC) to a steel Moment Resisting Frames (MRFs) assumed as a case study. The validation
of the accuracy of the proposed design methodology is given through non-linear dynamic analyses. In particular, the aim of the non-linear dynamic analyses is to check the collapse mechanism developed by the structures designed by P-TPMC. In fact, it is expected that the
percentage of structures exhibiting a collapse mechanism of global type completely developed
or compatible with it agrees with the fixed probability given as design achievement of P-TPMC.
In other words, if the probability of having a collapse mechanism different from the global one
is the 10% the aim of the non-linear dynamic analysis is to check if at least the 90% of the
analysis output is entirely in agreement with the global mechanism.
The analysis results are given in terms of the number of plastic hinges developed in columns
and beams. Each mechanism showing a lower number of plastic hinges on beams and first
storey column bases is considered as compatible with a global mechanism while if plastic hinge
also appears on columns of other storeys the mechanism has been considered partial.
The most significant part of analyses leads to the development of a collapse mechanism of
global type. In quantitative terms, the percentage of success in achieving a collapse mechanism
of global type is about 91% thus confirming the reliability of the design exploiting the P-TPMC.
Keywords: Theory of Plastic Mechanism Control, collapse mechanisms, moment resisting
frames, stochastic frames, probability of failure, series systems.
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1

INTRODUCTION

Under severe earthquake excitation, structures need to assure an adequate local [1]-[6] and
global ductility and high-energy dissipation [7]-[12]. For this reason, the structure needs to exhibit the collapse mechanism of global type, where the dissipative zones are at beams ends and
at the base of columns of the first storey, avoiding the partial failure mechanism. Modern design
codes [13],[14] provide simple rules to prevent unsatisfactory collapse mechanisms. In case of
Moment Resisting Frames (MRFs), the use of the so-called beam-column hierarchy criterion is
suggested, but it is widely demonstrated that it is only able to prevent soft storey mechanism
and generally it does not assure the development of a mechanism of global type.
In nineties, Mazzolani and Piluso suggested a deterministic procedure, the so-called Theory of
Plastic Mechanism Control (TPMC) [15]-[28] to design Moment Resisting Frames able to assure a collapse mechanism of global type after a seismic event. The design rules are based on
the extension of the kinematic theorem of plastic collapse to the concept of mechanism equilibrium curve to take into account second order effects. Recently, an improvement of this procedure has been proposed by taking into account the influence of random material variability.
A probabilistic analysis is proposed to define the proper value of an overstrength factor to be
applied as a multiplying coefficient of the bending resistance of dissipative zones. This approach is called Probabilistic Theory of Plastic Mechanism Control (P-TPMC) [29]-[31].
In this paper, the effectiveness of the P-TPMC is investigated through non-linear dynamic analyses. First of all, the benchmark structure has been defined, and it has been designed given a
fixed reliability performance goal. To this scope, an adequate overstrength coefficient is used
to increase the beam strength. As higher this coefficient is as highest is the expected probability
of having a collapse mechanism of global type. After that, the deterministic TPMC is applied
to design the structures considering the assigned overstrength. To check if the collapse mechanism of global type is verified under real earthquake record, the benchmark structure has been
modelled and analysed by SAP 2000. A series of 84 real earthquake record for different soils
conditions have been used to excite the structure.
For each earthquake, the collapse mechanism achieved is evaluated. Naturally, when the collapse mechanism of global type occurs, it is a success of P-TPMC. Conversely, the failure in
the design purpose is verified when the structures exhibit a collapse mechanism different from
the global one. Finally, the probability of success in applying the TPMC is defined as the ratio
between the number of times when the global mechanism is verified and the total number of
analyses.
2

DESIGN OF MOMENT RESISTING FRAME ACCORDING TO P-TPMC

In this section, the design of steel moment resisting frame is presented according to the Probabilistic Theory of Plastic Mechanism Control [29]. The considered benchmark structure is
characterized by 4 storeys (number of storeys: 𝑛𝑠 ), 5 bays (number of bays: 𝑛𝑏 ) The interstorey
height is 3.50 m and the bay span is equal to 6.00 m. The considered steel grade is S275. Moreover, in this step the hypothesis on the soil characteristics are not provided because the design
procedure is dependent on the horizontal action distribution only [17]. Therefore, the seismic
actions are deterministically distributed according to the first vibration mode of the structure.
2.1 Definition of overstrength factor
In previous works [29], a probabilistic procedure is proposed to compute an overstrength factor
to apply to the deterministic version of TPMC which considers the aleatoric uncertainty of material properties. This probabilistic approach is based on the application of the First Order Reliability Method (FORM), and the Ditlevsen Bounds applied for events located in series [32]-
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[35] combined with Theory of Plastic Mechanism Control [16]-[31]. Moreover, the same authors provided a mathematical relationship for computing the overstrength factor depending on
the number of beams:
(1)
γov = −0.0192𝑛𝑏 + 1.2036
Eq.(1) is derived by a parametric analysis performed for steel grade S275 and for fixed reliability level equal to 90%, which represents the success probability of the TPMC in the development of collapse mechanism of global type. In this case, the overstrength factor to be applied
to the deterministic procedure of TPMC is equal to 1.11. More details on the probabilistic approach applied to TPMC and on the parametric analysis carried out to define Eq.(1) are provided
in [29].
2.2 Application of Theory of Plastic Mechanism Control
In this section the steps followed in designing the member sections of the examined frame are
presented:
Step 1
Definition of the ultimate displacement 𝛿𝑢 , compatible with the ductility supply of the dissipative zones:
(2)
𝛿𝑢 = 𝜃𝑢 ℎ𝑛𝑠
where 𝜃𝑢 is the steel plastic rotation assumed equal to 0.04 rad, and ℎ𝑛𝑠 represents the total
height of the structure. In this case, the ultimate displacement is 0.56 m.
Step 2
The beam sections are the same for all the bays, and they are designed for gravity loads whose
values are 𝐺𝑘 = 15.00 𝑘𝑁/𝑚 and 𝑄𝑘 = 6.00 𝑘𝑁/𝑚 for permanent and live load, respectively.
Referring to the non-seismic load combination, the maximum gravity load acting on the beams
is:
(3)
𝑞𝑣 = 1.35𝐺𝑘 + 1.50𝑄𝑘 = 28.50 𝑘𝑁/𝑚
This value is assumed as a deterministic quantity. The selected beams are IPE 360.
Step 3
All the collapse mechanism equilibrium curves are identified for the studied frame:
(4)
𝛼 = 𝛼0 − 𝛾𝛿𝑢
where 𝛼 is a collapse multiplier of structures, 𝛼0 represents the first order multiplier, 𝛾 is the
slope of curve depending on the second-order effects and, finally, 𝛿𝑢 is the ultimate displacement of the structure. The definition of the column sections is carried out, amplifying the plastic
modulus of beams with the overstrength factor γov and applying the following design condition:
(𝑔)

(𝑡)

(𝑡)

𝛼 (𝑔) ≤ 𝛼 (𝑡) => 𝛼0 − 𝛾 (𝑔) 𝛿𝑢 ≤ 𝛼0.𝑖𝑚 − 𝛾𝑖𝑚 𝛿𝑢
𝑓𝑜𝑟 𝑡 = 1,2,3 𝑎𝑛𝑑 𝑖𝑚 = 1,2, … 𝑛𝑠

(5)

where “𝑔” indicates the global mechanism while “𝑡" represents a generic collapse mechanism
different by the global type and 𝑖𝑚 is the generic storey of the structure. It is important to underline that the Eq.(5) ensures that the curve of the global mechanism is located below those
corresponding to all the other undesired mechanisms until the ultimate displacement 𝛿𝑢
[16],[17]. The column cross-sections are given in Figure 1.

4203

Alessandro Pisapia and Elide Nastri

Figure 1: Case-study Frame.

3

VALIDATION BY MEANS NON-LINEAR DYNAMIC ANALYSIS

The aim of the non-linear dynamic analyses presented in this section is to check the collapse
mechanism developed by the structures designed by P-TPMC [36]-[39]. In fact, it is expected
that the percentage of structures exhibiting a collapse mechanism of global type completely
developed or compatible with it agrees with the fixed probability given as design achievement
of P-TPMC. In other words, if the probability of having a collapse mechanism different from
the global one is the 10% the aim of the non-linear dynamic analysis is to check if at least the
90% of the analysis output is completely in agreement with the global mechanism. The same
structure, reported in Figure 1, has been undergone to a set of 84 recorded accelerograms selected from OFEUS database [40]. In particular, 16 earthquake ground motions for soil A, 34
for soil B and 34 for soil C have been selected. Rayleigh formulation for a 5% damping has
been assumed with the proportional factors computed with reference to the first and third mode
of vibration (T1=0.74 s and T2=0.22 s). In Table 1 the analysed records (name, component, date,
magnitude, soil, the ratio between PGA and gravity acceleration, length and magnitude) have
been reported. The step recording is equal to 0.005 s for each signal. Each earthquake has been
scaled to achieve the same level of spectral acceleration. The reference spectrum is Type 1
according to EC8 with a 𝑎𝑔 /𝑔 equal to 0.35.
The scaling factor the earthquake has to be scaled with is different for each soil category, and
it has been computed by multiplying the collapse mechanism multipliers reported in Table 2
with the spectral acceleration achieved in correspondence with the first period of vibration of
the structure. In this way, the structure is expected to overcome the elastic phase.
The structure has been modelled and analysed in SAP 2000 [40]. The geometrical and mechanical model is given by beam-column element whose yielding has been taken in account by Phinge properties.
Two rigid-plastic hinges are located at the member ends. Plastic hinge properties are defined in
pure bending (M3 hinge) for beams while in case of columns they are defined to account for
the interaction between bending and axial force (P-M3 hinges).
Both geometrical and mechanical non-linearities have been accounted for in the analysis phase
[41].

4204

Alessandro Pisapia and Elide Nastri

Earthquake

Component
[-]

Date
[-]

4101_17_08_1999
ALT_23_11_1980
ASG_06_05_1976
BRC_15_09_1976
BSC_23_11_1980
CGL_26_09_1997
CRD_15_09_1976
KYPA_18_11_1997
LSS_06_04_2009
LSS_24_08_2016
LSS_30_10_2016
MMP1_24_08_2016
MMP1_30_08_2016
MVB_30_10_2016
SBC_30_10_2016
SGR_23_11_1980
AIGA_15_06_1995
AMATRICE_24_08_2016
FORCA_30_10_2016
AMATRICE_30_10_2016
AQA_06_04_2009
AQG_06_04_2009
AQK_06_04_2009
BRN_23_11_1980
FRC_15_09_1976
GEMONA_15_09_1976
KAL1_18_11_1997
KOZ1_13_05_1995
L'AQUILA_06_04_2009
MTL_26_09_1997
MZ10_30_10_2016
MZ27_30_10_2016
MZ30_30_10_2016
MZ63_30_10_2016
NIS_04_03_1977
NOR_24_08_2016
NOR_30_10_2016
NRC_24_08_2018
PATRASSO_15-06_1995
PYR1_15_06_1995
STR_23_11_1980
TDG_23_11_2018
TIG_15_04_1979
TK_01_05_2003

East-West
East-West
North-South
East-West
North-South
East-West
East-West
Long-Transv
East-West
East-West
North-South
North-South
North-South
North-South
East-West
East-West
Transversal
East-West
East-West
East-West
East-West
North-South
East-West
North-South
North-South
East-West
Long-Transv
Long-Transv
East-West
North-South
North-South
North-South
North-South
North-South
East-West
East-West
East-West
East-West
Long-Transv
Long-Transv
East-West
North-South
East-West
North-South

17/08/1999
23/11/1980
06/05/1976
15/09/1976
23/11/1980
26/09/1997
15/09/1976
18/11/1997
06/04/2009
24/08/2016
30/10/2016
24/08/2016
30/08/2016
30/10/2016
30/10/2016
23/11/1980
15/06/1995
24/08/2016
30/10/2016
30/10/2016
06/04/2009
06/04/2009
06/04/2009
23/11/1980
15/09/1976
15/09/1976
18/11/1997
13/05/1995
06/04/2009
26/09/1997
30/10/2016
30/10/2016
30/10/2016
30/10/2016
04/03/1977
24/08/2016
30/10/2016
24/08/2018
15/06/1995
15/06/1995
23/11/1980
23/11/2018
15/04/1979
01/05/2003
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SOIL PGA/g Length Magnitude
[-]
[-]
[s]
[-]
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B

0.039 119.99
0.057 66.485
0.028 17.045
0.026 24.22
0.096 76.21
0.020 29.175
0.012 31.195
0.017
27.8
0.010
105
0.023
80
0.053
69.9
0.012
200
0.022
130
0.008
140
0.007 89.085
0.017 14.495
0.052 39.79
0.044 27.89
0.055 76.24
0.532 40.195
0.402
40
0.489
100
0.353
100
0.219 78.835
0.348 24.595
0.255 9.285
0.038 40.81
0.216 29.385
0.656
100
0.116 29.05
0.398 60.255
0.206 148.835
0.483 93.76
0.384 75.29
0.043 43.41
0.202 39.95
0.049
50
0.374
40
0.090 39.52
0.056 33.895
0.072 70.76
0.060 53.01
0.054 45.55
0.519 64.73

7.6
6.9
6.4
6.0
6.9
6.0
6.0
6.4
6.1
6.0
6.5
6.0
6.5
6.5
6.5
6.9
6.5
6.0
6.5
6.5
6.1
6.1
6.1
6.9
6.0
6.0
6.4
6.6
6.1
6.0
6.5
6.5
6.5
6.5
7.5
6.0
6.5
6.0
6.5
6.5
6.9
6.9
6.9
6.3
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TK_01_10_1995
TK_13_03_1992
TK_17_08_1999
TK_27_06_1998
TLM1_06_05_1976
TRL_30_10_2016
0105_27_06_1998
0301_03_02_2002
0302_01_10_1995
1401_12_11_1999
1404_17_08_1999
1612_17_08_1999
1801_06_06_2000
4302_17-08_1999
5903_17_08_1999
8101_12_11_1999
8101_17_08_1999
AVZ_06_04_2009
BUI_15_09_1976
BVG_24_08_2016
BVG_26_09_1997
BVG_30_10_2016
BVN_23_11_1980
CNG_06_05_1976
EDE1_21_12_1990
GBP_26_09_1997
GBP_30_10_2016
LEF1_17_01_1983
MDN_29_05_2012
MRN_20_05_2012
MRN_29_05_2012
MZ04_30_10_2016
MZ24_30_10_2016
NAS_15_04_1978
NVL_20_05_2012
NVL_29_05_2012
SNG_24_08_2016
SNG_30_10_2016
SRP_29_05_2012
ZAK1_18_11_1997

East-West
East-West
North-South
East-West
North-South
North-South
East-West
North-South
East-West
East-West
North-South
East-West
East-West
East-West
East-West
East-West
East-West
East-West
East-West
East-West
North-South
North-South
North-South
East-West
Long-Transv
East-West
North-South
Transversal
North-South
North-South
North-South
North-South
East-West
North-South
North-South
East-West
North-South
East-West
East-West
Transversal

01/10/1995
13/03/1992
17/08/1999
27/06/1998
06/05/1976
30/10/2016
27/06/1998
03/02/2002
01/10/1995
12/11/1999
17/08/1999
17/08/1999
06/06/2000
17/08/1999
17/08/1999
12/11/1999
17/08/1999
06/04/2009
15/09/1976
24/08/2016
26/09/1997
30/10/2016
23/11/1980
06/05/1976
21/12/1990
26/09/1997
30/10/2016
17/01/1983
29/05/2012
20/05/2012
29/05/2012
30/10/2016
30/10/2016
15/04/1978
20/05/2012
29/05/2012
24/08/2016
30/10/2016
29/05/2012
18/11/1997

B
B
B
B
B
B
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C

0.059 27.79
0.082 16.875
0.047 135.04
0.128
22.3
0.352 36.39
0.096 49.54
0.277 29.215
0.115 100.12
0.044 27.995
0.820 55.79
0.140
55.4
0.126 205.05
0.064 82.54
0.061 185.82
0.103 85.465
0.526 85.81
0.375 27.09
0.069
120
0.088 25.89
0.040 176.315
0.079
50.5
0.075
130
0.048 62.58
0.069 38.35
0.103 38.695
0.098 100.225
0.053
180
0.065 45.83
0.052
130
0.264 130.15
0.294 68.565
0.808 92.915
1.020 87.84
0.148 28.98
0.052 160.2
0.054 139.89
0.046
200
0.051
180
0.054 220.315
0.132 65.44

Table 1.Characteristics of the earthquake records.

A
1.68

Soil
B
1.21

C
1.04

Table 2.Collapse multiplier for different soils.
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6.0
6.6
7.6
6.2
6.4
6.5
6.2
6.5
6.0
7.3
7.6
7.6
6.0
7.6
7.6
7.3
7.6
6.1
6.0
6.0
6.0
6.5
6.9
6.4
6.1
6.0
6.5
6.1
6.0
6.1
6.0
6.5
6.5
6.0
6.1
6.0
6.0
6.5
6.0
6.4
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Case

Earthquakes

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

4101_17_08_1999
ALT_23_11_1980
ASG_06_05_1976
BRC_15_09_1976
BSC_23_11_1980
CGL_26_09_1997
CRD_15_09_1976
KYPA_18_11_1997
LSS_06_04_2009
LSS_24_08_2016
LSS_30_10_2016
MMP1_24_08_2016
MMP1_30_08_2016
MVB_30_10_2016
SBC_30_10_2016
SGR_23_11_1980

SOIL A
Collapse
Mechanism
global
global
global
global
global
global
global
global
global
global
global
global
global
global
global
global

Number of plastic hinges
beams
columns
30
2(only first storey)
26
6(only first storey)
31
6(only first storey)
25
0
30
6(only first storey)
5
0
30
6(only first storey)
22
0
26
2(only first storey)
13
0
30
2(only first storey)
13
0
10
0
19
0
27
6(only first storey)
31
6(only first storey)

Table 3. Results of non-linear dynamic analysis referred to soil A.

The analysis results are given in terms of the number of plastic hinges developed in columns
and beams. The maximum number of plastic hinges able to develop at beam ends is 30 while
only 6 plastic hinges at column bases should develop if the mechanism exhibited by the structure is compatible with the global one. Each mechanism showing a lower number of plastic
hinges on beams and first storey column bases is considered as compatible with a global mechanism while if plastic hinge appears also on columns of other storeys the mechanism has been
considered partial.
From Table 3 to Table 5 it is observed that the largest part of analyses lead to the development
of a collapse mechanism of global type. In quantitative terms, the percentage of success in
achieving a collapse mechanism of global type is about the 91% thus confirming the reliability
of the design exploiting the P-TPMC.

Case

Earthquakes

17
18
19
20
21
22
23
24
25
26
27
28
29

AIGA_15_06_1995
AMATRICE_24_08_2016
FORCA_30_10_2016
AMATRICE_30_10_2016
AQA_06_04_2009
AQG_06_04_2009
AQK_06_04_2009
BRN_23_11_1980
FRC_15_09_1976
GEMONA_15_09_1976
KAL1_18_11_1997
KOZ1_13_05_1995
L'AQUILA_06_04_2009

SOIL B
Collapse
Mechanism
global
global
global
global
global
global
global
global
global
global
global
global
global
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Number of plastic hinges
beams
columns
27
2(only first storey)
0
0
27
0
30
6(only first storey)
14
0
27
6(only first storey)
27
0
0
0
0
0
30
6(only first storey)
31
6(only first storey)
0
0
27
0
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30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

MTL_26_09_1997
MZ10_30_10_2016
MZ27_30_10_2016
MZ30_30_10_2016
MZ63_30_10_2016
NIS_04_03_1977
NOR_24_08_2016
NOR_30_10_2016
NRC_24_08_2018
PATRASSO_15-06_1995
PYR1_15_06_1995
STR_23_11_1980
TDG_23_11_2018
TIG_15_04_1979
TK_01_05_2003
TK_01_10_1995
TK_13_03_1992
TK_17_08_1999
TK_27_06_1998
TLM1_06_05_1976
TRL_30_10_2016

global
global
global
global
global
global
global
global
global
global
global
global
global
global
global
global
global
global
global

27
30
32
30
30
30
31
32
31
31
30
30
30
18
20
31
1
31
24
31
30

0
2(only first storey)
10
2(only first storey)
0
6(only first storey)
6(only first storey)
8
6(only first storey)
6(only first storey)
6(only first storey)
6(only first storey)
6(only first storey)
0
0
6(only first storey)
0
6(only first storey)
0
6(only first storey)
6(only first storey)

Table 4. Results of non-linear dynamic analysis referred to soil B.

Case

Earthquakes

51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73

0105_27_06_1998
0301_03_02_2002
0302_01_10_1995
1401_12_11_1999
1404_17_08_1999
1612_17_08_1999
1801_06_06_2000
4302_17-08_1999
5903_17_08_1999
8101_12_11_1999
8101_17_08_1999
AVZ_06_04_2009
BUI_15_09_1976
BVG_24_08_2016
BVG_26_09_1997
BVG_30_10_2016
BVN_23_11_1980
CNG_06_05_1976
EDE1_21_12_1990
GBP_26_09_1997
GBP_30_10_2016
LEF1_17_01_1983
MDN_29_05_2012

SOIL C
Collapse
Mechanism
global
global
global
global
global
global
global
global
global
global
global
global
global
global
global
global
global
global
global
global
global
global
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Number of plastic hinges
beams
columns
30
6(only first storey)
31
6(only first storey)
27
6(only first storey)
30
6(only first storey)
15
0
31
6(only first storey)
30
6(only first storey)
32
6(only first storey)
30
10
32
6(only first storey)
30
6(only first storey)
30
6(only first storey)
27
0
32
6(only first storey)
31
6(only first storey)
30
6(only first storey)
27
0
30
6(only first storey)
32
6(only first storey)
30
6(only first storey)
30
6(only first storey)
30
2(only first storey)
31
6(only first storey)
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74
75
76
77
78
79
80
81
82
83
84

MRN_20_05_2012
MRN_29_05_2012
MZ04_30_10_2016
MZ24_30_10_2016
NAS_15_04_1978
NVL_20_05_2012
NVL_29_05_2012
SNG_24_08_2016
SNG_30_10_2016
SRP_29_05_2012
ZAK1_18_11_1997

global
global
global
global
global
global
global
global
global
global
global

30
30
31
27
22
2
19
30
30
30
4

2(only first storey)
0
0
2(only first storey)
0
0
6(only first storey)
2(only first storey)
6(only first storey)
0

Table 5. Results of non-linear dynamic analysis referred to soil C.

4

CONCLUSIONS
• In this paper an application of the Probabilistic Theory of Plastic Mechanism Control (PTPMC) to a steel Moment Resisting Frames (MRFs) assumed as a case study is reported.
• Non-linear dynamic analyses on a base of 84 earhquake records have been performed to
assess the accuracy of the design procedure proposed.
• The expected percentage of success is equal to 90%.
• The obtained percentage of success is 91% thus confirming the reliability of the proposed
procedure.
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Abstract
In the present work, the design and the non-linear static analysis of innovative steel seismicresistant perimeter systems are reported. In particular, Moment Resisting Frames (MRFs) and
Dual-Concentrically Braced Frames (D-CBFs) were designed by using the Theory of Plastic
Mechanism Control (TPMC). Eight structures, having the same geometric characteristics and
the same seismic parameters of the site and the structure, were designed for each structural
typology. The structures differ in the number of storeys, number of bays, bay length but they
were designed for a Peak Ground Acceleration equal to 0.35g. The innovation consists in locating friction dampers of FREEDAM typology at the beam ends and at the intersection of
chevron braces. The FREEDAM dampers can dissipate input seismic energy through the relative slippage between pads, of which they are made up. They preserve the main structural elements, such as beam ends and chevron braces, from damage. In the case of MRFs, FREEDAMs
replace the traditional dissipative zones. In Dual CBFs, a share of FREEDAMs substitute the
aforementioned dissipative zones and, besides, those located at the top of chevron braces, represent a supplement to the seismic energy dissipation. In this way, the structure remains intact
even after severe earthquakes; meanwhile, the dampers can be easily substituted. Furthermore,
the TPMC design procedure, based on the kinematic theorem of plastic collapse, allows all the
dissipative zones are involved in the yielding, thus developing a collapse mechanism of global
type. Thanks to the design procedure, it is sure the yielding occurs in the dissipative zones,
where dampers are located, and not in any other parts of the structure.
The work aims to analyse and compare the two structural typologies both in terms of design
results and in terms of seismic performance. It has been investigated which is the more convenient structural typology, keeping in mind the Eurocode 8 limitation on the interstorey drift. In
addition, the design procedure has been validated using non-linear static analyses, such as
pushover analyses. The designed structures have been finally compared also in terms of seismic
performances.
Keywords: Plastic design, Connections, Friction Dampers, Moment Resisting Frames, Concentrically Braced Frames, FREEDAM Project.
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INTRODUCTION
The use of friction devices is increasing all over the world because of their clear advantages.
Adequately replacing the dissipative zones, or just added to the frames as an additional dissipative resource, they safeguard the main structural elements from damage with effectiveness
and versatility [1]-[8].
The structural damage is essential to dissipate the earthquake input energy, but it is the main
source of direct and indirect losses. Many researchers have focused their attention on the strategy of supplementary energy dissipation with the aim to reduce the structural damage under
destructive seismic events. This strategy is based on the use of specific energy dissipation devices to be inserted between couples of points of the structural scheme for which high relative
displacements or velocities are expected under the action of severe ground motions [9]-[12]. In
the framework of passive control [13]-[17] dampers can completely substitute the dissipative
zones, i.e. beam ends. To this purpose, beam-to-column connections can be equipped with friction dampers, which can be located either at the level of the two flanges or at the bottom flange
level only. In this paper, reference is made to beam-to-column FREEDAM connections that
have been widely tested at the Laboratory of Materials and Structures of University of Salerno
in the framework of FREEDAM project.
In particular, two structural typologies are investigated in this paper, the first one refers to Moment Resisting Frames (MRFs) while the second one relates to Moment Resisting Frames-Concentrically Braced Frames dual systems (MRF-CBFs dual system). In fact, in many cases,
MRFs could be highly oversized due to the need to respect serviceability requirements. This
can be specially highlighted in structures where the primary beam is parallel to the secondary
beams of the floor, i.e. when the beam sections are not deeply loaded. In such cases, indeed, to
respect the serviceability limitations, could be useful adding chevron braces which can be dimensioned only to limit the lateral displacement. Furthermore, the braces intersection can be
the natural location of an additional friction damper helping in the overall dissipation capacity
of the structure. Given the above, the scope of the paper is highlighting the differences occurring
between MRFs and Dual systems in terms of structural weight and seismic performances. Moreover, structures are designed according to the Theory of Plastic Mechanism Control [18]-[30],
which assure that all dissipative zones are involved in yielding showing at the collapse a global
mechanism. In particular, the design procedure adopted for designing MRFs and MRF-CBF
dual systems is reported in a previous paper [20] and it is not herein reported for the sake of
shortness. Both MRFs and Dual systems are also analysed by pushover analyses to highlight
the difference between the two structural schemes investigated.
1

FREEDAM DAMPERS

The FREEDAM dampers are dissipative elements which can dissipate the input seismic energy using the slippage force arising between the pads constituting the device [17],[31]-[35]. In
this work, the FREEDAM dampers are used in the field of both the substitution and the supplementary seismic design strategy. Indeed, a FREEDAM damper is located at the intersection of
the chevron braces of MRF-CBF dual systems and in beam-to-column joints of MRF, respectively. The two different details are reported in Figure 1 and Figure 2 and are better described
in the following. The main advantage of these connections is that their flexural resistance can
be calibrated to transmit, as carefully as possible, the bending moments occurring under the
seismic load combination, thus promoting the simultaneous activation of all the friction dampers. In particular, the dissipation is concentrated in the friction pads, located at the bottom flange
level of beams, whose slippage is the basis of the energy dissipation process. The other elements
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constituting the FREEDAM connections are designed to remain in elastic range as the column
sections at each storey.

Figure 1: FREEDAM Beam-to-column
connection

Figure 2: FREEDAM friction damper to the chevron brace

The FREEDAM beam-to-column joint is made up of an upper beam flange, connected to
the column by means of a classical T-stub, in which the rotation centre of the joint is located.
The friction damper is at the bottom flange level where slippage occurs due to the use of slotted
holes, realised on the additional haunch. The friction pads are preloaded by means of high
strength bolts [17],[31]-[35]. The FREEDAM damper located at the top of chevron braces is
made up of a haunch composed by vertical steel plates with horizontally slotted holes. The only
exception is the inner plate realised in Stainless Steel and bolted to the pre-stressed friction
shims.
In order to design the joint [36]-[37], the two principles of capacity design are applied. According to the first one, the dissipative zones are designed using the maximum stress deriving
from load combinations. Moreover, the second principle states that the non-dissipative zones
have to be designed according to the maximum internal actions that dissipative ones can transmit in their full yielded and strain hardened conditions.
In the study cases herein reported, the FREEDAM beam-to-column dampers have been designed once the beams and columns had already been sized. This happens because the Serviceability Limit State checks are the most stringent requirements. The maximum value due to the
seismic actions and to the vertical loads has to be chosen [19] to evaluate the flexural resistance
of each joint. The former is evaluated using distribution along the storey height analogous to
the seismic storey shear distribution, as suggested by Goel and Lee [38]. Hence, the slip force,
𝐹𝑠𝑙𝑖𝑝 , acting on the FREEDAM damper at j-th bay of k-th storey has to be evaluate by dividing
the joint flexural resistance, 𝑀𝑓.𝐸𝑑 , by the lever arm, 𝑧:
𝑀𝑓.𝐸𝑑
(1)
𝐹𝑠𝑙𝑖𝑝 =
𝑧
The lever arm is the sum of the beam depth, 𝑑𝑏 , and of the haunch height, ℎℎ .
Similarly, also the slip resistance of the friction dampers located in series with the chevron
braces is distributed along the building height according to the seismic storey shear distribution
[21], [39]-[42]. However, in this case, friction dampers are properly designed at first, while the
remaining structural elements have been obtained as a result. For the non-dissipative zones,
such as beams and diagonal, the second principle of capacity design is applied. In particular,
for the beam, it has to be check that the capacity design value of bending moment is less than
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the bending resistance of the beam. Moreover, as soon as the design resistance of such chevron
braces dampers has been established, the braces can be designed by considering the maximum
friction resistance which the dampers are able to transmit in their ultimate condition. The columns, also constituting the non-dissipative zones, will be derived from the TPMC design procedure.
2

THEORY OF PLASTIC MECHANISM CONTROL

The Theory of Plastic Mechanism Control (TPMC) is a design procedure based on the kinematic theorem of plastic collapse and extended to the concept of mechanism equilibrium curve:
(2)
𝛼 = 𝛼0 − 𝛾𝛿
where, according to the theory of rigid-plastic analysis, 𝛼0 is the first order collapse multiplier of horizontal forces, 𝛾 is the slope of the linearized mechanism equilibrium curve due to
second-order effects and 𝛿 is the plastic top sway displacement. Differently, from the Eurocode
8 provisions [43]-[44], TPMC can directly and rigorously take into account the second-order
effects. As illustrated in Figure 3, this theory states that the curve corresponding to the global
mechanism has to be located under those corresponding to all the undesired mechanisms, until
a design displacement 𝛿𝑢 , compatible with the local ductility supply [19], is achieved. Starting
from the design of the dissipative zones, the TPMC design procedure provides the column sections by which a global collapse mechanism is assured.
More details about this design procedure applied can be found in [19] for steel MRFs and in
[20] for MRF-CBF dual systems equipped with friction dampers.

Figure 3: TPMC statement

3

DESIGNED CASE STUDIES

The plan configuration of the study case is reported in Figure 4. The material adopted for all
the members is S355 steel grade (fyk=355 MPa). The buildings are made up of a pinned internal
part and of a perimeter seismic-resisting system. For this latter, two structural typologies have
been designed: MRFs and MRF-CBFs dual systems, both equipped with FREEDAM dampers.
In particular, for MRF-CBFs dual systems not only beam ends but also the intersection between
diagonal is equipped with FREEDAM dampers. Eight structures for each typology have been
resulted by varying the span length, the number of bays and the number of storeys. The values
of the considered span length are 6 and 8 meters. The number of bays is 3 or 5 and the buildings
consist of 3 and 6 floors. In elevation, all the buildings consist of a first-floor interstorey height
equal to 4.5 m and of 3.5 m interstorey height for the other floors. Table 1 shows all the designed
structures including the relative characteristics.
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Figure 4: General plan configuration of the designed buildings.

Scheme name Number of Number of Span length Designed structural
storeys
spans
[m]
typology
MRF
Scheme 2
3
3
6
MRF-CBF
MRF
Scheme 4
3
3
8
MRF-CBF
MRF
Scheme 6
3
5
6
MRF-CBF
MRF
Scheme 8
3
5
8
MRF-CBF
MRF
Scheme 10
6
3
6
MRF-CBF
MRF
Scheme 12
6
3
8
MRF-CBF
MRF
Scheme 14
6
5
6
MRF-CBF
MRF
Scheme 16
6
5
8
MRF-CBF
Table 1: Report of the structures and their geometric features.

The permanent (Gk) and live (Qk) loads have been chosen within a practical range and are
reported in Table 2. This latter also includes the values of the combination coefficients for the
variable actions ψ2 and ψE used, respectively, for the quasi-permanent value of the variable
actions and for determining the effects of the seismic design action.
Location
Roof
Intermediate stories

Type
Permanent
Variable
Permanent
Variable

Load [kN/m2]
4.5
2
4.5
2

ψ2,i

ψE,i

0.3

0.24

0.3

0.15

Table 2: Characteristic values of loads

The structures have been subjected to the Lateral Force Method of analysis, according to
Eurocode 8 [44], assuming a Peak Ground Acceleration (PGA) equal to 0.35g, a seismic response factor equal to 2.5, a behaviour factor equal to 6.5 for the design spectrum with a 2%
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damping, a response spectrum Type 1 and soil Type C. In addition, the serviceability conditions
have been checked, such as the interstorey drift has been kept under the limitation of 1% of the
interstorey height, as the code [44] requires. It is important to underline that this kind of check
significantly conditions the designing, being the most restrictive condition to comply with.
Table 3 sums up the results of the design, while Figure 5 shows the members size of Scheme
2 and allows to understand the column labels reported in Table 3.

Figure 5: Scheme 2 designed structure.

Scheme 2
Scheme 4
Scheme 6
Scheme 8

Scheme name

Storey

MRF
MRF-CBF
MRF
MRF-CBF
MRF
MRF-CBF
MRF
MRF-CBF

1-3
1-3
1-3
1-3
1-3
1-3
1-3
1-3
1-4
5-6
1-3
4-6
1-4
5-6
1-3
4-6
1-4
5-6
1-3
4-6
1-4
5-6
1-3
4-6

MRF
Scheme 10
MRF-CBF
MRF
Scheme 12
MRF-CBF
MRF
Scheme 14
MRF-CBF
MRF
Scheme 16
MRF-CBF

Beam
section
IPE 450
IPE 330
IPE 550
IPE 400
IPE 500
IPE 400
IPE 600
IPE 550
IPE 450
IPE 450
IPE 400
IPE 400
IPE 550
IPE 550
IPE 500
IPE 500
IPE 500
IPE 500
IPE 500
IPE 500
IPE750x134
IPE750x134
IPE 500
IPE 500

C1
column section
HEB 500
HEB 360
HEB 650
HEB 500
HEB 600
HEB 450
HEM 650
HEM 450
HEB 600
HEB 550
HEB 500
HEB 340
HEM 700
HEM 600
HEM 550
HEM 400
HEM 650
HEM 550
HEM 550
HEM 400
HD400x818
HD400x744
HEM 800
HEM 650

C2
column section

Diagonal section

HEB 340

D=114.3s=7.1

HEB 500

D=139.7s=6.3

HEB 500

D=139.7s=12.5

HEM 500

D=219.1s=6.3

HEB 500
HEB 360

D=114.3s=10
D=114.3s=10

HEM 600
HEM 400

D=139.7s=10
D=139.7s=10

HEM 700
HEM 400

D=139.7s=12.5
D=139.7s=12.5

HEM 900
HEM 650

D=168.3s=6.3
D=168.3s=6.3

Table 3: Size of the members resulting from the design.
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The MRF-CBF dual systems structures have shallower sections than the related ones designed as MRF. The difference in weight obtained between the two structural typologies has
been evaluated. In general, it is possible to state that the use of MRF-CBF dual systems allows
a moderate weight reduction of the structure, on average, which results in economic savings. In
Table 4 the weights of designed structures and the weight loss in per cent are reported. These
values are better shown in Figure 6.
Scheme
Scheme 2
Scheme 4
Scheme 6
Scheme 8
Scheme 10
Scheme 12
Scheme 14
Scheme 16

MRF weight
[kg]
12987.90
18137.81
23121.66
35415.03
27028.87
41731.93
55205.64
138423.56

MRF-CBF weight
[kg]
9724.29
14322.76
19606.11
32492.47
23825.81
39499.50
55661.29
89653.51
AVERAGE

Weight loss %
[-]
25.13
21.03
15.20
8.25
11.85
5.35
-0.83
35.23
15.15

Table 4: Comparison between the MRFs and MRF-CBFs weights

Figure 6: Comparison between the MRFs and MRF-CBFs weights

4

SEISMIC ASSESSMENT BY PUSHOVER ANALYSES

The designed structures have been subjected to pushover analyses employing SAP2000 [45].
All the structural elements constituting the structures, i.e. beams, columns and diagonal
braces, have been modelled by means of beam-column elements. The non-linearities are located
in plastic hinges (“P-hinge” elements), equipping the ends of the abovementioned elements.
The plastic hinges put at the ends of diagonals and columns account the interaction between
axial force and bending moment. The plastic hinges have been modelled in pure rigid-plastic
bending, resulting from the product between the slippage resistance of the friction damper and
the lever arm. For what concerns the FREEDAMs located at the chevron braces intersection,
they have been modelled by means of a short beam-column element equipped with rigid plastic
P-hinge properties in shear, whose threshold is calibrated to represent the slippage resistance of
the friction damper. The slippage resistance of friction dampers accounts for the over-strength
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due to the random variability of the friction coefficient and the uncertainties of the bolt preloading level. The elastic component of the structural behaviour is directly taken into account by
the elasticity of the beam-column element.
In Figure 7, the pushover results are reported concerning the MRFs and MRF-CBF dual
systems both equipped with FREEDAM connections. The softening branch of pushover curves
is in perfect agreement with the global mechanism equilibrium curve for each structure. It
means that all the structures develop a collapse mechanism of global type, i.e. all the dissipative
zones are involved in yielding and the dissipation of the seismic energy is maximised.
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Figure 7: Pushover curves

5

CONCLUSIONS
• In this paper, many samples of steel structures designed according to the TPMC have been
presented.
• MR-Frames and MRF-CBF dual systems equipped with FREEDAM dampers in beam-tocolumn joint and in the intersection of chevron braces have been considered. They have
the same geometrical features and seismic parameters.
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• In terms of weight, MRF-CBF dual systems show shallower sections if compared with
MRFs. On average, the weight loss between the two different typologies is about 15.15%.
• Pushover analyses demonstrate that TPMC guarantees the development of a collapse
mechanism of global type, thus engaging all the dissipative zones in yielding.
• Pushover curves show that the MRF-CBF dual systems, even if shallower, can achieve
higher resistance than MRFs with lower displacement.
• Finally, in light of the considerations made so far, when the issue governing the design is
the respect of serviceability limitation, the use of MRF-CBFs is more convenient if compared with MRFs because they allow obtaining lighter structures respecting the drift limitations and with higher seismic performances.
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Abstract
Numerical liquefaction model and analysis procedure are verified based on the dynamic centrifuge test results. The test was a part of the Liquefaction Experiments Analysis Project (LEAP).
The model ground was formed inside of the rigid box by using the submerged Ottawa F65 sand
with a relative density of 55% and 5 ° of surface inclination. A tapered sinusoidal wave with a
frequency of 1 Hz was applied to the base of the model box. Numerical analyses were performed
under two and three-dimensional condition in prototype scale. The soil is modeled to show
hysteretic behavior before shear failure, and Mohr-Coulomb model is applied for shear failure
criterion. Byrne's liquefaction model was applied to track the changes in pore pressure due to
cyclic loading after static equilibrium. The numerical analyses performed in this study showed
good agreement with the physical test results.
Keywords: Liquefaction, Numerical Analysis, Centrifuge Test, Finite Difference Method,
Liquefaction Model.
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1

INTRODUCTION

The liquefaction phenomenon occurs during the earthquake in the saturated silty to sandy
ground began to be noticed after the 1964 Niigata and the Alaska earthquake. The Kobe earthquake, which occurred in 1995, is well known as the earthquake that clearly shows the extent
of damage according to the application of liquefaction mitigation measures. The existing liquefaction assessment procedures have been focused on whether liquefaction occurs and how to
select the mitigation method. However, in order to evaluate the seismic safety of the overall
structure system, a reliable method to predict liquefaction, as well as post-liquefaction behavior,
should be provided and applied to soil-structure interaction analysis. There are several types of
the numerical soil constitutive model to account for the above liquefaction phenomenon. However, the reliability of the model is still questionable. Thus, there have been effort to verify the
existing liquefaction model as well as the experimental technique. For this purpose, the Liquefaction Experiments Analysis Project (LEAP) -the UCD-2017 project was carried out by nine
institutes from all over the world. The round-robin liquefaction test was conducted using the
dynamic centrifuge test equipment of each institution for the given test conditions. The aim of
the project is to evaluate the reliability of dynamic centrifuge test procedure and the numerical
model. This paper aims to verify numerical liquefaction model and analysis procedure. The
verification is made based on the dynamic centrifuge test results conducted at the KAIST Geocentrifuge center [1].
2

DYNAMIC CENTRIFUGE TEST

2.1 Centrifuge facility
A dynamic geotechnical centrifuge facility at KAIST was utilized to perform the tests for
LEAP 2017. An electro-hydraulic earthquake simulator was mounted on the centrifuge with a
platform radius of 5 m and maximum capacity of 240 g-tons. The main body of the centrifuge
has the unique feature of an automatic balancing system and includes parts, such as fluid rotary
joints, slip rings, and a fiber optic rotary, for general testing purposes [2]. The centrifuge test of
KAIST was conducted with a gravitational acceleration of 40 g. Target excitations were applied
using an earthquake simulator that adopted a dynamic self-balancing technique to eliminate a
large portion of the undesired reaction forces and vibrations transmitted to the main body. The
earthquake simulator was designed to operate at up to 100 g of centrifugal acceleration, and the
base shaking acceleration can be exerted to the maximum value of 20 g at 40 g of centrifugal
acceleration with the maximum payload of 700 kg. The dimensions of the slip table were 670
mm (length) × 670 mm (width).
2.2 Test model setup
The model ground was formed inside of the rigid box by using the submerged Ottawa F65
sand with a relative density of 55% and 5 ° of surface inclination. The grain size characteristics
and properties of the soil are as follows: Gs = 2.665, D10 = 0.13 mm, D30 = 0.17 mm, D50=0.20
mm and D60=0.21 mm [3]. The sand layer was formed by dry pluviation through a sieve. The
density of the soil model was determined by the size of the opening slot and the drop height,
and a calibration test is necessary when the geometry is changed. After the sand was pluviated
to the target elevation, an inclined guide of 5° was installed on the top of the box. The manufactured scraper was connected directly to the inclined guide and was carefully scraped according to the slope. The viscous fluid is used to saturate model soil layer and to simulate viscosity
of water under the centrifugal force. The viscous fluid was a mixture of water and methylcellulose, and the target viscosity was set to 40 cSt as dictated by the scaling law defined by Garnier
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[4]. A rigid box with a transparent window was manufactured with internal dimensions of 570
mm × 225 mm × 450 mm (length × width × depth). This will simulate 22.8 m × 4 m × 9 m box
in prototype scale under centrifugal acceleration of 40 g. Saturation process was made with
starting the box to be completely sealed from the external air. In order to replace air in void
with viscous fluid, vacuum pressure was applied first then the void is filled with CO2 gas,
repeatedly. Finally, the viscous fluid slowly dripped into the ground model. Okamura’s method
was used to measure the degree of saturation for the saturated model [5]. The degree of saturation 99.4% is achieved for a relative density of 55%. The responses of the soil model during the
shaking were monitored using accelerometers along the direction of shaking and pore pressure
transducers. The 18 surface markers were installed on the ground surface uniformly with a
spacing of 2 m × 2 m in prototype scale. A high-speed camera was mounted at the centrifuge
arm to measure the plane view lateral displacements of the surface markers during the shaking.
Cone penetration test (CPT) was conducted under centrifugal force to evaluate the shear modulus changes of the sandy soil with confining pressure before and after the excitation motion
was applied. A tapered sinusoidal wave with a frequency of 1 Hz was applied to the base of the
model box (Figure 1). Figure 2 shows schematic diagram of the test setup.

Figure 1 Applied excitation motions

(a) Side view

(b) Cross section view

Figure 2 : Schematic diagram of the model setup and the location of the transducers (AH : Accelerometer in horizontal direction, P : Pore pressure transducer)

3

NUMERICAL ANALYSIS

Numerical analysis was performed under two-dimensional plane strain condition and threedimensional space in prototype scale. The finite difference analysis program, FLAC2D and 3D,
is used for the analysis, respectively [6].
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3.1 Numerical model and boundary condition
The numerical model is made in prototype scale. Fixed boundary condition for the bottom
and side wall of the box is applied because the physical test model is made inside of the rigid
box. The excitation motion recorded at the bottom of the box is applied at the bottom of the
numerical model as well as along the side of the numerical model in forms of the acceleration.
The minimum size of the finite difference element is 0.2 m and 0.5 m for two- and three-dimension model, respectively. The size of the element is determined to capture the response of
the soil when the excitation motion propagates in upward direction. The numerical models used
in this study are shown in Figure 3.

Two-dimension model
(b) Three-dimension model
Figure 3: Numerical models

3.2 Soil properties and liquefaction model
The soil is modeled to show hysteretic behavior before shear failure, and the Mohr-Coulomb
model is applied for shear failure criterion. The shear wave velocity of the soil is estimated
from the CPT penetration results. Nonlinear stress-strain behavior of soil is modeled by using
the hyperbolic model suggested by Hardin and Drnevich [7]. Byrne's liquefaction model was
applied to track the changes in pore pressure due to cyclic loading after the static equilibrium
[8]. The model parameters C1, C2, and C3 for Byrne’s model is derived from the relative density
of the soil. The other parameters are referenced form the previous work done by Para [9]. The
engineering properties used for the soil model is listed in Table 1.
The Max.
Shear
Modulus
(kPa)

Dry
Density
(kg/m3)

Porosity
(%)

Eqn. (1)

1,592

40.1

Cohesion
(Pa)

Internal
Friction
Angle
()

Dilation
Angle
()

300

24.6

0

Liquefaction
Parameters
C1

C2

C3

0.215 0.930 110-5

Table 1: Engineering properties of the soil model.

The static equilibrium is achieved under the Eulerian coordinate system. Static pore pressure
distribution, hydrostatic pressure is applied, and the maximum shear modulus is re-distributed
according to the effective confining pressure in Eq. (1).
𝑉𝑠 = 1.18 × 104 𝑒𝑥𝑝 (

−0.125
) − 1.16 × 104
𝜎̅𝑚 + 1.19

𝐺𝑚𝑎𝑥 = 𝜌𝑉𝑠2
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Where, 𝑉𝑠 is shear wave velocity in (m/s); 𝜎̅𝑚 is mean effective stress in (Pa); 𝐺𝑚𝑎𝑥 is the
maximum shear modulus in (Pa), ρ is the saturated unit density of the soil (kg/m3).
3.3 Dynamic analysis
The Lagrangian coordinate system is applied before dynamic analysis. The analysis is performed in undrained condition during the shaking. Thus, the fluid properties for the undrained
condition; fluid modulus of 2109 Pa and fluid tension of 11010 Pa are adopted for the analysis.
Cyclic threshold shear strain and the minimum required number of timesteps for counting strain
reversal were also considered by reflecting the characteristics of the explicit time integration
method.
3.4 Analysis results
The numerical analysis results are directly compared with the physical test. Time histories
for the horizontal acceleration and porewater pressure are compared. The residual displacement
of the soil surface is also compared with the physical test results obtained from the high-speed
camera images. Figure 4 shows comparison of the time histories. Both two- and three-dimensional numerical analysis show good agreement with the physical test results. The spikes shown
in the pore water pressure histories of the physical test can occur after the excess pore pressure
reaches the initial effective stress and is termed as the de-liquefaction shock [10]. It is shown
that these spikes cannot be simulated by the numerical analyses.

(a) Pore water pressure
(b) Horizontal acceleration
Figure 4: Comparison of the time histories

Figure 5 shows horizontal displacement contour of the physical model after shaking. It was
captured by the high-speed camera installed on the top of the model. The surface slope goes
down to the right side of the image shown in the Figure 5. The permanent horizontal displacement ranges from 45 to 251 mm.

Figure 5: Horizontal displacement contour after shaking (from the centrifuge test, unit in mm)
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Figure 6 and 7 shows horizontal displacement contour of the two- and three-dimensional
numerical analysis after shaking, respectively. In the two-dimensional analysis, the residual
displacement ranges from 50 to 140 mm. The maximum displacement occurs around the down
side of the slope. However, in the tree-dimensional analysis, the residual displacement ranges
from 70 to 180 mm and shows the maximum value around the upper side of the slope.

Figure 6: Horizontal displacement contour after shaking (Side view, from two-dimensional analysis, unit in m)

Figure 7: Horizontal displacement contour after shaking (Top view, from three-dimensional analysis, unit in m)

The amount of permanent horizontal displacement is similar with the physical test for the
two types of the analysis. However, distribution of the permanent displacement is quite different
because the two-dimensional plane strain analysis is unable to capture frictional effect acting
on the side of the box.
4

CONCLUSION
• Numerical liquefaction model is verified with the dynamic centrifuge test results for twoand three-dimensional analysis.
• The numerical models show good agreement with the test results for the horizontal acceleration and pore water pressure histories
• Three-dimensional analysis yields more reasonable result for estimating permanent displacement distribution of the slope.
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Abstract
The connection condition of pile head with the raft i.e. rigid and hinged connection plays an
important role in defining the behavior of piled raft system under seismic loads. In the present
study, an attempt is made to understand the effect of different pile head connections on the
response of piled rafts subjected to earthquake motions by using finite element-based program PLAXIS 3D. Here, the pseudo-static approach is used by substituting the real earthquake load with an equivalent static horizontal load on the foundation. This pseudo-static
load is calculated by multiplying the applied vertical load with the seismic coefficient of a
particular earthquake and applied at the raft level. A three-dimensional numerical model of
piled raft, validated using a geotechnical centrifuge test data available in the literature, is
used to study the response of piled raft for Uttarkashi (1991) and Sikkim (2011) earthquake
pseudo-static loading conditions. Analyses results are presented in terms of pile-raft load
sharing, normalized lateral displacement and bending moment of pile. Results show that piles
in a piled raft foundation carry about 25% to 57% and raft carries about 43% to 75% of the
pseudo-static load depending upon the pile head connection conditions. The lateral displacement is maximum at pile head portion for both the connections. For rigidly connected piles,
the maximum bending moment occurs at the pile head whereas, piles with hinged connection
show zero bending moment at top and maximum value at a certain depth from pile head.

Keywords: Piled Raft, Connection Condition, Pseudo-Static Analysis, Finite Element Model,
Lateral Displacement, Bending Moment.
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1

INTRODUCTION

Piled raft is widely recognized as an efficient foundation type for high-rise buildings due to
its effectiveness in load sharing between the raft and piles under the action of vertical load.
The settlement of the raft can be limited to acceptable value by incorporating the piles under
the raft [1]. A number of design concepts and guidelines regarding piled raft foundations have
been reported by various researchers [2, 3, 4, 5, 6] over the years. But in earthquake-prone
areas, the safety of the piled raft foundation against earthquake forces should be ensured during the design process of the foundation. In this connection, one of the very popular and practical method is to analyze the seismic behavior piled raft by applying an equivalent static
horizontal force at the foundation level. The connection condition of piles with the raft (rigid
and hinged) plays an important role in defining the response of piled raft under seismic loading condition. Few numbers of literatures have been published regarding the lateral and cyclic
loading tests on piled rafts [7, 8, 9, 10, 11]. However, the response of piled raft foundation
with different pile head connections subjected to horizontal and seismic load in addition to
vertical load has not been well explored till date due to intrinsic complexities related to pileraft-soil interaction.
In this paper, the influence of different pile head connections i.e. rigid and hinged on the
response of piled raft under pseudo-static load of Sikkim (2011) and Uttarkashi (1991) earthquakes is studied using finite element method. The responses of piled raft are presented in
terms of pile-raft load sharing, lateral displacement and bending moment of piles.
2

FINITE ELEMENT MODEL AND PSEUDO-STATIC LOADING

The numerical modelling of the present study is done using finite element-based software
PLAXIS 3D [12] which is an efficient tool to deal with soil-structure interaction problem. The
schematic diagram of the 3D finite element (FE) model is presented in Figure 1.
Vertical load
Piled raft
Pseudo-static load

Soil volume

Figure 1: Finite element model of piled raft system.
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Sides of the model are restricted to lateral movement and the base is restrained from both
horizontal and vertical movements. The soil domain is created using the borehole option in
PLAXIS 3D. The soil volume is modelled using 10-noded tetrahedral soil elements. The displacement of the soil particle due to externally applied load is calculated at the nodes of the
soil element. Medium meshing scheme is selected for the present FE model.
The conventional linear elastic perfectly plastic Mohr-Coulomb model is used to simulate
the behavior of the sand. This model requires fewer number of input parameters for the soil i.e.
Young’s modulus (E), Poisson’s ratio (ν), Angle of internal friction (ϕ), cohesion (c). A 4 m
square raft having 1 m thick-ness is modelled using a plate element. The embedded pile element option is used to model 4 no of 9 m long piles having 500 mm diameter (d). The piles
are placed at 2 m center-to-center spacing under the raft. The raft and piles are considered to
behave linear-elastically in this study. Rigid and hinged connections are considered between
the pile heads and raft using the available options during the modelling of the piles. In PLXIS,
the rigid connection indicates a case where the displacement and rotation of the pile head are
both coupled with the displacement and rotation of the raft. On the other hand, hinged connection refers to a case where only the displacement of the pile head is directly coupled with that
of the raft [12]. A vertical load of 5880 kN is applied on the piled raft model. The properties
of sand, pile and raft used for the analysis are taken from [13] and presented in Table 1.
Properties
Elastic modulus, E (kN/m2)
Friction angle, ϕ (Degree)
Cohesion (c)
Poisson’s ratio, ν
Unit weight, γ (kN/m3)

Soil
40 × 103
31
1
0.3
16.3

Pile
42 × 106
0.2
24

Raft
70 × 106
0.35
24

Table 1. Properties of soil, pile and raft used for analysis.

In the current study, the three-dimensional piled raft model is validated using the results
presented in [13]. The vertical settlement of piled raft and the pile load proportion are compared with the reported values. Table 2 shows the comparison between the present FE analysis and the reported value in the literature.
Parameters
Present FE analysis

Settlement
(mm)
22.53

Pile load proportion
(%)
45.3

Kumar et al. [13]

21.0

47

Table 2. Comparison of results.

Here, the pile load proportion is calculated as the percentage of total applied vertical load
carried by the piles only in a piled raft. From Table 2, it can be seen that the obtained results
of the current FE analysis are in close agreement with that of the literature. The settlement of
piled raft is over predicted by only 7.4% whereas, the pile load proportion is under predicted
by only 3.6% in comparison to the reported values. Therefore, this validated 3D FE model is
used to investigate the response of piled raft foundation for different pile head connections
under pseudo-static loading condition.
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The current study is carried out to investigate the response of piled raft system under the
action of seismic load using the pseudo-static approach. In this method, the seismically induced load is replaced with equivalent static horizontal load to be acted at the level of the raft
along with the application of vertical load. This particular horizontal load is known as pseudostatic load. This load is calculated by multiplying the applied vertical load with the seismic
coefficient of a particular earthquake. The soil amplification effect is not considered in this
approach. Figure 2 shows the time-acceleration histories of the earthquake input motions i.e.
Sikkim (2011) and Uttarkashi (1991) used for the pseudo-static analysis. The peak ground
accelerations (PGA) of the Sikkim (2011) and Uttarkashi (1991) earthquakes are 0.202g and
0.38g respectively. The equivalent static horizontal loads for Sikkim (2011) and Uttarkashi
(1991) earthquakes are calculated as 1187.1 kN and 2234.4 kN respectively.

(a)

(b)
Figure 2: Time-acceleration history of earthquake events: (a) Sikkim (2011); (b) Uttarkashi (1991).
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3

RESULTS AND DISCUSSION

This section highlights the results obtained from the finite element analysis. Emphasis is
given on the load sharing between piles and raft as well as on the structural behavior of piles
in a piled raft system for both rigid and hinged connections.
3.1

Load sharing between piles and raft

The proportion of load sharing between piles and raft is presented in the Table 3.
Rigid Connection
Pseudo-static Load
Sikkim (2011)1187.1 kN
Uttarkashi (1991)2234.4 kN

Hinged Connection

Pile load
proportion (%)
51.3

Raft load
proportion (%)
48.7

Pile load
proportion (%)
25.5

Raft load
proportion (%)
74.5

56.8

43.2

37.4

62.6

Table 3. Proportion of load shared between piles and raft.

From Table 3, it is evident that piles carry majority of the applied pseudo-static load as
compared to the raft component in a piled raft system in case of rigid pile head connection. It
is noteworthy that with the increase of the horizontal pseudo-static load, the piles share more
load than the raft in a piled raft system. However, in case of hinged connection, the raft takes
higher load than the piles. It can also be noted that the raft load proportion decreases with increasing pseudo-static load i.e. increasing PGA values of earthquake motions.
3.2

Lateral displacement of pile

Figure 3 shows the normalized lateral displacement (U/d) profile along the length of pile
for rigidly connected piles with raft. Here, U is lateral displacement and d is diameter of pile.

Figure 3: Variation of lateral displacement with depth of pile for rigid connection.
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It can be noticed from Figure 3 that the lateral displacement is maximum at the pile head and
becomes zero at pile tip. The normalized lateral displacements are found 0.016 and 0.045 for
Sikkim (2011) and Uttarkashi (1991) earthquakes receptively. With higher magnitude of
pseudo-static force, the lateral displacement also becomes larger. The lateral displacement
(U/d) profile along the length of pile for hinged connection is shown in Figure 4.

Figure 4: Variation of lateral displacement with depth of pile for hinged connection.

In this case the lateral displacement becomes higher than the rigid connection case. The normalized lateral displacements are found 0.025 and 0.078 for Sikkim (2011) and Uttarkashi
(1991) earthquakes receptively.
3.3

Bending moment of pile

Figure 5 shows the bending moment distribution along the length of the pile for rigidly
connected piles with the raft.

Figure 5: Variation of bending moment with depth of pile for rigid connection.
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It can be observed from Figure 5 that the maximum bending moment occurs at the pile head
due to fixed connection with the raft. It can also be noted that bending moment gets transformed from positive to negative along the pile length and finally comes to zero at pile tip.
The maximum bending moments, as found from Figure 5, are 192 kN-m and 380 kN-m for
Sikkim (2011) and Uttarkashi (1991) earthquakes respectively. Here also the bending moment
increases with the increase of PGA of the earthquake motion. Figure 6 presents the bending
moment profile for piles having hinged connection with the raft.

Figure 6: Variation of bending moment with depth of pile for hinged connection.

It is noticeable that for the hinged connection, the bending moment of pile starts from zero
and attains the maximum value at the pile depth ranging from 2 m to 3 m and finally comes to
zero again at the pile tip. The maximum bending moments, as noted from Figure 6, are 147
kN-m and 394 kN-m for Sikkim (2011) and Uttarkashi (1991) earthquakes respectively.
4

CONCLUSIONS
From the present study, the following can be concluded.
• The piles in a piled raft foundation are found to carry 25% to 57% and raft is found
to share 43% to 75% of the pseudo-static load depending upon the pile head connection conditions.
• The load proportion of raft is found to decrease with increasing magnitude of
pseudo-static load i.e. increasing PGA value of earthquake motions irrespective of
the pile head connection condition.
• The lateral displacement is observed to have the maximum value at the pile head
portion for both the connections.
• For rigidly connected piles, the maximum bending moment occurs at the pile head
and the bending moment profile changes from positive to negative at a pile depth
of 1.5m. However, piles with hinged connection exhibit zero bending moment at
the pile head and maximum value at the pile depth ranging from 2m to 3m.
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Abstract
Underground railway tunnels are the most preferred option for Mass Rapid Transit Systems
(MRTS). The circulation of trains inside underground tunnels generate noise and vibrations,
which propagate through soil and reach building foundations to cause noise and vibration
inside the building. Buildings susceptible to vibration damage such as heritage structures and
sensitive buildings may show signs of distress like damage of architectural façade or widening of cracks in members. The ground-borne vibrations and noise due to underground trains
sometimes cross the threshold value for human perception leading to inconvenience of residents.
Therefore in the present study, a two-stage coupled analysis is carried out to estimate
ground-borne vibrations in the free field due to moving train for different soil stiffness, tunnel
depths and train speeds. Two sub models are generated – (a) train-track sub-model and (b)
tunnel-soil coupling sub-model. The first model estimates the dynamic force exerted by a moving train on track structure. In the second model the calculated dynamic force is applied at
track locations of a 2D FE model generated in PLAXIS. The numerical models are validated
using measured results available in the literature. The train data and tunnel dimensions are
taken from the MRTS projects in Delhi, India.
It is found that the noise and vibration due to underground rail depends on distance and
depth of tunnel, stiffness of soil and train speed. In some cases, the estimated vibration levels
at ground cross the threshold limit to damage of sensitive buildings and therefore additional
care should be taken when tunnel alignment is close to heritage or sensitive buildings. The
conclusions obtained from this parametric study can be useful for practicing engineers for
prediction of ground vibration due to railway traffic in MRTS underground cut and cover
tunnels in Delhi.
Keywords: Ground vibration; Free field; Finite element; Railway traffic; Tunnel; Stiffness;
Underground
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1

INTRODUCTION

In metropolitan cities Mass Rapid Transit Systems (MRTS) are lifeline to the daily commuters. Underground railway tunnels are the most preferred option for such rapid transit systems. However, ground-borne vibrations due to underground railway traffic can disturb life
and property of residents living in buildings in close proximity of underground tunnels. When
trains move along underground tunnels vibrations are generated. The vibrations thus generated radiate away from the railway tunnel and may cause disturbances to the nearby residents.
Structural damage of the sensitive buildings may also happen depending on vibration intensity
at ground surface and building built quality. To address such problem study of vibration characteristics of underground tunnels certainly become an important research subject. Several
research works have been carried out in this regard which are based on actual site measurements, numerical analysis or a combination of numerical and experimental results.
Analysis of train-induced vibrations and their propagation can be done with 2D as
well as 3D models. The vibration source, i.e. the train is generally considered as an oscillating
force. The propagation path between the source and the receiver is commonly modelled as a
plane perpendicular to the tunnel. NGI (2004) and Lai et al. (2005) pointed out that the propagation between source and receiver is a true 3D problem when heterogeneities are included
since the vibration propagates along the most beneficial path. Liu et al. (2014) developed analytical solution by using Navier’s wave propagation theory in 3D elastic medium and found
that frequency and vibration characteristics match with FEM solutions with acceptable error
limits. Xu et al. (2015) made comparison of 2D and 3D prediction models for environmental
vibrations induced by underground railway. It is found that with a suitable equivalent force,
2D prediction models can be used to assess environmental vibrations with considerable accuracy for engineering problems. However, 2D prediction models are not suitable for evaluating
structures with sensitive instruments. Based on 2D finite difference model results, Nejati et al.
(2012) found the most important factor influencing vibration is train axle weight, spacing of
axles and speed of train.
Most of the studies available were carried out for a specific case and parametric studies involving different parameters are not available. This paper is targeted to cover a parametric study with varying soil stiffness, depths of tunnel and train speeds. The train and tunnel
data are taken from the executed underground MRTS projects in Delhi. In the present study
the soil is considered as isotropic and tunnel is considered on a straight alignment, hence, 2D
FE model is used. A two-stage coupled analysis approach is followed to estimate groundborne vibrations in the free field when the origin of vibration is moving train. Two sub models are generated – (a) train-track sub-model and (b) tunnel-soil coupling sub-model. The first
model is an analytical model which estimates the dynamic force generated by the moving
train on rail tracks. The second model is a numerical 2D model created using PLAXIS. In the
second model the calculated dynamic force is applied at track locations on the tunnel base
slab and wave propagation through ground is estimated.
2

MATHEMATICAL MODELS

Prediction of train-induced environmental vibration has to cope with the problem of complexity of the dynamic interaction between train, track and soil. Two mathematical submodels are used to represent the problem.
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2.1

Train-track sub-model

When a train moves on infinitely long rail then dynamic force is generated on the substructure which gets transmitted to the tunnel structure. This dynamic problem can be solved analytically by classical theory of beam on elastic foundation. In the present analysis the rail is
considered as an infinitely long Euler – Bernoulli beam having constant cross section. The
foundation material is represented as linearly elastic Winkler springs. Both beam and foundation are assumed to be isotropic and homogeneous. The differential equation of motion considering vertical equilibrium of forces on beam element is solved and closed form solution for
the deflection due to moving load P is given by Kumari et al. (2012).
The load P is the wheel load of the train and spring constant k is obtained from a static
FE analysis of tunnel section embedded in soil. Fig. 1 shows a time-displacement curve generated for train speed of 60 km/hr inside a rectangular cut and cover tunnel at 10 m depth
(measured at tunnel axis) from ground having average standard penetration test (SPT) value
of 20.

Figure 1: Time vs. Displacement plot for train speed of 60 km/hr

2.2

Tunnel-soil coupling sub-model

This is the second stage of analysis where calculated dynamic force from first stage analysis is applied on a 2D FE model generated in PLAXIS software. A plain strain analysis is
done with 6 noded elements. Concrete is considered as an elastic material, soil is considered
as mohr-coulomb elasto-plastic material. The dynamic modulus of soil layer is calculated by
knowing shear wave velocity through that layer. The radiation damping and material damping
are considered in the analysis. For material damping Rayleigh damping coefficients are calculated. The train details used in analyses are similar to metro rail corridors managed by Delhi
Metro Rail Corporation (DMRC). Train speeds of 40 km/hr, 60 km/hr, 80 km/hr, 100 km/hr
and 120 km/hr are considered for the study. Dimension and loading details of one passenger
coach is shown in Fig. 2. The train is made up of four coaches. The track is considered as ballast-less direct fixation track. The section of rail considered is UIC60.
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Figure 2: Details of a passenger coach used in analysis

3

INPUT PARAMETERS FOR ANALYSIS

Cut and cover tunnels have been used in several MRTS projects in Delhi, India. In this
method excavation is done by earth retaining system like soldier pile wall, secant pile, sheet
pile and diaphragm wall. Tunnel lining is then cast inside the excavation followed by back
filling over the tunnel. The tunnel lining thickness is considered as 0.7m and internal clear
dimension of tunnel is considered as 5.25 m x 5.75 m. Concrete grade for lining is considered
as 35MPa.
3.1

Dynamic properties of soil

In this study the dynamic soil properties are co-related with Standard Penetration Test
(SPT) results as this test is widely used and easy to perform with acceptable level of accuracy.
Hanumantharao and Ramana (2008) had done microzonation of Delhi and given relationship
between SPT values and dynamic soil properties. Based on their observation shear wave velocity has been calculated.
The wave propagation depends largely on the stiffness, density and Poisson’s ratio of
soil. The shear strength parameters are generally less significant unless a large strain which
may cause plastic deformation is expected to happen. The dynamic problems are generally
small strain problems, hence the shear strength parameters can be assumed to be same even if
the SPT values are varied. To verify this, PLAXIS runs with different shear strength parameters are investigated and the results obtained show insignificant change in PPV. Therefore,
variation in shear strength parameters is neglected in present study.
3.2

Soil damping

Geometric damping in soil is about 30% of critical damping and is taken care by assigning
absorbent boundaries in the FE Model. The material damping of soil generally ranges from
0% to 10%. This damping behavior is considered in FE Model in terms of Rayleigh Damping
Coefficients. Whitman and Richard (1967) suggested material damping in range of 0% to
10%. In the present study for “Delhi Silt” damping ratio of 5% is considered.
4

VALIDATION OF MATHEMATICAL MODELS

The validation of mathematical models with actual field measured data is important as the
reliability and correctness of the whole study can be thus established. The two models are
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used in this study – (a) train-track sub-model and (b) tunnel-soil coupling sub-model, both are
validated with measured results from site.
4.1

Validation of train-track sub-model

The train-track sub model is validated with actual measurements from high-speed track of
Beugnâtre site observed by Ferreira (2010). The substructure of the reference track consists of
35 cm thick ballast, 30 cm thick granular subballast and 60 cm thick form layer having
Young’s modulus of 150 MPa, 100 MPa and 80 MPa respectively. The track was resting on a
subgrade having Young’s modulus of 80 MPa. For a train speed of 300 km/hr, the measured
and calculated time versus acceleration data are shown in Fig. 3. The measure time versus acceleration plot is similar to that of calculated and the peak values are satisfactorily comparable.

Figure 3: Time vs. acceleration data at Beugnâtre track section at 300 km/hr measured by Ferreira (2010) and as
calculated in present study

4.2

Validation of tunnel-soil coupling sub-model

This model is validated with site measured data from metro tunnel on the line RER B at
Cité Universitaire measured within the frame of the EC-Growth project CONVURT and reported by Chatterjee (2003). The metro tunnel was a shallow cut-and-cover tunnel in masonry
structure. The depth of the tunnel was about 9.3 m below ground and the overall width of the
tunnel was 11.9 m. The thicknesses of the top slab, bottom slab and side walls were 0.6 m, 0.4
m and 1.5 m respectively.
The FE model to represent tunnel-soil coupling behaviour is generated in PLAXIS
software using actual tunnel and soil data. The time history of the vertical velocity as measured at sleeper position during passage of test train at speed of 80 km/hr is applied in the FE
model at track location. The site measured time history of free field vertical velocity at 8 m
distance from longitudinal axis of tunnel during passage of test train is compared with that
calculated from FE model as shown in Fig. 4. It can be seen from Fig. 4 that the peak amplitude values of free field vibration from the site measurement and that calculated by FE model
are fairly close.
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Figure 4: Time history of free field vertical velocity at 8m from longitudinal axis of tunnel during passage of test
train at speed of 80 km/hr as observed by Chatterjee (2003) and as calculated in present study

5

ANALYSIS RESULTS

The dynamic effects of underground moving trains inside tunnels are studied in free field.
The impacts of ground stiffness, tunnel depth and train velocity are studied. Based on free
field vibration, researchers have established guidelines which give limits of vibration for
structural safety.
5.1

Study on cut and cover tunnel

Cut and cover tunnel in rectangular box shape having tunnel lining thickness of 0.7m and
internal clear dimension of tunnel 5.25 m x 5.75 m is considered in present study. Tunnel axis
depths are considered as 10 m, 20 m and 30 m. The results are noted at 0 m, 10 m, 20 m and
30 m distances from tunnel axis at the ground level. From Fig. 5 it can be seen that vibration
is maximum at the tunnel invert as the dynamic load from railway track is applied directly
here. As the vibration travels through the lining and surrounding soil the magnitude of vibration attenuates due to damping.

Figure 5: Time vs. peak particle velocity at tunnel invert, axis, crown and ground for train speed of 120 km/hr in
10 m deep tunnel in soil with SPT value of 20.
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5.2

Dependency of vibration magnitude on different parameters

The ground-bone vibration due to underground moving train is found to depend of the
following parameters – (a) Distance from tunnel, (b) Train speed, (c) Soil stiffness, (d) Depth
of tunnel below ground. The vibration is also dependent Tunnel geometry and Lining stiffness.
Distance from tunnel
Time versus vertical velocity in free ﬁeld are plotted for different distances from tunnel axis for a 10 m deep tunnel in soil having SPT value of 20 and for a train speed of 120
km/hr as shown in Fig. 6. It can be seen from the obtained results that the amplitude of vibration reduces drastically as the distance from the tunnel increases. A phase difference in vibration can also be noticed in the plot. With increase in distance from tunnel axis the vibration
wave reaches there later than the nearer points. This happens as the wave travels through the
soil with certain velocity depending on stiffness of soil.

Figure 6: Time vs. vertical velocity in free ﬁeld at different distances from tunnel axis for train speed of 120
km/hr in 10 m deep tunnel in soil with SPT value of 20

Train speed
To study variation of PPV as a function of distance from tunnel axis, a parametric study is
done in which at a time only one parameter is varied keeping all other parameters constant to
see the change in result. Fig. 7 shows PPV versus distance from tunnel axis for different train
speeds when all other parameters are unchanged, such as tunnel depth of 10 m and soil stiffness corresponding to SPT value of 20.
It can be seen that with increase in train speed the observed PPV increases. At 40 km/hr speed
the maximum PPV observed at ground at 0 m from tunnel center is just 1.0 mm/sec whereas
when the train speed increase to 120 km/hr, the PPV at the same location increases to 4.5
mm/sec.
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Figure 7: PPV vs. distance from tunnel axis for different train speeds for 10 m deep tunnel in soil with SPT value
of 20

Soil stiffness
The shear wave velocity is a function of soil stiffness. As the soil stiffness increases the
shear wave velocity also increases. A parametric study is done considering soil stiffness corresponding to SPT values of 20, 40, 60 and 80 while all other parameters are unchanged.
From Fig. 8 which shows the change in PPV with ground stiffness, it can be seen that the vibration at ground increases in softer ground condition.

Figure 8: PPV vs. distance from tunnel axis for different soil stiffness for 10 m deep tunnel when train speed is
100 km/hr

Tunnel depth
The soil vibrations attenuate due to radiation damping and material damping with distance from the source of vibration. A parametric study is done considering tunnel depths of 10
m, 20 m and 30 m while all other parameters are kept unchanged. The increase in tunnel depth
reduces the vibration at ground level. It can be seen from Fig. 9. With increase in tunnel depth
the distance of source of vibration increases from the observation points at ground level. Due
to attenuation of vibration when waves are propagating through the ground, the vibration amplitude reduces with increasing tunnel depth.
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Figure 9: PPV vs. distance from tunnel axis for various depths of tunnel when train speed is 100 km/hr and soil
has SPT value of 20

6

CONCLUSIONS

In the present scope of study vibration problem of underground moving train is studied. The tunnel dimensions are taken from MRTS Projects in Delhi, India. The present study
includes the calculation for generated dynamic loads from moving trains, propagation of the
wave through the tunnel lining and soil medium. A coupled analysis is followed in which two
sub models are generated – (a) train-track sub-model and (b) tunnel-soil coupling sub-model.
Both the mathematical models are validated with actual site measured values.
From this study it is noticed that the Free Field ground vibration depends on parameters – (a) Distance from tunnel, (b) Train speed, (c) Soil stiffness, (d) Depth of tunnel below
ground. The ground vibration is found to be inversely proportional to distance from tunnel,
soil stiffness and tunnel depth, while the vibration is directly proportional to the train speed.
Buildings closer to the tunnel alignment are more susceptible to get damaged.
The tunnels in soils having SPT value higher than 40 generally do not exhibit any significant vibration. In case the soil is poor, then vibration can be reduced by either increasing
the proposed depth of the tunnel or by reducing the design speed of the tunnel in the affected
section.
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Abstract
Modelling of dynamic soil-pile interaction behavior is very complex. Different soil models have
been proposed to model the complex soil-pile behavior under dynamic loading. Applicability
of different soil models for dynamic loading is very limited for batter piles. To study the
dynamic response of batter pile, three different soil models are used; (i) Linear Model : This
model that considers no slippage between the pile and soil; (ii) Nonlinear Model 1: This model
that includes a cylindrical zone around the pile with less inner zone soil modulus than outer
zone and neglects the inner weak zone soil mass to avoid the wave reflections between the inner
zone and outer zone; (iii) Nonlinear Model 2: Nonlinear soil model that uses a nonreflective
boundary formed between the inner zone and outer zone to account for the mass of soil in the
cylindrical boundary zone.
In this present study the frequency dependent stiffness, damping and amplitude of soil-pile
system under vertical vibrations are calculated using continuum approach by Novak with three
soil models. A series of vertical field vibration tests were also conducted on a single batter
driven pile (L/d =26) of inclination 10 degrees for different eccentric moments (0.449, 0.670,
1.664 and 1.830 Nm) with static load of 12 kN. The effectiveness of the soil models has been
checked by comparing the test results with the analytical results obtained using three soil
models. It has been observed that the frequency amplitude responses obtained from Nonlinear
Model 1 for a precise range of boundary zone parameters are found close to the experimental
results. So it can be concluded Nonlinear Model 1 predict the dynamic response of batter pile
under vertical vibrations more accurately than Linear Model and Nonlinear Model 2.
Keywords: Batter piles; Soil models; Dynamic loading; Stiffness; Damping; Amplitude;
Vertical vibration; Field vibration test; Boundary zone.
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1. INTRODUCTION
Pile foundations are often used to support structures that are exposed to dynamic loads such
as earthquakes, wind, wave and machine induced vibrating machines. They are used to large
vertical or lateral or combined loads which may be static or dynamic in nature. In situations,
where there are excessive lateral and vertical loads coming from the superstructure, batter piles
in combination with vertical piles are used to increase the stiffness of soil-pile system.
For the evaluation of the dynamic response of pile foundation involves the calculation of
stiffness and damping values of soil-pile system considering the actual soil conditions. Several
researchers [1,2,3,4] contributed to formulate and postulate the continuum approach to analyse
the dynamic response of pile foundation. The continuum approach was mainly given by Novak
and Aboul-Ella [5] for deriving the complex stiffness of soil-pile system of single pile in
layered medium [6]. Novak and Sheta [7] later contribute with the development of weak
boundary zone around the pile with less shear modulus ratio and increase damping to account
for the nonlinearity of the soil-pile system while neglecting the mass of the inner zone to
prevent the spurious reflections between the inner and outer zone around the pile. Later
Velestos and Doston [8] overcome the assumption given by Novak and Sheta [7] by
introducing the mass of the inner zone. Han and Sabin [9] proposed a new model of boundary
zone with nonreflection interface in which parabolic variation of the medium properties in
assumed (the boundary zone has properties smoothly approaching those of outer zone). Based
on this model Han [10] done a parametric study on boundary zone parameter under vertical
vibration.
Extensive studies have been done by various researchers on the dynamic behavior of single
vertical and group piles under machine induced vibrations. To investigate the dynamic behavior
of vertical pile and pile groups and to understand the soil-pile interaction, various full scale and
model-prototype tests were conducted by various researchers [11,12,13,14,15,16,17].
From the literature review it is understandable that both the analytical and experimental
study on the batter pile under rotating machine induced vertical vibrations are rarely performed.
Hence, in this paper with the help of the continuum approach by Novak for different soil
stiffness models [6,7,9] are used to analyse the complex soil -pile stiffness of batter pile. To
verify the applicability of the proposed model, dynamic forced vibration tests were performed
in the field on a hollow steel pipe (L/D = 26) with angle of inclination of 10 degrees.
2. CONTINUUM APPROACH
The dynamic response of batter pile is governed by complex interaction phenomenon
between the soil and the pile. This complex soil-pile interaction phenomenon can be modeled
by using the complex impedance functions where the real and imaginary parameters represent
the stiffness and damping of the soil-pile system. The stiffness and damping are calculated
based on the assumption that the soil is perfectly bonded to the circumference of the pile and
the behavior of the soil is governed by the law of viscoelasticity. The complex stiffness of
vertical pile is calculated by using the methodology given by Novak and Aboul-Ella [5].
There is no analytical solution for the calculating the impedance function (stiffness and
damping) of the battered pile but they can be established by using the observations made by
Poulos and Madhav [20]. They theoretically investigated the static displacement of the battered
pile by using the Mindlin’s equation. They applied the axial loads (longitudinal direction) to
the battered pile and found out that that axial displacements are almost unaffected by the batter
of pile. Only 4 percent was the maximum effect for pile with batter angle up to 30 degrees. So,
it can be concluded that the impedance function of the battered pile up to 30 degrees can be
calculated using the impedance function by means of dynamic solution available for vertical
piles [21]. , the complex stiffness of the batter pile-soil system can be calculated using the
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stiffness along the local axes of the single vertical pile then transforms the stiffness into the
local axes by multiplying the stiffness by a transformation matrix [21] which is given by
[K1vb] = [T] T [K1w] [T]
(1)
where K1vb = complex dynamic stiffness of batter pile, [T] is the transformation matrix which
depends on direction cosines and K1w is the complex stiffness of the vertical pile. With the
stiffness and damping of the batter pile, the vertical response of the batter pile is calculated.
To account for the nonlinearity and slippage, the consideration of linear viscoelastic medium
can be divided into an outer infinite zone and inner weak boundary zone with reduced shear
modulus and higher soil damping as compared to the outer zone. Without any modification in
theory, the soil reactions of the composite medium are introduced into the dynamic analysis of
batter pile foundation. In this study, three different soil models are used to analyze the nonlinear
behavior of batter pile foundation.
• Linear Model: In this model the dynamic complex stiffness function of the soil
medium in calculated considering no slippage between the pile and the soil. The
complex stiffness of the soil is derived using the solution of the equation of the
motion of viscoelastic medium using the hysteric damping which is obtained from
the solution of wave propagation of elastic medium [6].
• Nonlinear Model 1: In this model, Novak and Sheta [7] considered a cylindrical
annulus of soft soil around the pile which has less shear modulus and high damping
than the outer zone. The mass of the inner weak zone is considered as zero (ρ = 0)
to avoid any wave reflection between the interface of inner and outer zone. This soil
model with continuum approach is available in the computer software package
DYNA 6 [18].
• Nonlinear Model 2: This model assumes the boundary zone has a nonzero mass and
a smooth variation into the outer zone by introducing the parabolic variation function
[9]. This type of soil model with continuum approach is programmed in a software
named DYNAN [19].
3. EXPERIMENTAL INVESTIGATION
The test site was situated in between Block II and Block III at the Indian Institute of
Technology Delhi, Hauz Khas, New Delhi, India. The soil properties were determined by
laboratory and in situ tests. Standard penetration tests (SPT) were conducted in the field to
determine the N values of soil layers. It is found that soil is predominately sandy silt up to depth
6.0 m. Piles were made of hollow steel pipes of outer diameter (d) 0.114 m and length (L) of 3
m. Initially, a borehole of 0.1 m diameter was made to reduce the resistance of pile driving.
The pile was then driven into the ground by dropping of SPT hammer of weight 65 kg from a
height of 0.3 m. During driving, the batter angle was maintained with the help of guide rod
fixed at required batter angle. A steel plate of dimension 0.9 m × 0.9 m × 0.037 m was used
as a pile cap which was connected rigidly with the pile. Forced vertical vibration tests were
conducted on model single batter pile (β = 10o). The dynamic forces are produced by Lazan
type mechanical oscillator in the form of harmonic motion. Two counter rotating-mass are
moved inside the oscillator to develop the dynamic forces on the pile. The amplitude of the
dynamic force was controlled by adjusting the eccentricity (θ) of the rotating masses. The
excitation force, P(t), is given by
P(t) = me.e.ω2sin ωt =(We /g).e.ω2 sin ωt
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where, We and me are the weight and mass of eccentric rotating parts of the oscillator,
respectively, e is the eccentric distance of the rotating masses, g is the acceleration due to
gravity and ω is the circular frequency of vibration. The magnitude of the exciting force was
changed by adjusting the angle of eccentric mass. The mechanical oscillator was connected by
means of a flexible shaft with a DC motor and the speed of DC motor was controlled by a speed
control unit. The oscillator was run slowly through a motor using speed control unit. Mild steel
plates of size 0.5 m × 0.5 m × 0.022 m were placed on the pile cap to provide
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Figure 1: Schematic diagram of vertical vibration test setup in batter pile (L/D = 26, β = 10o)

desired static weight. Then the mechanical oscillator assembly was mounted on the top of the
steel plates in such a way that the oscillator imposed a vertical harmonic excitation force on
the pile foundation. The whole assembly was properly tightened with the pile cap using four
bolts so that it could act as a single unit. The accelerometer was attached vertically on the top
of the plate over the center of the pile cap. Tests were conducted for four different eccentric
moments (We.e = 0.449, 0.670, 1.664, and 1.830 N m) with the static load (Ws) of 12 kN. The
complete vertical vibration test set up is shown in Fig. 3. The experimental frequencyamplitude response curve of single batter pile for different eccentric moment is shown in Fig.
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2. It is observed from the dynamic test results that the measured frequency-amplitude response
curve exhibits nonlinear behavior by showing decrement in resonant frequencies and
disproportional increment in resonant amplitudes with the increase in excitation moments.

Figure 2: Experimental frequency versus vertical amplitude response of single batter pile

4. COMPARISON BETWEEN THE EXPERIMENTS AND THEORETICAL
RESULTS
The test pile on the field has been analysed with all the soil models i.e. Linear Model, Nonlinear
Model 1 and Nonlinear Model 2 to get the frequency-amplitude response of the batter pile-soil
system. The soil material damping has been assumed 10 percent for the analysis. For different
eccentric moments the weak boundary zone parameters were adjusted so that the nonlinear
theoretical response curves match closely to dynamic field test data. For the current soil
conditions and applied dynamic load, Gws/Gs varied from 0.015 to 0.22, Tws/Ri varied from 0.5
to 1, Dm varied from 0.2 to 0.35. The results obtained from the field experiments are compared
with the theoretical analysis for eccentric force (W.e =1.644 Nm) as shown in Fig. 3.
• Linear Model: It can be well comprehended from the figure that the theoretical resonant
frequency is higher and resonant amplitude are lower than the dynamic test result on the
single batter pile (L/D = 26, β = 10o). This is due to the assumption that the soil is perfectly
bonded to the pile and that the soil behaviour is primarily governed by laws of linear
elasticity explicating no weak inner zone resulting in larger stiffness of batter pile-soil
system which produces higher resonant frequency and lower resonant amplitude values.
• Nonlinear Model 1: From the comparison, it is observed that Nonlinear Model I show a
well-defined match with the test results. Nonlinearity of batter pile foundation is also
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exhibited from the figure with the increase in the resonant amplitude and decrease in the
resonant frequency with the increase in excitation levels.
• Nonlinear Model 2: It can be observed that the Nonlinear model 2 produces high resonant
frequency and high resonant amplitude when compared to dynamic test result.

Figure 3: Comparison between the response curve obtained from vertical vibration test and Linear Model
analysis

5. STIFFNESS AND DAMPING OF BATTER PILE
The vertical stiffness and damping of single batter pile (L/d = 26, β = 10o) with frequency were
determined using three models i.e. Linear model; Nonlinear model 1 and Nonlinear model 2
for all eccentric forces. The comparison of variation of stiffness and damping for different
models are shown in Fig. 4a and Fig. 4b for eccentric force (W.e = 1.664 Nm) respectively. It
is found that Linear model highly overestimates both the stiffness and damping of single batter
pile. It also shows that frequency dependent stiffness and damping of single batter pile is not
varied with different eccentric moments showing a single stiffness and damping curves. In
Nonlinear Model 1 the frequency dependent stiffness and damping values are decreased with
increase of excitation force. This phenomenon occurs due to the development of weak
boundary zone between pile and soil. For low frequency range, the stiffness values tend to
remain linear showing the dynamic stiffness of batter pile close to static stiffness. However,
the damping values of the batter pile increases rapidly as frequency approaches to zero due to
the conversion of soil material damping to the frequency-dependent equivalent viscous
damping. In Nonlinear model 2 the frequency dependent stiffness is
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Figure 4a: Comparison of stiffness of soil-pile system obtained from Linear Model, Nonlinear Model 1 and
Nonlinear Model 2b

Figure 4b: Comparison of stiffness of soil-pile system obtained from Linear Model, Nonlinear Model 1 and
Nonlinear Model 2b

decreased with the increase in the excitation force and the damping values tends to give a
small change (overlapping) with the excitation force.
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6. CONCLUSIONS
The main objective of the present study is to compare the different soil model i.e. Linear model;
Nonlinear model 1 and Nonlinear model 2 to evaluate the frequency-amplitude response of the
batter piles subjected to machine induced vertical vibrations. The study also includes the
characterization of different soil model and variation of boundary zone parameters of the batter
pile-soil system. A field vertical vibration test was also conducted on a on a single batter driven
pile (L/d = 26) of inclination 10 degrees for different eccentric moments (0.449, 0.670, 1.664
and 1.830 Nm) with static load of 12 kN. On the basis of the dynamic test result, the
effectiveness of different soil models is monitored. The major conclusions for the present study
are as follows
• From both the dynamic test data and analysis results it is observed that the measured
frequency-amplitude response curves for batter pile (L/d = 26, β = 10o) shows marked
nonlinearity which was manifested by the reduction in the resonant frequency and
disproportional increment in resonant amplitudes with the increase in excitation intensity.
• Nonlinear Model 1 accurately predicts the response of the batter pile reasonably well as
compared to Linear Model and Nonlinear Model 2 with dynamic test results.
• The stiffness and damping of the batter pile system are decreased for vertical mode of
vibration with increase in excitation level. This reduction is primarily due to the
development of weak boundary zone around the pile.
• The Nonlinear Model 1 is found capable of predicting the stiffness and damping value of
single batter pile reasonably well for vertical mode of vibration with reasonable estimation
of nonlinear parameters. On the other hand, the Linear Model and Nonlinear Model 2 was
found to be unsatisfactory in this study.
• The nonlinear parameters like shear modulus reduction (Gm/G), damping factor (Ds),
thickness ratio (tm/R) and separation length plays a major role for actual nonlinear response
of soil -pile system.
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Abstract
Non-destructive testing methods are an important aspect for the structural integrity and
quality assurance of reinforced concrete pile foundations which are normally built on difficult
soil conditions. Hence, the structural integrity of deep foundation requires definitive and economical test procedures that can be used shortly after construction to identify the anomalies,
defects and the causes of imperfections in cast-in-situ concrete pile foundations.
In the present study, an attempt has been made to detect the effect of various materials present below the pile tip by non-destructive testing. To examine the various pile
tip conditions related to the construction of RCC pile, two piles of diameter 150 mm and
length 4 m are constructed with two different pile tip conditions: Case 1 – pile tip at natural
soil and Case 2 - pile tip at stiff material of thickness 50 cm. The weathered quartzite rock is
used at the pile bottom to obtain the required stiffness as of rock. The field tests are performed on two piles using Pile Integrity Tester (PIT) to determine time velocity response for
both the pile tip conditions. In case of pile with stiff material at the pile tip it was observed
that the resulting velocity of the reflective wave is negative. However, the resulting velocity of
the reflective wave is found positive, as the stiffness of natural soil is less than concrete.
The experimental results obtained from the field tests are simulated and examined
by axisymmetric Finite Element model using PLAXIS 2D (2015). The concrete pile
is modelled as linear elastic whereas; soil is modelled as Mohr Coulomb model. The jointed
rock model is used to simulate the behaviour of rock at the pile tip. The dynamic impact load
is applied at the top of pile and the velocity amplitude graphs are plotted as a function of
time. The results obtained from the numerical analysis are compared with the field tests. It is
found that the field tests and numerical results are comparable and match with good agreement. From the present study it can be concluded that non-destructive testing like PIT
is useful method to determine the stiffness of the various materials present below pile tip.
Keywords: Field Tests, Foundations, Non-destructive Testing, Pile Foundations.
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1

INTRODUCTION

The quality control and quality assurance of deep foundations during the construction of
cast in situ piles are an integral part of manufacturing process. As an essential requirement of
engineering practice, the quality control of deep foundations is guaranteed by the acoustic
methods to investigate the length and continuity of the deep foundations. Integrity testing is
widely used to characterize the changes during the construction and installation of pre-cast
and cast in situ piles. Hence, the structural integrity of deep foundation requires definitive and
economical test procedures that can be used shortly after construction.
The technological aspects of non-destructive testing (NDT) for dynamic pile integrity have
seen substantial improvement in recent years. NDT of deep foundations is a complex method
covering several different techniques to gain information about the integrity and quality of the
deep foundation. Non-destructive testing of piles is used worldwide for various purposes e.g.,
quality control and quality assurance, verification of existing conditions, and quantification of
dimensions. Various methods are available for checking the integrity of concrete piles after
installation. Among the most widely used method, impulses or vibrations are applied to the
pile and time velocity responses are measured. The commonly used testing methods such as,
sonic methods, vibration methods, sonic logging techniques, etc., have been used in the last
three decades in different parts of the world. The correct use of these techniques can greatly
simplify and expedite investigation and be economical in addressing concerns or questions on
pile conditions.
The concept of pile driving analyzer was used widely in the early 1990s. Goble and Likins
[1], Teferra and Webster [2] and Likins et al. [3] used Pile Driving Analyzer for
the evaluation of deep foundations workability. Hussein and Likins [4] assessed
pile drivability quantitatively and evaluated the hammer-pile-soil system using Pile Driving
Analyzer (PDA) based on pile force and velocity records under the impact force from
a hammer. Sheahan and Hussein [5] dynamically tested 112 substructure units beneath a
5000 m long bridge. They performed dynamic pile tests to assess pile drivability and
to verify design parameters for quality assurance of the structures. Morgano [6] determined
the embedment depth of deep foundation using one dimensional wave propagation theory.
Pile Integrity testing and Parallel Seismic testing methods were used to determine length of
steel piles. Johnson and Rausche [7] used low strain integrity testing utilizing two acceleration
signals. Rausche et al. [8] used non-destructive pulse echo method to determine the pile
lengths under existing substructures and bridges. The method was successfully used for the
evaluation of structural integrity of cast-in situ piles, drilled shafts, driven concrete and timber
piles. Mullins and Winters [9] identified the presence of anomalies in both small scale and
full-scale pile foundations using thermal integrity testing. Liang and Beim
[10] studied numerically the effect of soil resistance distribution on the mobility
and simulated the velocity and force curves for an impact force applied at the pile top surface
for different soil resistance distributions. In the present study, an attempt has been made to
examine the different material below the pile tip in the field using pile integrity tester. The
experimental results obtained from the field tests were simulated and examined through an
axisymmetric pile model fully embedded in a homogeneous soil using finite element software
PLAXIS 2D [11]. The results obtained from experimental and analytical study are comparable and matches with good agreement.

4261

A. Yadav, K. Tandon, B. Manna, G.V. Ramana and A. Ganguli

2

EXPERIMENTAL STUDY

2.1 Methodology
Non-destructive testing methods used to analyze deep foundations and other structural
members are either surface reflection or direct transmission methods. The most common and
widely used surface reflection method include the impulse response test – pile integrity testing
(PIT). The principle of integrity testing method is time-domain reflectometry of stress wave
propagation through pile material acting as a one dimensional medium. In these tests,
a hammer impact is used which generates compression waves at the surface of a concrete
drilled shaft, pile or pier and reflected waves are received with a transducer (geophone
or accelerometer) at the surface. The schematic diagram of PIT test set up is shown in Figure
1.
The generated wave travels down along the length of pile in axial direction. Downward traveling waves caused by the impulse and the reflected upward travelling waves are
measured by an accelerometer held against the pile head. These reflections are stored in a
small hand-held computer where they are integrated to yield a time versus velocity graph. The
test equipment can amplify the signal exponentially with time to emphasis the signal reflected
along the pile shaft and from the pile toe. Therefore, the effects of any signal attenuations are
removed as it travels along the pile. The major components of the pile integrity testing used in
the experiment are a hand-held hammer of diameter 38.1 mm, an accelerometer with high
natural frequency (0.7 to 9000 Hz) and sensitivity (50 mV/g). A PIT-X tester with sampling
speed of 64 kHz to record the results. The complete experimental setup with PIT equipment is
shown in Figure 2.

Figure 1 Schematic representation of Pile integrity test setup
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Figure 2 Complete experimental setup with PIT equipment

2.2 Site Conditions
The tests are performed at the site located between Block II and III, at Indian Institute of
Technology Delhi, New Delhi, India. The soil samples are collected and both laboratory and
in situ tests are performed up to the depth of 5 m. It is found that the soil up to 5 m depth is
predominantly sandy silt (silt = 58.8%, sand = 30.3%, clay = 10.9 %). The water table is not
encountered up to the depth of exploration. The SPT test is also conducted in the field and
corrected N value varies from 11 to 29.
2.3 Pile Construction
The piles are casted for two different pile tip conditions in the field. Two bore holes
of diameter 150 mm and length 4 m are made with the help of hand auger. The boreholes are
filled using M30 grade concrete with different arrangement at the pile tip and tested after 28
days of curing. Two different pile tip conditions are as follows:
a. Case 1 – Pile tip at natural soil
b. Case 2 – Pile tip at stiff material of thickness 50 cm. To obtain the required stiffness as
of rock at the pile tip weathered Quartzite rock was put in the borehole.
3

NUMERICAL MODELLING

Numerical modeling for two different pile tip conditions is carried out using finite element
software PLAXIS 2D. The pile is modelled using 15 node axisymmetric elements and
the behaviour of pile is considered as linear elastic. The soil layers are modelled using MohrCoulomb model and behaviour of the soil is considered as drained. The soft toe below the pile
tip is modelled using Mohr – Coulomb model but the behaviour is considered as drained. The
quartzite rock used in the field is modelled using Jointed Rock Model. The rock properties for
quartzite rock are taken from Rao K. S. et al. [12]. The properties of concrete, soil and rock
considered in the analysis are tabulated in Table 1 and Table 2 respectively. The dynamic load
is applied in the form of line load at the pile top surface. The absorbent boundaries are considered along the boundaries to avoid the spurious reflections. The mesh is generated with
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very fine element distribution and the simulation is carried out for the actual field data. The
velocity – time graphs obtained from PLAXIS 2D are compared with the PIT results obtained
from the field tests.
Materials
Pile
Delhi silt

Young’s Modulus
E (kN/m2)
25.0 × 106
33.9 × 103

Poisson’s
Ratio, µ
0.20
0.35

Unit weight Cohesion,
γ (kN/m3) c (kN/m2)
24.00
15.95
15

Friction angle,
 (Degrees)
24

Table 1 Pile and Soil properties used in finite element modelling

Young’s modulus for rock as a continuum, E1 (GPa)

93.75

Poisson’s ratio for rock as a continuum, µ1

0.2

Young’s modulus in Plane 1 (stratification) direction, E2 (GPa)

63.75

Poisson’s ratio in Plane 1 (stratification) direction, µ2

0.18

Unit weight, γ (kN/m3)

24.2

Cohesion, c (MPa)

0.372

Friction angle,  (Degrees)

64.63

Table 2 Rock properties used in PLAXIS modeling

4

RESULTS AND DISCUSSIONS

4.1 Field Test Results
The typical time velocity graph of averaged signal response for pile tip at natural soil for
Case 1 is shown in Figure 3 and for pile tip at stiff material of thickness 50 cm for Case 2 is
shown in Figure 4. It can be seen from Figure 3 that the peak at toe is in the same direction as
of impact peak due to the presence of natural soil. However, for Case 2 the peak at toe is observed in the opposite direction of impact peak as the material below the pile tip is stiffer than
the pile material as observed from Figure 4.

Figure 3 Signal response of Pile tip at natural soil (Case 1)
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Figure 4 Signal response of Pile tip at stiff material of thickness 50 cm (Case 2)

4.2

Comparison of PIT and FE results

The field test results obtained from PIT are compared with finite element analysis results
obtained using PLAXIS 2D. A typical comparison of time-velocity graph obtained from field
test with FE analysis for Case 1 is shown in Figure 5. It can be seen from Figure 5 that timevelocity graphs obtained from the FE analysis matches with good agreement with the PIT results. It is also observed from Figure 5 that the toe reflection in case of PIT results is obtained
prior to the PLAXIS result. This may be due to magnitude of the impact force and higher
compression wave velocity in cast-in-situ pile than the velocity of the longitudinal wave considered in FE analysis.

Figure 5 Comparison of PLAXIS results with PIT results for pile tip at natural soil
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5

CONCLUSIONS

In the present study both field testing and finite element analysis were carried out to determine the various pile tip conditions. Based on the present study the following conclusions
can be drawn:
• For Case 1 that the peak at toe is in the same direction as of the peak at the pile top surface whereas in Case 2 the peak at toe is in the opposite direction as the material below
the pile tip is stiffer than the pile material.
• The time velocity graphs obtained from the FE analysis matches with good agreement
with the PIT results whereas some differences occur due to the variation in the magnitude of impact force and the velocity of longitudinal wave in the pile.
6
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Abstract
Accurate local site response analysis allows for assessing the response of sites nearby an
active seismic zone, and consequently modeling the expected earthquake behavior at the
surface level. However, the modeling of this non-linear behavior is always accompanied with
high uncertainty and variability that could lead to either an unsafe or a very conservative
design. One way to overcome these challenges is by relying on site specific instrumentation
techniques. In this study a sequential data assimilation technique is employed for real time
calibration of the adopted soil model by relying on a measurement data array from different
soil layers in the site of interest. The dynamic model parameters are updated in an optimal
probabilistic framework using Ensemble Kalman Filter and therefore minimizing the
mismatch between the measured and the predicted response of the site of interest. Due to
complexities associated with inverting and updating a non-linear soil model, limited number
of studies used monitoring techniques to calibrate a non-linear hysteretic soil model while
incorporating different sources of uncertainties. Therefore, in this study monitored data are
coupled with a non-linear dynamical model in a probabilistic setting to accurately simulate
the vertical wave propagation through the soil layers of a given site. This study uses simulated
vertical arrays measurements to assess the validity of the framework and to determine several
practical concerns such as convergence and robustness of the presented non-linear scheme.
Keywords: Earthquake response, Ensemble Kalman Filter, Uncertainty Quantification,
Geotechnical Earthquake.
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1

INTRODUCTION

It’s widely known among geotechnical engineers and researchers that the effect of strong
motion earthquakes on man-made structures is largely dependent on the nature of the subsoil
through which the shock waves pass [1]. Therefore, any analysis of the superstructures will
require a prior knowledge on the soil properties. In getting the latter, a seismic site response
analysis should be conducted through one of the following methods: frequency and time
domain, equivalent linear and nonlinear analyses [2]. Depending on the numerical approach
being used and the modeling of the nonlinear soil, the output of these methods may greatly
vary. The nonlinear and time varying behavior of soil layers are detected using time domain
methods, especially when subjected to strong ground motions [3]. Another simplified
approach for site response analyses is the equivalent linear method in frequency domain
which is known to be efficient and reduces computational time requirements of the site
response analysis.
Although extensive efforts and advanced computational algorithms has been utilized in
developing these soil response models, in practice the output of these algorithm is not always
satisfactory. The main aim of geotechnical engineers is to investigate all the conditions under
which predictable soil effects will be expected and to quantify uncertainties in the spatial and
temporal characteristics of the predictive theoretical models [4]. However, the main hindering
factor that faces practitioners and researcher is the ability to identify accurate soil parameters
especially due to lack of extensive soil related data and expensive accurate experimental
testing. Although some field methods are being used for evaluation of model parameters and
evolution of prognosticative tools and design procedures, a high level of uncertainty and high
expenses are involved [5]. As for the laboratory tests, many restrictions are applied due to the
irritated samples and the complications in reproducing the site stratification and boundary
conditions (Kramer 1996). Therefore, accurate implementation of soil response models is
always limited to accurate identification of real site conditions. To overcome this issue, and in
the light of recent advancements of geophysical instrumentations such as downhole, seismic
cross hole, seismic CPT, steady state vibration and seismic reflection and refraction;
application of system identification (SI) methods to dynamic soil behavior has been popular
recently.
Constitutive model SI methods are divided into self-Learning simulations, parametric
techniques and nonparametric techniques. The aim of SI methods is studying the behavior of
existing systems, by recording input-output vibrations of soil in discrete time signals and
utilizing inverse programming tools to identify or calibrate adopted system parameters. A
broad range of simplified and advanced soil constitutive models have been employed in nonlinear site response analysis. The aim of the prior SI techniques is to copy the observed
earthquake excitation without prior knowledge on the soil parameters [5].
Parametric system identification methods enable the estimation of constitutive model
parameters by solving the equation of motion [5]. Knowing that these parameters represent
the characteristics of a given soil column, the prediction of its behavior under different
loading conditions could be easily achieved [5]. However, the performance of the proposed
framework is altered by the size of the state vector, which include the soil parameters.
Therefore, a different algorithm should be adopted to account for multiple parameters in the
constitutive model.
With attention to the numerous applications of system identification, some approaches that
depend on time series are used to estimate the nonlinear behavior of the soil and to develop
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the extended Kalman Filter algorithm and autoregressive-moving average models [7]. By
coupling both, the proposed scheme and the recursive methods, an accurate estimation of the
discrepancy in the approximated properties could be reached [7]. Irikura and Pavlenko
suggested further idealization models to determine the stress-strain behavior of a nonlinear
soil column [8,9]. Despite the simplicity of the aforementioned approach, the estimated
characterizations of the soil from this linearization analysis can render significant errors due to
the linearization of the highly nonlinear soil response analysis, especially when coupled with
high amplitude earthquake records. Hence the model should be subjected to further calibration
in order to be used in the required constitutive model [10]. Not to mention, a two dimensional
site response analysis and soil-structure interaction require formulation of constitutive models
and hysteretic rules for the soil profile [10].
Assimaki et al. proposed a waveform inversion algorithm, that depends on the number of
parameters used, to estimate insitu soil behavior [10]. This dependency weakens the proposed
algorithm, hence, a different approach should be conducted to estimate multiple parameters
associated with a constitutive model. Tsai and Hashash (2007) extended the neural network
based constitutive model developed by Ghaboussi [11] to include non-linear modeling of soil
behavior from downhole arrays. Although this new approach was a huge jump from the
known system identification methods, it was accompanied by a high level of uncertainties;
mainly in the characterization of the dependency of the soil parameters. Hence, difficulties in
convergence aroused, in addition to stability problems in the frame work.
To that end, this study develops a probabilistic framework for estimating dynamic soil
properties using the Ensemble Kalman Filter (EnKF). Since EnKF is a non-intrusive filter, it
propagates and updates the error statistics of the state vector efficiently and accurately as it
does not require a linear approximation of the adopted model. The adopted data filtering
technique can be easily coupled with available algorithms that simulate nonlinear soil
behavior. In the study, the response of the soil is identified through the open source package,
Opensees. The coupling of the non-intrusive filter, EnKF, with Opensees adds to the
robustness of the framework and facilitates the application of soil identification techniques for
practitioners and geotechnical engineers since the framework relies on open source and lesscomplicated tools. In this study a simulated vertical arrays measurements are employed to
calibrate the state vector in a statistical setting. Several simulations are conducted with a main
aim of investigating multiple practical concerns, such as convergence to true state and
robustness of nonlinear soil identification.
2

OPENSEES

The Open System for Earthquake Engineering Simulation (OpenSees) is an open-source,
object-oriented finite element software framework. The potentialities of OpenSees encompass
modeling, analysis and structural reliability. Unique among software for earthquake
engineering, OpenSees allows integration of models of structures and soils to investigate
challenging problems in soil-structure-foundation interaction [14]. In this study Opensees is
employed in the EnKF framework to integrate the dynamic response of soil layers forward in
time. Details of the adopted soil modeling are presented in the next section.
2.1

Modeling features

A two-dimensional nonlinear model of the soil column was developed using OpenSees.
The soil layers are modeled as four nodes plane-strain isoperimetric quadrilateral elements.
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Each element node has 2 degrees of freedom. The soil material is behavior is modeled using
the built-in material the “PressureDependendMultiYield” which is an elasto-plastic material.
During static loading (gravity), the material behavior is linear elastic. Once dynamic loading
phase is initiated, the stress-strain response is elastic-plastic. Assuming fully undrained
conditions, a built-in “FluidSolidPorousMaterial” is defined to simulate the response of
saturated porous media. At each layer, the nodes and coordinates are determined, and the
dynamic soil properties; elastic modulus (E), bulk modulus (B), damping ratio (D), mass
density (ρ), friction angle (Fang), phase angle (Pang) and Poisson’s ratio (ν) are defined. The
soil mass density (rho) is often estimated by a nearby subsurface sampling or using correlation
methods. In this model it’s important to realize that at low strain levels, the elastic theory is
adopted, hence the response is linear. While at intermediate and high levels of strains ( ̴ 10-2
to 5 percent), the response becomes non-linear and will experience plastic deformation
continuously until failure.
3

SEQUENTIAL DATA ASSIMILATION

Sequential data assimilation techniques stem from the need to improve the model output.
These techniques are based on “assimilating” observations into the model, whenever they are
available; in order to correct the model, reduce parameter uncertainty and increase prediction
creditability.
Among the known sequential data assimilation scheme, the Kalman filter is the best. It was
developed by Kalman (1960), to solve linear problems by minimizing the mean square error
between the guessed output and measurements whenever they are available.
For nonlinear analysis, the extended Kalman Filter (EKF) is applied, which works by simply
linearizing the predictions and measurements about their mean. The simplicity of the approach
leads to an unbounded error variance where higher order moments are discarded.
To overcome this drawback, Evensen(1994b) came up with the Ensemble Kalman Filter. It
states that if the dynamical model can be written in a stochastic differential equation, one can
derive the Fokker-Plank equation for the time evolution of the probability density function,
which contains all the information about the predicted error statistics using Monte-Carlo.
Integrating an ensemble of state vector and forwarding it in time, will make the calculation of
the mean and error covariance applicable. This new approach was well implemented by Slika
and Nasr [15,16] in structural health monitoring applications.
3.1

Ensemble Kalman Filter

The EnKF proposed by Evensen (1994b) consists of 3 stages: the representation of error
statistics using an ensemble of state vector, the alternative model for error statistics prediction,
and a consistent analysis scheme. Different than the other Kalman filters, the EnKF executes
multiple simulation independently, incorporates the new measurements and updates the
multiple models simultaneously. After each update, the EnKF describes model parameters
through mean and variance. For each time recursive process, the EnKF consists of a
forecasting step based on the current state variables, and an assimilation step to update the
state variables.
In this paper, the state vector (U) incorporates dynamic variables and soil parameters:
U=[V P]T
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where V consists of the displacement, velocity and acceleration at the top of each soil layer.
P is the model parameters that will be updated, at each available measurement, in the forward
model. The soil density, elastic modulus friction angle and phase angle are to be updated at
each iteration. A sensitivity analysis was performed to identify the correlation between the
soil parameters and to determine the sensitivity of the model to a small change in those
parameters.
The initial ensemble is chosen in a way that represent the statistical distribution of the initial
guess of the state vector. U, the matrix holding the ensembles such that U ∈ R as shown in
(2). Where N is the number of ensemble members, and n is the size of the model state vector.

U = (U , U , … , U ) ∈ R

(2)

×

The ensemble mean is given by
(3)

U = U1

Where 1 ∈ R

×

is a matrix where each element is equal to equal to 1/N.

The ensemble perturbation matrix could be defined as
(4)

U’ = U − U
The model error covariance matrix can be computed as follow
P =

’.( ’)

(5)

As mentioned previously, the EnKF consists of a forecast step (U f), calculated using the
forward model in order to propagate the model state vector from time step (t-1) to time step
(t), as shown below:
U, =f U

,

i = 1, … , N

(6)

Note that in this forward step, only dynamic parameters are updated to minimize the
discrepancy between the measurements and the corresponding predictions.
Using observed measurements d, that are measured response from data array at the top of each
of layer, we can define an N vectors of perturbed observations as
d =d+ϵ,

j = 1, … , N

(7)

Which can be stored in the columns of the following matrix
D = (d , d , … , d ) ∈ R

×

(8)

The ensemble perturbations are assumed to be unbiased and Gaussian, with a mean equal to
zero, and can be stored in matrix such as
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E=(γ1,γ2,…..,γN) ∈ R

×

(9)

From which we can construct the ensemble representation of the measurement error
covariance matrix
R =

.

(10)

If the measurement errors are uncorrelated, Re will be a diagonal matrix.
The update state is computed as follow
U , = U , + K (d , − HU , )

(11)

Where H is a matrix operator, depending on the number of observations, and whose elements
are only ones or zeros.
H = [0 | I]

(12)

Where I is an identity matrix.
The Kalman gain is given by
K = P H (HP H + R )

(13)

When the ensemble size (N) is increased by adding random samples, Ktcwill converge
toward the exact solution of eq. (11).
Therefore, at the end of time ti, the probability density function (PDF) of the state vector is
known. At the end of time of ti+1, new measurements are available and the PDF up to ti+1 is
regarded as the prior PDF. By using the assimilation step, the EnKF members are conditioned
with these new measurements and the PDF turns into the posterior PDF. From this point of
view, the solution provided by the EnKF is based on maximizing the posterior PDF of the
state vector within the context of Bayesian inversion. It is equivalent to minimizing the
variances of the posterior covariance matrix in probabilistic settings.
4

NUMERICAL APPLICATION AND ANALYSIS

The simulated behavior of the soil column is based on the discussed non-linear hysteretic
model in opensees in the previous section. A distribution of the material parameters are
assumed for each soil layer, based on conventional soil material as presented in table 1, and
will be considered as the reference true parameters. The modeled deposit is subjected to the
known Elcentro earthquake record at to the bottom of the soil column. The output of the
computer simulation is the mechanical response at the top of each soil layer which constitutes
of acceleration, velocity and displacement. A 5% perturbation error is added to the simulated
output and will be assumed herein as the measured response from the accelerometers. The
measured acceleration response at the top of each layer is presented in figure 1.
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Layer

Soil
Type

Modulus of Density Poisson
Elasticity
ton/m3 ratio
(kPa)
E1=135000 2.1
0.35

Layer 1
(bottom layer)
Layer 2
(middle layer)
Layer 3
(top layer)

Dense
Sand
Medium E2=100000 2
Sand
Loose
E3=750000 1.8
Sand

Friction
angle
(degree)
40

Phase
Depth
angle
(m)
(degree)
16
4

0.32

37

20

3

0.27

33

23

2

Table 1: True state parameters used for simulation of measured response

Figure 1: Measured acceleration response at the top of each layer
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The main aim of the presented numerical application is to illustrate the accuracy of the
suggested framework and perform sensitivity and convergence analysis. The accuracy of the
framework is investigated by identifying the soil material properties starting from a
probabilistic initial estimates of the soil parameters based on the “inaccurate initial
knowledge”. To assess the robustness and applicability of the framework different sensitivity
analysis is conducted by varying several contributing factors such as, effect of initial guesses,
update frequency and stability of solution as a function number of identified parameters.
4.1 Updated variable parameters
In general, a main problem in system identification is to deal with the large number of
potentially necessary parameters which can lead to inefficient filtering and divergence from
the optimal solution.
In nonlinear soil identification several parameters are necessary to parametrise the soil
layers. However due to noisy and limited data over fitting is a common concern that requires
adequate attention. A common approach to avoid divergence and handle inefficient filtering is
to make the number of used parameters considerably less than the number of offered
parameters. In this study, convergence analysis to optimal solution is investigated as a
function of identified parameters. Four parameters are considered: Modulus of Elasticity E,
soil density ρ, friction angle Fang, and phase angle Pang for each layer. In each simulation the
state vector is assemble based on the assumed unknown/calibrated parameter. Summary of
convergence analysis for the identified parameters is presented in table 2.
Number of Identified
Parameters
Four
Three
Three
Three
Two
Two
Two

Identified Parameters

Convergence of Solution

E, ρ, Fang, Pang
E, ρ, Fang
E, ρ, Pang
E, Pang, Fang
E, ρ
E, Fang
ρ, Fang

Diverged from true state
Diverged from true state
Diverged from true state
Diverged from true state
Converged to true state
Converged to true state
Converged to true state

Table 2: Convergence of EnKF with number of identified parameters

As evident from the table above, in this nonlinear identification exercise with
measurements only at the top of each layer, only two-parameters-identification guarantee a
stable solution that can convergence to true state and avoids over fitting. Although capturing
nonlinear response using two parameters can be a challenging task, in practice, several soil
parameters are correlated and can be expressed as function of different soil types. Therefore,
in practice, the number of parameters per soil layer is recommended to be limited to two
guarantees efficient filtering from stability analysis point of view. In the remaining sections
two parameters will be used for soil identification of each layer that are, E and ρ.
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4.2 Stability of solution versus number of updates
To study the effect of the update on the accuracy of the EnKF framework, sensitivity
analysis is performed to investigate the effect of the number of updates on the stability of the
solution or its convergence to true state. All sources of uncertainties are incorporated in this
exercise as presented in table 3.
EnKF Uncertainties
Initial estimate of E1
Initial estimate of E2
Initial estimate of E3
Initial estimate of ρ1
Initial estimate of ρ2
Initial estimate of ρ3
Model Uncertainty
Parametric Uncertainty
Measurement Error

Mean
80,000 kPa
78,000 kPa
71,600 kPa
2.0 ton/m3
1.8ton/m3
1.8 ton/m3
0
0
0

Standard deviation
12% of mean value
12% of mean value
12% of mean value
8% of mean value
8% of mean value
8% of mean value
7% of predicted mean
2% of predicted mean
3.5% of measured
response

Distribution
lognormal
lognormal
lognormal
lognormal
lognormal
lognormal
normal
normal
normal

Table 3 Quantified uncertainty in EnKF framework

Table 4 presents the recorded results for convergence of the calibrated parameters, E and
ρ, to true state for each EnKF simulation. As evident from this table, the number of update is
essential to capture the nonlinear characteristics of the soil response and guarantee
convergence to true state. At higher update rate (more than 0.15 sec) the convergence to true
state is not guaranteed, however at a lower update frequency, both identified parameters
converged to the true state in less than 15sec. Therefore, small incremental updates are
essential to guarantees convergence to the optimal solution in the neighborhood of the
previous updated state, however when using less frequent updates. Divergence from true state
can be attributed to the nature of the no-linear oscillating hysteretic problem that possess
multiple potential local optimum solutions, therefore sequential updates shall be close enough
to guide the state vector to optimum posterior solution or the true state.
Update frequency (sec)
0.02
0.05
0.1
0.15
0.2
0.3
0.5

Time needed to converge to
true state
Converged after 6.5 sec
Converged after 9 sec
Converged after 15 sec
Diverged
Diverged
Diverged
Diverged

Table 4 Convergence of EnKF framework versus update frequency
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To illustrate the convergence of the state vector, the identified parameters modus of
elasticity E, and density ρ, are plotted versus true state values in figures 2 and 3, respectively,
for an EnKF framework with 0.05 sec update frequency. These graphs confirm the
convergence of all identified parameters to the true state when incorporating a frequent update
strategy.

Figure 2: Identified mean modulus of elasticity for each soil layer
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Figure 3: Identified mean density for each soil layer
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4.3 Initial guess
To assess the robustness and capabilities of the presented framework to converge to the
true state despite initial errors, random initial distribution for modulus of elasticity of soil and
soil densities for each layers were integrated in the framework and convergence to true state
were recorded in table 5. In this exercise, the update frequency is set to 0.05 sec, and the
statistical uncertainties in the EnKF ate the same as assumed in table 2 except for initial mean
estimate.
Mean Initial Guess
set
IG1

IG2
IG3

Mean Modulus of
Elasticity (kPa)
E1=110,000
E2=90,000
E3=85,000
E1=95,000
E2=95,000
E3=70,000
E1=160,000
E2=120,000
E3=65,000

Mean Density
ton/m3
ρ1=2.2
ρ2=2.1
ρ3=1.9
ρ1=2.3
ρ2=2.0
ρ3=1.7
ρ1=2.25
ρ2=1.9
ρ3=1.65

Time needed to
converge
8 sec

10sec
12 sec

Table 5: Convergence of the EnKF starting from different initial guesses

As evident from table above, the presented scheme is robust and guarantees convergence
within only 12 seconds even if the initial guess is far from true state by more than 30%.
Therefore, the presented scheme is capable to converge to true state in some high uncertainty
settings even when the soil column is subjected to a short earthquake records.
5

CONCLUSION AND REMARKS

This study presents the coupling of the widely the EnKF, with an open source soil response
software package, the Opensees. The power of the suggested framework lies in its ability to
identify nonlinear behavior in statistical settings based on an easy-to-implement and readilyavailable-tools for practitioners. Convergence analyses was conducted to investigate several
concerns in nonlinear identification and to assess the robustness of the framework. Based on
the presented study, several remarks were noted, (1) nonlinear identification should be mainly
based on two-variable identification, (2) the frequency of update is essential for the success of
a sequential nonlinear identification technique, (3) statistical nonlinear identification is
successful with wide range of initial guesses even when coupled with short earthquake
excitations.
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Abstract
Buried natural gas pipelines are important infrastructure to connect areas of gas exploration
to areas of use. In many parts of the world, pipelines cross seismic regions and varieties of
soil strata, including regions of discontinuous permafrost in the Northern hemisphere. Initial
studies find that the seismic response of soils can be strongly influenced by changes in underlying soil strata, hence potentially leading to greater seismic demands on buried infrastructure such as pipelines. Frozen soil deposits, in particular, can lead to a significant change in
dynamic soil response to seismic excitation. To study the effect of crossing discontinuous
permafrost zones on the seismic behaviour of buried natural gas pipelines, a combined modelling approach is proposed: (1) dynamic site response analysis to determine the load conditions and (2) quasi-static finite-element analysis on the pipeline and surrounding soil. In this
paper, results from one-dimensional equivalent linear soil response analyses for a site of discontinuous permafrost is presented. Despite the frozen soil stratum lying at a depth of 40 m,
the response of the soil at the depth of the buried pipeline is found to be significantly affected.
A parametric numerical validation study on a finite element model of a typical buried natural
gas pipeline is then presented to assess the influence of geometrical and mechanical parameters on the response of pipeline and surrounding soil by means of a series of incremental dynamic analyses. Outcomes of this study highlights the strong effect of the soil properties on
the strain in buried pipelines.
Keywords: Pipelines, Seismic behaviour, Structural Dynamics, Earthquake Engineering, Frozen Soil, Discontinuous Permafrost.
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1

INTRODUCTION

Long-distance buried pipelines often unavoidably cross terrain with different soil types as
well as with variation of surface-level built-environment. For instance, the pipeline can cross
highways or railways that may induce additional settlement under static loading [1]; moreover,
they may also concern the boundaries between soil strata causing local stress concentrations under vertically propagating seismic waves [2].
The effect of local site conditions on the ground motions is a known phenomenon and ground
response analyses are common practice in geotechnical earthquake engineering [3]. Changes in
soil properties along the length of a pipeline are still considered to be an under-examined issue of
importance. A variation in the seismic behaviour of soils and, hence, a variation in local stress in
pipelines can be caused by discontinuous permafrost, which occurs in regions with mean annual
soil surface temperature of -2 to -4°C, causing partial freezing of soil layers below ground. In the
Northern Hemisphere, 24% of the ice-free land area is affected by permafrost, i.e. soil that continuously has a ground temperature below 0 °C for at least two consecutive years [4]. Still, its
effect on the seismic site response for buried infrastructure has not yet been studied extensively,
and in current design practice, it is ignored. As the exploration of natural resources in seismically
active regions, such as Alaska, U.S., or Canada, that are also permafrost regions, is expanding, it
is critical to further explore this topic [5].
Frozen soil deposits can lead to a significant change in dynamic soil response to seismic excitation. In particular, geotechnical properties, such as soil stiffness and shear wave velocities, increase in frozen soils. In a discontinuous permafrost zone, only some parts of the soil mass are in
frozen conditions. This can lead to a stark contrast in soil response at their boundaries, in both
lateral and vertical directions. The effect of permafrost on the ground response to transient
ground motions has only sparked interest in the last decade. Some examples are given in northern Canada [6], Alaska [5], as well as in Tibetan regions of China [7], where critical infrastructure, such as railways or buried pipelines, cross seismically active zones and permafrost sites.
To study the effect of crossing discontinuous permafrost zones on the seismic behaviour of
buried natural gas pipelines, a combined modelling approach is proposed: (1) dynamic site response analysis to determine the load conditions and (2) quasi-static finite-element analysis on
the pipeline and surrounding soil.
In this paper, the results from one-dimensional equivalent linear analyses for soil strata in discontinuous permafrost at a site in Alaska are presented. Despite the frozen soil stratum lying at a
depth of 40 m, the response of the soil at the assumed depth of the buried pipeline (5 m) is found
to be significantly affected due to the large change in shear wave velocities in the frozen layer.
This paper also presents the outcomes of a preliminary numerical validation study to define the
influence of some geometrical and mechanical parameters on the response of pipeline and surrounding soil. A 3D finite element model of a typical buried natural gas pipeline is developed,
including the soil surrounding it. By means of a series of incremental dynamic analyses (IDA),
parameters, such as mesh size and geometry of the surrounding soil, are investigated to assess
their effect on the response of the pipeline in soils with different geotechnical properties. Outcomes of this study highlight the significant effect of the surrounding soil properties on the strain
in buried pipelines. Moreover, the study validates the use of both coarse mesh and smaller geometry of the surrounding soil to allow a computationally efficient model.
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2

BACKGROUND

2.1 The effect of vertical components of ground motions
A majority of studies on the seismic resilience of buried steel pipelines considers seismic
loading in the horizontal plane of the pipeline, be it in lateral or axial directions [8]. The effect of
the vertical component of ground motions is not well-studied. Vertical loading is mainly considered in the case of static loading or permanent ground deformations caused by earthquakes, such
as fault movements or landslides.
Lee [9] undertook a series of finite-element analyses on the combined vertical static (traffic
and soil weight) and vertical seismic loading. The soil is modelled homogenously along its depth
and length and traffic load is spread evenly across the surface of the soil and is not considered in
the dynamic load. A number of different, albeit homogenous, soil conditions are investigated, as
well as the effect of boundary conditions, corresponding to continuous and segmented pipelines.
It is found that continuous pipelines behave better, and that sandy soils increase the stress in the
pipelines compared to clay under static loading conditions, however only to a level that may lead
to temporary serviceability issues. While no specific limit states are specified, under vertical
seismic loading, it is found that for continuous boundary conditions, acceptable stress levels are
obtained, while stress increases for segmented boundary conditions. A deeper analysis of the local effect of variation in soil type or built-environment is however needed.
Jeon [10] carried out incremental dynamic analyses (IDAs) to investigate the relative behaviour of buried pipelines designed to Korean and US guidelines under vertical seismic excitation.
A two-dimensional model along the length of the pipeline is created, with the soil considered
homogenous throughout. Maximum strains along the pipelines of up to 0.6% are observed. The
range of peak ground accelerations (pga) in the study is limited to up to 1.2g and no internal
pipeline pressure is assumed in the analysis.
2.2 Variations in vertical load conditions along pipelines
The effect of different vertical surface load conditions on buried high-pressure gas pipelines is
the topic of a finite element study by Brückner et al [11], who applied a modular approach to
look at traffic loading, water loading and railway crossings.
Manna and Duari [12] investigated the local effect of pipeline-road crossings in terms of cyclic traffic load and find that corrosion and damage is more likely underneath road-crossings.
Zhou et al [1] assessed the uneven static loading conditions on a buried pipeline using finite element analysis. The authors determined that local stress concentrations in the pipeline are observed when a gas pipeline crosses a high-filling road, which may affect its operational safety.
The effect of pipeline internal pressure, as well as pipeline wall-thickness are found to be significantly affecting local stress in pipeline elements under static vertical loading.
The combined effect of seismic and traffic loading has been studied by Kokavessis and Anagnostidis [2], which however focused on the soil-structure interaction in the case of soilliquefaction.
2.3 Variations in soil conditions along pipelines
Changes in soil properties along the length of a pipeline are still considered to be an underexamined issue of importance. Local site conditions can significantly influence the response of
soil to ground motions [3], [6]. A variation in soil properties may be a case of two horizontally
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adjacent soil strata of different stiffness, but also the case of a pipeline crossing a soft alluvial
valley [3].
In the case of pipelines crossing soil strata characterized by large temperature differences in
soil layers, such as discontinuous permafrost regions, a multitude of potential issues have been
studied in the literature, including uplift of the pipeline due to frozen soil around pipelines under
static loading conditions [13], but also the effect of thawed layers in frozen soil on soil liquefaction [14].
However, also the dynamic properties of frozen soil are significantly different, for instance,
the Young´s modulus of frozen soils can be magnitudes of 10s or 100s times larger than for the
same soil in unfrozen state [4]. As ground temperatures can increase with depth below the permafrost, its stiffness will hence also decrease with depth. Similarly, the shear wave velocities are
lower for unfrozen soil.
Wang et al [7] compiled wave velocities obtained from field tests along the Quinghai-Tibet
railway in China for different soil types (silty clay, mudstone, marl, fine sandy soil) under frozen
and unfrozen conditions. This zone is very seismically active and constitutes the largest area of
permafrost at high elevations in the world. The data from ten boreholes was then used to carry
out site response analyses and obtain ground motion acceleration spectra. Wave velocities are 1.2
- 1.6 times and 1.4 - 1.7 times larger in frozen soils for S-wave and P-waves, respectively.
Yang et al. [5] looked at another seismically active permafrost region, namely Alaska. Onedimensional equivalent linear analysis was carried out looking at the vertically propagating horizontal shear waves. The aim was to investigate the effect of permafrost on the seismic response
of bridges in Alaska, hence looking at the response at ground level in soils with and without
permafrost. Variations in permafrost depth, thickness as well as depth to bedrock were the main
parameters studied.
The parametric study showed that a soil profile with a permafrost table at -20 m and the bedrock table at -66 m produces the largest surface response spectrum. This particular soil profile
may produce a site response that is larger than anticipated by design codes. The authors hence
concluded that the seismic design of structures should consider the presence of continuous permafrost, as it influences the site response significantly.
Dadfar et al [6] investigated the effects of discontinuous permafrost on the seismic behaviour
of pipelines by modelling the 2D response of a pipeline that is crossing alternating regions of
frozen and unfrozen soil. The frozen and unfrozen free-field responses in the horizontal direction
of the soil are determined to be significantly different due to a large change in seismic shear
wave velocities. The results from the soil free-field response study is then used as input motion
along the length of the pipeline and compared to a uniform support excitation case. It is found
that considering regions of frozen soils leads to a large induced moment and plastic deformation
in the pipeline, which is not observed in the uniform case. Ovalisation is not found to be critical,
but the pipeline is instead found to yield in bending.
In discontinuous permafrost, frozen soil deposits can lead to a significant change in soil response. In particular, the stiffness of the soil and shear wave velocities are increased in the frozen
soil [15]. In a discontinuous permafrost zone, parts of the soil mass are frozen conditions while
others are not. This can lead to a stark contrast in soil response at their boundaries, in both lateral
and vertical directions, as frozen soils have different geotechnical properties and shear-wave velocities than unfrozen soils.
Dadfar et al [15] conducted a combined experimental and numerical study on the seismic site
response of alternate blocks of frozen and unfrozen soil. Free-field spectral accelerations were
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found to be larger for the frozen soil, but the increase is affected significantly by the spacing and
geometry of the frozen soil blocks.
3

METHODOLOGY

An intensive study of available literature on modelling the effect of transient seismic ground
motions on pipelines [3] found that the inertial soil-pipeline interaction is negligible and that the
fully dynamic problem of buried pipelines can be split into a dynamic soil analysis and a quasistatic analysis of the pipeline behaviour.
In the case of vertical loading with variation in soil properties in the soil model, ovalisation of
the pipeline cross-section, as well as bending failure of the pipeline are assumed the only potential failure mechanisms, the latter being less realistic due to the high ductility of steel pipelines
used for natural gas transportation [8]. Excessive ovalisation of the cross-section can lead to loss
of pipeline integrity or serviceability and is limited to 15% by most guidelines [6]. Buckling or
fracture of the pipeline are only observed under axial loading [3].
It is hence proposed to use a similar two step approach to modelling as proposed by Psyrras
and Sextos [3]. First, one-dimensional equivalent linear analysis on two different sets of soil strata, with and without permafrost layer at 40 m depth, is performed to obtain soil response spectra
at different depths of the soil. Initial results from the ground response analysis step are presented
in the next section, highlighting the effect of permafrost layers on the soil response at ground
level.
Next, the pipeline and surrounding soil are modelled in a three-dimensional finite element
model, with vertical displacement applied to the top of the soil, according to the obtained acceleration histories obtained from the ground response analysis. In this study, a parametric analysis
on the various parameters affecting the finite element modelling of the pipeline-surrounding soil
model is presented. The effects of different soil materials around the pipeline, different pipeline
diameter and thickness of the pipeline-wall, as well as geometric parameters of the surrounding
soil model, including mesh-size and depth of modelled soil stratum are assessed.
The results obtained in this study can then be used for future modelling of pipelines crossing
two different soil strata, by applying two different loading histories along the length of the pipeline, obtained from ground response analyses.
4

GROUND RESPONSE ANALYSIS WITH AND WITHOUT PERMAFROST

In this section, an initial response analysis of potential vertical soil strata with and without
permafrost layer is presented. Two soil profile are constructed for a site in Alaska [5], with the
mechanical properties of the different layers provided in Table 1 and Table 2.
A one-dimensional equivalent linear analysis is then performed in the DEEPSOIL software
[16], with two low velocity transition layers with thickness of 1.5 m assigned on the top and bottom of permafrost layer to account for the surface condition and the partially frozen layer between frozen and unfrozen soils.
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Layer name

Thickness
(m)
14.00
23.00
14.00
6.00

Unit
weight
(kN/m3)
20.00
20.00
20.00
20.40

Shear wave
velocity
(m/s)
200.00
300.00
400.00
450.00

Damping
ratio
(%)
0.48
0.48
0.48
0.50

Sandy Silt 1
Sandy Silt 2
Sandy Silt 3
Gravel
Weathered
Rock (Clay)

9.00

20.40

550.00

2.60

Table 1. Soil characteristics for the stratum without permafrost

Layer name

Thickness
(m)
10.00
20.00
10.00
11.00
6.00

Unit
weight
(kN/m3)
20.00
20.00
20.00
20.00
20.40

Shear wave
velocity
(m/s)
200.00
300.00
400.00
1500.00
450.00

Damping
ratio
(%)
0.48
0.48
0.48
2.20
0.50

Sandy Silt 1
Sandy Silt 2
Sandy Silt 3
Frozen Soil
Gravel
Weathered
Rock (Clay)

9.00

20.40

550.00

2.60

Table 2. Soil characteristics for the stratum without permafrost

A dynamic analysis was performed using twelve earthquake records (Chi Chi, Coyote, Imperial Valley, Kocaeli, Loma Gilroy, Loma Gilroy (2), Mammoth Lake, Nahanni, Northridge,
Northridge(2), Parkfield and Whittier Narrows). For details of the records, the reader is directed
to the documentation of DEEPSOIL[16].
A comparison of the two soil profiles is hence made based on this analysis. In a first stage, the
response of the soil at 5 m depth, i.e. in the first soil layer of sandy silt, is analysed. This corresponds to the buried depth of the pipeline assumed in the initial finite element analysis [9]. The
results are hence compared for strain, acceleration and displacement for this depth in the presence or absence of a layer of frozen soil below.
Looking at soil acceleration at 5 m depth for soil with and without permafrost layer below, respectively, an increase between 2.7% and 22.0% with a mean of 9.2% (standard deviation = 0.08)
is recorded over the twelve applied ground motions. This difference in soil acceleration at a
boundary between two soil profiles could lead to a highly localised difference in demand on a
buried pipeline. In Figure 1, an example of the effect of a permafrost layer at 40 m depth on the
acceleration time history in the top soil layer for the Parkfield ground motion record is displayed.
The figure highlights the effect on the peak acceleration in the top layer of soil due to the presence of permafrost.
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Figure 1. Acceleration - time history at 5m depth for both soil profiles for the Parkfield record

Strain (%)

Obtained maximum strain in the top layer of soil and recorded peak ground acceleration
for the soil strata are shown in Figure 2. It indicates that higher levels of strain are reached in
the soil without permafrost in the strata below. It would hence seem that the presence of permafrost attenuates the strain in the top layer of soil. A similar trend, albeit with more dispersion, can be seen for the maximum soil displacements, shown in Figure 3.

Figure 2. Strain in the first soil layer against pga for all records
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Figure 3. Maximum displacement in the first soil layer against pga for all records

depth (m)

To further investigate of the results, the maximum soil strain and displacement throughout
the depth of the two soil profiles is analysed. The results displayed in Figure 4 highlight that
in the frozen soil, due to the strong increase in stiffness, a very low maximum strain is obtained, compared to the unfrozen soil. This reduction in strain for the same ground motions is
then transferred to the layers, leading to the attenuation in soil strain observed at 5 m depth.

Figure 4. Maximum strain versus depth in the soil profile for all ground motions

For soil displacement, a similar observation can be made, with reduced values observed in
the permafrost layer and the layers above it (Figure 5). In both cases, below the frozen soil
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depth (m)

layer, the response of gravel and weathered bedrock are not affected by the presence of permafrost. In the top soil layer, i.e. where the pipeline is buried, a reduction of 21% in soil displacement and 31% in soil strain are observed on average for the profile including a layer of
permafrost.

Figure 5. Maximum displacement versus depth in the soil profile for all ground motions

Overall, the results from this initial soil response study are in line with previous studies
([15], [17]) and highlight the difference in behaviour between the two soil profiles under the
same earthquake loading. It is important to note, however, that the response is highly dependent on the selection of ground motions and that larger spectral acceleration will amplify this
difference.
5

PARAMETRIC FINITE ELEMENT ANALYSIS

In the literature, finite element studies on the seismic behaviour of buried pipelines that assess the relative influence of modelling parameters are rare. Lee [9] undertook a parametric
study concentrating on the influence of buried depth, mesh size and pipeline length. In this
study, the influence of four model parameters (soil type, soil depth below pipeline, pipeline
diameter and mesh size) are assessed individually. These parameters are summarised in Table
3 and are described in more detail in the following section.

Soil Type

Soil depth
below pipeline, h’
(m)
Saturated sand / 10 - 30
Silty sand

Pipeline Mesh
diameter size
(m)
(m)
0.2 – 0.4 1 – 2 – 4

Table 3. Assessed parameters in the finite element model
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A finite element model of a buried pipeline is created in ABAQUS [18]. The pipeline has a
diameter of 0.4 m and a wall thickness of 10 mm for all models except for the parametric
study of pipeline diameter for which a smaller diameter of 0.2 m and thickness of 5 mm are
tested. For all models, this pipeline is buried at a depth of 5 m and has a length of 15 m. The
soil surrounding the pipeline is modelled with a width of 10 m and a length of 15 m. The
model dimensions are summarized and illustrated in Table 4 and Figure 6, respectively.

h
D
t

H
h’

L
W
Figure 6. Finite element model dimensions

Dimension
Length
Width
Total depth
Buried depth
Depth below
Pipeline diameter
Pipeline wall thickness

Symbol
L
W
H
h
h’
D
t

Value (m)
15
10
15.4 – 35.4
5
10 – 30
0.2 – 0.4
5 – 10 (mm)

Table 4. Model dimensions summary

The material properties of the pipeline are constant in all models and represent a ductile
steel pipeline. The elasto-plastic material properties [9] are shown in Table 5. To model the
pipeline, second order reduced integration shell element with eight nodes (S8R) are chosen.
The elements have a thickness corresponding to the pipeline wall thickness and a mesh size of
1 m for all models in the parametric study (Figure 7).
Mechanical property
Density (kg/m3)
Young’s modulus (GPa)
Poisson’s ratio
Shear modulus (GPa)
Yield strength (MPa)
Yield strain (%)

Symbol
ρ
E
ν
G
fy
εy

Value
7850
210.7
0.3
81.0
490
0.23

Table 5. Pipeline elasto-plastic material properties
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Figure 7. Pipeline finite element model and meshing.

The effect of two different soil types on the seismic performance of the pipeline is assessed.
As shown in Table 6, a flexible silty sand material [5], as well as a stiffer saturated sandy material [9] are defined. The materials aim to reflect the material in the top layer of the soil strata
defined in the ground response study, as well as a stiffer variant of it. The soil is considered as
elasto-plastic material with Mohr-Coulomb plastic properties and is modelled using threedimensional second order reduced integration brick elements with 20 nodes (C3D20R). The
material properties for the soil types are summarised in Table 6.
Type of property

Elastic

Mohr-Coulomb
Cohesion

Symbol

Mechanical property
Density (kg/m3)
Young’s modulus
(MPa)
Poisson’s ratio
Friction angle (°)
Dilation angle (°)
Cohesive strength
(kPa)

Silty sand

ρ

Saturated
sandy soil
2160

E

96.00

5.00

ν
φ
ψ

0.25
40.00
2.00

0.35
20.00
2.00

c

17.00

10.00

2160

Table 6. Soil properties in finite element model

The influence of soil depth below the pipeline is assessed in the parametric study for a constant mesh size (4 m), for a pipeline buried at 5 m in sandy silt, for one earthquake record.
The comparison is performed on two soil depths representative of values found in the literature. As shown in Figure 8, these correspond to 15 and 35 m total depth, for the shallow [9]
and deep [10] soil models, respectively.
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Shallow soil (15m total depth)

Deep soil (35 m total depth)

Figure 8. Model geometry with different soil depths

While the mesh size of the pipeline is kept constant at 1 m, a mesh size sensitivity study
for the soil surrounding it is conducted, testing the effect of mesh size varying from 1 m to 4
m. The mesh obtained for the three sizes, varying from fine to coarse, for the soil elements are
shown for the deeper soil model in Figure 9.

Fine mesh (1 m)

Medium coarse (2 m)

Coarse mesh (4 m)

Figure 9. Mesh sizes for sensitivity study

The boundary conditions for the model are shown in Figure 10. The base of the soil is fully
restrained, while roller supports are put on the side faces (Y-Z planes) of the soil model. The
ends (Y-X planes) of the pipeline are also modelled as rollers. The nodes at the interface between soil and pipeline are fully tied.
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Figure 10. Boundary conditions in finite element model.

For the parametric analysis, an IDA is performed scaling the six sample records for values
of pga up to 2.0 g. While this value of pga is large, it is consistent with other studies in the
field (e.g.: [19]). The reader is reminded that the purpose of this initial study is the investigation of modelling parameters´ influence, rather than a vulnerability assessment of pipelines.
The details of each analysis are reported within the sections focusing on the individual parameters. The seismic load is applied as body force in Abaqus [18]. Before applying the seismic
load, a realistic static load is applied in the first step of the analysis. This includes the gravity
load and an additional load due to traffic loading applied on the ground surface as a uniformly
distributed pressure of 1100 kPa. This corresponds to a total load of 165 000 kN applied on
the soil with dimensions of 10 by 15 m.
The seismic behaviour of the pipeline is then assessed by comparing the maximum absolute strain and stress in the longitudinal direction along the axis of the pipeline and the vertical
displacement in the pipeline elements at midspan at each step in the IDA.
6

RESULTS

6.1 Mesh sensitivity
As an initial assessment, sensitivity to the mesh size is analysed using the larger diameter
pipeline and saturated sandy soil properties. The deeper soil geometry is chosen as the difference in mesh size would be more pronounced for it. The pipeline material and pipeline element mesh size are kept constant. An IDA with pga intensities of 0.25 up to 2.0 g with a step
size of 0.25 g are ran and the differences in results for the three mesh sizes are compared.
In particular, mean differences in terms of longitudinal strain (Δε) and vertical displacement (Δδ) to the fine mesh for the coarser mesh sizes are reported in Table 7. The differences
to the fine meshed model in terms of strain are below 1.7% on average and around 1.0% in
terms of displacement.

Δε
Δδ

Medium mesh
1.68 %
1.04%

Coarse mesh
0.21%
1.09%

Table 7. Mesh size sensitivity in terms of strain and vertical displacement
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These minor differences in results combined with the reduced computational time for the
coarse mesh. On average, one step in the IDA for the coarse mesh size (ca. 1 h per run) is
about four times lower than the fine mesh (ca. 4 h). The heavily reduced computational cost
hence justifies the use of a 4 m mesh size.
6.2 Influence of pipeline diameter
As a parameter of pipeline geometry, the influence of the pipeline diameter is assessed.
Two different diameters (0.4 m and 0.2 m) with different wall thicknesses (10 mm and 5 mm,
respectively) are modelled. Note that for both geometries the diameter to thickness ratio (D/t)
is kept constant at 40. The ground motions selected for the IDA are scaled with pga intensities
ranging from 0.25 to 2.0 g with a step size of 0.25 g. For this comparison, the total soil depth
used is 15 m (shallow soil) and the soil material corresponds to the saturated sandy soil.
The results for the applied ground motion records and the average are plotted in Figure 11.
It can be observed that for the pipeline with larger diameter, the average longitudinal strain at
mid-span is up to 10.8% higher. The average strain values obtained reach 0.13 % for the small
diameter pipeline and 0.11% for the larger diameter. In both cases this is below the yield
strain of 0.23%.

Figure 11. pga against strain comparing the influence of pipeline geometry.

Figure 12. pga against total vertical displacement for two pipeline geometries.
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In terms of maximum vertical displacement, for both relatively low values up to -0.22 m
are obtained due to the stiffness of the soil (Figure 12). As it would be expected, the pipeline
properties do not influence the response of the soil, instead it is expected that the soil geometry and properties, assessed in the next section, are critical parameters.
6.3 Influence of soil depth
Another important point in terms of computational cost is the total model size. This can be
heavily reduced by reducing the depth of soil layers below the pipeline. In the literature for
similar pipeline dimensions, 10 m to 30 m of soil below the pipeline can be found. To test the
influence of this parameter, a constant mesh size of 4 m is selected. The silty soil material deposit of the site response analysis is chosen as soil material, as the influence of soil depth is
expected to be highest for softer soils.
In terms of vertical displacement, large displacements for the deep soil model are observed,
resulting from the significantly larger accumulated settlement under the imposed traffic load.
Removing this contribution, an average difference of 14.2% is obtained between the two
models, with the deeper soil presenting larger vertical displacements.
Looking at the maximum strain at mid span in Figure 13, on average there is a 20.2%
higher strain in the bottom elements of the pipeline for the shallow soil model. The maximum
values of strain obtained exceed the yield strain in the case of the shallow soil at 1.4 g of pga.
For analysing the seismic behaviour and fragility of buried pipelines, using the shallower soil
geometry seems hence appropriate as it gives more conservative results with higher strain,
while simultaneously requiring less computational time (50 mins compared to 90 mins on average).

Figure 13. pga against strain comparing the influence of soil depth

6.4 Effect of soil material properties
As the model with shallow soil is deemed most appropriate and coarse mesh size is
deemed appropriate for analysis, giving more conservative results and computational efficiency, the influence of material properties is also tested for the shallow geometry. The results for
the same pipeline buried in soft silty soil are compared to the saturated sandy soil model.
As shown in Figure 14, the difference in strain is pronounced, with the pipeline reaching
yield in the case of the soft silty sand only. The longitudinal strain is more than double the
value for the pipeline buried in silty sand compared to saturated sandy soil at the extreme val-
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ue of pga of 2.0 g. Strain is increased from maximum values of 0.12% to up to 0.27% in the
silty sand (+125%).

Figure 14. pga against strain comparing the influence of soil stiffness

This observation can be explained by the much larger vertical displacements observed for
the softer soil. Even when the settlement under gravity loading is excluded (Figure 15), the
vertical displacement is 81% lower for the saturated sand compared to soft silty sand.

Figure 15. pga vs vertical displacement without gravity load contribution for the comparison of soil types.

Overall it can be concluded that the case of softer soils leads to higher values of strain. The
sandy silt material deposit studied in the ground response study hence constitutes an important case study.
6.5 IDA of a pipeline buried in a layer of silty sand
After assessing the influence of different parameters on the behaviour of the model, an incremental dynamic analysis with six records scaled to pga values of 0.25 to 2.0 g in steps of
0.25g is undertaken for a pipeline buried in the soft silty material. This constitutes a case
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study of a pipeline buried in a similar soil to the one at the location of ground response study.
The effect of underlying permafrost is however not yet considered in this study.
The material properties for silty sand in Table 6 are used for the IDA. The model soil geometry is chosen to be of 15 m total depth (shallow soil), with 10 m of soil beneath pipeline
and 5 m buried depth, similar to the model geometry used by Lee [9]. Based on the mesh size
sensitivity analysis presented in the previous section, a 4 m mesh for the soil elements is
deemed appropriate.
As shown in Figure 16, values of strain up 0.3% are reached, with an average of 0.27% at
the highest pga of 2.0 g. On average, plastic strain is reached in the pipelines at a pga of 1.4 g.
Plastic behaviour is hence observed for the pipeline after this level of pga, as shown in Figure
17.

Figure 16. pga against strain for the case study pipeline buried in layer of silty sand

Figure 17. pga against strain for the case study pipeline buried in layer of silty sand

It is worth noting that the ground response study on the soil strata with and without underlying permafrost suggests a differential acceleration history along the length of the pipeline,
which is not investigated here. Larger values of strain at the interface of the two soil strata
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would be expected. In this case, which may lead to reaching yield at lower values of pga then
the ones reported here. This constitutes an important factor to be analysed in future studies.
7

CONCLUSIONS

This paper discussed the modelling parameters of influence for buried natural gas pipelines
crossing seismic regions with underlying irregular permafrost soil layers. An initial soil response study for a site in Alaska shows results in line with previous studies ([15], [17]). The
study highlights the difference in behaviour between two soil profiles, with and without underlying permafrost, under the same earthquake records applied. The soil acceleration at 5 m
depth is increased by up to 22%, resulting in a change in response of the buried pipeline. This
is particularly remarkable given the depth of the permafrost layer, still influencing the relatively shallow depth of the buried pipeline. These findings are however not general and are
highly dependent on the spectral accelerations of the selected ground motion at the natural
frequencies of the soil strata.
A parametric finite element study is then conducted to assess the influence of various
modelling parameters on the results of incremental dynamic analyses carried out on a model
of the buried pipeline and the surrounding soil layer.
It is found that parameters such as mesh size and soil geometry selected to render the
most computationally efficient models will render more conservative results. An increase in
soil element mesh size from 1 m to 4 m is only found to affect the results in terms of maximum strain in the pipeline by 1.7%. A larger depth of surrounding soil in the model has a
more pronounced effect, increasing the relative displacement in the pipeline soil layer by an
average of 14.7%. The increased strain in the pipeline for the smaller soil depth, however, justifies the conservative use of the more computationally efficient parameters. The results are
most influenced by the type of soil in which the pipeline is buried, as reduced stiffness of the
soil will enhance the strain in the pipeline, with maximum strain results for a softer silty sand
more than double of the ones obtained for a pipeline buried in a stiffer material.
The next steps of the study could hence bring interesting results when looking at the response of pipelines to vertically propagating waves at the boundary of two different soil profiles, such as the ones investigated in the ground response analysis. It is anticipated that the
different soil response along the length of the pipeline would lead to higher strains in the pipeline than anticipated when only assessing the pipeline for the two soil strata individually, as it
is usually done at the design stage.
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Abstract
In earthquake analyses, usually the input seismic acceleration is applied at the underlying
bedrock. Seismic displacement along a slip surface for given motion, depends on the dynamic
response of the soil profile above the bedrock, both above and below the slip surface. In addition, the seismic displacement is affected by the rotation of the sliding mass with displacement
towards a gentler configuration. Furthermore, the response of the soil profile is non-linear.
Ordinary finite element methods cannot be applied in the cases where the seismic displacement along slip surfaces is larger than a few meters and no reliable cost-effective method
simulating all the above effects was found in the bibliography. In the present work a new costeffective method predicting the seismic displacement of dry slopes along a slip surface with
constant shear resistance is proposed. For this purpose, state-of the-art equations modeling
(a) the coupled dynamic response of soils with slippage, (b) the non-linear soil response at
the dry soil medium and (c) the rotation of the sliding mass effect are combined in a unique
manner. The new method implemented in an excel worksheet and applied at both the linear
and non-linear cases.

Keywords: slopes, sliding-block model, dynamic response, seismic displacement, constitutive modeling, slip surface, coupled analyses, slopes.
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1

INTRODUCTION

Simplified models predicting the seismic displacement of slopes [1, 2, 3] are less accurate
than elaborate continuum numerical methods, but have the advantage of simplicity, which
makes them usable by practicing engineers. In addition they are well-suited for extensive parametric analyses, often-needed in geotechnical earthquake engineering as soil properties and
applied motions are often not known with certainty. Furthermore, they have the advantage
that they can predict displacement of tens of centimeters along slip surfaces in a cost-effective
numerically stable manner, something that ordinary finite element methods cannot achieve.
Thus, development of simplified models predicting the seismic displacement of slopes, such
as the one presented in this paper, is appropriate.
The "conventional" sliding-block model with a Mohr-Coulomb strength law [2] is the most
commonly used simplified model predicting the seismic displacement of slopes for given
earthquake motions [3]. As illustrated in Fig. 1a, a rigid block rests on an inclined plane. The
resistance along the block-inclined plane boundary follows the Mohr-Coulomb law. Critical
acceleration is the minimum horizontal acceleration which causes movement of the block.
Every time where the applied horizontal acceleration is larger than the critical acceleration,
the block slides. The total displacement is obtained by the addition of the partial slips. This
model is used for the prediction of permanent seismic movement of slopes along a predefined
slip surface, by appropriately selecting the equivalent critical and applied acceleration values
of the rigid block [2, 3].
The "conventional" sliding-block model simulates the basic mechanism of the generation
of seismic displacement along slip surfaces. However, it is not accurate in some cases, primarily because of (a) the dynamic response of the sliding mass and the soil profile below the sliding mass [4-7], (b) the degradation of the shear modulus along the soil profile with shear
strain [6], (c) changes of the geometry of the sliding mass towards a gentler inclination [8-15],
and (d) the loss of strength in the slip surface with permanent shear displacement [16,17].
Improvements have been proposed and applied in the conventional sliding-block model to
simulate the effects (a)-(d), described above. In particular, regarding effect (a) above, Lin and
Whitman [4] studied the dynamic response of both the sliding mass and the soil below using
a lumped-mass linear system. As illustrated in Fig. 1b, only shear deformations are considered
and the flexible parts of the actual system were represented by linear springs and dashpots. At
one elevation, there is a sliding element, with a rigid massless plate just above it. This sliding
element is rigid-plastic, and can slip in one direction only so as to simulate behavior of the
conventional sliding-block model described above. On the other hand, as illustrated in Fig 1c,
Rathje and Bray [5] used a generalized Single Degree of Freedom (SDOF) system with the
mass and stiffness distributed along the height of the system above a sliding element. The
analysis procedure proposed by Chopra and Zhang [18] who model the response of the sliding
mass by considering only the fundamental vibration mode is used with a mode shape appropriate for a horizontal soil deposit.
The above formulations (a) are linear. It is well-known that soil behaves linearly only at
very small shear strains, well below the typical shear strains exerted under severe earthquakes.
Non-linear response has been predicted by different models, ranging form non-linear elastic to
truly elasto-plastic. Elasto-plastic models which predict the response of soil at both small and
large shear strains which occur under failure under general stress conditions have recently
been proposed and validated [19, 20, 21]. Regarding effect (b) above, according to the definition of the problem, (i) the constitutive model must be in terms of shear stress, and not in
terms of the principal stresses and (ii) along the soil profile, and not at slip element, failure
does not occur and only the degradation of the shear modulus with shear strain must be mod-
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eled under the dry case. Papadimitriou et al [19] proposed and validated a model simulating
the pre-failure decrease of the shear modulus with shear strain.
The effect (c) above is the usual state in slides in the field, and is caused by the law of
physical equilibrium where masses move towards a more stable configuration. It has been
modeled in an approximate way by Stamatopoulos [8] using a chain sliding in different planes
(Fig 1d), by a multi-block model [10, 13, 15], as well as by other methods [9, 11, 12, 14]. It is
considerable when the seismic displacement larger than a few centimeters and when the slip
surface is smaller than about 50 meters [13]. The empirical expression proposed by [8] simulating the decrease in the critical acceleration in terms of the shear displacement along the
sliding mass was used in a previous dynamic sliding-block model by Jafarian and Lashgari
[7].
The effect (d) above is important when considerable post-failure strain softening exists
along slip surfaces, especially in saturated soils. It is beyond the present work to study it.
(a)

(b)

(c)

(d)

Figure 1: (a) A block sliding in an inclined plane (the “conventional” sliding-block model),
(b) the discrete dynamic system considered by Lin and Whitman [4], (c) the continuous dynamic system considered by Rathje and Bray [5] and (d) the sliding system considered by
Stamatopoulos [8] to simulate the effect of rotation of the sliding mass on the seismic displacement.
The purpose of the present work is to propose, derive and apply a cost-effective method
predicting the seismic displacement along slip surfaces with constant shear resistance of dry
slopes, by considering all the above effects (a)-(c) simultaneously. Regarding effect (a), only
shear waves propagating vertically are considered. In earthquake analyses, usually the input
seismic acceleration corresponds at the underlying bedrock. In addition, according to
Eurocode [22] in seismic analysis the soil profile until 30m depth is considered. Furthermore,
the slip surface usually is at a depth less than that of the bedrock, or the 30m depth limit of
suggested by Eurocode. For these reasons, the actual dynamic soil response both above, and
below the slip surface must be simulated. Thus, the applied formulation must be similar to
that of Lin and Whitman [4]. Yet, unlike their formulation, the state-of-the art method predict-
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ing the mass, stiffness and damping assuming the first node of a continuous mass system proposed by Rathje and Bray [5], described above, is used.
Regarding effect (b) above, an expression proposed by Papadimitriou et al [19] to simulate
the pre-failure decrease of the shear modulus with shear strain in the soil profile will be used.
The reason is that this relation has been validated against laboratory test results and requires a
minimum number of parameters.
Regarding effect (c) above, similarly to the dynamic method of Jafarian and Lashgari [7],
the empirical expression proposed by [8] is used to simulate the increase in the critical acceleration in terms of the shear displacement of the sliding mass. The reason is that this method
simulates directly and cost-effectively the effect of rotation of the sliding mass in dynamic
sliding-block analyses.
The paper first gives the proposed model predicting the non-linear sliding dynamic response of slopes. Following that, it discusses the proposed model and the constitutive equations associated with the model. Then, it describes the numerical implementation of the
proposed model and applies it in order to illustrate the manner that different parameters affect
the seismic displacement.
2

PROPOSED EQUATION SIMULATING THE NON-LINEAR SLIDING
DYNAMIC RESPONSE OF SLOPES

2.1 Simulation of sliding dynamic response
As shown in Fig. 2a, the present work models a slope with a slip surface as a continuous
dynamic system of height (h1+h2) separated by a horizontal slip element at height h2 above its
base. Only horizontal acceleration is applied at the base of the lower body and above and below the slip element different properties exist. Thus, the system is divided in two non-linear
elastic bodies. The index "1" is used for the upper body and the index "2" is used for the lower
body. The upper body and lower bodies have mass mi, tangent shear modulus Gt-i, viscous
material damping ratio λi, and density ρi where i takes the values 1 and 2 for bodies 1 and 2
respectively. The two bodies move a horizontal distance xi, velocity x'i and acceleration x''i,
where i takes the values 1 and 2 for bodies 1 and 2 respectively
(a)

(b)

Figure 2: (a) Continuous system dynamic system considered in the present work, (c) the
assumed discrete dynamic system approximation.
Fig. 2b gives the assumed equivalent discrete 2-body dynamic system with slip element
approximation of the continuous system of Fig. 2a. If no slippage at the slip surface occurs,
the equation of motion of the 2-body system of Fig 1b is:
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m1 x1  mef 1  a(t )  k1 (t )[ x1  x2 ]  c1 (t )[ x1  x2 ]

(1a)

m2 x2  mef  2  a(t )  k1 (t )[ x1  x2 ]  c1 (t )[ x1  x2 ]  c1 (t )[ x1  x2 ]  k2 (t ) x2  c2 (t ) x2

where

mi 

i  hi

(1b)

2
2    hi
mef i 

2
  mi  Gt i (t )
ki (t ) 
4  hi2  
ci (t ) 

  mi  i G (t )

hi
t i

where a(t) is the applied acceleration in the base of the system in terms of time t, k i(t) and
ci(t) are the viscous damping and spring stiffness coefficients of bodies 1 and 2, in terms of
time t, mi are the masses of bodies 1 and 2 and mi are the equivalent masses of bodies 1 and 2
where the inertia acceleration is applied.
The above system can be expressed in matrix form as

 c1 (t )   x '1 
 mef 1 
 c1 (t )
 c (t ) c (t )  c (t )  x '   a(t ) m 
1
2
 1
  2
 ef  2 
(2)
Also, non-linear elasticity and the geometry of Fig. 2b predicts that for any incremental
change in horizontal displacement of the two bodies (dx1, dx2) the corresponding incremental
change in shear stress at time t (dτ1, dτ2) at the two bodies equals
dx  dx2
(3a)
d 1  Gt 1 (t ) 1
h1
dx
(3b)
d 2  Gt2 (t ) 2
h2
Sliding at the slip element of Fig. 2b occurs when

m1 0   x' '1 
 0 m   x' ' 
2
2 


 ac (t ) 

mef 1
m1

=

 k1 (t )   x1 
 k1 (t )
 k (t ) k (t )  k (t )  x 
1
2
 1
  2

+

x1  a(t )  0

(4a)

where ac(t) is the horizontal acceleration for relative displacement of the slip element, in terms
of time. In particular, the effect of rotation of the sliding mass above the slip surface is simulated by increasing the critical acceleration of the slip element with the distance moved along
the slip element (u) as:
ac (t )  aco  11

u
L

(4b)
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where aco is the critical acceleration at u=0 and L is the slip length.
Sliding in only one direction is assumed and the governing equation of motion at the slip element is
m
u  ac (t )  ef 1 x1  a(t )  ac (t )  0.64 x1  a(t )
for u  0
(5)
m1
where u and u is the relative acceleration and velocity along the slip element.
During sliding, the two bodies move separately. The equations of motion for the upper and
lower masses become:
m1x1  c1 (t ) x1  k1 (t ) x1  mef 1[a(t )  u(t )]

(6)

m2 x2  c2 (t ) x2  k2 (t ) x2  mef  2a(t )  u(t )mef 1

(7)

Sliding stops when the relative velocity of the slip element (u') becomes zero. Then, again
equations (1) hold.
The above solution is, according to the terminology used by [4,5], is "coupled". On the other
hand, in the approximate "decoupled" case, separation of the two bodies is not simulated and
equations (6), (7) are not applied. Furthermore, for the rigid conventional sliding-block case,
the above equations do not hold: sliding occurs when
 ac (t )  a(t )  0

(8a)

and the governing equation of motion at the slip element is
u  ac (t )  a(t )

for

u  0

(8b)

It should be noted that in equations (7) the critical acceleration for relative motion is expressed in terms of ac(t), and thus the effect of rotation of the sliding mass above the slip surface is
simulated by equation (3b).
2.2 Constitutive modeling of the soil profile in the non-linear case
For the non-linear case, at the soil profile bodies i (i=1,2), the tangent shear modulus Gt-i is
estimated as:
G
(9a)
Gt  i (t )  o  i
Ti (t )
where

Goi  Vsi 

(9b)

1
  (t )     (t )
Ti (t )  1    1 
bi
 ai


(9c)

2
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where Go-i and Vsi are the shear modulus and shear wave velocity respectively at very
small shear strain, ai and bi are model parameters and τi(t) and το-i(t) is the shear stress and the
shear stress of the last stress reversal at time t of body i.
3

DISCUSSION OF THE PROPOSED EQUATIONS

Based on the discussion in section 1 above, equations (1b), (4a), (5) are identical to those
used by Rathje and Bray [5] and the form of equations (1a), (6) and (7) is similar to those
used by Lin and Whitman [4]. In addition, equation (4b) has been used by Jafarian and
Lashgari [7].
The constitutive model equations (9) predicting shear modulus degradation along of the
body above and below the slip element are similar to those proposed by Papadimitriou et al.
[19], but adjusted for the dry simpler case. The state-of-art work by Vucetic and Dobry [23],
indicates that the decrease of the shear modulus with the shear strain depends as a first approximation only on the Plastisity Index (PI) of the soil, as illustrated in Fig. 2a. In equations
(8), the model parameters ai specifies the Gs/Gmax ratio where the shear stress-degradation
response is fitted, and the model parameter bi fits the value of the actual response at ai. A typical value of ai for the problem considered is 0.5. Assuming ηa=0.5, for the simulation of Fig.
3a, βi must vary in terms of only Go and PI. Assuming that ρ=2Τ/m3, numerical simulations
illustrated that typical values for sands are 1, 0.1, 0.02 for Vs = 100, 250, 500 m/s.
(a)

(b)

1

Gs /Go

0.8

0.6

0.4

0.2

0
1.E-05

PI=0
PI=15
PI=30
PI=50
PI=100
1.E-04

1.E-03

1.E-02

γ

Figure 3: (a) State-of the art shear modulus degradation in terms of shear strain (γ) and
Plasticity Index (PI) [23]. (b) simulation for this degradation for the case studied in section
4.1.
4

NUMERICAL IMPLEMENTATION AND APPLICATION

4.1 Numerical implementation
Equations (1)-(6), (8) and (9) simulating the non-linear dynamic response of a 2-body system
with a slip element with constant strength were solved numerically using the Newmark method with its parameters β and γ taking the values of 0.25 and 0.50 respectively.
The linear case corresponds to a1=a2=1. For the linear case, input at the numerical
code is the seismic acceleration history, the critical acceleration aco and the variables hi, Vsi, ρi,
λi. Output includes the acceleration time history of the two bodies for the coupled and decoupled cases and the acceleration, velocity and displacement history along the slip element for
the coupled, decoupled and rigid cases.
For the non-linear dry case, additionally, the val-
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ues of the parameters ai and bi are needed. Additional output of the program in this case is (a)
the tangent shear moduli of bodies 1 and 2 versus time, (b) the shear stress-strain response of
the two bodies and the (c) the secant modulus degradation with shear strain of the two bodies.
Figures 4 and 3b give typical output results of the proposed method. The case of nonlinear sandy soil with h1=h2=15m, Vs1=200m/s, Vs2=300m/s, ρ1=ρ2=2t/m3, λ1=λ2=0.15, under
the Aegion 1995 earthquake input motion and slip surface with ac0=0.5m/s2 and, L=100m and
model parameters a1=α2=0.5, β1=β2=1 is presented.
(b)

6
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Figure 4: Typical results of the proposed method. The case of non-linear sandy soil with
h1=h2=15m, Vs1=200m/s, Vs2=300m/s, ρ1=ρ2=2t/m3, λ1=λ2=0.15, under the Aegion 1995
earthquake input motion and slip surface with ac0=0.5m/s2, L=100m and model parameters
a1=α2=0.5, β1=β2=1. (a) input acceleration history, (b),(c) acceleration histories of bodies 1
and 2, (d) seismic displacement along the slip surface versus time.
4.2 Example applications
Limited parametric analyses of the new model were performed to investigate critical factors
affecting the final seismic displacement along the slip surface (uf). In these analyses, the depth
of rock (h1+h2) was taken as 30m, because this is the maximum depth which affects the results according to Eurocode [22]. In addition, for the density value, which does not affect considerably the dynamic soil response, the typical value of ρ1=ρ2=2t/m3 was selected.
Furthermore, the damping λ1=λ2 was taken as 15%, similarly to analyses by [5, 7]. Regarding
the applied input motions, the Aegion 1995 earthquake input motion was used. Its characteristics are: Maximum acceleration (amax)=2.1(m/s2), Predominant Period=0.42s, Mean Period
(Tm)=0.62s, Magnitude (Ms)=6.1. It was selected because it is a typical European mediummagnitude motion.
In linear analyses, in order to define the proposed dynamic system, in addition to the
parameters specified in the above paragraph, aco, Vs1, Vs2, h1 (or h2) and L must be specified.
The critical acceleration aco was selected as 0.5m/s2, because it corresponds for a rigid system
to a seismic displacement of about 10cm, which is the tolerable displacement value for typical
structures. Regarding the slip length L, first the case L=1000m was selected, because it corresponds to a large landslide where the effect of the rotation of the sliding mass does not play an
important role. Then, the case of L=10m, because it corresponds to a landslide of very small
slip length where the effect of the rotation of the sliding is critical even when the seismic displacement is a few centimeters. Similarly to the previous works [5, 7], the seismic displace-
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ment is presented in terms of aco and the Ts1/Tm ratio, where Tm was defined above and Ts1
is the fundamental period of the upper body of the system which slides, which equals
TS1 

4h1
Vsi

(10)

Figs 5a-c present the results of elastic parametric dynamic analyses described above. In particular, in Fig 4a the case with Vs2=Vs1 and h2=15m is given. The rigid and decoupled case
solutions, as well as the case of L=10m are given for comparison. In Fig 5b the case with
Vs2=Vs1 and h2=1m, 15m, 25m is presented. In Fig 5c the case with Vs2=150, 300 or 500m/s
and h1=h2=15m is presented. Fig. 6 presents the seismic displacement in terms of aco for the
case of h2=15m, Vs1=Vs2=200m/s for L=1000m and L=10m for the Aegion 1995 earthquake.
Fig. 6 also presents the seismic displacement in terms of L for aco=0.1m/s2 for the Aegion
1995 earthquake. In Fig. 6, in all cases the decoupled and rigid cases are also given for comparison.
The cases above do not simulate the decrease of shear modulus with shear strain,
which is considerable, especially for sandy loose soils and high intensity input motions. Fig.
4d illustrates the effect of non-linearity of the soil profile on seismic displacement versus
Ts1/Tm for the case of Fig. 5d with h2=15m, Vs1=Vs2= 200m/s, ρ1=ρ2=2t/m3, λ1=λ2=0.15,
L=1000m, a1=α2=0.5, β1=β2=1.
5

DISCUSSION

5.1 Interpretation
First the results of the linear analyses of section 4 are considered and the following can be
observed:
(a) Regarding the response of uf versus Ts1/Tm, similarly to [5, 7]: (i) for Ts1/Tm=0, uf
corresponds to the seismic displacement of the rigid case, (ii) as Ts1/Tm increases, uf increases until a peak value is reached, (iii) as Ts1/Tm increases further, uf decreases until if becomes
zero and (iv), the coupled (and correct) solution gives uf values less than the decoupled solution for most Ts1/Tm values and, especially for Ts1/Tm values, near unity.
(b) Regarding the effect of the stiffness soil layer below the slip surface, which has not
been studied in detail by previous researchers, it changes significantly uf: For example Fig 5c
illustrates that for Vs1=Vs2 and Ts1/Tm=1, as h2 varies, uf changes from 0 to 0.20m and Fig
5b illustrates that for h1=h2=15m and Ts1/Tm=0.5, as Vs2 varies, uf changes from 0.15 to
0.25m.
(c) Regarding the response of uf versus aco, similarly to [3] uf decreases as aco increases,
approximately, in a logarithmic manner. The dynamic response plays an important role for
small seismic displacement and diminishes for very large seismic displacement (>1m).
Regarding the effect of rotation of the slip surface on uf, similarly to [8], it is considerable
for L values less than about 100m and uf values larger than about 0.1m.
Regarding the effects of non-linearity, Fig. 5d illustrates that the uf versus Ts1/Tm results
are shifted to the left. This can be interpreted by the fact that as shear strain increases, the
shear modulus decreases, and thus the effective Ts1/Tm increases.
5.2 Possible applications and improvements/extensions
The parametric analyses illustrated that the proposed method simulates all critical factors
affecting the seismic displacement of dry slopes, where the shear resistance along the slip surface does not change considerably with shear displacement. A typical case where this occurs
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is the case of dry loose sandy soils. It would be interest to validate the model predictions
against well-documented landslides on this type. Furthermore, the proposed method may be
extended for the cases of (a) saturated soil profiles and (b) saturated surfaces which lose a
considerable part their strength along the slip surface in terms of shear displacement, by implementing models predicting pore pressure build up (a) at the soil profile and (b) at the slip
surface at the proposed method.
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Figure 5: Results of dynamic parametric analyses The seismic displacement uf for the coupled case versus Ts1/Tm for the Aegion 1995 earthquake case with aco=0.5m/s2, h1+h2=30m,
ρ1=ρ2=2t/m3, λ1=λ2=0.15 for (a) elastic analyses if Vs2=Vs1 with h2=15m and L=1000m and
L=10m, (b) for elastic analyses if Vs2=Vs1, L=1000m, in terms of h2 and (c) for elastic analyses if h2=15m, in terms of Vs2, L=1000m. (d) the linear and non-linear soil profile with
a1=α2=0.5, β1=β2=1 in the case of Fig. b, with h2=15m. In (a) the rigid and decoupled cases
are also given for comparison.
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Figure 6: Results of dynamic parametric linear coupled, decoupled and rigid analyses. The
seismic displacement uf (a) in terms of aco for L=1000m and L=10m and (b) in terms of L for
aco=0.5m/s2.

4309

Loukas C. Katsenis, Constantine A. Stamatopoulos and Vassilis P. Panoskaltsis

6

CONCLUSIONS

 A new cost-effective method, given by equations (1)-(7) and (9), is proposed predicting the
seismic sliding movement of dry slopes along slip surfaces with resistance that does not
change considerably with shear displacement. The method models (a) the coupled dynamic
response of soils both above and below the slip surface, (b) the rotation of the sliding mass
effect and (c) the non-linear soil response at the soil medium, by combining previous work
in a unique manner.
 The new method was solved numerically and applied at both the linear and non-linear cases.
In the linear case the effects of the stiffness of the soil layer both above and below the slip
surface on the seismic displacement are illustrated and interpreted. The effect of the rotation of the sliding mass is also illustrated. In the non-linear case, the effect of the shear
modulus degradation in the soil profile was illustrated and interpreted.
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Abstract
Settlement is the vital issue for analysis of a tunnel in any conditions of soils such as sand,
clay etc. Many researches have been carried out to predict surface settlement above a tunnel
but some technique needs further research to be established. In this paper, analysis of EPBTBM (Earth Pressure Balanced Tunnel Boring Machine) tunnel has been considered along a
straight line through homogeneous sand layer which has been observed in the Chittagong
Coastal area, Bangladesh. Circular type tunnel is considered for analysis. Direct effect of
seismic fault has been neglected. Phased construction method has been incorporated to analyze this event. Important parameters for surface settlement of tunnel are tunnel depth, tunnel
diameter, tunnel construction technique, different relative densities of sand etc. In this paper,
the variation of tunnel depth and tunnel diameter has been considered and analyzed. Analysis
has been performed through finite element based software PLAXIS 3D. Surface settlement
along transverse and longitudinal to the tunnel axis has been predicted. Variation of depth
(distance between free surfaces to top surface of the tunnel), tunnel diameter and length
(phased excavation) have been considered to evaluate surface settlement for static and dynamic cases in sands.

Keywords: Settlement, PLAXIS 3D, Sand, EPB – TBM, Seismic, etc.
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1

INTRODUCTION

Developing of underground space, tunneling is the most important issue in civil engineering. Tunnel is being constructed to densely populated areas as well as for long transportation
infrastructures. Construction of tunnel induces ground movements which may affect existing
structures. Ground movement is related with damage rate of tunnel. Generally, damage rate of
tunnels are lower than surface structures under seismic loading. To prevent damages of tunnels, accurate assessment is necessary to predict tunneling-induced ground movements.
Ground movement above a tunnel in sand has been reported by Mair and Taylor (1997), Vorster et al. (2005), Marshall et al. (2012) etc. Tunneling effects on pipelines and buildings have
been investigated in sand by several authors (Klar et al., 2007, 2015; Farrell et al., 2014;
Giardina et al., 2015; Franza & Marshall, 2017; Ritter et al., 2017). Relative depth of tunnel
(An/Dn) and diameter of tunnel (Dn) are main factor to handle ground movement above a tunnel in sand with proper construction technique and relative density. The goal of this paper is
to predict ground movement above a tunnel in sand in Patenga, Chittagong, Bangladesh. In
this paper, circular type tunnel has been considered which moves along a straight line in sand
layer. Variable parameters in these paper are relative depth of tunnel, diameter of tunnel and
tunnel length with constant relative density and construction method (EPB – TBM). Numerically, ground settlements are observed with the variation of variable parameters under static
as well as seismic loading. Linear analysis has been performed to predict ground movement
above a tunnel. Finally, appropriate placement of tunnel in sand layer has been performed
through numerical analysis.

Figure 1: Under construction of tunnel at Potenga, Chittagong, Bangladesh

2

LOCAL GEOLOGY AND GEOTECHNICAL PARAMETERS
According to GSB (1990), the local geology consists of mainly beach and dune sand.
This sand contains light to whitish-grey sand which is medium to fine, well sorted, and
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subrounded; this also contains concretions, shell fragments, heavy minerals, and rare
clasts which include small mud-flat deposits. Unconformably overlies Late Tertiary formations. Several bore logs have been carried out at the project site. A typical bore log has
been presented in Figure 2. The soil profile mainly consists of softy silty clay up to a
depth of 3 to 5 m, which is underlain by fine sand.
B LOWS ON
S P OON P ER
6"
A O

DES C R IP TION OF
M ATER IALS

S TANDAR D P ENETR ATION R ES IS TANC E
(S P T)
B LOWS
P ER 0.30m / 1ft

6" 6" 6"
10

Light grey very soft silty
3.0
CLAY high plastic.

U-1
D-2

3.0

D-3

4.5

Grey very loose silty FINE
SAND trace mica.

D-5
D-6

10.5

Grey loose to medium dense
silty FINE SAND trace mica.

50

1 0 1 1
2 3 5 8
3 4 7 11
4 4 6 10
3 3 5 8
3 4 7 11

D-8

4 6 7 13

D-9
D-10

40

1 0 1 1
1.5

D-4

D-7

30

1 1 1 2

100 mm (4") 

D-1

20

15.0

5 8 12 20

Figure 2: Typical borehole log at Potenga, Chittagong, Bangladesh

3

MODIFIED EMPIRICAL AND ANALYTICAL FORMULAS

Underground space technology such as tunneling has become very popular and demanding.
In urban areas, people wants alternative mode of transportation for excellent facilities. Engineer must take note and gain high knowledge about tunneling technology. Protection needs of
surface structures as well as underground facilities from ground movements due to construction of tunneling as well as seismic shaking after construction exist.
3.1

Modified Empirical Formula of Vertical Settlement

Vertical ground settlement is the major important issue during tunneling as well as seismic
shaking and also long term behavior of tunnel. For practical purpose, important issue is the
maximum settlement due to tunneling. The authors have modified Mair’s (1993) maximum
ground settlement formula with the consideration of 0.5 percent uniform volume loss (Mair
and Taylor, 1997) for sand and 35 percent of K factor (Mair and Taylor, 1997) as shown below.

Where, D, H, z, V(z),max. are represented by inner diameter of tunnel (m), vertical distance (m)
from free surface to tunnel center line, any vertical distance (m) from free surface and maximum vertical settlement (m). For surface settlement, z is equal to zero.
3.2

Modified Empirical Formula of Lateral Settlement

Lateral ground settlement affects surface structures and underground facilities similar to
vertical settlement of ground. Maximum lateral settlement of ground has great role in professional field. O’Reilly and New (1981) gives an empirical formula to predict lateral surface
settlement. The authors have modified this formula with the consideration of Atkinson and
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Potts (1977) equation from the centrifuge tests for tunneling in dry sands which is shown below:

Maximum lateral ground settlement (m) and distance (m) from free surface to tunnel crown
are expressed as U(x),max. and A in equation (2).
3.3

Modified Empirical Formula of Longitudinal Settlement

Most of tunneling analysis (Franza et al., 2018, Pescara et al., 2011, Franza and Marshall
2015) has been carried out based on plain strain consideration which has not included longitudinal settlement profile of tunnel. A few researches have been expressed in longitudinal settlement above a tunnel based on field observations. Attewell and Woodman (1982) gives an
empirical relation to predict longitudinal ground settlement above a tunnel. Authors have
modified this relation as shown below:

Where U(y),max. is expressed as maximum longitudinal ground settlement (m) and unit length
consider along the longitudinal direction of tunnel due to plain strain consideration.
3.4

Modified Empirical Formula of Lateral Settlement Under Seismic Loading (USL)

A lot of seismic analysis has been performed for surface structures. A few data are available to express damage of tunnels after an earthquake before 1970’s. Pescara, (2011) gives an
empirical relation to predict lateral displacement above a tunnel under seismic shaking by using Eurocode 8. The authors have modified Pescara, (2011) formulae as shown below:

Where Δ(x),max., a1, g, S, C, k, Cd, f and Cs are represented as maximum lateral settlement (mm),
seismic coefficient such as 0.15 (Bangladesh National Building Code (BNBC) 2006), gravitational acceleration (9.81m/s2), soil factor (1.15) based on Eurocode 8 which equivalent to
BNBC 2006, factor of ground motion (0.9) (Power et.al 1996), ratio of peak ground velocity
to peak ground acceleration (142) (Power et.al 1996), total depth (27.5m) of upper layer and
tunnel layer, modified factor (10) based on present author modified analytical formulae and
apparent propagation velocity of S-wave: several authors [O’Rourke and Liu, 1999; Power et
al., 1996; Paolucci and Pitilakis, 2007] have suggested values between 1 and 5 km/s.
3.5

Modified Analytical Formula of Vertical Settlement

Verruijt and Booker (1996) have showed a closed form general solutions for the calculation of the vertical ground settlement under uniform radial ground loss. Authors have modified these formula for long term as well as seismic loading. Long term ground deformation
has been taken as 1mm based on observations by Rankin, (1988) and Loganathan et.al (1998).
Maximum ground settlement for long term and seismic loading has been expressed by equations (5) and (6) which have been provided below, respectively.
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Where, = z – H, = z + H, = , = , R = D/2, m = 1/(1 - 2υ), k = υ(1 – υ). υ is
the Poisson’s ratio of soil. Long term ground deformation due to ovalization is equal to zero
under seismic loading.
3.6

Modified Analytical Formula of Lateral Settlement

Verruijt and Booker (1996) have also showed a closed form general solutions for the calculation of the lateral ground settlement under uniform radial ground loss. Authors have also
modified these formula based on Hunt (2004) and Zhou (2014) considering lateral distance
from tunnel axis for long term and seismic loading which is shown below:

Where, equation (7) represents as the maximum lateral settlement for long term loading and
equation (8) represents as the maximum lateral settlement for seismic loading.
4

NUMERICAL ANALYSIS

Numerical analysis is necessary to evaluate behavior of underground structures under
seismic loading. Material properties have been determined from two types of tri-axial tests
such as consolidated drained and consolidated un-drained. Models have been created for analysis in software PLAXIS 3D based on the Potenga, Chittagong site conditions. Two types of
parameters are used in this model such as fixed and variable. Fixed parameters are soil volume, material properties of soil and tunnel lining, borehole location etc. Variable parameters
are tunnel length, diameter and relative depth. Mohr-Coulomb material model has been con-
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sidered for soil and linear elastic model consider for tunnel lining in long and short term behavior. Non-porous drainage type has been considered for lining segment. Bulk unit weight of
silty clay, fine sand and lining segments are 16.4 kN/m3, 18.6 kN/m3 and 24 kN/m3 for long
term behavior and for short term behavior these values are 17 kN/m3, 19.03 kN/m3. Saturated
unit weight of short and long term behavior of sands, clays are 20 kN/m3, 20 kN/m3, 19
kN/m3 and 18.90 kN/m3. Modulus of elasticity of clay, sand and lining segments are 14.4
MPa, 26.1 MPa and 28 GPa for long term behavior and 22.5 MPa, 40.8 MPa for short term
loading. Cohesion of clay has 30 kPa for both long as well as short term loading. Internal friction angle of sands and clays are 290, 230 for short term loading and 360, 230 for short term
behavior. Dilatancy angle of sand is 60 for long term behavior only. Poisson’s ratio of sands,
precast segment and clays are 0.25, 0.20 and 0.31 for both cases. Face pressure, grouting pressure and jacking force of tunnel are 90 kN/m2 with axial increment 14 kN/m2/m, 100 kN/m2
with axial increments of 20 kN/m2/m and 600 kN/m2. 0.5% uniform surface contraction has to
be taken with axial increment of 0.05%.
In seismic analysis, free field boundary conditions have been taken along lateral direction
because of seismic loading has to be applied in this direction. Software automatically considers other values which are necessary to analyze this model. Most of the earthquakes have a
frequency range such as 8 to 12 Hz. Material damping has been considered as 5%. Length of
Earth Pressure Balance Tunnel Boring Machine (EPB-TBM) considered is 12m. Maximum
number of steps and maximum number of iteration are 250 and 60 in analysis for long and
short term loading. Initial length of tunnel is 25m and tunnel advancement of 2m along its
own axis is considered. Three stage of advancement of tunnel have been considered for analysis. Variable diameters of tunnel are 10.5m, 10.8m and 11.0m. Depths from free surface to top
surface of tunnel are 4.5m, 5.5m, 6.5m, 7.5m, 8.5m. Thickness of pre-cast segment considered
is 0.5m. The finite element model is shown in Figure 3.

Figure 3: Finite element model based on Potenga soil conditions at Chittagong

4317

Mehedi Ansary and MF Haque

Figure 4: Seismic data at Potenga, Chittagong.

When model geometry, material properties and other relevant data are fully defined then
model has to be divided into finite elements in order to perform finite element calculations.
This type of composition of finite element method is called mesh. Fine mesh will be used to
obtain accurate numerical results. Half portion of the tunnel has been considered because of
symmetry. 10-node tetrahedrons soil element have been taken for analysis. Every phase consists of a particular loading or construction stage. Analysis phases are initial, plastic and seismic. In plastic phase of calculation, drained behavior has been taken and un-drained (A)
option has been taken for seismic loading. Seismic data has been input in the software based
on a real seismic event in Chittagong as shown in Figure 4. Plastic calculation is related with
the elastic-plastic deformation analysis. In a normal plastic calculation, the stiffness matrix is
based on the original un-deformed geometry. Loading can be defined in various sense during
plastic calculation mode such as changing the load combination, stress state, weight, strength
or stiffness of elements, activated by the changing the load and geometry configuration or
pore pressure distribution by means of staged construction. For meshing, the number of cores
is set to 256 for this model. Software performs seismic analysis after the completion of modeling and static analysis. Seismic analysis is the complex type of dynamic analysis which contains non-periodic loading history. The applied seismic load is the product of the input value
of the defined seismic load and corresponding seismic load multiplier. Activation of the seismic load or seismic prescribed displacement, free field boundary conditions can be defined
for a seismic analysis. Meshing of the model is presented in Figure 5. Meshing effect on model has been shown in Table 1.
Table 1: Meshing effect on model due to tunneling

Tunnel Length,
y1 (m)
27

Ratio, A1/D1
0.4286

Maximum total vertical settlement, Vzt in mm
Coarse
Medium
Fine
44.7
44.5
44.5
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Figure 5: Un-deformed fine meshing of the research model

Seismic loadings are imposed for a short time but its impact upon the structures or soil is
high. High frequency of seismic loading can easily pass through the small elements of these
model. Fine meshing which yields best analysis is applied under seismic loading.
5

RESULTS AND DISCUSSIONS

Maximum surface settlement in vertical, lateral and longitudinal directions above a tunnel
has been discussed here. Variation of surface acceleration in lateral direction is also presented.
Seismic loading has been applied in the model for five seconds in lateral direction. Some
terms used to express results are MEF-LTL (Modified Empirical Formulae Long Term Loading), MEF-SL (Modified Empirical Formulae Seismic Loading), MAF-LTL (Modified Analytical Formulae Long Term Loading), MAF-SL (Modified Analytical Formulae Seismic
Loading) etc. Following parameters are varied: diameter – 10.5m (D1), 10.8m (D2), 11.0m
(D3), length – 27m (y1), 29m (y2), 31m (y3) and relative depth – 4.5m (A1), 5.5m (A2), 6.5m
(A3), 7.5m (A4), 8.5m (A5).
5.1

Vertical Surface Settlement Above a Tunnel

Vertical surface settlement consists of stability of structures which stands on the ground
surface. Vertical surface settlement depends on the variation of relative depth, tunnel length
and tunnel diameter. These settlements are calculated based on previously mentioned equations and are shown in Figure 6. Three diameters represent almost similar results during seismic and long term loading based on modified formula. Results of modified analytical and
empirical formulae are very close for long term loading. Settlement gradually decreases with
the increase in relative depth based on author modified formulae. Minimum settlement is
30mm at A5/D1 location using MAF-SL formula.
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Figure 6: Vertical surface settlement for long term and seismic loading based on modified formulae.

Figure 7 and Figure 8 present the vertical surface settlement for long term and seismic loading
based on numerical analysis using PLAXIS 3D. Uplift has been observed for each loading
types, longitudinal length and diameter. Three construction stages of tunnel coincide at a point
A5 for long term loading which represents minimum settlement, apparently 7 mm at A5/D1
location. Third construction stage of tunnel fully represents uplift under seismic loading for
three diameters. Minimum settlement is nearly 2 mm at A5/D1 location under seismic loading.

Figure 7: Vertical surface settlement for long term loading based on finite element method.

Figure 8: Vertical surface settlement for seismic loading based on finite element method.

5.2

Lateral Surface Displacement Above a Tunnel

Lateral surface settlement consists of lateral stability of super structures under long term
(Figure 9) and under seismic (Figure 10) loading effect. Change of these settlements is made
based on variation of depth of tunnel crown, length of tunnel and diameter of tunnel. Modified
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and numerical methods have been used to calculate these settlements. At A5 location, lateral
settlement is nearly 9mm of diameter D1 for long term loading based on modified formulae in
Figure 9.

Figure 9: Lateral surface settlement for long term and seismic loading based on modified formulae.

At A5 location, lateral settlement is nearly 3mm of diameter D1 for long term loading based on
finite element method in Figure 10. According to Figure 11, uplift is observed during seismic
loading at A5 location which indicates the minimum value.

Figure 10: Lateral surface settlement for long term loading based on finite element method.

Figure 11: Lateral surface settlement for seismic loading based on finite element method.

5.3

Longitudinal Surface Displacement Above a Tunnel

Longitudinal ground movement along length of the tunnel can be seen in Figure 12. These
settlement profile also express that the effect of phased construction of tunnel. Minimum val-

4321

Mehedi Ansary and MF Haque

ue of settlement is 2.6mm due to extension at A5/D1 location based on author modified formulae as can be seen in Figure 12.

Figure 12: Longitudinal surface settlement for long term loading based on modified formulae.

Figures 13 and Figure 14 show negative value of settlement which indicates the contraction of
ground due to tunneling and positive settlement express that the extension of tunnel along its
length. Settlement gradually decreases with the increase of depth of tunnel crown for modified and numerical formulae. Minimum settlement is 3mm due to contraction at A5/D1 locations for long term loading based on numerical analysis. Longitudinal settlement is very low
during seismic analysis which is nearly 0.3mm at A5/D1 location. Figure 15 shows longitudinal surface settlement profile based on finite element method PLAXIS 3D.

Figure 13: Longitudinal surface settlement for long term loading based on finite element method.

Figure 14: Longitudinal surface settlement for seismic loading based on finite element method.
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(a) Upward settlement due to tunneling

(b) Downward settlement due to tunneling
Figure 15: Longitudinal surface settlement profile based on finite element method.

5.4

Surface Accelerations Above a Tunnel Under Seismic Loading (USL)

Ground movement above a tunnel has been produced by surface acceleration. Lateral
acceleration of tunnel is critical than other two directions. A lot of points are present on the
surface. One point (-3, 15.5, -0.1) has been used here to express surface acceleration. Surface
acceleration gradually decreases with the increase in depth of tunnel crown for diameter, D1
as shown in Figure 16. Line A5 shows the minimum acceleration for diameter, D1 at 0.25s.
The acceleration value is nearly 0.24 m/s2. The value of acceleration for diameter, D2 and D3
is higher than diameter, D1. Acceration values are -0.5 m/s2 for diameter D2 and nearly 0.8
m/s2 for diameter D3 at 0.25s.
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Figure 16: Lateral surface acceleration during seismic loading based on numerical analysis.

6

CONCLUSIONS

Movement of tunnel in homogeneous sand layer has been studied for ground structures in
Chittagong coastal area. Upward surface settlement occur because of soft upper clay layer.
Another reason of upward settlement is the shallow depth of tunnel placement. The results
obtained from author modified empirical and analytical formula apparently match well.
Surface settlement is more important than the total settlement for tunneling. Results of these
research deals with maximum value. Minimum values of maximum vertical surface
settlements are 7 mm for long term loading and 2 mm for seismic loading. Minimum values
of maximum lateral surface settlements are 3 mm for long term as well as seismic loading and
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9 mm for modified formulae. Similarly, minimum values of maximum longitudinal surface
settlements are 3 mm due to contraction for long term loading and 0.3 mm for seismic
loading. Settlement obtained from the author modified formula are greater or nearly equal to
the finite element methods. Minimum value of acceleration is 0.24 m/s2 under seismic
loading. In these research, value of seismic loading is lower than the long term loading
because of seismic source is located far away from the tunneling project. Two major
conclusions are:
(1) Author modified formula may be used for practical purpose for all types of
underground tunnel which passes through the sand layers.
(2) Suitable depth of the tunnel for this analysis is 8.5 m and suitable diameter is 10.5 m.
Future studies may be conducted such as replacement of homogeneous layer with the
heterogeneous layers, considering strong seismic loading, inclination of tunnel, two or more
tunnel, tunnel passes through the active seismic fault reason etc.
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Abstract
In earthquake analyses, usually the seismic displacement along slip surfaces is estimated by
the sliding-block model, where a rigid block rests on an inclined plane and every time that the
applied horizontal acceleration is larger than the critical horizontal acceleration value for
relative motion, the block slides. Different empirical expressions have been proposed predicting the seismic displacement of the sliding-block model, in terms of characteristics of the applied seismic motion and the critical horizontal acceleration for sliding. However, the seismic
displacement along a slip surface depends on the dynamic characteristics of the soil profile
both above and below the slip surface. Eurocode classifies the soil profiles into at least 4 distinct categories. The present work proposes empirical expressions relating the seismic displacement along slip surfaces in Greece, in terms of not only to characteristics of the
acceleration history and the critical horizontal acceleration for sliding, but also to the soil
type category according to Eurocode, as well as, the depth of the slip surface. For this purpose, extensive parametric analyses using a recently developed dynamic coupled numerical
code which predicts the seismic displacement along slip surfaces at some of depth of elastic
soil profiles. An extensive data base of seismic motions recorded in Greece is used and applied for typical soil profiles according to Eurocode with varying critical acceleration value
and slip surface depth. The results are analyzed statistically and related to the conventional
sliding-block permanent seismic displacement predictions.
Keywords: slopes, sliding-block model, dynamic response, seismic displacement, Greece,
empirical equations.
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1

INTRODUCTION

Damage of natural and man-made slopes usually occurs as a result of excessive movement
along slip surfaces. Engineers usually assess the seismic safety of slopes using the dynamic
factor of safety calculated along slip surfaces by comparing the applied forces to the soil
strength [1]. However, evaluations based on the dynamic factor of safety have the serious
drawback that they do not consider the seismic displacement, which is directly related to
damage [2].
The "conventional" sliding-block model [3] is the most commonly used simplified model
predicting the seismic displacement of slopes for given earthquake motions [4]. A rigid block
rests on an inclined plane. The resistance along the block-inclined plane boundary follows the
Mohr-Coulomb law. Critical acceleration is defined as the minimum horizontal acceleration
which causes movement of the block. Every time where the applied horizontal acceleration is
larger than the critical acceleration, the block slides. The total displacement is obtained by the
addition of the partial slips. It depends on the critical acceleration of the block and the applied
seismic motion. This model is used for the prediction of permanent seismic movement of
slopes along a predefined slip surface, by appropriately selecting the equivalent critical and
applied acceleration values of the "conventional" sliding-block model [2, 3, 4].
Different empirical expressions have been proposed predicting the seismic displacement of
the sliding-block model, in terms, primarily, of the ratio of the maximum acceleration of the
applied seismic motion divided by the critical horizontal acceleration for sliding [4-9]. Some
of these expressions use other than the maximum acceleration parameters of the seismic motion, such as the maximum velocity or the Arias Intensity, or parameters of the earthquake
that produced the seismic motion, such as its earthquake magnitude or its earthquake fault distance [5, 9]. In addition, region-specific empirical expressions have been proposed predicting
the seismic displacement of the sliding-block model, as different regions have different earthquake faults and geological profiles conditions, and thus potentially different applied seismic
motions characteristics. Region-specific empirical expressions predicting the seismic displacement with the "conventional" sliding-block model for seismic motions in Greece has
been proposed by [9].
The conventional sliding-block model described above assumes rigid motion and thus it
does not consider the dynamic response of the soil both above and below the slip surface,
which affects the seismic displacement along the slip surface. Based on results of simplified
dynamic models, expressions have been proposed predicting the seismic displacement along
the slip surface in terms of not only the critical acceleration for sliding and characteristics of
the applied seismic motion described above, but also characteristics affecting the dynamic response of the sliding mass such as its height and shear wave velocity [10-12]. However, the
seismic displacement along a slip surfaces depends not only on the dynamic characteristics of
the sliding mass, but also on the dynamic characteristics of the soil profile below [13, 14]. On
the other hand, recently, a new cost-effective method, is proposed predicting the seismic sliding movement of dry slopes in soil profiles along slip surfaces with resistance following the
Mohr-Coulomb law. The method models the coupled dynamic response of soils both above
and below the slip surface [13]. An advantage of this method is simplicity, which makes it
ideal in performing dynamic parametric analyses.
Depending on the geographical locations, National Codes specify the characteristics of the
design typical seismic motion, such as the maximum seismic acceleration [15]. This seismic
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motion typically corresponds at bedrock sites. Furthermore, Eurocode [1] classifies the soil
profiles into distinct categories, presumably exhibiting similar dynamic response. Based on
the above, it is of interest for practicing engineers, to relate the seismic displacement along
slip surfaces, not only to characteristics of the seismic motion and the critical horizontal acceleration for sliding, but also to the soil type category according to Eurocode, as well as, possibly, the depth of the slip surface.
The purpose of the present work is to propose empirical expressions relating the seismic
displacement along slip surfaces in Greece, in terms of not only characteristics of the acceleration history and the critical horizontal acceleration for sliding, but also to the soil type category according to Eurocode, as well as, the depth of the slip surface. In particular, it
proposes and validates equations correcting the predictions of the conventional sliding-block
model for typical seismic motions of Greece in terms of the soil profile type according to
Eurocode and the depth of the slip surface. For this purpose, the following are performed below: (a) ground profile types are described according to Eurocode, (b) a data base of seismic
motions in Greece is collected, (c) typical ground profile types according to Eurocode are selected and numerical analyses are performed using the recently developed numerical code by
[13], (d) based on the analyses performed and statistical analysis an empirical equation correcting the seismic displacement predictions of the sliding-block model based on the soil type
category according to Eurocode, as well as the depth of the slip surface is derived and validated, (e) the results are discussed and an example practical application of the proposed expression for the prediction of the seismic displacement of an actual slope in Greece is given.
2

GROUND TYPES ACCORDING TO EUROCODE

Eurocode [1] defines ground types A-E, as given in table 1, based on observations by the
earthquake engineering community that (a) only the first 30m depth of a soil profile play a
critical role in the dynamic response, (b) for given soil type, the only soil property that affects
the dynamic response is the shear wave velocity and (c) for similar dynamic response, a nonuniform soil profile with n layers may be simplified by an uniform one, with shear velocity
Vs30, defined as :
30m
Vs30 = n
(1)
hi

i 1 Vs i
where hi and Vsi is the thickness in m and elastic shear wave velocity of layer i of the n layers
of the soil profile.
Ground type
A
B

Description
Rock or other rock-like geological formation
Deposits of very dense or medium-dense sand, gravel
or stiff clay
C
Deep deposits of dense or medium-dense sand, gravel
or stiff clay
D
Deposits of loose-to-medium cohesionless soil or of
soft-to-firm cohesive soil
E
Soil profile consisting of a surface alluvium layer
with Vs values of type C or D and thickness varying
between 5-20m, underlain by type A soil
Table 1: Ground type according to Eurocode [1].
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3

DATA BASE OF SEISMIC MOTIONS IN GREECE

For the present work, real-time acceleration histories from the most significant recorded
seismic events that took place in Greece between 1970 and 2014 were used as a database. Data were obtained from the Internet Site for European Strong-Motion Data (www.isesd.hi.is/ ).
In addition, the seismic recording from the recent earthquake that occurred in Kefalonia on
03/02/2014 of size M≥6.10 [Argostoli, Lixuri, Chavriata], which were not included until recently in the European Strong-Motion Database (ESD) was used.
In particular, the
filtered acceleration time histories for the horizontal seismic component xx were obtained.
The criteria used to select the Database are the magnitude of the earthquake and the maximum
acceleration αmax≥0.04g.. A total of 50 seismic motions were selected in this manner. Table A1 of the Appendix presents the number of the seismic motion, its name, its station, its
date, and its magnitude (Mw). The time histories were analyzed with the seismosignal program [16] the to extract the spectral and temporal parameters. Table A2 of the Appendix presents for each seismic motion, its mean period, its predominant period, its peak acceleration
and velocity value (amax and Vmax), its Arias intensity and its Epicentral distance.
4

NUMERICAL ANALYSES PERFORMED AND TYPICAL RESULTS

The analyses were performed using the coupled sliding dynamic model and associated numerical code proposed by Katsenis et al [13]. The model, illustrated in Fig. 1, considers the 1dimensional dynamic response of a horizontal soil profile of depth (h1+h2) with a slip element
at depth h1. Different shear wave velocities (Vs1, Vs2), densities (ρ1, ρ2) and damping (λ1, λ2)
may exist above and below the slip element. The resistance along the slip element is defined
by the critical horizontal value at the initial configuration (aco), for which relative movement
in only one direction occurs. Thus, the horizontal slip element simulates the seismic displacement of the conventional sliding-block model. The model also simulates the rotation of
the slip surface with displacement by adjusting the critical acceleration value (ac) in terms of
the accumulated seismic displacement. For seismic displacement less than about 1m, this effect diminishes when the length of the slip surface is larger than about 1000m. An option also
exists where the model also simulates the non-linear shear stress-stain response of the soil
profile. The numerical code associated with the numerical model above predicts the final
seismic displacement along the slip element (uf). Furthermore the numerical code predicts the
corresponding seismic displacement for the given applied acceleration history and critical acceleration value that the conventional sliding-block model predicts (uf-rigid).
In the present application, the elastic soil profile option of the model [13] was used. In
addition a very long slip surface option (10000m) of the model [13] was used and thus aco=ac.
According to Eurocode ground types of table 1, the soil profiles of table 2 were selected. The
Vs1,Vs2 values correspond to the average ones of each soil profile of table 1, while the density
value does not affect considerably the dynamic soil response and the typical value of ρ=2t/m3
was selected. The damping was taken as λ1=λ2=15%, similarly to analyses by [5, 7, 13]. The
critical acceleration value ac was selected in such a way that computed final seismic displacement of the conventional sliding-block case (uf-sl) varies from about 0.05m to about 0.5m.
The reason is these are tolerable displacement values for typical structures.
At least five (5) ac values were selected for each seismic motion and Vs1,Vs2 soil profile. For all these cases of soil profiles and ac values, the 50 seismic motions described in section 2 above were applied and the seismic displacement (uf) was computed. For comparison
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reasons, the seismic displacement for a rigid block for the same applied motion and critical
acceleration value (uf-sb) was also estimated. Typical obtained result for seismic motions with
high and low amax values for the 4 seismic profiles considered are given in Fig. 2.
(a)

(b)

Fig. 1: (a) The dynamic system considered in the present work. The slip element simulates the response of the conventional sliding block model, given in (b).

Ground Vs (m/s)
h1
h1+h2
type
S-B
Vs1=Vs2=580
5,
30m
10,
S-C
Vs1=Vs2=270
20m
S-D
Vs1=Vs2=100
S-E
Vs1=200m/s, Vs2=1000m/s
Table 2: Soil profiles assumed in the analysis
5

ρ1=ρ2

λ1=λ2

aco

2t/m3

0.15

In such a way that computed final
seismic displacement along the
slip surface (uf) varied from a few
mm to tens of cm

EMPIRICAL EQUATION: FORM AND DERIVATION AND VALIDATION
PROCEDURE

As described in the introduction section, different empirical expressions have been proposed predicting the seismic displacement of the conventional sliding-block model (uf-rigid) in
terms of factors such as ac, amax, Arias intensity, earthquake magnitude etc. In addition, some
of these expressions are region-specific. As described above, as different regions have unique
earthquake faults and geological profiles characteristic conditions, they have seismic motions
of different characteristics and thus different empirical expressions predicting seismic displacement. Region-specific empirical expressions predicting (uf-rigid) in Greece has been proposed by [9].
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Fig. 2: Typical results for a seismic motion of high and low amax value. Seismic displacement
uf in terms of the critical acceleration value for soil profiles (a) S-B, (b) S-C, (c) S-D, (d) S-E
of table 2 for seismic motion (i) S3 and (b) S29 of table A1. The corresponding sliding-block
displacement (uf-rigid) is given in all cases.
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For this reason, in order, possibly to omit predicting the effect of factor such as ac, amax, Arias
intensity, earthquake magnitude etc on uf , we propose just to relate uf on uf- rigid, where uf- rigid ,is predicted with previously proposed equations and the uf incorporates, additional the dynamic effects of the soil profile both above and below the slip surface. More specifically, we
propose the following equation to predict uf.:
uf = R uf-rigid

(2)

Thus,
R= uf/ uf-rigid

(3)

It is of interest to establish the factors of the soil profile affecting the value of R based on the
numerical analyses performed. Fig. 3 gives the ratio R in terms of (uf-rigid) of soil profiles (a)
S-B, (b) S-C, (c) S-D, (d) S-E of the analyses of Fig. 2. Preliminary inspections of the obtained results illustrates that R increases or decreases as ac decreases, and at small ac value it
tends to 1. However, ac for the design seismic displacement value varies a lot for different
seismic motions. For example, according to Fig. 2, for the typical results for a seismic motion
of high and low amax value, ac varies between 0.1-0.9g and 0.002-0.05g This variation is eliminated if the factor R is related to uf-rigid. Fig. 3 presents the ratio R in terms of (uf-rigid) of soil
profiles (a) S-B, (b) S-C, (c) S-D, (d) S-E of table 2 for seismic motion (i) S3 and (b) S29. It
can be observed that: R increases or decreases as uf-sb increases, and at large uf-rigid value it
tends to 1. Furthermore, from Fig 3 we observe that the response depends considerably on the
soil type and the height of the depth of slip surface (h1): R takes a considerably less value for
soil profile S-D than the other soil profiles and as h1 increases, R generally decreases.
Based on the above we propose the following equation:
R= 1+ a1 (0.1/ uf-rigid)a2

(4)

where a1, a2 are model parameters. In particular, a1 gives the factor (R-1) at uf-rigid=0.1m and
a2 gives the manner that the factor R changes in terms of uf-sb
Furthermore, based on the observations described above, we propose to relate the parameters
a1, a2 of equation (4) with the soil profile type and h1. For this purpose, the following procedure was followed:
- (a) First, the data base was divided in two parts, one to determine the model parameters
(DB1), and the other to validate it (DB2). The data base DB1 is the odd number earthquakes
and DB2 is the even number of earthquakes.
- (b) The model parameters n1 and n2 fitting best the results of the numerical analyses are obtained for each numerical analysis case of the data base DB1. Thus, 14 values for each seismic motion, and 12*25=300 in total. The best-fitting is performed under the conditions that
the error has zero mean value and minimum standard deviation value. The error of the predictions is defined in the present work as
Er = 1- Predicted/Computed

(5)
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Fig. 3: Ratio R in terms of (uf-rigid) of soil profiles (a) S-B, (b) S-C, (c) S-D, (d) S-E of the
analyses of Fig. 2.
- (c) The obtained average parameters a1 and a2 for all earthquakes were statistically analyzed
in terms of soil profile and h1 value (12 cases) in order to derive the effect of soil profile and
h1 on them and propose the empirical expressions predicting R.
- (d) Once these empirical expressions were derived, the database DB2 described above was
used to validate the proposed equation. The Error was measured in all 12 cases of the 25 input
motions, thus in 12*25=300 cases in total and the mean and standard deviation of the error
was established. If the mean and standard deviation values are close to zero, the error is small.
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Furthermore, the obtained error for all earthquakes was obtained in terms of soil type and h1
(for 12 cases each time) in order to establish if the accuracy depends on soil type and h1.
6

EMPIRICAL EQUATION: PROPOSAL AND VALIDATION

Based on the procedure described in section 5, Fig. 4 gives the average factors (a) a1, (b) a2
in terms of h1 and the soil profile for the database DB1. It can be observed that, as a first approximation a1 depends on both the soil profile and h1, while a2 depends only on the soil
profile. More specifically, regarding the effect of h1 on a1, Fig 5 plots the average factor
{a1-a110m}, where a110m is the a1 value when h1=10m, versus {h1-10m} in terms of the soil
profile type. It can be observed that an approximately linear response is observed. Thus,
equation (4) can be adjusted as
R= 1+ [n1 - n2 (h1-10m)] (0.1/ uf-rigid )a2

(6)

where n1, n2, a2 are parameters which depend on soil type. Finally, Table 3 gives the factors
n1, n2, a2 according to Figs 4, 5.
Once the empirical equation (6) with the model parameters of table 3 was established
using the database DB1, its error in the predictions of this equation was established using
DB2. Considering all the data of DB2, the absolute value mean and standard deviation of the
error (equation 5) were estimated as 0.05 and 0.05 respectively. As these values are close to
zero, the error is small and acceptable. Furthermore, the obtained error for all earthquakes
was obtained in terms of soil type and h1 as given in table 4. It can be observed that accuracy
is less in soil profile S-D.

(a)

(b)
S-B

0.4
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0.1

a2

a1

0.2

0.6

0.0

0.4

-0.1

S-B
S-C
S-D
S-E

0.2

-0.2
-0.3
0

5

10

15

20

0.0

25

0

h1 (m)

5

10

15

20

25

h1 (m)

Fig. 4: The average factors (a) a1, (b) a2 in terms of the soil profile type and h1 for DB1.
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Fig. 5: The average factor a1-a110m versus (h1-10m) in terms of the soil profile type

Soil type

n1

n2

a2

S-B
S-C
S-D
S-E

0.19
0.26
-0.15
0.14

0.0093
0.0101
0.0111
0.0118

0.6
0.6
1.0
0.4

Table 3: Parameters of equation (6) in terms of soil type

Soil type
S-B
S-C
S-D
S-E

Mean Value (Absolute value)
h1=5m
h1=10m h1=5m
0.05
0.04
0.09
0.03

0.06
0.01
0.08
0.04

Standard Deviation
h1=5m
h1=10m h1=5m

0.01
0.06
0.05
0.03

0.07
0.04
0.12
0.02

0.05
0.03
0.07
0.02

0.03
0.03
0.06
0.02

Table 4: Statistical analysis of the error in the predictions of equation (6) with the parameters
of table 3 in terms of soil type and h1

7

DISCUSSION AND EXAMPLE APPLICATION

The present work proposes the empirical expressions (2) and (6) with the parameters of table 3 relating the seismic displacement along slip surfaces in Greece, in terms of (a) the conventional sliding-block predictions, (b) soil type category according to Eurocode and (c) the
depth of the slip surface. As an example application, we consider a site of soil category S-E
where the slip surface is at average depth 5m and geotechnical and seismic analysis for bedrock seismic motion characteristics of the site gave ac=0.02g, and design earthquake of magnitude Mw=7.0 at distance R=2km. Equation (13) by [9] predicts an Arias Intensity Ia=17m/s
and equation (21) by [9] predicts a corresponding maximum value of seismic displacement
with "conventional" sliding-block model uf-rigid=5.1cm. Application of the empirical expressions (6) with the parameters of table 4 would predict that when considering dynamic effects,
R=1.26 and the seismic displacement uf would increase to 6.4cm.
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The proposed empirical expressions (2) and (6) assume elastic response of the soil profile
and a slip surface with very large length. The proposed expression may be extended to include
(a) non-linear response of the soil profile and (b) the effect of the rotation of the slip surface
with shear displacement, which is considerable for slip surfaces of small length. Effect (a)
may be simulated using for example shear modulus degradation expressions proposed by [17]
and effect (b) may be simulated using for example the chain model proposed by [18] . In order to achieve this, numerical analyses of the method [13] should be used considering the
above effects. Furthermore, the empirical expressions may be extended for regions other than
Greece, by using data bases of seismic motions from these different regions.
8

CONCLUSIONS
 The present work proposes the empirical expressions (4) and (6) with the parameters of
table 3 relating the seismic displacement along slip surfaces in Greece, in terms of (a) the
conventional sliding-block predictions, (b) soil type category according to Eurocode and
(c) the depth of the slip surface.
 These equations were obtained by extensive parametric analyses using a recently developed dynamic coupled numerical code which predicts the seismic displacement of an
elastic soil profile along a slip surface at some depth. An extensive data base of seismic
motions recorded in Greece was applied below typical soil layers according to Eurocode
category type with slip surface at different depths and varying the resistance (as defined
by the critical acceleration value) in such a way that computed final seismic displacement of the conventional sliding-block case varies from about 0.05m to 0.5m. The
results were analyzed statistically.
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Appendix
Table A1. Earthquakes applied
No
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Name
Off Cephallonia
Off Cephallonia
Ionian
Pyrgos
Patras
Ano Liosia
Alkion
Kalamata
Ano Liosia
Alkion
Kalamata
Kozani (aftershock)
Off Cephallonia
Kefallinia (aftershock)
Kefallinia island
Ano Liosia
Kozani
Komilion
Aigion

Station
Chavriata Chv1
Lixouri Lxr1
Lefkada-OTE Building
Pyrgos-Agriculture Bank
Patra-San Dimitrios Church
Athens-Sepolia (Garage)
Korinthos-OTE Building
Kalamata-Prefecture
Athens 3 (Kallithea District)
Xilokastro-OTE Building
Kalamata-OTE Building
Karpero-Town Hall
Argostoli Arg2
Argostoli-OTE Building
Argostoli-OTE Building
Athens-Sepolia (Metro Station)
Kozani-Prefecture
Lefkada-OTE Building
Aigio-OTE Building

Year
03/02/14
03/02/14
04/11/73
26/03/93
14/07/93
07/09/99
24/02/81
13/09/86
07/09/99
24/02/81
13/09/86
19/05/95
03/02/14
23/03/83
23/01/92
07/09/99
13/05/95
25/02/94
17/05/90

M (Mw)
6,10
6,10
5,80
5,40
5,60
6,00
6,60
5,90
6,00
6,60
5,90
5,20
6,10
6,20
5,60
6,00
6,50
5,40
5,21

20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

Patras
Patras
Ierissos
Heraklio
Etolia
Kefallinia island
Kefallinia island
Kefallinia (aftershock)
Kozani (aftershock)
Kyllini
Kyllini
Ano Liosia
Volvi
Arnaia
Preveza
Mouzakaiika
Kozani (aftershock)
Komilion
Ano Liosia
Strofades
Alkion
Ano Liosia
Lefkada
Kalamata
Volvi
Pyrgos
Kalamata (aftershock)
Ierissos
Ano Liosia
Ierissos
Gulf of Corinth

Patra-National Bank
Patra-OTE Building
Ierissos-Police Station
Heraklio-Prefecture
Valsamata
Argostoli-OTE Building
Kefallinia
Kefallinia
Chromio-Community Building
Amaliada-OTE Building
Zakynthos-OTE Building
Athens 2 (Chalandri District)
Thessaloniki-City Hotel
Poligiros-Prefecture
Preveza-OTE Building
Lefkada-OTE Building
Chromio-Community Building
Lefkada-Hospital
Athens-Sygrou-Fix
Zakynthos-OTE Building
Korinthos-OTE Building
Athens 4 (Kipseli)
Lefkada-OTE Building
Koroni-Town Hall
Thessaloniki-City Hotel
Amaliada-OTE Building
Kyparrisia-Agr. Bank
Ouranoupolis
Athens-Syntagma
Poligiros-Prefecture
Nafpaktos- OTE Building

14/07/93
14/07/93
26/08/83
19/03/83
18/05/88
23/06/92
17/09/72
30/10/72
15/05/95
16/10/88
16/10/88
07/09/99
20/06/78
04/05/95
10/03/81
13/06/93
17/05/95
25/02/94
07/09/99
18/11/97
25/02/81
07/09/99
27/05/81
13/10/97
04/07/78
26/03/93
10/06/87
26/08/83
07/09/99
26/08/83
04/11/93

5,60
5,60
5,09
5,60
5,30
5,09
5,6
5,36
5,20
5,90
5,90
6,00
6,20
5,30
5,40
5,30
5,30
5,40
6,00
6,60
6,30
6,00
5,30
6,40
5,41
5,40
5,30
5,10
6,00
5,10
5,30
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Table A2. Characteristics of applied earthquakes
No
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

Mean Period

Predominant
Period

amax (m/s2)

Vmax (m/sec)

Arias intensity
(m/sec)

0,30729
0,82566
0,45012
0,246
0,24819
0,22257
0,4679
0,46054
0,26487
0,4544
0,43318
0,25146
0,13857
0,18438
0,21945
0,25703
0,21054
0,35851
0,2101
0,2754
0,2702
0,2295
0,1989
0,2261
0,2124
0,2016
0,242
0,1706
0,2968
0,3089
0,2522
0,329
0,1528
0,2328
0,2159
0,1945
0,3595
0,4444
0,3493
0,6177
0,294
0,2086
0,2677
0,2761
0,265
0,2177
0,1816
0,3574
0,1915
0,2863

0,16
0,9
0,34
0,08
0,08
0,16
0,34
0,3
0,08
0,22
0,22
0,14
0,06
0,1
0,12
0,16
0,16
0,18
0,14
0,2
0,14
0,12
0,16
0,22
0,18
0,12
0,18
0,08
0,18
0,34
0,08
0,20
0,10
0,20
0,16
0,16
0,32
0,12
0,18
0,18
0,3
0,16
0,12
0,2
0,1
0,1
0,16
0,14
0,08
0,12

7,3360
6,545
5,1459
1,4244
1,4992
2,7592
2,2566
2,108
2,6014
2,8382
2,3537
2,601
2,198
1,788
1,249
2,1698
2,0388
1,71620
1,14910
1,37730
1,13720
1,22820
0,75026
1,62380
1,71720
1,19270
0,61381
1,2951
0,7845
1,4789
1,0685
1,3095
1,4255
1,4019
0,4262
1,2897
1,2701
0,8329
1,1944
1,1714
1,1710
1,1703
1,1217
1,12480
1,1214
0,6611
0,8164
1,0872
1,0500
0,6532

0,3215
0,7677306
0,38516
0,06406
0,07922
0,21152
0,14617
0,27389
0,25544
0,1593
0,29092
0,10955
0,0488
0,09629
0,1062
0,16418
0,16501
0,09177
0,03693
0,11783
0,0423
0,09927
0,05918
0,06671
0,06517
0,07615
0,05185
0,06495
0,08526
0,07214
0,07901
0,07733
0,07613
0,06422
0,01477
0,05671
0,091
0,06277
0,08539
0,10388
0,08864
0,05143
0,07781
0,05836
0,16299
0,03294
0,03718
0,06552
0,07606
0,03156

2,76936
2,75813
0,89603
0,06707
0,11386
0,39398
0,42166
0,41461
0,22299
0,60747
0,38456
0,25406
0,15636
0,20986
0,07634
0,17729
0,19868
0,12485
0,02189
0,09903
0,09253
0,05427
0,0576
0,09257
0,09291
0,0717
0,01451
0,05646
0,04902
0,15926
0,05804
0,12136
0,0596
0,17736
0,00905
0,05639
0,12521
0,02688
0,20123
0,14958
0,06613
0,04701
0,12713
0,04483
0,04209
0,01229
0,02224
0,03649
0,021
0,03005
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Epicentral
distance
(km)
7,00
7,00
15,00
10,00
9,00
14,00
20,00
10,00
16,00
19,00
11,00
16,00
12,00
9,00
14,00
14,00
17,00
16,00
20,00
10,00
10,00
8,00
40,00
23,00
16,00
31,00
19,00
9,00
36,00
14,00
20,00
29,00
28,00
28,00
48,00
16,00
15,00
19,00
38,00
25,00
17,00
26,00
48,00
16,00
24,00
17,00
15,00
18,00
42,00
10,00
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Abstract
The dynamic response of composite structures under impact loading conditions is a complex
problem which is attracting substantial attention. The case of hailstone impacts introduces additional challenges. Hence, the main goal of this paper is to present recent work towards the
development of a computationally efficient impact model that combines a novel phenomenological viscoplastic contact law with a new time domain spectral shear plate finite element including nonlinear effects due to large displacements and rotations. The new viscoplastic contact
law, which provides the coupling between the hailstone impactor and the target composite
plate, is derived from analytical expressions and observations based on experiments and numerical results. The proposed model simulations are compared with a 3-D continuum explicit
FEA model and experimental results from high-velocity spherical hailstone impacts on woven
glass/epoxy composite plates, which are conducted in our impact facility. The results demonstrate the efficiency and accuracy of the proposed model.

Keywords: Composite Structures, Hailstone, High-velocity Impact, Time domain spectral elements, Contact Law
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1

INTRODUCTION

Composite materials technology is of fundamental importance to current and future aircraft
structures where high strength, high stiffness, and integration of multiple functionalities are
essential to improve weight, fuel efficiency, CO2 emissions and safety, and to reduce component complexity and manufacturing costs. However, an issue of particular concern is the vulnerability of composite structures to foreign object damage by small objects, such as hail and
tool drop, which may result in unpredictable complex localized damage and a loss of postimpact residual strength [1, 2]
The impact behavior of composite structures is even more complicated at high velocity impacts, which is generally more detrimental to the integrity of composite structures [3], thus
setting new challenges for constituent models, computational structural dynamic models and
experimental studies. One case of high-velocity impact, which is the driver for the present research, encompasses hailstone impact on composite wing leading edge structures with integrated deicing heating layers, which may create localized, visible or barely visible damage in
both composite and heating layers.
A major step in gaining an understanding of the impact problem is the accurate knowledge
of impact/contact force. The most typical approach employs detailed 3-D continuum finite element models for the composite structure and the impactor, which results in computationally
intense explicit time integration solutions. Though, hailstones are not common materials that
can be easily modelled by the use of commercial finite element software. Various FE models
that have been developed so far, which are based on material algorithms of Lagrangian FE,
ALE or SPH [4–6], have given significantly different predictions [7,8].
In order to address these difficulties, a number of lumped-parameters models have been proposed [9]. This approach employs simplified models for the target structure usually assuming
a single-layer laminate theory in the context of a global Ritz, or finite element discretization,
and treats the impactor as a concentrated mass with one degree of freedom. The interaction
between the impactor and target structure is based on a contact law in the form of force-indentation relationship [10].
The Hertz contact law, developed for perfectly elastic contact between compact bodies, was
one of the first models used for impacts at low velocities. However, this model is not adequate
for most impacts in practice, as some energy is dissipated due to plastic deformation, wave
propagation, and other effects. As an alternative, an elastoplastic contact law was proposed [11]
to account for energy losses due to local plastic deformation during impact. One drawback of
this model is the fact that it does not account for energy loss duo to wave propagation. To
encounter this problem, a number of contact models have been developed with the addition of
a damping element, in order to account for energy dissipation during impact [12]. The HuntCrossley model gained popularity in recent years and has been used in number of studies [13].
However, the contact parameters are difficult to determine and are usually adjusted on experimental results [14].
This present study moves a step forward and aims to cover a void between numerical, analytical and simplified impact models for hailstone impact in composite structures. This is accomplished by integrating a viscoplastic modified Hunt-Crossley model with well defined
parameters that are based on analytical solutions and physical observations, into a novel time
domain spectral finite element for the structural dynamics of composite plate structures. In the
following sections, the theoretical framework and governing equations of the developed impact
model is outlined. The contact law is formulated and its performance is validated with measured
data from impact tests on a rigid target [15], and subsequently simulated with 3-D solid explicit
finite element models [4].The development and basic features of a time domain spectral finite
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element (TDSFE) based on first order shear theory (FSDT) and geometric nonlinearities are
presented. The proposed contact law and the TDSFE are integrated in the framework of an
explicit time integration scheme, to provide the rapid impact simulation model. Numerical predictions of the model are presented and compared in terms of accuracy and computational speed,
with results obtained by explicit 3-D FEA analysis models for impact cases on glass/epoxy
plate, and also with experimental results from our impact facility.
2

VISCOPLASTIC CONTACT LAW FOR HAILSTONE

2.1 Ice Material Model
A 3-D continuum finite element model was constructed using the commercial code
Abaqus/Explicit to gain deeper and broader insight into the experiments and to establish the
capability to conduct virtual testing for various impactor’s diameters and velocities. The model
of the hailstone projectile and rigid target was built using a Lagrangian mesh. The ice was
modeled with solid, reduced integration elements (C3D8R) and the element size was 1 mm.
The material model, which was previously developed by Tippmann [4], incorporates a strain
rate dependent elastic-plastic yield strength with element failure based on a tensile hydrostatic
stress failure criterion (Table 1). The target was modeled as rigid (R3D4) and the contact between the target and the impactor was hard and frictionless (Figure 1).
Material Property

Value

Young’s modulus, E (GPa)
Poisson ratio, 
Density,  (kg/m3)
Tensile failure pressure (MPa)
Quasi-static yield strength, σyo (MPa)
Rate dependent yield strength

9.38
0.33
836
0.517
5.2
See Table 2

Table 1: Summary of ice material model properties

Stress ratio (y/y0)
1

Strain rate (s-1)
0

1.50

0.5

2.20

5

2.91

50

3.62

500

4.33

5000

5.04

50000

5.75

500000

5.96

1000000

Table 2: Strain rate dependent yield strength
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Figure 1: 3-D continuum FE model of hailstone and rigid target.

Simulations were conducted in Abaqus/Explicit and were compared to experimental tests of
simulated hail ice impacts on a force measurement bar apparatus for four different velocities
[15]. The simulated force-time history results during the ice impact event are in agreement with
the experimental data, as shown in Figure 2, ensuring the validity of the ice material model for
further virtual testing and physical observation.

(a)

(b)

(c)

(d)

Figure 2: Force-time history for ice-impactor with diameter 50.8 mm at various impact velocities (a) v = 60.6
m/s, (b) v = 107.3 m/s, (c) v = 144.1 m/s, (d) v = 190 m/s.
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In the following the Abaqus model simulations will be used as a calibrating virtual testing tool
to capture the impact behavior of ice at high velocities using a simple lumped-parameter viscoplastic model.
2.2 Contact Law
Equations of Motion:
The impact between a deformable sphere having an initial velocity vo with a flat rigid surface
can be modeled as shown in Figure 3.

Figure 3: Sketch of the proposed viscoplastic model.

The motion of the sphere is described by,

ma = − F

(1)

where m is the mass of the hailstone, a is the displacement of the hailstone and F is the impact
force to be obtained from a contact law given as,

F = K p a(1 +  a)

(2)

a(0) = 0, a(0) = a0 = v0

(3)

The initial conditions are described as,

Contact Stiffness (Κp):
In the above equation, Kp is the linear plastic contact stiffness determined by the properties
of the contacting sphere and is calculated as,

K p = 2 Rp0

(4)

where the mean contact pressure is denoted as p0 and the radius of the impactor as R. It has been
shown that the mean contact pressure remains approximately constant when there is substantial
damage (fully plastic flow) in the contact area [16], as shown in Figure 4.
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Figure 4: Contact pressure distribution.

The contact pressure is assumed to be equal with the tensile failure pressure of the ice, which
is the failure threshold that the deviatoric stresses are set to zero and only hydrostatic stresses
are allowed in the element. As shown in Figure 5, after impact, a constant pressure is applied
in the elements that have failed (0.517 MPa), ensuring the hypothesis that the mean contact
pressure remains approximately constant after failure. Using equation (4) the contact stiffness
is calculated as 82.51 kN/m.

Figure 5: Pressure distribution of hailstone impact on rigid surface after failure.

Dissipation Parameter and Coefficient of Restitution:
Substituting the contact force into the equation of motion, it is easy to show that the impact
problem is governed by the following differential equation given as,

ma + ( K p  a)a + K p a = 0

(5)

which is similar to the well known Hunt-Crossley model [12]. Since the contact stiffness Kp is
obtained from equation (4), the only parameter that needs to be determined in equation (5) is
the dissipation parameter . Traditionally, this has been done by matching the coefficient of
restitution (COR) resulting from this model to the one obtained from experiments. In this study
it will be accomplished by matching the COR obtained from Abaqus model simulations, which
were shown to correlate well with the available experimental data (Figure 2).
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The severity of impact can be assessed by the COR, as it expresses the energy loss in an
impact event. Newton’s definition for the COR is the easiest as it involves the ratio of the relative velocities of the impactor and the target after and before impact. It is simply given as:

COR = −

af
a0

(6)

Several expressions have been reported in the literature for the dissipation parameter and
COR. In the present study, the simplified expression of Garib et al [17] is used, which assumes
that at the end of the collision the contact force reduces to zero, but the final indentation velocity
is not zero and results in the expression,

=

1
CORa0

(7)

It is well known from experiments that the COR is fairly constant for high velocity impact
events in most materials (> 40 m/s). In the cases under study all the impact velocities are much
higher. Using the Abaqus simulation results for an impact velocity v = 60.6 m/s the COR is
estimated to be equal to 0.0078. Using equation (7) the dissipation parameter is obtained as  =
2.11 s/m. Thus, for the rest of the simulations at higher impact velocities, the dissipation parameter for each case is calculated from equation (7) using the same value of COR.
2.3 Time Domain Spectral Finite Element
Kinematic Assumptions:
The contact law described above was combined with a time domain spectral finite element
(TDSFE), which was formulated using first order shear plate theory kinematic assumptions,

u(x, y, z, t) = u 0 + z   x
v(x, y, z, t) = v0 + z   y

(8)

w(x, y, z, t) = w 0
where u0 and v0 denote the in-plane displacements, w0 the normal displacement, βx and βy the
in-plane rotations and z the thickness dimension of the plate.
Strain-displacement relation:
Composite structures under high-velocity impact loading exhibit geometrically nonlinear response. Therefore, the Green-Lagrange strains are assumed to have the following form:

1
2
1
 y = v, y + w,2y
2
 xy = (u, y + v, x ) + w, x w, y

 x = u, x + w,2x

 yz = (u, z + w, x )
 xz = (v, z + w, y )
z = 0
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Finite Element Formulation:
The generalized equations presented in previous section are used as a foundation for developing a multi node plate finite element with C¬0 Lagrange shape functions. Exploitation of
high order Lagrangian polynomial shape functions ensures the efficient spatial discretization in
the plane of the plate. The nodes of the proposed element are located at Gauss-Lobatto-Legendre (GLL) integration points provided as solutions of the equation (1 − i2 )  Pp, (i ) = 0 where

−1   ,  1 is the local coordinate of the element.

Figure 6 shows an 81-node plate time domain spectral element (TDSFE), where the integration points are collocated with the element’s nodes, as denoted earlier in the section. The generalized displacement degrees of freedom in the element, are approximated as,
U L ( x, y , t ) =

nodes

 N ( x, y)Uˆ (t )
i

i

(10)

i =1

where over hat indicates nodal variables, superscript i denotes the respective node, and N is the
in-plane shape function matrix.

Figure 6: Outline of the developed 81-node plate TDSFE.

Validation of the Proposed Impact Model:
The capabilities of the proposed contact law combined with the TDSFE were tested for the
impact case of a hailstone with diameter of 50.8 mm and velocity 60.6 m/s and the results
provide an excellent approximation for both force-time history and force-displacement curve,
as shown in Figure 7. As it will be demonstrated, below this case will be used as a calibration
for the rest of the impact cases under study with excellent results.

(a)

(b)

Figure 7: Validation of the proposed impact model for hailstone impact on rigid target with D = 50.8 mm and v =
60.6 m/s. (a) Force-time curve, (b) Force-displacement curve.
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2.4 Contact Law Evaluation for Various Velocities
The proposed impact model is evaluated for three higher impactor velocities with constant
COR = 0.0078 which was obtained based on the case shown in Figure 7. As mentioned above,
the dissipation parameter for each impactor velocity is calculated using equation (7). As it can
be seen in Figure 8, the proposed method captures the impact response of hailstone impact on
rigid target quite accurately, demonstrating the validity of the viscoplastic contact law.

(a)

(b)

(c)
Figure 8: Contact law evaluation for hailstone impact on rigid target with D = 50.8 mm, (a) v = 107.3 m/s, (b) v
= 144.1 m/s, (c) v = 190 m/s.

3

EXPERIMENTAL FACILITY

The laboratory is equipped with a functional Impact Test Bench (ITB), which mainly consists of three main parts: i) A pre-charged nitrogen gas gun. A sturdy gas gun (Figure 9) with a
10lit pressure vessel, 3m barrel and 60mm diameter bore is capable of launching any spherical
projectile up to 50mm diameter and up to 972km/h (velocity was tested & verified for a 25mm
diameter ice ball). The repeatability of impactor velocity and trajectory was thoroughly tested
and calibrated for each impactor case (for different masses and velocities), in order to achieve
accurate results which are further investigated by efficient micromechanical numerical models.
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Figure 9: Impact Gas Gun

ii) Measurement devices and supporting apparatus. A high precision digital pressure gauge
(Omega DPG1000DAR) for accurate measurements and repeatable impact velocities is located
on the vessel. The entire impact event is captured by a high speed camera (Photron SA4) with
typical 50k-100k fps capacity (Figure 10Figure 10a) and two chronographs (Chrony M-1)
measure both the launching and the penetration velocity at each impact case (b). The impacted
structure is monitored using SoA equipment. Strain gauge rosettes (LDT1-028K Piezosensors;
high voltage capacity and high strain rate) are used for monitoring target’s post-impact response.
Sensor signals are captured using NI PXI 6070E at 10k samples/sec. A custom-made LabVIEW
VI has also been developed to eliminate human error and ensure that all the apparatus is
properly triggered at each impact experiment.

(a)

(b)

Figure 10: Measurement devices and supporting apparatus. (a) High-speed camera. (b) Chronographs for measuring launching and penetration velocity.

iii) Non destructive testing apparatus. The lab has access to the Ultrapac II by Mistras Group
(Figure 11a), which provides reliable C scans and is used for assesing pre- and post-impact
condition of the impacted structures. The post-impact condition (i.e the size of the delaminated
area) is schematically validated by micromechanical models. For complex composite structures
such as sandwich panels and leading edges, an ultrasonic set-up of pitch-catch is conducted
using the Olympus BondMaster 1000e+ (Figure 11b). The bond condition beneath the two
probe tips (elements) will affect the characteristics of the acoustic energy that is transmitted
between the two tips, hence the device is used for the investigation of delaminations and
debondings.
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(a)

(b)

Figure 11: Non destructive testing apparatus. (a) Ultrapac II by Mistras Group. (b) Olympus Bondmaster.

The ITB was already employed by two Cleansky projects which were efficiently completed.
The gas gun has been already employed to perform an adequate number of experiments, using
both hailstone and steel projectiles of various diameters, per project requirements. As for the
impacted targets, flat plates, thick sandwich plates and leading edges were mounted and successfully tested.
4

HAILSTONE IMPACT ON WOVEN GLASS/EPOXY COMPOSITE PLATES

Initially, virtual impact experiments on a rigid target were performed for hailstone of diameter of 25 mm and various velocities in the range 60.6-190 m/s, as in Section 2, in order to
calculate the contact stiffness (40.6 kN/m) and the COR (0.007). After, a series of woven
glass/epoxy plates (8 – Harness Satin weave), with properties listed in Table 3, were fabricated
by a HexPly 1454/43%/664 with dimensions 300x300x1 mm3 and lamination [0/90]s. Autoclave processing was used to ensure efficiency and repeatability of the test method.

Material Property
E11 (GPa)
E22 (GPa)
E33 (GPa)
G13 = G23 (GPa)
G12 (GPa)
V12 = V23
V12
Density (kg/m3)
CPT (mm)
Vf (%)

Value
23.126
20.780
12.431
2.779
3.218
0.271
0.116
1792
0.25
41.5

Table 3: Mechanical Properties of Glass/Epoxy material.

The test plate was impacted by a hailstone of diameter of 25 mm and velocity of 165 m/s in
our impact facility. In parallel, this impact case was modeled in Abaqus/Explicit. The composite
plate was modeled with 3-D solid elements with reduced integration (C3D8R) and geometric
nonlinearity was considered to capture large displacements and rotations. To ensure an adequate
element size and number in the vicinity of contact region, an edge-biased technique was applied
with the element size varying from 2 mm to 5 mm away from impact region. The results look
very promising, ensuring the validity of the proposed impact model for hailstones of various
diameters and velocities (Figure 12). The effect of geometric nonlinearity is shown to be crucial
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for the accurate modelling of high-velocity impact on composite structures, as illustrated by the
exact predictions of impact force and target displacement.

(a)

(b)

Figure 12: Hailstone impact on woven glass/epoxy laminated plate. (a) Force-history, (b) Target displace

Therefore, screenshots obtained from the high-speed camera illustrate wave excitations
which were induced by hailstone impact. Qualitative comparisons of the developed impact
model took place and their wavelength was clearly captured (Figure 13). Last but not least, the
Abaqus 3-D model requires approximately 2.4 million DOFs, while the TDSFE requires approximately 26 thousands DOFs, accomplishing an over 98% reduction in the size of the required dynamic system.

Figure 13: Numerical correlation of screenshots of impact on the glass/epoxy plate [0/90]s 300x300x1mm with
25mm hailstone at 165m/s.
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5

CONCLUSIONS

A computationally efficient impact model has been presented, for the simulation of the hailstone impact response of composite laminates, combining a new visccoplastic contact law and
a time domain plate spectral finite element with explicit time integration and geometric nonlinearity. The numerical evaluations illustrated very good agreement with experimental and 3-D
solid element FEA results for hailstone impact on both rigid and deformable composite targets.
In all cases, the impact force and displacement time response were predicted with good accuracy, while the computational efficiency and speed was drastically improved. Finally, it should
be noted that the consideration of geometric nonlinearities contributed to the good predictions
of impact response.
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Abstract
Flow-like landslides are largely studied because they cause damage to the structures and loss
of life. In particular, debris avalanches propagate quickly along slopes for hundred meters.
This work deals with the dynamic impact of debris avalanches against civil structures. The
analyses are carried out through a numerical code implementing the Smoothed Particle Hydrodynamic (SPH) method that has reasonable computational time for the accurate evaluation of kinematical features of the debris avalanches such as heights, velocities and pore
water pressures during the propagation stage. The dynamic impact is evaluated for different
scenarios of landslides differently triggered inside the source areas. Distinct literature formulations are used to evaluate the impact pressure and its time variation. The numerical results
outline the ranges of potential impact pressures on civil structures the threated to be impacted
by a debris avalanche. A comparison is also made with critical values of impact pressures
recorded in a similar context, and it is outlined the potential damage from such impact scenarios for the existing structures.
Keywords: SPH, structures, landslide, dynamic impact, flow.

4356

Cuomo S., Moretti S., Petrosino S. and Aversa S.

1

INTRODUCTION

Flow-like landslides includes several natural phenomena which propagate along the slopes
(debris avalanches) or drainage line (debris flows). They are extremely rapid and travel for
hundreds of meters with increase of volume during the propagation stage [1]. The attention is
here focused on the debris avalanches defined by [2] as “very rapid to extremely rapid shallow flow of partially or fully saturated debris on a steep slope, without confinement in an established channel”. Several methods have been used to analyze the propagation of flow-like
landslides, e.g. Finite Element Method [3], Finite Difference Method [4], Material Point
Method [5]. The “GeoFlow SPH” model (SPH) is used in this paper as it is considered capable to provide a good compromise of accuracy and time efficiency [6-7]. The area of Cervinara (Southern Italy) is selected as case study inside the wider context of the pyroclastic soils
originated from the explosive eruptions of the Vesuvius volcano. The slopes facing the municipality of Cervinara are very steep, 35 degrees on average, and are covered by pyroclastic
deposits 2-3 m thick [8]. In December 1999 a number of shallow landslides were triggered
due to heavy rainfall and propagated as flows. Among these, a debris avalanche turned into a
channelized flow and caused 5 victims [9]. Other soil volumes could be potentially triggered
and the landslides could reach the piedmont area where several civil structures exist.
The paper proposes some preliminary numerical analyses to outline the ranges of velocity
(v) and height (h) of the debris avalanches potentially occurring at specific points of the study
area (Fig. 1). Then, the mean impact pressure (p) values are computed by using distinct formulations available in the literature.

Figure 1: Schematic of the mean impact pressure (p) of a flow characterized by a velocity (v) and a height (h).

2

METHODS

The “GeoFlow_SPH” model proposed by [6] is here used to simulate the propagation pattern of a number of selected debris avalanches. This model is a depth-integrated hydromechanical coupled model that schematizes the propagating mass into a mixture of solid skeleton and pore water. It is based on a set of partial differential equations such as: i) the balance
of mass of the mixture combined with the balance off the linear momentum of the pore water
pressure; ii) the balance of the linear momentum of the mixture; iii) the rheological equation
of the mixture; iv) the kinematical relations between velocity and deformation. The Smoothed
Particle Hydrodynamics (SPH) numerical technique is particularly useful to ensure appropriate accuracy and reasonable computational times. More details are provided in [6-10] and [7].
The input data of the model are: the Digital Terrain Model (DTM) where the potential debris
avalanches may propagate; the rheological features of the flows, here taken from [8]. Particularly, htrig is the soil thickness in the triggering area; tan φb is the base friction angle of the
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flow propagating over the ground surface; hwrel is the height of the water table relative to the
soil thickness in the triggering area; pwrel is the base pore water pressure divided by the soil
liquefaction value; cv is the soil consolidation coefficient; and Er is the bed entrainment coefficient regulating the increase of landslide volume. Two set of rheological properties are referred, as taken from successful back-analyses of real debris avalanches occurred at locations
not far from the study area, namely Monte Albino (“A” in Tab.1), and Monte Foresta (“F”
Tab. 1).
Several potential triggering volumes are considered to propagate over the DTM (Fig. 2b).
The peak impact force is calculated in correspondence of buildings (points B1, B2, B3, Fig.
2a) and streets (points S1, S2, Fig. 2a) starting from the height-velocity (h-v) pairs of the flow
and using literature formulations.
Table 1. Sets of rheological properties used in the numerical modelling.
Rheology
A
F

’
19°
22°

tan ’
0.34
0.40

B3

hwrel

pwrel

cv

Er

Reference

0.4
0.4

1.0
1.0

0.01
0.01

0.019
0.007

Cuomo et al. (2014)
Cuomo et al. (2016)

B2

S2

B1
S1

a)

b)

Figure 2: a) Cervinara study area (Italy) and b) Digital Terrain Model (DTM) used.

The pressure induced by lateral forces could be very dangerous for structures as showed by
[11]. Here, the pressure is considered applied on the structures as constant along the height as
a simplification of real distribution during a natural phenomenon (Fig. 1). [12] proposed two
formulations that depend on the impact mechanism: i) formation of a completely reflected
wave; ii) formation of a vertical bulge; the last formulation depends on both height and velocity and is here considered (Eq. 3 in Tab. 2). [13] carried out real scale tests and laboratory
tests to evaluate the impact pressure against rigid barriers and they evaluated the impact introducing an empirical coefficient k comprises between 1.5 and 5 (Eqs. 1 and 2, respectively in
Tab. 2). Finally, [14] evaluate the impact force as the sum of a static component (height dependent) and a dynamic component (velocity dependent), (Eq. 4). The peak values of pressure
versus height are compared with the maximum pressures applied to the structures as function
of reinforced; the maximum pressure applied to the structures are taken by [11]. In particular,
three reinforce level are considered taking into account a reinforced-concrete column: i)
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strongly-reinforced; ii) medium-reinforced; iii) low-reinforced. It is possible to calculate the
critical pressure that gives the ultimate bending moment inside the structures as function of
flow height.
Table 2. Empirical equations used for estimation of impact pressure of the debris avalanche against structtures.
Name

Equation

Eq. 1
Eq. 2
Eq. 3
Eq. 4

2

3

p= kmv
p= kmv2
p=(0.5gmh2+hv2m)/A
p=0.5Kpmgh+5v2m

Notes
k=1.5
k=5
=1
Kp=tan2(/4+/2)

References
Canelli et al. (2012)
Canelli et al. (2012)
Armanini et al. (2011)
Gioffrè et al. (2017))

RESULTS AND DISCUSSION

The flow deposition heights are showed in Fig. 3 for both rheology A (Case A20) and rheology F (Case F20). The debris avalanches reach the structures in both cases and they are
characterized by a maximum height equal to 1.5 m at the distal part of the flow deposit. The
debris avalanche results in greater deposition height for the rheology “A” than for rheology
“F” and the affected area is larger for the rheology “A” than rheology” F”.
In Fig. 4 the heights and velocities computed in the control points are showed versus time.
In correspondence of the structures (points B1 and B2) the flow deposits in both cases; while,
the flow does not deposit in correspondence of the streets and the structure at point B3 where
the flow height decreases until zero during the propagation stage.
The highest flow deposition height is equal to 6 m and is recorded for rheology A and in
correspondence of point B2. The velocities increase quickly until a peak and then decreases
down to zero in about 5 seconds. The maximum velocity is recorded in correspondence of the
control point B3 for both rheologies (A and F) with the peak value is respectively equal to 16
m/s and 12 m/s. In correspondence of the street, the maximum height is simulated for rheology A and is equal to 3 m while the velocity is the lowest among all the control points and is
equal to 1 m/s. The impact pressures are computed versus time considering different control
points and rheologies in correspondence of the buildings (Fig. 5).
a)

b)

Figure 3: Deposition height of debris avalanche for: a) rheology A; b) rheology F.
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Figure 4: Heights (h) and velocity (v) versus time for a) rheology A and b) rheology F.
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Figure 5: Maximum pressure (p) of the flow versus time in correspondence of the buildings
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rheology A (Case A20, Fig. 5a, c) and rheology F (Case F20, Fig. 5b, d).

The impact pressure increases until a peak value (with the peak time at about 20 s) and
then decreases. In general, the dynamic impulse of the pressure has duration less than 10 seconds in all the cases. The pressure decreases down to a constant value calculated through Eqs.
3-4, which are both dependent on height and velocity of the debris avalanche. The impact
pressures are comparable for the Case A20 and Case F20. In particular, the maximum peak
value is given by Eq. 4 and equal to 900 kPa and 2,000 kPa, respectively in correspondence of
the points B2 and B3 (Fig. 6a) for case A20 and equal to 1,000 kPa in correspondence of the
same point for case F20. The pressure calculated through the Eqs. 1 and 2 is comparable to
the pressure calculated from Eq. 4 considering the maximum value of empirical coefficient k
(equal to 5); at the same time, pressure computed through Eq. 1-2 are in agreement with the
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pressure calculated through Eq. 3 considering the minimum value of k (equal to 1.5). The control point B3 has the highest value of pressure independent of the equation used for computing the pressure impact.
The case A20 presents the highest values of impact pressure in correspondence of the control point B3 (equal to 2,000 kPa) while the maximum impact pressures are comparable between the two rheologies considering the control points B1 and B2.
3'000

3'000

3'000

2'000

1'000

p (kPa)

b) F20

p (kPa)

p (kPa)

a) A20

2'000
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Eq. 1
Eq. 2
Eq. 3
Eq. 4

1'000

1'000
0
B1

0

0
B1

B2

B3

B1

B2

B3

Figure 6: Peak pressure estimated in the different control points (B1, B2, and B3) for: a) flow rheology A; b)
flow rheology F.

In Fig. 7, the pressure calculated through literature formulae is showed as function of the
impact height and compared with the critical pressure of three levels of reinforced column
reported in [11]. It is not possible to identify a critical value of impact pressure, but it is possible to individuate the trend of pressure as function of the impact height. In the case A20 (Fig.
7a), the pressures caused by the debris avalanches are lower than the critical pressure of the
strongly-reinforced column for impact height less than 1 m; the medium-reinforced column
and low-reinforced column can resist to the impact for values of impact height less than 0.8 m.
The impact pressure increases when the impact height increase, then the structures should be
not enough resistant for impact height more than 1 m. The strongly-reinforced column resists
in correspondence of all control points considering the case F20 (Fig. 7b).
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Figure 7: Black lines indicate the critical pressure computed for differently reinforced structures as a function the
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4

CONCLUSION

The paper deals with the dynamic phenomena of debris avalanche against structures during
the propagation. Two different rheologies are taken into account and the area affected by different debris avalanches is studied; it is shown that the debris avalanches propagate until the
urban zone. Then, the pairs of height-velocity are computed in several control points in correspondence of either building (B points) or streets (S points). During the propagation, the flow
may produce two different scenarios: i) the height increases until a maximum value and then
decreases until a constant value (there is a deposition of material); ii) the height increases until
a maximum value and then decreases until a null value; while, the flow-velocities increases
until a peak value and then decreases until null value. The impact pressure exerted against the
structures is calculated considering distinct literature formulae and starting by the pairs
height-velocity previously computed. The pressure versus time increases until the peak value
and then decreases following two different trends: i) the flow impacted against the structures
and a part of it deposited; in this case the deposition of material exerted a force also after the
end of the propagation; ii) the flow propagate without deposition of material in the surrounding of the structure so that the force is null after the propagation of the flow. Finally, the range
of maximum pressure are showed for each control point to give some indications to designer
on the peak impact pressure due to an event such as a debris flow and take into account the
several precautions for the aim taking into account that the peak pressure will be applied for
several seconds.
A single critical value of flow pressure against the structure cannot be individuated because the critical pressure is dependent on the impact height. The pressures are plotted versus
impact height and compared with the pressure that gives the ultimate bending moment taken
by literature in relation to the impact height. The structures taken into account are able to resist to the debris avalanches for impact height less than 1 m in rheology A; while in rheology
F, the strongly reinforced column is able to resist in al control points.
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Abstract. One focus of modelling the movement of vehicle tyres on the road is the contact of the
tread with the road surface. The tread can consist of many blocks, that vary in form and length
and can exhibit a siped structure to improve the traction of the tyre on the road, especially for
winter tyres. The rotation of the tyre leads to periodical impacts of each tread block into the
road surface, which is often uneven. The road can have loose gravel on it or can be covered
with grit (icy roads). To simulate the dynamics of a tyre on a gravel road, we suppose to focus
on a single tyre tread block. This block gets into frictional contact with the surface, the granular
material and also with itself, when the block is siped and the individual lips touch each other.
In our model these contact configurations are formulated as linear complementarity problems.
The tyre tread is made of an elastomer material, which possesses viscoelastic behaviour.
With our approach we can simulate the dynamics of a tyre tread block concerning displacement
of the gravel, external and self-contact of the tread block’s lips. The simulation can help to
investigate contact phenomena of a rolling tread for different surfaces and materials.
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1

Introduction

Viscoelastic components like tyre tread blocks show elastic as well as viscous properties.
They have dissipative character and their deformations are time-dependent [6]. The material’s
properties vary in temperature and frequency. Many types of rheological models exist to describe viscoelastic behaviour. One of the most established ones are the standard linear solid
model and its extension, the generalized Maxwell-Wiechert-model [2, 13, 14]. These models
contain components of masses, springs and dashpots, whose parameters can be fitted by experimental measurements.
2

Approach

By extracting stiffness and mass matrices of a tyre tread block out of commercial FEM
software and combining them with rheological models for viscoelasticity we get a viscoelastic
system of the tread block. The gravel is modelled as an accumulation of single pebbles, that
have individual degrees of freedom. The combination of the viscoelastic tread block and the
gravel represents a multi-body system, see figure 1.

Figure 1: Multi-body system consisting of viscoelastic tread block and granular material
To lower the computational effort of solving the transient deformations of the viscoelastic system different model order reduction techniques can be applied. For our approach a reduction
based method, called Craig-Bampton model order reduction, is implemented. This method retains important degrees of freedom (master dof), that are connected to boundaries of the system,
where external forces or contact forces affect the structure [10]. The remaining slave dof are
reduced and replaced by modal dof.
The occasional contact of the tyre tread into the road has to be considered. This kind of contact
can be described by unilateral constraints. All constraints have to be fulfilled for every contact
configuration. A mathematical way to solve the equations of motion with unilateral constraints
simultaneously is the formulation as a linear complementarity problem (lcp) [8].
3

Mathematical description of viscoelastic multi-body system

The dynamical behaviour of a tyre tread block on gravel road is modelled as a multi-body
system consisting of a viscoelastic tyre tread and rigid gravel. The granular material is modelled
as rigid bodies as well as the road surface. The surface is modelled as rough and frictional.
Including the unilateral contact forces a multi-body system in general can be expressed by:
M q̈ + D q̇ + Kq = F ex + W N F N + W T F T .

4365

(1)

Arne Leenders, Stephanie Kahms and Matthias Wangenheim

The generalized holonomic degrees of freedom of the tread block and the gravel are contained
in the vector q, while M , D, K label the system’s structural matrices of mass, damping and
stiffness. The unilateral contact forces in normal and tangential direction F N , F T are projected
to the differential equations by the transformation matrices W N , W T . F ex represents the external forces acting onto the system.
For the viscoelastic standard linear solid model, see figure 2, the differential equations of second order yield without contact forces:
mq̈ + kq + d1 ẏ1 = Fex ,
d1 ẏ1 = k1 (q − y1 ) .

(2)
(3)

Figure 2: Standard linear solid model
The system of equations of motion can be solved numerically by schemes of time integration
or event-based schemes. Time integration can provide faster and more robust solutions than
event-based schemes and will be used in our approach [15, 1].
The combination of equations 2,3 would lead to a system of differential equations of third order.
Differential equations with orders greater than two need multi-step time integration schemes.
These methods use more than the last time step. Especially for contact situations with impacts
that occur suddenly, one-step solvers are recommended because prior time steps, that are not
affected by impacts, do not affect the results of the recent time step [4]. For this reason the time
derivative of equation 3 is replaced by a backward difference quotient:
y1,n+1 − y1,n
= Fex,n+1 ,
∆t
y1,n+1 − y1,n
d1
= k1 (qn+1 − y1,n+1 ) ,
∆t
d1
d1
mq̈n+1 + kqn+1 + k1
qn+1 −k1
y1,n = Fex,n+1 .
d1 + k1 ∆t
d1 + k1 ∆t
|
{z
}
|
{z
}
mq̈n+1 + kqn+1 + d1

(4)
(5)
(6)

Fhist

k1,ers

The term Fhist contains the historic restoring forces, that result from the viscoelastic material
formulation.
4

Time-stepping scheme

The multi-body system (gravel and tread block) is solved by the Newmark time integration
scheme [12]. This method is in particular used for dynamical problems. It contains two parameters β, γ, which control the numerical damping, stability and accuracy of the scheme. The
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time-stepping equations are defined as:



q̇ n+1 q̈ n+1 = q̇ n + (1 − γ) q̈ n + γ q̈ n+1 ∆t ,




1
− β q̈ n + β q̈ n+1 ∆t2 .
q n+1 q̈ n+1 = q n + q̇ n ∆t +
2

(7)
(8)

The Newmark parameters β, γ can be chosen in the range of 0 ≤ β ≤ 12 , 0 ≤ γ ≤ 1 [19]. The
2
stability of the integration scheme is guaranteed for γ ≥ 21 , β ≥ 41 γ + 12 [18]. The parameters control the stability and accuracy of the time integration and are chosen in the following as
γ = 12 , β = 14 , which is called the Newmark scheme of constant average acceleration [19].
5

Unilateral external and self-contact

The contacts among the different parts of the multi-body system occur occasionally. In case
of a contact unilateral constraints in the form of
0≤x⊥z≥0

(9)

have to be fulfilled simultaneously. A way to handle these constraints with the equations of
motion of the dynamical system is the formulation as a linear complementarity problem, the
combination of the equation system
Ax + b = z

(10)

and the constraint conditions 9. With this kind of contact reaction it is possible to consider
nonlinear mechanical effects like friction and impacts for multi-body contact situations with
external and self-contact.
The constraints of the unilateral contact has to be divided into normal and tangential contact,
see figure 3.

Figure 3: Complementarity conditions of normal and tangential unilateral contact
The normal contact constraint can be formulated by the complementarity condition
0 ≤ F̌ N ⊥ ṡN ≥ 0 ,

(11)

which means, that the relative velocity between both bodies ṡN will be zero, if the contact
normal force F N is greater than zero and vice versa [8]. Only one of both items can be greater
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than zero. By separating the tangential relative velocity ṡT into two nonnegative parts for each
half space by
(12)
ṡT = ṡ⊕
T − ṡT ,
one can find complementarity conditions for the tangential unilateral contact in the same way
with Coulomb’s friction law and the matrix of friction coefficients µ (ṡT ) [7]:
0 ≤ +F̌ T + µ (ṡT ) F̌ N ⊥ ṡ⊕
T ≥ 0,
0 ≤ −F̌ T + µ (ṡT ) F̌ N ⊥ ṡT ≥ 0 .

(13)

The complementarity conditions and the equations of motion are defined by equations 1, 6, 11
and 13. To set up the entire lcp for contact configurations like impacts, we need an impact law
and kinematic relations between the velocities q̇ and the gap functions ṡ. We use Newton’s
impact law
ṡN,e = −N ṡN,s , ṡT,e = −T ṡT,s
(14)
with the subscript ’e’ denoting the end of an impact and ’s’ denoting the start. Because of the
time integration the length of an impact is limited to the time step size. For the discretized form
of equations 14 the velocities for Newton’s impact law are the ones at the time step n + 1 (end
of impact) and time step n (start of impact).
The coefficients of restitution for the normal direction N and tangential direction T are chosen
as zero. This leads to an energy loss for every impact of mass into another but this energy
loss is small in contrast to the kinetic and deformation energy of the multi-body system [8,
16]. The advantage of coefficients of restitution being zero is the numerical solution of the
contact configuration which is physically compatible. Coefficients greater than zero could lead
to unrealistic ’flattering’ of the tyre tread block’s surface, which means that the masses in contact
would oscillate inside the contact region because the contact forces and restoring structural
forces of the tread block are accelerating the mass alternately.
The kinematic relations of the normal and tangential gap functions ṡN , ṡT yield:
T
ṡN = W T
N q̇ + ŵ N , ṡT = W T q̇ + ŵ T .

(15)

The items ŵN , ŵT are the kinematic excitations of the masses within the multi-body system,
e.g. due to cycloid movement of the tread block [8]. Using the equations of motion for the
multi-body system on velocity level leads to
Z te
(M q̈ − D q̇ − Kq − W N F N − W T F T ) dt = 0 ,
(16)
ts

M q̇ n+1 − q̇ n − D q̇∆t − Kq∆t − W N F̌ N − W T F̌ T = 0 ,
(17)
by integrating equation 1.
With the use of the definitions of the nonnegative impulses
⊕

F̌ T = +F̌ T + µ (ṡT ) F̌ N ,

(18)

F̌ T = −F̌ T + µ (ṡT ) F̌ N ,

(19)

and the summation of both equations
⊕

F̌ T = 2µ (ṡT ) F̌ N − F̌ T ,
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the entire complementarity conditions yield:
   
ṡN
F̌ N
⊕
⊕


0 ≤ ṡn+1 = ṡT ⊥ F̌ T  = F̌ ≥ 0 .
F̌ T
ṡT

(21)

Combining equation 6, written in matrix form to include all masses of the multi-body system
and containing the contact forces, with the Newmark equations 8 leads to:
M q̈ n+1 + Kq n+1 + K 1,ers q n+1 = F ex,n+1 + F hist,n + W N,n+1 F N,n+1 + W T,n+1 F T,n+1 ,
(22)


2
M + (K + K 1,ers ) βlcp ∆t q̈ n+1 = F ex,n+1 + F hist,n + W N,n+1 F N,n+1 + W T,n+1 F T,n+1
|
{z
}
M ers




1
2
− (K + K 1,ers ) q n + q̇ n ∆t +
− βlcp q̈ n ∆t ,
2
|
{z
}
|
{z
}
K ers
q n,ers

(23)
γlcp ) ∆tq̈ n +γlcp ∆tq̈ n+1 M −1
ers

q̇ n+1 = q̇ n + (1 −
|
{z

q̇ n,ers

h

F ex,n+1 . . .

}

i
+ F hist,n + W N,n+1 F N,n+1 + W T,n+1 F T,n+1 − K ers q n,ers .

(24)

This additional Newmark parameters βlcp , γlcp only exist for the lcp. These parameters control
the stability of the calculation. We choose βlcp = 0.5 and γlcp = 1 to stabilize the calculation by
introducing numerical damping. With the kinematic relations 15, the abbreviations 18-20 and
the identities F̌ N = F N ∆t , F̌ T = F T ∆t the final equation system yields:




T
−1
−1
T
 
 
γ
W
M
W
−
W
µ
M
W
0
(
ṡ
)
γ
W
lcp
N
T
T
T
lcp
ers
N
ers
N
ṡN
N



 F̌ ⊕


T
−1
T
−1

 ṡ⊕

...
=
F̌
T
T
γlcp W T M ers W N − W T µ (ṡT ) γlcp W T M ers W T I 
F̌ T
ṡT
2µ (ṡT )
−I
0
. (25)

 T

−1
W N q̇ n,ers + γlcp ∆tM ers F ex,n+1 + F hist,n − K ers q n,ers  + ŵN
−1
+ W T
+ ŵT 
T q̇ n,ers + γlcp ∆tM ers F ex,n+1 + F hist,n − K ers q n,ers
0
The most time-consuming task during the contact simulation is the contact detection because
of the different detection routines for external and self-contact. Especially the identification of
undercuts and beadings within the self-contact detection routine requires particular attention.
All contacts, which are found within one time step, are sorted in the following particular order:
Self-contacting masses (superscript ’self’) of the viscoelastic block are taken into account first,
then all contacts of the viscoelastic body (superscript ’visco’) with gravel or the road and last
all contacts among the solid bodies (superscript ’sb’) are considered:
 self
T
visco
sb
WT
N/T = W N/T W N/T W N/T
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The viscoelastic tyre tread block is forced kinematically onto a cycloid, that is typical for a
rolling movement of a tyre. The kinematic excitations of all masses of the viscoelastic body are
cycloids with individual radii for all mass points. The solid bodies are not excited. For each
contact pair the different material properties have to be considered. That means the coefficients
of restitution and the friction coefficients can be set differently for each body pair. The final lcp
21,25 then is solved by the pivoting Lemke algorithm [11].
6

Model order reduction

The computational effort of the contact detection and solving the lcp can be high, because the
contact configurations can change every time step and the amount of variables of the lcp varies.
To lower the computation time, the Craig-Bampton model order reduction is implemented [3].
This method reduces the number of physical dof by selected nodes, that are important to describe the system’s behaviour [9]. With an efficient choice of the dof the accuracy of the solution
remains high [5, 17]. Every single pebble is modelled as a rigid body that only contains two
translational and one rotational dof. Those dof can not be reduced. The tyre tread block is represented by a system of coupled nodes, that can be divided into surface nodes and inner nodes
inside the tread block. The surface nodes, see figure 4, are partly affected by boundaries or
contact to surrounding bodies.

Figure 4: Definition of master and slave nodes for applying Craig-Bampton model order reduction
The surface nodes are defined here as the master nodes, whose dof are retained. The CraigBampton-reduction is a combined static-modal reduction. The inner nodes, defined as the slave
nodes, are replaced by a selected number of modal dof of the inner system. Sorting the generalized holonomic coordinates, the vector q can be written as q = [q M q S ]T , where the subscripts
’M’ and ’S’ denote the master and slave coordinates. The equations of motion for the multibody system for the undamped case without contact then read as

  
  

M MM M MS q̈ M
K MM K MS q M
FM
+
=
.
(27)
M SM M SS
q̈ S
K SM K SS
qS
FS
The slave nodes are selected in a way, that they are not affected by external or contact forces.
Therefore the inner forces yield F S = 0, which leads to the dependency of the slave dof on the
master dof in the static case:
q s = −K −1
(28)
ss K sm q m .
The additional expression of the slave dof by the modal coordinates η requires solving the
eigenvalue problem of the inner system

K SS − ωj2 M SS φS,l = 0 ∀ l = 1, 2, . . . , nmax ,
(29)
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which leads to the nmax linear independent eigenvectors, of which only a lower amount of nlim
selected eigenvectors is used. The eigenvectors are summarized by the modal matrix


(30)
φS,1 , . . . , φS,nlim .
|
{z
}
ΦS,mod

The transformation of the coordinates of the unreduced system q = T CB q red into the reduced
vector q red = [q M η]T is done by the transformation matrix


I
0
.
(31)
T CB =
−K −1
SS K SM ΦS,mod
The model order reduction then reads for the multi-body system with contact:
T
T
T
T
T
TT
CB M T CB q̈ red +T CB DT CB q̇ red +T CB KT CB q red = T CB F ex +W N T CB F N +W T T CB F T .
(32)

7

Simulation of a tyre tread block on gravel road

The simulation of a tyre tread block on gravel road is performed for a cycloid movement of
the tread with a rotation speed of ω = 3 s−1 and a belt diameter of the tyre of di = 650 mm.
The gravel is represented by a accumulation of 80 balls with varying diameter and weight.
The time step size is chosen as ∆t = 1 · 10−5 s. The siped tread structure has the following
dimensions: length 20 mm and width 8 mm. The temporal evaluation of the cycloid movement
of the block is shown in figure 6. The surface masses of the viscoelastic block without contact
are represented by blue markers, the ones in contact by red markers. The figures show that most
of the gravel is displaced by the tread block. Some small stones are pressed on the road with
the result that the lips of the tread block bend. After t = 0.2 s the bending of the lips is high
enough that self-contact of the block occurs. One single pebble is clamped between two block
lips, when the tread moves upwards on the cycloid. The normalised contact forces, that are
acting on each lip, are shown in figure 5. Within the first duration of 0.15 s the block has not yet

Figure 5: Contact forces acting on each lip, that clamps the pebble (left) and deformation energy
of the viscoelastic tyre tread block (right)
come into contact with the gravel on the road. The contact forces rise, just as the block hits the
gravel and the block’s lips are bended by the clamped pebble, see figure 6 (e)-(f). The pebbles
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on the ground push the clamped one between the lips so the contact forces increase further
and then decrease towards constant values, when the tread block leaves the contact area on the
road. The pebble sticks between the lips and the contact forces oscillate because of further
impulses due to other pebbles. The normalised elastic deformation energy, see figure 5, is
greater than the oscillatory energy of the tread block. For this reason, the kinetic energy is left
out here. The elastic deformation energy shows an initial rise and decrease, which is caused
by the bending and rebound of the incoming block’s lip at the initial contact with the gravel.
The subsequent increase up to the maximum value occurs as the lips begin to bend due to the
sticking pebble. The self-contact of the lips contributes to the elastic deformation energy. After
leaving the contact area the energy decreases about a small value because of the viscoelastic
material properties.

(a) t = 0.094 s

(b) t = 0.12 s

(c) t = 0.16 s

(d) t = 0.17 s
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(e) t = 0.18 s

(f) t = 0.19 s

(g) t = 0.2 s

(h) t = 0.3 s

Figure 6: Temporal evaluation of the tyre tread block on gravel road: surface masses (blue),
contact masses (red)
8

Conclusions

In this paper the frictional and impulsive multi-body contact of a viscoelastic tyre tread block
on granular road is simulated. The unilateral contact configurations of the multi-body system,
consisting of block and granular material, are considered by complementarity conditions. To
lower the computational effort, the Craig-Bampton model order reduction is applied.
With our simulation it is possible to consider the transient deformations of a tyre tread block
and the displacements of granular material for a cycloid movement of the block into the road.
Both the displacement of the gravel by the moving tread block and the sticking of single pebbles
between the block’s lips can be simulated. Even self-contact of the lips can be shown.
REFERENCES
[1]

ACARY, Vincent ; B ROGLIATO, Bernard: Lecture notes in applied and computational
mechanics. Bd. 35: Numerical Methods for Nonsmooth Dynamical Systems: Applications
in Mechanics and Electronics. Berlin, Heidelberg : Springer-Verlag Berlin Heidelberg,
2008. http://dx.doi.org/10.1007/978-3-540-75392-6. http://dx.
doi.org/10.1007/978-3-540-75392-6. – ISBN 978–3–540–75391–9

4373

Arne Leenders, Stephanie Kahms and Matthias Wangenheim

[2]

A SSIE, A. E. ; E LTAHER, M. A. ; M AHMOUD, F. F.: Modeling of viscoelastic
contact-impact problems. In: Applied Mathematical Modelling 34 (2010), Nr. 9, S.
2336–2352. http://dx.doi.org/10.1016/j.apm.2009.11.001. – DOI
10.1016/j.apm.2009.11.001. – ISSN 0307904X

[3]

BAMPTON, Mervyn C. C. ; C RAIG, Roy R.: Coupling of substructures for dynamic
analyses. In: AIAA Journal 6 (1968), Nr. 7, S. 1313–1319. http://dx.doi.org/
10.2514/3.4741. – DOI 10.2514/3.4741. – ISSN 0001–1452

[4]

B ROGLIATO, Bernard: Lecture Notes in Physics. Bd. 551: Impacts in Mechanical Systems: Analysis and Modelling. Berlin and Heidelberg : Springer, 2000. http://
dx.doi.org/10.1007/3-540-45501-9. http://dx.doi.org/10.1007/
3-540-45501-9. – ISBN 3–540–67523–X

[5]

C RAIG, Roy R. ; K URDILA, Andrew: Fundamentals of structural dynamics. 2. Auflage.
Hoboken and N.J : John Wiley & Sons Inc., 2006. – ISBN 978–0–471–43044–5

[6]
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Abstract. Snow avalanches are a significant natural hazard in many mountainous regions
throughout the world. Although long recognized that avalanche impact can easily destroy
buildings and other infrastructure, design codes rarely, if at all, consider dynamic magnification factors. The underlying problem is that flowing snow at impact behaves both as a solid
and as a fluid. The combination of solid and fluid behaviour makes it difficult to characterize
the avalanche impact loading. The solid behaviour of flowing snow leads to pile-up regions of
highly compacted snow in front of the structure. This dead-zone often adopts the form of a prismatic wedge with two distinct shear planes. The wedge serves to deflect avalanche snow around
the impacted object. Because avalanche snow likewise exhibits fluid behaviour, the deflected
snow can easily bypass the structure without stopping. In this paper we model the compaction,
pile-up and deflection of avalanche snow around walls, pylons and trees. The work energy theorem is used to model the forces assocated with the compaction process and therefore pile-up
phase. We show why the pile-up produces intensive, short duration loadings in the form of a
triangular impulse. We quantify the duration time as a function of the pile-up geometry and
compactive properties of the flowing snow. This allows us to both quantify the impact duration
as well as select the appropriate form of the impulsive loading. If the eigenfrequency of the
structure is known, dynamic magnification factors can be calculated for avalanche impact on
a wide range of structure geometries, especially ski-lift masts, walls and power transmission
towers.
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1

INTRODUCTION

In mountain environments snow avalanches pose a considerable threat to the built infrastructure [1, 2, 3, 4]. Structural engineers require calculation methods to relate avalanche speed
to design loads in order to construct structures that can survive avalanche impact (Fig. 1). At
present snow engineering practice applies the generic formula
1
p = CD ρΦ VΦ2
2

(1)

to caluate the impact pressure p as a function of avalanche density ρΦ and velocity VΦ2 [5].
The pressure factor CD accounts for avalanches impacting thin (CD =1) and wide (CD =2) structures. A more general equation to calculate the impact force F (t) on a structure hit by a snow
avalanche is,
F (t) = F∆ (t) + FΥ (t) +

I

f (s, t) ds.

(2)

E

Figure 1: On March 8, 2017 a snow avalanche destroyed several chalets at the Swiss village of Salvan, Canton
Wallis. Impact pressures were higher than 30 kPa. The air-blast from the avalanche blew down several trees behind
the buildings. The building on the right was completely destroyed. The picture appeared in the Walliser Bote on
March 8, 2017.

This formula characterizes the three physical processes that must be considered at impact:
(1) the shock loading F∆ (t) caused by the solid, entirely plastic ”pile-up” of snow mass in front
of the structure, (2) the deflection force FΥ (t) arising from the fluid movement of snow mass
around the structure and (3) edge forces f (s, t) which are produced when the deflected snow
jams the on-coming avalanche mass at the exterior edges E of the structure. The line integral
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is given by the fact that jamming forcesf (s, t) are defined per unit edge length. The upper limit
of the integration is given by the flow height of the avalanche which defines the sum of the
exposed edges of the structure. An important distinction between the two approaches is that
first approach (Eq. 1) calculates a mean pressure, whereas the second approach (Eq. 2) predicts
time-dependent forces that are assumed to be distributed unequally over the structure at impact.
By far the greatest challenge of developing methods to predict avalanche impact forces is
due to the complex solid-fluid behaviour of avalanche snow. The piled-up snow typically forms
a solid ”deadzone” in the shape of a prismatic wedge (Fig. 2). (Hence there designation with
the capital greek symbol ∆.) The wedge consists of highly compacted snow that serves to
efficiently deflect the on-coming avalanche snow around the impacted object. That is, at impact
both solid and fluid behaviour is evident. The solid material response is complicated further by
the irreversible compactibility (or Stauchen) of avalanche snow. Bulk avalanche flow densities
ρΦ range between (say) ρΦ = 150 kg/m3 for a disperse flowing/powder avalanche to (say) ρΦ
= 450 kg/m3 for a dense wet snow avalanche [1]. Density measurements of piled-up snow in
front of obstacles indicates that final compaction densities are over ρ∆ ≥ 500 kg/m3 [6]. The
dynamic, impulsive loading at impact results from the compaction of the avalanche snow from
density ρΦ to density ρ∆ . The time required to compact the snow to build the wedge therefore
defines the duration of the impact loading and therefore the rate of energy dissipation and the
impulsive (shock) response of the structure.
In this paper we develop a method to calculate how snow piles-up at impact allowing us
to estimate the magnitude, form and duration of the impulsive loading F∆ (t). This is a necessary prerequisite to determine the shock response (failure) of structures impacted by snow
avalanches. We begin by considering forces for pile-up without deflection. This serves to introduce the application of the work-energy theorem to determine forces from the compaction of
avalanche snow at impact. We then turn our attention to the more realistic problem of pile-up
with deflection. This analysis allows us to determine dynamic magnification factors for simple
structures such as cantilever-type constructions such as pylons and masts which are typical for
ski-lifts and power transmission lines. We provide several example calculations. The first example considers an avalanche impacting trees, where the eigenfrequencies are low. The second
example treats an avalanche impacting a circular ski-lift pylon, a common problem in avalanche
mitigation.
2

PILE-UP WITHOUT DEFLECTION: FORCES FΞ

For the purpose of explanation we find the force FΞ where all avalanche mass piles-up completely at impact in front of the structure (Fig. 3). There is no deflection (FΥ = 0) or jamming
(f (s, t) = 0). In this case the impact force F (t) = FΞ .
We consider a dense avalanche Φ with velocity VΦ , height hΦ and bulk density ρΦ impacting
a rigid structure. The structure of width w is positioned at the position x=0; the positive xdirection defining the upstream direction of the pile-up. For simplicity we assume the avalanche
strikes the structure with a mean depth-averaged velocity and density; that is, both variables are
constant over the flow height defined in the z-direction, but can vary in the streamwise direction
and therefore time. We do not consider the impact of the powder dust cloud Π. For now we
assume that the height of the structure h is higher than the flow hΦ i.e. there is no overtopping
of the structure. The width of the flow is assumed to be larger than the width of the obstacle.
We describe the pile-up process by considering avalanche mass immediately before and after
the pile-up (Fig. 3). All the incoming mass is piled-up. The avalanche is divided into ”compacting” avalanche snow, the knautschzone (region Ξ, density not yet ρΩ , velocity not yet zero,
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Figure 2: Examples of impact wedges. a) Pile-up at the measurement pylon at the French Col du Lautaret test site
reported by [6]. Note the dihedral shape of a triangular prism. The width of the impact plane is 1 m. The reported
compaction density was 540 kg/m3 ; wedge angles ω1 =40◦ and ω2 =50◦ , impact pressures of 30 kPa, see [6] for
details. b) Pile-up at the measurement wall at the Swiss Vallée de la Sionne test site [7]. The wall is 7m high and
3.5 m in width. The impact wall was designed to resist 500 kPa pressures. The depositions are from an wet snow
avalanche recorded on December 12, 1998 with maximum recorded forces of 61 kN. Measured densities are 500
kg/m3 at the wedge apex and 450 kg/m3 at the wall. Photograph: M. Kern, SLF

time t) and ”compacted” avalanche snow (region Ω, density ρΩ , no velocity, time t + ∆t). Measurements of compacted snow density are rare. Thibert [6] measured a pile-up density ρΩ of
540 kg/m3 in front of the instrumented pylon at the French Col du Lautaret test site.
The avalanche mass arriving at the obstacle MΞ and stopping within the time interval ∆t is
MΞ = ρΦ hΦ w [VΦ ∆t] .

(3)

The corresponding change of kinetic energy ∆KΞ of the avalanche is therefore
h
i
1
1
∆KΞ = MΞ (t)VΦ2 = ρΦ hΦ w VΦ3 ∆t .
(4)
2
2
The length of the compacted, pile-up zone is denoted SΩ , the height hΩ . The pile-up height
might be larger than or equal to the incoming avalanche height hΩ ≥ hΦ . Because we do not
have overtopping, we assume it remains smaller than the height of the obstacle hΩ < h. The
length of the pile-up zone is growing at the rate ṠΩ ; it is given by conservation of mass,

ṠΩ =

ρΦ (t)hΦ (t)
VΦ (t).
ρΩ hΩ

(5)

During the pile-up, the region Ξ of length VΦ (t)∆t in the x-direction compacts, increasing the
length of the compaction zone Ω (Fig. 3). The difference in the locations of the center-of-mass
of the compacting zone Ξ and the piled-up mass Ω defines the braking distance dΞ→Ω over
which the incoming mass must stop,
dΞ→Ω =

i
1h
VΦ ∆t − ṠΩ ∆t .
2
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Figure 3: Avalanche impact with no deflection. The upstream zone is divided into three regions: the dense flowing
avalanche Φ, the compacting region Ξ and the pile-up or accumulation zone Ω. The avalanche arrives at time t
travelling with the velocity VΦ , bulk density ρΦ and flow height hΦ . Within the time interval ∆t the knautschzone
Ξ develops in front of the structure with length VΦ ∆t. A pile-up zone Ω with length SΩ forms. The pile-up zone
is increasing at the speed ṠΩ .

The mean force on the obstacle FΞ is found by equating the work-done by the braking and the
change of kinetic avalanche energy in the compaction zone ∆KΞ ,
FΞ dΞ→Ω = [pΞ hΩ w] dΞ→Ω = ∆KΞ
or,
FΞ = ρΦ hΦ w h

VΦ
VΦ − ṠΩ

i VΦ2

(7)

(8)

The impact pressure pΞ is found assuming the force is applied uniformly over the impact area
hΩ w. Therefore,
hΦ
VΦ
iV 2
pΞ = ρ Φ h
(9)
hΩ VΦ − ṠΩ Φ
and with the subsitution of the equation for mass conservation
"

ρΦ hΦ
hΦ
pΞ = ρ Φ
1−
hΩ
ρΩ hΩ

#−1

VΦ2 .

(10)

It is therefore possible to define an pressure factor CD for the pile-up without deflection regime,
"

Ξ
CD

hΦ
ρΦ hΦ
=2
1−
hΩ
ρΩ hΩ

#−1

.

(11)

Note that the pressure factor becomes infinite when ρΦ hΦ = ρΩ hΩ . These values of equivalent
CD are in agreement with measured values for all ρΩ > ρΦ , see Fig. 4b, and compare to
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Ξ
Figure 4: a) Effective CD
coefficient (Eq. 11) for different incoming avalanche densities ρΦ and three compaction
densities ρΩ . The flow height and pile-up heights are equal hΦ = hΩ . Large effective CD coefficients result when
ρΦ ≈ ρΩ . In this case compacting (braking) distances are short and impact pressures are large. b) The calculated
ρΦ CD are in agreement with values derived from full scale measurements, e.g. [8]. For the sake of comparison to
measured values we plot the calculated ρΦ CD values with decreasing density to mimic increasing Froude numbers
(higher Froude numbers correspond to lower flow densities). This produces the effect that effective pressure factors
CD are higher for lower flow velocities.

[8]. This result suggests that impact pressures of slow moving avalanches can be large if the
density of the incoming avalanche is near the compaction density. Substitution of Eq. 1 into the
work-energy theorem (Eq. 8) leads to
Ξ
CD
=

VΦ ∆t
.
dΞ→Ω

(12)

The pressure factor is therefore the length of the knautschzone Ξ relative to the braking distance
dΞ→Ω .
3

PILE-UP WITH DEFLECTION: FORCES F∆

We again consider a dense avalanche Φ impacting a rigid structure with velocity VΦ , height
hΦ and bulk density ρΦ . This time, however, a prismatic wedge forms at the face of the structure
and avalanche snow is deflected (Fig. 5). We assume symmetry (a head-on interaction with the
structure). The structure of half width w0 is positioned at x=0; the positive x direction defining
the incoming avalanche direction; the y direction is defined along the width of the obstacle. The
total width of the obstacle is therefore 2 w0 . We make the same avalanche flow assumptions as
for the previous case.
In the time interval ∆t the incoming mass of the avalanche core MΦ is partitioned into two
parts. The mass that is deflected MΥ and the mass that is piled-up in a triangular wedge M∆
MΦ = ρΦ hΦ wVΦ ∆t =
|

{z

}

Incoming mass

MΥ
|{z}

Deflected mass

+

M∆

.

(13)

|{z}

Wedge mass

The mass piled-up on the wedge per unit width (y-direction) m∆ is


m∆ (y) = 1 −

y
ρ∆ h∆ Ṡ∆ ∆t.
w
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Figure 5: Definition of wedge-shaped pile-up with deflection plus compaction in front of the obstacle. The
avalanche approaches the obstacle in the positive x-direction with velocity VΦ . The bulk density of the flow is
ρΦ . A pile-up wedge ∆ is formed. The density of the piled-up snow is ρ∆ . The length of the wedge in the flow
(negative) x-direction is S∆ . The speed the length of the triangular wedge grows is Ṡ∆ . The wedge geometry is
defined by the angle α1 with α2 = 90◦ - α1 .

where S∆ is the length of the wedge in the x-direction at the location x=0, see Fig. 5. The speed
the wedge is growing is therefore Ṡ∆ . The total mass of the snow pile up is found by integration
M∆ =

Z

w

0

1
m∆ (y)dy = ρ∆ h∆ wṠ∆ ∆t.
2

(15)

The loss of kinetic energy k∆ (y) per unit length in the y-direction is
1
y
1
k∆ (y) = m∆ (y)VΦ2 =
1−
ρ∆ h∆ Ṡ∆ VΦ2 .
2
2
w




(16)

The kinetic energy is lost over the ”braking” distance
1
y
VΦ ∆t − 1 −
Ṡ∆ ∆t .
2
w


dΦ→∆ (y) =







(17)

From the work-energy theorem, the force per unit length f∆ is applied
f∆ dΦ→∆ = k∆ .

(18)

Therefore,
f∆ =

k∆
dΦ→∆

h

=h

1−


y
w



VΦ − 1 −

Ṡ∆
y
w



i

Ṡ∆

i ρ∆ h∆ VΦ2

(19)

This value can be integrated over width of the triangle w (y-direction) to find the mean pile-up
force F∆ on the obstacle
F∆ =

Z
0

w

"

VΦ
VΦ
f∆ (y)dy =
ln
Ṡ∆
VΦ − Ṡ∆
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∆
Figure 6: a) Effective CD
coefficient (Eq. 22) for different incoming avalanche densities ρΦ and three wedge
∆
pile-up densities ρ∆ . The flow height and pile-up heights are equal hΦ = hΩ . Large effective CD
coefficients
∆
result when ρΦ ≈ ρ∆ . b) Effective CD coefficient (Eq. 22) for different β values. Note that the pile-up times vary
between 0.25s and 1.0s.

The pile-up pressure acting on the rigid obstacle is
"

F∆
VΦ
VΦ
=
ln
p∆ =
wh∆
Ṡ∆
VΦ − Ṡ∆

!

#

− 1 ρ∆ VΦ2 .

(21)

The pressure retains a VΦ2 dependency with the pre-multiplier serving as the pressure factor C∆ ,
"

∆
CD

VΦ
VΦ
ln
=2
Ṡ∆
VΦ − Ṡ∆

!

#

−1

(22)

At present the model contains no constitutive parameters. The quantity Ṡ∆ controls the duration
of the wedge formation and therefore the duration of the pile-up loading. We consider the
growth of the wedge to be given by the relationship
Ṡ∆ =

ρΦ
VΦ exp (−βt).
ρ∆

(23)

The coefficient β (dimension 1/s) therefore describes the partitioning of the incoming mass into
the deflected and piled-up mass. At a certain time, when the wedge is sharp enough, the growth
of the wedge stops. Clearly other constitutive formulations can be postulated. The pressure
∆
is a function of time, see Fig. 6.
factor CD
4

RESULTS: DYNAMIC MAGNIFICATION FACTORS

The results of the preceeding section (Fig. 6) demonstrate that the impact pressure for pile-up
p∆ is well represented by a triangular impulse of the form
p∆ ≈ p∆ (0) [1 − t/t1 ]

(24)

where t1 defines the duration time of the impulse. The dynamic magnification factor D for
triangular impulse loadings are treated in standard structural dynamics texts, see [9]. Table
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1 presents D values for various impulse length t1 /T ratios (T is the period of vibration of
the impacted structure). Periods of vibration for steel pylons and trees can be found using
Rayleigh’s method treating the structure as a partially loaded cantilever beam [10]. At the
ground the structures are fixed allowing no translational deformation or bending rotations. The
flow height of the avalanche defines the region on the cantilever which is loaded at impact.
t1 /T
D

0.20 0.40
0.60 1.05

0.50
1.19

0.75
1.38

1.00
1.53

1.50
1.68

2.00
1.76

Table 1: Dynamic magnification factors for triangular impulse loadings, from [9].

The first practical result of our analysis is that pylon-type structures with eigenfrequencies
of greater than 5Hz (approximately) should consider dynamic magnification factors in design
and back analysis. Interestingly, mature spruce trees, typical for most mountain environments
have eigenfrequencies of ω = 1Hz (and lower) [10, 11] and therefore long periods of vibration
T ≈ 6 s. From the results above we find pile-up loading intervals 0.25 ≤ t1 ≤ 1.0 s. The
calculated impulse length ratios are between 0.04 ≤ t1 /T ≤ 0.17. The dynamic magnification
factors for trees are less than 1 meaning that 0.1 ≤ D ≤ 0.6 (Table 1). This result indicates that
trees are able to withstand short duration avalanche pile-up loadings, but are remain susceptible
to longer duration air-blasts. This result would explain the extensive forest damage caused
by powder avalanches and the fact that many trees can withstand the impact of fast moving
avalanche cores, see Fig. 1.
For the next example problem we consider a circular ski-lift pylon made of steel with a
height of H= 15m and diameter of d = 1m. The thickness of the steel section is 3cm. The
pylon is struck by an avalanche with flow height hΦ = 3m. For this loading, the calculated
eigenfrequency of the pylon is approximately ω = 80 Hz, the period of vibration T ≈ 0.08s.
Calculated impulse length ratios are t1 /T > 3, indicating large dynamic magnification factors
D = 1.76 (Table 1). Unlike trees, rigid steel structures appear to be more vulnerable to impulsive
pile-up loadings.
Finally we consider the impact forces on wall depicted in Fig. 2b [7]. This wall has a total
width of 3.5m. Measured maximum reaction forces on the right, center and left supports are
29kN, 61kN and 49kN respectively for a wet snow avalanche impacting the wall with a 4m
flow height and velocity of 4.6m/s. The length of the pile-up wedge was found to be 2m. This
pile-up height can be reproduced using a β=1.5/s. The calculated reaction forces from Eq. 20,
assuming a direct hit, are 38kN, 63kN and 38kN.
5

CONCLUSIONS

In this paper we have applied the work-energy theorem to calculate the magnitude, form
and duration of the impulse loading that results when mass is piled-up in the form of prismatic
wedge. We consider two cases – pile-up without deflection (force FΞ ) and pile-up with deflection (force F∆ ). The model assumes a single constitutive parameter (β) that defines the loading
interval which can be compared to the vibration period of the impacted structure. Dynamic magnification factors can therefore be calculated and used in structural design. An interesting and
unexpected result of our analysis is that trees appear to have low magnification factors D ≤ 0.5,
in comparison to rigid steel structures D ≥ 1.5. This result would help explain the usefulness
of forests in avalanche defense and the danger caused by avalanches to the built environment.

4384

Perry BARTELT*, Othmar BUSER, Marc CHRISTEN and Andrin CAVIEZEL

REFERENCES
[1] Bozhinskiy, A. N., and Losev, K. S. The fundamentals of avalanche science, Mitt. Eidgenöss. Inst. Schnee- Lawinenforsch., Davos. 280 p., 1998.
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Abstract. A wide variety of system inversion algorithms has been proposed in the literature,
tackling the problem of force identification, parameter estimation, and state/response estimation. Recently, much focus has gone to recursive joint input-state estimation and joint inputstate-parameter estimation, where the forces applied to the structure, the corresponding system
states, and its parameters are simultaneously estimated in a recursive fashion. In order to reduce the computational load, these techniques are frequently used in combination with modally
reduced order models. This paper shows that a model order reduction can lead to large estimation errors in the system inversion caused by disregarding the contribution of the so-called
out-of-band modes. A recently developed computationally efficient quasi-static correction technique, which can be used in state-space modeling, is implemented and evaluated for both joint
input-state estimation and joint input-state-parameter estimation. The evaluation is based on
numerical simulations. It is shown that the quasi-static correction significantly reduces the
estimation errors introduced by the model order reduction.
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1

INTRODUCTION

In civil and mechanical engineering, system inversion techniques are applied to observe
the states, inputs, and parameters of a structure, based on data obtained from sensors (accelerometers, strain gauges, . . . ) and a model of the structure. Various techniques for force
and state/response estimation have been proposed in the literature, tackling the problem in the
frequency domain or the time domain [6, 14]. Recently, much focus has gone to recursive
joint input-state estimation. Commonly adopted techniques are the Augmented Kalman filter
(AKF) [8, 13], the so-called Gillijns and De Moor filter (GDF), proposed in [5] and further
extended in [7], [12], and [9] and the Dual Kalman filter (DKF) [2]. Several extensions of these
algorithms for joint input-state-parameter estimation have recently been developed, allowing for
the tracking of uncertain parameters in addition the estimation of the inputs and system states.
The AKF was extended by Naets et al. in [13], the GDF was extended by Wan et al. in [16],
the smoothing variant of the GDF presented in [9] was extended by Maes et al. in [10], and the
DKF algorithm was extended by Azam et al. in [1].
System inversion techniques are commonly used in combination with modally reduced order
models to reduce the computational load. Indeed, the use of a full order finite element model for
most applications results in large computation times. However, modal truncation can introduce
large estimation errors in the system inversion. These errors are caused by disregarding the
quasi-static contribution of the out-of-band modes within the frequency band of interest, which
is mostly important near antiresonance and at very low frequencies, where the response of the
structure is essentially quasi-static. A novel technique to account for the quasi-static contribution of the out-of-band modes was recently presented in [11]. As opposed to already existing
quasi-static correction techniques [3, 4, 15], this technique can be used in state-space modeling,
commonly adopted in system inversion.
This contribution presents a demonstration of the quasi-static correction technique presented
in [11] for joint input-state estimation and joint input-state-parameter estimation. The demonstration is based on numerical simulations, hereby considering the case of a simply supported
steel beam.
The outline of the paper is as follows. Section 2 briefly recapitulates the quasi-static correction technique presented in [11]. Next, Section 3 presents a demonstration of the correction
technique for joint input-state estimation and joint input-state-parameter estimation. Finally,
Section 4 concludes the work.
2

QUASI-STATIC CORRECTION IN STATE-SPACE MODELING

For a linear dynamic system described in modal coordinates, any displacement/strain d(t) ∈
R can be written as a sum of modal contributions:
∞
X
d(t) =
φdm zm (t)
(1)
m=1

with φdm ∈ R the mode shape component for a given mode m at the assumed output location
and zm (t) ∈ R the corresponding modal displacement. Under the assumption of proportional
damping, the modal displacement zm (t) for a given mode m satisfies the following differential
equation:
2
z̈m (t) + 2ξm ωm żm (t) + ωm
zm (t) = φT
(2)
m Sp p(t)
where ωm ∈ R and ξm ∈ R, and φm ∈ Rndof denote respectively the natural frequency, the
modal damping ratio, and the mode shape vector corresponding to mode m, Sp ∈ Rndof ×np is
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a selection matrix specifying the force locations, and p(t) ∈ Rnp is the force vector with np
components.
The quasi-static correction technique proposed in [11] assumes the following approximation:
d(t) ≈

nm
X

φdm zm (t) +

m=1

np
X

φ0dn zn0 (t)

(3)

n=1

For the first nm modes, the full dynamic contribution is accounted for. For the higher modes,
the quasi-static correction required for each force component is obtained by a so-called dummy
mode. The number of dummy modes equals the number of force components np . For every
force component pn (t), the modal displacement zn0 (t) corresponding to the dummy mode is
obtained by solving the following differential equation:
z̈n0 (t) + 2ξn0 ωn0 żn0 (t) + ωn02 zn0 (t) = φ0pn pn (t)

(4)

where ωn0 and ξn0 are respectively the natural frequency and modal damping ratio assigned to
dummy mode n, which are both user defined parameters. The mode shape components φ0pn and
φ0dn are determined such that the static response of the structure (at 0 Hz) is correctly represented
by the modally reduced order model. The following expressions are obtained:
v
u
nm
T
X
u
ST
p n φm φm S p n
0
0t T
φpn = ωn Spn K−1 Spn −
(5)
2
ω
m
m=1
!
nm
02
X
ω
φ
dm
φ0dn = 0n Sd K−1 Spn −
φT
(6)
m Sp n
2
φpn
ω
m
m=1
where Spn contains the n-th column of the selection matrix Sp . Note that the expressions for the
mode shape components in Eqs. (5) and (6) only require the first nm mode shapes and natural
frequencies.
In case of a single force (np = 1), applying the Fourier transform to Eq. (3) and introducing
00
the Fourier transform of Eqs. (2) and (4) allows calculating the transfer function Hdp
(ω) of
the approximating system obtained by introduction of the dummy mode. After extension to
velocity and acceleration measurements, the following expression is obtained:
!
nm
0
0
X
φ
φ
φ
φ
dm
pm
p1
d1
00
Hdp
(ω) = (iω)q
+
(7)
2
−ω 2 + 2iξm ωm ω + ωm
−ω 2 + 2iξ10 ω10 ω + ω102
m=1
where ω is the angular frequency in rad/s and q is an integer which equals 0 for displacements,
1 for velocities, and 2 for accelerations. The natural frequency ωn0 and modal damping ratio ξn0
of every dummy mode have to be chosen such that the contribution of this mode to the transfer
00
function Hdp
(ω) is nearly constant in the frequency range of interest, hereby accounting for the
quasi-static contribution of the out-of-band modes. The natural frequency ωn0 of the dummy
modes should be chosen larger than the upper limit ωu of the frequency band of interest, but
smaller than the Nyquist frequency ωN adopted for the time discretization. The damping ratio
ξn0 should be chosen sufficiently small to avoid a dynamic contribution of the dummy mode
within the frequency band of interest. The reader is referred to [11] for an in-depth discussion
on the choice of the natural frequency and modal damping ratio assigned to the dummy modes.
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3

DEMONSTRATION

In this section, the quasi-static correction technique described in Section 2 is demonstrated
for joint input-state estimation (Section 3.1) and joint input-state-parameter estimation (Section 3.2).
The structure considered in the demonstration is the simply supported steel beam shown in
figure 1. The beam has a length of 1 m and a rectangular cross section of width 50.8 mm and
height 25.4 mm. The Young’s modulus, Poisson’s ratio, and material density are initially taken
as 210 GPa, 0.3, and 7750 kg/m3 , respectively. Ideal hinges are assumed at both ends of the
beam, only constraining the translation of the end nodes and not their rotation.

Figure 1: Side view (left) and front view (right) of a simply supported steel beam, indicating the force p1 and the
locations where the vertical response of the structure is calculated (ai : acceleration i, di : displacement i).
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A two-dimensional finite element (FE) model of the beam with 100 Euler-Bernoulli beam
elements is constructed. Only bending in the vertical plane is considered. Shear deformation is
not accounted for. The first four natural frequencies obtained from the beam model are 59.9 Hz,
239.6 Hz, 538.3 Hz, and 955.2 Hz. The corresponding bending mode shapes are shown in
Fig. 2. A modal damping ratio of 0.25% is assumed for all modes.
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Figure 2: Mode shape along the neutral axis of the simply supported beam, for (a) mode 1, (b) mode 2, (c) mode
3, and (d) mode 4. The undeformed neutral axis is shown by a black dashed line. The markers indicate the output
coordinates (black: acceleration, white: displacement). The arrow indicates the force location.

The excitation of the beam consists of a vertical impact force p1 , applied at a distance of
0.1 m from the right support. The impact force is a triangular pulse that increases linearly from
zero at time t = 0.1 s to 100 N at t = 0.102 s, before decreasing linearly to zero at t = 0.104 s,
shown in Fig. 3. A subset of nine vertical accelerometers a1 − a9 and four vertical displacement
sensors d1 − d4 is considered in the following analysis. The focus is put on the frequency band
from 0 to 1000 Hz, which contains most of the dynamic response of the beam due to the impact
loading.
Figure 4 compares the transfer function that relates displacement d4 to the force p1 , (1) for
the full order model (200 modes), (2) a modally reduced order model which includes the contribution of the first four modes, and (3) a modally reduced order model which includes the

4389

125

100

100

100

10-1

75
50
25

75
50
25

0

0

-25

-25
0

0.1

0.2
0.3
Time [s]

(a)

0.4

Force [N/Hz]

125
Force [N]

Force [N]

K. Maes, F. Karlsson and G. Lombaert

0.5

0.1

0.11
0.12
Time [s]

(b)

10-2
10-3
10-4
10-5
10-6

0

200

(c)

400 600 800
Frequency [Hz]

1000

Figure 3: (a) Time history, (b) detail time history, and (c) frequency spectrum up to 1000 Hz of the applied impact
force. The begin and end of the impact are indicated in (b) by a vertical dashed line.

Transfer fun. ampl. [m/N]

full dynamic contribution of the first four modes and a single dummy mode to account for the
quasi-static contribution of the out-of-band modes to the frequency band of interest. The natural
frequency ω10 and modal damping ratio ξ10 of the dummy mode are assigned a value of 1800 Hz
and 2%, respectively. For the selected parameter values, the contribution of the dummy mode
00
(ω) is nearly constant within the frequency band of interest (0 to
to the transfer function Hdp
1000 Hz). The three transfer functions nearly coincide at resonance, where a single mode dominates the response of the system. A large difference between the transfer function of the full
order model and the modally reduced order model without dummy mode correction is observed
near antiresonance, where higher modes that are omitted in the modal truncation significantly
contribute to the system response. Within the frequency band of interest, the transfer function
of the modally reduced order model with dummy mode correction nearly coincides with the
transfer function of the full order model. For higher frequencies, the approximation deviates
from the full-order model. Therefore, a model with dummy mode correction can only be used
for calculations within a predefined frequency range.
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Figure 4: (a) Amplitude and (b) phase of transfer function of the full order model (200 modes, blue solid line),
a modally reduced order model with 4 modes, without quasi-static correction (red dashed line), and a modally
reduced order model with 4 modes, with dummy mode correction (cyan dotted line) that relates displacement d4
to force p1 . The contribution of the dummy mode is indicated by a black dash-dotted line. The undamped natural
frequencies are indicated by vertical dashed lines, the antiresonance frequencies of the full-order model by vertical
dotted lines.
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3.1

Joint input-state estimation
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In this section, the recursive joint input-state estimation algorithm presented in [12] is applied
to estimate the impact force p1 applied to the simply supported steel beam. In the present
example, a state-space model representing the dynamic behavior of the beam in the frequency
range from 0 to 1000 Hz is constructed from the first four bending modes of the beam (nm = 4).
The static contribution of the higher modes is accounted for by a single dummy mode (np = 1),
with a natural frequency and modal damping ratio of 1800 Hz and 2%, respectively (see also
figure 4). The expressions for the system matrices are given in [11]. A sampling rate of 10 kHz
is applied, using a first-order hold (FOH) assumption on the input in the time discretization of
the model.
The input is reconstructed from displacement d4 and acceleration a9 (see Fig. 1). The response is obtained from a forward frequency domain calculation, hereby considering a fullorder model that includes all modes of the structure. The signals obtained from the forward
calculation are polluted with additive sensor noise, which is drawn independently from a normal distribution with a zero mean value and a standard deviation of 10−8 m for the displacements and 10−4 m/s2 for the accelerations. In the application of the joint input-state estimation
algorithm, the initial state vector estimate x̂[0|−1] and its corresponding error covariance matrix Px[0|−1] are both assigned zero values. The process noise covariance matrix Q and the
process-measurement noise cross-correlation matrix S are both assumed zero, since no unmodeled forces or modeling errors are present. The matrix R accounts for measurement noise and
is assumed diagonal, with the noise variance (diagonal values) corresponding to the actual measurement noise, i.e. 10−16 m2 for the displacements and 10−8 m2 /s4 for the accelerations.
Fig. 5 shows the force p̂1 estimated by the joint input-state estimation algorithm, using both
the modally reduced order model without dummy mode correction and the model with dummy
mode correction. In both cases, the estimated force is lowpass filtered with a cutoff frequency
of 1000 Hz in order to retain only information within the frequency band of interest and to
remove the dynamic contribution of the dummy mode at higher frequencies. A comparison of
the estimated forces with the actual applied force shows how the introduction of the dummy
mode allows to significantly reduce the force estimation errors. For both models, the triangular
pulse is accurately reconstructed. For the model without quasi-static correction, however, the
force time history right after the pulse is characterized by large oscillations, which are due to
modeling errors that are mainly situated near the antiresonance frequencies (Fig. 5c). For the
model with quasi-static correction, these oscillations are much less pronounced.
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Figure 5: (a) Time history, (b) detail time history, and (c) frequency spectrum up to 1000 Hz of the estimated force
p̂1 obtained from the joint input-state estimation algorithm using the model without dummy mode correction (red
dashed line), using the model with dummy mode correction (green dashed line), and comparison to the applied
force (blue solid line). The begin and end of the impact are indicated in (b) by a vertical dashed line. The undamped
natural frequencies are indicated in (c) by vertical dashed lines.
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3.2

Joint input-state-parameter estimation

In this section, the recursive joint input-state-parameter estimation algorithm presented in [10]
is adopted for parameter estimation in presence of unknown inputs. Consider the case where
the part of the simply supported steel beam situated at L/4 < x < L/2 is characterized by a
reduced stiffness, for example due to corrosion. The reduction in stiffness is modeled as a local
reduction of the Young’s modulus from 210 GPa to 190 GPa, which corresponds to a reduction
of 9.5%.
The dynamic system model is parameterized by a single parameter θ, which relates the
Young’s modulus E of the damaged section to the initial Young’s modulus of the healthy structure (E = θ × 210 GPa). In the joint input-state-parameter estimation, the initial parameter
value is assumed 1 (no damage). The target value of this parameter is 190 GPa/210 GPa =
0.905.
For demonstration purposes, a series of four impacts is considered. The time between two
consecutive impacts is 0.5 s. The response applied in the joint input-state-parameter estimation
consists of displacements d1 and d4 and accelerations a2 and a9 (see Fig. 1). Two additional
sensors are added compared to the case of joint input-state estimation, as to obtain a system
which is observable in terms of the unknown input and the unknown parameter. The reader is
referred to [10] for a discussion on the sensor network design. As for the case of joint inputstate estimation, two different models are considered in the system inversion. The first model is
a modally reduced order model that includes the dynamic contribution of the first four bending
modes without quasi-static mode correction. The second model is a modally reduced order
model that includes the dynamic contribution of the same four bending modes with additionally
the contribution of a single dummy mode. The same dummy mode parameters as those assumed
in section 3.1 have been selected.
Although the smoothing algorithm presented [10] allows to adopt a delay in the estimation,
this was deemed unnecessary in the present case, since a collocated acceleration measurement
is used. Therefore, no delay is applied. In the application of the smoothing algorithm, the
initial state x̂[0|−1] is assigned zero values for the modal displacements and velocities and a unit
value is assigned for the parameter θ, corresponding to the original structure before damage.
Due to the perturbation of the model in terms of the parameter θ, the corresponding model
uncertainty should be reflected in the process noise covariance matrix Q, through the choice of
2
the parameter covariance matrix Qθ . This matrix, which is in this case given by a scalar σQ
,
θ
2
regularizes the parameter estimation. Indeed, σQθ is the variance characterizing the parameter
2
variation over time. The choice of a large variance σQ
enables a large variation of the parameter
θ
between two time steps, leading to a potentially fast convergence of the parameter towards its
actual value. Such choice, however, makes the parameter estimation more sensitive to noise
2
and modeling errors (see also [10]). In this case, a parameter variance σQ
= 10−16 is adopted.
θ
The entries of the noise covariance matrices Q and S which correspond to process noise on the
dynamic system states are assigned zero values. The measurement noise covariance matrix R
is assumed identical to this assumed in section 3.1.
Fig. 6 shows the time history of the force p̂1 and the parameter θ̂ estimated by the joint inputstate-parameter estimation algorithm and a comparison of the actual force and parameter values.
During the first 0.1 seconds, i.e. before the first impact is applied, the structure is at rest and
the algorithm does not get any information regarding the unknown structural parameter. This
results in almost constant parameter estimates during this period, as observed from Fig. 6b.
Some negligible oscillations of the parameter values are present, which are due to measurement
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noise. As soon as the first impact is applied, the parameter estimate is characterized by a
significant variation, where the parameter estimate first changes abruptly and drops below the
target value 0.905 for both models, hereafter converging towards this target value. For the model
without quasi-static correction, a much larger drop in the parameter value is observed than for
the model with quasi-static correction. Once the parameter estimates have converged towards
the true parameter value, one would expect that the parameter estimates stay close to the true
parameter values, with small oscillations that are attributed to measurement noise. This is,
however, not entirely true, due to the presence of modeling errors, which are inevitable. When
the next impact is applied, the parameter estimate drops again, hereafter showing a convergence
towards to the target parameter value. For the model without quasi-static correction, a larger
variation of the parameter estimate following the impact is observed than for the model with
quasi-static correction.
For each of the four impacts, the triangular pulse is accurately reconstructed for both models.
This is in line with the findings of section 3.1, where it was found that the quasi-static correction
is only of minor importance for the reconstruction of the triangular pulse. As for the case of
joint input-state estimation, however, the force time history right after the pulse is characterized
by large oscillations without quasi-static correction. Furthermore, it is worth noting that the
first triangular pulse is also accurately identified, whereas this estimation relies on the wrong
stiffness (θ = 1). This is due to the fact that the response during a short pulse is mainly
determined by the structural mass, which is correctly represented by the model, and only to a
minor extent by the structural stiffness [3].

(a)
Parameter [-]

1.1
1
0.9
0.8
0.7

(b)

0

0.5

1
Time [s]

1.5

2

Figure 6: Time history of (a) the estimated force p̂1 and (b) the estimated parameter θ̂ obtained from the joint inputstate-parameter estimation algorithm using the model without dummy mode correction (red dashed line), using the
model with dummy mode correction (green dashed line), and comparison to the actual force and parameter values
(blue solid line).

4

CONCLUSIONS

This paper evaluates the use of quasi-static correction of modally reduced order models for
joint input-state estimation and joint input-state-parameter estimation in structural dynamics.
Numerical simulations show that disregarding the contribution of so-called out-of-band modes
can lead to significant errors in input and parameter estimation. Though not shown here, the
same applies to state and response estimation. A recently developed quasi-static correction
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technique is implemented and shown to be successful in reducing the modeling errors introduced by the model order reduction. This correction results in significantly smaller estimation
errors in the system inversion.
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Abstract. Viscoelastic materials are widely utilized in different engineering areas, however it
is still not so easy to properly assess their mechanical properties, in terms of viscoelastic - frequency dependent modulus. Standard experimental procedures are utilized in this direction (e.g.
DMA - Dynamic mechanical analysis), but such techniques still present some complexities, and
this is why possible alternative approaches would be desirable. For example, the experimental
investigation of a viscoelastic beam dynamics would be challenging, especially for the intrinsic
simplicity of this kind of test. In this direction, a deep understanding of damping mechanisms in
viscoelastic beams results to be a quite important task to better predict their dynamics. With the
aim to elucidate damping properties in such structures, in this paper an analytical study of the
transversal vibrations of a viscoelastic beam is presented. By means of a dimensional analysis, some key parameters are presented, which depend on the material properties and the beam
geometry. In this way, by properly tuning such disclosed parameters, e.g. the dimensionless
beam length once the material is chosen, it is possible to enhance or suppress some resonant
peaks, one at a time or more simultaneously. This is a remarkable possibility to efficiently control damping in these structures, and the results presented in this paper may help in elucidating
experimental procedures for the characterization of viscoelastic materials.
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1

INTRODUCTION

Nowadays, in the common engineering applications, the vibrating structures are mostly characterized by composite materials, with superior damping and high energy absorbing properties.
The viscoelastic mechanical response of such materials must be correctly considered during
the design process of structural components, thus making of huge importance the full comprehension of phenomena involving viscoelastic energy dissipation [1, 2, 3, 4, 5]. Viscoelasticity
plays a key role in many applications, such as: (i) rolling contacts [6, 7, 8], (ii) sliding contacts
[9, 10, 11, 12], (iii) crack propagation [13, 14, 15], (iv) seals [1], (v) adhesives and biomimetic
adhesives [2, 3, 4], (vi) viscoelastic dewetting transition [16]. Many theoretical studies on the
dynamics of non-viscous damped oscillators, for both SDOF [21, 22], and MDOF [23, 24] systems, have been presented in literature. Also viscoelastic continuous systems have been theoretically and experimentally investigated in their dynamics, such as beams and plates [25, 26, 27].
However, most of these studies do not present a qualitative analysis of the dynamic characteristics of such systems, in terms of eigenvalues and their connection with the most representative
physical parameters. Only in Ref. [28], a comprehensive analysis of a single degree-of-freedom
non-viscously damped oscillator has been presented. Extending this kind of investigation to
continuous systems would be of crucial concern when viscoelastic properties of materials must
be properly established. In particular, it is quite common in the experimental assessments of the
viscoelastic properties of these materials, to consider beam-like structures as standard geometries [18, 19, 20]. With the aim to shed light on the vibrational behaviour of such systems, in
this paper a detailed study of the dynamics of a viscoelastic beam is presented. We recall that
the viscoelastic materials are characterized by the most general stress-strain relation [29]
Z t
σ (x, t) =
dτ G (t − τ ) ε̇ (x, τ )
(1)
−∞

where ε̇(t) is time derivative of the strain, σ(t) is the stress, G (t − τ ) is the time-dependent
relaxation function, which is related, in the Laplace domain, to the viscoelastic modulus E (s)
through the relation E (s) = sG (s). Usually, a discrete version of E (s) is utilized to characterize linear viscoelastic solids, which can be represented in the Laplace domain as
X
sτk
(2)
E (s) = E0 +
Ek
1 + sτk
k
where E0 is the elastic modulus of the material at zero-frequency, τk and Ek are the relaxation
time and the elastic modulus respectively of the generic spring-element in the generalized linear viscoelastic model [29]. The general trend of the viscoelastic modulus E(ω) is shown in
Figure 1. It can be observed that at low frequencies the material is in the ‘rubbery’ region, indeed Re[E(ω)] is relatively small and approximately constant (Figure 1-a), and the viscoelastic
dissipations related to the imaginary part Im[E(ω)] of the viscoelastic modulus becomes negligible (Figure 1-b). At very high frequencies the material is elastically very stiff (brittle-like).
In this ‘glassy’ region Re[E(ω)] is again nearly constant but much larger (generally by 3 to
4 orders of magnitude) than in the rubbery region. The intermediate frequency range (the so
called ‘transition’ region) determines the energy dissipation, and can completely deviate the
modal behaviour of a viscoelastic solid from the equivalent elastic one. Moreover, the transition region, and hence the functions Re[E(ω)] and Im[E(ω)], can be shifted towards higher or
smaller frequencies by simply varying temperature, because of the viscoelastic modulus E(ω)
dependence on temperature [29].
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(a)

(b)

Figure 1: The real part (a) and the imaginary part (b) of the elastic modulus E (ω) of a generic viscoelastic material.

Of course, only the knowledge of the analytical vibrational response of a viscoelastic structure can provide the right parametric quantities, useful to accurately enlighten the relationship
between the material properties and the modal contents. In this direction, the flexural vibrations of a viscoelastic beam is analytically studied in this paper, and by introducing some nondimensional parameters, a qualitative analysis of the eigenvalues is presented. At first, an ideal
viscoelastic material is considered, i.e. characterized by one single relaxation time. This kind
of study, indeed, is useful for a first understanding of the physical parameters enclosed in the
problem. Finally, some considerations are pointed out regarding the vibrational response of the
beam in case of real viscoelastic materials.
2

BEAM DYNAMICS

In this section the analytical dynamic response of a viscoelastic beam with rectangular cross
section is derived. Let be L, W , and H respectively the length, the width and the thickness
of the beam, and let us assume that L  W , L  H. Assuming also that the displacement
along the z-axis |u (x, t)|  L, the Bernoulli theory of transversal vibrations can be applied and
therefore it is possible to neglect the influence of shear stress in the beam. It is worth noticing
that this hypotesis does not limit the validity of the analysis, since the attention is paid to the
first resonant peaks, which are not affected by shear deformations. Hence, the general equation
of motion is [30]
Z t
∂ 2 u (x, t)
∂ 4 u (x, τ )
+
µ
= f (x, t)
(3)
Jxz
dτ E (t − τ )
∂x4
∂t2
−∞
where µ = ρA, ρ is the bulk density of the material the cantilever is made of, A is the area of
the cross section of the beam, i.e. A = W H, Jxz = (1/12)W H 3 , and f (x, t) is the generic
forcing term. It must be highlighted that some additional terms could be considered in Eq.(3),
representing different kind of damping contributes [31] (e.g. viscous damping and hysteresis
damping). In the present study such terms are neglected, but it is important to underline that
the results obtained in this paper are not affected by this assumption from a qualitative point of
view. The forced solution of the above problem Eq.(3) can be found in the form of a series of
the eigenfunction φn (x) of the following problem
Z t
Jxz
dτ E (t − τ ) uxxxx (x, τ ) + µ utt (x, t) = 0
(4)
−∞

4398

E. Pierro

(ux (x, t) = ∂u (x, t) /∂x, ut (x, t) = ∂u (x, t) /∂t), with the opportune boundary conditions.
In this study, the free-free boundary conditions are considered
uxx (0, t) = 0
uxxx (0, t) = 0
uxx (L, t) = 0
uxxx (L, t) = 0

(5)

. By Laplace transforming the time-dependence in Eq.(4), and considering equal to zero the
initial conditions, it is easy to show that the eigenfunctions φ (x, s) must satisfy the following
equation
4
(s) φ (x) = 0
(6)
φxxxx (x) − βeq
where it is defined
4
βeq
(s) = −

µ s2
Jxz E (s)

(7)

. The boundary conditions then become
φxx (0) = 0
φxxx (0) = 0
φxx (L) = 0
φxxx (L) = 0

(8)

The solution of the above Eq.(6) can be written in the form
φ(x, s) = W1 cos [βeq (s) x] + W2 sin [βeq (s) x] + W3 cosh [βeq (s) x] + W4 sinh [βeq (s) x] (9)
and by requiring that the determinant of the system matrix obtained from Eqs.(8) is zero, one
obtains
[1 − cos (βeq L) cosh (βeq L)] = 0
(10)
The solutions βn L = cn of the above Eq.(10) are well known [30], and they are the same of the
perfectly elastic case. In particular, from the following relation
 c 4
µ s2
n
4
= (βn ) =
−
Jxz E (s)
L

(11)

it is possible to calculate the complex conjugate eigenvalues sn corresponding to the nth mode,
and the real poles sk related to the material viscoelasticity (a detailed analysis of the eigenvalues
will be shown in the next section). The values βn allow to determine the eigenfunctions φn (x)
φn (x) = cosh (βn x) + cos (βn x) −

cosh (βn L) − cos (βn L)
[sinh (βn x) + sin (βn x)]
sinh (βn L) − sin (βn L)

which are equal to the eigenfunctions of the elastic case.
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2.1

Response decomposition

The solution of Eq.(3) can be calculated, by considering (see Ref.[26]) the decomposition of
the system response into the modes φn (x) of the beam
u (x, t) =

+∞
X

φn (x) qn (t)

(13)

n=1

and by utilizing the orthogonality condition
Z
1 L
dxφn (x) φm (x) = δnm
L 0

(14)

where δnm is Kronecker delta function. Indeed, by projecting the equation of motion on the
function φm (x) of the basis, Eq.(3) becomes
Z t
4
µq̈n (t) + Jxz βn
dτ E (t − τ ) qn (τ ) = fn (t)
(15)
−∞

RL
where fn (t) = L1 0 dxf (x, t) φn (x) is the projected force term. In the Laplace domain,
therefore, one has that Eq.(13) can be written
U (x, s) =

+∞
X

φn (x)

n=1

3

µs2

Fn (x, s)
+ Jxz βn4 E (s)

(16)

VISCOELASTIC MODEL - SYSTEM EIGENVALUES

Let us consider an ideal viscoelastic material with a single relaxation time τ1 , whose elastic
properties can be represented by the modulus
E (s) = E0 + E1

τ1 s
1 + τ1 s

(17)

By substituting the previous complex function in Eq.(11), the characteristic equation for each
nth mode can be obtained
τ1 s3 + s2 + (E0 + E1 ) τ1 rn s + rn E0 = 0

(18)

where rn = (βn )4 Jxz /µ. Notice that the solutions of the cubic equation Eq.(18) can be i) one
real root and two complex conjugate roots, ii) all roots real. This means that one eigenvalue is
always related to an overdamped motion. When the other two eigenvalues are complex conjugate, they represent the oscillatory contribute of the nth mode in the beam dynamics. Otherwise,
in case of three real roots, the nth mode is not oscillatory.
3.1

Dimensional analysis

With regards to the transverse motions of a narrow, homogenous beam with a bending stiffness E0 Jxz and density ρ, the value of the natural frequencies can be calculated using a simple
formula which is always valid, regardless of the boundary conditions [32]:
s
 c 2 E J
n
0 xz
ωn =
(19)
L
ρA
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(b)

(a)

Figure 2: The function tan δ = Im[E (ω)]/ Re[E (ω)] (a) and the imaginary part of the viscoelastic modulus
E (ω) (b), of a rubber like material [36]. Black curves are obtained, in a limited frequency range, by considering
one single relaxation time. Red curves are the fitting results, with 12 relaxation times, in a wider frequency range,
of experimental DMA described in Ref.[36].

where coefficient cn depends on the specific boundary conditions. The first natural frequency,
in particular, can be written as
ω1 = α 2 δ 1
(20)
p
being δ1 = (c21 /H) E0 / (12ρ), and α = H/L the dimensionless beam length. The nondimensional eigenvalue is now defined
s̄ = s/δ1

(21)
p
and in particular one has, for the nth mode, ωn2 = E0 βn4 Jxz /µ = rn E0 and δn = (c2n /H) E0 / (12ρ).
By substituting Eq.(21) in Eq.(18), the following non-dimensional characteristic equation is
obtained
1
1
s̄3 + s̄2 + (1 + γ1 ) α4 ∆2n s̄ + α4 ∆2n = 0
(22)
θ1
θ1
where ∆n = δn /δ1 , and having defined the dimensional groups
θ1 = δ1 τ1

(23)

γ1 = E1 /E0

(24)

. Eq.(22) can be then re-written as
3

s̄ +

2
X

ajj s̄j = 0

(25)

j=0

where a0 = (1/θ1 ) α4 ∆2n , a1 = (1 + γ1 ) α4 ∆2n , a2 = 1/θ1 .
By defining
3a1 − a22
Q=
9
R=

9a2 a1 − 27a0 − 2a32
54
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the discriminant of Eq.(25) is defined as D = Q3 + R2 . In our case, the discriminant D,
indicated as D (n), is function of n, i.e. of the number of the nth mode considered



α4 ∆2n 4 + α4 ∆2n θ12 8 − γ1 (20 + γ1 ) + 4α2 (1 + γ1 )3 ∆2n θ12
(28)
D (n) =
108θ14
This function D (n) plays a key role in the understanding the nature of the roots of Eq.(25), as
it will be widely discussed in Section of Results.
At last, the beam cross-section acceleration A (x, s) in terms of the above defined nondimensional groups is formulated, considering that A (x, s) = s2 U (x, s) (see Eq.(16))
A (x, s̄) = F0

+∞ 2
X
s̄ (1 + θ1 s̄) φn (x) φn (xf )


P2
3+
j
µθ
s̄
a
s̄
n=1
1
j=0 j

(29)

being φn (x) the eigenfunctions defined in Eq.(12), and being the forcing term impulsive.

(a)

(b)

Figure 3: The region map for the first flexural mode of the beam n = 1, for θ1 = θ̄1 (a). The shaded area
indicates the parameter (α, γ1 ) combinations which determine the suppression of the first peak. Similar region
maps are shown, for the first three modes n = 1, 2, 3 (b). Interestingly, for several values of α and γ1 , some areas
at D (n) < 0 are overlapped, determining the suppression of more peaks simultaneously.

4

RESULTS

In this section the main results of the presented analysis are discussed. The flexural vibrations
of a viscoelastic beam with rectangular cross section and thickness H = 1 [cm], which oscillates
in the xz-plane are studied. The analysis starts from the characterization of a self-adhesive
synthetic rubber found in literature [36]. The elastic modulus, experimentally obtained from
DMA, has been fitted by Eq.2 with twelve relaxation times, in the frequency range 0 − 106 [Hz]
[36]. A beam made of this material (ρ = 1000 [kg/m3 ] ), rectangular cross section with H =
1 [cm] and L = 50 [cm], has the first resonant peak in the frequency range 0 − 10 [rad/s].
In order to evaluate the influence of the beam length on the first peak, the reduced frequency
range 0 − 10 [rad/s] has been considered, in which the elastic modulus has been characterized
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(b)

(a)

Figure 4: The discriminant D (1) for the first mode n = 1, as a function of γ1 , for θ1 = θ̄1 (a), and as a function
of θ1 , for γ1 = γ̄1 (b), for different values of α, i.e α = 0.82α̃ (solid line), α = 0.9α̃ (dashed line), α = α̃
(dot-dashed line).

by means of one single relaxation time. The parameters obtained by the fitting procedure, by
means of (Eq.17), are E0 = 1.27 ∗ 105 [Pa], E1 = 2.018 ∗ 106 [Pa], τ1 = 0.0628 [s], from
which one obtains γ̄1 = E1 /E0 = 15.9. and θ̄1 = δ1 τ1 = 457.6, being δ1 = 7283. It must be
pointed out that the behaviour of the material is represented pretty well by this approximation in
such limited frequency range, as one can observe in Figure 2, where it is shown the comparison
between the original curve (red) and the reduced curve fitted by considering one relaxation time
(black), in terms of the function tan δ = Im[E (ω)]/ Re[E (ω)] (Figure 2-a) and the imaginary
part Im[E (ω)] (Figure 2-b) of the viscoelastic modulus E (ω). Moving from this reference
rubber like material, the two properties considered constant in the numerical calculations are
ρ = 1000 [kg/m3 ] and E0 = 1.27 ∗ 105 [Pa], so that the parameters δn are constant, and the
other properties E1 and τ1 are taken varying in the analysis by means of γ1 and θ1 . The only
geometrical parameter which is considered varying in calculations, is the beam length L. In
particular, the ratio α = H/L is changed maintaining H constant.
In must be observed that for each nth mode, the three eigenvalues (solutions of Eq.(25)) can
be calculated. The two complex conjugate eigenvalues represent the oscillatory counterpart of
the beam nth mode. The real eigenvalue gives rise to a pure dissipative contribute. However,
when the discriminant D (n), defined in Eq.(28), is negative D (n) < 0, all roots of Eq.(22)
are real, and the nth mode is not oscillatory. In Figure 3-a, a region map is shown, for the
first flexural mode of the beam (n = 1), with θ1 = θ̄1 . The shaded area is obtained with the
parameter values (α, γ1 ) which give the condition D (1) < 0. Analogous maps, for the first
three flexural modes of the beam, are represented by the correspondent curves in Figure 3-b,
which are obtained by finding the two real solutions α = α (γ1 ) of the equation D (n) = 0, for
n = 1, 2, 3. By properly combining the parameters (α, γ1 ), different peaks can be suppressed
simultaneously, since the areas which give the condition D (n) < 0 for different values of n are
overlapped. In particular, this means that, once the material is prescribed, i.e. for given values
of θ1 and γ1 , the dynamics of the beam can be decisively modified by varying its length L. The
sign of the discriminant D (1), for the first mode, can be directly deduced by means of the curves
plotted in Figure 4, where D (1) is shown as a function of γ1 (Figure 4-a), for θ1 = θ̄1 , and as
a function of θ1 , for γ1 = γ̄1 (Figure 4-b), for different values of α, i.e. α = 0.82α̃ (solid line),
α = 0.9α̃ (dashed line), α = α̃ (dot-dashed line), where it has been considered the reference
beam length equal to L̃ = 52[cm]. In Figure 5 the system response is represented, in terms of the
acceleration modulus |A (x̄, ω)| (see Eq.29), evaluated at the beam section x = xf = x̄ = 0.5L,
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Figure 5: The acceleration modulus |A (x̄, ω)| of the viscoelastic beam with one relaxation time, in the section
x = xf = x̄ = 0.5L, for θ1 = θ̄1 , γ1 = γ̄1 , and for three different values of α, i.e. α = 0.82α̃ (solid line),
α = 0.9α̃ (dashed line), α = α̃ (dot-dashed line). For α = 0.82α̃, being D (1) < 0 , the first peak is suppressed.

for θ1 = θ̄1 and γ1 = γ̄1 . Three different values of beam length L are considered, i.e. α = 0.82α̃
(solid line), α = 0.9α̃ (dashed line), α = α̃ (dot-dashed line), which give a damped first peak
for α = 0.9α̃ and α = α̃, a suppressed first peak for α = 0.82α̃, being D (1) < 0 in the last
case, as one can notice in Figure 4.
It is important to underline that, because of the intrinsic characteristics of viscoelastic materials [29], which see the viscoelastic modulus E(ω) depending on temperature, the above
mentioned damping effect can be observed just modifying the surrounding temperature. Indeed, increasing or decreasing the working temperature, the functions Re[E(ω)] and Im[E(ω)]
are shifted towards higher or smaller frequencies respectively, and consequently the material
damping is differently spread in frequency, as well as the parameter θ1 assumes different values.
However, once the material is prescribed, i.e. the viscoelastic modulus E(ω) is defined with
the related parameters, θ1 and γ1 , the dimensionless beam length α plays a crucial role in the
possible overlapping of the first natural frequency ω1 with the transition region. Moreover,
in the hypothesis of linearity, such considerations can be extended to all the peaks, since the
system can be decoupled and each vibration mode can be studied independently.
In conclusion, through the defined dimensionless parameters, it is possible to completely
disclose the transversal vibrations of a viscoelastic beam. Suppressing certain peaks, by varying
the beam length with α, or by changing the material properties (i.e. θ1 and γ1 ) for example by
modifying the surrounding temperature, is an appealing chance for different applications. In
particular, it is important to stress that, although the real viscoelastic materials present more than
two relaxation times, the number of relaxation times to be considered in modelling the beam
dynamics, does not represent a limit of our study. Indeed, it has been shown that it is always
possible to divide the frequency spectrum under analysis in several intervals, thus allowing the
decreasing of the predominant time relaxations number in such intervals. Moreover, by varying
the beam length, it is possible to study a wide frequency range, by focusing the attention only
to the first resonant peaks, so that the (Euler-Bernoulli) hypothesis still remains valid.
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5

CONCLUSIONS

An analytical study of the transversal vibrations of a viscoelastic beam has been presented.
The analytical solution has been obtained by means of modal superposition. In particular, the
eigenvalues strongly depend on the material viscoelasticity, and they increase in number with
the relaxation times of the viscoelastic modulus. A dimensional analysis has been performed,
which has disclosed the fundamental parameters involved in the vibrational behaviour of the
beam. Such parameters depend on both the material properties and the beam geometry. Some
new characteristic maps related to the eigenvalues nature of the studied system have been provided, that can be drawn for each natural frequency of the beam. In comparison to the existing
maps presented in literature for a sdof system, these maps may help in determining the parameter compounds needed to enhance or suppress certain frequency peaks, one at a time or more
simultaneously, and the same approach can be exploited for any kind of mdof system. Results
have shown that, by maintaining constant the thickness of the beam cross section, the dimensionless beam length can be utilized as key parameter to properly adjust the resonant peaks,
once the material has been selected, thus becoming a powerful tool for many applications, from
system damping control to materials characterization.
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Abstract. The K032 viaduct of the A11 highway is a recently built multi-span viaduct in
Bruges, Belgium. The viaduct is a typical quasi-periodic structure with, even at low frequencies, a high modal density. This leads to difficulties in distinguishing between these clustered
modes in modal identification as well as the pairing of experimental and numerically predicted
mode shapes in finite element model updating. Alternatively, for periodic structures, use can be
made for structural identification of the so-called free wave characteristics. A model updating
method based on free wave characteristics has recently been proposed for periodic structures.
In this work, this method is applied to the K032 viaduct. Vibrational measurements were first
conducted on the viaduct to identify the free wave characteristics. Next, the discrepancy between the calculated and identified free wave characteristics is minimized to update the finite
element model of the viaduct. The model updating results are validated by comparing the measured frequency response functions and those calculated from the updated finite element model.
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1 INTRODUCTION
Vibration-based finite element model updating is widely used in civil engineering to calibrate
numerical models with unknown or poorly known parameters [3, 4, 9]. It is usually performed
by minimizing the discrepancy between the calculated and experimentally identified dynamic
data, which are generally modal characteristics including natural frequencies and mode shapes.
For repetitive structures, as often found in school and office buildings, multi-span bridges and
parking buildings, mode clustering occurs with closely spaced natural frequencies and mode
shapes with similar wavelength [10, 11]. This leads to difficulties in distinguishing between
the modes in modal identification and consequently poses challenges in model updating where
matching the measured and calculated modes is required. As alternatives, the use of free wave
characteristics in the model updating of periodic structures has been explored in [11]. Free
wave characteristics for periodic structures, including propagation constants and free waves,
have been extensively studied by means of Floquet theory [1, 8]. In this work, the proposed
model updating method is applied on the K032 viaduct (figure 1), a multi-span quasi-periodic
viaduct in Bruges, where free waves were identified from vibration measurements and used to
update the finite element model.

Figure 1: The K032 viaduct.

The K032 viaduct is introduced in section 2. The wave propagation theory is briefly introduced in Section 3. The measurement and the identification of the free waves of the viaduct are
elaborated in Section 4. These measured free waves are used to update the finite element model
of K032 in Section 5. Conclusions are given in Section 6.
2 The K032 viaduct
The K032 viaduct consists of two curved integral bridges K032L and K032R in parallel
with each other. Each bridge has 23 spans, with most of the spans having a length of around
35 m. The total length of the viaduct is about 800 m. The two bridge are connected by a
passway at the 19th and 20th span, allowing traffic to pass from one bridge to the other. Each
bridge is composed of concrete girders with solid sections and concrete columns supported
by pile foundations. The viaduct is divided into 5 zones, as shown in figure 2, with different
material properties and cross section dimensions. Zones 2 and 3 are nearly periodic, giving
the possibility for the analysis of free wave characteristics. The cross section dimensions of
the deck and columns and the pile configuration of bridge K032R at sections A-A are shown
in figures 3. The lateral view of K032R at zone 3 is shown in figure 4, where the lengths of
columns and piles are given. Small variances are found on the lengths of columns and piles. At
this zone, concrete grade C56/60 is used for the bridge deck and the columns, grade C35/45 is
used for the piles and the pile caps.
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Figure 2: Top view of the viaduct.
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3 Free wave characteristics
The calculation of the free wave characteristics is briefly recapitulated in this subsection for
the case of multi-coupled one-dimensional infinite periodic structures. The procedure is applied
for a repetitive unit of bridge K032R at zone 3 shown in figure 4. The finite element model of
the deck and column of one unit is shown in figure 5. This unit is taken from the center of
one span to the center of the next span. It is modeled in ANSYS using solid45 elements. The
stiffness and mass matrices are extracted from ANSYS and coupled in MATLAB to the model
of the pile foundation in StaBIL [2]. The piles are modeled using beam elements in StaBIL and
s
s
the surrounding soil is modeled by static distributed springs with lateral (klateral
), axial (kaxial
)
s
and end-bearing axial (kend ) stiffness. The pile cap is assumed to be rigid and the column base
is fixed at the center of the cap. From the finite element model of the pile foundation, the static
impedance matrix is calculated and coupled to the degrees of freedom which correspond to the
support of columns.

Ω

ΓR
a

ΓL

b

(a) 3D

(b) Longitudinal view

(c) Lateral view

Figure 5: The ANSYS model of one unit at zone 3.

The degrees of freedom (DOFs) of a repetitive unit are divided into two sets (figure 5a):
the interface DOFs (at interfaces ΓL and ΓR ) and the internal DOFs (in the internal domain
Ω). ΓL and ΓR contain the DOFs that are coupled with the adjacent units on the left and right
hand side, respectively. Ω contains the remaining internal DOFs that are not coupled with the
adjacent units. The free wave characteristics are found by solving the free vibration problem of
an infinitely long periodic structure without external forces, leading to the following condensed
system of equation of motion considering the DOFs at ΓL and ΓR only.
"
#
 

(c)
(c) 
F̂L
DLL DLR ûL
=
(1)
(c)
(c)
F̂R
DRL DRR ûR
where F̂L and F̂R are forces transfered at the interfaces, and D(c) is the condensed dynamic
stiffness matrix, ûL and ûR are the displacements at the interfaces.
According to the Floquet theory [1, 8], the displacements and forces at one unit are related
to those of the next unit by a propagation constant µ as follows:
ûL,r+1 = eµ ûL,r
µ

F̂L,r+1 = e F̂L,r
where the subscripts r and r + 1 refer to unit r and the next unit r + 1.
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For compatibility and equilibrium to hold, the following equations are required:
ûL,r+1 = ûR,r

(3a)

F̂L,r+1 = −F̂R,r

(3b)

Introducing conditions (2a) and (2b) and the compatibility and equilibrium equations (3a)
and (3b) in the equation of motion leads to the following quadratic eigenvalue problem:
(c)

(c)

(c)

(c)

[DLR e2µ + (DLL + DRR )eµ + DRL ]{ûL } = 0

(4)

The corresponding forces at the left interface ΓL are calculated from ûL :
(c)

(c)

F̂L = [DLL + eµ DLR ]{ûL }

(5)

By solving the eigenvalue problem (4), nc pairs of free waves are obtained where nc is
the number of the coupling DOFs. Each pair contains one positive going and one identical but
negative going free wave, characterized by a pair of negative and positive propagation constants.
A propagation constant is a complex number with the real and imaginary part indicating the
attenuation and the phase change of the corresponding wave across a unit cell, respectively.
The k th positive and negative going free wave characteristics are denoted as [µpk , ψpk ] and
[µnk , ψnk ], respectively, where ψ is the displacement vector of dimension nc × 1. Subscripts
p and n represent the positive and negative going free waves, respectively. µpk and µnk are the
propagation constants with µpk = −µnk [7].
As an example, the free waves of K032R that can propagate at zone 3 at 40 Hz are calculated.
Frequency independent hysteretic damping is added where the equation of motion becomes
(K + iηK − ω 2 M)û = F̂ with η the hysteretic damping factor. η is initially taken as 0.02.
The effective stiffness of the deck, column and piles are taken as Edeck = Ecolumn = 37 GPa
and Epile = 34 GPa. Three pairs of free waves with pronounced motion of the deck are plotted
over several units in figure 6a-c. The first pair of free waves involves local bending of the deck,
where the bending motion is approximately anti-symmetric around the longitudinal axis, while
the second pair shows a local bending wave symmetric around the longitudinal axis. The third
pair is a lateral wave with local bending of the deck. In figure 6d, a pair of longitudinal waves
is plotted.
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µp1 = −0.1377 + 2.2629i

µn1 = 0.1377 − 2.2629i
(a)

µp2 = −0.0902 − 1.1388i

µn2 = 0.0902 + 1.1388i
(b)

µp3 = −0.0445 + 0.4284i

µn3 = 0.0445 − 0.4284i
(c)

µp4 = −0.0255 − 2.3545i

µn4 = 0.0255 + 2.3545i
(d)

Figure 6: The calculated positive going (left) and the corresponding negative going (right) free waves at 40 Hz,
(a)-(d): free wave pairs 1-4.

4 Free wave identification
First, the forced vibration of finite periodic structures is introduced based on the free wave
analysis proposed by Mead [8]. Second, the inverse method of extracting the free waves from
measured responses is briefly recapitulated [11]. This method is applied to K032R to identify
the free wave characteristics, which will be used in the next section for model updating.
4.1 Forward problem
The forced vibration of periodic structures (forward problem) has been studied [6, 8] based
on wave analysis. Mead [8] developed a method to calculate the forced harmonic motion of
periodic structures by a linear superposition of all characteristic free waves. Figure 7 shows
how the free waves propagate at zone 3 of K032R when the viaduct is excited at its right end.
The negative going free waves are generated at the excitation point and propagate to the left
though zone 3, the positive going free waves are reflected at the left end of zone 3 and propagate
to the right. The responses at the left end of the first unit û1 and second unit û2 of zone 3 are
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calculated as follows:
û1 =
û2 =

nc
X

k=1
nc
X

(ψpk αpk +

λ−N
nk ψnk αnk )

=

nc
X

(ψpk αpk + λN
pk ψnk αnk )

(6a)

k=1

(N −1)

(λpk ψpk αpk + λpk

ψnk αnk )

(6b)

k=1

In equation (6a), ψpk αpk is the contribution of the k th positive going free wave with αpk the
th
corresponding generalized coordinate, while λ−N
nk ψnk αnk is the contribution of the k negative
going free wave after propagation to the left through N units. In this case N is equal to 7. Since
−N
N
eµpk = e−µnk and λpk = λ−1
nk , the term λnk ψnk αnk is re-written as λpk ψnk αnk in equation (6a).
Similarly, the response û2 is written in equation (6b). The responses at the other units can be
obtained in the same way.
u1

Zone 3

u2

u8

Excitation

Negative going waves
Positive going waves

Figure 7: Waves propagating in zone 3 excited at its ends.

4.2 Inverse problem
The inverse problem, where the free waves are identified from measured responses, has been
investigated by [5, 11]. It is briefly introduced in this subsection. The response at the left end
of the first measured unit (d̄1 ) is written in terms of the free wave contributions as follows:
d̄1 = Lû1 = L

nw
X

(ψpk αpk +

λN
pk ψnk αnk )

k=1

=

nw
X

(xpk + λN
pk xnk )

(7)

k=1

where d̂1 is the dynamic response at the measured DOFs at the left end of the first measured
unit and L is a nm ×nc selection matrix that selects the nm measured DOFs from all nc coupling
DOFs. The vectors xpk = Lψpk αpk and xnk = Lψnk αnk are the k th positive and negative going
free wave component of size nm × 1 which need to be determined. The number of wave pairs
that participate to the response is given by nw .
Similarly, the measured response is obtained for the other units:

 
 Pnw
N
d̄1
k=1 (xpk + λpk xnk )
Pnw (λ x + λ(N −1) x )  d̄2 
nk 


 k=1 pk pk
pk
(8)
 −  ..  = 0

.
..
  . 

Pnw N
d̄(N +1)
k=1 (λpk xpk + xnk )
To solve this system of equations, Zhang et al. [11] have proposed a non-linear least-squares
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method where the objective function is formulated as follows:
 Pnw
 

N
d̄1
k=1 (xpk + λpk xnk )
Pnw (λ x + λ(N −1) x )  d̄2 
pk pk
nk 



pk
F(xpk ; xnk ; λpk ) =  k=1
 −  .. 
.
.

  . 
Pnw N .
d̄(N +1)
k=1 (λpk xpk + xnk )

2

(9)
2

Data d̄ = [d̄1 ; d̄2 ; · · · ; d̄(N +1) ] can be directly measured (displacement, velocity or acceleration) responses or frequency response functions (FRFs). λpk , xpk and xnk (k = [1, 2, · · · , nw ])
are the unknown free wave characteristics to be determined. The objective function is minimized to obtain the least-squares solution of the free wave characteristics:
[xpk ; xnk ; λpk ]∗ =

min

[xpk ; xnk ; λpk ]

F(xpk ; xnk ; λpk )

(10)

4.3 Free wave identification of K032
Measurements were conducted to identify the free waves of K032R. Twelve wireless recorders
including 9 GeoSIG GMS-18 units and 3 GeoSIG GMSplus units were used. Each recorder
measured the accelerations in 3 orthogonal directions x, y, and z, that are aligned with the LCS
shown in figure 8. The GeoSIG GMSplus units have 3 additional channels, which were used
to connected additional uni-axial accelerometers and the hammer. Repeated hammer impacts
in the vertical direction z were applied at the right end of zone 3 to excite vertical bending or
torsional free waves. In 2 setups, the locations in figure 8 are measured. The frequency response
functions at the measured locations are calculated and used in the free wave identification.
(3)
(3) d (3)
d4(3) d5 d6K
K032
032L7 d8 (3)

K (3) d3(3)
d1 0d32
2L 0

6

8
07 0

ne 2

09 1

LCS
y

11 12

x

nee 3
on
zzo

K0

13

14

15

16

1

K032R

03R

32

R

Figure 8: Sensor configurations for setup 1 (green) and setup 2 (blue) with the GeoSIG GMS-18 units (hollow
squares), the GeoSIG GMSplus units (solid squares) and the uni-axial accelerometers (triangles) connected to the
GeoSIG GMSplus units and the hammer excitation (circles).

One pair of stable torsional free waves is identified at each frequency in the range between
38 Hz and 44 Hz with an increment of 1 Hz. The negative going torsional free wave contributes
most to the total response, while its positive going counterpart only has a small contribution.
The stable torsional free wave pair identified here in fact corresponds to the local bending wave
pair 1 computed from the preliminary FE model which was shown in figure 6a. The identified
negative going free waves at the measured locations are shown in figure 10. The free waves
calculated from the preliminary finite element model (Section 3) are also plotted over the measured locations. The corresponding propagation constants are listed in table 1. Discrepancies
are found between the measured and predicted free wave characteristics. These discrepancies
will be minimized to update the finite element model in the following section.
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5 Model updating of the K032 viaduct
Deterministic model updating [9] is usually performed by minimizing a least-squares cost
function quantifying the discrepancy between calculated and experimentally identified dynamic
data. Based on the study in [11], free wave characteristics can be used as the data feature for the
model updating of periodic structures. The eigenvalues λpk and λnk , the positive and negative
going free wave vectors ψpk and ψnk , are used to construct the following least-squares cost
function.
nw
X

nw
(λ̄pk (ω) − λpk (θM , ω))2 X
||χpk ψ¯pk (ω) − Lψpk (θM , ω)||22
F(θM , ω) =
ak
+
b
k
(λ̄pk (ω))2
||χpk ψ¯pk (ω)||22
k=1
k=1
nw
(λ̄nk (ω) − λnk (θM , ω))2 X
||χnk ψ¯nk (ω) − Lψnk (θM , ω)||22
+
d
+
ck
k
(λ̄nk (ω))2
||χnk ψ¯nk (ω)||22
k=1
k=1
nw
X

(11)

where nw is the number of free wave pairs considered; ω is the considered frequency; λ̄pk (ω),
λ̄nk (ω), ψ¯pk (ω) and ψ¯pk (ω) are the measured free wave characteristics at frequency ω, while
λpk (θM , ω), λnk (θM , ω), ψpk (θM , ω) and ψnk (θM , ω) are the corresponding computed quantities; χpk and χnk are scaling factors which are introduced to obtain similar scaling of the
free waves obtained from FE model and experiments. These scaling factors are calculated as
H
H
ψ¯pk
Lψpk (θM )
ψ¯nk
Lψnk (θM )
χpk =
and
χ
=
. L is a selection matrix that selects the
nk
2
kψ¯pk k2
kψ¯nk k22
observed DOFs of the FE model; ak , bk , ck and dk are weighting factors, representing the importance of the corresponding terms.
When free wave characteristics at multiple frequencies are available, they can be considered
simultaneously in the objective function:
F(θM ) =

nf
X

Fj (θM , ωj )

(12)

j=1

where Fj (θM , ωj ) contains the squared residuals at frequency ωj and nf is the number of frequencies considered. The cost function is minimized to obtain the model parameters:
∗
θM
= min F(θM )
θM

(13)

For the updating of the preliminary unit model of the viaduct, 6 possible material related
updating parameters are initially considered, including the effective stiffness of the concrete
deck (θ1 Edeck ), the effective stiffness of the column (θ2 Ecolumn ), the effective stiffness of the
)
piles (θ3 Epile ), the lateral stiffness provided by the soil (θ4 klateral ) and the axial and end bearing
s
stiffness of the soil (θ5 kaxial,end
) and the hysteretic damping factor (θ6 η). The sensitivities of
the free wave characteristics to these parameters have been studied. It is found that the free
wave characteristics are more sensitive to the effective stiffness of the concrete deck (θ1 Edeck )
and the damping factor (θ6 η) than to the other parameters. These two parameters are therefore
considered in the updating with an initial value of 1. The identified negative going free waves
are used in the updating. The weighting factors are taken as 1. The Levenberg-Marquardt
algorithm is used to solve the least-squares problem. The residual of the objective function is
shown in figure 9. The updated values of the parameters are θ1 = 1.2408 and θ6 = 4.6430.
As expected, the effective stiffness of the deck is increased due to the pre-stressing of the steel
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reinforcement. The updated propagation constants and free waves are shown in table 1 and
in figure 10, respectively. A better agreement between the identified and updated free wave
characteristics is obtained.
10

Residual [−]

8
6
4
2
0

0

2

4
6
Number of iterations

8

Figure 9: The residual of the objective function for the updating of the preliminary unit model.

Frequency

µ̄N1 [-]

µN1 [-]

µ∗N1 [-]

38 Hz
39 Hz
40 Hz
41 Hz
42 Hz
43 Hz
44 Hz

0.7330 + 2.0586i
0.6250 + 2.4098i
0.5591 + 2.8299i
0.6324 − 3.0734i
0.7350 − 2.8837i
0.6673 − 2.6902i
0.5653 − 2.3840i

0.1768 + 3.3010i (62.3%)
0.1378 + 3.6634i (54.0%)
0.1377 + 4.0203i (43.8%)
0.1488 − 1.9011i (40.4%)
0.2210 − 1.5083i (49.3%)
0.2926 − 1.4450i (46.9%)
0.1762 − 1.0256i (57.7%)

0.7222 + 2.1786i (5.5%)
0.7235 + 2.5162i (5.8%)
0.7316 + 2.8446i (6.0%)
0.7479 − 3.1194i (4.0%)
0.7727 − 2.8127i (2.7%)
0.7973 − 2.5225i (7.7%)
0.8134 − 2.2329i (11.9%)

Table 1: The propagation constants of the negative going free waves identified from the experiment µ̄N1 , calculated
from the preliminary FE model µN1 and the updated FE model µ∗N1 . The values between the brackets indicate the
relative error between the identified and the calculated propagation constants.

(a) 38 Hz

(b) 39 Hz

(c) 40 Hz

(d) 41 Hz

(e) 42 Hz

(f) 43 Hz

(g) 44 Hz
Figure 10: The negative going free waves identified from the measurements (solid lines), calculated from the
preliminary (dot-dashed lines) and updated model (dashed lines); (a)-(g): at frequencies 38 Hz to 44 Hz.
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In order to validate the updating results, the frequency response functions (FRFs) representing the acceleration responses are calculated using the preliminary and updated finite element
model and compared to the measured ones. The measurement was conducted where the hammer excitation was applied at the left side end of zone 3 and the responses were measured at
few bays, as shown in figure 11. The measured and calculated FRFs at bay 08, 09 and 10 in
the frequency between 0 Hz and 45 Hz are shown in figure 12. The FRFs zoomed between 0
Hz and 10 Hz are plotted in figure 13. At the measurement location on bay 08 closest to the
excitation, the updated model gives a good prediction of the FRF. It also gives a good prediction
of the FRFs at the other measured locations below 9 Hz. However, the preliminary and updated
solid models do not predict very well the response on bays 09 and 10 above 9 Hz when the
free waves propagate across one unit and two units, respectively. It is also observed that the
FRFs on bays 09 and 10 calculated from the updated solid model are generally smaller than
those of the preliminary solid model. One reason is that the damping factor used in the updated
model is larger than the one in the preliminary model. In general, damping of bridges is difficult to be represented in numerical models. It varies with the vibration frequencies, which is
not considered in the modeling. The inaccurate modeling of damping may be one reason for the
discrepancies between the measured and calculated FRFs. It is also noted that the estimation
of the experimental FRFs might not be accurate especially for the locations measured far away
from the excitation due to the influence of noise.
K0
32
L
09 10 11 12 13 14 15 16
07

08

 

K0

K032R

32

R
Figure 11: The excitation location (circle) and the measurement
locations (squares) for the validation of the model
updating results.
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Figure 12: The frequency response function between 0 Hz and 45 Hz in z-direction measured from the experiment
(solid lines), calculated from the preliminary (dot-dashed lines) and updated (dashed lines) solid model.
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Figure 13: The frequency response function between 0 Hz and 10 Hz in z-direction measured from the experiment
(solid lines), calculated from the preliminary (dot-dashed lines) and updated (dashed lines) solid model.
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6 CONCLUSIONS
Following the method of free wave characteristics-based model updating for periodic structures, measurements have been conducted on the multi-span quasi-periodic viaduct. The free
wave characteristics have been identified from the measurements and used to update the finite
element model. It is found that the updated model leads to a much better prediction of the free
wave characteristics that match well with the identified ones. It also gives generally good predictions on the frequency response functions. The feasibility of free wave characteristics-based
model updating is validated though this case study.
ACKNOWLEDGEMENTS
The research presented in this paper has been performed within the framework of project
OT/13/59 “Quantifying and reducing uncertainty in structural dynamics”, funded by the Research Council of KU Leuven. The financial support of KU Leuven is gratefully acknowledged.
The second, third and last author are members of the KU Leuven-BOF PFV/10/002 OPTECOptimization in Engineering Center. The authors would also like to thank Jeffrey Depauw and
Dieter Van Boeckel of the THV KW A11 for providing access to the viaduct and their support
in the practical organization of the measurements.
REFERENCES
[1] L. Brillouin. Wave propagation in periodic structures: electric filters and crystal lattices.
MacGraw-Hill, New York, 1946.
[2] D. Dooms, G. De Roeck, G. Degrande, G. Lombaert, M. Schevenels, and S. François.
StaBIL: A finite element toolbox for MATLAB. Technical Report BWM-2009-20, Department of Civil Engineering, KU Leuven, October 2009.
[3] M. Friswell and J. Mottershead. Finite element model updating in structural dynamics.
Kluwer Academic Publishers, Dordrecht, The Netherlands, 1995.
[4] C.-P. Fritzen, D. Jennewein, and T. Kiefer. Damage detection based on model updating
methods. Mechanical Systems and Signal Processing, 12(1):163–186, 1998.
[5] L. Junyi and D.S. Balint. An inverse method to determine the dispersion curves of periodic
structures based on wave superposition. Journal of Sound and Vibration, 350:41–72, 2015.
[6] R.S. Langley. The response of two-dimensional periodic structures to point harmonic
forcing. Journal of Sound and Vibration, 197(4):447–469, 1996.
[7] D.J. Mead. A general theory of harmonic wave propagation in linear periodic systems
with multiple coupling. Journal of Sound and Vibration, 27(2):235–260, 1973.
[8] D.J. Mead. The forced vibration of one-dimensional multi-coupled periodic structures:
An application to finite element analysis. Journal of Sound and Vibration, 319:282–304,
2009.
[9] E. Simoen, G. De Roeck, and G Lombaert. Dealing with uncertainty in model updating for
damage assessment: A review. Mechanical Systems and Signal Processing, 56–57:123–
149, 2015.

4419

J. Zhang, K. Maes, G. De Roeck, G. Lombaert

[10] J. Zhang, K. Maes, G. De Roeck, E. Reynders, C. Papadimitriou, and G. Lombaert. Optimal sensor placement for multi-setup modal analysis of structures. Journal of Sound and
Vibration, 401:214–232, 2017.
[11] J. Zhang, E. Reynders, G. De Roeck, and G. Lombaert. Model updating of periodic
structures based on free wave characteristics. Journal of Sound and Vibration, 442:281–
307, 2018.

4420

COMPDYN 2019
7th ECCOMAS Thematic Conference on
Computational Methods in Structural Dynamics and Earthquake Engineering
M. Papadrakakis, M. Fragiadakis (eds.)
Crete, Greece, 24-26 June 2019
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Abstract. The traditional wind load assessment for long-span bridges rely on assumed models
for the wind field and aerodynamic coefficients from wind tunnel tests, which usually introduces
some uncertainties. It is therefore desired to develop tools that can utilize full-scale vibration
response data from existing bridges in order to study the wind loading in detail for in-situ
conditions. This paper presents a novel case study of inverse identification of dynamic wind
loads on the 1310 m long Hardanger bridge, a suspension bridge equipped with a network of
accelerometers. The identification method used is an extented Kalman-type filter for joint input,
state, and parameter estimation. A system model considering the still-air modes in addition to
a quasi-steady submodel for the self-excited forces of the bridge is presente. The coefficients for
self-excited lift and pitching moment are considered unknown and are jointly estimated with the
buffeting forces.
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1

INTRODUCTION

For very long and slender bridges, aerodynamic performance often becomes the critical factor in the design [1]. Hence, it is important to understand the dynamic response behavior under
wind excitation. In this arena, it is commonly accepted that the theories behind buffeting forces
due to turbulence [2] and self-excited forces induced by the motion of structure [3] are governing. In addition to this comes static wind pressures and vortex-shedding [4, 5], but these are not
the focus of this contribution. The calculation of the buffeting and self-excited forces involves
the use of aerodynamic coefficients or functions, which in today’s practice often are obtained
from series of wind tunnel tests. Alternatively, simulations based on computational fluid dynamics can be performed [6, 7], with the drawback of requiring immense computational power.
The numerical and small-scale experiments involve some uncertainties and simplifications, and
sometimes it can be beneficial to learn directly from existing bridges in their operating environment.
In recent years, the focus on structural health monitoring (SHM) have given engineers an
abundance of full-scale data from long-span bridges. This full-scale data can be valuable since
it contains information on the behavior of the bridge in the complex conditions that occur in
reality. It is therefore desired to use such data to explore the ability for testing and validation
of the models for the wind loading and aerodynamic interaction. This can be a difficult task
since the application of advanced signal processing methods can encounter some trouble due to
uncertain or non-idealized conditions, disturbances, and data from limited sensors.
One available tool to reduce the dynamic load uncertainties is the use of inverse force identification methodologies. Herein, the excitation forces are considered unknown and are estimated
from limited output response measurements, typically accelerations. Although many techniques
have recently been proposed in the literature [8–18], the application of these inverse methods are
not well-explored for long-span bridges. There is therefore a need to test the available methods
to get experience on the actual performance under realistic conditions.
In this work, the apply the input and state estimator in [8] to study the estimation of wind
loads. This Kalman-type algorithm, which is an extended version of earlier algorithms [19, 20],
allows for an extension to estimation of unknown system parameters. The method is tested
for measurement data from a long-span suspension bridge. In the presented framework, the
states are the modal responses, the unknown inputs are the buffeting forces and the uncertain
parameters are quasi-steady coefficients related to the self-excitation of the bridge box girder
under wind loading.
2
2.1

THEORY
Equations for the wind-induced dynamic response

This section derives a state-space formulation for the bridge dynamics, taking into account a
quasi-steady form of self-excitation leading to aerodynamic stiffness and damping. We assume
the following equations of motion in a FE-format for the response u(t) ∈ RnDOF :
M0 ü(t) + C0 u̇(t) + K0 u(t) = fb (t) + fse (t)

(1)

where fb (t) are the buffeting forces and (·)0 denotes still-air properties. The self-excited forces
fse (t) depend on the displacement and velocity motion of the structure, and is dealt with later in
this section. A modal truncation (u(t) = Φz(t)) yields the reduced-order representation for the
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modal coordinate vector z(t) ∈ Rnm :
z̈(t) + 2ΞΩż(t) + Ω2 z(t) = ΦT fb (t) + ΦT fse (t)

(2)

Ω and Ξ ∈ Rnm are diagonal matrices that contain the still-air natural frequencies and damping
ratios. By introducing the modal state variable x(t) = [z(t)T ż(t)T ]T ∈ R2nm , Eq. 2 can be
cast into state-space form. Furthermore, the force vector fse (t) is set equal to Hse,d (t, )Φz(t) +
Hse,v (t, )Φż(t), a transformation that is explained later. The time-evolution of the system then
becomes:
 

 
 0
I
0
0
0
ẋ(t) =
+
x(t) +
ΦT fb (t) (3)
−Ω2 −2ΞΩ
ΦT Hse,d (t, )Φ ΦT Hse,v (t, )Φ
I
or in compact notation:
ẋ(t) = Ac (t, )x(t) + Bc ΦT fb (t)

(4)

It is noted this results in a system which is linear, but time variant. When considering acceleration and displacement measurements, the output vector become:
y(t) = Sa ü(t) + Sd u(t) = Gc (t, )x(t) + Jc ΦT fb (t)

(5)

with corresponding matrices:

 



Gc (t, ) = Sa Φ −Ω2 −2ΞΩ + Sd Φ 0 + Sa Φ ΦT Hse,d (t, )Φ ΦT Hse,v (t, )Φ (6)
Jc = Sa Φ

(7)
(xi , yi , zi )

Wind
y

z

rz (t, xi )

D

V (t, xi )

x

∆x

ry (t, xi )

rθ (t, xi )

B
Figure 1: Suspension bridge and motion vectors of a segment of the box girder subjected to wind.

Next, the self-excited forces on the box girder are discussed. Although many model formulations are available [21], a simple memory-less model is adopted in this study for reasons
of simplicity, implying the self-excited forces depend only on the structural displacement and
velocity in the same time instant. Specifically, we employ a model called modified quasi-steady
theory [22]. With reference to Fig. 1, the localized self-excited forces on a slice of the box
girder with coordinate xi are given in the form:


 1
   1
 
p1 V p5 V1 p2 VB
fse,y
p4 B p6 B1 p3
ry
ṙy 

fse,z  = 1 ρV 2 B∆x h6 1 h4 1 h3  rz  + h5 V1 h1 V1 h2 VB  ṙz 
(8)
B
B
2
B
B
B2
a6
a4 a3 B
rθ
ṙθ
fse,θ
a5 V a1 V a2 V
or in compact notation:
fse (t, xi ) = Hd (t, xi , )r(t, xi ) + Hv (t, xi , )ṙ(t, xi )
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where the parameter set  = [a1 . . . a6 h1 . . . h6 p1 . . . p6 ]T consist of 18 quasi-steady coefficients. This corresponds to modeling the well-established aerodynamic derivatives as functions
)−1 or ( Bω
)−2 [22], where ω = 2πf is the angular frequency. In the preproportional to ( Bω
V
V
sented framework, the mean wind velocity V (t, xi ) is allowed to vary with time, although the
notation V is used for brevity. The span is divided into M equally spaced nodal points with
coordinates {x1 , . . . , xM }. Using matrices Si ∈ R3×nDOF to select r(t, xi ) from the larger vector
u(t), the vector fse (t) in Eq. 1 is now taken as the lumped sum of the contributions from all M
nodes:
fse (t) =

M
X

STi fse (t, xi )

=

i=1

=

=

M
X
i=1
M
X
i=1
M
X


STi Hd (t, xi , )r(t, xi ) + Hv (t, xi , )ṙ(t, xi )
STi Hd (t, xi , )Si u(t) + Hv (t, xi , )Si u̇(t)
STi Hd (t, xi , )Si Φz(t)

+

i=1

M
X

(10)



STi Hv (t, xi , )Si Φż(t)

i=1

= Hse,d (t, )Φz(t) + Hse,v (t, )Φż(t)
where the definitions of the (time and) parameter-dependent matrices Hse,d (t, ) and Hse,v (t, ) ∈
RnDOF ×nDOF now are clear. A discretization in time (tk = k∆t) of Eq. 4 and 5 now gives the following system equations:
xk+1 = Ad (tk , k )xk + Bd pk
yk = Gd (tk , k )xk + Jd pk

(11)
(12)

where the substitution pk = ΦT fb (tk ) define the buffeting loads in the modal space. No parametric model is introduced for the buffeting loads or the turbulence. Provided that the wind
velocity, the parameters, and the modal buffeting loads were known, the system output response could be straightforwardly solved from Eq. 11 and 12 for some given initial conditions.
However, these are all, except the wind velocity, treated as unknown quantities; the estimation
methodology is discussed in the next section.
2.2

Equations for the identification problem

The goal is to jointly estimate the inputs, states and the parameters for this system. The
parameters are augmented into the state vector, resulting in the following final model of the
dynamics:

 
   
 
xk+1
Ad (tk , k ) 0 xk
Bd
wk
=
+
pk +
(13)
k+1
0
I k
0
µk
 

 xk
yk = Gd (tk , k ) 0
+ Jd pk + v k
(14)
k
According to principles from Kalman filtering, this model includes stochastic white noise
on the modal states (wk ) and on the measurements (vk ), as well as a fictitious driving term for
the parameters (µk ). These vectors are all assumed mutually uncorrelated, zero-mean and with
covariance relations:
E[wk wlT ] = Qw δkl ,

E[vk vlT ] = R δkl ,
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Figure 2: The Hardanger bridge
(photo: Ø.W. Petersen/NTNU)

Figure 3: Positions of the installed anemometers (A) and
accelerometers (H,T).

This is essentially a non-linear problem since the system matrices depends on the parameters
in the augmented state. We apply a Kalman-type algorithm from [8], which is termed extended
joint input-state (EJIS) estimation. This is an extension of previous algorithms [19, 20] that
considers minimum-variance unbiased estimation in systems with unknown inputs.
Some necessary mathematical conditions for the estimation should be discussed. Firstly,
rank(Jd ) = nm is required is order to identify all nm modal forces [23]. This condition is
fulfilled for the actual system model presented later in Section 3.1. As the system matrices
changes with time, the observability should formally be checked according to the theory in
reference [24], which is considered future work.
3
3.1

IMPLEMENTATION FOR THE HARDANGER BRIDGE
Data from the Hardanger bridge

The practical test of the methodology is applied to data from the Hardanger bridge, a suspension bridge shown in Fig. 2. In this study, the bridge is modelled with nm = 19 vibration modes
from a FE model [25, 26]. Fig. 4 shows the shape of the modes along the main span together
with the natural frequencies and damping ratios, where the naming convention is according to
the dominant motion of each mode: H1-H5 (horizontal), V1-V9 (vertical), T1-T2 (torsional),
P1-P2 (pylon) and M1 (mixed). As discussed in [26, 27], the number of modes in the reducedorder model for long-span bridges (in inverse estimation) is mainly limited by the necessary
criterion that rank(Jd ) = nm ; more acceleration sensors are needed to be able to identify more
modal forces.
This bridge have 20 triaxial accelerometers for measuring the dynamic response, and eight
anemometers that measures wind velocities in the main span [28], as shown in Fig. 3. The
details of the sensors are given in references [26, 28].
A measurement data set with duration 60 min (∆t = 0.1 s) is studied. The direction of
the wind is approximately normal to the bridge deck throughout this period. The span of the
bridge is discretized into M = 65 points (∆x ≈ 20 m). First, the mean wind velocity for the
eight anemometer measurements is found by using 10 minute moving averages. Then, linear
interpolation is used to estimate the field V (x, t) between the anemometers, resulting in the
time-spatial distribution in Fig. 5. Inhomogeneous features in the wind field is not uncommon
for this bridge location [29], and in this case an apparent trend of higher velocities for one part
of the bridge is observed. Although robust testing for (non-)stationarity of time series generally
is difficult, the mean wind velocity could intuitively also be said to have weakly non-stationary
features for this 60 minute period. This is not a direct problem, however, as no stationarity
assumptions are imposed on the loading or dynamic behavior in the EJIS estimation.
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Figure 4: Horizontal, vertical and torsional deflection of the mode shapes along the main span.
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Figure 5: Estimated time-spatial distribution of the mean wind velocity along the main span. The horizontal lines
indicate the positions of the anemometers A1-A8. Linear interpolation is used along the x-axis, with constant end
values for extrapolation beyond A1 and A8.

Some pre-processing of the output response data is necessary. A low-pass filter is applied to
mitigate the content above 0.6 Hz. A subset of the acceleration response data is shown in Fig. 6
for sensors in the quarter span. In addition to the acceleration data, displacements in the form
of (offline) integrated accelerations are also included in the output vector to avoid instabilities
in the estimation. This also involves high-passing the displacement data at 0.01 Hz.
3.2

Estimation of inputs, states and parameters

Some initial values for the unknown quantities are also needed for the first time step in the
estimation. As the conditions at time t0 are not practically determinable, the initial guess is set
to x0 , p0 = 0. For the parameters, the initial values (0 ) are set to values given in Table 1, which
are estimated from wind tunnel experiments [30]. The corresponding initial covariances are set
−2
to Px0 = I, Pµ
I, Pp0 = I.
0 = 10
After some trials, it was found that estimation of all 18 parameters lead to some unrealistic
results. For this type of bridge, it is well-known that not all the self-excitation coefficients are
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Figure 6: Acceleration response in the quarter span. The measurements have been transformed into the horizontal
(y), vertical (z) and torsional (θ) motions of the box girder center to show the contributions of the different modes.

Quasi steady parameter
a1 = −0.852, a2 = −0.312, a3 = 0.907,
a4 = −0.048, a5 = −0.015, a6 = 0.007
h1 = −2.870, h2 = −0.079, h3 = 3.062,
h4 = −0.379, h5 = 0.813,
h6 = −0.055
p1 = −0.312, p2 = −0.051, p3 = −0.030, p4 = 0.004,
p5 = −0.247, p6 = −0.024
Table 1: Parameters values from wind tunnel testing of the bridge section.

equally important. It was therefore chosen to reduce the parameter set to the four coefficients
a1 , a2 , h1 and h2 (i.e., the vertical-torsional coupled damping in Eq. 8). These are deemed the
most important contributors for streamlined cross sections. The remaining 14 parameters were
set to fixed values from Table 1.
An important aspect of the estimation is the choice of covariance matrices (Eq. 15). As noted
in [10], the covariance magnitudes (noise levels) could influence the results quite considerably.
R = 10−6 I is used, a level which corresponds to 1 − 5% of the output data standard deviations.
For the process noise covariance, Qw = 10−1 I is set. For the parameter covariance Qµ =
cµ I, the two scalar values cµ = 10−5 , 10−7 are tested, which are much less than the expected
parameter order.
The identified modal forces are shown in Fig. 7 in the frequency-domain by a fast Fourier
transform (FFT) of the time series, where cµ = 10−7 was used. Characteristic to ill-conditioned
problems, identification of forces generally suffer from sensitivity in the solution to errors on
the model or the output data. A known practical problem is that a few so-called cable-modes
that could not be included in the state-space model in reality has a small contribution to the
dynamic response in the box girder [27]. This leads to some unfortunate effects visible in Fig. 7,
namely a spurious contribution around the frequencies 0.24, 0.37 and 0.41 Hz in the horizontal
modes. Other than this, the modal loads appear to realistically resemble the frequency-domain
characteristics of buffeting forces due to turbulence. A closer examination of the time-evolution
of the modal loads in light of the wind data from the anemometers is deemed future work.
Next, the attention is shifted to the parameter estimation, as shown in Fig. 8. It is seen that
for cµ = 10−5 , the dynamic response or loading tend to bleed into the parameter estimate, thus
cµ = 10−7 is deemed a more suitable choice. It is expected that the parameters should be quite
constant, but small time-variations could happen for changes in environmental conditions such
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Figure 7: Estimated modal forces in the frequency-domain.
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Figure 8: Estimated quasi-steady parameters.

as the wind yaw angle or mean the angle of attack. No formal convergence is achievable in the
estimation, and the parameters tend to either stay at a relatively stable level or slowly change
throughout the time period. A potential problem here is parameter magnitude differences, for
which a shared cµ -value introduces some compromise. As pointed out in [10], a correct parameter model is also necessary for convergence. The interpretation of the results should also
factor in the individual parameter influence on the system dynamics. Generally, it is expected
the most influential parameters for the system response are most accurately estimated, whereas
parameters with a smaller influence could be more inaccurate since its deviations do not to the
same degree affect the goodness of fit for the solution to the data. A sensitivity analysis could
give some indications of the significance to trim out non-essential parameters.
3.3

Assessment of effective modal properties

A more intuitive way to assess the results is to study the effective natural frequencies and
damping ratios of the system for the in-wind conditions. These
q can be solved from the eigenvalues of Ac (t, ), which are on the form λj = −ξj ωj ± iωj 1 − ξj2 , (ωj = 2πfj ). The modal
properties will be time-varying since they are dependent on the mean wind velocity and the
quasi-steady parameters, and Fig. 9 and 10 shows the evolution. Herein, it is the vertical and
torsional modes that are most interesting, as changes in the horizontal modes mainly are driven
by the assigned a priori values from Table 1.

4428

Øyvind W. Petersen, Ole Øiseth, Torodd S. Nord and E. Lourens

H2

H1
0.05165

0.1055

0.0515

0.105

0.05135

0.1045

0.12

V1

V2
0.1435

H3
0.1834

0.143
0.1185

0.1831
0.1425

V3
0.2075

0.142

0.117
V4

0.2145

0.1828
H4

V5

0.279

V6

0.3195

0.335

0.3185

0.334

0.278

0.207
0.2135

0.2065

0.277

0.206

0.2125
T1

0.276
V7
0.4176

0.37

0.401

0.466
0.4716
0.465

0.4172

0.464

0.471

0.4168
P1

V9

P2

0.516

0.5475
0.527

0.556

0.547
0.5465

0.512

0.55

0.525
2000
Time [s]

T2

0.562

0.548

0.529
0.514

0

0.4722

0.467

0.402
0.4015

V8

H5

M1

0.4025
0.374
0.372

0.333

0.3175

0

2000
Time [s]

0

2000
Time [s]

0

2000
Time [s]

Figure 9: Evolution of natural frequencies (f in Hz) from the parameter estimation. The red lines denote the stillair modal properties, and the green lines denote modal properties from cov-SSI with an uncertainty interval of one
standard deviation.
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As a reference solution, modal parameters with uncertainty bounds are identified using the
tool covariance-driven stochastic subspace identification (cov-SSI) [31], supplemented by the
fast implementation from [32]. Fig. 11 shows the poles and their frequency uncertainty range.
These are also superimposed in Fig. 9 and 10. In general, the damping ratios for the vertical
modes agree tend to agree between the inverse estimation and the cov-SSI. However, it does not
for the torsional modes. The exact reason for this is hard to formalize, and these results could
very well be case-dependent, as the performance of inverse estimation often highly depends
on the sensor network as well as the quality of the system model. It is generally accepted that
inverse estimation is difficult for systems with high-complexity dynamics, and the obtained
results also support this notion.
The use of advanced computational methodology to full-scale bridge data always has some
uncertainties that are difficult to eliminate. In this context, the following sources could be
mentioned:
• Limited anemometer data leads to uncertainties in the interpolated wind field V (x, t).
• A number of significant uncertainties can be related to the EJIS estimation itself. Herein,
the Kalman-type algorithms always have an estimate uncertainty inherited from the white
noise disturbance model. As shown, the noise covariance matrices influence to some
degree the solution.
• Errors in the FE-based state-space model could give some incorrect estimates. Although
the model is tuned [25], some temperature variations could affect the still-air natural
frequencies and damping and thus also slightly the graphs in Fig. 9 and 10.
• The self-excitation of the cables could give some damping contributions. If the wind
velocity at the elevation of the main cable was known, formulas similar to Eq. 8 could
be included for the self-excitation of the main cable by letting its drag coefficient be an
unknown parameter.
• Local traffic could give some small dynamic response contributions to the considered
modes, although this would be small compared to strong winds.
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4

CONCLUSIONS

The wind-induced dynamic response is an important but often uncertain aspect of long-span
bridges due to uncertainties in the models for wind load prediction. This paper has presented a
framework for state-space modelling of long-span bridges, taking into account the self-excited
forces through a set of modified quasi-steady parameters. Using recently developed Kalmantype estimation schemes, this model can be applied for coupled input-state-parameter estimation
to bridges with monitoring systems.
The methodology is tested to acceleration from the Hardanger bridge, which is modelled
using 19 still-air vibration modes. Generally, the frequency-domain characteristics of the identified wind loads have features that resembles buffeting due to turbulence. Small errors on the
state-space model, for example not including cable vibration modes, lead to some small but
visible errors on the identified loads. A comparison with the wind measurement data could give
better insight in the validity of the load estimates.
The parameter estimation for the self-excited damping works to some extent. Compared to
the damping values from cov-SSI, the estimated parameters generally lead to similar effective
damping for the vertical modes of the bridge deck, but not the torsional modes. Overall, the
methodology show some promising results, but a robust application of inverse estimation to
long-span bridges remains difficult.
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Abstract
Tensile structural systems as for example cables nets, suspended bridges or membranes
usually have nonneglecting p-delta effects under wind action. Consequently, great displacements give a geometrically nonlinear structural behavior. In addition, the wind action is nonlinear spatially and time depending. This closely affect the dynamic interaction between loads
and structure. For this reason, the calculation process needs to take into account the timedepending nonlinear response of the structure. Finally, the wind action can be critical for structural and it can induce global or local instability. Analyses has to be able to capture and to
describe the instability response in term of displacements, in the case of cables net, or rotations,
in the case of suspended bridges. The paper is focused on the wind – structure interaction analyses carried out by wind tunnel experiments. The wind action is generally given by wind tunnel
experiments, and it is time depending. For roofs, it generally is given as pressure time histories
measured by some pressure taps on the roof. The process from experiments to structural response is described using a case of study of cables net. The dynamic geometrically nonlinear
analyses were performed using the TENSO non-commercial program, which can execute dynamic step-by-step integration of the nonlinear three-dimensional structure with geometric
nonlinearities by the Newmark-Beta method with Rayleigh damping.

Keywords: Tensile structural systems, Non-Linear analyses, cables.
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1

INTRODUCTION

Light structures, as for example tensile structures or suspended bridges, has a small ratio
between structural weight and environmental or live loads. For this reason, differently from
traditional reinforced concrete structures [1], they are sensitive to the snow action and in particular the wind action dynamics. The dynamic wind action can give local or global instability
due to great displacements and/or rotations.
However, recently, these structural typologies are more common than it was in the past because they have a convenient cost/benefit ratio. For example, light roof are often used to cover
sport arenas, meeting rooms or concert halls [2, 3]. The large use of tensile structural systems
(i.e. roof or bridges) would require simplifications of calculation methods. In addition, guidelines in codes should be improved and increased.
Contrarily, codes neglects cables structures and very few information are given for unconventional shapes as for example hyperbolic paraboloid, that are commonly used for roof tensile
structures, or the closed box sections similar to the Great Belt , that is commonly used for suspended bridges [4-13].
For these reasons, the most of these structures need experimental campaign in wind tunnel
to be designed. Wind tunnel experiments on in-scale models investigates the structure aerodynamics (i.e. on rigid models) and aero-elasticity (i.e. on flexible models).
Aerodynamics tests are focused on pressure coefficients acquisition on the building surfaces
or on the vortex shedding distribution around the buildings that is simulated as a rigid body [1416]. Aeroelastic measurements are focused on the wind-structure dynamically interaction. In
particular, for roofs, these measurements are focused on the aerodynamic damping and added
masses estimation [17, 18]. For bridge, aeroelastic tests are focused on the flutter derivatives
estimation [19-21].
Generally, the scientific literature proposes simplifications of experimental tests as for example simplified maps of pressure coefficients [22, 23] or parametrical studies of the structural
dynamics [19]. However, the most of literature examples are focused on specific cases of study
[24-38] that sometimes are not generalizable.
Some studies discuss the structural design of tensile structures following a more general
view [39-44] even if they do not discuss the complete process to design a tensile structure, that
start from the architecture and it continues through experiments to the structural calculation.
Non-linear analyses have to be processed using time-depending experimental data through
software able to calculate the wind-structure interaction. The complexity of calculation is crucial for these kind of structures and it affects negatively their development and dissemination.
This paper aims to describe the process of applying wind tunnel measurements for non-linear
structural analyses using a case of study. Only aerodynamics results are discussed here. The
case of study is a cable net with hyperbolic paraboloid roof and rectangular plane.
2

STRUCTURAL REMARKS

In order to discuss geometrically non-linear analyses the case of cables net was used as
examples. In particular, the hyperbolic paraboloid cables net was assumed as significant examples of cables systems.
Hyperbolic paraboloid cables net have a double curvature with two order of cables (i.e.
upward and downward) that can have a different lengths and curvatures. Consequently, cables
can have different areas and initial pre-stresses.
These two order of cables assume a different role under gravitational (i.e. downward)
and suction (i.e. upward) loads. In fact, under gravitational loads (i.e. dead, permanent loads
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and snow action), the upward cables are load bearing and the downward cables are stabilizing,
under suction (i.e. wind action) is opposite. The local instability occurs if stabilizing cables
reduce their sag until almost to be horizontal or if the load bearing cables exceeds the stress
limit of material.
The function adopted to describe the hyperbolic paraboloid is expressed by Eq.(1),
where x, y and z are respectively the spatial variables; x0, y0 and z0 are the coordinates of the
origin of the axes a, b and c are the geometric coefficients of the function. The c parameter was
set equal to 1, making all the parabolas that lying on the surface, parallel and of identical curvature.
−

=

where 1/c = 1

(1)

It’s important to precise that the initial geometry is only an initial condition and that the
real geometry of the net, whiteout environmental or live loads, is defined on bases of the initial
cables pre-stress, dead and permeant loads.
The environmental and live loads effect modifies again the geometry. The goal is to
predict the structural geometry under extreme loads in order to exclude instability phenomena.
For this reason the preliminary design of cables areas and initial pre-stress is crucial.
The pre-sizing process has the aim to estimate an initial pre-stress and areas in order to
minimize the shape between un-loaded and loaded condition. This is important because the
pressure coefficients evaluated in wind tunnel are measured on a fixed geometry that generally
correspond to the un-loaded shape.
The cables net preliminary design can be carried out using the simplified two dimensional model named “Rope Beam” illustrated in Fig.(1). The model consist in two cables with
opposite curvature connected only by vertically.
The prefixed assumptions are:
1) vertical links, in tension or in compression, are treated as a continuous membrane
between the two main cables;
2) the horizontal displacements are neglected compared to the vertical ones; pretension
is considered as an equivalent distributed load;
3) the system congruence is required only in the central span node;
4) the mutual actions between cables are uniformly distributed as the external load, and
consequently, load-bearing and stabilizing cable have a parabolic configuration also in elastic
regime [43, 44].
Eq.(2) and Eq.(3), define the load-bearing cable (C1) and stabilizing cable (C2) stiffness
coefficients, K and K . k1 and k2 are the stiffness of the load-bearing cable C1 and the stiffness of the stabilizing cable C2, respectively, defined in Eqs.(4) and (5). A1 and A2, f1 and f2,
L1 and L2 are area, sag and span values of the cable C1 and C2, respectively.
K

=

=

k
k +k

%
8 !
32 !
1+3 " −
" &
5

(2)
(4)

K

=

=

4436

k
k +k

%
8 !
32 !
1+3
" −
" &
5

(3)

(5)

M. Di Giovanni, C. Taddeo

Fig.1: Rope beam, 2D structural system.
In Fig.1 T0,1 and T0,2 are the cables traction given by the initial pre-stress and H0,1 and
H0,2 are their horizontal components. The horizontal components are generally much bigger
than vertical (V0,1 and V0,2) because the curvature given by the sag/span ratio (i.e. f1/L1 and
f2/L2) is generally small. For this reason, cables nets need of very rigid support structures. In
the preliminary design the initial pre-stress is approximated as an uniform distributed load applied on cables, upward for stabilizing cables (C2) and downward for load bearing cables (C1).
The design process almost takes into account the following load configuration:
1) Load condition 0, given by initial pre-stress only;
2) Load condition 1, given adding to condition 0 dead and permanent loads (i.e. gravitational);
3) Load condition 2, given adding to condition 1 the snow action (i.e. gravitational);
3) Load condition 3, given adding to condition 1 the wind action (i.e. upward action).
Cables areas 0,1, 0,2 and strain (' 0…3,1, ' 0…3,2) are fixed iteratively matching results
given by all loads conditions. In the following strain values for condition 2 are ' 2,1, ' 2,2 and for
condition 3 ' 3,1, ' 3,2 for C1 and C2, respectively. The suffix "i" means a generic load condition,
G) is the dead load, G) is the permanent load, S is the maximum snow action, W is the max*

imum wind suction. Like a start point the ratio * between the cables stiffness is assumed equal
to ∆P according Eq.(6).
∆P =

G) + G) + |W|
Load Condition 3
&=
G) + G) + S
Load Condition 2

The initial geometrical cables length L9,
(8), as function of cables initial sag and span.
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The initial cables internal traction T9, and T9, are given by Eqs.(9) and (10) and their
horizontal component H9, equal to H9, are given by Eqs.(11) and (12).
T9, = H9, C1 + 16
H9, =

f
"
L

(9)

G) L
8f

T9, = H9, C1 + 16
H9, =

(11)

f
"
L

G) L
8f

(10)

(12)

The horizontal components Hi,1…2 of traction for loads conditions 1, 2 and 3 varying as
function of the cables traction and the deformed cables sag, according Eq.13. Cables are made
of harmonic steel and the cables traction is in agreement with the Hook law.
HE, =

TE,

f
1 + 16 LE, "

(13)

Step by step, cables stiffness vary as function of the deformed shape and cables strain
given by loads. Eqs. (14) and (15) give the FG and FG expressions given by the balance between geometry deformation and applied loads ∆P.
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Eq.(16) give the residue un-balance ∆ that need to be iteratively minimized. As an example, Eq.(16) show the balance for condition 2.
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EXPERIMENTAL DATA ACQUISITION

Experimental data consist in pressure expressed in mmH2O acquired by pressure transducers. A sampling frequency (F) and a time duration (T) of experiments are preliminary fixed
based on the wind tunnel setup. Pressure series l m, n are acquired using pressure taps distributed on the model. Teflon tubes measure pressure and send data to transducers. Transducers
send electrical signals to the control system. Pressure coefficients o) m, n are calculated according to Eq.19. Results are pressure coefficients time histories with a number of time step
equal to T ∙ F.
o) m, n =

l m, n − l9
1
2 ρqr

(19)

In Eq. 19, l m, n is the measured pressure at point P of the roof surface, l9 is the static
pressure in the bare tunnel and ½ ρ V 2m is the dynamic pressure measured by a pitot.
The pressure taps distribution is a crucial point of the experimental campaign. Each
pressure tap represent a specific area of influence. It is obvious that a great number of pressure
taps improve the aerodynamic study. However, the number of pressure taps depend on the wind
tunnel setup.
The model surfaces were discretized in polygons surrounding each pressure taps. Generally, if the pressure taps distribution does not follow an orthogonal grid, Thiessen polygons
are used to map surfaces. Thiessen polygons are polygons whose boundaries define the area
that is closest to each point relative to all other points. The perpendicular bisectors of the lines
between all points mathematically define them.
4

NON LINEAR ANALYSIS THROUGH EXPERIMENTAL DATA

For the case of cables net, the FE model is generally computed using cables elements and loads
are applied on net nodes. It is important to precise that the wind tunnel pressure taps grid generally is different from the Finite Element (FE) structural models grid. Generally, the number
of nodes in FE models are closely bigger than the number of pressure taps on wind tunnel
models. This problem is far from negligible because it means that the numerical calculation is
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affected by the experimental setup. In the case of cables net, there are two complementary approaches:
1) Experimental data sample given by pressure taps is numerically expanded make its size
equal to the FE model nodes number.
2) Grid nodes (i.e. of the FE model) which are included in the same Thiessen polygon are
loaded with the same experimental data.
If performed correctly, the first approach permits to obtain a more precise solution in term of
lift and vertical displacements. However, the alteration of experimental data through numerical
methods is not always correct. For the case of study discussed in the following, it was followed
the second approach.
Cables net are non-linear structural systems and if the cables sag is between 1/10 and 1/6 of the
cables span, the difference between the orthogonal direction and the vertical direction according
the Cartesian System is neglected.
The wind action time history, s n , is calculated according to Eq.20.
1
(20)
s n = tq " o) m, n u
2

In Eq.20 t is the air density assume equal to 1.25 kg/m3, q is the wind speed in m/s,
o) m, n is the pressure coefficient that varies on the roof and Ai is the surface of influence for
the net node i-esimo.
Each node on his area of influence is loaded by a wind force time history to carry out non-linear
analyses. The structural response is generally investigated estimating nodal vertical displacements time series [47].
The structural analysis program should be designed for static and dynamic analysis with
step-by-step integration of nonlinear geometric three-dimensional structures. It has to contain
cable and beam finite elements to permit the study of wind-structure interaction with generation
of wind histories and simulation of aeroelastic phenomena [20, 48-51].
In this research, a not commercial software was used to carry out non-linear analyses
though wind foresees time histories. It is named TENSO. Using TENSO, is possible to compute
parabolic cables in two ways: in the first case, the cable can be divided in an appropriate number
of elements that are rectilinear cable, in the second case elastic catenary configuration or
parabolic cable can be used. The first case is applicable only with nodal loads. Possible
applications of this methodology are suspension bridges with a distance between the hangers
sufficiently small compared to the cable span length, and cables nets with a small spacing
between cables compared to the maximum span length. For this kind of structures the global
stiffness matrix is updated for each load step through the assembly of stiffness matrices of the
elements varied according to the strain found in the previous step. In this way the software takes
into account the geometric nonlinearity of the structure. As regards to the beam finite element,
it is possible to choose among a beam with a uniform or a variable section. For each case it is
possible to introduce prestressing actions or tractions as well as thermal loads. In particular, the
beam finite element with variable section provides the calculation of ten coefficients in order
to describe the area variation and the moment of inertia along the beam axis with a polynomial
function. In order to evaluate the stiffness matrix, a numerical procedure based on the validity
of the constitutive elastic low is used and six independent functions to describe the displacement
field is used, too. At the beginning, the procedure computes the flexibility matrix of the element,
applying a forces system and evaluating a displacement system using an algorithm that, step by
step, computes the twelve conditions of kinematic compatibility and the balance evaluated in
the previous step. The Gauss method is used for the numerical integration and Rayleigh
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damping is implemented. In the case investigated a value of 5% of structural damping is used
taking into account the membrane effect that increase the structural damping.
TENSO software simultaneously uses two solution methods to solve nonlinear analysis:
the step by step incremental method and the interaction progressive method with the variable
stiffness matrix as well as the secant method. The secant method can be thought of as a finite
difference approximation of Newton's method. In TENSO, secant method is used as a check
method that permits to stop the analysis with a unbalanced solution. Using the step by step
incremental method, nonlinear problem can be transformed in a succession of linear problems.
Each calculation step stores loads and strains history evaluated during the previous step. For
each analysis step, a small enough part of load (ΔP) necessary to ensure that is possible to use
the elasticity method is applied. However, this simple and classical approach presents the
difficulty to evaluate the exact dimension of load step and so the exact step of analysis. A nonappropriate chosen range can cause an inexact solution. In order to solve it, TENSO uses the
method with the variable stiffness matrix; this method is a vector version of the NewtonRaphson modified method about nonlinear equation systems. The Newton-Raphson procedure
guarantees convergence if and only if the solution at any iteration is close to the exact solution.
Therefore, even without a path-dependent nonlinearity, the incremental approach (i.e., for
subsequent load steps) is sometimes required in order to obtain a solution corresponding to the
final load level. If the displacements are large, the product between the stiffness matrix,
evaluated on the basis of the solution of the previous step, and the displacements vector, give
the internal force vector, not equilibrate with the external forces vector according to Eq.(21). In

~

Eq.(21) K is the stiffness matrix, δ is the displacements vector, P is the external forces vector.
The difference between these two forces vectors (i.e. internal and external) represents
the imbalance force vector, according to Eq. (22). R is the residual vector and P is the internal
forces vector. Subsequently, R is applied as an external load modifying the displacement vector
with a residual value of displacements Δw, according to Eq.(23).
xFyzZ {w|zZ = {m} |zZ

(21)

{Δw|zZ = xFyzZ {~|zZ

(23)

x~yzZ = x{m| − {m}|zZ y ≠ 0

(22)

In order to solve nonlinear dynamic analyses, TENSO uses the Newmark-beta method,
a numerical integration method used to solve differential equations. It is used in finite element
analysis to model dynamic systems. In order to illustrate the use of this family of numerical
integration methods, the solution of a linear dynamic system have to be firstly considered. In
1962 Newmark’s method in matrix notation was formulated, stiffness and mass proportional
damping was added, and the need for iteration by introducing the direct solution of equations
at each time step was eliminated. The time dimension is represented by a set of discrete points
each a time increment apart. The system is solved at each of these points in time using as data
the solution at a previous time. The procedure follows these subsequent phases: reading of
initial boundary conditions; assembly of the stiffness matrix, setting € and •, Newmark method
parameters that control the stability and the accuracy of the integration procedure. They are
equal to ¼ and ½ respectively; assembly of the vector forces; step by step calculation with
iterative process and convergence check. For each integration step, a check of the solution
precision is done in order to evaluate if it is necessary to modify the integration step dimension.
Generally, a more precise solution needs a very small integration step and so a higher
computational work. Unbalanced loads are evaluated according to the Newmark’s algorithm,
as the difference between the reactions and the applied external loads. In TENSO, a correction
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of this algorithm is implemented: the precision of solution is evaluated as a ratio between
unbalanced loads and applied external loads for each unconstrained degree of freedom. At each
integration step, unbalanced loads are added to the next load step, in order to obtain an optimal
solution, [20].
5

CASE OF STUDY

The geometry discussed here as case of study is illustrated in Fig.2. Globally, it is 40 m
wide and 80 m long, with a maximum height of 21.3 m. A Hyperbolic paraboloid roof made of
a cable net and membrane covers the rectangular plane.
The l1, f1, l2 and f2 parameters are the upward and downward parabola sags and spans,
respectively; H is the biggest height of the roof and was estimated at 1/10 of l1 [16].
Data used to estimate the wind action on the roof, are given by aerodynamic tests carried
out on a scaled model in the CRIACIV open circuit (Interuniversity Research Center on Building Aerodynamics and Wind Engineering) wind tunnel boundary layer. The CRIACIV test
chamber size is 2.4 x 1.6 meters [16]. The model sizes are summarized in Table 1.
Table 1 Wind tunnel model sizes
model
1

l1
[mm]
400

l2
[mm]
800

f1
[mm]
27

f2
[mm]
53

H
[mm]
213

The pressure series were acquired at a sample frequency equal to about 252 Hz for a
period of nearly 30 s (i.e. 7504 time steps). The scaled wooden model was instrumented with
Teflon 1.5 mm diameter tubes to acquire pressures. Totally, 95 pressure taps were located on
the roof and sixteen wind angles were acquired. The cables net was dimensioned taking into
account the local peaks factors distribution on the roof [46].
With the purpose of estimating the roof geometry variation when under wind action,
structural analyses were performed on a FE model of cable net.
The wind forces time histories were calculated using [16] wind tunnel tests campaign
and Eqs. (19) and (20). Following the second approach listed in Section 4, each node included
in the same pressure tap area of influence was loaded using the same pressure coefficients time
histories. Fig.2a shows the geometrical configuration of the building assumed as case of study
and Fig.2b shows a FE model view. It is important to precise that the model took into account
only the cable net and that it neglected the membrane (i.e. non-structural element).
The numerical model contains 861 nodes spaced according a 2 x 2 m square grid. The
first ten natural frequencies estimated by modal analyses are between 0.25 to 0.43 Hz. Figs.2c
and 2d show the first two modal shapes.
Fig.3 shows an example of forces time history (i.e. input), F, and an example of displacements time history (i.e. output), δv. In Fig.3, Negative values of ‚ mean suction (i.e. upward) values, negative values of displacements mean gravitational (i.e. downward)
displacements.
The time series applied in input were expanded with an initial ramp. The time length
was 1800 s and it was calculated based the geometrical scale of the wind tunnel model size.
The wind tunnel model geometrical scale was equal to 1/100. The tests were performed at a
mean wind speed of 16.7 m/s at a height of 10 cm that in a 1:100 scale would be the standard
reference height. Assuming that the prototype mean wind speed at 10 m of height is U = 27 m/s
(design value for most of the Italian territory), then there results a velocity scale λv = 0.62,
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which corresponds to a time scale λt = 0.0162. Therefore, the 30 s model scale acquisition time
corresponds to a full scale time of approximately 1800 s [23].
Totally, 861 time history with 7504 time steps were applied on the model for a time
equal to 1800 s.

(a)

(b)

Frequency = 0.27 Hz
Frequency = 0.25 Hz
(c)
(d)
Fig. 2 Case of study: geometrical configuration (a), FE model view (b), the first two
modal shapes (c) and (d), respectively.
The non-linear analyses results give vertical displacements and cables stresses time series. Both of these results need to be post-processed in order to estimate their statistics as mean,
maximum and minimum values, standard deviation end local peaks.

4443

M. Di Giovanni, C. Taddeo

Fig.3 Wind force (F) and vertical displacements (δv) time history in node #320
middle point)

6

CONCLUSION

The paper discussed the non-linear analyses of cables net carried out trough wind tunnel
experimental data. The process of calculation was described discussing the cables net structural
behavior, the wind tunnel data acquisition and the non-linear time history analyses on FE model.
The paper give comments about the dynamic geometrically non-linear analyses of cables systems and their computing using a calculus software.
7
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Abstract. Finite element simulations of structures that undergo large deformations can imply
high computation costs due to the nonlinearity of the resulting equations of motion and high
numbers of degrees of freedom. Model reduction can encounter this burden by approximating
the nodal displacements as a linear combination of some basis vectors and applying a Galerkin
projection. The main challenge for this step is a proper selection of basis vectors that are able
to capture the deformation states of the system.
A prevalent selection of basis vectors for geometrically nonlinear systems is the combination of modes of the linearized system and so called modal derivatives. The modal derivatives
describe the change of the modes when the system is perturbed and thus contain nonlinear information. However, modal derivatives are only defined for modes that are real. This makes this
approach unusable for systems that have complex eigenmodes, such as nonclassically damped
systems, i.e., systems with the damping matrix not fulfilling the Caughey condition.
This contribution shows how modal derivatives can be defined for nonclassically damped
systems by extending the concept of modal derivatives to complex eigenmodes and how this
can be used to build a reduction basis for geometrically nonlinear, nonclassically damped systems. A simple beam test case demonstrates that this approach can improve the accuracy of
the reduced system slightly compared to the use of eigenmodes and modal derivatives of the
underlying undamped system.
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1

INTRODUCTION

One can find many applications in engineering that contain structural parts that undergo large
deformations during operation, such as MEMS [14], wind turbine blades [15] or spring leafs
for truck suspension [16]. Finite element analysis of such structures leads to the equations of
motion
M ü(t) + C u̇(t) + f (u(t)) = F ext (t) ,
(1)
where u ∈ RN describes the displacements of the nodes of the finite element mesh, M ∈ RN ×N
is the mass matrix, C ∈ RN ×N is the linear viscous damping matrix and F ext ∈ RN describes
the external loads. N is the number of degrees of freedom. The term f (u) is the restoring force
that is nonlinear for systems that undergo large deformations.
Due to a large number of degrees of freedom, which is typical for real world applications,
and the nonlinearity of the restoring force term, simulation times can become very large. That
makes design studies, in which the equation of motion must be solved several times, a tedious
task. This burden can be faced by model reduction.
Model reduction in structural dynamics has been the focus of research for many years. Some
techniques such as the Craig-Bampton method [3] or modal truncation have emerged to a standard and are implemented in many software packages. All these methods rely on the approximation of the displacement vector u ≈ V q by a linear combination of some basis vectors
that are column-wise stacked into a reduction matrix V . The reduction is then carried out by a
Galerkin projection onto the subspace that is spanned by the basis vectors. Different reduction
methods only differ in how a proper reduction matrix is determined.
Most prominent reduction techniques use system properties of the undamped system for
building the reduction matrix, such as the normal modes of the undamped system. This gives
rise to the question if these techniques are also able to reduce systems that do not satisfy the
Caughey conditions, i.e., systems whose eigenvalues are not equal to those of the underlying
undamped system. This concern has been investigated in literature, too. Different methods for
reduction of such systems as substructures can be found in [1, 2, 8, 4, 6].
These techniques can reduce linear systems, but they cannot be applied to geometrically
nonlinear systems described by equation (1). Model reduction for this kind must overcome two
additional issues: First, the reduction basis V must provide a subspace capturing large deformation states. Second, the evaluation of the nonlinear restoring force term must be accelerated.
The reason for the second issue becomes clear by viewing the reduced equations of motion
V T M V q̈(t) + V T CV q̇(t) + V T f (V q(t)) = V T F ext (t) .

(2)

The last term on the left hand side cannot be precomputed beforehand but must be evaluated
in the full element domain. The acceleration of its evaluation is crucial to reduce computation
time and can be gained by applying so called hyperreduction methods [16].
The first issue, namely the generation of a reduction basis, can be solved by two different
classes of methods: The first class is ’simulation-based’, which means that the basis is generated by data from full dynamic simulations of the high dimensional model. The most prominent example for this class is the Proper Orthogonal Decomposition [12, 10]. The second class
is ’simulation-free’. These methods compute basis vectors from system properties. A common approach is to take the eigenmodes of the linearized system and augment them by modal
derivatives [9]. Modal derivatives are the directional derivatives of the eigenmodes with respect
to the displacements in the direction of the eigenmodes themselves. The use of these vectors as
reduction basis for nonlinear systems is shown for example in [17, 18, 19].
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The modal derivatives approach is able to include nonlinear information into the reduction
basis without the need for dynamic simulations of the full high dimensional model. This makes
this approach much more comfortable compared to the simulation-based methods. However, in
contrast to methods for linear systems, there are no simulation-free basis generation techniques
for geometrically nonlinear systems that consider damping properties. Available methods either
do not consider damping or are limited to classically damped systems satisfying the Caughey
condition, such as Rayleigh damping. But one can find many systems that do not satisfy this
constraint in engineering. Thus, the question arises if available techniques can handle nonclassically damped systems or if better bases can be found by using the system’s damping properties.
This contribution extends the modal derivative approach to complex eigenmodes which have
been shown to be good candidates for nonclassic damped linear systems (cf. [7]). It is shown
how a reduction basis for geometrically nonlinear systems can be built up from these vectors. A
case study of a locally damped cantilever beam shows that their performance is slightly better
than that of basis vectors computed from the properties of the underlying undamped system.
The remainder of this paper is organized as follows: First, the classic approach, i.e., the
modal derivatives neglecting the damping properties of the system, is recapped in section 2.
Section 3 summarizes the defintion of complex modes for the linearized equations of motion.
Section 4 formulates a modal derivative for the complex modes with respect to the displacements u. Section 5 shows how bases can be built by using the complex modes and modal
derivatives. A case study demonstrates the new basis’ performance in comparison to bases that
neglect the damping properties of the system. This is illustrated in section 6. The results are
summarized in section 7.
2

MODAL DERIVATIVES FOR UNDAMPED SYSTEMS
The equation
M ü(t) + C u̇(t) + K ∆u(t) = F ext (t) − f (ū)

(3)

describes the linearization of equation (1) around u = ū with the tangential stiffness matrix
K=

∂f (u)
∂u

.

(4)

u=ū

In classic approaches, it is assumed that damping can either be neglected or the damping
matrix satisfies the Caughey condition. The eigenmodes φi can then be computed by solving
the eigenproblem
(K(ū) − ωi2 M )φi = 0 .
(5)
The modal derivatives that are used for reduction bases for nonlinear systems are defined by
φi (ū + h φj ) − φi (ū)
h→0
h

∂φj φi = lim

(6)

which is the directional derivative of a mode φi with respect to the displacements in the direction
of a mode φj . This derivative is not zero because the tangential stiffness matrix of the eigenproblem (5) is dependent on ū for geometrically nonlinear systems according to equation (4).
There are several options to compute the derivative numerically. An extensive overview over
different methods is given in [11].
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3

COMPLEX MODAL DERIVATIVES FOR DAMPED SYSTEMS
Equation (3) can be transformed to implicit state-space form
E ẋ = A x + B

(7)

with



∆u
x=
,
u̇




C M
E=
,
M 0




−K(ū) 0
A=
,
0
M

 ext 
F
B=
.
0

(8)

The damping matrix C is assumed to be symmetric but does not necessarily satisfy the
Caughey condition. This constraint is often satisfied in practice except for systems with gyroscopic effects.
The eigenvectors of the generalized eigenvalue problem
(A − λi E) r i = 0

(9)

describe the complex mode shapes. The eigenvalues λi and eigenvectors r i occur in complex
conjugate pairs or are real (see for instance [5]). We normalize the eigenvectors such that
r Ti Er i = 1 ,
4

r Ti Ar i = λi .

(10)

COMPLEX MODAL DERIVATIVES

The motivation is to extend the modal derivative approach from section 2 to complex modes
that take the damping properties into account. Thus, we search for the directional derivative
∂vj r i = lim

h→0

r i (x̄ + h v j ) − r i (x̄)
.
h

(11)

with x̄ = [ū, 0]T . There are several methods to compute the derivatives as outlined in [11].
One of these methods is Nelson’s method [13]. This procedure will be transferred to the statespace eigenvalue problem (9) in this section. First, we apply a directional derivative to the
eigenproblem (9)
(12)
∂vj (A(x̄) − λi E)r i = 0 .
The dependency on x̄ is omitted from now on for the sake of simplicity. The product rule leads
to
(A − λi E) · ∂vj (r i ) + ∂vj (A) · r i − ∂vj (λi ) · Er i − λi · ∂vj (E) r i = 0 .
(13)
The matrix E does not depend on the stiffness matrix and thus does not depend on x̄. Therefore,
the last term cancels and one gets
(A − λi E) ∂v r i = −∂v (A) r i + ∂v (λi ) Er i .

(14)

The term ∂v (λi ) is unknown and needs to be expressed by other terms. We use the same trick
as in Nelson’s method and premultiply equation (14) by r Ti which leads to
r Ti (A − λi E) ∂v (r i ) = −r Ti ∂v (A) r i + ∂v (λi ) r Ti Er i .

(15)

The left hand side vanishes because it satisfies the eigenproblem (9) due to the symmetry of A
and E. The equation simplifies to
∂v (λi ) = r Ti ∂v (A) r i
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due to the normalization condition r Ti Er i = 1. Inserting this into (14) gives

(A − λi E) ∂v (r i ) = −∂v (A) r i + r Ti ∂v (A)r i Er i .
{z
}
|

(17)

g

This equation cannot be solved at hand because (A − λi E) is singular. The general solution
∂v (r i ) = ϑ + c r i

(18)

consists of a particular part ϑ and a homogeneous part c r i with an arbitrary scalar factor c.
Similar to [13], a particular part is determined by setting one coordinate of ϑ to zero. The
system is then partitioned into



    
A11 0
E 11 0
ϑ1
g
− λi
= 1
(19)
0 1
0 0
ϑ2
0
where the index 2 denotes the coordinate which is set to zero, the index 1 denotes the remaining
coordinates and g is the right hand side from equation (17).
The homogeneous part is determined by using the normalization condition

∂v r Ti Er i = 0
⇒
∂v (r Ti ) Er i = 0
(20)
where we assumed E is symmetric and independent on x̄. The scaling factor c is then found by
(ϑ + c r i )T Er i = 0
5

⇒

c = −ϑT Er i .

(21)

BUILDING THE REDUCTION BASIS

The classic approach for building simulation-free reduction bases for geometrically nonlinear systems is to build up the basis from two parts
V = [V lin V nl ] ,

V ∈ RN ×n .

(22)

The first part V lin contains modes φ of the undamped system (eq. (5)), the second part V nl contains their modal derivatives (eq. (6)). All vectors are orthogonalized to gain better numerical
conditions.
We propose a new basis for damped systems by transferring this strategy to complex modes:
The linear part V lin is built by information from the complex modes r i of the damped system.
A complex mode r i can be partitioned in
 
d
ri = i
(23)
ei
where the upper part describes displacements and the lower part velocities as defined in equation (7). The desired reduction basis V must suit to the dimension of the second order system (1) making the Galerkin projection described by (2) applicable. For this reason we use only
the upper portion di of the eigenvectors r i . We propose
V lin = [Re(d1 ) Im(d1 ) Re(d2 ) Im(d2 ) . . . Im(dm )]
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as linear part. It contains the real and imaginary parts of the displacement portion of the first m
complex modes belonging to the linearized system. The nonlinear part
V nl = [ · · · Re(∂rj di ) Im(∂rj di ) · · · ] for i, j ∈ {1, . . . , m}

(25)

consists of the real and imaginary parts of the complex modal derivatives. Again only the
displacement portion d is contained. The derivatives ∂v A that appear during the computation
of the complex modal derivatives, such as in equation (17), are computed via central differences.
The relation
∂A
∂A
∂A
·v =
· Re(v) + i
· Im(v)
(26)
∂v A =
∂ x̄
∂ x̄
∂ x̄
gives the central difference scheme
A(x̄ + h · Re(v)) − A(x̄ − h · Re(v))
A(x̄ + h · Im(v)) − A(x̄ − h · Im(v))
+i
.
2h
2h
(27)
The full reduction basis
V = [V lin V nl ]
(28)

∂v A =

is stacked together from the linear and nonlinear part. All vectors are orthogonalized to each
other by using a singular value decomposition. Vectors that are almost linear dependend are
removed by truncating vectors belonging to small singular values. After orthogonalization the
full reduction matrix V has the dimension N × n.
6

CASE STUDY

The performance of the proposed reduction basis is tested by means of a case study. Figure 1
shows the finite element model of a cantilever beam that is used for this purpose. The beam
is fixed on the left and excited through a harmonic excitation on the tip. The amplitude of the
excitation force is chosen so that the beam undergoes large deflection. The beam is slightly
damped by a Rayleigh damping. Additionally, a linear viscous damper is applied at a variable
position xd . We consider two positions xd , namely 30.0 mm and 50.0 mm. The system has
N = 7, 184 degrees of freedom. The eigenvalues of the linearized system are listed in Table 1.
Three reduction bases are compared against each other. First, the new proposed reduction
basis is generated. Four complex modes (m = 4) are used to build the reduction basis, namely
1, 2, 3 and 5. Mode number 4 is not included because it is the complex conjugate pair to the
third mode. Thus, its real and imaginary part is linear dependend and does not contribute new
information. All complex modal derivatives to the chosen modes are computed. Their real and
L
H
xd
F

d

Figure 1: Cantilever Beam for Case Study. Parameters: L = 100 mm, H = 2 mm, thickness in 3rd dimension =
10 mm, % = 0.94 g/cm3 , Rayleigh Damping: 0.001 · M + 0.001 · K(0), viscous damper constant d = 2, 700 g/s,
St.-Venant-Kirchhoff material model with Young’s modulus E = 50 MPa, Poisson’s ratio ν = 0.49, harmonic
excitation force F = F̂ · (sin(80.0 rad/s · t) + sin(29.2 rad/s · t) + sin(18.0 rad/s · t))
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No. xd = 30.0 mm
1
-0.001+0.000i
2
-2.264+0.000i
3
-0.002-0.008i
4
-0.002+0.008i
5
-0.003-0.052i
6
-0.003+0.052i
7
-0.003-0.147i
8
-0.003+0.147i
9
-0.004-0.256i
10 -0.004+0.256i

xd = 50.0 mm
-2.265+0.000i
-0.000+0.000i
-0.001+0.013i
-0.001-0.013i
-0.001-0.082i
-0.001+0.082i
-0.009+0.118i
-0.009-0.118i
-0.001-0.262i
-0.001+0.262i

Table 1: First 10 complex eigenvalues of the linearized eigenvalue problem of the full cantilever beam model in
rad/(10−4 s).

imaginary parts are stacked into the reduction matrix as described by equation (25). This results
in 8 basis vectors for the linear part and 32 for the nonlinear part. However, after orthogonalization some vectors are removed because they show approximately linear dependence. This
is done by truncating vectors belonging to singular values smaller than 10−9 times the largest
singular value. This leads to a smaller dimension n than expected, namely n = 31.
Second, two classic reduction bases are computed for comparison. The first part V lin consists
of undamped modes according to eq. (5), the second part V nl contains their modal derivatives
according to eq. (6). They neglect the damping properties of the system. One of these bases
contains the same number of modes (m = 4) and all modal derivatives. After orthogonalization
and truncation using the same tolerance as above, the basis’ dimension is n = 14. The other
classic reduction basis contains m = 7 modes and their modal derivatives. This leads to a
dimension of n = 35 after orthogonalization which is comparable to the dimension of the first
basis. All linearization points x̄ and ū are chosen to be zero for all bases. This linearization
point describes the static rest position of the beam.
Figures 2 and 3 show the tip displacements of the full simulations over time and their error
generated by the reduced systems. The plotted error describes the absolute error ∆utip normalized by |utip |max which is the maximum tip displacement over time. It can be seen that the new
proposed basis performs better than the classic bases for xd = 30.0 mm. It also performs better
for xd = 50.0 mm compared to the classic basis computed with the same number of modes.
However, the error is approximately the same as for a classic basis with almost same number of
basis vectors. When using the same dimension for the basis, the new proposed method does not
enhance the accuracy for this case.
7

CONCLUSION

Model reduction for geometrically nonlinear systems is used to reduce computation times
for design studies. A crucial part for successful reduction is a proper chosen reduction basis.
The basis can either be computed simulation-based by relying on training sets from full dynamic
simulations or can be computed by simulation-free methods that are much more comfortable. So
far, available simulation-free methods do not take the system’s damping properties into account
or at least assume a viscous damping matrix that satisfies the Caughey condition. The fact,
that damping can drastically change the dynamic behavior of a system, motivates to develop
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Figure 2: Tip displacement and error.
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Figure 3: Tip displacement and error.
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simulation-free bases that take the damping properties into consideration.
This contribution provides a simulation-free basis that is based on complex modes of the
damped linearized system. The idea of modal derivatives is transferred to the complex modes
formulation. Nelson’s method is applied to derive modal derivatives for the complex modes.
A reduction basis is built by using the real and imaginary parts of the modes and their modal
derivatives. A case study on a cantilever beam is carried out to evaluate the performance of the
new proposed basis. The results show a slight improvement compared to classic bases. But
this improvement is small. The higher computation costs associated with the new basis do not
outweigh its improvement. Further case studies are necessary to evaluate if there are systems
where the improvements are greater and their use more reasonable or if the new basis fails for
specific systems.
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Abstract
Tensile membrane structures are part of a unique technology that gives designers the capability to experiment new forms and new solutions to conventional design problems. These structures are extremely efficient
for long span application and allows considerable savings in the foundations and supporting structure costs. Cable
stayed masts are integral part of this structure typology and consists of a inclined elements supported by several
layers of pre-tensioned cables. Generally their dynamic loading is not a concern in the design of tensile structures,
nevertheless in case of massive shafts, their dynamics can play a fundamental role for global behaviour of the
structure. Therefore pre-tensioning force on supporting cables system is an important issue since the internal force
distribution, significantly affects their structural dynamic behaviour. A non-linear cable model, combined with the
taut-cable theory has been employed to simulate the non-linearity conditions in the stays and cables, by using a
restoring-force equivalent spring model to replicate the behaviour of each cable. In the present paper a simplified
based displacement technique is utilized to examine the non-linear dynamics of the system. The proposed approach, based on energetic method Equivalent Linearization method (ELM), shows a robust simplified technique
capable to linearize the non-linear system, taking into account of slackening effects of pre-tensioned stays. It is
concluded that performance coefficient and linearized frequency, may possibly be used as useful indicators for
designing pre-tensioned cable stayed masts where a suitable selection of the initial pre-tensioning force can effectively improve dynamic performance of the system.

Keywords: Tensile fabric structures, cable stayed masts; cable response, non-linear effects.
1

INTRODUCTION

Guyed masts are tall structures whose function is to support tensile fabric structures.
Pre-tensioning has a beneficial effect on these structures, since it increases the stiffness of the
system and improves their dynamic performances [1, 2], on the other hand, a high level of prestressing can lead to undesirable yielding of the cables of fabric structures or to high compression strengths on the mast which can lead to buckling of the system.
A suitable configuration of the pre-tensioning force in the cable system can be considered an important issue since the internal force distribution, emerging from the interaction with
mast, significantly affects the structural dynamic behavior of the tensile structure [2-5]. The
study of the structural optimization of these systems has recently received attention by the researches. Innovative approaches to study the dynamics and the modal response of frames and
similar structures are considered in recent papers [6-8]. Furthermore new approach to evaluate
the equivalent dynamic stiffness these structures is examined in a recent work [9].
In past years, the several authors have been investigating the dynamics of similar systems, installed on cable-stayed bridges [10-15], furthermore a similar approach suitable for
simulating slackening on Pre-Tensioned-Cable Cross-Braced Structures is been recently devel-
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oped [16, 17]. This paper proposes, capitalizing from the recent works on non-linear cable dynamics, a new approach to analyze, in pre-tensioned cable stayed masts, the non-linear behavior
of the cables, which could lead to a complete loss in the pre-tensioning force imparted to the
cables (cable-less structure). A new “linearized solution” is presented to directly simulate the
non linear behavior i o in the stays on the dynamics of the structural system. Even though other
similar approaches have been considered to study the nonlinear dynamics, (e.g. [18, 19]), the
proposed method is simple and may be considered attractive for practical engineering design.
2

BACKGROUND

A generalized configuration of cable mast is studied in the present paper, as a typical
prototype example of pre-tensioned cable stayed masts configuration present in many existing
tensile structures. The structure is modeled as lumped-mass system connected to the rest of the
tensile structure through an equivalent cable which simulate the interaction with the fabric
structure. Figure 1 illustrates the model geometry, employed for the free vibration dynamics. In
the considered case, a 2D plane model has been considered, accounting for a symmetric inplane configuration of the stays. Constitutive equation of non linear spring (Figure 1c) illustrate
a simplified constitutive model of the reaction of a tensile fabric structure around the equilibrium shape. It must be noted that the configuration is general and the proposed preliminary
model could easily be extended to a more complex systems (different constitutive models). A
set of various lumped masses are utilized in the model to simulate both the main mast mass and
additional equivalent masses to simulate the presence of the fabric structure. In the present stage
the axial stiffness of the primary structure and dynamic mast-cable interactions are not considered. The mass of the mast has been considered uniformly distributed along its elevation with
density ρj and is been simulated through a lumped mass discretization of each element mj=m=
ρjΔH. Each lumped mass is associated with a transverse horizontal degree of freedom (xj). In
order to perform a parametric study, generalized mass properties of the prototype system in Fig.
1 are expressed as function of the constant distributed mass m of the antenna, with μk=Mk/m
being the mass ratio of the i-th fabric structure and ξk=Hk/H the dimensionless geometric constants designating the mass position with H being the total height of the mast.
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Fig.1 (a) Cable stayed mast, simulated as a lumped-mass model (descriptive example) (b) Lumped
mass model with non-linear springs (c) Constitutive equation of non-linear springs and corresponding work performed by: linearized spring (red line) (WELM).
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Generalized stiffness properties of the structure are defined through the diameter ratio
δd=d/H where d represents the characteristic size of an equivalent constant circular cross-section with area Ac=π(d2/4) and moment of inertia I=ρg2Ac, being ρg is the radius of gyration of
the cross-section defined as ζ = ρg/d. Axial stiffness of the cables are defined as function of their
normalized area ηs,i=As,i/ Ac where As,i is the cross-sectional area of the i-th cable, horizontal
normalized distance between the mast and the connection of the i-th cable to the ground is been
defined by the parameter κi. The presence of the fabric pre-tensioned system are definedin the
i-th cable, through the parameter νi=qici/Ti.
In the case of linear (or linearized) dynamic free vibration of the system in Fig. 1, the lumpedmass dynamic equilibrium equations can be solved by setting Re Φeiωt , with Φ generalized amplitude vector and ω a generic unknown pulsation. A homogeneous algebraic system of equations can be consequently derived, after proper manipulation, as [S-ω2=0 I]Φ with S being a
Ndof by Ndof matrix and Φ a vector containing vibration amplitudes Aj. More details on the derivation of the system and corresponding equilibrium equations are provided in Section 3.
3

DESCRIPTION OF THE LINEAR MODEL FOR DYNAMIC EQUILIBRIUM

The dynamic equilibrium equation at each mass level, described by each mass element
(Fig. 1), accounts for the effects of the inertial force related to M or mj and the effects of the
generalized restoring force effect F due to the stiffness effect of the main shaft and to the axial
stiffness of the cables connected to the mast. The global dynamic equilibrium of the system can
be expressed through the following

&
&+ Kx = 0
Mx

(1)

with &
x&= d 2x dt 2 for j=1,...,Ndof where Ndof is the total number of DOFs. The presence of
the unilateral internal force effect is not discussed at this point but is introduced in the next
section. A dynamic system is obtained from Eq. (1), conveniently rewritten in matrix form for
the j-th mass mj as function of a non-dimensional time τ=ω0t, non-dimensional displacements
χj=xj/H and non dimensional acceleration, d2 χ j / d t 2 = ω02 ( d2 χ j / dτ 2 ) = ω02 χ ′′j .

ω02 M1MN χ′′ + k1K N χ = 0

(2)

The quantity ω0=(kref/mref)0.5 is a reference pulsation of a 1DOF system with mass
mref=m, and stiffness kref=3EI/H3 being E and I respectively elastic modulus and moment of
inertia of the mast cross section. In Eq. (2) MN is a dimensionless mass matrix and KN is a
normalized stiffness matrix. Eq. (2) can be further simplified as
M N χ′′ + K N χ = 0

(3)

The linear discrete eigen-value/eigen-vector problem is derived by postulating that the
free-vibration solution of the differential system (3) is converted to an algebraic homogeneous
matrix system, which can be numerically solved to determine the frequencies α and the nontrivial modes Φ from[-α2MN+KN]Φ=0. As shown in previous works [11, 20], the ELM can be
used to derive an approximate solution in the case of non-linear restoring effects in a cablecross-tie system.
The ELM (Equivalent Linearization Method) is an energy approach requiring the derivation of the work performed by an equivalent linearized spring element (WELM) and the actual
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work performed by the non-linear component of the spring (WSLK), related to each mass mjor
Mk of the system in Fig. 1.
In this preliminary step, the presence of the pre-tensioned tensile fabric structure apparatus,
is simulated through the equivalent uniformly distributed load q which act on the mast stays,
load q simulates the presence of the fabric pre-tensioning apparatus, which at the present stage
can be considered uniformly distributed as shown in Fig. 1a. The static configuration of the ith cable can be written as:
yi (χ ) =

qi
ci ⋅ χ − χ 2 )
(
2Ti

(4)

Where the sag δi of the cable can be written as:
δi =

qi ⋅ ci2
8Ti

(5)

And Ti is the i-th axial component of the equilibrium tension of the main cable.
The pre-tensioning parameter represents the initial deformation pre-assigned to the i-th
pair of stays ε0,j. The work performed by the linearized and non linear pair of stays experiencing
slackening (“SLK”), depends on the (still) unknown frequency α. The work becomes espressed
in terms of the dimensionless time τ becomes for both cases:
WELM , j =

2α

π

π /(2α )

 {χ ′ (τ ) ⋅ χ
j

, WSLK , j =
j (τ ) ⋅ k N , ELM , j } d τ

0

2α

π

π /(2α )

 {χ ′ (τ ) ⋅ χ
j

j

(τ ) ⋅ k N , j ( χ j )} d τ

0

(6,7)
Where the stiffness of the spring of the j-th pair of cables corresponding to the lumped
mass mj,or Mj in the model (Fig. 1); it is defined as a function of the dimensionless displacement
χj .
After imposing WELM,j=WSLK,j and postulating AE,j≈Aj (e.g. [12, 15]), the equivalent frequency can be expressed as a function of the equivalent linearized dimensional stiffness of the
spring model with slackening of the pair of cables can be determined as
k N , ELM , j (λ , ε 0, j ) =k N , j (WELM , j ,WSLK , j )

(8)

Were Aj(λ) represents the amplitude of the considered eigenvector at the j-th mass rescaled in terms of a reference dimensionless maximum amplitude Amax=λ.
The nonlinear behavior of the tho pair of cables, lead to a “fictitious” reduction of the
equivalent spring stiffness 0<kN,ELM,j<kN,j. In order to quantify the level of “malfunctioning” of
the considered pair of stays, a relative “performance coefficient” ΔK can be defined. The ΔK
quantity expresses the ratio between the reduced stiffness of the non-linear cable, due to slackening, and the total stiffness which tends to a perfectly linear behavior:
∆Κ j ( λ , ε 0, j ) =

k N , ELM , j (λ , ε 0, j )
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The quantity ΔKj does not depend on the frequency α; it is a positive real number be
which varies between 0 and 1. The upper and lower limits of ΔKj refer to two different specific
conditions. The upper limit (ΔKj=1.0) correspond with a approximately linear behavior; the
pre-tensioning parameter ε0,j is sufficiently large to avoid slackening of the of the considered
pair of cables for the the considered vibration amplitude λ, ensuring linear response at the preselected mode (Full-Stiffness System). The lower limit (ΔKj=0.0) for the pre-tensioning parameter ε0,j=0, corresponds to the case of cable less structure with and to a practically absence of
stiffening effects due to the stays.. The ELM generalized equivalent eigen-value/eigen-vector
problem can be formulated in compact matrix form as Q(λ,ε0,j)Ψ=0,; the linearized eigen-vector
Ψ=[AE,1, AE,2...AE,n] (Ψ≠Φ) collects the modal amplitudes in the case of ELM. Results obtained
by ELM were verified through a direct integration approach of the discrete dynamic equations
by imposing, mode by mode, suitable boundary conditions in terms of displacement.

4

PARAMETRIC STUDY BY ELM

A special case, derived from the cable stayed mast illustrated in Fig. 1, is investigated;
distributed masses are considered as constant mj=m=ρjΔH and Mj=μjm (μ1= 7.7) simulates the
masses of the fabric structure of the fabric structure located in in ξ1=1, ξ2=0.9 as shown in Fig.1.
Presence of the load q was simulated through the non-dimensional parameter ν1= ν2=0.01. Stiffness and geometrical properties of the mast are the described by δd=0.002, ζ= 1.0854 with the
normalized area of each cable ηs,i= ηs=0.00225, κ1= κ2=0.8. A parametric study was carried out
to examine the effect of internal pre-tensioning force in the cables of the system; the first three
of the in-plane modes of the system were analyzed. The presence of non-linearity in the pair of
cables produces a reduction in their performance coefficient ΔK and consequently of the equivalent frequency αE, these parameters are function of the pre-tensioning level ε0,i imparted to the
i-th pair of stays and of the vibration parameter λ>0. The numerical results by ELM are presented as a function of the level of the pre-tensioning force ε0,i. The structural response is nonlinear due to the alternate slackening in the cables. Various levels of amplitude λ were selected
to evaluate different vibration regimes: moderate vibration (λ=0.002, corresponding to 0.2%
lateral drift), large vibration (λ=0.004 and λ=0.005) and unrealistically large vibration (λ=0.010).

(a)

(b)

Fig. 2 Comparison between linear and linearized mode shapes for the LM system system depicted
in Fig.1with amplitude parameter λ=0.005, experiencing alternate slackening in the two pair of cables with
pre-tensioning level (a) ε0,1= ε0,2=0.0005 for the first mode, (b) ε0,1= ε0,2=0.0005 for the second mode.

In Fig. 2 is illustrated a comparison between linear and linearized mode shapes of the
structural system for the first two modes relative to an amplitude λ=0.005, a low level of pre-
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tensioning force (ε0,i=0.0005) is been assigned (mode by mode) to both pair of cables identified
by the index i (i=1,2); Fig. 3 shows performance coefficients of the two pair of stays of the
system illustrated in Fig.1a, in the case of slackening occurring in the first pair (i=1) and linear
behavior for the second pair( i=2) and
Has to be noted that for both cases, for the same amplitude λ=0.005, a low pre-tensioning level ε0,i=0.005 can ensure a linear behavior.
100%
80%

Mode 1

60%

ΔK1
40%

Linear solution
(ELM) λ=0.002
(ELM) λ=0.004
(ELM) λ=0.005
(ELM) λ=0.010

20%
0%
0,000
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0,004

0,006
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0,008
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(a)

(b)

Fig. 3 Performance coefficient ΔKi of the LM system, as a function of the pre-tensioning level of the i-th pair
of cables ε0,i and vibration amplitude parameter λ with slackening in the cables simulated at: (a) first cable
for the first mode, (b) second cable for the second mode .

(a)

(b)

Fig. 4 Time history analysis for the first-mode vibrations of the system for an amplitude parameter λ=0.005,
ε0,1=0.0005 and linear behavior in the remaining cables: (a) time history of the horizontal in-plane displacements at the top obtained by direct integration approach , (b) power spectral density of the displacements
at the top.

In Fig.3 is shown the parametric study conducted for the first two modes of the mast,
performance coefficient ΔKi is illustrated as function of the pre-tensioning level ε0,i of the i-th
stay, results are shown for different values of the amplitude parameter λ, Fig.4a shows that for
a chosen amplitude (λ=0.005) the first mode reaches the linear behavior (ΔK1=1) for a pretensioning level ε0,1 =0.006, on the other hand second mode requires a lower pre-tensioning
level of the second stay (ε0,2 =0.002). Figure 4 presents the results obtained through a direct
integration approach, linearized frequency αE is shown in comparison with αNL (peak frequency
of the non-linear system) for the pre-tensioning parameter ε0,1=ε0,2=0.0005.
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5

DISCUSSION AND CONCLUSIONS

The present paper examined a generalized model of pre-tensioned-cable stayed mast of
tensile fabric structure, with non-linear dynamic behavior caused by the slackening in the stays.
The effects were analyzed by varying the pre-tension imparted to the cables. The ELM was
used to study a simplified model of the system, which simulates the dynamic response. A performance coefficient was introduced to describe the dynamic behavior of each pair cables. If
no slackening occurs and linear behavior is present in the cables, the performance coefficient
is equal to one. On the other hand a performance coefficient smaller than one means the presence of slackening in the supporting cables. The performance coefficient can reach a lower limit
of 0 in case of total absence of pre-tensioning force in the cables. The performance coefficient
depends on the considered mode, on the level of pre-tensioning force assigned to the cables and
on the initial conditions (reference vibration amplitude λ). Performance coefficient could be
considered as helpful designing tool for setting a suitable pre-tensioning level in the cables. A
concept of linearized frequency is been introduced aimed to characterize the dynamic non-linear behavior of the considered system.
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Abstract. Non-linear calculation results can be signiﬁcantly different when considering monotone or cyclic analyses. The crack opening and re-closing phenomena are quite difﬁcult to
represent with non-linear constitutive models using ﬁnite elements methods. The comparison between seismic time-history and pushover analyses is performed in this paper using
GLRC HEGIS non-linear global model for reinforced concrete mono-layer shell elements. It
takes into account four different dissipative phenomena: concrete cracking, concrete damage,
steel-concrete slip and steel yielding, by means of an analytical multi-scale analysis. This
stress-resultant model is formulated for cyclic calculations in the framework of the thermodynamics of irreversible processes, in order to allow efﬁcient numerical computations of earthquake engineering applications of RC buildings. This paper explores the validity range of this
constitutive law through cyclic time-history analyses (that consider the crack opening and reclosing phenomena) and monotone pushover static analyses on asymmetric structures of CASH
and SMART benchmarks. Pushover analysis is a nonlinear static procedure for evaluating the
seismic margin of buildings accounting for their non-linear behavior. The pushover method
used in this paper is the so-called Enhanced Direct Vectorial Addition (E-DVA) which deﬁnes
the load pattern for the pushover analysis as a linear combination of load patterns proportional to the mode shapes. As this method is based on the application of a static force ﬁeld with
constant shape and increasing amplitude, only monotone non-linear phenomena are taken into
account. The pushover and time-history analyses are performed (i) on the CASH benchmark
model representing a multi-storey shear wall of a real nuclear power plant building structure
and (ii) on the SMART benchmark mock-up representing a typical RC building of a nuclear
facility. Several numerical comparisons are made at both global and Gauss points levels and
are focused on the global mechanical behaviour and the computation of crack opening.
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1

Introduction

In many applications, RC structural analysis is usually realized by design ofﬁces using Finite Element (FE) models accounting for a structural linear elastic behaviour. However, in
some cases (e.g. nuclear buildings), structural veriﬁcations have to be performed under extreme
seismic solicitations; in this case, a non-linear behaviour is needed for RC cyclic calculations.
Moreover, from a structural and earthquake-resistant point of view, when the bracing system
of a structure essentially consists in shells connected to each other and to the slabs by heavily
armed chaining, the contribution of RC slabs and walls have to be well represented.
The non-linear behaviour at the global scale of a RC element can be deﬁned by the apparition and the evolution of different non-linear physical phenomena that dissipate energy. In this
paper, the RC walls and slabs of the analyzed structures are modelled by GLRC HEGIS [1]
constitutive model. This thermodynamic admissible law accounts for four non-linear mechanisms: concrete cracking, concrete damage (or stiffness reduction), steel-concrete relative slip
and steel yielding. It allows an efﬁcient global modelling using a mono-layer shell FE, since
the multiscale analysis has been performed analytically and the model implementation only accounts for the formulation at the global scale (macro-scale). A lot of information is available at
the end of a FE calculation with GLRC HEGIS since many results of interest (as crack width,
steel plastic strain...) are internal variables of the model. More details about this constitutive
model are presented in chapter 2.
In this paper, the seismic action is taken into account by two different methods: nonlinear
time-history and nonlinear pseudo-static pushover analyses. The basic (or classical) version of
the pushover method is based on three main assumptions: (i) the structure has a plane of symmetry; (ii) there is a single horizontal earthquake component, parallel to the plane of symmetry;
(iii) the dynamic behavior is governed by a dominant mode of vibration (with high effective
mass). Therefore, the basic pushover analysis cannot be applied for the assessment of global
torsion, local effects or inﬂuence of high frequency modes, and asymmetric buildings cannot
be analyzed. For that reason, in this paper the Enhanced Direct Vectorial Approach (E-DVA)
[2] is used to take into account many modes of irregular buildings under a multi-component
earthquake. The load pattern for the pushover analysis is deﬁned as a linear combination of
modal load patterns using the modal weighting factors (called α-factors), which are calculated
using the elliptical response envelopes. The details of this pushover method are presented in
chapter 3.
These two seismic nonlinear methods (time-history and pushover analysis) are compared
with each other by application to two different structures in chapter 4. First, a four-story framed
in-plane irregular asymmetric wall extracted from the CASH benchmark is analyzed in section
4.1. Then, the three-story RC building of SMART benchmark is considered in section 4.2,
accounting for the nonlinear behavior of its RC walls and slabs. Comparisons are done at
the global (force, displacements) and local (crack width, steel yielding...) scales to analyze
the pertinence and the interest of each of these two different nonlinear methods for seismic
structural analysis.
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2

Constitutive model: GLRC HEGIS law for RC walls and slabs

An efﬁcient and realistic material cyclic constitutive model is necessary for the comparison
between the different seismic calculation approaches. Since the applications in chapter 4 are RC
structures composed by walls and slabs, the GLRC HEGIS model [1] is used for the material
modelling. As shown in [3], this model is adapted to nonlinear seismic applications.
The model is implemented in the FE software Code Aster [4] and allows an efﬁcient global
modelling and computation since it is implemented in mono-layer shell FE, accounting for an
equivalent ”reinforced concrete material”. In order to obtain a stress-resultant model accounting for many nonlinear cyclic local phenomena which are at the origin of the nonlinear global
behavior of RC elements, an analytical multi-scale analysis has been performed in [1]. Therefore, there is no need of time-costly numerical multi-scale analysis at each Gauss point and at
each load step. The resulting model is formulated in the framework of the Thermodynamics
of Irreversible Processes; the detailed formulation can be found in [5]. The four different local
nonlinear cyclic mechanisms taken into account by GLRC HEGIS are the following ones:
• Concrete cracking is the development of concrete displacement discontinuities (or macrocracks) caused by tensile stresses. At each Gauss point, a constant average stabilized
crack pattern characterized by the crack spacing sr (obtained with Vecchio and Collins
[6] formula) and orientation θr (perpendicular to the principal tensile strength) appears
when tensile forces reach the concrete tensile strength fct . After this cracking onset, these
two parameters remain known and constant (ﬁxed crack model), where only the normal
(crack width) wn and tangential wt crack displacements evolve with the applied force
by following the retained bridging stress and aggregate interlock local laws respectively.
Four family of cracks are considered: for each layer (top and bottom) of the RC shells,
the typical crack pattern of RC walls submitted to cyclic in-plane shear loading can be
reproduced by two family of cracks characterized by two different crack orientations.
• Concrete damage is assumed to be associated with the onset and development of homogeneous diffuse micro-cracking, which results in a concrete stiffness reduction. This
degradation of concrete stiffness only takes place at high strain levels, above the limit
value in tensionfct /Ec . Therefore, concrete damage is supposed to be associated to compressive concrete behaviour. GLRC HEGIS considers concrete damage as isotropic and
it is introduced as an internal damage variable d scalar (two values, deﬁned for both top
and bottom layers of the RC shell), positive, non-decreasing in time and which can evolve
only at high stress states.
• Relative slip between concrete and steel bars originates bond stresses for each x and y
and top and bottom steel reinforcement layers. As stresses are transmitted from steel
to concrete between consecutive cracks, this phenomena is at the origin of the tension
stiffening effect. GLRC HEGIS model uses an inelastic steel-concrete slip variable to
limit the average tension stiffening effect to values given by the codes like [7].
• Steel reinforcement yielding is supposed to be concentrated at the crack crossings due to
the steel-concrete stress transfer by bond. GLRC HEGIS model considers that reinforcement bars only carry longitudinal forces and that the constitutive law is elastic-perfectly
plastic characterized by a constant threshold equal to the steel yielding stress fsy .
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3

Pushover method: the Enhanced Direct Vectorial Approach (E-DVA)

The pushover analysis is a seismic nonlinear calculation method based on the application
of a static force ﬁeld with constant pattern and increasing amplitude on a nonlinear structural
model. In the basic versions, the pattern of the applied load is generally chosen as proportional
to the deformed shape of the dominant vibration mode for a given earthquake component. Other
conventional patterns are constant or triangular, or more complex when choosing the vector of
the CQC (Complete Quadratic Combination) of the pseudo-accelerations for a given earthquake
component. Some adaptive approaches exist, where the load pattern is updated to account for
the effects of the non-linear phenomena.
As presented in section 1, the basic version of the pushover analysis does not reproduce accurately the seismic behavior of no-perfectly regular and no-perfectly symmetric structures. For
that reason and for the numerical comparisons of this paper, more advanced pushover methods
are needed in order to account for interesting and conclusive results. When doing a pushover
analysis, the loading pattern selection is likely more critical than the accurate determination of
the target displacement.
Several generalizations of the basic pushover analysis have been proposed in the past years,
in particular by Chopra and co-workers [8, 9, 10, 11], Fajfar and co-workers [13, 12, 14] and
Penelis and Papanikolaou [15]. Some of these approaches take into account the possible multimodal structural behavior, but all assume that the earthquake is mono-component. The Direct
Vectorial Addition (DVA) (Kunnath [16], Lopez-Menjivar [17]) extends the pushover method
to the case of multi-component earthquake by application of a load pattern obtained by a linear
combination on the modes and earthquake directions.
The E-DVA pushover method is used in this work. It is based on the DVA approach and
a rigorous deﬁnition of the weighting factors (α-factors) is provided, based on the notion of
response envelopes of Menun and Der Kiureghian ([18]). This deﬁnition for the load pattern
was ﬁrst proposed by Erlicher et al. [20], which allows imposing an a priori chosen response
of the structure. The pertinence of this pushover approach when comparing to time-history non
linear analysis has been shown in [21]-[22].
3.1

The load pattern as a linear combination of modes

On the global axes (x, y, z) of the FE model of a structure, the mass M (assumed diagonal)
and the stiffness matrix K are deﬁned. It is supposed that the seismic input may have 1, 2 or 3
translational components, whose corresponding ground accelerations are named ag,x (t), ag,y (t)
and ag,z (t), which act in the directions given by the inﬂuence vectors Δk corresponding to the
translation in the k = x, y, z direction.
The non-adaptative pushover analysis are deﬁned by a nodal force vector q pushover (t) with
constant shape and increasing amplitude:
q pushover (t) = c(t)Q

(1)

where c(t) is a scalar increasing pseudo-time function and Q is the constant vector deﬁning
the pattern of the nodal force ﬁeld (a displacement-driven is also equivalently possible). The
E-DVA approach deﬁnes this load pattern as:
Q=

n
nec �
�
k=1 i=1

αi,k M · Amax,i,k
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where αmax,i,k is the linear combination factor and Amax,i,k is the maximum pseudo-acceleration
vector for the for the n retained modes i and nec earthquake directions k:
Amax,i,k = (2πfi )2 Sd,k (fi , ξi )γi,k Φi

(3)

where Sd,k (f, ξ) is the response spectrum, fi ,ξi and Φi are respectively the modal frequency,
damping ratio and deformed shape of mode i, and γi,k is the participation factor of mode i with
respect to earthquake direction k.
3.2

Different pushover analyses for different load cases

It can be shown that any response vector any any time f (t) (vector containing forces and/or
displacements and/or stresses...) can be written as a linear combination of modal responses with
the weighting factors αi,k (t) [20]. Actually, only some response vectors are of interest when
comparing to time-history analyses, those that maximize the value of parameters of interest, e.g.
that maximum force in the x direction at the basis of a building or the maximum displacement
in the y direction of a point of the roof. These response vectors corresponding to the load cases
that maximize the interest parameters can be obtained using the notion of elliptical responses,
as done in [21].
Once the response vector f (t) is known, the vector of modal combination α is calculated
following Erlicher et al. [20]:
α = H̃ · Rf · X −1
·f
(4)
f
where H̃ is the modal coefﬁcient correlation matrix, Rf is the modal response vector matrix
and X f = RTf · H̃ · Rf is the matrix which deﬁnes the elliptical domain of the concomitant
values of f by:
·f ≤1
(5)
f T · X −1
f

Finally, in Erlicher et al. [24] a method is proposed to choose several dominant modes to
reach the searched response. As the total value of the response vector is f = RTf · α, the value
of the parameter of interest of the response vector is compared to the cumulative contribution
of each mode (and earthquake direction) by means of the sum of the products between αik and
the corresponding line of Rf , for the column corresponding to the parameter of interest.
3.3

The equivalent seismic spectrum for multi-direction earthquakes

A difﬁculty exists when trying to deﬁne the response spectrum for an earthquake acting in
the direction of the earthquake t, which is identiﬁed as the direction of the resultant of the load
pattern Q. By considering the deformed shape U under Q load U = K −1 · Q, the participation
factor of U in the t direction can be deﬁned. In this direction, the structure vibrates with an
equivalent frequency f ∗ and damping ratio ξ ∗ .
For a single-component earthquake, the maximum displacement can be easily calculated
from the corresponding spectrum. For example, for single-component earthquake in direction
k = x, one has γU,t = γU,x and the response spectrum is Sd,x (f ∗ , ξ ∗ ). Analogous formulas
can be written for earthquake components y and z. Based on the assumption of non-correlation
between accelerograms in the x, y and z directions, the SRSS combination is used to deﬁne
smax for a multi-component earthquake:
�
1
(γU,x Sd,x (f ∗ , ξ ∗ ))2 + (γU,y Sd,y (f ∗ , ξ ∗ ))2 + (γU,z Sd,z (f ∗ , ξ ∗ ))2 (6)
Sd,t (f ∗ , ξ ∗ ) :=
|γU,t |
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4

Numerical Applications

4.1

Irregular wall from CASH : Benchmark on the beyond design seismic capacity of
reinforced concrete shear walls

CASH is an international benchmark organised by the OEDC-NEA (Nuclear Energy Agency).
The main purpose is to evaluate the accuracy of tools and prediction methods used in civil engineering for the estimation of the seismic capacity of shear reinforced concrete walls in ”beyond
design” seismic situation (important seismic excitation). The benchmark study focuses on two
different multi-storey shear walls representative of a real NPP building structure. The results
presented in the article are those obtained for the irregular structure (Figure 1-b) and the following post-treatment results are not those presented to the benchmark but are only examined
for the purpose this article.
4.1.1

Model description

(a)

(b)

Figure 1: CASH Finite Element models on Code Aster
The structure represents the facade of a building with four ﬂoors, the studies are done in the
plane (2D) of the wall. The height of the structure is 16m for 12m width and 0.40m thick. Slabs
and out-of-plane walls are represented by beams and columns with strong depths. In-plane walls
are modelled with shell elements using the GLRC HEGIS global constitutive law and beams
and columns are modelled with multiﬁber beams elements using the MAZARS constitutive law
[23] for concrete ﬁbers and an elastic-plastic model (with kinematic hardening) for steel ﬁbers.
4.1.2

Modal and spectral analyses

The purpose of this section is to evaluate the linear response of the considered irregular
structure for a given pseudo-acceleration spectrum. First, the modal analysis is performed and
the corresponding spectral values are calculated.
The results of the modal analysis performed on the FE model are summarized in Table 1.
The 5 retained modes account for 99% of the total mass for x and z directions.
4.1.3

Pushover analysis

The objective of this analysis is to evaluate the non-linear response of the wall under an
increasing horizontal load proportional to a speciﬁc proﬁle. The E-DVA method procedure
described in [24] is applied step by step.
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Modes
1
2
3
4
5

Frequency
[Hz]
4.21
14.1
24.1
24.8
26.2

Effective mass
in X [kg]
1730
422.0
0
0
68.80

Effective mass
in Z [kg]
0
0
21.80
373.0
0

Sa,X
[m/s2 ]
4.06
2.37
1.91
1.79
1.71

Damping
factor [%]
2.00
1.36
1.54
1.75
1.95

Table 1: Five ﬁrst modes calculated for the irregular CASH specimen
(a) Based on the modal basis above, response-spectrum analysis and CQC coefﬁcients are used
to determine the response matrix of the six efforts f = [Fx , Fy , Fz , Mxx , Myy , Mzz ]T at
the basis of the structure, for the spectra of Figure 1(c):
(b) The response matrix X f of Eq.(5) deﬁning the ellipse of the maximum seismic efforts
Fx , Fz is obtained from the ﬁrst and the third rows and columns of the matrix.
(c) The choice of the loading direction is done here in the plan X-Z in the directions of the
global coordinate system +X and -X to maximize the global forces +Fx and −Fx .
(d) The corresponding α-vectors are computed using Eq. (4)
Direction
FX (kN)
f ∗ (Hz)
ξ ∗ (%)
γU,X (m−1 )
[U ]j,X

(mm)

+Fx
7571
4.92
2.0
237
5.42
0.00
-0.550

-Fx
-7571
4.92
2.0
237
-5.42
0.00
0.550

Table 2: Equivalent SDOF parameters for the considered load cases
Direction

˜ max
ik

Modes
1
2
4
3
5

+Fx
Contribution
(90.4%)
(9.25%)
(0.302%)
(0.0%)
(0.0%)
1 mode is sufﬁcient

Modes
1
2
4
3
5

-Fx
Contribution
(90.4%)
(9.25%)
(0.302%)
(0.0%)
(0.0%)
1 mode is sufﬁcient

Table 3: Number of modes and corresponding percentage of the total response needed
(e) The procedure is applied to determine the dominant modes: based on the αi,k factors calculated at step (d),the products αi,X F Ti,X are computed for the two load cases. The cumulative sum of the products according to the order deﬁned in Table 3 is normalized according
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Basis reaction [kN ]

Basis reaction [kN ]

to the maximum response (second row of Table 2). For instance, when taking Cd = 0.90
as suggested in [25] at chapter 4.3.1(b), the ﬁrst ikmax modes are dominant since their
contribution to the response F = f T · b is 90% of the total response. Table 3 shows that
only the ﬁrst mode is needed to fulﬁll this condition.

(a)

Displacement [mm]

(b)

Displacement [mm]

Figure 2: Pushover curve (Force-Displacement) for (a) +Fx and (b) -Fx load cases

(a)

Frequency [Hz]

(b)

Acceleration [m/s2 ]

Acceleration [m/s2 ]

Pseudo-acceleration [m/s2 ]

The application of incremental unidirectional loading for pushover analysis gives global
force-displacement curves which can be analyzed to distinguish the evolution of the activated
non-linear phenomena. First, in Figure 2, a linear segment describe the non-cracked phase
(before the blue line), then there is creation of several cracks. When the crack pattern is stabilized, the crack width increase and the steel reinforcement can yield (purple line) and ﬁnally a
”tension-stiffening” effect can be observed. As shown in Figure 2, the concrete ultimate limit
in compression is reached for a displacement of +72 mm (red line) and corresponds to a strain
level of �u = 3.5‰. It can be explained by the fact that the concrete developed too many microcracks in compression and can’t bear more stress. The structure only reach its ultimate capacity
in compression in the direction +Fx.

Displacement [m]

(c)

Displacement [m]

Figure 3: (a) Spectra and graphical results in the ADRS plane for the cases (b) +Fx (c) -Fx
Then, the coordinates of each target point are determined at the intersection of the capacity spectrum with the Acceleration Displacement Response Spectrum (ADRS) given by Eq.
(6). The damping ratio ξ˜∗ of ADRS after iteration accounts for the hysteretic damping (Figure
3). The target point coordinates are shown in Table 4, with FX and VX corresponding to the
obtained target global reaction and displacement of the structure, respectively.
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Direction
Sa (m/s2 )
Sd (mm)
ξ˜∗ (%)
Fx (kN)
Vx (mm)

+Fx
2.78
7.79
12.6
5257
10.18

-Fx
2.81
8.08
8.80
-5272
-10.25

Table 4: Obtained target points for the considered load cases
4.1.4

Time history analysis

To evaluate the non-linear response of the irregular specimen under a horizontal seismic
loading, a accelerogram whose spectrum corresponds to the one used in the pushover analysis
is imposed to the structure. The chosen seismic input data is scaled to a P GA = 0.16g intensity
earthquake.
Crack Opening (´m)

Displacement [mm]

1.000 2

(a)

Time [s]

5

10

20

50 100 200

Crack Opening (´m)
959.423

(b)

1.000

2

5

10

20

50

100

200

500 1183.580

(c)

Figure 4: (a) Time-history roof displacement and obtained crack opening at (b) maximal displacement +Vx and (c) maximal displacement -Vx
The graphical results are shown in Figure 4 (a). Two non-linear indicators are given : the
ﬁrst concrete crack (blue line) and the ﬁrst steel reinforcement yielding (purple line). The crack
pattern at the maximal displacements in both directions are shown in Figure 4 (b) and (c).
Crack Opening (´m)

Crack Opening (´m)
5

10

20

50

100 200

917.292

1.000

2

5

10

20

50

100

200

500

1200.720

Basis reaction [kN ]

1.000 2

(a)

Displacement [mm]

(b)

(c)

Figure 5: (a) Comparison of the capacity curves and obtained crack opening during the pushover
analyses at (b) target point +Vx and (c) target point -Vx

4475

LHERMINIER Olivier, HUGUET Miquel, NEDJAR Boumediene, ERLICHER Silvano, ARGOUL Pierre

4.1.5

Comparison between time history and pushover analyses

The graphical comparison of Figure 5 (a) shows that the dynamic results (black lines) are
mostly inside the envelope area deﬁned by the obtained target points (red and blue) and that
the calculated forces that are presented in Table 4 are well estimated by the pushover (Figure 5
(a)) compared to the time-history results. The pushover results given by the E-DVA approach
provide a suitable and accurate envelope of the maximum roof displacements and global forces
at the basis of the building.
In order to compare the obtained crack pattern, the crack opening values using GLRC HEGIS
are plotted at the pushover target point. The results of Figure 5 (b) and (c) show that the crack
patterns obtained by the pushover analyses are very close of the one obtained by time-history
analysis showed in Figure 4 (b) and (c).
4.2

SMART: Seismic design and best-estimate Methods Assessment for Reinforced concrete buildings subjected to Torsion and non-linear effects

The experimental program SMART [26] was supported by the French companies Commissariat l� Energie Atomique et aux Energies Alternatives (CEA) and Electricite de France (EDF)
and partially by the International Atomic Energy Agency (IAEA). The goals of the benchmark
are to compare and to validate the used methods to evaluate the seismic responses of reinforced
concrete structures under a seismic loading that induce 3D effects such as torsion and out-ofplane shear and to check the accuracy of prediction approaches of advanced calculation methods
used in earthquake engineering.
4.2.1

Model description

The program concerns a 1/4 scale mock-up of a representative asymmetric RC multi-storey
building in nuclear power plants. The experimental moke-up was tested under seismic loadings
applied by the shaking table with 6 degrees of freedom AZALE at CEA Saclay. The tested structure corresponds to SMART 2013 international benchmarks [26], but the foundation conditions
are not respected in this article and all the comparisons to experimental results are out-of-scope
of this paper. The structure shown in Figure 6(a) represents a asymmetric 3 storey reinforced

(a)

(b)

Figure 6: SMART (a) experimental moke-up and (b) used FE model on Code Aster
concrete building and consists of RC slabs, walls, beams and columns. In the FE model of
Figure 6(b), only the two ﬁrst types of structural elements are modelled with the developed
GLRC HEGIS constitutive model, while beams and columns are modelled with a linear elastic
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Frequency [Hz]

Pseudo-acceleration [m/s2 ]

Pseudo-acceleration [m/s2 ]

law. Therefore, all the non-linearities are originated by the nonlinear response of the developed
model. The full building is 3.650 m height for 3.100 m width, walls are 10 cm thick and beams
and columns are 15 cm and 20 cm thick respectively. In order to check the performances of
the constitutive law GLRC HEGIS, several studies were carried in parallel of the benchmark to
compare the obtained results in the same way than those of the previous numerical application.
Therefore, the shaking table was not taken into account here to save computation time but the
benchmark will be fully conducted in a second time and the shaking table will be added.
For preliminary studies carried on the SMART building, several sets of seismic input data
were generated. There particularity is that they all were generated from a unique aimed spectrum. Therefore, spectral, pushover and time-history results can be compared between each
seismic input sets. The obtained pseudo-acceleration spectra were compared to only keep those
which don’t exceed a 10% error from the aimed spectrum, see Figure 7. All the generated accelerograms are different but the modes of the structure can be excited in a comparable way.
The seismic intensity of the aimed spectrum is given by PGA= 2.45m/s2 .

Frequency [Hz]
(b) Spectra at 10% damping

(a) Spectra at 5% damping

Figure 7: Chosen spectra associated to the seismic pseudo-acceleration inputs for the preliminary SMART studies

4.2.2

Modal and spectral analyses

First, the modal analysis is performed and the corresponding spectral values are calculated.
The nine ﬁrst modes are calculated for the structure. The results of the modal analysis performed
on the FE model are summarized in Table 5. The 9 retained modes account for 83% of the total
mass for x and y directions. The presented pushover method allows to choose along these
modes which really need to be considered.
4.2.3

Pushover analysis

The E-DVA method procedure previously applied in section 4.1.3 is also applied to this 3D
structure. The pushover directions are chosen here following 8 horizontal directions given by
the Newmark combinations, as explained in [2].
Then, the coordinates of each target point are determined at the intersection of the capacity
spectrum with the ADRS spectrum given by Eq. (6). The damping ratio ξ˜∗ of ADRS spectra
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Modes
1
2
3
4
5
6
7
8
9

Frequency
[Hz]
8.47
15.2
29.8
30.8
32.5
32.7
35.5
35.6
37.1

Effective mass
in X [%]
52.6
15.9
13.2
0.53
0.05
0.00
0.56
1.63
0.31

Effective mass
in Y [%]
8.19
52.8
7.48
2.19
0.39
1.58
0.46
1.08
0.00

Sa,X
[m/s2 ]
6.77
6.41
3.78
3.58
3.45
3.42
2.79
2.74
2.57

Sa,Y
[m/s2 ]
6.77
5.80
4.10
4.06
4.04
4.01
3.74
3.75
3.86

Damping
factor [%]
2.81
2.97
4.49
4.60
4.81
4.84
5.17
5.19
5.37

Table 5: Nine ﬁrst modes of the SMART FE model
θ
Fθ (kN)
Fx (kN)
Fy (kN)
f ∗ (Hz)
ξ ∗ (%)
γU,t (m−1 )
[U ]j,t

(mm)

12.9◦
222
216
49.6
9.06
2.94
496.1
2.01
-0.548
-0.059

51.9◦
197
121
155
12.3
3.39
1044
0.919
0.210
0.001

122◦
198
106
-167
9.32
3.45
560.5
1.30
-1.05
-0.080

168◦
225
-219
48.6
8.79
3.05
453.3
-2.20
0.959
0.086

Table 6: Equivalent SDOF parameters for the considered load cases
12.9◦

51.9◦

122◦

168◦

Modes
1
(54.1%)
2
(37.9%)
3
(5.68%)
10
(1.45%)
8
(0.399%)
4 modes are sufﬁcient

Modes
2
(87.5%)
1
(5.97%)
10
(4.83%)
6
(0.794%)
4
(0.519%)
4 modes are sufﬁcient

Modes
2
(22.9%)
1
(54.0%)
3
(14.4%)
10
(3.22%)
4
(2.22%)
7 modes are sufﬁcient

Modes
1
(78.7%)
2
(5.93%)
3
(12.4%)
8
(1.08%)
10
(0.492%)
6 modes are sufﬁcient

Table 7: Number of modes and corresponding percentage of the total response needed
after iteration accounts for the hysteretic damping (Figure 8). The target point coordinates
are shown in Table 8, with Ft and Vt corresponding to the obtained target global reaction and
displacement of the structure in the considered direction t.
4.2.4

Time history analysis

To evaluate the non-linear response of the irregular specimen under a horizontal seismic loading, accelerograms whose spectra correspond to those of Figure 7 used in the pushover analysis
are imposed to the structure. The seismic input data are all scaled to a P GA = 2.45m/s2
intensity earthquake. For the sake of brevity, only two time-history results are showed here.
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Sd,t [m]

(b)

Sd,t [m]

(c)

Figure 8: Capacity curves vs. spectrum in the ADRS plane for three of the load cases
Direction
Sa (m/s2 )
Sd (mm)
Ft (kN)
Vt (mm)
ξ˜∗ (%)

12.9◦
6.50
0.256
357
8.14
3.37

51.9◦
6.80
0.146
395
7.92
3.39

122◦
5.02
0.260
428
7.89
7.11

168◦
5.26
0.211
374
8.03
2.41

−167◦
6.84
0.273
359
8.38
3.56

−128◦
6.68
0.149
383
8.02
3.39

−57.6◦
5.69
0.215
410
8.34
4.12

−12.5◦
6.06
0.267
363
8.08
4.33

Table 8: Obtained target points for the considered load cases

Y Roof displacement [mm]

Maximal Crack Opening (´m)
0.100 0.2

0.5

1

2

5

10

Maximal Crack Opening (´m)

20

50 92.335

0.100 0.2

0.5

1

2

5

10

20

50

115.561

(c)

(a) X Roof displacement [mm] (b)

Figure 9: (a) Time-history roof displacement and maximal obtained crack opening during (b) a
ﬁrst seismic input and (c) a second one
The roof displacements shown in Figure 9 (a) are characteristic of an asymmetric structure
with a dominant torsion mode. In Figures 9 (b) and (c), the maximal values of the crack opening
during two whole earthquakes are plotted and represent the obtained crack patterns. When
analyzing the results, it can be observed that the cracks are localized near the openings. The
structure is heavily cracked at its left basis corner and steel reinforcement yielded.
4.2.5

Comparison between time history and pushover analyses

In order to compare the obtain results, the pushover results are plotted at their target point
steps. The graphical comparison of Figure 10-a shows that the dynamic results obtained by all
performed time-history analyses are mostly inside the envelope area deﬁned by the obtained
target points. The results show that the calculated forces that are presented in Table 7 are well
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estimated (Figure 10-a). The pushover results given by the E-DVA approach provide a suitable
and accurate envelope of the maximal global forces at the basis of the building.
Crack Opening (´m)

Y Basis reaction [kN ]

0.100 0.2

(a) X Basis reaction [kN ]

(d)
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20

50 93.944

0.100 0.2

Crack Opening (´m)
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20
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0.100 0.2
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1

2
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20
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20
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(c)

(b)

Crack Opening (´m)
0.100 0.2

0.5

0.5

1

2

(e)

5

Crack Opening (´m)
10

20

70.100 0.100 0.2

0.5

1

2

5

10

175.205

(f)

Figure 10: (a) Comparison of the capacity curves and obtained crack opening during the
pushover analyses at (b) target point 12.9◦ , (c) target point 168◦ , (d) target point −167◦ , (e)
target point −57.6◦ and (f) target point −12.5◦
The crack patterns obtained the pushover analyses (Figure 10-b-c-d-e-f) show that the crack
opening are well estimated near the openings compared to the two time history crack opening
pattern showed in Figure 9-b-c. As the time history analysis is a cyclic loading, the phenomena of cracking and reclosing cannot be reproduced by monotonic pushovers therefore several
pushovers are needed to reproduce the crack pattern. The maximum obtained crack opening
values obtained with the pushover analyses (Figures 10) give a quite accurate localization and
value of the maximal crack opening obtained by time-history analyses (Figures 9). However,
the severally cracked left basis corner due to the torsion behaviour of the structure cannot be
fully predicted by pushover analyses that maximize basis reactions but it can be interesting in
another study to perform multi-modal and multi-component pushover analyses that maximize
the torsion (global torsion moment of the building Mzz ).
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5

Conclusions

The GLRC HEGIS [1] model for RC plates (walls and slabs) is implemented for shell ﬁnite
elements in Code Aster [4] software and is applied to incremental static pushover and transient
dynamic structural analyses corresponding to the same seismic intensity level. The structures
which have been studied in this paper consisting of RC walls and slabs and the possibilities
offered by this thermodynamic admissible law accounting for non-linear mechanisms have been
used to compare available crack patterns at the end of a FE calculation since many results of
interest (as crack width, steel plastic strain...) are internal variables of the with GLRC HEGIS
constitutive model.
In this paper, the seismic action has been taken into account by two different methods: nonlinear time-history and nonlinear pseudo-static pushover analysis. In this paper the Enhanced
Direct Vectorial Approach (E-DVA) [2] is used to take into account many modes of irregular
buildings under a multi-component earthquake. The load pattern for the pushover analysis has
been deﬁned as a linear combination of modal load patterns using the modal weighting factors (called α-factors), which have been calculated using the elliptical response envelopes. The
results obtained by time-history and pushover analyses have been compared.
First, a four-story framed in-plane irregular asymmetric wall extracted from the CASH
benchmark has been analyzed in section 4.1. Then, the three-story RC building of SMART
benchmark has been considered in section 4.2, accounting for the nonlinear behavior of its RC
walls and slabs. Comparison between obtained results shows a relatively good ﬁtting both at the
local (e.g. crack width) and global (structural behavior) scales. The capabilities of the model to
show the evolution of variables (crack width, steel reinforcement plastic strain, energy dissipation...) ﬁelds at every load step, and to estimate in a relatively accurate manner the RC section
strength, have been also demonstrated. Comparisons have shown that forces and displacements
can be estimated by pushover analyses and that time-history analyses have given a lot of local results (crack width, steel yielding...) that show the interest of each of these two different
nonlinear methods for seismic structural analysis.
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Abstract
The stick-slip phenomenon is the typical jerking motion that may occur when two objects are
forced to slide with friction over each other. There are several situations in which this motion
can be observed in practice, for example, between the components of different kinds of seismic protection systems, like the slabs of some friction dampers or the sliding elements of some
base isolation systems. These kinds of systems are generally designed to work in a smooth,
flawless manner. However, it cannot be excluded that in particular situations undesired jerking motions might develop. Similar situations are widespread in all areas of engineering and
may result in complex dynamic behavior, even when only a small number of degrees of freedom are involved. A well-known simple scheme for problems of this kind consists of a rigid
block connected elastically to one support while its base is in contact with a second, moving
rough surface. This model, despite its apparent simplicity, can provide useful indications on
the main features of many physical systems. This contribution illustrates an analytical study
conducted to better understand the non-linear dynamic behavior of such systems, with the objective of identifying conditions that may disrupt their proper functioning. In particular, the
equations of motion are solved analytically, the sticking and sliding phases are studied, the
influence on the solution of the system’s main parameters is investigated, and some typical
long-term system responses are discussed. Lastly, some results obtained by means of a specifically developed numerical procedure are illustrated.

Keywords: Non-linear dynamics, stick-slip motion, friction dampers, seismic isolators.
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1

INTRODUCTION

Dynamic systems containing components that slide with friction over others are widespread in many engineering applications. Systems in which friction forces play a significant
role are encountered in mechanical, aerospace and automotive engineering, for instance in
brakes, wiper blades, and so on. In civil engineering, several examples can be found by looking at the damping devices and base-isolation devices developed to protect buildings from
earthquakes. In this regard, several devices exploiting friction have been effectively proposed
and used as a means for increasing a building’s capacity to dissipate energy or isolating it
from the oscillating ground.
Systems of this kind are generally designed to work in a smooth, steady manner. However,
it cannot be excluded that in particular conditions undesired jerking motions may develop.
Over the years, several studies have been conducted to better understand the dynamic behavior of systems in which two components are forced to slide with friction over each other, the
objective being to identify any conditions that may disrupt their proper functioning, and to
optimize their performance. Generally speaking, the body of literature on the topic may be
subdivided into two main categories. The first category is represented by numerical studies,
performed by means of finite element models [6]. The second approach, to which this paper
belongs, applies simplified models which regard the system as a mechanical system endowed
with a small number of degrees of freedom [4].
Over the last century particular attention has been devoted to the single degree-of-freedom
(DoF) system subjected to elastic and friction forces. The first studies on systems of this kind
are contained in the work by Den Hartog [7], after which similar problems have been considered by other researchers [9-16]. Although the full list of contributions is too lengthy to cite
here, we recall the relevant works by Parnes [8], Hong [9], Shaw [10], Butikov [11], and Andreaus and Casini [12].
The present work addresses the dynamic response of a simple model composed of a rigid
block connected elastically to a first rigid support while in frictional contact with a moving
second rigid support. The paper is organized as follows. The mechanical model is introduced
in Section 2. A description of the different types of motion that the considered system may
undergo is provided in Section 3. Subsequently, we focus attention on some limit cycles ‒
continuous sticking or sliding ‒ that the system may undergo (Section 4). In particular, we
show that it is possible to foresee some features of the system’s long-term response, provided
its mechanical parameters are known. In this regard, some reference maps are illustrated,
which provide useful indications on possible long-term system responses. Finally, in Section
5, some results from an application example are shown.
2

THE MECHANICAL MODEL

The mechanical problem addressed here concerns the motion of a structure that is connected elastically to a moving support, while its base can slide over a moving rough surface
(Figure 1). The single degree-of-freedom system is composed of a rigid block with mass m
attached to a spring with elastic constant k. The other end of the spring is connected to point A,
which may move according to a prescribed law, xA(t). The block is restrained so as to remain
in contact with a rough rigid support whose reference point B moves according to the prescribed motion law, xB(t). The friction force acting on the block is Fa; the position of the
block's center of gravity, G, with respect to a suitable (inertial) reference frame, is x(t). The
equation of motion reduces simply to
(1)
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Figure 1: A schematic representation of a rigid body (mass m) connected elastically to a rigid support A (spring
constant k) and with friction to a rigid support B (static and kinematic friction forces Fs and Fk)

The friction force, Fa, which the support exerts on the block when the relative velocity between the two is not zero is given by the following relation:
(2)
where
is the relative velocity between the block and support, and
is the
sign of the relative velocity; moreover, when the relative velocity between the block and the
support is zero:

Fa  Fs

(3)

A well-known property of such systems is that at the beginning of a sticking phase it will
take some short time to actually establish a contact condition (see, for example, the studies by
Sampson [13]). Hence, the standard version of Coulomb’s law is modified as follows:
 in any sliding phase the friction force is equal to the kinematic value (2);
 at the beginning of a sticking phase the friction force cannot exceed the kinematic value
(|Fa|≤Fk);
 at any time within a sticking phase the friction force cannot exceed the static value
(|Fa|≤Fs).
In the following we will consider the special case in which point A is kept fixed (i.e., xA =
constant), while B moves according to the law xB = Absin(bt), where Ab and b are the amplitude and angular frequency, respectively.
3

STICKING AND SLIDING PHASES

In the general case, the motion of the system may involve a sequence of sticking phases,
during which the block follows the motion of the underlying moving support, and sliding
phases, during which the mass moves with respect to the base support. As the friction force is
non-smooth, the equation of motion has to be solved separately in each of the two phases, and
the time lapse between one phase and the other has to be determined.
A sticking phase following a sliding phase will begin if both the block and the support
have the same velocity, and if the magnitude of the friction force on the block does not exceed
the kinematic value, Fk. Vice versa, a sliding phase following a sticking phase may begin if
and only if the magnitude of the friction force on the block reaches the maximum static value,
and a friction force greater than Fs would be required to keep the block sticking to the support.
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3.1

The sticking phase

The law of motion for the block during the sticking phase reduces to
x(t )  Ab sin(bt )  C

(4)

The sticking phase will persist until the magnitude of the friction force reaches the maximum static value, Fs. After some algebraic manipulation, such condition can be expressed as

   1

(5)

where   a(1  2 ) , a  Ab / xs , xs  Fs / k ,   b /  ,   k / m , and   C / xs .
Condition (5) enables distinguishing the ,  pairs corresponding to systems that may be in
a sticking condition up to a certain time, as well as those which cannot initially be in a sticking condition. Figure 2 (left) shows the partition of the ,  plane produced by condition (5).

Figure 2: Sticking regions in the ,  plane (left), and a,  plane (right)

Condition (5) can be recast in an alternative form in order to determine the set of values a,
, , corresponding to systems that may undergo a sticking phase. Such alternative condition
can be expressed as:

a

1 
1  2

 f (,  )

(6)

The interesting feature of the curve a = f(,0) is that it enables distinguishing the systems
for which endless sticking motion is impossible regardless of the initial conditions (region
above the thick curve on the right of Figure 2), from those systems for which such motion is
possible.
We conclude this section by observing that it is possible to determine a priori the time, tSL,
at which a sticking phase will end. A simple, though nonlinear equation, not displayed for the
sake of brevity, enables determining tSL for a given system from the very start of the sticking
phase.
3.2

The sliding phase

Let us assume that the block is sliding at a certain instant. The block's equation of motion
in the sliding phase reads
(7)
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where the sign depends on that of the relative velocity during the sliding phase. Integration
of equation (7) yields the law of motion
x(t )  c1 cos(t )  c2 sin(t )  xk

(8)

where xk   xs and   Fk / Fs .
The necessary condition for a sliding phase to stop at time tST is that the relative velocity
between the block and the surface become zero. According to the rules introduced in section 2,
a sticking phase may actually begin at tST only if the following condition holds
a2 sin(btST )  x(tST ) / xs  

(9)

Condition (9) ensures that the magnitude of the friction force on the block at the beginning
of a sticking phase does not exceed the kinematic friction, Fk. If such inequality is not satisfied, the friction force would be greater than Fk and a sticking phase could not actually begin.
4

LIMIT CYCLES

Limit cycles are periodic solutions to the equation of motion characterized by a balance between the energy dissipated by and that supplied to the mass-spring system. Different possible
limit cycles may be observed for systems like those considered here [9,13], depending on the
values chosen for the system’s initial conditions and mechanical parameters a, , and .
In broad terms, the limit cycles that a system may reach after a transient phase can be subdivided into three main categories, in which the block:
1) slides indefinitely,
2) sticks indefinitely,
3) periodically alternates sliding and sticking phases.
In this section, we concentrate our attention on limit cycles corresponding to pure sticking
and on some kind of limit cycles corresponding to pure sliding.
4.1

Sticking limit cycles

If condition (5) is fulfilled, it is straightforward to conclude that periodic solutions to the
equation of motion characterized by continuous sticking to the surface become possible. All
these periodic solutions may be expressed in the form
x / xs  a sin(bt )  

(10)

where the parameter  represents the dimensionless relative initial position between the
block and point B.
4.2

Sliding limit cycles

In this section we study particular sliding limit cycles, in which the block undergoes a periodic motion and slides over the moving support, B, without ever sticking to it. In addition,
we restrict the analysis to motion satisfying the following constraints:
(11)
Moreover, as an additional condition, we assume that the component of the friction force in
the direction of the x axis has a prescribed sign (for example, +Fk) over one half of the period
and the opposite sign over the other half-period (relative velocity sign condition).
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By imposing that the velocity of B be equal to that of the block at the beginning of any
half-period, and by requiring that the friction force have a specified sign during a half-period
and the opposite sign during the subsequent one, we obtain an inequality that must be verified
for the validity of the considered limit cycle motion. After some manipulations, such inequality can be expressed as:
a   g ()

(12)

M 2
1
  
g () 
 2 tan 2 

4


 2 

(13)

M   max 1;sup z(0,1) h ( z )  , for a given 

(14)

    

z 
  z 
 tan 
  cos    cos( z )   sin   
sin( z )   2  

  


(15)

where

h ( z ) 

4.3

The influence of the system parameters on its long-term response

The motion of the single degree-of-freedom system considered in this paper is fully determined if the values of its mechanical parameters, a, , , and initial conditions are given.
Moreover, it is reasonable to believe that it should be possible to forecast some features of the
system’s long-term response regardless of its initial conditions. For example, if a,  and 
satisfy inequality (5), the system will undergo continuous sticking, otherwise at least one sliding phase will take place.
Inequalities (5) and (12) enable making some predictions on the system’s long-term response, provided the system parameters, a, , , are assigned. For example, if such parameters satisfy inequality (5), i.e., if the corresponding point belongs to the dashed area below the
blue curve in Figure 3, the system will undergo continuous sticking. Instead, if condition
a>f(,0) is verified, an endless sticking motion is not possible, regardless of the initial condition. In addition, for a given , if condition (12) is not verified, i.e. if the corresponding point
is below the red curve in Figure 3, the system cannot undergo the limit slipping motion defined in section 4.2. Instead, if a system verifies the assumptions discussed in section 4.2, and
its parameters comply with the discussed constraint (12), then such a system may actually undergo the periodic limit motion discussed in section 4.2.
That said, it is worth noting that the illustrated study of the long-term response of systems
like those considered in this paper is not conclusive. Further studies are needed and will be
discussed in future works to carry out an exhaustive or, at least, wider examination of the
possible limit cycles and the corresponding conditions of existence. Nevertheless, the results
illustrated in this work are promising, and the introduced reference maps already furnish important information.
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Figure 3: Reference map summarizing the limit cycles constraints

5

AN APPLICATION EXAMPLE

In the literature, several works propose numerical or semi-analytical solutions to equations
of motion like those considered here [11,14,15]. The solution strategy we follow is of the
semi-analytical type. It consists of piecewise solution of the equations of motion by identifying, a priori, the transition time (if any) from a slip to a stick phase, or vice versa
The following section illustrates the results obtained by applying the developed method to
a particular system, whose parameters (e.g., mass, elastic constant, and friction actions) have
been chosen so as to be representative of a small-sized building fitted with a seismic protection system. Different values of a and , as well as different initial conditions, have been considered.
5.1

Simulation results

Many simulations have been performed, starting with different initial conditions, and for
different values of the system parameters a and . Three typical results are illustrated in the
following (see Figures 4-6). The simulations have been performed by assuming a system mass
of m = 6000 kg, elastic constant k = 30 kN/m, and values of the static and kinematic friction
forces Fs = 240 kN and Fk = 168 kN, respectively.
The first example, in Figure 4, illustrates the results of a simulation in which the system
(corresponding to point 1 in Figure 3), after an initial sliding phase, tends towards a sticking
limit cycle. In the second example in Figure 5, the system (point 3 in Figure 3) is sliding right
from the beginning and, after a certain period of time, tends towards a sliding limit cycle. Finally, the third example, in Figure 6, illustrates a case in which the system (point 2 in Figure 3)
is sliding in an irregular fashion in the first part of the simulation and then, after a certain
moment in time, tends towards a limit cycle characterized by alternating phases of sliding and
sticking.
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Figure 4: Sticking limit cycle (a =0.7,  =1.4) - positions and velocities (left), energy and trajectory (right)

Figure 5: Sliding limit cycle (a =2.0,  =1.4) - positions and velocities (left), energy and trajectory (right)

Figure 6: Stick-Slip limit cycle (a =1.0,  =1.4) - positions and velocities (left), energy and trajectory (right)
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6

CONCLUSIONS

The present paper has addressed the dynamic response of a rigid block connected elastically to a support while in frictional contact with a rough support which is moving according to a
sinusoidal law. Such a basic model has been chosen as a benchmark case to investigate the
main features of dynamic systems undergoing stick-slip motion, such as seismic protection
systems, wiper blades and brakes.
The contact force between the block and the support has been described by Coulomb’s law,
which has been suitably modified to account for the short time usually needed to restore static
contact conditions after a sliding phase.
The nonlinear equation of motion for the block has been solved piecewise analytically in
both the sticking and sliding phases, and the instants at which the system passes from one
phase to another have been evaluated precisely. The study highlighted the effects on the system dynamics of three dimensionless parameters: the ratio  between the oscillation frequency of the moving support and the system's natural frequency; the ratio  between the
kinematic and static friction coefficient; and the ratio a between the oscillation amplitude of
the moving support and a reference length. In particular, the conditions for existence of some
limit cycles have been discussed. According to the results obtained, it is possible to foresee
some features of the long-term response of a system for which parameters , a and  are
known. The regions in the , a plane corresponding to systems that may undergo continuous
sticking or particular periodic sliding have been determined.
The proposed approach seems to provide a better understanding of the main features of the
dynamic response of systems ruled by friction. The results obtained should prove to be useful
for developing design criteria aimed at avoiding undesired jerking motion between such systems’ components, with the final objective of optimizing their performance.
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Abstract
The paper deals with dynamic analysis of reinforced shear wall under seismic loading. The
shear walls of Kashiwazaki-Kariwa nuclear power plant structures reported no significant
structural damage during 2007 Chuetsu earthquake despite of the fact, that the response
spectra exceeded the design spectra of bearing structures. That was the reason for research
of applied shear wall. The IRIS research project on industrial safety assessment and management included the cyclic testing of full-scale reinforced concrete walls. The results of the
laboratory tests were used to analyze the nonlinear behavior of reinforced concrete wall under seismic excitation. The hysteresis (force-displacement relation) has been used for numerical SDOF model design. The calibrated model was used for earthquake simulations. Data of
a set of strong motion records with different amplitudes, acceleration/velocity ratios and frequency content was selected to model excitation. The frequency analysis of the response signal was carried out with wavelet transformation. The frequency content at a certain time
during the earthquake excitation was obtained. The responses of inelastic structure for different excitations were compared and analyzed in frequency domain.
Keywords: Shear Wall, FE Model, Structural Dynamics, Earthquake Engineering.
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1

INTRODUCTION

Even though most of the surprises that earthquakes bring us are negative, examples on the
positive note do exist. The 2007 Chūetsu offshore earthquake had an epicenter just 19km
from the location of the Kashiwazaki-Kariwa nuclear power plant built in the 1980’s. The
earthquake shook the plant beyond design basis. The response spectra of the Chūetsu earthquake surpassed the design spectra for the investigated structures. The earthquake-proofing no
significant structural damage was reported [1]. The power plant was shut down due to technological damage only. This was the incentive to delve deeper into the dynamic behavior of
shear walls which are the structural elements that provide the necessary integrity to nuclear
structures. It was also the reason to include base research in the form of shear wall testing in
the IRIS research project on industrial safety assessment and management [2].
2

EXPERIMENTAL TESTING

The novel experimental testing was carried out (reported in Bekö et al. [3]). During cyclic
testing (Fig. 1) of full-scale reinforced concrete low-rise shear wall specimen the pure shear
was simulated. The obtained data was analyzed and well-defined hysteresis curve (Fig.2) was
obtained.

Figure 1: Reinforced concrete shear wall test.

3

Figure 2: Test hysteresis (force vs displacement).

MODELING

A nonlinear mathematical model was created which is capable of simulating the hysteresis
of the tested shear walls. The analytical model is a single DOF model of the Takeda family.
Litton's [4] simplification of the Takeda model [5] was used as a base for the development of
a dedicated model with stiffness degradation and pinching. The model is piecewise linear hysteresis model with a quadrilateral backbone curve and unsymmetrical positive and negative
quadrants. Two separate sets of governing parameters were adopted for the positive and negative quadrants each with four variables
. The governing equations of the model are
defined as follows (for definition of the symbols see Fig. 3)
-

unloading stiffness

(1)

-

reloading point

(2)
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-

pinching stiffness

(3)

-

pinching point

(4)
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Figure 3: Takeda-Litton`s model

.

Figure 4: Test (red) and simulation (black) hysteresis

The verification of the model is shown in Fig. 4. The numerical investigations were hinged on
an analytic model developed on the basis of laboratory tests. The model was used to analyze
the nonlinear behavior of a single RC shear wall under seismic excitation. Various aspects of
this behavior were studied using this model.
4

TIME-FREQUENCY ANALYSIS

The calibrated model was used for earthquake simulations of an imaginary shear wall that
is analogous to the test. Nonlinear response spectra were derived for a selected set of earthquakes. The earthquake selection was based on the following considerations. It was required
to have a selection of strong motions with different A/V (maximum acceleration to maximum
velocity) ratios. At the same time we wanted to have different frequency content, varying duration and overall amplitudes of the ground motions. This has led to a set of well-studied
earthquakes summarized in in Table 1.
Earthquake
Central Honshu
Japan
San Fernando
California
Imperial Valley
California
Montenegro
Yugoslavia
Bam Earthquake,
Iran
Mexico
Earthquake

Date
Feb. 26
1971
Feb. 9
1971
May 18
1940
Apr. 15
1979
Dec. 6
2003
Sep. 19
1985

Mw
5.5

A (g)
0.151

V(m/s)
0.060

A/V
2.52

6.4

Site
E.Dist
Yoneyama
27
Bridge
Pacomia Dam 4

1.076

0.577

1.87

6.6

El Centro

8

0.348

0.343

1.02

7.0

Albatros
Hotel, Ulcinj
Bam

17

0.171

0.194

0.88

10

0.799

1.242

0.64

Zihuatenejo,
Guerrero Ar.

135

0.103

0.318

0.32

6.5
8.1

Table 1: Selected earthquake records.
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To shed light into the workings of the inelastic structure its seismic response is compared
to that of an elastic model. For analyzing the structural behavior over time a specific type of
wavelet analysis was employed. Fundamentally, the wavelet analysis is defined as a correlation method, wherein one can define the wavelet transform trough a correlation coefficient

(5)
where

is the complex conjugate to

. If the signal

correlates with the wave-

well the coefficient a will be large; otherwise it will be small. The only requirelet
ment on the wavelet is that it be localized at a specific point of time. The harmonic wavelet
developed by Newland [6] is one that is compact in the frequency domain. It has a simple
structure of the form

(6)
where m and n are real but not necessarily integer. As one can see easily the value of the
wavelet function is nonzero and constant only in a frequency band specified by m, n. The result of the procedure above is a time series corresponding to each frequency band. This time
representation of a selected band is a representation of information and energy within this
band. The wavelet is applied to the data in the Fourier domain which then is inversely transformed to the time domain. The harmonic wavelet transform was applied to the response of
the models.
The goal of this assessment was to understand how the nonlinearity of the wall influenced
its response and possibly affects its bearing capacity in an event of an earthquake. To do this,
structures of different eigenfrequencies were taken for each earthquake record in such a way
that the response of the model to the specific strong motion in terms of displacements is close
to the defining limits of the model. That is to say, the model with the chosen natural frequency under the corresponding ground motion yields a displacement response that nears the maximum displacement values reached in the tests. This takes the model well into the nonlinear
range without exceeding physically feasible boundaries. Our application of the harmonic
wavelet transform produces time-frequency plots which, for the responses to the six ground
motions, are given below. The figures clearly show case how the frequency response of the
nonlinear structure changes over time as well as with respected to its linear counterpart. Once
the structure is taken beyond its elastic limit the frequency of vibration changes significantly.
The frequency drop can be sudden as in the case of El Centro or Montenegro earthquakes or
more gradual like for the Honshu and Mexico earthquakes.
Harmonic wavelet transforms of the displacement responses of the elastic (left) and inelastic (right) models including time history plots of displacements for six earthquakes: Honshu, San Fernando, El Centro, Montenegro, Bam, Mexico are presented in Fig. 5-16.
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Honshu 1971

Figure 6: Honshu earthquake 1971: Displacement
response of inelastic model, its wavelet transform.

Figure 5: Honshu earthquake 1971: Displacement
response of elastic model, its wavelet transform.

San Fernando 1971

Figure 7: San Fernando earthquake 1971: Displacement response of elastic model, its wavelet transform.

Figure 8: San Fernando earthquake 1971: Displacement response of inelastic model, its wavelet transform
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El Centro 1940

Figure 9: El Centro earthquake 1940: Displacement
response of elastic model, its wavelet transform.

Figure 10: El Centro earthquake 1940: Displacement
response of inelastic model, its wavelet transform.

Montenegro 1979

Figure 11: Montenegro earthquake 1979: Displacement response of elastic model, its wavelet transform.

Figure 12: Montenegro earthquake 1979: Displacement response of inelastic model, its wavelet transform
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Bam 2003

Figure 13: Bam earthquake 2003: Displacement
response of elastic model, its wavelet transform.

Figure 14: Bam earthquake 2003: Displacement
response of inelastic model, its wavelet transform.

Mexico 1985

Figure 15: Mexico earthquake 1985: Displacement
response of elastic model, its wavelet transform.

Figure 16: Mexico earthquake 1985: Displacement
response of inelastic model, its wavelet transform.
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5

NONLINEAR VS CODE BASED RESPONSE SPECTRA

To investigate possible design margins from yet another perspective we have chosen to
look at nonlinear responses more specifically. The goal was to examine if the code based response spectra can be exceeded by elastic response spectra for cases when the nonlinear model still performs within the physical limits of the specimen for it was calibrated to. For the
normative response spectra the ones defined in Eurocode 8 were selected. In light of this, to
increase the number of European earthquakes in the set, for the scope of this assessment the
accelerogram of the Friuli earthquake was added to the ones specified in Table e. Three distinct hypothetical cases were analyzed with initial periods
,
and
. These periods are in relation to the initial stiffness, i.e. before cracking, of the
inelastic model. All models were taken through the same procedure. For each earthquake a
scaling factor was found that pushes the inelastic model to its “elastic” limit. The elastic limit
of the model was selected as the point which marks the start of the yielding of the reinforcement in the physical system. This was the point of 5.4mm and 6943kN. It is noted that the
point of elasticity was taken such, as it is the most correct choice for practical purposes.
Earthquake
Honshu 1971
San Fernando 1971
El Centro 1940
Montenegro 1979
Bam 2003
Mexico 1985
Friuli 1976

Model 1

Model 2

Model 3

Model 0

3.44
0.71
2.00
3.12
0.63
7.11
2.31

3.17
0.38
1.12
1.61
0.34
4.05
1.14

1.33
0.09
0.28
0.43
0.19
0.64
0.29

57.5
7.9
23.0
47.5
9.1
76.0
21.5

Table 2: Example Scaling factors for earthquake accelerograms that take the model to its elastic limit.

Elastic response spectra derived from scaled accelerograms were compared to design response
spectra from EC8 for model 1, model 2 and model 3 in Fig. 17-19.
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Figure 17: Elastic response spectra derived from scaled accelerograms compared to design response spectra
from EC8 for model 1.

Figure 18: Elastic response spectra derived from scaled accelerograms compared to design response spectra
from EC8 for model 2.
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Figure 19: Elastic response spectra derived from scaled accelerograms compared to design response spectra
from EC8 for model 3.

To define the imagined design capacity of the wall the value of 8.0MN, derived from testing, was assumed. To simulate design of the wall to this resistance the design response spectra
needed to be scaled in such a way that at the design period they yield a design seismic force of
8.0 MN. This was simply achieved by an appropriate choice of base ground acceleration
for the type 1 response spectrum from EN 1998. Type 2 response spectrum was also plotted
for reference. Viewing the results it is very evident that the model earthquake response spectra
do reach above the design spectra. In some cases, especially for low periods, the overshoot is
significant. Still when considering the differences at the design period (marked with dots in
the subplots) many of the model response spectra lie above the design spectrum. In these cases it is not considered substantial, possibly with some exceptions. The interpretation of the
results is that the linear response spectrum computed for a scaled excitation, which takes the
nonlinear model to its elastic limit, yields forces that are higher than those defined by the code
based design spectrum. Thus a reinforce concrete structure, namely a shear wall, to the extent
it is represented by the mathematical model, can bear within its linear limits, dynamic forces
higher than designed for based on a selected code, EN 1998 in this case.
6

CONCLUSIONS
 Based in the test data a mathematical hysteretic model was developed based on Litton’s
modification of the original Takeda model. This is a single degree of freedom nonlinear
material model with the feature of pinching included. The model is tuned by two sets of
four steering parameters for the two opposite quadrants. Upon the observation that the
model would require different steering parameters for small and large displacement a
functional relation was introduced for them. With such a refined model a good agreement
with test data was reached.
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 The behavior of a massive shear wall, represented by the mathematical model was analyzed for different selected earthquake records. The harmonic wavelet transform was applied to unravel the frequency response of the modelled structure over the time of
excitation. The frequency shift could be evidently shown with the point of transition to
inelastic yielding visible. For this analysis models of different natural frequencies were
chosen for each earthquake record, so that they are driven by the excitation close to the
maximum displacement value of the test specimen the model was based on. This was
needed to study the inelastic behavior during an earthquake.
 The presented investigations were triggered by the need to explain seemingly unexpected
phenomena observed in the wake of some earthquakes in nuclear power plants. And although nuclear facilities are designed to very strict criteria and substantial margins, there
are indications of intrinsic margins beyond the intended ones due to disparities between
the physics involved and the simplifications in the design procedures. It comes as no surprise that the accepted design procedures applicable in cases of massive shear walls were
shown to be conservative.
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Abstract
The paper investigates the modelling and calculation of the flutter instability condition due to the wind –
structure interaction in the case of suspended bridges. In particular, the paper is focused on FEM (Finite Element
Model) analyses on three dimensional models that compute the flutter instability. Geometric non-linear flutter
instability analyses were carried out using a research and design software program (TENSO), which enables nonlinear dynamic analysis of wind-structure interaction. All the bridge structure is modelled. In particular, the
bridge deck model was simplified by a beam model located in the deck section’s center of gravity and two massless
rigid links to simulate the connection of the deck to the hangers and cables. The cables are represented by rectilinear cables element. The critical flutter speed was estimated using quasi-static approximation of the unsteady
wind loads calculated by aerodynamic coefficients (i.e. lift, drag and moment coefficients) estimated by aerodynamic forces (i.e. lift, drag and moment) directly measured by wind tunnel tests. The executed analyses are by
dynamic step-by-step integration of the nonlinear three-dimensional structure with geometric nonlinearities. The
global stiffness matrix is updated at each load step by assembly of the stiffness sub-matrices of the elements,
updated to account for the strain found at the previous time step, taking into account the geometric nonlinearity
of the structure.
Firstly, the calculation provides for the static equilibrium of the structure under dead, gravity and construction loads by nonlinear static analysis. It was computed simultaneously using two methods: step-by-step incremental method and a “subsequent interaction” method with variable stiffness matrix (secant method). The
secant method is a finite-difference approximation of the Newton-Raphson’s modified method for systems of nonlinear algebraic equations. The solution under gravity loads is subsequently used as the initial step of the dynamic
wind load analysis. The Newmark-Beta method with Rayleigh damping is used for numerical integration of the
dynamic equations. Wind loads on the bridge deck are time dependent and they are simulated by applying the
aerodynamic coefficients as a function of the time-dependent angle of attack at a given mean wind speed U.
Displacements and rotations of the bridge deck at progressively increasing values of U, are estimated. The velocity
at incipient flutter is fixed when the reference deck vibration amplitude exceeds ±5°. Details of the analyses results
and calculation are given for an example of suspended foot bridges. Vertical displacements (δ) and rotations of
the deck about the longitudinal bridge axis (αx) in normalized format (i.e. upward deck displacements are positive
and counterclockwise rotations are positive) are discussed.

Keywords: Non-Linear analyses, Suspended bridge, flutter instability.
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1

INTRODUCTION

The main suspended bridge structural model is a system made of a deck hanging by
cables that are supported by pillars (i.e. bridge’s towers).
Differently from traditional concrete bridges ([1]), suspended bridges are cables structures with a geometrical non-linear behavior and they are sensitive to the wind action ([2]). In
addition, they have a small ratio between self-weight and length-span and this increases they
vulnerability to dynamical action as for example the wind action. In particular, extreme peaks
of wind force affect the structure reliability [3] and they have to be investigated in wind tunnel
([4], [5][6][7][8][9]). Alternatively, the wind-structure interaction can be analyzed by computational fluid dynamics simulations (CFD) and fluid and structure simulations (FSI). These approaches are common in the field of building construction and structural engineering and they
are mostly used to investigate multihazard effects, as for example in the field of the sound
propagation ([11], [12]), earthquake and tsunami effects or pedestrian-induced lateral vibrations
([13], [14], [15], [16]). However, the big Reynolds number (i.e. as in the case of civil big structures) makes it difficult to apply.
A suspended bridge design needs of two different experimental campaigns: aerodynamic and aeroealstic experiments ([17]).
Aerodynamic tests mostly aim to estimate the wind action around the bridge deck. The
deck shape and its aerodynamics has a crucial role for bridge stability ([18], [19]). Generally,
deck shape is regular and its aerodynamics is not discussed by codes ([20], [21], [22]). As for
most shapes does not discussed by codes ([23]-[[27]), experimental tests in wind tunnel are
necessary in order to estimate the pressure coefficients and the aerodynamic forces coefficients.
The pressure coefficients are used to estimate the local pressure given by wind on the deck; the
aerodynamic coefficients are used to calculate the flutter critical speed (i.e. quasi-static method)
and to size the anchorages structures dimensions ([28][28]).
Aeroelastic tests aim to measure the wind-structure interaction dynamically. In particular, the goal is to calculate the flutter derivatives of the bridge section model. The flutter derivatives are used to estimate the flutter critical speed ([29]-[34]). In addition, aeroelastic tests
permit to calculate the aerodynamic damping of the bridge.
Aerodynamic tests results give time histories of pressure coefficients or aerodynamic
coefficients (i.e. Lift, Drag and Moment). Both results depend on the wind angle of attack. They
are not wind-speed depending. Contrarily, aeroelastic tests results give speed-depending flutter
derivatives.
Similarly to other cables structural systems, as for example cables nets ([35]-[38]) the
experimental results in term of wind action are applied on Finite Element Method (i.e. FEM)
models in the form of forces time histories. Time histories are applied on the structure nodes.
In this phase, the different modeling approach followed for numerical model (i.e. FEM model)
and experimental model (i.e. aerodynamic and aeroelastic tests model) represent one of the
most severe problems in the wind-structure interaction study. For bridges, this is particularly
relevant because the experimental model is commonly very simplified. It is often the case that
numerical model is computed by a smaller grid mesh than experimental model. In this case,
numerical methods to expand the experimental results are often used.
This paper discusses the wind-bridge interaction using aerodynamic tests results in term
of aerodynamic coefficients though three dimension FEM non-linear analyses [39]. One of the
three pedestrian suspended bridges ([40], [41]) discussed in [42] and [43] is used as case of
study and experimental data and structural parameters are used for non-linear geometrically
analyses. Analyses are pushed as far as the flutter instability and the flutter critical speed was
estimated.
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2

THEORETICAL FUNDAMENTALS OF WIND-STRUCTURE INTERACTION
MODELLING

The critical flutter speed was estimated using two different approaches. The first is a
two-mode (2-DOF) generalized numerical model of the deck motion in the frequency domain
and flutter derivatives were considered to more correctly examine bridge aeroelasticity. The
second consists in nonlinear dynamic analysis by three-dimensional finite element models and
quasi-static approximation of the unsteady wind loads (i.e. lift, drag and moment derived from
the wind tunnel tests) were employed.
The first approach is applying if aeroelastic tests results (i.e. flutter derivatives) are
available. The dynamic response of a long-span bridge due to wind excitation can be modeled
through the multi-mode approach in the frequency domain ([42]). The dynamic component of
the wind loading, causing deck vibration, can be represented by superposition of turbulenceinduced (aerodynamic) forces and motion-induced (aeroelastic) forces. Self-excited forces, acting on a unit-length section of the deck are defined as lift (Lh), drag (Dp) and moment (Mα).
These forces are commonly based on a first-order linear expansion of the h vertical displacement and α torsional rotation of the generic deck cross section, ([33]). This model is strictly
valid for simple-harmonic vibration of the deck and it is usually acceptable for small-amplitude
random vibration. The aeroelastic lift and moment forces of the generic cross section, per unit
deck span (or longitudinal model length), were determined as reported in Eqs. (1) and (2).
1
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In Eqs(1) and (2), ρ is the air density, U the mean wind speed perpendicular to the bridge
(or model) longitudinal axis, B is the deck width; the “over-dot” symbol denotes derivation with
respect to time t. The quantities Hi* and Ai* (with i=1,…,4) are the “flutter derivatives” (Scanlan
and Tomko, 1971). These functions are experimentally found in wind tunnel by testing a section
model of the full-scale girder at a reduced scale. The flutter derivatives depend on the reduced
frequency K=ωB/U or, equivalently, reduced velocity Ur=U/(nB)=2π/K, with ω being the angular vibration frequency of the deck in rad/s and n=ω/(2π) the frequency in Hz.
The dynamic equilibrium equations of the 2-DOF system which is tested in the wind
tunnel, reproduce the vertical (h) and torsional (α) aeroelastic vibration of a representative finite-length section of the full-scale bridge deck. The lift force Lh and overturning moment Mα
per unit length of the deck are measured over the span length ℓ of the experimental model.
The vibration of the apparatus tested in wind tunnel, is given by Eqs(3) and (4) ([33],
[34]).
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In Eqs. (3) and (4) M is the total mass of the model over the length ℓ, which also accounts
for the mass of the moving components of the experimental rig; Iα is the total mass moment of
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inertia; is the static mass unbalance about the elastic axis, equal to the product of mass M and
the distance (with appropriate sign) between the elastic center (center of stiffness) and the center
of mass; ℓ is the longitudinal length of the model; ωh and ωα are the angular frequencies of
vibration corresponding to the two DOFs; ζh and ζα are the corresponding structural damping
ratios. The damping ratios coefficients replicate unavoidable dissipation mechanisms in the
wind tunnel setup, which cannot be eliminated. The careful selection of the model’s frequencies
is also an important issue in the design of the experimental apparatus to ensure the successful
measurement of the flutter derivatives.
According this theory, the solution to the flutter problem is based on the iterative procedure described by [34] simulating a 2DOF dynamical system with mass, inertia, damping
ratios and flutter derivatives corresponding to the actual setup. The free-vibration method ([33])
is used for the extraction of the flutter derivatives, [44]
The second approach, discussed in detail in section 4, consists in Nonlinear dynamic
flutter analysis, that are carried out using the aerodynamic coefficients in accordance with the
reference force system.
3

EXPERIMENTAL MEASUREMENTS

Experimental tests results given by [42] are discussed here in order to explain the entire
process of flutter analyses. Aerodynamic tests were carried out to estimate the deck loads of a
pedestrian bridge with closed-box bridge deck (structural properties are described later in a
subsequent section). It is important to note that, in this study, the deck guardrail was neglected
because it was assumed that it was made of cables and, therefore, would not affect the aerodynamics and the aeroelastic response.
Aerodynamic tests were carried out using rigid wind tunnel models with the same dimensions. The tests were designed to minimize any potential discrepancies induced by geometric scaling differences. The models were made of wood. The geometry of the experimental
models is illustrated in Fig. 1.

Figure 1 Section deck size.
Dimensions in Fig. 1 respectively are: h1 is equal to 530 mm at prototype scale and 13
mm at model scale; h2 is equal to 1110 mm at prototype scale and 27 mm at model scale; d1 is
equal to 860 mm at prototype scale and 21 mm at model scale; b1 is equal to 1025 at prototype
scale and 25 mm at model scale; d2 is equal to 2620 at prototype scale and 64 mm at model
scale; b2 is equal to 6770 at prototype scale and 165 mm at model scale ([4], [42]).
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Figure 2 experimental tests.
Measurements were carried out in the wind tunnel of the Marche Polytechnic University
(Ancona, Italy). The wind tunnel is a closed-circuit facility. The cross-sectional dimensions of
the main test chamber are about 1.8 m by 1.8 m. The main test section has three main test
subsections: the first one is used for aerodynamic tests requiring uniform velocity distribution
and low turbulence level. The second one is used to test aerodynamic interference between
slender bodies. The last one is the environmental section where atmospheric boundary layer
flows can be reproduced for general studies on buildings and structures. The wind tunnel is
equipped with a motor/fan having a constant rotational speed (975 rpm) and 16 blades with
adjustable pitch. The mean wind speeds range between 6 m/s and 40 m/s. Preliminary flow
measurements, using a Constant Temperature Hot Wire Anemometer, showed a deviation less
than 2.5% from the reference value of the mean flow speed and longitudinal turbulence intensity
less than 0.3% across more than 90% of the test cross section. A compact heat exchanger was
used to control temperature fluctuations within the range of ±1 [°C]. Fig. 2 presents a picture
of a typical setup of the chamber with the experimental model. Measurements were carried out
at a flow speeds equal to 14.8 m/s.
The purpose of these tests was to measure the Drag (# , Lift ( and Torsional Moment
(
of the deck per unit span for the three geometries. The average values of drag, lift and
torsional moment coefficients per unit span, respectively %& , %' and %( , were evaluated according to Eq. 5 below. Fig.3 shows an example of the Lift aerodynamic force coefficient trend
as function of the angle of attack ([42]).
In Eq. 5
is equal to 14.5 m/s, ρ is equal to 1.18 kg/m3 and, referring to Table 1, B is
the reference width equal to 2d1+b1 = 298 mm. The model was placed vertically, as visible from
Fig. 3, and the reference system for the calculation of the aerodynamic forces is given in Fig. 3.
Twenty-one values of attack angle (α) were considered in the interval between -10° and +10°.
Positive angles are “nose up” in relation to the approaching flow.
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Figure 3 Example of Lift coefficient trend.
4

WIND-STRUCTURE INTERACTION CALCULATION

Nonlinear dynamic flutter analysis discussed here was carried out using the aerodynamic coefficients and were performed using the TENSO nonlinear geometrical analysis program, which can execute dynamic step-by-step integration of the nonlinear three-dimensional
structure with geometric nonlinearities. Tenso is not a commercial software.
The software used includes modules for simulating cable and beam finite element models and for the study of wind-structure interaction phenomena with generation of wind speed
time histories and simulation of various aeroelastic loads. The main cables are discretized as
rectilinear cable segments.
The global stiffness matrix is updated at each load step by assembly of the stiffness submatrices of the elements, updated to account for the strain found at the previous time step. In
this way the software considers the geometric nonlinearity of the structure. This software first
solves for the static equilibrium of the structure under dead, gravity and construction loads
(prior to the application of the wind loads) by nonlinear static analysis; two methods are simultaneously used: step-by-step incremental method and a “subsequent interaction” method with
variable stiffness matrix (secant method). In TENSO, secant method is used as a check method
that permits to stop the analysis with a unbalanced solution. Nonlinear problem can be transformed in a succession of linear problems. Each calculation step stores loads and strains history
evaluated during the previous step. For each analysis step, a small enough part of load (ΔP)
necessary to ensure that is possible to use the elasticity method is applied. A non-appropriate
chosen range can cause an inexact solution. In order to solve it, this software uses a vector
version of the Newton-Raphson modified method about nonlinear equation systems with the
variable stiffness matrix. The Newton-Raphson procedure [42] guarantees convergence if and
only if the solution at any iteration is close to the exact solution. Therefore, even without a pathdependent nonlinearity, the incremental approach (i.e., for subsequent load steps) is sometimes
required in order to obtain a solution corresponding to the final load level. If the displacements
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are large, the product between the stiffness matrix, evaluated on the basis of the solution of the
previous step, and the displacements vector, give the internal force vector, not equilibrate with
the external forces vector according to Eq.(6). In Eq.(6) K is the stiffness matrix, δ is the dis-

~

placements vector, P is the external forces vector.
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Figure 4 Flutter instability given by FEM analyses:

The difference between these two forces vectors (i.e. internal and external) represents
the imbalance force vector, according to Eq. (7). R is the residual vector and P is the internal
forces vector. Subsequently, R is applied as an external load modifying the displacement vector
with a residual value of displacements Δ+, according to Eq.(8).
(6)
, -./ 0+1./ = 0231./
,4-./ = ,021 − 0231./ - ≠ 0

(7)

(8)
0Δ+1./ = , -8
./ 041./
Wind loads on the bridge deck are time dependent; they are simulated by applying the
aerodynamic coefficients (CD, CL and CM) as a function of the time-dependent angle of attack
and by setting the appropriate values of dynamic wind pressure at a given mean wind speed U
(at deck level). The program evaluates displacements and rotations of the bridge deck at progressively increasing values of U, and records the velocity at incipient flutter when the reference
deck vibration amplitude exceeds ±5° [42]. Fig. 4 illustrates an example of time histories exhibiting flutter instability in terms of vertical deck displacement (δ) and rotation (α), for the
middle-span section (i.e. upward displacements are positive and counter clockwise rotation are
positive).
The critical flutter speed estimated was equal to 79.8 m/s. This value corresponds to
global the instability illustrated in Fig.4.
5

CONCLUSIONS

This paper discusses the wind-structure interaction modeling for suspended bridges. The geometrical non-linear analyses operation using wind tunnel experiments was commented and the
flutter instability analyses calculation was described on a case of study. The procedure to apply
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wind tunnel experiments results on FEM models of suspended bridges was commented by explaining the functioning. The paper aims to inspire readers to deepen the wind-structure interaction analyses on cables structural systems.
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Abstract. The present work demonstrates the use of peridynamic equations to capture dynamic crack patterns observed during experimental tests performed in concrete and polymethylmethacrylate (PMMA) materials. In the first part of the work, two concrete specimen configuration, namely a compact tension and a L-specimen, are modeled at different dynamic loading
rates. In the second part the effect of having a weaker interface in between a PMMA plate is
simulated and compared, with the case of not having an interface at all. In both, it is observed
that simulation provides good agreement with experimental results.
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1

INTRODUCTION

Peridynamics (PD) is a reformulation of classical elasticity where stress and strain partial
derivatives are substituted by force and displacement integral equations. The fact of not having
to differentiate displacement to get strains (as in classical mechanics where a continuous displacement field is assumed, therefore allowing for strains to be derived from the displacement
as long as there are no discontinuities) allows PD to be naturally suited to model discontinuities.
Silling [11] in 1999 introduced peridynamics for the first time. This initial version, nowadays termed “Bond Based Peridynamics” (BB-PD), combined with a simple damage model
[14], based on a critical bond stretch parameter, has successfully been used in high impact
dynamic applications to predict complex crack patterns and fragmentation observed in quasibrittle materials. Even today BB-PD still accounts for over 90% of all work developed in the
PD field [13]. However, the original BB-PD suffers from the limitation of only being able to
model materials with a Poisson ratio ν = 1/4 for 3D, 2D plane strain, and ν = 1/3 for 2D
plane stress cases [4].
To overcome this limitation, Silling in 2007 [12] introduced the “State Based Peridynamics”
(SB-PD) with two variants: ordinary (OSB-PD) and non-ordinary (NOSB-PD), the difference
between the two being the force vector direction with respect to the bond deformation vector,
which in the OSB-PD are parallel and in NOSB-PD are not.
SB-PD offers the advantage of modeling different Poisson ratios. In fact BB-PD may be
viewed as a subset of OSB-PD [3], and through NOSB-PD it even allows to incorporate classical
mechanics materials into PD formulation [18]. For the latter case, many works have tried to
incorporate classical damage models too. Some works have apparently succeded, but it is still
an open question when it comes to distributing the damage from the global particles to the
individual bonds and then re-calculating an approximation of the deformation gradient.
On the other hand, the critical stretch damage model has shown to naturally capture cracks
by first breaking individual bonds that eventually propagate into damage and therefore originate
cracks.
The following work analyses three examples using the critical stretch damage model within
an OSB-PD formulation. On the first part a brief introduction will be given to the OSB-PD
material employed and of the critical stretch damage model. Afterwards it wil be shown how
a 2D plane stress formulation may adequately capture the main crack patterns observed in two
different concrete specimen configuration experiments. Following, the same method will be
employed to capture crack branching at a weak interface in a PMMA plate subject to an impact
stress wave.
1.1

State Based Peridynamic Theory

The SB-PD equation of motion is expressed as eq. (1):
Z
ρ(x)ü(x, t) =

 
 
T x, t q − x − T q, t x − q dVq + b(x)

(1)

Hx

where · notation indicates the bond in which the force state T is acting on. Following figure
(1) Hx is defined as a spherical neighbourhood of radius δ centered in x, such that particles q
inside it will have an influence over x through a bond force. δ is also refered as the particle’s
horizon and in our simulations it will assume a constant value. The quantities ρ, ü, dV and b
represent the particle’s density, acceleration, volume and body force correspondigly.
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Figure 1: Deformation Map. (Adapted from [13])

In eq. (1), T contains a constitutive model T̂(Y) which depends on a deformation state
Y. By employing a Fréchet derivative of a PD strain energy density Ŵ , with respect to the
deformation state, the expression in eq. (2) arises:
Y
= tM
T = T̂(Y) = ŴY = t √
Y·Y

(2)

From eq. (2), t is a bond force and M is a unit vector with direction of the deformed bond
Y ξ = y(q) − y(x). For completion, the bond initial configuration X ξ = q − x, together
with the deformed bond define the bond extension as (3).
e = y − x,

y = |Y|,

x = |X|

(3)

By employing Ŵ from [12] for the 3D case, and from [3] for the 2D plane stress/strain
conditions, and equating under the same deformations both strain energy densities: PD and
classical mechanics ŴP D = ŴCCM , the bond force in (2) may be expressed as following:

3Kθ
15µ d


wx +
we


m
m




 4Kµ θ
8µ d
wx
+
we
t = 3K + 4µ m
m





4(3K − µ) θ
8µ d


wx
+
we


9
m
m

3D,
pl. stress,

(4)

pl. strain

Quantities K and µ are the bulk and shear modulus correspondingly, w is an influence function which in our simulations takes the constant value 1, m, θ, and ed are the weighted volume,
dilatation and deviatoric bond extension defined as follows:
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Z
(wx) · x dVq

m=

(5)

Hx

3
θ=
m

Z
(ωx) · e dVq
Hx

ed = e −
1.2

θx
3

Damage in Peridynamics

The simplest way to introduce damage in PD is through bond breaking as described in [14].
Following previous notation, the bond stretch is computed as s = e/x.

Figure 2: Critical Stretch Damage Model (Adapted from [14])

When s gets bigger than a critical bond stretch s0 (figure 2), the bond becomes damaged:
(
µ(ξ) =

1 if s > s0
0 otherwise,

(6)

and the particle’s damage is evaluated as the rate of broken bonds divided by the particle’s
total bond number:
R
d(x) =

Hx

µ(ξ)dV q

R

dV q
Hx

(7)

s0 is calibrated with the material’s fracture energy release rate GF . Following the procedure
in [13] and after setting ν = 1/4 for 3D and plane strain and ν = 1/3 for plane stress conditions,
the critical stretch expressions in (8) for the critical stretch are obtained:
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r

5GF




6Eδ




r

 8πGF
s0 =
9Eδ



r



5πGF




 6Eδ
2

3D,
pl. stress,

(8)

pl. strain

COMPACT TENSION TEST

In this example the experiments performed in [7] are simulated for a concrete specimen subjected to different dynamic loading rates. The specimen geometry and its initial hexagonal (for
3D) configuration are displayed in figure (3) on the left and right hand side correspondingly. It
should be noted that PD deals with particles, not elements. However for simplicity is convenient to start by defining a pseudo-mesh, in this case of hexagons. For each hexagon a particle
is assigned to the hexagon’s centroid containing the total volume of the hexagon. For this simulation a non-uniform distribution of particles resulted, having an average distance between each
particle of ∆x ≈ 1 mm.

Figure 3: Compact Tension Specimen. a) Geometry (Reprinted from [2]), b) Initial Hexagonal
Discretization

In red and green colors may also be observed two additional material blocks added to the
geometry corresponding to the reaction (fixed position) and loading boundary conditions (BC).
These two extra material blocks have δ width added size and are required because in PD (as in
any other non-local theory), the existence of a “traditional” BC does not emerge as in the local
theory [11].
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The initial mesh was generated with GMSH and converted into EXODUS II format [15]
using a local MATLAB script plus the MAT2EXO tool from SEACAS library. For performing
PD calculations, the open source program PERIDIGM [8],[5] was employed, and modified to
include 2D support and accordingly, the plane stress/strain material model mentioned before.
All results are output in another EXODUS II file that may be visualized using PARAVIEW.
For the 3D case the file contains only particles with their respective computed properties. As for
2D, the mesh generator and Delaunay triangulator TRIANGLE [10] was implemmented to the
PERIDIGM code to link particles to triangular elements. This helps to better visualize surface
results and employ other PARAVIEW’s available tools.
A velocity-Verlet time integration scheme was employed. Such scheme computes current
velocities and displacements based on previous time step accelerations. All variables are stored
explicitly and a small enough constant integration time step is selected. Such parameter is
chosen to be 0.7 times the maximum stable time step ∆tcrit determined as:

∆tcrit =

s


 P 2ρ



q dVq Cq

3D,


h




c

2D

(9)

The expression in (9) for 3D was intrinsically developed in [14]. The summation implies
an iteration over all neighbourhood q of material particle x. dV is the particle’s volume and
C is the effective micromodulus constant computed as C = 18k/xπδ 4 . The parameters ρ and
k (material density and bulk modulus, respectively) and x (the undeformed bond length) were
previously defined in eq. (3).
The expression for 2D follows the classical Courant Friedrichs-Lewy (CFL) approach, where
h is the minimum undeformed
bond length in all domain particles and c is the material wave
p
speed computed as c = k/ρ.
Table (1) lists the material and discretization parameters used in the simulations.
Parameter
Elastic Modulus E
Poisson’s Ratio ν
Material Density ρ
Block Horizon δ
Fracture Energy GF
Critical Stretch s0
Time Step dt
Number of Particles

Value
36.00 GP a
0.18
2400 kg/m3
3.002 mm
65.00 J/m2
0.00130 / 0.00078 @3D / pl.stress
1.7495 × 10−7 s / 1.3076 × 10−7 s @3D / pl.stress
1, 273, 125 / 50, 925 @3D / pl.stress

Table 1: Compact Tension Material and Discretization Parameters
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Figure (4) shows the obtained damage results for the specimen, subject to four different
increasing velocity loading rates: v = 0.3, 1.4, 3.3 and 4.0 m/s. For comparison, results obtained from [2] using a a two-scale FEM damage model were also included. For the PD case,
plane stress and 3D simulations results compare quite well. One single main crack is observed
when the velocity is lower than 3.3m/s, but multiple crack branching starts to develop as the
velocity increases. Regarding the maximum computed force, the plane stress material seems to
overestimate it more than the 3D. However, except for the a) (v = 0.3 m/s) case, simulations
are observed to be close to the registered value. In general good agreement is observed between
results in [2], the current PD simulation and the experimental ones.
3

L-SPECIMEN TEST

In this section the concrete L-Specimen in [6] is analyzed with the current approach. The
simulated results compare quite well with the experimental ones. Figure (5) displays on the left
side the geometry dimensions and simulation setup, whereas on the right the initial hexagonal
mesh is displayed.
The loading point is modeled using an external block (in red) of size (30 × δ mm), whereas
the blocked part is fixed in all directions on the same block. Table (2) displays the material and
discretization parameters employed. Same as in the previous case, a non-uniform distribution
of particles with an average particle distance ∆x ≈ 2.33 mm is employed.
Parameter
Elastic Modulus E
Poisson’s Ratio ν
Material Density ρ
Block Horizon δ
Fracture Energy GF
Critical Stretch s0
Time Step dt
Number of Particles

Value
32.20 GP a
0.18
2210 kg/m3
7.002 mm
58.00 J/m2
0.0004630 / 0.00084 @3D / pl.stress
4.1492 × 10−7 s / 2.8120 × 10−7 s @3D / pl.stress
939, 834 / 44, 757 @3D / pl.stress

Table 2: L-Specimen Material and Discretization Parameters
The specimen is dynamically loaded with increasing velocity rates. Both crack patterns and
registered forces for each rate are illustrated in figures (6, 7). When available, simulations
performed by [2] are also included for comparison.
From PD results, it is observed that as velocity increases, the crack becomes more aligned
with the applied loading direction. This behaviour was also observed during the experimental
tests.
Regarding material models, both plane stress and 3D seem to provide close results between
each other, either in crack pattern or maximum registered force.
One single main crack is observed for small loading rates, where as multiple branching is
developed when the rate is increased, particularly for the last case, in which a crack developed
near the loading area and another started next to the fixed boundary condition. Close agreement
was also observed with simulation results obtained in [2], with a difference in the fracture
energy, for which a lower value (GF = 40J/m2 ) than the one used in [6] is employed.
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4

WEAK INTERFACE IN A PMMA PLATE

The case analyzed in this section intends to simulate the experiments performed in [16],
whereby a PMMA plate glued in the middle, thus having a weaker interface than the monolithic
case, kinks and branches an upcoming crack in two smaller symmetric daughter cracks.
Figure (8) ([17]) illustrates the original experiment, where a long AL 7075-T6 aluminum
Hopkinson pressure bar of dimensions (L = 1830 mm, φ = 25.4 mm), whose “wedge” shape
end is in direct contact with the PMMA plate. A striker of the same material as the bar, and
dimensions (L = 305 mm, φ = 25.4 mm) hits it and induces a stress wave with time duration
(ts ≈ 120µs). The wave travels through the bar and exerts a contact force on the “free” supported specimen. In the experiment free boundary conditions are achieved by applying a putty
layer on top and bottom of the plate. Therefore in the simulations no other boundary conditions
but the applied contact force were considered.
The plate dimensions are illustrated in figure (9). The monolithic case represents a single
PMMA block material, where as the bilayered case is composed of two blocks of the same material and a layer of adhesive “Weldon 16” of thickness 0.025 mm and 0.100 mm representing
the “strong” and “weak” interface correspondingly. However, in the following approach the
interface thickness is not directly input, but rather modeled by weakening the bonds that cross
from one region to the other. The way to perform this was by reducing the critical stretch parameter [1] and again, this was added to PERIDIGM.
Although it is possible to use PERIDIGM to completely simulate in 3D the whole experiment, this task would require a quite high computational time. Therefore the approached followed here was to split the simulation into two stages. On the first part, ABAQUS (FEM) was
employed to fully model in 3D, the stress wave propagation through the long bar up to the contact with the specimen (no fracture was considered at this point), thus this stage being purely
elastic. On the second part the computed contact force was input into PERIDIGM, using the
2D plane stress model to capture fracture (fracture stage). Following, the mentioned procedure
in presented in sequential order.
4.1

Elastic Stage

Table (3) presents material and discretization parameters employed for the analysis, whereas
fig. (10) illustrates the corresponding mesh. The simulation was carried out using a contact
“surface to surface” condition type with a fully explicit time discretization. The total computed
time was 1000 µs with a time step dt = 2.7042 × 10−8 s.
According to [9] the bar’s propagated stress wave may be obtained as eq. (10), in which v =
15 m/s is the striker velocity and ρ, E are the bar’s density and elastic modulus respectively.
The pulse time length τ is twice the wave’s transit time on the striker bar: eq. (11), where
Ls = 0.305 m is the striker length and c ≈ 5051.33 m/s is the wave’s speed on aluminum
medium. Combined, the generated input pulse specified into ABAQUS is represented in eq.
(12).
√
v ρE
≈ 106.5 M P a
σ=
2
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Value

Parameter
Elastic Modulus E
Poisson’s Ratio ν
Material Density ρ
Element length dx
Number of Elements

AL 7075-76 Bar
71.70 GP a
0.33
2810 kg/m3
1.50 mm
1, 289, 945

PMMA Plate
5.00 GP a
0.34
1010 kg/m3
0.80 mm
599, 104

Table 3: Bilayer Plate: Elastic Stage performed in ABAQUS. Material and Discretization Parameters

τ =2

Ls
≈ 120.76 µs
c

(
106.5 M P a
σ=
0

if t < 120.76 µs
otherwise

(11)

(12)

From ABAQUS, a graph of Time vs Contact Force - Area in fig. (11), indicates that contact
may be considered constant along the wedge surface area of the specimen, where as the force
may be approximated using a polynomial function. Such approximation (based on time) is
obtained with the polifit function from MATLAB for a high polynomial degree, and imported
into PERIDIGM as a body force. The result is illustrated in fig. (12), where the displacement on
a single same point, from both ABAQUS and PERIDIGM (this latter one in 2D) are measured
and compared. PD solution is offset by ≈ 280µs which is the time in takes for the stress wave
to travel through the long bar and reach the specimen. Both displacements seem to agree well
enough for the corresponding applied body force.
4.2

Fracture Stage

This section will present the obtained results during fracture of the PMMA bilayer plate.
Such computations were performed based on the previous calculated contact force when imported into PERIDIGM and assuming a PD-plane stress condition. Table (4) displays the
material and discretization parameters employed, and figure (13) illustrates the initial PDplane stress quadrangular mesh, later converted into particles. On it, two extra blocks of size
(17.15 × 2δ mm) for the boundary conditions were added. On the mesh they appear overlapped,
but in the simulation were specified not to interact. Remaining blocks behave as usual with the
exception of the damage properties on the interface when the case applies. The total computed
time was 230 µs with a time step dt = 3.1398 × 10−11 s.
The objective is to model the following three scenarios: a single monolithic type, where no
interface is present; a weaker; and a stronger interface type. The adopted procedure was the
following:
• Start modeling the monolithic type. Since no interface is required an initial critical stretch,
just enough to avoid branching and ensure a monothonic mode I advancing crack was
selected. Such parameter was found to be s0 = 0.0235.

4523

Pablo Castillo, Vitor Leitão and Ferdinando Auricchio

Parameter
Elastic Modulus E
Poisson’s Ratio ν
Material Density ρ
Block Horizon δ
Number of Particles

Value
5.00 GP a
0.34
1010 kg/m3
1.07 mm
394, 432

Table 4: Bilayer Plate: Fracture Stage Material and Discretization Parameters
• Model the weak and strong interface
cases by choosing smaller critical stretchs corre
spondingly. The range (s0 = 0.0116 − 0.0164 ) was selected for such purpose and the
corresponding results are illustrated in fig.(14).
From the results it is observed that small enough s0 values on the interface
perturb an upcom
ing mode I type crack. When s0 is smaller than a specific range (s0 = 0.0126 − 0.0156 ), the
crack propagates into two symmetric daugther cracks that remain trapped inside the interface,
whereas if s0 is bigger that the mentioned range, the crack propagates monotonically throughout the whole specimen without feeling the interface effect. Only inside the range, the crack got
trapped and could also escape by branching in two inclined angled cracks. This same behaviour
was observed in [16].
The two extremes s0 of the mentioned range were identified correspondingly as “weak” and
“strong” interfaces with ≈ 53% and ≈ 66% of virgin PMMA material. Surprisingly, similar
percentage ratios were also obtained in [16] when characterizing the PMMA interface material
crack initiation toughness.
A comparison of experimental and PD results is presented in figs. (15,16). From the results,
both strong and weak interfaces present very similar crack bifurcation angles (28◦ ). The principal difference was observed in the propagated crack length inside the interface, which for the
strong scenario, was shorter (≈ 1 mm) than the weak one (≈ 3.5 mm). This behaviour was also
observed during experiments, however numerical results seem to underestimate it. Regarding
the monolithic case, a monothonic advancing crack front was attained as expected.
5

CONCLUSIONS

This work demonstrated the use of PD equations combined with a bond breaking damage
rule (critical stretch) for simulating damage in concrete and PMMA specimen materials subject to high dynamic loading rates. Observed results display excellent crack path agreement
between numerical and experimental tests.
For the compact tension and the L-Specimen, full 3D simulations were also carried out and
compared with plane stress material model. The results matched very well both in damage and
maximum registered force, suggesting the use of the plane stress model (when applicable), as a
good alternative to speed up computational results.
By assigning lower critical stretch thresholds on specified regions inside a domain, PD was
able to capture expected perturbations imposed when having a weaker interface over an advancing crack front. Other possible approaches may have included reducing the elastic modulus,
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fully simulate in 3D the experiment and having contact evaluated using a PD model. Nevertheless, the assumed simplifications still managed to provide a good insight into the simulation of
damage in PMMA.
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Figure 4: Compact Tension Damage Results. (Experimental illustrations reprinted from [7];
FEM reprinted from [2]); a) v = 0.3m/s, b) v = 1.4m/s, c) v = 3.3m/s, d) v = 4.0m/s
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Figure 5: L-Specimen. a) Geometry (Adapted from [2]), b) Initial Hexagonal Discretization
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Figure 6: L-Specimen Results part I. (Experimental illustrations reprinted from [6]); a) v =
0.082m/s, b) v = 0.350m/s, c) v = 0.710m/s
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Figure 7: L-Specimen Results part II. (Experimental illustrations reprinted from [6]; FEM
reprinted from [2]); a) v = 0.740m/s, b) v = 1.100m/s, c) v = 2.400m/s
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Figure 8: PMMA Plate Hopkinson Bar Test (Reprinted from [17])

Figure 9: PMMA Plate Geometry of Thickness = 8.60 mm (Adapted from [16]): a) Monolithic,
b) Bilayer
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Figure 10: Aluminum Bar and PMMA plate FEM (ABAQUS) Discretization

Figure 11: PMMA Plate ABAQUS Contact Force and Area
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Figure 12: PMMA Plate ABAQUS-3D and PD-Pl Stress Displacement Comparison for the
same point (PD solution is offset ≈ 280µs)
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Figure 13: PMMA Plate Initial Quadrangular Mesh. Zoomed area corresponding to rectangular
selection shown in black
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Figure 14: PMMA Plate Damage Results for the range s0 = 0.0116 − 0.0164
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Figure 15: PMMA Plate Damage Results (Experimental reprinted from [17]): Monolithic Case
s0 = 0.0235
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Figure 16: PMMA Plate Damage Results (Experimental reprinted from [17]): a) Strong Interface s0 = 0.0235 / 0.0156 , b) Weak Interface s0 = 0.0235 / 0.0126
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Abstract. The dynamics of a railway track on transition zones is the subject of numerous
analytical and numerical researches. This article presents a new development of the wave finite
element method for such a structure in order to reduce the calculation time. We consider a
transition zone which is between two half infinite periodic tracks (which could be of different
types, e.g. a zone between ballasted and non-ballasted tracks) and train loads are represented
by concentrated moving loads. We applied WFE for each half periodic track to obtain the
relationship that links the responses of the boundary zone of each periodic part with the help of
the wave analysis. Then, this relationship is combined with the dynamic equation of the zone to
get the global dynamic equation of the whole railway track. This technique permits to reduce
the degrees of freedom (DoF) of the track to those of the transition zone. Numerical studies
show the influence of the geometrical and mechanical parameters of the transition zone on the
mechanical response of the track with a transition zone compared to a uniform track.
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1

Introduction

Mechanical behaviour of railway tracks have been studied for a long time. The most common
model considers the track as an infinitely long beam resting on equally spaced identical supports.
The dynamics of the track under some known loads can be solved analytically by modelling each
support by a mass-springs-dampers system and the rail by an Euler beam [1–4] or a Timoshenko
beam [5]. Metrikine and Popp [6] also modelled the support and the ballast - for ballasted tracks
- as continuous media. All these studies used the Floquet’s theorem which takes into account the
spatial periodicity of the structure. In the case of transition zones, the structure is not periodic so
the Floquet’s theorem can’t be used.
The high speed transition zone between a ballast to ballastless track situated in Chauconin
(France) had been damaged by train traffic. These damages include hanging sleepers. Consequently, the train speed in this zone has been reduced from 320 km · h−1 to 230 km · h−1 . This
transition zone is the subject of both experimental and numerical studies [7, 8]. Fortunato et
al. [9] also pointed out hanging sleepers which are due to the deformation of the lowest vertical
stiffness part in transition zones. Wang [10] gave a review of studies dealing with transition
zones in the railway domain. The problems encountered points out a need to better understand
transition zones dynamics.
A default or a damage also breaks the track periodicity even if this default is very localised.
Hoang et al. [11] studied the mechanical behaviour of such a track considering a constant
moving load on a periodically supported beam. Considering a ”sufficiently large” computation
domain, Hoang et al. gave a digital method to compute this dynamic behaviour. Kouroussis
et al. [12] proposed a two steps method for a numerical computation of the rail-support-train
system response and applied it to some common defaults.
Dividing the structure into substructures and considering the equilibrium relationship in a
substructure, Germonpré et al. [13] studied the free wave modes in a substructure and then
computed the whole structure dynamics. By separating left going and right going modes,
Germonpré et al. [14] applied this method to a transition zone including a train-track-soil
coupling. Arlaud [15] developed a similar method excepted that it fixed the wave-number
instead of fixing the frequency. Then, a mode reduction was performed in order to increase the
calculation efficiency.
Like the method developed by Germonpré et al. [13], the wave finite element (WFE) method
is a computational method for periodic structures and waveguides. In the WFE method, for
each frequency, the equilibrium relationship in one pattern of the structure is transformed into a
recurrence relationship. Free wave modes of the recurrence operator calculation is described
in [16]. Hoang et al. improved this method by adding the possibility to take into account a load
which may be applied to any pattern of the structure [17] and used it for computation of railway
tracks dynamics [18].
In this article, a transition zone is defined as a zone between two semi-infinite periodic
structures which can be different or not. This can represent either a zone passing from ballast to
ballastless track or a damaged zone between two healthy identical zones. After this introduction,
the classical WFE method is presented. The third part of this article presents new developments
enabling the computation of transition zones mechanical behaviour. The forth part gives two
examples of results of this method on the mechanical behaviour: effects of a damaged zone in
an infinite periodic healthy track and effects of a variation in the support spacing. Then, the
conclusions of this work are given in the last part.
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2

WFE Method: Homogeneous Periodic Structure

In this part an homogeneous periodic structure is considered. It is assumed that all the loads
applied to the structure are known. The dynamic equation of one pattern (a substructure) at a
given angular frequency ω is given by the equation (1), where q is the vector containing the
degrees of freedom of one substructure and F the vector containing the external loads applied on
this substructure.
Dtot q = F
(1)
The dynamic stiffness matrix (DSM) Dtot can be calculated using the finite element method
with Dtot = K + jωC − ω 2 M where K is the static stiffness matrix, M the mass matrix and
C the damping matrix. Then, (1) can be rewritten separating the nodes of the left and right
boundaries, and the inner nodes of the substructure respectively denoted with the subscripts
L ,R and I . Hence, the relationship (2) is obtained.


 

D̃II D̃IL D̃IR
qI
FI
 D̃LI D̃LL D̃LR   qL  =  FL 
(2)
q
F
D̃RI D̃RL D̃RR
R
R
As shown in [18], this relation leads to the recurrence equation (3) where the superscript (n)
denotes for the nth substructure.
u(n+1) = Su(n) + b(n)
where

"
u(n) =

(n)
qL
(n)
−FL

#

"
,

b(n) =

(n)
DqI FI
(n)
(n)
Df I FI − F∂R

(3)
#

(n)

F∂R is the external load applied at the right boundary of the nth substructure and S, DqI and Df I
definitions are given in [18].
That leads to the equation system (4):

n
X

n (0)
(n)


u =S u +
Sn−k b(k−1)


k=1
(4)
n
X


(−n)


= S−n u(0) −
S−n+k−1 b(−k)
u
k=1

To compute the power of the S matrix, the eigenvalues and eigenvectors {µj , φj }j of the

S matrix are computed by a S + S−1 transformation. The eigenvalues come in pair µj , µ?j

with kµj k 6 1 and µ?j = µ1j [16]. The corresponding eigenvectors are noted φj , φ?j . Let the
eigenbasis {Φ Φ? } be defined as: Φ = [φ1 ... φn ] and Φ? = [φ?1 ... φ?n ]. Where the subscript
”q ” (respectively ”F ”) denotes for the components of this basis corresponding to the degrees of
freedom (DoF)1 (resp. the loads), leading to (5).


 ? 
Φq
Φq
?
Φ=
Φ =
(5)
ΦF
Φ?F
1

Usually displacements/rotations
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In (6), u(n) and b(n) are written in this wave basis:
u(n) = ΦQ(n) − Φ? Q?(n)
(n)

(6)

?(n)

b(n) = ΦQE − Φ? QE
Hoang et al. proved [18]:
(k)

i
 (k)
?T
?T (k)
µΦ?T
D
+
Φ
D
F
−
Φ
F
LI
RI
q
q
q
I
∂R
i
h

(k)
(k)
= µ? ΦTq DLI + ΦTq DRI FI − ΦTq F∂R

QE =
?(k)

QE
3

h

(7)

Transition Zone between Two Semi-infinite Zones

In this part, a transition zone between two infinite periodic zones (see figure 1) is considered.
For railways the transition zone can for instance be a zone between a ballasted track and a
concrete slab track. These two types of track have different stiffness. Therefore, S can be
different in each zone and some formulas from the previous part are no longer valid.

u(0)

Left

u(1)

Transition

Right

Figure 1: Transition zone between two semi-infinite periodic railway tracks.
In the transition zone the equilibrium relationship is:
 


FI
qI
DH,trans  qL  =  FL 
qR
FR

(8)

Where DH,trans is the dynamic stiffness matrix (DSM) of the transition zone.
The equilibrium relationships for one pattern in the left and right zones were written in the
same way replacing DH,trans by the DSM of the corresponding zone. So, applying the same
method as in the previous part, propagation equations (9) were obtained (instead of (3)) - with
”R ” subscript denoting for the right zone and ”L ” subscript the left zone.
(
(n+1)
∀n > 1, uR
= SR u(n) + b(n)
(9)
(n−1)
−1 (n−1)
(n)
∀n 6 0, uL
= S−1
u
−
S
b
L
L
With u(0) corresponding to the left boundary of the transition zone, and u(1) to the left boundary
of the right zone (see figure 1).
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3.1

Decomposition in the Right Zone and in the Left Zone

Thus, for the right zone the recurrence relationship is:
∀n > 1, u

(n)

=

(1)
Sn−1
R u

+

n
X

(k−1)
Sn−k
R b

(10)

k=2

Let uR = u(1) . As in the first part, uR was rewritten in the eigenbasis {QR , Q?R } of SR
associated with the eigenvalues {µR , µ?R } where kµR,j k 6 1 and kµ?R,j k > 1. That led to the
wave decomposition (11) for uR and (12) for u(n) and b(n) :
uR = ΦR QR − Φ?R Q?R
(
∀n > 1,

(11)

u(n) = ΦR Q(n) − Φ?R Q?(n)
(n)

(12)

?(n)

b(n) = ΦR QE − Φ?R QE

Using (10) with (11) and (12) led to:
u(n) = ΦR Q(n) − Φ?R Q?(n)
!
!
n
n
X
X
(k−1)
(k−1)
QE
= ΦR µn−1
QR +
µ?k−1
− Φ?R µ?n−1
Q?R +
µk−1
R
R
R
R QE
k=2

(13)

k=2

P
k−1 (k−1)
kµ?R k > 1, so taking the limit n → +∞ led to Q?R = − +∞
because DoF and
k=2 µR QE
loads can’t be infinite. (13) then became (14).

∞
X

?(k)
?


qR = ΦR,q QR + ΦR,q
µkR QE


k=1
(14)
∞
X


?(k)
?
k


µR Q E
FR − F∂R = ΦR,F QR + ΦR,F
k=1

With the same reasoning on the left part of the structure, the relationship (15) was proved.

∞
X

(−k)


qL = ΦL,q
µk−1
QE − Φ?L,q Q?L

L

k=1
(15)
∞
X


(−k)
k−1
?
?


µL QE − ΦL,F QL
−FL = ΦL,F
k=1

Finally, by substituting (14) and (15) into (8), (16) was obtained:



0
qI
P
(−k) 
∞
DH,trans −Φ?L,q Q?L  + DH,trans ΦL,q k=1 µk−1
=
L QE
P
?(k)
∞
?
k
ΦR,q QR
ΦR,q k=1 µR QE

 

FI
0
P
(−k) 
 Φ?L,F Q?L  +  −ΦL,F ∞
µk−1
L QE
k=1
P
?(k)
k
ΦR,F QR
F∂R + Φ?R,F ∞
k=1 µR QE
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Which was rewritten as follows:

where

(DH,trans Cq − CF ) q̃ = F̃

(17)






I
0
0
0
0
0
qI
0  , CF = 0 Φ?L,F
0 
q̃ = Q?L  , Cq = 0 −Φ?L,q
QR
0
0
ΦR,q
0
0
ΦR,F




FI
0
P∞
P∞
(−k) 
(−k) 
F̃ =  −ΦL,F k=1 µk−1
− DH ΦL,q k=1 µk−1
L QE
L QE
P
P
?(k)
?(k)
k
k
F∂R + Φ?R,F ∞
Φ?R,q ∞
k=1 µR QE
k=1 µR QE

(18)



?(k)

(−k)

In the case of a constant moving load2 , QE and QE follow:
( ?(k)
ωL
?(1)
QE = e−i(k−1) v QE
∀k > 1,
ωL
(−k)
(−1)
QE = ei(k−1) v QE
That led to (20):

?(k)

 ∞
X
1

(−1)
(−k)


QE
µk−1
QE =

L
i ωL

1 − µL e v
k=1
∞
X

µR

?(k)
?(1)


µkR QE =
QE

−i ωL
1 − µR e v
k=1

(19)

(20)

(k)

With QE and QE given by (7).
Then, q̃ can be computed by inverting the linear equation (17). This computation gives the
DoF of each node in the transition zone (qI ) and at its boundaries (qL and qR calculated with
(15) and (14)). The DoF in the other zones can be calculated using the classical WFE method (ie.
using (10) for the right zone and a similar formula for the left zone).
4

Examples

In this part, the track considered is a ballastless track in which each support contains two
elastic floors: one under rail rubber pad and one under sleeper rubber pad. The support was
modelled as a mass (the sleeper) between two damper-spring systems (the pads). B21 elements
from ABAQUS were used to get the beam DSM and the supports dynamic stiffness were added
to the corresponding terms to obtain the DSM of each substructure. The beam cell length was
1 cm. In the results presented here, the spatial period choosen for the computation was of the
same length L = 3 m for each zone (five sleepers per period). The right, left and transition zones
are represented in the figure 1. To simplify results understanding, only a single load moving at a
constant speed was applied. Table 1 gives the rail and supports mechanical characteristics and
the load characteristics.
4.1

Periodically Supported Beam with a Broken Support

We considered a periodically supported beam resting on identical supports which means that
the right and left zones were identical. To model a broken support, we assumed that this support
had no influence on the structure stiffness. This is equivalent to a lack of one support. This
broken support was located in the middle of the transition zone (x = 0 m).
2

(19) remains true if the load is repeated with a spatial period equal to the length of one substructure.
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Content
Notation
Rail linear mass
ρS
Load speed
v
Load applied
Q
Rail stiffness
EI
Sleeper mass
m
Sleeper spacing
l
Under rail pad stiffness
k1
Under rail pad damping coefficient
η1
Under sleeper pad stiffness
k2
Under sleeper pad damping coefficient η2

Value
60
38
100
6.38
100
0.6
192
1.97
26.4
0.17

Unit
kg · m−1
m · s−1
kN
MN · m2
kg
m
MN · m−1
MN · s · m−1
MN · m−1
MN · s · m−1

Table 1: Parameters of the load and railway track considered.
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(a) Rail deflection against time and position.
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(b) Rail deflection against time for three different sleepers. WFE results (red curves) and
results obtained with the method of [11] (blue
curves).

Figure 2: Rail deflection for a track with a broken support.
Figure 2 shows the track deflection due to the load for this type of track. On the left side
(figure 2a) the deflection is plotted against time and position. As the WFE method works in the
frequency domain, an inverse Fourier transform was necessary to obtain temporal values. At
each position, the maximum of the deflection corresponds to the time when the load is over this
position. Consequently, the line of the maxima represents the load trajectory. As expected, the
deflection is maximum for the broken support. On the right part of this figure (figure 2b), the
deflection obtained by the WFE method (red curves) is compared with the one obtained with [11]
method (blue curves, 21 supports modelled, 80 iterations). In this graph the deflection is plotted
against time for three supports: the broken one (x = 0 m) and two suports at x = ±6 m . These
results show a good agreement which validated the WFE method for computing track deflection
in damaged zones.
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4.2

Variation of the Support Spacing

In this example, the influence of a variation in the support spacing on the track behaviour
was evaluated. In the left zone, the distance between two consecutive sleepers was lL = 0,3 m
whereas in right and transition zones, this distance was lR = lT = 0,6 m. All the other parameters
remained identical to the values given in the table 1.
The computed deflection of this track is given in figure 3. Once again, in the left part of the
figure (figure 3a), the deflection is plotted against time and position. There were two times more
support in the left zone, thus, as expected, this zone seems approximately two times stiffer. The
right part of the figure (figure 3a) gives the deflection at the frequency 5 Hz. The results are
compared with analytical results obtained with an equivalent periodically supported Timoshenko
beams with supports spacing equal to the one of the left or right zones (formula from [5]).
Analytical formulas and WFE results are in close agreement for points sufficiently far from
the transition. Whereas the transition is steep, the rail needs several meters to pass from one
mechanical behaviour to the other one. This transition does not show overcharged support.
0.065

0.06

0.055

0.05

0.045
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-15

(a) Rail deflection against time and position.

-10

-5

0

5

10

15

(b) Rail deflection in the frequency domain
(at 5 Hz) against position. WFE results compared with analytical results obtained for an
infinite track.

Figure 3: Rail deflection for a variation in the support spacing.

5

Conclusion

The Wave Finite Element method is very efficient to compute infinite periodic structures
mechanical behaviour under charges compared to classical finite element methods (see [18]).
This article presented new developments to apply this method to transition zones between two
semi-infinite periodic structures. Railway examples of application were presented and show a
strong agreement with other semi-analytical methods or analytical laws. This method can also
provide information on the damping of waves which can propagate over a given structure.
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COMPUTATION OF AXISYMMETRIC VIBRATION TRANSMISSION
USING A WELL-CONDITIONED SYSTEM FOR ELASTIC LAYERS
OVER A HALF–SPACE
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Abstract. In the context of range-independent solid media, we propose a well-conditioned
dynamic stiffness matrix for an elastic layer sitting over an elastic half-space. This formulation overcomes the well-known problem of numerical ill-conditioning when solving the system
of equations for deep-layered strata. The methodology involves the exact solutions of transformed ordinary differential equations in the wavenumber domain, namely a projection method
based on the transformed equations with respect to the depth coordinate. By re-arranging the
transformed equations, the solutions remain numerically well-conditioned for all layer depths.
The inverse transforms are achieved with a numerical quadrature method and the results presented include actual displacement fields in the near-field of the load in plane-strain and threedimensional axisymmetric cases. Verification against finite element method (FEM) calculations
demonstrates the performance and complexity of the two approaches.
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1

INTRODUCTION

A three-dimensional axisymmetric model is considered which demonstrates the effect of a
harmonic finite rigid disk-load over various layered strata. The results derived by Fourier transformation are valid for any frequency and, more importantly, for any depth of the layer. In principle, following the well-known traditional methods, [1], we could use displacement-continuity
and traction-equilibrium boundary conditions at the bottom and top of a layer with equations at
the ground surface to generate equations for six subsequent unknowns of stress and displacement. However, this direct approach leads to formidable numerical problems. The reason for
this work is that if traditional expressions for the characteristic wave functions, such as cosh or
sinh, are employed, these can have a dramatic effect on the numerical evaluation of solutions.
Problems arise due to the cancellation or division of either very small or very large numbers.
To overcome this, Karasalo [2] derived a well-conditioned propagator matrix for radially symmetric problems. Recent advances in propagator-matrix techniques have proved successful, [3]
and [4]; but we derive a simple and robust technique. In this work, then, we construct a single
stiffness matrix for the physical layer for plane-strain problems which conveniently avoids these
difficulties. We therefore deduce a new global dynamic stiffness matrix for functions that do
not cause numerical problems on a desktop PC.
Although not developed in this work, solutions to characteristic equations, such as dispersion equations, which establish wave propagation parameters, can now be determined more
efficiently. Similar work in this area for dynamic problems where the load is stationary has
been presented in [6] or for general moving-load problems in [7]. In this work we show how
we are able to solve large (read: deep) problems, due to the reduced number of equations.
2

VIBRATION TRANSMISSION

The model considered is shown in Figure 1(a). A rigid disk load has a radius b > 0, with
respect to the r-axis. It rests on homogeneous, isotropic, axisymmetric elastic layers, with
material properties E (Young’s modulus), ρ (density) and ν (Poisson’s ratio). A harmonic
vertical load acts uniformly over the disk. A submerged elastic layer (the concrete block) of
finite depth, H > 0, of homogeneous and isotropic material then overlies a half-space of flexible
material. The block is considered as a finite-width disk, radius L > 0, or as having infinite
width, which is a similar problem to one studied in [8].
2.1

Geometry

The problem is solved semi-analytically by a numerical quadrature method suited for oscillatory integrands and, for verification and parametric analysis, by COMSOL 5.2 Solid Structures
analysis. For the benefit of the reader, Fig. 1(b) includes an illustration of a typical mesh for the
problem in the axisymmetric case. The model has 37, 454 degrees of freedom (d.o.f.), 4, 064
domain elements, and 611 boundary elements with cubic shape functions. In this example, the
perfectly matched layer (PML) region surrounds the solution zone at R = 75.0 m, and receiver
positions of interest are at R1 = 4.0 m, R2 = 16.0 m, and R3 = 32.0 m.
2.2

Theoretical background

Much of the analysis necessary for the derivation of the dynamic stiffness matrix has been
presented in references [9] and [10], so this will only be briefly summarized. For plane strain,
the behaviour of the isotropic elastic material is described by Navier’s elastodynamic equations,
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(a)

(b)

Figure 1: The schema for the two approaches: (a) For the semi–analytical domain, block has radius L → ∞;
(b) Axisymmetry model from COMSOL 5.2 showing the block of finite radius L = 70 m penetrating the PML
region within the finite element mesh.

[9]. In the absence of body forces, these can be written as:
∂ 2 u 1 ∂u
u
∂ 2u
∂e
∂ 2u
+
−
+
,
(λ + µ) 2 + µ
=
ρ
∂z
∂r2
r ∂r r2 ∂z 2
∂t2
!
∂e
∂ 2 w 1 ∂w ∂ 2 w
∂ 2w
(λ + µ)
+ µ
+
+
=
ρ
,
∂z
∂r2
r ∂r
∂z 2
∂t2
!

(1)
(2)

where u, w are the components of the displacement in the r and z directions and e is the volume
strain, and λ, µ are complex Lamé constants assuming a constant loss-factor damping model.
The quantities c1 and c2 are, respectively, the P and S wave speeds, given by:
c21 =

E(1 − ν)
λ + 2µ
=
,
ρ
ρ(1 + ν)(1 − 2ν)

c22 =

E
µ
=
.
ρ
2ρ(1 + ν)

(3)

and the boundary conditions for this problem are a uniform rigid disk-load of width b acting
over the surface and at, for the example given here, at z = H1 , z = (H1 + H2 ) continuity of
displacement and equilibrium of traction between the mid-layer and the upper and lower media.
Equations (2) may be solved by introducing potentials φ and H such that
u =

1 ∂φ
∂H
−
r ∂r
∂z

and w =

∂φ
1 ∂H
+
.
∂z
r ∂r

(4)

Also, assuming harmonic time-dependence eiωt and axial symmetry of the problem, this
suggests seeking solutions in the form of Hankel integrals. For this purpose, the following
Hankel transforms are introduced, assuming ζ is the transform variable:
U =

Z
0

∞

u rJ1 (ζr) dr and W =

Z
0

∞

w rJ0 (ζr) dr,

(5)

Taking the Hankel transform of the frequency version of equations (1) and (2) leads to a coupled
set of ordinary differential equations.
i
d2 U h
dW
2
2
+
(λ
+
2µ)ζ
−
ρω
U − (λ + µ)ζ
2
∂z
∂z
2
h
i
dW
dU
(λ + 2µ) 2 − µζ 2 − ρω 2 W − (λ + µ)ζ
∂z
∂z

µ
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Soil
E (Pa)
ρ (kg m−3 )
ν
cR (m s−1 )
c2 (m s−1 )
c1 (m s−1 )

Upper–layer and half–space
Soft soil–type
2.69 × 108
1550
0.257
242
263
459

Embedded block
Concrete
204 × 108
2450
0.179
1706
1879
3005

Table 1: Material properties

It is common practice to write solutions to the ensuing ordinary differential equations over
a finite-length domain, z ∈ [0, D] in terms of cosh and sinh functions. For computational
purposes, this choice of characteristic functions is not convenient for problems involving spatial
domains chosen to be extremely deep. Hence, we propose the general solutions may be written
as a scaled formulation:
φ = A1 e−α1 z + A2 eα1 (z−D) , 0 ≤ z ≤ D
(8)
−α2 z

H = B1 e

α12 = ζ 2 − k12

+ B2 e

α2 (z−D)

, 0 ≤ z ≤ D.

α22 = ζ 2 − k22 .

and

The reasons for choosing the scaled exponential characteristic functions over the hyperbolic
functions is clear. Essentially, this choice ensures the characteristic functions do not grow
unbounded with depth. Substituting the values z = 0 and z = D into the equations (8) yields
the first matrix equation
{u}

[C] {A} .

=

(9)

where u = [iw0 , u0 , iwD , uD ]T and the 4 × 4 complex-valued matrix [C] is given by



[C] = 



−iα1
iζ
−iα1 e−α1 D
iζe−α1 D

iα1 e−α1 D
iζe−α1 H
iα1
iζ

−ζ
α2
−ζe−α2 D
α2 e−α2 D

−ζe−α2 D
−α2 e−α2 D
−ζ
−α2




.


(10)

Now, further developing the system of equations, we get
{σ} = [S] {A} ,





[S] = 

−iα12 β + iλζ 2
2iµζα1
i (α12 β − λζ 2 ) g1
−2iµζα1 g1

(−iα12 β + iλζ 2 ) g1
−2iµζα1 ζg1
i (α12 β − λζ 2 )
2iµζα1

−2µζα2
µ (α22 + ζ 2 )
2µζα2 g2
−µ (α22 + ζ 2 ) g2

(11)
2µζα2 ζg2
µ (α22 + ζ 2 ) g2
−2µζα2
−µ (α22 + ζ 2 )







(12)

with β = λ + 2µ, gi = e−αi D , i = 1, 2, and σ = [−iσ 0 , −τ 0 , iσ D , τ D ]T . We now combine
equations (9) and (11), to arrive at a single matrix expression which expresses the displacements
and stresses at the surface and the interface in the wavenumber domain:
[T ] {u}

=
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where [T ] = [S][C]−1 . The entries of the matrix [T ] are provided in the work of Peplow, [5].
Specifically, [T ] is the dynamic stiffness matrix for a single elastic layer, valid for any layerdepth D > 0. To include the half-space, we utilize the matrix equations presented in [10],
which leads to a matrix system:
1
[P ] =
DET

"

2µζ(α1 α2 − ζ 2 ) + (λ + 2µ)ζk12
(λ + 2µ)α2 k12
2
2
µα1 k22
2µζ(α1 α2 − ζ ) + µζk2

#"

iwD
uD

#

"

=

where DET = 1/(α1 α2 − ζ 2 ) and it is understood the soil parameters are related to the halfspace below the upper layer.
Equations can now be combined to give a single matrix equation for an elastic layer over an
elastic half-space, involving the scaled stiffness matrix for the elastic layer [Tij ] and the matrix
for the half-space [Pij ]. The general matrix form for any global domain becomes a 4×4 complex
valued matrix:





[T ]G = 

T
T
T
T

T
T
T
T

T
T
T -P
T -P

T
T
T -P
T -P







(15)

It is straightforward then to generalise this technique to n elastic layers over a half-space, where
the size of the dynamic stiffness matrix will become a single complex-valued 2(n+1)×2(n+1)
matrix. On our case we have essentially two layers on a half-space (n = 2), which results in a
6 × 6 system.
3

NUMERICAL COMPUTATIONS

Generally, for non-dimensional wavenumbers ks h ≥ 13, where ks is the shear wavenumber,
the conventional approach “breaks down”. That is, for depths greater than around two shear
wavelengths, h ≥ 2λs , a numerical bottleneck problem arises when solving the linear system of
algebraic equations. Equally, for high frequencies, computations can become ill-conditioned.
The choice of projected method permits a stable numerical evaluation for entries in the stiffness
matrix for all soil types, frequencies and layer depths. This avoids numerical round-off errors.
It was found that numerical inversion of the Hankel transforms worked well with a cut-off at
R = 20 m−1 with 2, 000 sample points spaced logarithmically in the interval ζ ∈ [10−4 , R]. Fast
numerical Hankel methods, similar to Fast Fourier Transform (FFT), which are freely available,
were not used in this work since our interest is in a few receiver positions.
4

RESULTS

Soil parameters used are presented in Table 1, that is two sets of soil characteristics which
represent different conditions, soil and concrete. The response has been calculated for a diskload with b = 1.0 m and subjected to a uniform unit load, P = 1 N. Calculation times for
100 frequency points on an i3-chip desktop took around 3.0 minutes in total. Integration was
not particularly slow due to the modes associated to the deep bedrock stratum. Numerical
integration is possible for all deep models and it is recommended to include an underlying halfspace for computational and realistic modelling purposes, since bedrock models will include
many modes.
Nonetheless the results presented are calculated using the Clenshaw–Curtis numerical quadrature method. The related ground parameters are shown in Table 1. The configuration is an elastic
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circular block layer embedded 7.0 m deep within a half-space. To verify results of the simple
model, we compare with a numerical scheme provided by COMSOL 5.2, see Fig. 1(b).
5

5
W 0m
W 4m
W 32m

4

3

3

2

2

1

1

0

0

-1

-1

-2

-2

-3

-3

-4

-4

-5

-5
0

(a)

10

20

30

40

50

60

70

80

90

100

0

(b)

5

10

20

30

40

50

60

70

80

90

100

5
W 0m
W 4m
W 32m

4

V 4m
V 32m

4

3

3

2

2

1

1

0

0

-1

-1

-2

-2

-3

-3

-4

-4

-5

(c)

V 4m
V 32m

4

-5
0

10

20

30

40

50

60

70

80

90

100

(d)

0

10

20

30

40

50

60

70

80

90

Figure 2: Verification of the method compared to a PML version in COMSOL 5.2 for: (a) and (b) 0.5 m deep
embedded concrete block; and (b) and (c) a 2.0 m embedded block.

Our approach, as a possible measure for mitigating vibration, is based on the impeding behaviour of a soil layer over a bedrock. It occurs if the excitation frequency is below the lowest
eigenfrequency of the layer. Since it is not convenient to develop real bedrock layers below
buildings, where the length of the block in Fig. 1 tends to infinity, for example, we may use a
stiff finite-length obstacle as an artificial bedrock instead. The results correspond to the possible
positive effect for replacing bedrock by a feasible concrete block. For a bedrock layer at depth,
H = 7.0 m, the first eigenfrequency related to shear waves is around 10 Hz. We only show
two examples where the rigid bedrock is approximated by a concrete block, 0.5 m thick, with
various lengths and evaluated at three receiver positions.
Figures 3(a) and (b) correspond to amplitude increase or decrease, against the half-space
response, as the thin 0.5 m concrete block increases width from L = 2.0 m, to L = 4.0 m
to L = 12.0 m with respect to the receiver position 4.0 m from the load-centre. For both
vertical and longitudinal motion we observe a characteristic dip in insertion loss below the
cut-on frequency with a slight insertion loss up to 2 dB performance in the interval 20 Hz to
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40 Hz. A concrete block of length 12.0 m appears to approximate well as a substitute for an
infinite layer. Figures 3(c) and (d) correspond to amplitude increase or decrease as the thin 0.5
m concrete block increases width from L = 8.0 m, L = 16.0 m to L = 24.0 m with respect to
the receiver position 16.0 m from the load–centre. Here, the complex interactions below cuton are evident, again a possible 2 dB insertion loss between 20 Hz and 40 Hz seems possible.
Figures 3(e) and (f) correspond to amplitude increase or decrease as the thin 0.5 m concrete
block increases width from L = 24.0 m, L = 32.0 m to L = 40.0 m with respect to the receiver
position 32.0 m from the load-centre. As the receiver position increases its distance from the
load, the concrete block, substituting a rigid layer foundation, also requires greater length Again
the possible effectiveness as a mitigation device reduces to below 40 Hz.
5

CONCLUSIONS

An axisymmetric three-dimensional model has been developed for investigating the propagation of surface vibration over arbitrary-depth elastic layers. The model consists of an elastic,
isotropic and homogeneous layer which overlies a half-space. A well-conditioned dynamic
stiffness matrix has been developed for this model, which is derived by considering a different
set of characteristic functions.
We have shown that by including a bedrock foundation buried under a surface load this can
have a positive effect in reducing vibration across the surface of the ground, in certain frequency
bands. However, below the cut–on frequency, in which travelling waves cannot propagate, the
effectiveness is difficult to assess.
Rather than turning to large-scale finite element models we have shown that it is possible to draw conclusions for vibration reduction assessments from an alternative general semianalytical model. In future work we shall extend the semi-analytical model illustrated in this
work from the axisymmetric case to general three-dimensional models.
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Figure 3: Convergence of insertion loss for various finite-radius embedded concrete blocks: (a), (b) at receiver
4.0 m from load-centre; (c), (d) at 16.0 m from load-centre; and (e), (f) at 32.0 m from load-centre. Also shown
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Abstract.
An efficient proportional viscous damping model is proposed to simulate
energy dissipation in a large-scale structure due to components not already accounted for
by hysteretic material models. The proposed model overcomes the limitations of existing
models, e.g. Rayleigh model, Caughey model, Wilson-Penzien model, and a generalized
proportional model, that are either inflexible in matching a damping ratio curve in the
structural frequency domain, or computationally expensive for response history analysis
due to a fully populated damping matrix, or both. The proposed model allows a smooth
function without large oscillation to match damping ratios across a wide range of frequencies. The damping matrix of this model can be implemented exactly as a sparse block
matrix without using an approximate version, leading to very fast computation for response
history analysis. The larger the number of degrees of freedom, the more computationally
efficient is the proposed model compared to existing models that result in a fully populated
damping matrix. Several case studies are reported to showcase the superior performance
of the proposed model against existing models in terms of accuracy and computational
efficiency.
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1

INTRODUCTION

In a typical seismic analysis of a large-scale structure, proportional viscous damping
models are popularly used to simulate damping. They are particularly preferred to other
non-proportional or non-viscous damping models in the consideration of computational
cost and calibration against measured damping ratios.
Popular models usually considered include Rayleigh model [1], Caughey model [2;
3], and Wilson-Penzien model [4]. A generalized proportional model has recently been
proposed [5] but is not as popular.
In the following, the advantages and disadvantages of these models will be reviewed,
focusing on the accuracy in matching a user-defined damping ratio curve in the structural
frequency domain, and the computational efficiency in computing displacement solutions
from time step to time step in a response history analysis.
In terms of accuracy for matching a curve, the Rayleigh model, with only two terms,
could only match modal damping ratios for two modes. For other modes, the damping
ratios follow the curve controlled by these two modes. The Rayleigh model is, therefore,
very inaccurate in matching a curve for a structure with more than two modes. The
Caughey model allows the modal damping ratio to be matched at a lot more modes. Unfortunately, the curve often oscillates drastically, with some parts potentially fall into a
negative region. The matrix for determining the coefficients also becomes ill-conditioned
when more terms are considered. The coefficients would eventually become sensitive to
round-off errors. The Wilson-Penzien model directly matches a damping ratio at each
mode. However, it requires a costly computation of eigendecomposition to determine
structural frequencies and mode shapes. To reduce this cost, only the frequencies and
mode shapes for some lower modes are calculated. Consequently, most higher modes
become undamped. A stiffness proportional term could be added to avoid undamped
higher modes [6], but the corresponding damping ratios are forced to follow this linear
curve. The generalized proportional damping model generates the damping ratio with
general functions including square root, trigonometric, hyperbolic, or exponential functions. Compared to the previous models, it is much more flexible in matching an arbitrary
damping ratio curve.
In terms of computational cost, it is important to note that the computational cost is
directly related to the number of nonzero elements in the damping coefficient matrix C.
The sparser the C matrix, the lower the computational cost. The Rayleigh model forms
the C matrix with a mass proportional term and a stiffness proportional term. Since
it gives a C as sparse as the stiffness matrix, it is computationally very efficient. The
Caughey model forms the C matrix with each term written as Mαl (M−1 K)l , where l is an
integer, M the mass matrix, and K the stiffness matrix. Its C matrix is often dense and
even fully populated. It also requires M to be invertible, which is, unfortunately, rare for
large-scale structures based on lumped masses. The Wilson-Penzien model forms the C
matrix by superposition of modal damping matrices. The resultant C matrix is generally
fully populated for the degrees of freedom (DOFs) with mass inertias, even if only a few
modes are included. The generalized proportional damping model forms the C matrix
using general functions of M−1 K, K−1 M, KM−1 , or MK−1 . Its C matrix is likely fully
populated. In addition, it is not always computationally friendly for computing functions
of matrices, and the cost is likely in the same order of computing eigendecomposition.
It also requires either M or K to be invertible, making it undesirable for lumped mass
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systems commonly used for large-scale structures.
As discussed above, the existing models are not only very inflexible in matching damping ratios but also very costly for computing structural response due to a fully populated
C matrix, or both.
In addressing the above limitations, the author has recently proposed a proportional
viscous damping model [7]. This model has the following advantages over existing models:
• Damping ratios can be matched for any number of modes,
• The damping ratios at the zero and infinite frequencies are zero, avoiding spurious
damping forces on DOFs without mass inertia [8] and unrealistic damping forces
during rigid body motions, and
• The resultant damping ratio curve is smooth without large oscillation and is accurate
for a constant damping ratio across a wide range of frequencies.
This model is further discussed in this paper in terms of computer implementation,
which is not yet reported in the last paper [7]. The focus will be placed on the sparsity of
the resultant damping C matrix and its computational efficiency for computing solutions,
particularly for a large-scale structure with a large number of DOFs. Several examples
will be used to showcase its advantages compared to other damping models. Due to
space limitation, only key results will be presented in this paper to demonstrate the
computational efficiency of the proposed model. Detailed discussions on the formulas and
computer implementations of the proposed model have been submitted to a journal and
will soon be made available to keen readers.
2

PROPOSED DAMPING MODEL IN FREQUENCY DOMAIN

The proposed model [7] generates a curve of modal damping ratio ζ in the domain of
structural circular frequencies ω by a sum of multiple basis functions N (ω). Each basis
function is a bump-like function given in Eq. (1) and plotted in Fig. 1.
N (ω; ωp ) =

2ωp ω
ωp2 + ω 2

(1)

The parameter ωp is the frequency at the peak of the function, serving as the parameter
N (ω; ωp )
1

ωp

ω (log-scale)

Fig. 1: Basis function of proposed damping model in frequency domain.

controlling the location of the peak.
The basis function is non-negative, has only one unit peak at frequency ωp , is symmetric about the line where ω = ωp on the logarithmic scale, has a constant bandwidth
independent of ωp on the logarithmic scale, approaches asymptotically to zero at the two

4559

Chin-Long Lee

extreme limits of frequencies, i.e. ω = 0 and ω = ∞, is a zero function when ωp = 0 or
ωp = ∞, is independent from functions with different ωp , and is symmetric with respect
to ωp and ω, i.e. N (ω; ωp ) = N (ωp ; ω).
With nb number of basis functions an arbitrary modal damping ratio curve could be
generated with the following equation.
ζ(ω) =

nb
X

N (ω; ωp j )ζp j

(2)

j=1

where ζp j is the ζ-coordinate of the peak for the j th basis function. For example, suppose a
constant damping ratio of 5% is matched for frequencies between 0.1 Hz and 10 Hz, three
basis functions could be used to generate this curve. The values of ωp ’s and ζp ’s can be
obtained by using a least squares curve fitting method. The resultant damping ratio curve
is shown in Fig. 2. The figure shows that the damping ratio curve matches the constant

Damping Ratio

0.15
Rayeigh
Caughey - 4
Proposed Model - 3

0.1

0.05

0
10 -2

10 -1

10 0

10 1

10 2

Frequency (Hz)
Fig. 2: Damping ratio curves generated using Rayleigh, Caughey and proposed damping models.

damping ratio within the frequency interval of [0.1 Hz, 10 Hz] with high accuracy. There
is oscillation within the interval but the relative error is within 2 to 3%, and the error
reaches 5% only at the ends of the interval. This error is considered negligible, as can be
shown in an example later. If so desired, more basis functions could be added to further
reduce the error. Outside the interval, the damping ratio decreases asymptotically to zero
on the logarithmic scale. For comparison, the curves obtained using the Rayleigh and
the Caughey models (4 terms) are also plotted for comparison. They were also obtained
using a least squares curve fitting method. Their curves have much larger errors that are
evidently unacceptable.
3

MATRIX FORM, SPARSITY AND COMPUTATIONAL EFFICIENCY

The proposed model has the damping coefficient matrix C shown in the following when
one basis function is used.
C = MC − MC (KC + MC )−1 MC
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where MC and KC are defined as
MC = 4ζp ωp M,

KC =

4ζp
K
ωp

(4)

It is, nonetheless, fully populated. However, unlike other models, this form can be expanded into a larger block matrix CX of size 2n × 2n, where n is the number of DOFs,
shown in the following for one basis function
"

MC
−MC
CX =
−MC KC + MC

#

(5)

This matrix CX , an expanded matrix form of C, has the number of DOFs doubled. The
first block row corresponds to the usual displacement DOFs, and the second block row
corresponds to a new set of DOFs being introduced. When multiple basis functions are
used, the matrix will be expanded further with more block rows. Although the size of CX
is larger than C, it is much sparser, as explained below using an example to compare C
and CX .
Consider a two-dimensional simply-supported beam. Suppose it is discretized into 101
beam elements with 100 free transverse DOFs and 100 free rotational DOFs. The axial
DOFs are ignored. The mass of the beam is lumped at the nodes and the mass inertias are
only considered for transverse DOFs. As a result, M is diagonal and K is banded. Note,
although a simple structure is used in this comparison, the ensuing conclusions will be the
same should this structure be much more complex like multi-span bridges or multi-story
multi-bay buildings.
Fig. 3 shows the sparsity patterns of the two matrices C and CX for this chimney
using a MatLabTM function spy that shows a dot at the corresponding row and column
indices for each nonzero in the matrices. In this example, four basis functions are used to
form the damping matrices, covering the frequency interval of [0.1 Hz, 10 Hz]. The size
of CX is 1000 × 1000 because each basis function requires a new set of 200 DOFs to be
introduced.

Fig. 3: Comparison of sparsity patterns of C (left) and CX (right).
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This example shows that, although CX is much larger in size than C, it is much sparser.
In fact, the ratio, denoted as r, between the numbers of nonzeros in CX and of nonzeros
in C is inversely proportional to the number of DOFs n.
def

r=

nnz(CX )
= O(1/n)
nnz(C)

(6)

In other words, the larger the number of DOFs, the fewer are the nonzeros in CX compared
to a fully populated C of other damping models. This ratio of comparison also applies
to the time required to compute the displacement solutions using the effective tangent
stiffness based on CX and C. Fig. 4 shows the ratio r for number of nonzeros and the
elapsed time required estimated using MatLab functions tic and toc, with increasing
number of DOFs. The solution process is based on MatLab’s backslash (\) operation,
i.e. mldivide, which has been optimised for each matrix type. The computer used was a
personal desktop computer. Note, the solutions using CX and C are practically identical
with negligible differences due to round-off errors.

Fig. 4: Ratio of CX vs C for number of nonzeros and elapsed time for computing solutions.

Fig. 4 shows that the ratio r for the number of nonzeros and the elapsed time for
computing solutions in this example is indeed inversely proportional to the number of
DOFs. The increase in efficiency is at least 100 times when n is larger than 10,000.
This example clearly shows the remarkable performance of the proposed model with the
expanded representation of the damping matrix, i.e. CX , in terms of memory storage
and computational efficiency. Nevertheless, when n is small, it may be better to use the
original matrix representation of damping matrix, i.e. C.
4

EXAMPLE OF RESPONSE HISTORY ANALYSIS

In this example, the accuracy of the proposed model is compared against the WilsonPenzien model in response history analysis. The structure considered is a two-dimensional
1-bay 5-story steel frame with fixed based. The story height is 2.5 m and the bay width is
3 m. All the beams are 610UB125kg/m and all the columns are 310UC158kg/m. They are
modelled using concentrated plastic hinge element with N -M interactions incorporated.
The yield strength of the materials is 300 MPa. Masses are lumped at nodes. Only
horizontal mass inertias are considered. Vertical and rotational mass inertias are ignored.
Each mass is 15300 kg. The five fundamental frequencies of the structure are 1.9 Hz, 6.0
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Hz, 10.9 Hz, 15.3 Hz, and 18.6 Hz. The damping ratio is 5% for the first three modes. For
the proposed model, two basis functions are used such that the relative error within the
frequency interval covering the first three modes is about 2%. The damping ratios using
the Wilson-Penzien model and the proposed model are shown in Fig. 5. The damping
ratios at structural frequencies are highlighted with markers. The damping matrix remains

Damping ratio (%)

5
4
3
2
Wilson-Penzien
Proposed Model

1
0
10 0

10 1

10 2

Frequency (Hz)
Fig. 5: Damping ratios using Wilson-Penzien and proposed damping models.

constant throughout the analysis, as suggested by Chopra [8]. The ground motion is the
North-South component of the 1940 El Centro earthquake with its PGA scaled to 1 g.
The roof displacement time histories are shown in Fig. 6. The comparison shows that

Roof displacement (cm)
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Fig. 6: Roof displacement time histories using Wilson-Penzien and proposed damping models.

both models give almost identical roof displacement time histories. It proves that the
proposed model is as accurate as the Wilson-Penzien model for this structure where the
lowest three modes dominate the roof displacement response.
5

CONCLUSIONS

A proportional viscous damping model has recently been proposed. It generates a
damping ratio curve with multiple bump-like basis functions controlled by frequency and
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damping ratio at the peak of each basis function. It is accurate for matching a constant
damping ratio typically used in the earthquake engineering community for a response
history analysis of large-scale structures.
In this paper, the matrix form of this model has been introduced, and its computer
implementation has been discussed, with its computational efficiency emphasized. It has
its damping matrix in a special form that can be expanded into a sparse block matrix.
Although the expanded block matrix is much larger than the original damping matrix,
it is much sparser. The computation of solution using this block matrix is, therefore,
much faster compared to a fully populated damping matrix of existing models. The ratio
of nonzeros between the block matrix and the original matrix is inversely proportional
to the number of degrees of freedom. The larger the number of degrees of freedom, the
faster the computation. The proposed model is, therefore, suitable for a structure with
a large number of degrees of freedom. Some case studies have been reported to showcase
the performance of the proposed model against existing models in terms of accuracy and
computational efficiency.
6
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Abstract. To simulate reinforced concrete shear walls under seismic loads, a new finite element
called GCMQ (generalized conforming mixed quadrilateral) developed based on the threefield Hu-Washizu variational principle is adopted in this paper for the nonlinear time history
analysis of a reinforced concrete shear wall multistory building. Unlike other well-known 1D
wall elements, GCMQ is a 2D membrane element that exhibits very good performance in terms
of coarse mesh accuracy. It takes into consideration the nonlinear distribution of both strain
and stress across the wall width, which is difficult to achieve with 1D elements that often adopt
‘plane sections remain plane’ assumption. Two shear wall examples are analysed in this paper.
With a smeared approach adopted for reinforcement and a proper material model for concrete,
GCMQ can simulate accurate global response with a coarse mesh grid. For time efficient
analysis, one element per storey could also be adopted. GCMQ provides a more versatile
solution to wall simulation and could be a useful tool in future analysis and design of wall
structures.
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1

INTRODUCTION

Unlike slender structural members such as beams and columns that could be idealised as
1D finite elements, modelling reinforced concrete shear walls is in general a difficult task due
to the conflict between efficiency and accuracy of numerical analyses. Classic finite elements
such as four-node isoparametric quadrilateral element (Q4) can, of course, be adopted to develop fine models for static analysis. However, such an approach is not practicable when it
comes to nonlinear time history analysis due to the large amount of computational power required, particularly with very dense mesh grids. On the other hand, recently proposed 1D
macroscopic elements, such as MVLEM [1] and its variants, including SFI-MVLEM [2], are
typically formulated based on spring systems. Although they are relatively more efficient, those
elements lack proper justifications in terms of representing the physical problem from continuum mechanics perspective. As a result, the error of analysis could be significantly large and
convergence to theoretical solutions may not be guaranteed.
To ease the problem, as well as to achieve a better balance between analysis efficiency and
accuracy, a mixed membrane element called GCMQ (generalized conforming mixed quadrilateral) is proposed recently [3]. This paper evaluates the performance of GCMQ in the context
of nonlinear time history analysis. Two examples are presented to showcase both linear elastic
and inelastic performance. The formulation of GCMQ is briefly discussed first, followed by a
summary of material models used. The performance in simulating two cantilever walls is then
investigated. The numerical results indicate that GCMQ is a good element for future nonlinear
response history analysis of shear wall structures.
2

THE GCMQ ELEMENT

The GCMQ element is a mixed four-node quadrilateral with in-plane drilling degrees of
freedom. It is formulated in a three field framework based on a modified Hu-Washizu variational
theorem. The displacement field is split into two components by using additive decomposition.
An illustration of such a procedure can be seen in Fig. 1. The distortion ud is generated purely
by the drilling degrees of freedom.

translation mapping
undeformed
configuration

distortion mapping
intermediate
configuration

deformed
configuration

y(η)
x(ξ)

deformed
configuration
u

=

translation
ut

+

distortion
ud

Figure 1: Deformation decomposition.
Another feature of GCMQ that is worth mentioning is the fully interpolated stress field which
is complete up to second order. It also satisfies the stress equilibrium. Various stress patterns
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could be described, some of which are shown in Fig. 2. Although such a stress field does
not possess inter-element continuity, it is considered to be sufficient for elements without edge
loadings.

uniform
tension

uniform
shear

constant
moment

linear
tension/shear

linear
moment

Figure 2: Stress patterns of selected terms.
For numerical integration, compared to other elements, more choices are provided in GCMQ.
Three different schemes are proposed. They are:
1. GCMQ-I: five-point scheme, four at element edge centres, one at element centre.
2. GCMQ-L: nine-point Lobatto scheme, eight on edges, one at element centre.
3. GCMQ-G: nine-point Gauss scheme, all nine points located inside element.
All three schemes are tested in this paper. For different types of analysis, different schemes may
be recommended due to their different performance and efficiency. Details are presented in the
following sections.
3

MATERIAL MODELS

stress

stress

For linear analyses, an isotropic elastic material model is used. For idealised inelastic analyses, a bilinear isotropic hardening model with the J2 yield criterion and associative plasticity is
adopted for the ease of obtaining a converged solution. The corresponding material parameters
are chosen to be close to that of concrete.

strain

strain

(a) concrete model

(b) steel model

Figure 3: Schematic sketches of the material models used in analyses.
For a more realistic concrete model, a fix crack planar concrete model that incorporates a
Rankine type square initial yield surface is used. The formulation resembles the one presented
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by Crisfield and Wills [4]. Similar formulations can be seen elsewhere. For simplicity, no
coupling effect between two crack directions are considered. For each direction, the uniaxial
concrete model uses Tsai’s equation [5] as the backbone and a simple linear hysteresis rule. An
illustrative example is depicted in Fig. 3a. It shall be noted that the parameters are tweaked for
a clearer plot and do not represent a real concrete behaviour. The shear response is assumed to
be bilinear elastic with a shear retention factor to account for dowel action, aggregate locking,
etc. Such a concrete model is simple and in most cases convergence can be achieved with little
computational effect. Nevertheless, other more complex material models [6, 7] can also be
used.
Reinforcement is implemented in a smeared approach. In this work, all reinforcements are
assumed to be uniformly distributed and they do not necessarily represent the real rebar layout. An alternative could be the combination of both concentrated and smeared reinforcement.
The Menegotto-Pinto steel model [8] is used to simulate the behaviour of reinforcement. A
representative example is shown in Fig. 3b.
4

WALL EXAMPLES

Two different wall examples are presented for different purposes. A summary is shown in
Table 1. For both examples, no vertical load is considered for simplicity and only horizontal
point mass is applied. The Rayleigh damping model is used.
Table 1: Summary of wall examples.
type

material

excitation

purpose

Example 1

cantilever

homogeneous

long impulse

Example 2

cantilever

reinforced concrete

El Centro (NS)

performance baseline in both elastic and
inelastic cases
general performance with RC material

4.1

Example 1 — A cantilever beam

The first example is a simple cantilever wall with isotropic material models, which is illustrated in Fig. 4. A critical damping of 5 % is applied to the first two modes via Rayleigh
floor 5

horizontal mass m = 100 t per floor
thickness t = 150 mm

floor 4

a

material properties:
for linear analysis:
elastic modulus: E = 25 GPa
Poisson’s ratio: ν = 0.2
density: ρ = 2500 kg/m3

15 m

floor 3

0.3g

floor 2
t = 2s

t

square accelerogram

for nonlinear analysis:
yield strength: fy = 50 MPa
hardening ratio: h = 0.05

floor 1

3m

Figure 4: An idealised wall specimen
damping model. A long impulse with a constant acceleration of 0.3g is used as excitation with
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the duration (2 s) twice the first period. The main purpose of such a choice is to suppress high
frequency response as much as possible so that the comparison and analysis of results would
become clearer.
4.1.1

Natural period

Before presenting natural frequencies/periods, various formulations of mass matrix M are
first discussed. Several approaches are available:
1. Full rank consistent formulation derived from nodal displacement shape function,
2. Diagonalised (lumped) consistent mass matrix.The off diagonal terms are omitted while
the main diagonal terms are scaled,
3. Rank deficient consistent mass matrix with drilling components omitted. This mass matrix is identical to the one of Q4, with additional zero rows and columns at drilling DoFs,
and
4. Lumped version of the rank deficient consistent mass matrix.
The modal analysis is performed with the above four mass matrices. The first four frequencies
are listed in Table 2. Numerical investigations show neither two lumped formulations nor two
consistent matrices show significant difference. Hence only two categories are shown in the
table. With a coarse mesh grid, GCMQ is able to predict the periods of lower modes with
good accuracy, this could be validated by the result of a beam model. Compared to beam
and Q4 elements, GCMQ is softer and produces smaller frequencies. Furthermore, consistent
formulations give slightly higher frequencies than lumped versions. Also, since Gauss scheme
has a higher integration accuracy, GCMQ-G predicts a more accurate fourth frequency than that
of the other two schemes. In conclusion, all four mass formulations could be used in practical
analysis. The lumped versions can be adopted for a smaller matrix storage.
Table 2: first four natural frequencies
1 × 5 coarse mesh

4 × 20 fine mesh

f1 (cycles/second)
consistent
lumped

GCMQ-I
1.02
1.02

GCMQ-L
1.02
1.02

GCMQ-G
1.02
1.02

Q4
1.22

Beam
1.03

GCMQ-I
1.01
1.01

GCMQ-L
1.01
1.01

GCMQ-G
1.01
1.01

Q4
1.03

f2
consistent
lumped

GCMQ-I
6.16
6.13

GCMQ-L
6.16
6.13

GCMQ-G
6.16
6.13

Q4
7.11

Beam
6.57

GCMQ-I
5.83
5.83

GCMQ-L
5.83
5.83

GCMQ-G
5.83
5.82

Q4
5.93

f3
consistent
lumped

GCMQ-I
15.92
15.79

GCMQ-L
15.92
15.79

GCMQ-G
15.92
15.79

Q4
17.50

Beam
18.59

GCMQ-I
14.22
14.21

GCMQ-L
14.22
14.21

GCMQ-G
14.21
14.20

Q4
14.51

f4
consistent
lumped

GCMQ-I
27.13
26.83

GCMQ-L
27.12
26.83

GCMQ-G
24.74
24.59

Q4
28.39

Beam
35.94

GCMQ-I
22.97
22.95

GCMQ-L
22.96
22.95

GCMQ-G
22.94
22.93

Q4
23.47

4.1.2

Dynamic analysis

The consistent mass matrix is used in the following examples. Fig. 5 shows the linear displacement history of Example 1 using linear elastic material model. According to Fig. 5a,
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GCMQ and beam models give very close response. However, with the same mesh grid, Q4
model is stiffer and results in quite a different response. It can be spotted that with mesh refinement, Q4 model can converge to the same solution to that of GCMQ and beam models. It
could be concluded that GCMQ element could be used with very coarse mesh grids to predict
accurate response.
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Figure 5: linear displacement history due to long impulse
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Figure 6: nonlinear displacement history due to long impulse
The nonlinear displacement history is shown in Fig. 6. In this particular example, the model
using five Q4 elements (with four quadrature points well inside the element) cannot develop any
plasticity. Hence, as can be seen in Fig. 6a, there is no residual displacement generated by Q4
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model. In the meantime, the GCMQ elements produce distinctive response. Due to that most
integration points are located on element edges, GCMQ-I and GCMQ-L exaggerate plasticity
development. As a result, the peak and residual displacements are large than that of GCMQ-G.
However, with a 2 × 10 or denser mesh grid, the difference between three versions is negligible. Another important fact can be observed from Fig. 6d, that is, for inelastic applications,
GCMQ-G has a very low initial error bound and the difference between three mesh grids are
exceptionally small. With 5 elements, GCMQ-G could predict more accurate result than using
80 Q4 elements. It indicates that GCMQ-G could be used in practical simulations with the most
coarse mesh grid.
4.2

Example 2 — A RC shear wall

This wall model is taken from Taylor’s work [9] and is depicted in Fig. 7. The first two
natural periods computed are 2.49 s and 0.45 s, which are close to the values (2.46 s and 0.42 s)
reported in the original literature. Taylor [9] adopted 10 % damping on the first two modes.
It shall be emphasised that such a value is considered too large for RC shear walls. However,
given that the Rayleigh damping model has its own issues in inelastic analysis [10, 11], here
the authors have no intention of matching the damping ratio with a more realistic value. Meanwhile, the gross reinforcement ratio can be computed as 8 % for the bottom four floors. This
value appears unrealistically large for such a wall section and may violate modern design practice. But as an illustrative example, no correction would be made, so that comparison with the
original literature is possible. Another issue may be clarified is the relatively low strength of
both concrete and steel, 21 MPa and 280 MPa respectively. These values are typical of 1970s.
Nowadays, higher performance material would be used. The total mass w of the system is
56 MN. The model is analysed with ten GCMQ-G elements (one per storey).
5m

a

30 m

a

0.25 m

a

section a

a

5m

a

0.25 m

a
b
b
b
b

0.026 m2

section b

0.052 m2

horizontal mass m = 560 t per floor
concrete compression strength: fc0 = 21 MPa
steel elastic modulus: E = 200 GPa
steel yield strength: fy = 280 MPa

5m

Figure 7: A reinforced concrete shear wall specimen
Fig. 8 shows the nonlinear displacement history for all floors. Clearly, it is dominated by
the first vibration mode. The asymmetric behaviour of concrete leads to a one-sided displacement dominated history, which significantly differs from the linear response. The maximum
displacement predicted is around 300 mm, which is equivalent to 1 % drift. The residual drift is
around 0.1 % due to the presence of a large amount of reinforcement.
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The roof displacement against base shear/moment is plotted in Fig. 9. Although simple hysteresis rules are defined in concrete and steel material models, no explicit pattern can be found
to relate material behaviour with global response of structure. This is because the roof displacement is mainly affected by the first vibration mode while the base shear has contributions from
all modes of free vibration.
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Figure 8: Nonlinear displacement history of Example 2.
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Figure 10: Distribution of shear forces with envelops of Example 2.
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The distributions of storey shear forces at three distinct time points are plotted in Fig. 10 with
their envelopes. Between sixth to seventh floor, shear force changes its sign, indicating that the
maximum moment occurs here. Fig. 11 and Fig. 12 show the absolute acceleration and shear
force history respectively for each storey. From the plots, it is clear to see the eighth storey
experiences significantly smaller acceleration, indicating that the second mode is dominant in
terms of acceleration.
5

CONCLUDING REMARKS

This paper presents evaluations of GCMQ in nonlinear dynamic analysis. As a guideline,
the following recommendations are made for the use of GCMQ.
• For linear elastic analysis, all three versions of GCMQ converge to the same response
with the most coarse mesh configuration (one element per storey). Since GCMQ-I could
reduce the analysis time by about 30 %, it is thus recommended.
• For inelastic analysis, GCMQ-G has a lower initial error bound, which results in an excellent response with the coarse mesh grid.
• For any mesh grids denser than one element per storey, the difference among all three
versions of GCMQ is negligible. In such a case, to improve efficiency, GCMQ-I is recommended. Nevertheless, material objectivity shall be handled carefully to obtain mesh
independent results.
The novel GCMQ element shows great potential in terms of coarse mesh accuracy. As it is
formulated based on continuum mechanics theories, the convergence is guaranteed with mesh
refinement. Compared to other wall elements, GCMQ is considered a better analysis tool for
future simulations of wall structures. The GCMQ element has been implemented in suanPan
[12], which is available online1 .
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Abstract. In this work, the cyclic symmetry boundary condition between sectors of a rotationally periodic structure are reformulated and the compatibility condition is imposed by
means of Lagrange multipliers. In the augmented system, the constraint matrix carries the dependence on the nodal diameters (ND) whereas stiffness and mass matrices do not vary with
ND. The Dual assembly formulation is exploited in the computation of eigenvectors and eigenvalues using a Preconditioned Projected Arnoldi Algorithm. The complex constraint matrix
is used to build a projection operator, which imposes the compatibility constraint between the
left and right side of the periodic geometry. Because the complex constraint matrix has orthogonal rows, the projector operator is easily assembled without the need of matrix inversion.
The explicit factorization of the projected stiffness matrix is not required since Preconditioned
Conjugated Gradient algorithm is used to solve the linear system during the inverse Arnoldi
iteration step. Consequently, all ND share the same preconditioner reducing the global cost
of eigenpairs computation, especially when multiple ND solutions are required. Five different
preconditioners are tested to evaluate the numerical scalability of the linear solution: Identity,
Projected Incomplete Chosleky, Projected Cholesky, Incomplete Cholesky and Cholesky. The
Preconditioned Projected Arnoldi Algorithm is implemented in Python using the Scipy library
which provides a wrapper for the Implicity Restarted Arnoldi method implemented in ARPACK.
The projection and preconditioner steps are carried-out by Scipy sparse linear operator. The
method is applied in 2D and 3D finite element models. The preconditioners studied can dramatically reduce the number of iterations when compared to CG without preconditioning. The full
Cholesky preconditioner is on average 8 times faster than the identity precondicioner in the 2D,
whereas it is approximately 16 faster in the 3D case. The factorizing is performed only once,
and its computational cost can be divided among the different NDs, which makes the method
especially advantageous for geometries with a large number of sectors.
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1

INTRODUCTION

Free vibration analysis plays an important role in understanding the dynamics of structures.
It provides the natural frequencies which must be identified in order to avoid catastrophic failures due to resonances. Moreover, eigenmodes can be used to reduce the number of degrees
of freedom by using Reduced Order Models (ROM) such as Craig-Bampton [1], Dual-CraigBampton [2], Rubin [3], among others. Despite its advantages, full eigenanalysis is very costly,
which means that in many cases only the modes related to the lowest frequencies are relevant
for practical problems. Therefore, Lanczos [4], and implicit restarted Arnoldi algorithms [5] are
often used as eigensolvers due to their efficiency. The major cost of the algorithms mentioned
lies in the inverse iteration, where the solution of a linear system is required.
When structures such as turbines, propellers, and gears are analysed, the property of rotational periodic symmetry is often utilized, reducing the computational cost of the linear system
as well as the memory required to store the system matrices. Figure 1 shows a cyclic structure
with the highlighted reference sector used for analyzing the whole geometry. In such cases, a
Discrete Fourier Transform is applied in the equation of motion and in the compatibility condition between neighbors, which reformulates the problem in terms of harmonic indices. The
speed-up is achieved by means of a harmonic decoupling among sectors when imposing the periodic condition by eliminating the constrained degrees of freedom, namely, primal assembly.
In the work developed in[6], the cyclic symmetry is imposed by complex constraints relating
the left to the right side. Considering a periodic structure composed of N sectors, which has θ
as the sector angle, the classical cyclic boundary condition creates approximately N/2 different
systems of equation to be solved independently. The number of variables is not changed by
the harmonic transformation, because the transformed system has complex degrees of freedom.
Therefore, the cyclic symmetry should not be understood as a reduction technique, since it is
only a transformation operation. However, the decoupling provided by the harmonic decomposition results in the ability of solving independent problems for a given set of harmonic indices,
also known as Nodal Diameter (ND). If cyclic symmetry is considered for ROM, not only a
subset of modes must be selected but also a subset of nodal diameters. This is usually done by
analyzing the possible excitations, using the Campbell diagram or SAFE diagram, see [7].
In this paper, the primal and dual assembly of cyclic constraints are presented using a substructuring framework and applied to the computation of the eigen-pairs of a cyclic structure.
In the dual formulation, the cyclic constraints are described with a complex constraint matrix
thereby rendering the system matrices, namely stiffness, and mass, unaffected. Due to the hybrid nature of the eigen-value problem in the dual formulation (displacements and Lagrange
multipliers), the conventional eigen-solvers are not suitable. Therefore, a modified version of
Projected Arnoldi algorithm is employed to efficiently solve the dual cyclic formulation. The
novel approach introduces a preconditioning step in the inverse iteration of the Arnoldi process,
which uses the reference sector without constraints. Five different preconditioners are tested to
evaluate the numerical scalability of the linear solution, namely: Identity, Projected Incomplete
Chosleky, Projected Cholesky, Incomplete Cholesky and Cholesky.
In the remaining sections the classical cyclic symmetry is formally introduced and the dual
formulation is presented. The projected Arnoldi method is described, eigen-analysis is performed using the complex cyclic constraints and its projection operator. Three different Finite
element test-cases are presented in order to show the application of the new formulation.
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2

Classical Cyclic Symmetry Formulation

In this section, the classical theory behind cyclic symmetry boundary condition is summarized. Let us consider a geometry composed of N identical sectors, as shown in the Figure 1. If
each sector has its own local coordinate system and no mistuning is considered, the equation of
motion together with the compatibility constraint can be written as:
M üs + Kus = f s + g s
T usl = us+1
r
s
T gl = −grs+1

s = 1, ..., N
(1)

where M and K are the mass and stiffness matrices respectively, f is the external force vector,
g is the connecting forces among neighbors, and superscript s represents the index of a sector.
The second expression in (1) represents the compatibility condition among sectors, where T is
a rotation matrix, and the subscripts l and r represent the interface dofs of the left and right
respectively.

Figure 1: Cyclic Structure and the highlighted reference sector.

It is important to notice that given the choice of local coordinate system, the stiffness and
mass matrices are the same for all sectors, however the transformation matrix T is required
to define a proper compatibility
condition. Applying a Discrete Fourier Transform in space
PN s −jnθs
s
n
{F : u → u |
} in (1) and rewriting the displacement solution, interface
s=1 u e
force and external forces in terms of Fourier Series:
N̄
1 X n jnθs
u e
u =
N̄ n=0
s

N̄
1 X n jnθs
g =
g e
N̄ n=0
s

N̄
1 X n jnθs
f =
f e
N̄ n=0
s
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√
where j = −1 is the imaginary unit, θ = 2π
is the sector angle, n is the nodal diameter index,
N
and N̄ is the largest nodal diameter index such that:
N
− 1 if N is even
2
N −1
N̄ =
if N is odd
2
N̄ =

(3)

equation (1) becomes (4).
M ün + Kun = f n + g n
T unl
T gln

=
=

n = 1, ..., N̄

un+1
= unr ejnθ
r
−grn+1 = −grn ejnθ

(4)

If a permutation matrix is applied in the displacement degrees of freedom of a sector such
that one defines a block vector u = [ur , ul , ui ], where the indices r, l and i are the right, left and
interior dofs respectively, equation (4) can be rewritten using block matrices:

  n 
  n  n  n
Mrr Mrl Mri
ür
Krr Krl Kri
ur
fr
gr
 Mlr Mll Mli  ünl  +  Klr Kll Kli  unl  = fln  + gln 
(5)
n
n
n
n
Mir Mil Mii
üi
Kir Kil Kii
ui
fi
gi
Classically, the left degrees of freedom are removed by replacing the harmonic compatibility
presented in equation (4) into equation (5):
 
Mrr + T Mll T T + ejnθ Mrl T T + e−jnθ T Mlr Mri + e−jnθ T Mli ünr
+
üni
Mir + ejnθ Mil T T
Mii

   n

Krr + T Kll T T + ejnθ Krl T T + e−jnθ T Klr Kri + e−jnθ T Kli unr
fr + e−jnθ T fln
=
Kir + ejnθ Kil T T
Kii
uni
fi
(6)
Equation (6) is the constrained equation of motion, which contains only the right and interior
degrees of freedom. Using the property T T T = I, the elimination process can be carried out
by defining a complex matrix Ln which lies in the null space of the constraints.


I
0
Ln = ejnθ T T 0
(7)
0
I


Therefore, the primal assembly of cyclic symmetry can be written using a substructuring
framework as presented in [8]:
n
Mn ünprimal + Kn unprimal = LH
nf

n = 1, ..., N̄

(8)

H
where Mn ≡ (LH
n M Ln ) and Kn ≡ (Ln KLn ), and the superscript H represents the adjoint
matrix. It can be readily verified that (8) leads to the form (6).
For free vibration problems, one sets f n = 0 and unprimal = φnprimal eωt , which leads to the
generalized eigenvalue problem:

[Kn − ω 2 Mn ]φnprimal = 0
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where the subscript n represents the dependency on the nodal diameter, φnprimal is a complex
eigenvector, and Kn and Mn are Hermitian matrices. If the full set of eigenvector is required,
all nodal diameter indices in (9) must be evaluated.
3

Dual Cyclic Symmetry Formulation

The classical treatment of cyclic symmetry formulation modifies the system operator, namely
stiffness and mass matrices, by means of the primal assembly operator Ln as shown above. This
results in a set of unique variables defined as uprimal . In this section, the dual formulation of (4) is
presented. First, let us define two Boolean operators to extract ‘left’ and ‘right’ dofs as classical
FETI methods [9].
ul = Bl u
ur = Br u

(10)

For the re-arranged displacement vector u = [ur , ul , ui ] the Boolean operators are defined
by Br = [I 0 0] and Bl = [0 I 0]. Rewritting the compatibility constraint in (4) by using the
Boolean definition in (10):
Cn u = [Br − e−jnθ T Bl ]u = 0

(11)

H
where Cn is a linear complex cyclic constraint operator. It is easy to show that LH
n Cn = 0.
Therefore, a Lagrange multiplier must be introduced in the equation of motion in order to
satisfy the compatibility constraint, such that:

M ün + Kun = f n − CnH λn
Cn un = 0

n = 1, ..., N̄

Or in matrix notation:

  
    n
M 0 ün
K CnH un
f
n +
n =
0 0 λ
Cn 0
λ
0

n = 1, ..., N̄

(12)

(13)

where CnH is the adjoint matrix of the cyclic constraint operator.
The above expression is the dual assembly formulation for cyclic symmetry boundary condition. This equation contains not only displacement dofs but also Lagrange multipliers to
enforced continuity among sectors. Clearly, this results in a system which contains more unknowns than the formulation in (8), however the stiffness and mass matrices do not depend on
the nodal diameter n. Therefore, this property can be exploited using dual Schur complement
solvers such as described in [10]. A similar technique for cyclic problems was already applied in
the work developed in [11]. However, in [11] the Lagrange multipliers are connected to sectors
as substructures, whereas in this work, λn is defined in the harmonic space. The novel approach
can be seen as a decoupling of the interface displacement and forces generated among neighboring sectors. Besides that, the formulation gives the explicit harmonic gap, namely Cn un ,
which can be useful when the interface connection between sector is nonlinear.
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3.1

Projected Arnoldi for Cyclic Symmetry Modal Analysis

The free vibration analysis of the system (13) results in the following hybrid generalized
eigenvalue problem:

 0 

 
φu1
K CnH φ0u
2 M 0
(14)
=ω
0 0 φλ
Cn 0
φλ
The dimension of the above problem is nc +ndof s , where nc is the number of cyclic symmetry
constraints, and ndof s is the total number of dofs in the reference sector. The eigenpair solutions
(ωi , [φ0ui , φλi ]) have the form:
"
# 

 0 






0
φ
0
0
φu1
undof s
u
u
, + ∞, φ
, ..., ωndof s ,
, ..., + ∞, φ
ω1 ,
φλ 1
λ(ndof s +1)
λ(ndof s +nc)
φλndof s
(15)
0
Note that, the eigenvector φui lies in the null space of the complex cyclic symmetry constraint
Cn φ0ui = 0. In [12] some techniques are presented to solve the constrained eigenvalue problem
presented in (14) , but it does not explore the structure of the problem to accelerate the inverse
iteration of the eigen-solver. In order to solve the eigenvalue problem efficiently and profit from
the independence of stiffness and mass matrices of the nodal diameter n, a constrained Krylov
subspace is built based on the complex cyclic constraint operator, see [13]. The Krylov matrix
for the generalized eigenvalue problem without constraints is defined as:
Vm = [b, Db, D2 b, ... , Dm−1 b]
−1

(16)
n

where D ≡ (K −σM ) M , which is the inverse shift operator such that D : R → R , b ∈ Rn .
When a constraint h(b) = 0 such that h : Rn → Rnc is defined, a Krylov basis vector b0 must
lie in the set of admissible vectors, mathematically Ω = {b0 ∈ Rn | h(b0 ) = 0} as represented
in Figure 2. Thus, the constrained Krylov matrix has the form:
Vmc = [b0 , (Db0 )0 , (D2 b0 )0 , ... , (Dm−1 b0 )0 ]

n

(17)

Figure 2: Vectors b and b0 to build constrained Krylov subspace.

In the case of cyclic symmetry, one has a linear constraint, defined by Cn u = 0. One can
write a projection operation Pn into the N ull(Cn ) such that Pn : b → b0 , where the constraint
Cn b0 = 0 always holds. The projection matrix is explicitly written as:
Pn = I − CnH (Cn CnH )−1 Cn
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where the subscript n refers to the nodal diameter dependency in the constraint matrix Cn . It
is easy to show that (Cn CnH )−1 = 21 I, therefore the projection matrix can be written without
matrix inversion as shown below:




I
−e−jnθ T 0
I 0 0
1
I
0
(19)
Pn = 0 I 0 − −ejnθ T T
2
0
0
0
0 0 I
The generalized constrained eigenvalue problem (14) can be rewritten as:
Kφ0u + CnH φλ =ω 2 M φ0u

(20)

where φ0u is a vector which respects the cyclic symmetry constraint. If one projects equation
(20) in the feasible space using PnH and uses the relation φ0u = Pn φu one finally derives the
projected eigenvalue problem:
PnH KPn φu = ω 2 PnH M Pn φu

(21)

where φu ∈ Rn . Therefore a projected Arnoldi algorithm can be used to build the constrained
orthonormal Krylov bases vectors. The projected Arnoldi method is exploited in [14] for updating eigenvalues in nonlinear dynamic problems. The procedure is summarized in Algorithm 1.
Algorithm 1 Projected Arnoldi Iteration
• Parameters: K, M, Pn and nint .
1: Initialization
Compute MnP = PnH M Pn and KnP = PnH KPn
Start with an arbitrary vector φ0u and β0 = 0
2: First step iteration
MnP φ0u
Compute a projected unitary vector vn1 = ||φ
0 || p

u Mn

KnP φ̂1u

vn1

=
Solve the static-like problem
1
v
Compute α1 = φ̂1T
u n
Compute a new orthogonal constrained Krylov vector φu 1 = φ̂1u − α1 vn1
3: For j = 2, ..., nint
(j−1)
compute βj = ||φu ||Mnp
(j−1)
if βj 6= 0 then compute vnj = MnP φu /βj
Solve the static like problem KnP φ̂ju = vnj
j
Compute αj = φ̂jT
u vn
(j−1)
Compute a new constrained Krylov vector φj+1 = φ̂ju − αj vnj − βj vn
The bottleneck of Algorithm (1) is the solution of the singular linear system KnP φ̂ju = vnj . In
this work, the linear system is solved by a Preconditioned Conjugate Gradient (PCG) algorithm.
The preconditioner K̄nP is an estimation of the generalized pseudoinverse of (KnP )−1 . A set of
preconditioners are constructed such that, they can be reutilized for all nodal diameters. In this
paper, 5 different preconditioners are studied:
• Identity : I
• Incomplete Cholesky : K̂ −1
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• Complete Cholesky : K −1
• Projected Incomplete Cholesky : Pn K̂ −1 Pn
• Projected Cholesky : Pn K −1 Pn
4

Application Examples

The Preconditioned Projected Arnoldi Algorithm is implemented in Python using the Scipy
[15] sparse linear algebra library, which provides a wrapper for the Implicity Restarted Arnoldi
(IRA) method implemented in ARPACK. The projection and preconditioner steps are carriedout by Scipy sparse linear operator. Three examples are considered to illustrate the algorithm
proposed by this paper. In all cases, structural steel property is used (E = 210GP a, ν = 0.3
and = 7500Kg/m3 ). The PCG tolerance is set to 1.0−10 and maximum Arnoldi iterations nint
is set to 10 times the number of eigenpairs required. For all test-cases, the first 20 modes are
computed for all possible nodal diameters.
The first example, named case A, consists of a 2D mesh, with plane stress triangle elements
with 1m of thickness. The number of displacement dofs of the reference sector is 266, number
of cyclic constraints is 14, and the whole geometry consists of 8 sectors. Table 1 shows for all
nodal diameters the number of average iterations took by the PCG depending on the choice of
the preconditioner. The average iterations is measured by the number of linear operator calls
divided by the predefined number of modes to be computed by the IRA algorithm. Consequently, the average is measuring the overall performance of the eigensolver and not only the
PCG performance. Figure 3 shows the first three modal families for nodal diameter 0,1 and 2.
Preconditioner
n=0
n=1
n=2
n=3

I
165.64
163.33
162.48
161.77

K̂ −1
42.77
45.31
46.30
47.36

K −1
18.95
20
20
19.99

Pn K̂ −1 Pn
42.26
45.41
46.13
47.30

Pn K −1 Pn
18.42
20.00
19.97
19.98

Table 1: Average PCG iterations per mode for case A.

Preconditioner
n=0
n=1
n=2
n=3

I
K̂ −1
491.08 95.35
485.56 166.56
481.02 175.24
474.08 201.08

K −1
29.92
33.65
33.78
34.29

Pn K̂ −1 Pn
94.89
167.02
174.62
201.59

Table 2: Average PCG iterations per mode for case B.
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Pn K −1 Pn
29.95
33.54
33.76
34.27
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Figure 3: Mode shapes for case A.

The two remaining test cases, B and C, are both 3D Finite Element Models with 1596 and
1467 degrees of freedom respectively. Case B has a simple geometry composed by 8 sector,
with 86 cyclic constraints, and the mesh contains only linear hexa elements. Figure 4 shows
the first three modes for three nodal diameters and Table 2 summarizes the number of average
iterations per mode using the five preconditioners. Case C is composed by tetra elements, 153
cyclic constraints, and it has a more realistic geometry with 24 sector, which resembles a bladedisk geometry. Figure 5 shows the first 3 modes for nodal diameter 0,1, and 2 for the case
C. Table 3 presents the number of iteration by the PCG solver. It is clear that for all cases,
the projection operation in the preconditioners, PnH K −1 Pn and PnH K̂ −1 Pn does not increase
the performance of the PCG algorithm. Therefore, they must be avoid due to the additional
computational cost. For case A and B, the precondition performance is almost constant with the
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nodal diameters, whereas in the case C it is possible to see some discrepancies. For instance,
the nodal diameter 1 and 4 converged with less than 81 iteration whereas n = 2 and n = 3
took more than 350 iterations to converge. This behavior can possibly be explained by the
differences between free vibration modes without and with cyclic symmetry. If the complex
cyclic symmetry constraint does not affect much the free vibration of the reference sector, then
K −1 will be a good estimation of (PnH KPn )−1 . Physically, this means that the projected and
free modes are almost identical. This fact shows that finding efficient preconditioners for all
nodal diameter indices remains a challenge. However, it might be possible to define a family of
preconditioners which a more suitable for specific subsets of ND.

Figure 4: Mode shapes for case B.

4585

Guilherme Jenovencio1 , Daniel J. Rixen1

Figure 5: Mode shapes for case C.
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Preconditioner
n=0
n=1
n=2
n=3
n=4
n=5
n=6
n=7
n=8
n=9
n = 10
n = 11
n = 12

I
1676.8
1438.3
1421.8
1610.8
1371.3
1344.0
1323.4
1307.1
1295.0
1286.1
1272.0
1268.7
1266.9

K̂ −1
568.3
354.6
409.1
137.8
142.7
156.5
162.4
170.9
178.3
176.8
182.5
184.4
179.9

K −1
526.4
68.6
352.2
356.8
80.3
81.8
86.4
89.3
91.0
90.9
92.8
93.0
92.6

Pn K̂ −1 Pn
568.0
354.9
360.1
367.1
142.0
155.3
163.4
171.1
178.6
176.8
181.7
182.5
180.7

Pn K −1 Pn
526.4
300.2
303.5
76.1
310.4
81.7
86.7
89.4
90.7
90.3
92.8
92.9
92.7

Table 3: Average PCG iterations per mode for case C.

5

CONCLUSIONS

The cyclic symmetry constraints are presented using a substructuring framework, where primal and dual systems are formulated. These two approaches can be exploited and lead to different eigen-solvers strategies. The primal assembly formulation modifies the reference sector
stiffness and mass matrices, which fully decouples the cyclic sectors by means of the unique set
of primal variables. The N̄ harmonic problems may be solved independently, but the similarity
between the harmonic systems and the reference sector is usually not explored. On the other
hand, the dual assembly formulation leads to a singular hybrid system of equations with the
displacements and the Lagrange multipliers. In this case, the reference sector matrices, K and
M are retained unchanged, whereas the complex cyclic constraint depends on the nodal diameter. Despite the singularity, the structure of the dual formulation allows to build a projected
generalized eigenvalue problem. Using this technique, one can utilize the stiffness matrix of
the reference sector, with some variations, as an efficient preconditioner. A total of five preconditioners namely, Identity (I), Incomplete Cholesky (IC), Complete Cholesky (CC), Projected
Incomplete Cholesky (PIC) and Projected Cholesky (PC) were implemented and tested. The
projected versions, PCI and PC, added unnecessary computational cost since they do not reduce
the number of iterations when compared to IC and CC. The Cholesky preconditioner performed
very well, where speed-ups could be seen in all developed test-cases when compared to pure
CG (identity preconditioner). In the 2D case, the complete Cholesky is around 8 times faster
than the identity preconditioner, whereas in the 3D case varies from 3 to 17 faster depending on
the ND index. This suggests that finding suitable preconditioner for all nodal diameters spectrum is very challenging. Besides that, it is important to notice that, the incomplete Cholesky
reveals an algorithmic trade-off with a less costly factorization, but more iterations in the PCG.
In the future, it is intended to compare the eigen-solvers’ computational efficiency for primal
and dual formulation with respect to the number of eigen-pairs required. Furthermore, the projected Arnoldi algorithm will be extended to deal with blade-disk mistuning and quasi-cyclic
geometries.
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Abstract. The wave finite element method (WFE) has been developed originally for one dimensional periodic structures with advantage in calculation time. However, this method cannot
apply easily for 2D structures of arbitrary shape. This communication presents a new technique
of WFE to calculate the dynamic responses of such a structure subjected to external loads. The
structure is decomposed into rectangular domains which can be considered as periodic structures subjected to external loads and nodal reaction forces at the domains boundaries. Then,
by using the WFE for theses domains, we can obtain a relation between the external loads, the
DOF and the nodal reaction forces at the boundaries of the domains. Finally, by combining
this relation with the dynamic equation of the rest of the structure, we obtain an equation of
the whole structure to compute its response. This technique permits to reduce all the DOF of
the rectangular domains of the structure. Examples showing the efficiency of the method are
presented.
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1

INTRODUCTION

The wave finite element method has been developped originally for the wave propagation
along one-dimensional periodic elastic structures [1]. From the finite element method for a period of the structure, we can obtain a relation (a transform) between the left and right boundaries
of the period. This relation leads to a wave base which is obtain from the eignenvectors of the
transform. Then, the response at the boundary of a period can be decomposed in this base to
compute with different approaches [2]. Recently, this method has been applied for many different problem of periodic structures [3, 4, 5, 6, 7, 8, 9, 10]. For 2D structures, WFE has been
developed by using superelements which are rectangular subdomains[11]. By considering each
rectangular domain as a periodic structure, this technique permits to obtain the wave decompositions of the domain responses and to combine in the global dynamic equation. However, this
technique cannot be applied easily when the structure is subjected to complex external loads or
density loads.
In this article, we present another technique of WFE using superelements for 2D structures
subjected to external loads. Let’s consider a 2D structure containing a rectangular domain P
with rectangular elements as shown in Figure 1 and the rest domain is denoted by R. The
domain P is subjected to external density force FE and the reaction force F∂ of the domain R
at the common boundary of the two domains. We will use the wave finite element method to
obtain a relation between the forces FE , F∂ and the DOF at the boundary of the two domains
q∂ .

Figure 1: Structure including a rectangular domain P and the rest R

The rectangular domain P is a periodic structure of N periods where each one is a column
of elements with only nodes on the left and right boundaries as shown in Figure 2. The nodes
of P are denoted by each column (n) with 0 ≤ n ≤ N . From the dynamic equation of each

qL

qR

Figure 2: A periodic structure subjected to external loads

column, we get the relation uR = SuL with u∗ is the column vector of DOF q∗ and nodal loads
F∗ . Moreover, the right boundary of the column (n) is also the left boundary of the column
(n + 1) and we have
(n+1)
(n)
(n)
FL
+ FR = −FB
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(n)

where FB are the loads applying on the common boundary of (n) and (n + 1). Then, by using
the wave analysis approach of the wave finite element method [12], we can obtain the wave
bases Φ , Φ ? with eigenvalues µ of the transform S. The wave decomposition of the response
can be written as follows
q

(n)

n

= Φq µ Q −

Φ?qµ N −n Q?

n
X

+ Φq

µ

n−k

(k)
QB

+

Φ?q

k=1

N
X

?(k)
µ k−n QB

(1)

k=n+1

where Q, Q? are the wave amplitudes of the left and right ends of the domain and QB , Q?B are
the wave amplitude of the external loads which are calculated by
(k)

(k)

QB = Φ ?T
q FB
?(k)

QB

(2)

(k)

= Φ Tq FB

(k)

where FB is nodal loads on the right boundary of the period. Thus, we have
q

(n)

n

= Φqµ Q −

Φ?qµ N −n Q?

+ Φq

n
X

µ

n−k

(k)
Φ ?T
q FB

+

Φ?q

N
X

(k)
µ k−nΦ Tq FB

(3)

k=n+1

k=1

Equation (3) presents the response of the rectangular domain in function of the external loads
applying on this domain and the wave ampltudes at the left and right ends of the domain.
2
2.1

FORMULATIONS
Wave analysis of rectangular domains
(k)

Now we will decompose the nodal loads FB in function of the external loads and the reaction force of the domain R. For 0 < n < N , we can write
(n)

(n)

FB = FE + F̃(n)

(4)

(n)

where FE are external loads at the column n and F̃(n) is the reaction force of the domain R
applying on the periodic domain which is almost zeros except the two nodes at the common
boundary of the column n and the domain R.
For the left boundary ∂L of the periodic domain P, we have
(1)

(0)

F(0) = −FL = FE + F∂L

(5)

where F∂L is the reaction of R at ∂L.
For the right boundary ∂R of the periodic domain P, we need to find out the expression of
the reaction force F∂R in function of F(N ) which is the nodal load of the left boundary of period
(N + 1) (see Figure 3). We have


(N +1)
F(N ) = −FL
= − F∂R − Ḟ(N )
(6)
(N )
(N )
(N )
FB = FE + Ḟ
where Ḟ(N ) is the reaction forces of at the upper and lower node of ∂R. By combining equations
in (6), we obtain
(N )
(N )
FB − F(N ) = FE + F∂R
(7)
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Ḟ(N )
(N )

F(N )

Figure 3: Nodal loads at the column (N ) (right boundary of P)

In addition, we obtain the following results from the definition of the wave amplitude [12]
(0)
(0)
− Φ?T
Q = Φ?T Ju(0) = Φ?T
F q
q F

(8)

Q? = ΦT Ju(N ) = ΦTq F(N ) − ΦTF q(N )
Therefore, by combining equations (3), (4), (5), (7), and (8), we obtain
(0)
q(n) = − Φqµ n Φ?T
+ Φ?qµ N −n ΦTF q(N )
F q
n
N




X
X
(k)
(k)
n−k ?T
(k)
?
k−n T
(k)
µ
Φ
µ
Φ
FE + F̃
+ Φq
FE + F̃
+ Φq
q
q
k=0

(9)

k=n+1

where F̃(0) = F∂L and F̃(N ) = F∂R . We can rewrite the aforementioned equation in matrix
form as follows
  (0) 

0 0 0
−Φ?qµ N ΦTF
I + Φq Φ?T
q
F
. 
..
..
. . .. ..



. . .
.
.

  .. 



0 I 0 −Φ?qµ N −n ΦTF   q(n) 
 Φqµ n Φ?T
F
 . 

..
.. .. . .
..
  .. 

.
.
. .
.
N ?T
? T
Φq µ ΦF
0 0 0
I − Φq ΦF
q(N )

(10)
  (0)

FE + F∂L
Φq Φ?T
···
Φ?qµnΦTq
· · · Φ?qµN ΦTq
q

..
..
..
..
..
..



.
.
.
.
.
.


 (n)


n ?T
?T
? N −n T  
···
ΦqΦ q
· · · Φq µ
Φ q   FE + F̃∂n 
=  Φq µ Φ q




..
..
..
..
..


.


.
.
.
.
N −n ?T
?T
N ?T
(N
)
µ
Φ
µ
Φ
Φ
···
Φq q
· · · Φq
Φq
F + F∂R
q
q
E

Equation (10) is a relation between the DOF and nodal loads of the whole domain. Moreover,
the matrix on the right side of equation (10) is a block Toeplitz matrix [13, 14].
2.2

Assembly of boundary nodes

We are interested in the boundary nodes of the domain. The left and right boundaries are
q(0) and q(N ) . Otherwise, the up and down boundaries at the column n (noted by ∂n) are the
first and the last nodes of the column and we can define a matrix L so that:
q∂n = Lq(n) ,

F∂n = LF̃(n)

0<n<N

(11)

If we note
Φ̃q = LΦq ,
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Equation (10) become
I + Φq Φ?T
F
..

.


n ?T
 Φ̃qµ ΦF

..

.
Φqµ N Φ?T
F

ΦqΦ ?T
q

.
.

.

n ?T

=  Φ̃qµ Φq

..

.


0 0 0
−Φ?qµ N ΦTF
..
. . .. ..
. . .
.
? N −n T
0 Ĩ 0 −Φ̃q µ
ΦF
.. .. . .
..
.
. .
.
0

ΦqΦ ?T
q
..
.

0

I − Φ?q ΦTF

···
...

Φ?qµ n Φ̃Tq
..
.

···
..
.

···
..
.

Φ̃q Φ̃?T
q
..
.

···
...

Φqµ N Φ ?T
···
q



0

···
..
.
···
..
.




+  Φ̃qµ nΦ ?T
q

..

.
Φqµ N Φ ?T
···
q

Φqµ N −n Φ̃?T
···
q
Φ?qµ nΦ Tq
..
.

···
..
.

Φ̃qΦ ?T
q
..
.

···
..
.
···

Φqµ N −nΦ ?T
q




q∂L
  .. 
 . 


  q∂n 
 . 
  .. 
q∂R
Φ?qµ N Φ Tq
..
.




F∂L
 . 
  .. 


F∂n 
Φ̃?qµ N −nΦ Tq 


. 
  .. 
ΦqΦ ?T
q

(13)

F∂R


(0)
FE
.. 

. 




(n)

Φ̃?qµ N −nΦ Tq  
F
E


. 

 .. 
(N )
ΦqΦ ?T
F
q
Φ?qµ N Φ Tq
..
.



E

where Ĩ = LILT which is also an identity matrix. We can rewrite the aforementioned equation
as follows
Aq∂ = BF∂ + CFE
(14)
where A, B, C are defined corresponding to the matrices in equation (13).
2.3

Assembly of the whole structure

For the domain R, we have

 

 ?
q∂
F∂
D∂∂ D?∂I D?∂B
 D?I∂ D?II D?IB   qI  =  F?0 
F?B
D?B∂ D?BI D?BB
q0

(15)

where q0 , F?0 are given by the boundary condition and the loads of the domain R . From the
aformentioned equation, we obtain
 ?

 
  ?

D∂∂ D?∂I
q∂
F∂
D∂B q0
=
−
(16)
D?I∂ D?II
qI
F?0
D?IB q0
Equations (14) and (16) decribe the relations between q∂ and F∂ with the external loads and the
boundary conditions of the whole structure. We can have different methods to combine these
two equations which cost different calculation times. It is possible to reduce the cost by using
the properties of the Toeplizt block matrix B, C [14]. However, this article is limited to a simple
method by substituting equation (14) into equation (16) and we obtain
 ?

 
  ?

D∂∂ − B−1 A D?∂I
q∂
−B−1 CFE
D∂B q0
=
−
(17)
D?I∂
D?II
qI
F?0
D?IB q0
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Equation (17) permits to calculate the response of the domain R. This technique permits to get
the final expression of the dynamic stiffness matrix (DSM) of the whole structure by modifying
only the diagonal block of DSM of R corresponding to the rectangular domain boundary.
When the structure has severalrectangular domains, we can use the same technique for each
diagonal block to get the final DSM. For structures with connected rectangular domains, we
need to combine these domains as superelements before replacing into the DSM.
3

EXAMPLE

Let’s consider a 2D elipse of axes 6mx3m which contain a rectangular of size 4mx2m as
shown in Figure 4. The mesh is created by using 1586 elements S4 of thickness 0.1m. The stiffness and mass matrices are generated by Abaqus and other calculations have been performed
with Matlab. Figure 5 shows the results obtained by the finite element method (for the whole

Figure 4: Example of 2D structure with a rectanglar domain (red), a fixed boundary (blue) and a load (green)
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Figure 5: Response of one node calculated by the finite element method and the new method

structure) and the new method. The two results agrees well. Althought the new method can
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reduce the number of DOF (from 3322 to 1840), the WFE cannot reduce the calculation time
in comparing with FEM (5.4s vs 20.9s). One reason is that the calculation of Toeplitz matrices
(which are full matrices) have not been optimized.
4

CONCLUSIONS

This article introduces a new technique for coupling the finite element method and the wave
finite element method by using superelements. For a 2D structure of arbtrary shapes, we define
superelements as rectangular domains. Each superelement is a periodic structure where we can
apply WFE. We obtain then a relation between the DOF at the superelement boundary and the
external nodal loads via Toeplitz matrices. The technique permits to reduce the number of DOF
but it needs to optimize the calculation of Toeplitz matrices in order to reduce the calculation
time.
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Abstract
The many catastrophic earthquakes that occurred in Italy in the last fourty years underline
how Italy is one of the European countries at the highest seismic risk. For this reason, the
vulnerability of infrastructures needs to be investigated. This paper considers the railway
network as a case study with a focus on railway bridges, which are neuralgic nodes of the
whole system. The most common types of railway bridges in Italy are masonry arch bridges
and girder bridges with either a continuous deck or a simply supported deck. Here, we specifically analyze railway girder bridges.
Eucentre evaluates the seismic vulnerability of railway bridges through the definition of
fragility curves. Fragility curves result from analytical procedures that determine the seismic
behaviour of structures according to the structural typology as well as the level of knowledge
of the bridge. One step of these procedures is the simulated design, which aims at reducing
the number of variables in the process and requires the knowledge of the regulatory limits
used at the time of the design. This paper presents those regulatory limits that concern: (i)
loads, (ii) materials resistance, (iii) longitudinal and transversal reinforcement percentages
for reinforced concrete bridges, and (iv) bearings. These limits derive from a detailed bibliographic study on Italian regulations, concerning the design of railway bridges from the beginning of 1900 to the present.

Keywords: Railway Bridges, Italian Regulation, Simulated Design, Seismic Vulnerability.
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1

INTRODUCTION

The Italian railway network is made up of about 17000 km of rail lines that are in operation and are largely developed in medium-to-high seismic hazard zones. Important elements
of this network are viaducts. The most common types of railway bridges in Italy are masonry
arch bridges and girder bridges with either a continuous deck or simply supported deck. In
this paper, only the railway girder bridges are analyzed, a brief description of which is also
given in relation to the deck material.
The seismic vulnerability of railway bridges is generally assessed through fragility curves.
Fragility curves can be obtained through different methods, such as analytical methods that
involve the mechanical modeling of the structure.
For the seismic behaviour of the modeled structure to be plausible, the characteristics of
materials, the amount of reinforcement, and the types of bearings used in the modeling need
to be as close as possible to the actual conditions of the bridge. This information is included in
the project documents which are usually not available. To solve this problem, the simulated
design of the structure is carried out using the limits imposed by the regulations in force at the
time of design.
To this end, this paper provides a brief bibliographic review of the regulations used for the
construction of reinforced concrete railway bridges from the beginning of the last century to
the present day. The first Italian regulation available on the design of reinforced concrete
railway bridges dates back to 1995. For this reason, the provisions on the reinforcement of
piers as well as on the mechanical characteristics of materials derive from the regulations issued in Italy starting from 1907 concerning the construction of public reinforced concrete
structures. For mobile loads, instead, specific technical standards have been considered starting from 1946.
The definition of the permanent load depends on the composition of the superstructure. For
this purpose, this paper also provides the weights of the railway track and ballast, as well as
the weight of noise barriers suggested by the latest technical specifications issued by the Italian State Railways ([1], [2], [3]).
Finally, this paper gives a brief bibliographic review of the standards on the types of bearings for railway girder bridges from 1972 onwards. It is very important to identify the geometrical and mechanical characteristics of these devices so that their actual function can be
taken into account during their simulated design. A wrong modeling of bearings could affect
the actual seismic response of a bridge because it changes the way in which mechanisms of
the pier-bearing system are activated.
2

RAILWAY GIRDER BRIDGES

One of a widely used bridge typology in the Italian railway network is represented by girder bridges. The deck can consist of reinforced concrete, prestressed reinforced concrete, or
steel, and generally lies on unreinforced concrete, reinforced concrete, or masonry piers. The
deck can be simply supported or continuous, thus giving rise to an isostatic or hyperstatic static scheme, respectively. Between the deck and the vertical structure of the bridge are the bearings, the choice of which depends mainly on the type of deck and the type of constraint to be
obtained.
In case of a reinforced concrete deck, the method of construction depends mainly on the
length of the individual spans as well as on the total length of the bridge. Specifically, the
deck can be made of: (i) a slab, (ii) steel girders embedded in concrete, and (iii) reinforced
concrete plate girder. The bridge with slab deck is the simplest system used in rail transport,
but only when the spans do not exceed 4 m. On the contrary, the deck with steel girders em-
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bedded in concrete or reinforced concrete plate girder is used when, for orographic reasons,
the deck cannot be very thick. In particular, the deck with steel girders embedded in concrete
is no longer than either 13 m, in the case of “double T” beams, or 20 m, in the case of “double
T” beams with wide wings. In presence of a deck with reinforced concrete plate girder, instead, the girders also have the function of parapet and can reach heights of also 3.5 m. The
deck is continuous and supports the railway superstructure.
In addition to reinforced concrete, the deck can be realized with prestressed reinforced
concrete beams. This deck can reach a length that ranges 35 m and 50 m and is generally
made of isolated or box beams. When the beam has a box cross-section, the common practice
provides for the use of a box for each track. In this case, the beams are connected among each
other with cross-beams (which are prestressed, too) to guarantee the beams cooperation in the
usual load conditions (e.g. the passage of a train) so that fatigue phenomena can be reduced.
Nowadays, the prestressed reinforced concrete deck is really common on both ordinary and
high-speed railway lines.
Another type of deck is the steel deck, which has been widely used in the past; nowadays,
however, it is mainly used for long span bridges with reduced height or to replace pre-existing
steel girders. Because of the high cost of construction and maintenance, steel decks have
mostly been replaced by either the prestressed reinforced concrete decks for medium-to-long
span bridges, or reinforced concrete and mixed structure decks for bridges with shorter spans.
The most common railway steel bridges are made of straight girders lying on masonry or reinforced concrete piers. In the case of bridges with more than one span, however, it is preferable
to create non-continuous decks on which the track can be either direct lying or ballasted. Depending on the length of the deck, the direct-laying girders can be twin-girders (for spans between 10-25 m), plate girders (for spans between 30-40 m), or truss girders (for spans
between 35-100 m). For what concerns bridges with railway tracks lying on the ballast, they
generally have a deck with steel-concrete composite girders. In this case, the beams can be
“double T” or box section collaborating with the concrete slab and reach a length of about 2025 m. To guarantee the interaction between all the girders of the deck, cross-beams are also
used, especially in the presence of live loads.
3
3.1

ITALIAN REGULATIONS FROM 1900 TO NOWADAYS FOR RAILWAY
GIRDER BRIDGES
Resistance of Materials

The first recommendations about the construction of reinforced concrete structures were
issued in Italy with the Royal Decree 10/01/1907 [4]. This decree provided the first indications about the maximum strength to be considered in the structural calculation for both concrete and reinforcement. In particular, this standard stated that the compressive strength of
concrete at 28 days of hardening σr,28 must not be less than 150 kg/cm2, the fifth part of which
corresponds to the simple compressive safety load of the concrete to be used in the calculation.
Concerning the reinforcement, the regulation allowed the use of smooth steel rebars with a
tensile strength between 36 kg/mm2 and 45 kg/mm2. The safety tensile and shear loads, instead, should not exceed 1000 kg/cm2 and 800 kg/cm2, respectively. For the reinforcement,
the decree introduced a further limitation, namely the quality coefficient, which is obtained by
multiplying the unit failure load per mm2 by the percentage elongation. This coefficient,
which should not exceed 900, was then replaced by the percentage of elongation at maximum
tensile strength of the reinforcement in the Royal Decree issued on 4/09/1927 [5]. With the
exception of this introduction, the Royal Decree 4/09/1927 [5] has not made substantial
changes compared to what was already established by the previous decree [4]. In fact, the de-
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cree only reduced and slightly increased the values of the safety concrete load (30 kg/m2 and
40 kg/m2 for 2nd and 1st quality concretes) as well as the tensile and shear steel ones (1200
kg/cm2 and 960 kg/cm2). As a result, the tensile strength of the steel changed slightly, i.e.
3800-5000 kg/cm2, corresponding to a minimum elongation of 27% and 21%, respectively.
With the Royal Decree 23/05/1932 [6], the classification of concretes had been improved
and divided into Portland, blast furnace, pozzolanic, and aluminous. Portland, blast furnace,
and pozzolanic concretes could be of normal or high strength (see Table 1). The mechanical
characteristics of steel, instead, did not change compared to what was already indicated in the
Royal Decree 4/09/1927 [5].
Mechanical characteristics
of concrete
Crushing strength [kg/cm2]
Compressive safety load [kg/cm2]
Maximum tangential strength without reinforcement [kg/cm2]
Maximum tangential strength with
reinforcement [kg/cm2]

Portland, blast furnace, pozzolanic
concrete
Normal strength
High strength
450
600
40*-50**
50

Aluminous
concrete
650
65

2

4

4

14

16

16

*for structures under simple pressure; **for bent structures with a thickness not less than 10 cm.

Table 1: Mechanical characteristics of portland, blast furnace, pozzolanic, and aluminous concretes in the
Royal Decree 23/05/1932 [6].

The Circular 17/05/1937 [7] introduced the use of medium carbon steel, only in absence of
homogeneous steel. In terms of mechanical characteristics, the medium carbon steel had an
ultimate tensile strength between 5000 kg/cm2 and 6500 kg/cm2 to which percentages of elongation corresponded to 21% and 14%, respectively. The safety load of the steel increased
from 1200 kg/cm2 to 1600 kg/cm2.
In 1939 a new Royal Decree [8] was issued to regulate the construction of structures made
of unreinforced or reinforced concrete. In this decree, the compressive strength of concrete at
28 days of hardening σr,28 had to be at least three times the safety load σc,a adopted in the
structural calculations, but never less than 120 kg/cm2 and 160 kg/cm2 for normal-strength
concrete and high-strength or aluminous concrete, respectively. Regarding the reinforcement,
the Royal Decree 16/11/1939 [8] introduced high carbon steel, which allowed to adopt smaller rebar sizes due to its high specific resistance [9].
Table 2 reports the mechanical properties of the three types of steel permitted by the Royal
Decree 16/11/1939 [8].
Mechanical characteristics
of steel
Yield characteristic strength [kg/cm2]
Ultimate characteristic strength [kg/cm2]
Elongation [%]
Safety load [kg/cm2]

Mild Steel
≥2300
4200-5000
≥20
≤1400

Medium carbon
steel
≥2700
5000-6000
≥16
≤2000

High carbon
steel
≥3100
6000-7000
≥14
≤2000

Table 2: Mechanical characteristics of steels in the Royal Decree 16/11/1939 [8].

The Royal Decree 16/11/1939 [8] has remained in force until the first years of 1970s as a
consequence of a regulatory gap due to the Second World War and the following period of
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reconstruction. Between 1939 and the early 1970s, however, a series of circulars have been
issued, among which it is necessary to mention the Circular 23/05/1957 [10]. This circular not
only introduced a new denomination for smooth steel rebars, i.e. AQ42, AQ50 and AQ60,
equivalent respectively to the mild, medium carbon, and high carbon steel of Table 2, but also
introduced first indications on ribbed steel rebars [9]. The ribbed steel rebars were allowed in
special cases, such as shaped or bent rebars, and with a minimum elongation percentage of
12%.
A substantial change with respect to the previous regulations occurred with the Ministerial
Decree 30/05/1972 [11] which has laid the foundations of modern legislation. It introduced a
classification of ribbed steel rebars as well as a calculation method at the limit states, which
replaced the permissible stresses approach. This change defined the transition from a deterministic to a statistical calculation system due to the introduction of the characteristic value.
As a consequence, the yield strength and the ultimate strength were not intended anymore as
an average value but as the strength that had only a 5% probability of being lowered by the
effective resistance [9]. The Ministerial Decree of 30/05/1972 [11] distinguished six classes of
concrete by a number that expressed the characteristic cubic resistance at 28 days of hardening R'bk, from which it was possible to obtain the mechanical characteristics of the concrete
(e.g. compressive strength, tensile strength, etc.). For what concerns the reinforcement,
smooth steels were divided in only two classes (i.e. Fe B 22 and Fe B 32), and the ribbed steel
rebars into three classes (i.e. A 38, A 41, and Fe B 44) (see Table 3).
Mechanical
characteristics of steel
Yield characteristic
strength [kg/cm2]
Ultimate characteristic
strength [kg/cm2]
Elongation [%]
Safety load [kg/cm2]

Smooth steel rebars
Fe B 22
Fe B 32

Ribbed steel rebars
A 38
A 41
Fe B 44

≥ 2200

≥ 3200

≥ 3800

≥ 4100

≥ 4400

≥ 3400

≥ 5000

≥ 4600

≥ 5000

≥ 5500

≥ 24
1200

≥ 23
1600

≥ 14
2200

≥ 14
2400

≥ 12
2600

Table 3: Mechanical characteristics of smooth steel rebars and ribbed steel rebars in the Ministerial Decree of
30/05/1972 [11].

After 1972, other decrees were issued about the construction of reinforced concrete structures, but they have not considerably changed the provisions of the Ministerial Decree
30/05/1972 [11] in terms of mechanical characteristic of materials. This is evident in Table 4
and Table 5, which report the mechanical characteristics of the rebars defined in the latest
standards on the construction of railway bridges, issued by Italian State Railways ([1], [2],
[3]). The only significant difference between the Circular n. I/SC/PS-OW2298 1997 [1] and
the newest Technical Specifications by Italian State Railways ([2], [3]) is the mechanical
characteristics of ribbed steel rebars (see Table 5). As stated in the Italian Seismic Codes
(NTC08) [12], the use of smooth steel rebars is definitely prohibited. Concerning concrete
properties, no substantial changes were made.
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Mechanical
characteristics of steel
Yield characteristic
strength [kg/cm2]
Ultimate characteristic
strength [kg/cm2]
Elongation [%]

Smooth steel rebars
Fe B 22k
Fe B 32k

Ribbed steel rebars
Fe B 38k
Fe B 44k

≥ 2150

≥ 3150

≥ 3750

≥ 4300

≥ 3350

≥ 4900

≥ 4500

≥ 5400

≥ 24

≥ 23

≥ 14

≥ 12

Table 4: Mechanical characteristics of smooth steel rebars and ribbed steel rebars in the Circular n. I/SC/PSOW2298 and following update of 1997 [1].

Mechanical characteristics of steel
Yield characteristic strength [kg/cm2]
Ultimate characteristic strength [kg/cm2]
Elongation [%]

B450C
≥ 4500
≥ 5400
≥ 7.5

Table 5: Mechanical characteristics of ribbed steel rebars in the newest technical specifications by Italian
State Railways ([2], [3]).

3.2
3.2.1

Definition of loads
Permanent loads

The permanent loads are obtained from the structural and non-structural loads, to which the
hydraulic and lateral earth pressures are added too, if existing.
The permanent structural loads are evaluated on the basis of the geometric characteristics
of the elements constituting the deck of the bridge (i.e. girders, cross-beams, and slab) and the
specific weights of the materials with which they are made. The latter are regulated by the
codes in force at the time of the structure design.
The non-structural load, instead, is obtained by adding the weight of all non-structural elements composing the superstructure, that are mainly: (i) the railway track, (ii) the ballast, (iii)
the waterproofing, and (iv) the noise barriers.
A railway track is defined as the totality of rails, sleepers, and fasteners.
The first rails were entirely made of cast iron, were very short, and mounted on large stone
blocks drowned in the ground. Due to the fragility of cast iron, it was later replaced by iron,
which is, however, subjected to wear. The solution to the problem of wear was the “double
headed rail”, which was mounted through hardwood wedges into special fixing plates, fixed
in turn on wooden sleepers. When the upper table was worn out, the rail was inverted so that
the lower table was ready to be used. As this process was complex and expensive, other solutions were developed, such as the “Vignoles rail” (named by the engineer who invented it),
which has a “double-T” profile with a wider lower table than the upper one. Advances in material science led to the replacement of iron with steel: steel performs better than iron and deforms less at high speeds. The intended use of the tracks defines the type of steel used for the
rails, their dimensions and, consequently, the weight and maximum permissible speed of the
vehicles. The higher the linear weight of the rail, the higher are its performances. Initially, the
rails had a weight of 18-25 kg/m or 27 kg/m. Later on, rails with a weight of 36 kg/m and 4648 kg/m became very common for secondary and main railways, respectively.
Since the 1960s, during the maintenance of existing railway systems, Italian State Railways replaced the old rails with “Vignoles” types UIC 50 and UIC 60. In Italy, the code that
describes the “Vignoles” type rails is UNI-3134 [13] which doesn't differ much from the Eu-
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ropean and UIC (i.e. Union Internationale des Chemins de fer) regulations. Table 6 shows the
weight of rails in kg/ml according to UNI-3141 [13].
Type
21
27
30
36
46
50
60

Weight
[kg/m]
21.373
27.350
30.152
36.188
46.786
49.850
60.34

H
[mm]
100
120
125
130
145
148
172

F
[mm]
50
50
56
60
63.5/67.2
65.2/70
70.6/74.3

B
[mm]
80
95
100
100
135
135
150

A
[mm]
10
11
12
14
14
14
16.5

Table 6: Weight and geometrical properties of rails in kg/m according to UNI-3141 [13].

The sleepers, instead, can be made of wood or prestressed reinforced concrete.
Wooden sleepers are the oldest and still widespread. For reasons of cost, of supply as well
as of a reduced service life due to adverse weather conditions, in the past wooden sleepers
were replaced by iron ones. Nowadays, especially on high-speed rails, prestressed concrete
mono-block or twin-block sleepers are used. The twin-block sleepers differ from the monoblock types because they consist of two parallelepiped prestressed concrete elements connected to each other by a steel bar.
Table 7 shows the geometric characteristics and the sleeper’s weight in kilogram. To calculate the weight per meter, it is necessary to refer to the module, i.e. the number of sleepers that
are in 6 m of track length. The module depends on the class of the railway line, and consequently on the maximum load and speed of the train, and can be:
• Module 6/10, i.e. 10 sleepers in 6 m (used for tracks belonging to the main rail network

suitable for the highest speeds, for 18 t/axle in case of isolated axles, and for more than 18 t
in case of locomotive axles);
• Module 6/9, i.e. 9 sleepers in 6 m (used for complementary rail network as well as for
crossing or priority rails suitable for lower speeds, for 18 t/axis in case of isolated axles,
and for more than 18 t in case of locomotive axles); and
• Module 6/8, i.e. 8 sleepers in 6 m (used for tracks belonging to the secondary rail network
as well as for all other rails suitable for even lower speeds and 16 t/axis in case of isolated
axles).
To connect the sleepers to the rails, and often to ensure electrical insulation, the used fasteners can be of different types; their weight has little impact on the non-structural load.
Type of sleeper
Wood
Prestressed concrete
mono-block
Prestressed concrete
twin-block

Length [mm]
2600

Depth [mm]
260

Thickness [mm]
160

Weight [kg]
80 – 100

2300 - 2600

300

180 – 230

250 – 370

2300

300

220

245

Table 7: Geometric characteristic of the sleepers.

The railway tracks generally lay on a layer of ballast; the latter can be replaced by a concrete plate in very special cases, such as viaducts with an isostatic structure and length span
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not exceeding 30 m. The ballast is a layer of crushed stone with a thickness that can be about
50 cm or 35 cm, depending on whether the importance of the rail network is primary or secondary. The stone material has an internal friction angle of not less than 45° and an apparent
volumetric mass of not less than 1.5 t/m3.
Between the deck and the ballast exists a waterproofing layer consisting of two sheaths,
one at the top and one at the bottom, and a protective layer of bituminous conglomerate about
5 cm thick. The membranes at the top and the bottom of the waterproofing layer have a thickness of about 5 mm and 3 mm, respectively, and a weight of 4 kg/m2 and 3-3.5 kg/m2, respectively. The bituminous conglomerate generally weighs 80-90 kg/cm2.
Finally, the superstructure is also composed of noise barriers, the weight of which is usually taken from the manufacturer’s data sheets.
Table 8 shows the weight and height to be considered for the design of the noise barriers
provided by: (i) the Circular n. I/SC/PS-OW2298 1997 [1], (ii) the Technical Specification
“RFI DTC INC PO SP IFS 001 A” 2011 [2], (iii) and the Manual for the Design of Civil
Structures “RFI DTC SI PS MA IFS 001 A” 2016 [3].
Regulation
Circular 13/01/1997 [1]
Technical Specification “RFI-DTC-INC-PO-SPIFS-001-A” 2011 [2]
Manual for the design of civil Structures “RFI
DTC SI PS MA IFS 001 A 2016 [3]

Weight
[kN/m2]
2,0

Height from the slab
floor [m]
4,0

4,0

4,0

4,0

4,0

Table 8: Prescriptions for noise barriers ([1], [2], [3]).

In the case of a superstructure consisting of ballast, railway track, and waterproofing (including the bituminous conglomerate), the non-structural load can be simply calculated by
considering a total volume weight of 18 kN/m3. This volume weight is applied over the entire
average width between the paraballast walls, for an average height between the top rail and
the extrados of the deck equal to 0.80 m. For bridges in curved railway sections, , the weight
of the ballast used to create the superelevation must be added to the conventional weight indicated above, which is evaluated with its actual geometric distribution and with a volume
weight of 20 kN/m3 ([1], [2], [3]).
3.2.2

Train Live Loads

The simulated design of railway bridges requires an estimate of the train live loads used in
the planning step according to the year of structure design.
For reinforced concrete bridges, the first regulation on this topic was issued in 1946, when
Circular 30/10/1946 [14] introduced a formula for the evaluation of a dynamic increase coefficient φ to be used for reinforced concrete bridges:
ϕ=

0.4
0.6 ,
+
1 + 0.2L 1 + 4P/S

(1)

in which L is the theoretical load capacity of the beam, P the overload, and S the permanent load. For the concrete structures design before the Circular n. I/SC/PS-OW2298 1997 [1],
the increase in load due to the passage of trains was carried out by increasing the values of
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overloading by 25%. This criterion derived from some regulations concerning the construction of concrete structures that were issued before 1945.
From 1945 until the following year, instead, the design of reinforced concrete bridges was
carried out by using the dynamic increase coefficient φ defined in the Circular 15/07/1945 [15]
for steel bridges: its value depended on both the design speed V and the theoretical capacity L
of the structural element to be designed. Specifically, if rail joints were absent or only welded,
the dynamic increase coefficient φ was assumed to be maximally of 40% to be associated to
the elements of limited theoretical capacity L. This value was subsequently increased to 50%
as well as the maximum design speed Vmax that became equal to 100 km/h. As a consequence,
the dynamic increase coefficient φ never exceeded 50%. Concerning the train live loads, Circular 15/07/1945 [15] defined two types of load in relation to the presumed railway traffic, i.e.
“Type A” and “Type B” (see Figure 1). Alternatively, for the calculation of longitudinal ties,
cross-beams, and structural elements with a low theoretical load capacity, the standard allowed the use of an isolated axle of 30 t and 25 t, instead of the train live loads “Type A” and
“Type B”, respectively.
Before the Circular 15/07/1945 [15], other regulations defining the train live loads were issued in Italy, but we did not consider them here as they concerned exclusively iron and masonry railway bridges, which were in the past much more common than the ones made of
reinforced concrete. In Figure 2 we report only the train live loads used to design railway
bridges before 1916, when the Italian State Railways was founded.

TYPE A
N° 2 Locomotives

Limited number of vagons

(a)

TYPE B
N° 2 Locomotives

Limited number of vagons

(b)
Figure 1: (a) “Type A” and (b) “Type B” train live loads, used for the design of railway bridges according to
Circular 15/07/1945 [15].
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(a)

(b)
Figure 2: (a) “Category IV” and (b) “Category V” train live loads, used to design railway bridges before the
standard issued in 1916.

The provisions of the Circular 15/07/1945 [15] have remained valid until 1995, when the
Circular n. I/SC/PS-OW2298 "Overloads for the calculation of railway bridges - Instructions
for design, execution and testing" were issued, and then updated in 1997 [1]. This Circular
incorporated the instructions from the Eurocodes and introduced two new models of train live
load that replaced the previous ones. The new models of train live loads were:
• for normal railway traffic “LM71”;
• for heavy railway traffic “SW”, which was available in two different configurations “SW1”

and “SW2”.
The characteristic values attributed to the load models had to be multiplied by an adaptation coefficient α, which varied according to the category of the railway bridge to be designed
(see Table 9). Bridges could belong to two different railway categories, i.e. “ Category A” and
“Category B”. In particular, bridges in “Category A” applied to railways on which heaviest
trains circulated or should be able to circulate; on the contrary, bridges in “Category B” applied to the secondary railways of normal gauge, not included in “Category A”.
Load model
LM71
SW/0
SW/2

Adaption coefficient α
Category A
Category B
1.1
0.83
1.1
0.83
1.0
0.83

Table 9: Adaptation coefficient α depending on the load model and the bridge category defined in Circular n.
I/SC/PS-OW2298 " and its following update [1].

As it can be seen from Figure 3a, contrary to the provisions of the previous regulations, the
train live load was represented by both axial and distributed loads.
In particular, the load model for normal traffic “LM71” consisted of four axles Qvk of 250
kN, placed at a distance of 1.60 m from one another, and of a distributed load qvk of 80 kN/m
in both directions, starting from 0.8 m from the end axles Qvk till an unlimited length. In addi-
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tion, for this load model an eccentricity of the load towards the track axis was contemplated,
depending on the gauge s, to take into account the displacement of loads.
The load model for the heavy traffic “SW” (see Figure 3b), instead, was characterized by
two distinct configurations, as shown in Table 10.
Finally, for some particular controls, the Circular introduced a special train live load called
“Unloading Train”, represented by an uniformly distributed load equal to 12.5 kN/m.

UNLIMITED

UNLIMITED

a)

b)
Figure 3: a) Load model for normal railway traffic “LM71” and b) Load model for heavy railway traffic
“SW” defined in the Circular n. I/SC/PS-OW2298 and following update in 1997 [1].

Load model
SW/0
SW/2

Qvk [kN/m]
133
150

a [m]
15.0
25.0

c [m]
5.3
7.0

Table 10: Load model for heavy railway traffic “SW” defined in the Circular n. I/SC/PS-OW2298 and following update in 1997 [1].

The Circular n. I/SC/PS-OW2298 1997 [1] further introduced two different dynamic increase coefficients φ in relation to the state of maintenance of the railway line which could be
standard or reduced. These coefficients had to be applied to the theoretical load models
“LM71” and “SW” in case of a static analysis, to take into account the movement effects and
any imperfections of the rail, the wheels, and the suspension system. The Circular n. I/SC/PSOW2298 1997 [1] also contemplated real dynamic increase coefficients φreal to be multiplied
to load models representing a real train. Real train load models are used in particular conditions of analysis (or for the design of specific bridge typologies) and are made of concentrated
loads, variously spaced, that schematize the succession of the axes of convoys actually or potentially circulating; each of them was characterized by a maximum speed and a certain overall length [3].
Finally, the latest “RFI DTC INC PO SP IFS 001 A” 2011 [2] and “RFI DTC SI PS MA
IFS 001 A” 2016 [3] assume the same load models defined in the Circular n. I/SC/PSOW2298 1997 [1]. The only differences are: (i) the adaptation coefficient α, which herein depends only on the load model (see Table 11), (ii) the calculation of the real dynamic coefficient φreal, and (iii) the value corresponding to the unloading train, which became 10.0 kN/m.
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Adaption coefficient α
1.1
1.1
1.0

Load model
LM71
SW/0
SW/2

Table 11: Adaptation coefficient α depending on the load model defined in “RFI DTC INC PO SP IFS 001 A”
2011 [2] and in “RFI DTC SI PS MA IFS 001 A” 2016 [3].

3.3

Longitudinal and transverse reinforcement

In the seismic assessment of existing reinforced concrete bridges through analytical methods, the amount of longitudinal and transverse reinforcement in the piers needs to be known.
This information is usually given in construction plans, but not often available. To fill this gap,
the amount of the reinforcement can be derived from the appropriate code that was in use at
the time of the structure design.
Table 12 reports the minimum values of both longitudinal and transverse reinforcement defined from the Royal Decree 16th November 1939 [8] to the Ministerial Decree 4th 1992 [16].
The Royal Decree 10th January 1907 [4] is excluded since it does not contain any information
on the reinforcement to be placed in the reinforce concrete structural vertical elements. Instead, we deal separately with the Circular n. I/SC/PS-OW2298 1997 [1], the Technical Specification “RFI DTC INC PO SP IFS 001 A” 2011 [2], and the Manual for the Design of Civil
Structures “RFI DTC SI PS MA IFS 001 A” 2016 [3] because they are regulations issued directly by Italian State Railways.
In particular, for all viaducts built in territories seismically classified in 1st category (S=12,
where S represents the seismicity level), 2nd category (S=9), 3rd category (S=6), the Circular n.
I/SC/PS-OW2298 1997 [1] defined the minimum quantity of longitudinal reinforcement as
0.6%Aeff, where Aeff is the area of the effective concrete cross-section. This limit changed to
0.4%Aeff for all viaducts designed in the 4th seismic zone category (i.e. not classified zone),
with the exception of the Sardinia region. In addition, the longitudinal rebars had not to be
more than 300 mm apart. The diameter of the stirrups and transverse ligatures, instead, had
not to be less than 8 mm and was obtained according to relationships that depended on the
cross-section type of the pier, i.e. whether they were rectangular or circular, in both cases solid or hollow. Furthermore, in piers with a solid or hollow circular cross-section the use of spirals was not permitted anymore and were replaced by circular stirrups. To increase the level
of ductility of the structure, the distance s between the stirrups had to be more than 10 times
the minimum diameter of the vertical rebars.
The Technical Specification “RFI DTC INC PO SP IFS 001 A” 2011 [2] and the Manual
for the Design of Civil Structures “RFI DTC SI PS MA IFS 001 A” 2016 [3] resumed with
the established values from the Circular n. I/SC/PS-OW2298 1997 [1]. Regardless of the
seismic category for which the viaduct was designed, both Technical Specification and Manual for the Design of Civil Structures ([2], [3]) fix a minimum longitudinal reinforcement value
of 0.6%Aeff. As established in the Circular n. I/SC/PS-OW2298 1997 [1], the longitudinal
rebars should be connected by stirrups, which should have a diameter greater than 8 mm, but
a pitch neither greater than 10 times the diameter of the longitudinal bars they connect nor 1/5
of the diameter of the section core inside them. In addition, piers with hollow section should
have at least 6 ties per square meter connecting the longitudinal reinforcements. Finally, the
limitations to define the diameter of pier stirrups provided by the Circular n. I/SC/PSOW2298 1997 [1] were also present in the Technical Specification [2] and the Manual for the
Design of Civil Structures [3]. The only difference was that such limitations only applied if
the bridge design required the use of a structure factor q equal or less than 1.5.
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Code
R.M.D. 16/11/1939 [8]

M.D. 30/05/1972 [11]
M.D. 30/05/1974 [17]
M.D. 16/06/1976 [18]
M.D. 26/03/1980 [19]
M.D. 01/04/1983 [20]
M.D. 27/07/1985 [21]
M.D. 14/02/1992 [16]

Longitudinal
reinforcement

As≥0.8 % Ac (Ac ≤ 2000 cm2)
As ≥0.5 % Ac (Ac ≥ 8000 cm2)
0.8%Ac<As<0.5%Ac(2000cm2<Ac<8000cm2)
0.6 %Ac≤As≤5 %Ac
As ≥ 0.3 % Aeff
ɸl ≥12 mm
As ≥ 0.6%Ac
0.3%Aeff≤As≤5%Aeff
ɸl ≥ 12 mm
As ≥ 0.8% Ac
0.3%Aeff≤As≤6%Aeff
ɸl ≥ 12 mm

Transversal
reinforcement
p≤min(1/2Lmin,10ɸl)
p≤min(15ɸl,min;25cm)
ɸt ≥6 mm
p≤min(15ɸl,min;25cm)
ɸt ≥ 6 mm
p≤min(15ɸl,min;25 cm)
ɸt≥max(6mm;1/4ɸl,max)

As=Total steel area in a reinforced concrete pier cross-section; Ac=Concrete area strictly necessary for the axial load;
ɸl=Diameter of the longitudinal steel in the pier cross-section; Aeff=Effective concrete cross-section; p=Stirrups pitch;
ɸt=Stirrups diameter; Lmin=Smallest size of the pier cross-section; ɸl,min, ɸl,max =Smallest and biggest diameter of the longitudinal steel in the pier cross-section.

Table 12: Longitudinal and transverse reinforcement of reinforced concrete piers from the Royal Ministerial
Decree 16th November 1939 [8] to Ministerial Decree 4th February 1992 [16].

3.4

Bearings

Another necessary specification for the seismic verification of existing bridges relates to
the actual function of supports in the structural response. The structural response cannot
properly model the reality in case of inadequate modelling of support devices.
To this end, this section contains a brief description of the state of the art of bearings available in the Italian regulations from 1972 to the present.
The Technical Instructions CNR 10018/72 [22] provided guidance for the calculation, acceptance, and installation of elastomeric bearings, which could also be reinforced. To design
this type of bearing required to define: (i) the normal force due to vertical loads acting on the
support surface, (ii) the horizontal force due to permanent loads and thermal variations, and
(iii) the horizontal force depending only on accidental loads and maximum rotation expected
in the beam plane. Considering the most unfavorable combinations of the above mentioned
loads and deformations, it was possible to calculate: (i) the normal tension due to the vertical
load, (ii) the tangential tensions produced by the vertical load, the horizontal loads and the
rotation, and (iii) the shortening and the elastic sliding due to the vertical load and the horizontal forces, respectively. These stress values were then used to carry out strength, sliding,
and stability analyses in case of elastomeric bearings. In case of reinforced elastomeric devices, the verification of reinforcement was added to the analyses [23].
In 1985, Technical Instructions CNR 10018/72 [22] was updated. Specifically, in addition
to elastomeric devices, the Technical Instructions CNR 10018/85 [24] allowed also the use of
confined elastomeric disc bearings as well as PTFE slide bearings (PTFE stands for
polytetrafluoroethylene, commonly known as teflon).
The confined elastomeric disc bearings allow rotations around any horizontal axis due to
the deformability of an unreinforced rubber disc, confined within a steel monolithic base.
PTFE slide bearings, on the other hand, use sliding surfaces that consist of a layer of PTFE
sliding on a surface with a flat, cylindrical, or spherical shape and that is usually made of
stainless steel or aluminum alloy. To increase the load resistance, teflon is often combined
with other materials (e.g. graphite, glass fibers, etc.), which can bring its load resistance up to
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1000 daN/cm2. Although they have mostly good properties, the negative characteristic of these bearings is that they deplete due to their highly viscous behavior, especially if subjected to
reciprocal translations [25].
In 1987 the Technical Instructions CNR 10018 instructions were updated again: in this
case the changes mainly concerned the level of the maximum horizontal forces that the supports could transmit to the structure [26]. In particular, bearings with metal plates solidified
with reinforced concrete structures with cement or epoxy malt could transfer shear stresses of
no more than 25% of the normal concurrent action. For supports with ribbed steel plates as
well as with appropriate cavities or prominences, this limit could be increased by up to 35%.
For shear stresses exceeding the above limits, mechanical connections had to be used (e.g.
pins, clamps, etc.), especially in presence of bridges located in zones of high seismic hazard
or when potentially exposed to significant dynamic actions [23].
In 1996, the Technical Instructions FS 44/B [27] were issued and incorporated all the innovations introduced by the Decree of the Ministry of Public Works 16.1.96 [28] in case of
under-track structures designed in zones of high seismic hazard.
In 1998, the Technical Instructions CNR 10018 were improved again [29]. An important
change compared to the latest version of the instructions, i.e. CNR 10018/85 [24], was that
the use of natural rubber or neoprene devices was prohibited in favor of reinforced elastomeric bearings. Initially, natural rubber or neoprene devices were considered a valid alternative to
steel devices, characterized by phenomena such as slippage (for cylindrical steel devices) or
corrosion (both punctual and uniform). However, they were abolished because they showed
several problems, such as deterioration due to atmospheric agents, hardening of the rubber,
sliding of the support, as well as phenomena of fatigue and creep. These negative aspects
were greatly reduced in reinforced elastomeric devices, which were capable of withstanding
simultaneous loads and displacements in any direction and of restoring the undeformed configuration after the permitted displacements. Moreover, being immersed in the rubber, the
steel of the reinforced elastomeric bearings is preserved from the phenomenon of corrosion.
The only phenomenon that can cause the collapse of such devices is the delamination between
elastomer and steel, which, depending on the entity, can cause the total or partial loss of compressive strength without additional deformation. Finally, for the design and verification of
the elastomeric devices, the Technical Instructions CNR 10018/85 [24] considered the actions
to which they are subjected as well as the permitted displacements, both of which had to be
calculated using a three-dimensional analysis of the structure.
In addition to the different types of bearings already described in the previous versions, the
Technical Instructions CNR 10018/98 [29] provided new information on bridge bearings
made entirely of steel. The functioning of the steel devices is based on the physical rolling
phenomenon of two or more steel surfaces in contact with each other.
In 2002 the Technical Instructions FS 44/E were issued [30] that initially defined and described in detail which bearings had to be used for railway bridges, also according to the type
of movement allowed in the plane. In particular, the bearings could be fixed or movable. If
they are fixed, all the translations are prevented, otherwise translations in one or more directions of the plane are allowed. The Technical Instruction FS 44/E [30] also stated that all bearings had to be capable of rotation in accordance with the values given in the instruction itself
and that, if bearings were required to transmit high horizontal forces, it might be convenient to
use seismic restraints (fixed or movable).
Finally, the recommendations defined in the Technical Instructions FS 44/E [30] were also
included in the Technical Specification "RFI DTC INC PO SP IFS 005 A" 2011 [2], and then
later replaced by the Manual for the Design of civil Structures “RFI DTC SI PS MA IFS 001
A” 2016 [3]. The latter provides the requirements for the calculation, construction, installation,
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and control of bearings used for railway bridges in accordance with the New Technical Regulations [12], and following the Ministerial Circular 2 February 2009 no. 617 [31].
4

CONCLUSIONS

This paper gave a bibliographic review about the regulations on the design of railway girder bridges, issued in Italy from 1900 to the present.
In particular, the paper intended to report the main changes that have occurred at the regulatory level on the construction of reinforced concrete railway bridges, especially in terms of
mechanical characteristics of materials, loads, longitudinal and transverse reinforcements, as
well as bearings.
The first Italian regulation on the design of reinforced concrete railway girder bridges that
is publicly available dates back to 1995. The provisions on the reinforcement of piers and on
the mechanical characteristics of materials derived from regulations that had been issued in
Italy starting from 1907. For mobile loads and bearings, technical standards specifically issued for railway bridges had been taken into account from 1946 until 1972.
The definition of the permanent load depends on the composition of the superstructure. For
this purpose, this paper also provided information about the weights of the railway track and
ballast, as well as the weight of noise barriers.
The bibliographic review of the Italian regulations given in this paper provides a collection
of data that is necessary for the simulated design of railway reinforced concrete girder bridges
in Italy using analytical methods. The presented data depend on the year of design and the
type of railway bridge and eventually define the likely seismic behavior of these structures.
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Abstract
The aim of this work is to present an application developed by Eucentre (EUropean CENtre for
Training and Research in Earthquake engineering) to define fragility curves for RC railway
bridges in the framework of large scale vulnerability assessment.
The application creates a digital model of the analyzed structure automatically assembling the
representative objects which constitute the bridge, such as decks or piers, and the mutual relationships that each object has with the others. Then, the application generates a sequence of
nodes and beams, placed on a horizontal plane corresponding to the added planimetric layout
and, given the bridge coordinates, defines the site reference seismic hazard.
The obtained digital model allows to convert the structure individual components’ description
into a useful and functional finite element model. After selecting a certain number of return
periods corresponding to the reference seismic action, the application generates several spectrum-compatible accelerograms to perform nonlinear time history analysis. Nonlinear dynamic
analyses are preferred to others to better detect the seismic behaviour of bridges whose vulnerability is herein evaluated through the definition of fragility curves. In case of partial level of
knowledge, the finite element model cannot be defined. Hence, ad hoc simplified mechanicbased methodologies have been developed.
Two levels of capacity for the seismic verification are considered: one regarding the functionality (damage limit state) and the other regarding the bridge safety (collapse limit state).
These limit states, considered in the fragility curves derivation, essentially concern the piers’
deformation and resistance capacity (ductile and brittle failures) and the girders’ loss of support.
Keywords: Fragility curves, Railway bridges, Seismic vulnerability.
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1

INTRODUCTION

This work deals with the description of the development of an application for the determination of fragility curves for large-scale assessment of reinforced railway bridges.
Several studies on seismic risk assessment of infrastructures have been done in the past on
Italian infrastructures which mainly concerned the seismic assessment of highway and road
bridges [2][4][16][19][20]. Hence the need to deepen the seismic assess of railway bridges
through a methodology that allows a large-scale study of the seismic vulnerability of such structures through the construction of fragility curves. The goal of the work is to create a tool able
to generate the numerical model of a bridge through the execution of numerous non-linear timehistory analyzes to derive the bridge-specific fragility curves.
The application performs the structural calculations using OpenSEES [17] finite element
analysis program and generates a digital model of the analyzed structure, automatically constructing the representative objects of its parts, such as the deck, the piers and mutual relationships that each object has with the others. This digital model makes it possible to convert the
description of the individual components of the bridge into a useful and functional finite element model in order to carry out the simulations for the calculation of fragility curves.
The aim of the work is to provide specific fragility curves for individual railway bridges of
which complete data are known. The study of the methods of analysis of the seismic vulnerability of railway bridges object started by studying the structural typologies prevalently widespread in Italy. Among all the typologies, girder bridges were taken into account.
Girder bridges are generally formed by a deck constituted by multiple beams which can be
simply supported or continuous, in such a way as to have an isostatic or hyperstatic structural
scheme. Due to static and seismic loading, beams are subject to shear and bending forces. In
girder bridges, the deck it’s supported by unreinforced or reinforced concrete piers and can be
constituted by reinforced concrete, prestressed reinforced concrete or steel.
Between the deck and the vertical structure of the bridge there are the support devices, the
choice of which depends mainly on the type of deck and the type of constraint required. In the
case of a reinforced concrete deck, the adopted construction technologies are dependent mainly
on the total length of the bridge and the individual bays.
For spans over 4 m the simplest system used in the railway infrastructures consists of girder
deck and upper flange. The beams can have a double "T" or a box section and reach a length of
about 20-25 m. Cross beams are used to guarantee the collaboration between all the beams of
the deck: generally they have a height equal to that of the concrete ribs to which they are connected both in the head and in intermediate positions.
In addition to ordinary reinforced concrete, the deck can be made of prestressed concrete
beams. This type of deck allows to cover spans between 35 and 50 m and is used both in ordinary and high speed railway rail.
Another type are the steel decking bridges which have been widely used in the past; nowadays, however, these decks are mainly used for large-span bridges with reduced height or to
replace pre-existing metal girders.
Regarding decks with ballast presence, they are usually with a box or a mixed structure, or
composed of double "T" or box beams with a concrete flange slab.
2

MODELING

The application divides the bridge into three areas: super-structure, connections and substructures, where for connection area is intended all that is in between the super-structure and
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the sub-structures. These three areas are treated and processed in sequence because the geometric construction of the bridge is from top to bottom and the underlying parts depend on those
above them.
The elements constituting the super-structure are organized in a rigid hierarchy: the bridge
tracking is composed by decks, which are composed by one or more bays, divided into bay
segments. It is assumed that at the beginning and at the end of each bay there is a sub-structure
(pier or abutment). It is not necessary to specify either the planimetric position or the orientation
of these sub-structures, since it can be automatically deduced from the terminal position of bays
(the latter derives from the planimetric layout already known at the modeling of the sub-structures). The spans’ division into segments is useful for several reasons: to change the structural
section within a single bay; to insert internal releases (such as Gerber saddles); to follow a plan
curve layout; to obtain a discretization of the masses along the span to capture the dynamic
response of super-structure modes.
The application allows the maximum flexibility of definition of the super-structure: it allows,
in fact, to alternate both supported and continuous decks as well as to alternate straight or curved
(mixed pattern), even within the same bay.

Figure 1: Extruded view of a modeled bridge.

Each railway line of the bridge is modeled with an elastic single-line model consisting of
only finished beam elements (Figure 1).
For the geometric construction of the path, the application automatically calculates the planimetric angle that is tangent to the path in each node of the superstructure. This procedure
allows to define an intrinsic reference in the same point (horizontal axes tangent and orthogonal
to the bridge direction, plus the vertical axis) that is automatically assigned as a natural reference also for the connecting elements and for the substructures. In other words, substructures
are naturally and automatically rotated in their local reference to follow the trend of a curvilinear path.
The connection between the superstructure and the substructure is made by two objects:
connections and supports. The connection has the function of rigidly transferring the load transmitted by the end node of a span to the extrados of the substructure. This transfer is regulated
by two geometric quantities: one horizontal (ΔL) and one vertical (ΔZ). The latter consists of
two quantities: the distance of the center of gravity of the section measured by the deck intrados
(ΔZG) and the distance between the extrados of the pier cap and the intrados of the deck (ΔZC).
The ΔL and ΔZC values are input data, the ΔZG value is calculated automatically by the appli-
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cation. In a real bridge, the value ΔL represents the distance between the alignment of the supports and the end of the deck, while ΔZC is usually the vertical encumbrance of the bearings
plus the supports (Figure 2).
L

ZG
ZC

Figure 2: Deck and bearing geometry.

Figure 3 represents a simple substructure (single pier); in the case of portal, frame or multiple-frame piers, different assumptions are made for the connection between the nodes of the
pier and the lower ones of the supports.
In both articulated and simplest cases, it is always assumed that the axis of the substructure
is placed in the center of gravity of the master nodes of the respective connections that converge
to it.

Figure 3: Connection modeling scheme.

The element used for modeling the piers is the BeamWithHinges element of the OpenSEES
library [17]. It is formulated with an optimized integration scheme along its development that
employs non-linear fiber sections at the ends and elastic sections in the central part. The model
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considers a non linear behaviour that occurs in piers and supports. This limit is imposed by the
need to automatically manage numerous non-linear finite element time-history analyses.
To define the concrete material, the application employs a very small set of parameters.
For the definition of elastic properties it is necessary to specify the Young's modulus, the
Poisson's module and the unit weight.
For the definition of the non-linear properties, it is assumed a nonlinear stress-strain law (the
application uses OpenSEES's Concrete01 material [17]) for which, in addition to the weight
density, four values need to be specified: the concrete compressive strength at 28 days, the
concrete strain at maximum strength, the concrete crushing strength and the concrete strain at
crushing strength.
It is assumed that the mechanical properties of the concrete follow a lognormal distribution.
For each numerical simulation different sampled values are adopted.
For example, the case of the concrete compressive strength is illustrated:
𝑓

,

𝑓



,

(1)

where:

 ~𝐿𝑁 0, 

(2)

where βfco parameter is the standard deviation of the logarithmic distribution assumed for the
peak resistance of the concrete.
Similar to concrete, the application uses a very small set of parameters to define the steel
material. Also in this case, for the definition of the elastic properties, it is necessary to specify
the Young's modulus, the Poisson's modulus and the unit weight.
For the definition of the non-linear properties, the application uses OpenSEES's Steel01 material [17] with uniaxial bilinear steel material object with kinematic hardening for which it is
necessary to specify the yield stress and the hardening in addition to the unit weight and the
Young's modulus. Also in this case, the mechanical properties follow a lognormal distribution
defined in the same way as concrete.
2.1 Supports
The first support devices used for reinforced concrete bridges, with a span less than 18 meters, were those made of two lead sheets of one centimeter each, between which was interposed
or a steel sheet thick one millimeter (fixed type support) or two steel sheets with graphite contact
faces (mobile type support).
Nowadays, steel support devices are spherical, hinged or pendulum type and are used in the
presence of steel decks or high reactions transmitted by the deck.
The support constraints of girder bridges vary according to the type of deck. They can be
classified in relation to the physical principle used (i.e. rolling, deformation, and sliding), to the
degrees of freedom (i.e. fixed supports and mobile bearings) to the transmission of the load (i.e.
punctual, linear, and superficial) and to the material they are made (i.e. steel, aluminum, natural
or synthetic rubbers).
For the support devices, the application foresees that the constitutive law of the two degrees
of freedom associated with horizontal translations is specified, since the remaining DOF are
either completely rigid (vertical or rotational DOF) or completely flexible (rotational DOF).
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The types of support that have been implemented in the program have been chosen according
to the most common types of support in Italian railway bridges and are summarized in Table 1.
Type of support

Description
the translational DOF and all the rotational DOF are
Fixed
fixed
both the DOF (in plan) are fixed and all the rotational
Spherical hinge
DOF are free
both the DOF (in plan) are fixed and a single free rotaCylindrical hinge
tional DOF
Mobile
both DOF (in plan) are free
the longitudinal DOF (in the local reference) is free,
Unidirectional longitudinal
the transverse one is fixed
the transverse DOF (in the local reference) is free, the
Unidirectional transversal
longitudinal one is fixed
the two DOF have two elastic perfectly plastic constiAnisotropic elastoplastic
tutive laws decoupled
the two DOF have isotropic elastic perfectly plastic
Isotropic elastoplastic
constitutive law
Friction
the two DOF have a friction isotropic constitutive law
Table 1: Typologies of supports.

With reference to the OpenSees calculation engine [17], the finite elements used for each
type of support are constituted by TwoNodeLink finite elements: depending on the type of constraint and on the degrees of freedom, materials that represent a linear or fixed DOF are assigned.
In the case of anisotropic elastic a ElastomericBearing finite element is used in the two direction,
while in isotropic only one typology is defined. In the case of friction support a FlatSliderBearing finite element is used.
2.2 Definition of loads
The weights and permanent loads are calculated directly in the hypothesis of standard configurations provided by the application for super-structures and sub-structures. For what concerns super-structures, the application allows two different ways to define the contribution due
to the dead load. The first is the direct specification of total weight per meter of deck: this
condition makes it possible to generalize the application to all those configurations that are
explicitly provided for. The second is the specification of the weight only of the carried permanent loads, assigning to the application the automatic calculation of the weight contribution of
the structural section of the deck.
The determination of the carried permanent loads referring to the ballast, the railway track
and the waterproofing has been carried out assuming a volume weight equal to 18 kN/m3 applied over the entire average width between the ballast retaining walls for a medium height
between rail level and deck extrados of 0.80 m, as indicated in § 5.2.2.1.1 of DM2018 [11]. In
particular, the ballast load was defined per unit length of longitudinal development of the bridge
(in kN/m), considering an average width of the ballast equal to 4.90m.
In addition to its own weights and permanent vertical loads and masses, the application allows to apply a portion of the vertical loads and masses associated with the transit of the train.
The loads used in the application are those in § 5.2.2.2.1 of the Italian DM2018 [11] code by
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means of different load models representing the different types of rail traffic: normal and heavy.
Three types of load can be considered: LM71, SW/0 and SW/2. The loads’ values have to be
multiplied by an adaptation coefficient "α", variable according to the type of infrastructure, and
by a coefficient φ, which takes into account the dynamic nature of the trains transit.
In order to evaluate the overloads associated with the transit of trains and the part of them to
be used for seismic checks, the value of the qtr load per unit of length was assumed equal to:
𝑞

𝑞

,

𝛼 𝜑

(3)

where α and φ are respectively the adaptation coefficient and the dynamic coefficient described above, while qeq,tr represents the equivalent uniformly distributed load per unit of length
defined as a function of load models LM71, SW/0 and SW/2.
The loads associated to the transit of trains are applied to the bridge as loads per unit of
longitudinal development length (in kN/m) and assumed ones equal to ψ2ꞏqtr.
In the seismic vulnerability calculations the condition that involves the presence of the overloads and the masses associated with the transit of the train convoys is assumed by adopting ψ2
equal to 0.2 according to § 5.2.2.8 of the Italian DM2018 [11].
3

DEFINITION OF LIMIT STATES

The limit states considered in the calculation of fragility curves vary in relation to structural
elements and are:
1) for piers: the ductile and fragile mechanisms. The ductile mechanisms depend on the total
chord rotation amount while the fragile ones depend on the element shear.
2) for decks: the loss of support mechanism towards the supports or the pier cap, controlled
by the relative excursion of the support devices.
3) for supports bearings the achievement of the maximum capacity in terms of resistance.
For all the limit states considered, two levels of capacity are foreseen during the verification:
one related to the necessity to carry out repair interventions (damage limit state) and the other
concerning the safety of the bridge (collapse limit state). An exception to this rule is the fragile
shear mechanism on the piers, for which only the collapse limit state is defined. The operation
limit state is, instead, linked to the deformations limit defined in relation to the train’s safe
transitability of the bridge and the limits imposed are not connected with the damage to the
structures.
The expressions of capacity used for the calculation of the mechanisms inherent to the piers
are those reported in DM2018 [11] and described in §3.1.
These capacities are to be understood different according to the two directions of the cross
section of the pier. When verifying the overall limit state of the section, it is assumed that the
risk indicator , understood as the ratio between demand and capacity, is obtained, for each
time step, by the SRSS combination of the results of the checks on the two main flexion plans.
As an alternative to the SRSS combination rule, the rule for combining the directional maximum is used, for example in the loss of support verification. With reference to the three mechanisms examined (“” ductile mechanism, “V” fragile mechanism, “d” loss support
mechanism), is obtained:
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The application optionally allows to replace the directional combination rule related to the
SRSS shear with the most usual rule that uses the directional maximum:



𝑚𝑎𝑥 

,

,

(5)

,

The loss-of-support mechanism of decks, although rare, is very dangerous in bridges and
occurs when there is an excess of relative excursion between the super-structure and the substructure. This eventuality can occur either on alignments of mobile bearings, when they don’t
guarantee an appropriate restraining retention or they collapse, or on alignments of fixed bearings when they collapse.
The loss of support can have a different degree of severity if referring to the support or pier
cap. In the first case, the span falls from its natural seat but does not collapse because supported
by the pier cap while, in the second case, the falls of the deck from the pier cap implies the
partial collapse of the bridge. This substantial differentiation is maintained during the verification by associating the fall from the support to the damage limit state and the fall from the pier
cap to the collapse limit state.
Finally, the assumptions regarding the definition of the limit states concerning the bridge as
a whole and not just its components (piers and supports) are illustrated. As already highlighted,
each of the controlled mechanisms on the components is a main mechanism, i.e. the achievement of the corresponding limit state on the component implies the achievement of the same
limit state on the bridge. This hypothesis is known in the theory of systems as a series arrangement of the components and, although it is the simplest hypothesis that can be formulated, it is
quite adherent to the physical reality of bridges, especially in the collapse limit state. It is normal,
in fact, to assume a collapsed bridge when one of its piers or girders has collapsed.
3.1 Ductile and brittle mechanisms
The capacities, in terms of total yield and ultimate rotation, are given by the expressions:
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𝐿
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where the length of plastic hinge was evaluated as:
𝐿

0.1𝐿

0.17ℎ
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where φy and φu are the yield and the ultimate curvatures; h is the height of the section, dbL
is the diameter of the longitudinal bars; fy and fc are the strengths of the materials; LV is the
shear span at member end and is equal to M/V. LV can be approximated to L (for single beam
and frame piers ) and to L/2 (for frame piers) in the longitudinal and transversal direction, respectively.
These capacity expressions are evaluated separately for longitudinal and transverse direction
of the base section of each pier.
The application provides for the adoption of different expressions for the shear capacity (resistance): the expressions in the DM2018 [11] (attached to the Circular § C8.8.5.5 [9]), the
expressions referable to Priestley-Kowalski [21]or those present in the Eurocode 8 part 3[6].
The shear capacity Vu is always calculated according to the expression:
𝑉

𝑉

𝑉

𝑉

(9)

where VC, VS and VN are the contributions of concrete, stirrups and normal stress.
3.2 Loss of support
The amount of demand for determining the risk related to the loss of support mechanism is
the relative excursion between super-structure and sub-structures for each alignment of supports,
equal to the average deformation of the bearings of each alignment.
This excursion is verified both in the longitudinal direction (parallel to the bridge axis) and
in the transversal direction, since the two directions can have different capacity limits. In particular, these capacities must be specified in each alignment, as well as for the two main directions, also for both the verified limit states (SLD and SLC): dSLD,longitudinal, dSLC,longitudinal,
dSLD,transverse, dSLC,transverse.
Normally, it is assumed, as a capacity to the damage limit state, the limit that implies the
non-damage of the devices and in any case the fall from any supports, and as limit of the collapse limit state, the limit of fall from the pier cap which implies collapse.
In the absence of input data, the application estimates the capacities for the loss of support
mechanism based on the geometrical data of the bridge. In this case, it is advisable to carefully
evaluate the engineering consistency of these quantities. As an example, Figure 4 reports a
typical case for the loss of support of the span from the pier cap in the longitudinal direction;
in this case the application simply estimates a capacity equal to b/2-e according to Figure 4.

Figure 4: Scheme for the loss of support in the longitudinal direction.

4

GENERATION OF FRAGILITY CURVES

For girder bridges the application generates fragility curves, defined by cumulative probability distributions that allow to estimate the probability of reaching or exceeding a given level
of damage for a given severity of ground shaking, for each boundary state analyzed through the
following steps. The bridge is modeled for non-linear analyzes in the time domain.
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The seismicity of the national zonation site is acquired, i.e. on the basis of the seismic hazard
related to the site of the bridge as well as of the local amplification effects due to the soil. Then
it is possible to select n periods of return of the seismic action and calculate the corresponding
elastic response spectra (n ~ 9). The maximum number of selectable return periods is 9 in line
with national technical standards (DM2018 [11]). Spectrum compatible signals (m ~ 10) are
generated on the basis of the elastic projections for each return period.
Simulations are performed and the application proceeds with the extraction of the time history of the variables and the quantity of demand (N, V, θ for piers and d for supports), where N
is the normal stress acting on the elements, V is the shear and d is the excursion of the supports.
Subsequently the capacity vectors are calculated for each verified limit state, generally dependent on the time history of the variables (θSO, VSLC, θSLD, θSLC, dSLD, dSLC). At this point,
risk indicators (ρ) are calculated as the ratio between demand and capacity for each limit state
verified for each component of the bridge. Each risk indicator depends on five indices: the
period of return of the seismic action (i1); the analyzed signal (i2); the time step of the signal
(i3); the component of the bridge (pier or support) (i4) in hypothesis of state limit of damage
(SLD) and collapse (SLC), while monitoring only the displacement at the top of the piers in
hypothesis of operation limit state (SLO); the verified direction (i5), indicating more simply X
or Y. At this point a directional combination of the risk indicators is made according to whether
they are piers or supports. The Y risk indicators of the system are calculated from the component indicators (envelope of the mechanisms). Subsequently, the normal fit log of the Y risk
indicators is performed with respect to the signals analyzed and the calculation of the probability of exceeding the verified limit state, conditioned to the return period (point of the fragility
curve).
Figure 5 shows the risk indicators for the damage limit state (sx) and the collapse limit state
(dx), and at the bottom the relative fragility curves for a specific bridge analyzed.

Figure 5: Risk indicator and fragility curve example.
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For the calculation of the fragility curves shown in Figure 5, nine return periods of the reference input motion were adopted, and for each of them 10 simulations were carried out.
The application provides a report for each of the four phases of analysis: data acquisition,
static analysis, seismic input, and dynamic analysis.
5

CONCLUSIONS

The paper deals with the development of an application for the automatic calculation of fragility curves of railway bridges in the hypothesis of complete knowledge of the bridge. The
main hypotheses adopted in the structural modeling of bridges are illustrated.
The FEM analyzes are carried out in the time domain with partially degrading hysteretic
constitutive laws, using the OpenSEES [17] code: a description is given of the main analytical
options used in the calculation models. The application automatically manages numerous nonlinear finite element time-history analyses after carrying out the static analysis and calculating
the curvature moment relationship of each pier.
For each simulation, the input motion is obtained from a pair of artificial spectral-compatible
accelerograms generated by the application and applied to the structure fixed at the base in two
horizontal and orthogonal directions. The adopted reference spectra are those contained in the
current national code (DM2018 [11]).
The limit states considered in the calculation of the fragility curves essentially concern the
deformation and resistance capacity of the piers (ductile and fragile mechanisms) as well as the
loss of support of the deck towards the supports (bearing device or pier cap), due to the excessive horizontal excursion induced by seismic motion. These limit states are defined and checked
for the individual components of the bridge (piers and supports); since these components are
all main elements of the bridge, the achievement of a limit state on a component automatically
determines the achievement of the same limit state on the bridge (system in series).
The procedure for calculating fragility curves is described with particular reference to the
articulated use of risk indicators. These indicators are instantaneous quantities defined as the
relationship between the seismic demand and the capacity of the components for each verified
limit state. Their elaboration allows the production of fragility curves.
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Abstract. A simple approach for integrating loads associated with seismic excitation of offshore wind turbine structures into foundation superelements is presented. This allows the load
calculation process for combined wind, wave and seismic loads typically conducted in collaboration between the foundation and the wind turbine designers to be performed similarly to
the conventional sequential procedure used for combined wind and wave loads. It is illustrated
how a time-varying seismic acceleration field can be converted into ground displacement time
series that can be used to excite the integrated wind turbine structure through a superelement
representation of the foundation. In contrast to the conventional approach where an acceleration field is applied to a local frame of reference, the present approach operates in an absolute
reference frame such that the kinematic variables – displacements, velocities and accelerations
– include the overall rigid body contribution from the prescribed ground motion. It is shown
that the proposed method exactly matches the results from the conventional approach based on
an acceleration field applied to a local frame of reference in absence of damping/or with deformation proportional damping only. Furthermore, it is illustrated for a more realistic example
of a jacket-founded multi-MW turbine model including a both mass and stiffness proportional
damping matrix that both methods still yield very similar results.
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1 INTRODUCTION
A key aspect in design and analysis of offshore wind turbine structures in seismically active
regions such as the rapidly growing new markets in Southern Europe, East Asia and Western United States is to properly account for the loading associated with earthquakes. While
the governing standards for offshore wind structures such as DNVGL-ST-0126, [1] are highly
developed for design load cases combining wind and hydrodynamic loads, less detailed guidelines are available for earthquake design and reference is instead made to EN 1998-5, [2] or
ISO 19901-2, [3] for detailed design criteria. However, these are mainly developed for building
structures or offshore oil & gas platforms, respectively, and not particularly suited for slender
offshore wind structures as also highlighted in e.g. [4, 5]. Nor do they consider the practical
issue that the design responsibility of the combined wind turbine and foundation structure typically is split between the wind turbine and the foundation designers, such that each has their
own structural analysis model in different special purpose software packages.
In contrast to hydrodynamic loads where the fluid-structure interaction is often ignored for
small structural deformations, the nature of earthquake-induced inertia loads requires the seismic analysis to be conducted on an integrated model representing the combined dynamic behavior of the substructure, here defined as the foundation including piles or buckets below mudline, and the superstructure, i.e. the tower and rotor-nacelle-assembly (RNA). The traditional
approach adopted for modeling seismic loads is to apply a uniform acceleration field representing the ground motion to the integrated structure, [6, 7], whereby the kinematic results –
displacements, velocities and accelerations – refer to a local accelerated frame of reference, [8].
However, due the split of responsibilities, no unified model accounting for combined seismic
and wind and wave loads exist. Instead, the aero-servo-elastic analysis conducted by the turbine
designer is performed on a superstructure model with a so-called superelement representation
of the substructure serving as boundary condition, [9, 10]. Therefore, application of a simultaneous acceleration field to both the substructure by the foundation designer before model
reduction and to the superstructure in the aero-elastic model by the turbine designer is complicated due to the fact that commonly used software packages in the industry do not accommodate
the necessary modeling or validation features across the split interface. To circumvent this issue
in practice, a simplified design approach is to perform the seismic analysis on a separate model
in either time of frequency domain and superimpose static wind/wave loads e.g. corresponding
to a 1-year return period, see [7]. However, neglecting the lack of correlation between the extrema for each of the environmental load contribution significantly increases the conservatism
inherent in the design.
In this paper a practical solution to the above described problem is presented. It is illustrated
how a time-varying seismic acceleration field can be converted into ground displacements that
can be used to excite the integrated structure solely through the foundation, thereby permitting
the loads to be embedded into a superelement representation hereof. In contrast to the conventional approach where an acceleration field is used to accelerate the structure in a local frame of
reference, the present approach operates in absolute frame of reference such that the kinematic
results include the overall contribution from the ground motion. An overview of the conventional procedure for foundation design is given in section 2, while the theoretical framework for
extension to seismic analysis and the validation hereof by means of representative numerical
examples are presented in sections 3 and 4, respectively.
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2 DESIGN PROCESS FOR OFFSHORE WIND TURBINE FOUNDATIONS
As mentioned in the introduction, it is common practice to split the responsibility between
the wind turbine and the foundation designers such that the former is responsible for the superstructure as well as the coupled aero-elastic simulations, while the latter performs the detailed
design of the substructure. For this purpose, it is convenient to exchange the computer model of
the substructure along with associated loads in a condensed form typically referred to as a superelement that can be included in the aero-elastic software used by the wind turbine designer.
This sequential approach serves two purposes: It significantly reduces the computational effort
needed to perform the integrated aero-elastic analysis, and it provides a clear split between the
responsibilities of the wind turbine and the foundation designers, see e.g. [11] for further details.

Wind field
simulation

Superstructure

Ms , C s , K s

Hydrodynamic
excitations from
waves and
currents

Interface reactions

Load vector

System matrices

BT λ

fs

M, C, K

Foundation
Load vector

Mf , C f , K f

Load vector

f

ff
ẍg (t)

xg (t)

Figure 1: Fully coupled aero-elastic model in a local frame of reference and substructured model with interface
section forces BT λ in a global frame of reference.

The details of the procedure can be summarized in the following three steps:
• Foundation model: The foundation designer prepares a detailed computer model of the
foundation that closely represents the geometry, relevant structural details, local joint flexibility and pile-soil interaction as well as the excitations acting directly on the foundation
such as gravity, buoyancy, wave/current loads.
• Aero-elastic simulation: A superelement representation of the detailed foundation model
and the associated load time series is prepared – typically according to the Craig-Bampton
reduction method, [10] – and delivered to the wind turbine designer, who performs coupled aero-elastic simulations of the full wind turbine model subject to combined wind and
other environmental loadings from the previous step.
• Recovery-run: The foundation designer performs a dynamic time domain analysis where
dynamic section force time series, extracted at the tower-bottom from the integrated aeroelastic analysis, are applied on a foundation-only model along with correlated permanent
and environmental loads. Hereby, the response of the full (non-reduced) foundation structure is recovered and can be used as basis for detailed design of individual members and
joints.
The approach has been adopted by the industry for a wide range of detailed designs of offshore
foundations and has further been validated within the scientific community e.g. in [11, 12].
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3 DESIGN PROCESS FOR SEISMICALLY-INDUCED LOADS
3.1 Equations of motion in local frame
Consider a discretized system representing an offshore wind turbine model including tower,
RNA and foundation to be used for aero-elastic analysis as illustrated in Fig. 1a. The full model
is described in terms of the mass matrix M, the damping matrix C and the stiffness matrix K,
while the associated degrees of freedom (DoF) – typically accommodating both translations and
rotations with respect to a local frame of reference – are stored in the vector u.
A seismic event acting on such a system is often modeled as a time-varying base motion
xg (t), which may be interpreted as a forced translation of the reference frame in which the
structure is defined, such that absolute displacement may be expressed, as
x = u + rxg (t) .

(1)

The vector r is introduced as an influence vector that picks out the relevant degrees of freedom,
i.e. of the form [ 1, 0, 0, 0, 0, 0, 1, 0, . . . ]T for translations in the x-direction.
Lagrange’s equations provide a classic and fairly general method for deriving the equations
of motion for a mechanical system. For motion in the local frame of reference these can be
expressed in terms of the variable u and its time derivative u̇ in the form


∂L
d ∂L
−
= f(t) − Cu̇ ,
(2)
T
dt ∂ u̇
∂uT
where L denotes the Lagrangian:
L = T − G,

(3)

in terms of the kinetic energy T and the elastic potential G. See e.g [13] for further details.
The right-hand side of (2) holds the time-varying external force vector f(t) representing direct
external loads on the structure such as wind, waves and gravity as well as the dissipative forces
Cu̇ associated with local viscous damping.
The kinetic energy T for the integrated system expressed in terms of absolute velocities ẋ
yields
T = 12 ẋT Mẋ .
(4)
The mass matrix M is here constant as it refers to initial local geometry, hence the first term in
Lagrange’s equations follow as the time-derivative of the expression
∂L
= Mẋ = M[u̇ + rẋg (t)] ,
∂ u̇T

(5)

while the second term defines the internal forces
∂G
= Ku .
∂uT

(6)

In this context, the procedure is illustrated for a linear system, i.e. without a time- or statedependent stiffness matrix K, however, the extension to general systems accounting for both
material and geometrical non-linearities is straightforward. The internal forces are expressed
solely in terms of the local displacements u since the contribution from the base displacements
rxg (t) merely results in a rigid body translation of the local frame, and thus does not contribute
to the elastic energy.
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Upon substitution of (5) and (6) into Lagrange’s equations (2), the dynamic equations of
motion are obtained in the form
Mü + Cu̇ + Ku = f − Mrẍg (t) .

(7)

This corresponds to the classical format adopted for seismic analysis where the inertia loads on
the right hand side appear as a uniform acceleration field that has to be applied simultaneously
to the substructure and the superstructure. However, as mentioned introductory, this does not fit
within the framework for the split approach used in practice.
By substitution of the relative displacements u defined as the difference between the absolute
displacements x and the ground motion xg (t) via the relation (1), the equations of motion (7)
can be recast into a format in terms of absolute displacements x, as
Mẍ + Cẋ + Kx = f + Krxg (t) .

(8)

It is here assumed that the damping forces are associated with local deformation only such that
no dissipation occurs for rigid body motion, whereby Cẋ = Cu̇. A similar argument is valid for
the term Krxg (t) representing loads associated with seismic excitation – now expressed in terms
of base displacements xg (t) – which would also vanish for an unsupported structure. However,
when support conditions are imposed e.g. via a rigid spring k at mudline, a translation of the
base of xg would require an elastic force of the form kxg to be applied locally on the foundation.
It is illustrated explicitly in the following section how this enters as a term appearing solely in
the equations associated with the foundation, and thus can be embedded in a superelement
representation of the substructure.
3.2 Split approach in absolute frame
For sake of argument it is now assumed that the system degrees of freedom x are divided into
DoF associated with the superstructure xs and the foundation xf , respectively, as illustrated in
Fig. 1b:
xT = [ xTs , xTf ] ,
(9)
where the matrices with subscripts s and f refer to the superstructure and foundation, respectively. Similarly, the system mass, stiffness and damping matrices for the combined system may
be expressed in the block-diagonal format,






Ms
Ks
Cs
M =
, K =
, C =
.
(10)
Mf
Kf
Cf
The associated load vector combining wind loads on the superstructure fs and foundation loads
ff also takes the form
f T = [ fsT , ffT ] .
(11)
In this format the two substructures are uncoupled. However, a necessary condition when linking the wind turbine tower to the foundation is that the common interface DoF shared between
the two substructures are equal, i.e.
xsi − xfj = 0 .

(12)

This is commonly known as the compatibility condition, which may be enforced via a homogeneous constraint equation formally expressed as


xs
Bx = [ Bs Bf ]
= 0,
(13)
xf
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where B is a Boolean matrix that operates solely on the interface degrees of freedom.
It is here convenient to introduce the link between the local and global reference frames in
a similar format. Since the absolute displacements of the base components in the vector xf
associated with the supported DoF must equal the time varying base excitations xg (t), this can
be expressed as
Df (xf − rxg ) = 0 ,
(14)
with Df being a Boolean matrix that picks out the supported DoF in the foundation only. Similarly to the derivation of the classical format for the coupled equations of motion (7) presented
in the previous section, the equivalent format for the partitioned system can be derived via
Lagrange’s equations (2) based on the augmented Lagrangian
L = T − G + (Bx)T λ + [Df (xf − rxg )]T Λ ,

(15)

where the constraint equations (13) and (14) are included via Lagrange multipliers collected in
the vectors λ and Λ, respectively. The kinetic energy T and the elastic energy G of the system
can still be expressed in the form (4) via the partitioned system matrices and vector described
by (9) and (10), respectively.
While the interpretation of the energy terms in (15) is rather straightforward, the two latter
terms represent the vanishing work done by the homogeneous constraints (13) and (14), hence
these can be added without changing the Lagrangian of the system. In this context, the Lagrange
multipliers λ serve as generalized reaction forces needed to enforce the compatibility condition
at the interface, and thus directly represent the internal forces at interface that are interchanged
between the superstructure s and the foundation f . Similarly, the Lagrange multipliers Λ represent the forces required for imposing the base motion to the integrated system through the
foundation.
By substitution of the augmented Lagrangian (15) into Lagrange’s equation (2) and differentiation, the coupled dynamic equations follow as
Mẍ + Cẋ + Kx = f + BT λ + DT Λ .

(16)

Together with the compatibility equation (13) and the support constraint condition (14), these
constitute the coupled equations of motion equivalent to (8). When the partition (9) is introduced, the equations of motion take the form:
Ms ẍs + Cs ẋs + Ks xs

= fs + BTs λ ,

(17a)

Mf ẍf + Cf ẋf + Kf xf = ff + BTf λ + DTf Λ ,

(17b)

Bx = 0 ,

(17c)

Df (xf − rxg ) = 0 ,

(17d)

where the first two equations are the dynamic equations for the superstructure and the foundation, respectively. This form is often referred to as the dual format, i.e. in which the equations of
motion are augmented by the compatibility equations (13) and (14), see [14] for further details.
It is noted that the base excitation forces only appear explicitly in the foundation equations of
motion (17b), yet their influence will be reflected in the response of the entire structure similar
to the case when the seismic loading is applied as a uniform acceleration field as described in
(7). The advantage is that the seismic loads only have to be applied to the foundation, and thus
may be embedded in a superelement representation hereof as explained in the following section.
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3.3 System reduction compatibility
As outlined in section 2 it is common practice that the aero-elastic simulations of the integrated structure are performed by the turbine designer, which amounts to solving the full set
of equations (17). In these simulations, the foundation part (17b) is typically represented in
the form of a superelement based on either the Guyan-Irons or the Craig-Bampton reduction
techniques [9, 10]. Common for these (and other methods) are that they permit the full set of
DoF contained in the vector x – conveniently divided into interface (or boundary) DoF xb and
internal Dof xi – to be expressed solely in terms of a generalized boundary DoF vector x̃, as
x = Tx̃ .

(18)

The reduction basis T is typically formed by a combination of static constraint modes and
dynamic pseudo modes improving the description of the internal flexibility. By substitution of
(18) into (17b) and pre-multiplication with the reduction basis TT , the reduced system matrices
M̃, C̃ and K̃ and associated load vector f̃f constituting the superelement are identified as
M̃ = TT MT

,

C̃ = TT CT

K̃ = TT KT ,

,

(19)

f̃f = TT (ff + DTf Λ) .

The actual foundation equations of motion solved in the integrated aero-elastic simulations
instead of (17b), hereby yields
¨ f + C̃f x̃˙ f + K̃f x̃f = f̃f + TT (BT λ) ,
M̃f x̃
f

(20)

such that the external loads representing the effect of the base excitation have been embedded
in the reduced load vector f̃f , and thus constitutes a part of the superelement that is typically
prepared by the foundation designer.
3.4 PRACTICAL DESIGN PROCEDURE
Based on the theoretical framework developed in sections 3.1–3.3, an approach applicable
for integrated load calculations combining seismic, wind and wave loads is illustrated in Fig. 2.
Foundation Designer:
Preparation of Model

Foundation Designer:
System Reduction

Wind Turbine Designer:
Aero-Elastic Simulation

Foundation Designer:
Dynamic Recovery-Run and
Post-processing

Interface
reactions

Dynamically equivalent
substructure model

Hydrodynamic
excitations from
waves and
currents

SE
Kp
xg (t)

Base excitation by integration
of ground displacement time series

Hydrodynamic
excitations from
waves and
currents

Wind field
simulation

Dynamically
equivalent loads
Equivalent
loads

Interface
reactions

SE

Inertia loads via ground
acceleration time series

ẍg (t)

Iterative Process

Figure 2: Flow chart for load calculation including seismic loads.

First, a detailed model of the substructure in line with the first step in section 2 is established.
However, the combined simultaneously occurring actions now also include earthquake-induced
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loads applied as time series. The substructure as well as the associated load time series are
then condensed into a superelement in line with (19) via the Craig-Bampton system reduction
approach, [10], and provided to the turbine designer, who performs the aero-elastic simulation.
A key aspect is that the pile-soil interaction in general exhibits a non-linear relationship.
However, the superelement approach is by default linear hence the pile-soil interaction curves
are linearized based on either the initial tangent stiffness or a secant stiffness associated with a
representative deformation level. In essence this allows the pile supports to be represented by a
6 × 6 stiffness matrix in the form,


kxx


kyy
sym




k
zz
,
Kp = 
(21)


kx′ y ′
kx′ x′


 ky ′ x′

kx′ x′
kz ′ z ′

where the subscripts x, y, z refer to directions for translational stiffnesses, while x′ , y ′, z ′ refer
to directions for rotational stiffnesses. This is conveniently implemented in the structural model
as general stiffness elements linking the foundation structure to fixed support node(s) on which
ground displacements can be imposed, as illustrated in the first step in Fig. 2. Hereby the forces
associated with base excitation of the support node(s) as described in section 2 can be embedded
in the superelement permitting the aero-elastic simulations to be performed in the conventional
way.
It should be noted that earthquake motion typically is measured in terms of acceleration time
series ẍg (t), however, the associated displacement records are readily available by integrating
the accelerations twice, which under the assumption of homogeneous initial conditions follow
as
Z Z
xg (t) =
ẍg (t) dt dt , x0 = ẋ0 = 0 .
(22)

For an arbitrary acceleration record, direct integration may lead to a so-called baseline drift
such that the obtained displacement (and velocity) time series do not represent the physical
behavior. However, several methods for baseline correction exist, yet this is outside the scope
of the present paper. A review discussing this particular issue can e.g. be found in [15].
The last step in Fig. 2 illustrating the recovery-run can finally be performed either based on
the original foundation model subject to displacement-controlled base excitation in an absolute
frame of reference and with the linearized pile-soil interaction represented via generalized stiffness elements or based on a foundation model where the piles are modeled explicitly and the
structure is excited by a uniform acceleration field in a local frame of reference. As illustrated
in the previous section, the two methods are equivalent, however, the latter approach has the
advantage that the performance of the piles can be assessed directly during the recovery-run.
4 NUMERICAL EXAMPLES
This section presents two numerical examples. The first example illustrates the basics of
the approach in the absence of viscous damping via a simplified monopile structure clamped at
mudline. The second example considers a more realistic jacket structure subject to combined
earthquake and wave loads. A comparison of the results obtained via the conventional approach
based on a uniform acceleration field and the approach where seismic loads associated with
base motion are embedded in a superelement representation of the foundations is presented for
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combined mass and stiffness proportional damping. Simulations are performed as dynamic time
domain analysis in Ramboll’s in-house offshore structural analysis program package (ROSAP).
These are in general conducted with a time step of 0.02 s using the generalized-α method with
a high frequency spectral radius limit λ∞ = 0.8, [16].
4.1 Monopile
In this example a simplified monopile model as illustrated in Fig. 3 is considered.
TOWER TOP

D=6.5-3.5m
t=60mm
36m

D=6.5m
t=60mm

42m

D=6.5m
t=60mm

INTERFACE

16m
8m
D=7m
t=60mm

16m
MUDLINE

Figure 3: Simplified monopile geometry.

The monopile model is without a transition piece and directly connected to the tower e.g.
by means of a bolted flange connection at the interface level. The outer diameter varies from
7.0 m at mudline to 6.5 m at interface level. The diameter transition is introduced via a conical section defined by a cone angle of approximately 1.8◦ and a length of 8 m, and the total
length of the foundation is 40 m. The monopile is located on a generic site with a water depth
of 25 m with respect to mean sea level (MSL). It supports a 78 m long tower structure with a
diameter varying from 6.5 m at the interface level to 3.5 m at tower top. For simplicity purposes, a wall thickness of 60 mm is used for all members of the integrated structure and neither
secondary steel structures nor marine growths and corrosion allowances have been included on
the foundation. The monopile is clamped at mudline as illustrated in Fig. 3 and generic tower
internals and RNA properties have been adopted to ensure representative dynamic properties
for the integrated model. For the present case, the natural frequencies associated with the first
and second global bending modes are around 0.32 Hz and 1.80 Hz, respectively. For simplicity
no structural damping is included.
The external loads are here limited to a strong seismic loading in the global x-direction based
on the historically measured accelerogram for El Centro 1940 (NW), which has been scaled to
a peak ground acceleration of 0.51g. Three different models are considered:
ACC: An integrated model where the seismic loads are applied as a uniform acceleration field
according to (7).
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DISP: An integrated model where the seismic loads are imposed as ground displacements through
the clamped support node according to (8).
SE: A reduced model where the monopile is represented as a superelement with inherent
seismic loads according to the procedure outlined in section 3.4.
As a validation of the approach presented throughout this paper, results for the relative lateral
displacement ux in the loading direction at tower top as well as the governing design load component – overturning moment at interface – have been extracted for each of the three different
configurations as shown in Fig. 4. A perfect match is found for all cases, however, it should be
noticed that while internal forces – like the overturning moment depicted here – are invariant to
rigid body motion, the tower top displacement xx extracted from the models DISP and SE refer
to absolute frame of reference and thus have to be corrected for the base displacements xg (t)
according to (1).
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Figure 4: Lateral displacement in x-direction at tower top and overturning moment around y-axis at interface for
monopile model.

4.2 Jacket
As a more realistic example for validating the presented approach, a generic, yet realistic
3-legged pile-jacket model supporting an 8-9 MW offshore wind turbine, is used as illustrated
in Figure 5. The governing structural parameters for the jacket are summarized in Table 1.
The jacket structure is located on a generic site with a water depth of 40 m and soil conditions
represented by medium sand with a friction angle of φ = 35o . Pile-soil interaction is included
in the foundation model, yet linearized based on the initial slope.
The structure is excited by the same seismic load time series based on a scaled El Centro
accelerogram as described for the monopile example in section 4.1. This is combined with
aligned waves in the global x-direction. The hydrodynamic loading is calculated according
to Morison’s equation where the wave kinematics for the irregular sea-state is modelled via the
JONSWAP-spectrum according to [1]. Relevant metocean data are given in Table 1. Both added
mass, contained mass and 100 mm marine growth are taken into account.
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z Interface
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y

Figure 5: Jacket geometry.
Table 1: Generic jacket and loading parameters.

Geometry
Parameter
Footprint
Topprint
Leg diameter
Leg thickness
Brace diameter
Brace thickness
Tubular joint
Chord thickness

Site conditions
Value
Parameter
25.0 m
Water depth
16.0 m
Spectrum
1620 mm Sign. wave height
40 mm
Peak period
1016 mm Wave direction
25 mm
Accelerogram
PGA
70 mm
EQ direction

Value
40.0 m
JONSWAP
10.0 m
11.0 s
x-dir
El Centro
0.51g
x-dir

In contrast with the previous example, structural damping is included via the Rayleigh approach of the form:
C = αM + βK
The Rayleigh parameters α and β have been calculated to provide damping ratios of 0.5% and
1.0% of critical for the first and second global bending modes, respectively. For the present
structure, the associated frequencies are 0.28 Hz and 1.16 Hz, respectively.
Results for three different configurations – equivalent to the definitions of ACC, DISP and
SE described in section 4.1 – are presented in Fig. 6. A very good match is obtained for cases
DISP and SE to within the accuracy of the superelement, while minor differences are observed
with respect to ACC.
As discussed in section 3.1, the transition from the equations of motion (7) in relative components u to the equations of motion (8) in absolute components x does not introduce any
approximation for pure deformation/stiffness proportional damping. Contrary, introduction of
mass proportional damping would lead to the term αMrẋg (t) on the right-hand-side, which is
not included in the present simulations. However, since the mass proportional contribution to
the damping ζ decreases with the angular frequency ωj , i.e. ζ ∝ α/(2ωj ), this typically only
has an influence on the dynamic response of the first vibration mode. Therefore, the difference
is most pronounced for the lateral displacement at the tower top, where the lowermost mode has
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Figure 6: Lateral displacement in x-direction at tower top and overturning moment around y-axis at interface for
jacket model including Rayleigh damping.

the largest modal displacement, while the effect is less significant at the interface, as illustrated
by the overturning moment. Furthermore, it should be noted that the important contribution
from aerodynamic damping has not been included here, hence the minor discrepancy associated with the mass proportional part of the damping will not have any significant impact on the
design in practice.
5 CONCLUSIONS
A procedure for embedding earthquake-induced loads on an offshore wind turbine structure
into a superelement representation of the foundation is presented. This permits the load calculation process, typically performed collaboratively by the foundation and the wind turbine
designers, to be conducted via the conventional approach used for combined wind and wave
loads. Rather than representing the seismic excitation by an uniformly distributed time-varying
acceleration field applied to the full structure in a local frame of reference, base displacements
– obtained by integrating the acceleration time series – are imposed through the supports of the
foundation such that the measured kinematics includes the rigid-body motion of the local frame.
It is illustrated explicitly by presenting the equations of motion for the coupled system in the
so-called dual format how the loads required for exciting the structure solely enter the equations
of motion associated with the substructure, and thereby can be embedded in the condensed load
vector constituting a part of the superelement representation of the foundation. Since the internal forces forming the basis for design of the individual members are invariant to the rigid
body motion, the present method yields equivalent results as the traditional approach where
loads are introduced in the form of an acceleration field. This has successfully been validated
by two representative examples considering multi-MW wind turbines founded on a simplified
monopile and a generic, yet representative jacket, respectively.
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Abstract. Ancillary software tools are developed for the analysis and response quantification
of structural systems in a systematic and automated fashion. The open application programming interface (OAPI) of the structural analysis software SAP2000 is exploited for this purpose
and a procedure is presented for the analysis of linear systems in conjunction with MATLAB,
featuring model updating, analysis execution and extraction of the results. This is facilitated by
the development of ancillary functions that complement and extend existing capabilities of the
OAPI. Standalone solvers are next presented for the dynamic response evaluation of bilinear
hysteretic, rigid-plastic, and rocking oscillators with arbitrary excitation force. The dynamical
systems considered, are indicative of distinct nonlinear behaviour and representative of a wide
spectrum of structures of engineering interest. The features at the current development stage
are finally showcased on the response-surface-based reliability analysis of a truss structure and
the response quantification of stochastically driven nonlinear secondary oscillators. The ancillary tools developed allow convenient simplifications in the modelling and analysis process,
error tractability, and can assist learning on the subject of structural dynamics. They may find
application in parametric and stochastic analysis and form the basis for the development of
additional modules.
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1

INTRODUCTION

In engineering practice, the analysis and design of structural systems is conventionally carried
out with the aid of commercial structural analysis software. These are usually treated as black
boxes with models of varying degrees of complexity that have to be extensively and often iteratively run in parallel by different design teams. Although such software are reliable in the
functionalities they offer, they are usually limited by the exclusion of state-of-the-art advanced
analysis features that become available within the academic community. Nevertheless, they
benefit from the use of general-purpose solvers which comes at the expense of prohibitively
time-consuming runs as well as strenuous pre- and post-processing tasks.
In an attempt to circumvent these limitations, the vast majority of software packages offer
complementary open application programming interfaces (OAPI) that permit the development
of custom engineering applications. In the case of the structural analysis software SAP2000
[1], for instance, this is solely left to the discretion of the user which encounters limited support
and guidelines. Despite the apparent value, only a handful of the contributions available in the
literature take advantage of the OAPI [2] and at present, none of these assistant simulation-based
tools is designed to be extended by the structural engineering research community.
In this paper, we present ancillary computational tools for the analysis and response quantification of structural systems in a systematic and automated fashion. In a first stage, an overview
of the SAP2000 OAPI is provided, and a procedure is presented for the analysis of linear systems in conjunction with MATLAB [3], featuring model updating, analysis execution and extraction of the results. This is facilitated by the use of ancillary functions that are developed
to complement and extend existing capabilities of the SAP2000 OAPI. In a second stage, standalone solvers are presented for the dynamic response evaluation of bilinear hysteretic, rigidplastic and free-standing rocking oscillators in presence of a general-type of excitation. The
dynamical systems considered, are indicative of distinct nonlinear behaviour and representative
of a wide spectrum of primary as well as secondary structures of engineering interest. Finally,
the features at the current development stage are showcased on two examples: i) the responsesurface-based reliability analysis of a truss structure facilitated through the use of the SAP2000
OAPI; and ii) the use and interoperability of the standalone solvers developed with SAP2000
for the response quantification of nonlinear cascaded secondary oscillators due to stochastic
excitation. Basis of this contribution are the preliminary investigations carried out in [4, 5].
The proposed procedure, suited for both the industrial and research communities, allows
convenient simplifications in the modelling and analysis process, error tractability, extendibility
and can assist learning on the subject of structural dynamics in graduate and post-graduate level.
It is particularly useful for parametric, stochastic analysis and optimisation and will form the
basis for the development of additional modules.
2
2.1

ANCILLARY TOOLS FOR STRUCTURAL ANALYSIS WITH SAP2000
SAP2000 Open Application Programming interface

The Open Application Programming Interface (OAPI) of SAP2000 is a programming tool that
permits coupling of SAP2000 with third-party software, thus providing a path for two-way
exchange of model information, for automating the processes required for the construction,
analysis, and design of structural models with SAP2000 as well as retrieval of customised results
(Figure 1). Numerous programming languages can be used for this purpose, including Visual
Basic for Applications (VBA), Visual Basic, Visual C#, Visual Fortran, Visual C++, MATLAB
and Python.
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Initiation of the link process requires pre-existing installation of the SAP2000 software and
the integrated development environment (IDE). The procedure then requires initialisation of the
IDE-SAP2000 assembly and sequential run of a set of predefined functions, each corresponding
to one task within SAP2000, closely resembling the point-and-click procedure followed during
conventional use of the SAP2000 software. It is noted that the syntax of each function depends
on the choice of the IDE, and that not all the functionalities of SAP2000 are supported by
the OAPI. The CSi OAPI Documentation.chm file, however, provides a list of the supported
functions along with the syntax and description of the arguments it handles, as well as basic
example code for each programming language supported.

Figure 1: Schematic of the SAP2000 OAPI.

2.2

Using the SAP2000 OAPI for the analysis of linear systems

A procedure is presented in the following for automated analysis of linear structural systems
with SAP2000 and MATLAB. The procedure is decomposed in the following main steps:
A: Construct the structural model in SAP2000. This typically consists of model generation,
definitions as well as assignments. Preparing the model through the IDE is in most cases
permissible, however, it can be cumbersome and it is therefore avoided.
B: Initialise the MATLAB-SAP2000 link. The function fx intlSAP.m has been prepared
for this purpose which requires an input directory of the pre-existing SAP2000 model.
It is worth noting that the analyst is encouraged to use the .sdb model file rather than
importing the .$2k one. Use of the latter was found problematic in models with general
frame sections.
C: Update the model. A new iteration of the model is obtained by updating the model input
parameters via the OAPI. For a structure whose joint loads are to be varied, for instance,
the function fx JntLF.m has been prepared for assigning loads to point objects.
To proceed further, distinction is made on whether the analysis can be carried out externally.
If the finite element model remains unchanged for each model iteration, then the analysis can
be performed directly in MATLAB. This can be advantageous, as it provides the analyst with
control and flexibility, limiting strenuous pre- and post-processing tasks.
D1: Analyse the structure in MATLAB. This is facilitated by the use of the function fx getMK.m
which has been prepared to construct the mass matrix and the global stiffness matrix by
exporting and ordering these from the SAP2000 model. It is noted that this functionality
further complements the existing capabilities of the OAPI.
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D2: Analyse the structure in SAP2000. The function fx runSAP.m runs the analysis in SAP2000.
The load cases to run and the analysis options used are those configured in step A.
E: Retrieve analysis results. To reduce transferring times, the analyst is encouraged (in step
A), to define a group containing the joints where the response is to be measured. The
function fx getJD can then be used to extract the diplacement response envelope, time
history or the last step, for the joints of this group. This function has been constructed
by piecing together various contributions from the CSi OAPI Documentation.chm file.
Similar functions can be constructed to retrieve velocity or acceleration results.
F: Unlock model and break the MATLAB-SAP2000 link. If further analyses are to be carried
out, the SAP2000 model is unlocked via the existing function SetModelIsLocked and the
procedure is repeated from step C. When no more analyses are required, the MATLABSAP2000 link is interrupted through the function fx closeSAP.m.
Use of the functions presented in the previous has been tested with SAP2000 v.20 [1]. They
extend, facilitate and simplify the existing capabilities of the SAP2000 OAPI, offering efficiency
and readability, thus encouraging future developments for other IDEs. The proposed procedure,
aimed at parametric, stochastic and optimisation analysis, provides recommendations to the
user and has been successfully employed in our previous investigations on the dynamic analysis
of composite beam structures [5] as well as the dynamic analysis of steel frames [4]. It will be
demonstrated next through two illustrative examples.
3

SOLVERS FOR BILINEAR, RIGID-PLASTIC AND ROCKING OSCILLATORS

In this section, solvers are presented for the dynamic response evaluation of bilinear hysteretic,
rigid-plastic and free-standing rocking oscillators, due to a general-type of excitation. The dynamical systems considered herein are indicative of distinct nonlinear behaviour, representative
of a wide spectrum of primary and secondary structures of engineering interest.
3.1
3.1.1

Governing equations
Bilinear oscillator

The case of a bilinear oscillator is first considered, as depicted in Figure 2(a), whose vibration
is ruled by:
fb (us (t), u̇s (t)) ¨
− ξ(t) ,
(1)
ms
¨ is the horizontal base acceleration, where the overdot denotes differentiation with
in which ξ(t)
respect
to time; us (t) is the unidirectional displacement, relative to the ground; ζs and ωs =
p
ks /ms are the viscous damping ratio and circular frequency, ks and ms being the elastic
stiffness and mass, respectively.
In the above, fb represents the bilinear restoring force (Figure 2(d)), given by:
üs (t) = −2 ζs ωs u̇s (t) −

fb (us (t), u̇s (t)) = ψ ωs2 ms us (t) + as ms (1 − ψs ) zs (t) ,

(2)

where ψ, in the range 0 6 ψ 6 1, is the post-to-pre-yield stiffness ratio; as is the specific
strength of the system; and zs (t) is an auxiliary state variable satisfying |zs (t)| ≤ 1, ruled by:
żs (t) =

u̇s (t) ωs2
[1 − H (u̇s (t)) H (zs (t) − 1) − H (−u̇s (t)) H (−zs (t) − 1)] ,
as
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 2: Bilinear (a), sliding (b) and rocking (c) oscillators and corresponding free-body diagrams (d, e, f).

where H(•) denotes the Heaviside unit step function, such that H(x) = +1 if x ≥ 0 and
H(x) = 0 if x < 0.
Setting ψ = 0 in Eq. (2) results to an elastic-perfectly-plastic oscillator; alternatively, setting
ψ = 1 results to a linear one, with fb (t) = ωs2 ms us (t).
3.1.2

Sliding block

The rigid-perfectly plastic oscillator is considered next (Figure 2(b)). The system exhibits infinite pre-yielding stiffness and infinite ductility, and no motion during the sticking phase (i.e.
us = u̇s = 0). During the sliding motion regime (i.e. u̇s (t) 6= 0) its vibration is governed by:
fs (u̇s (t)) ¨
− ξ(t) ,
(4)
ms
where fs is the associated restoring force (Figure 2(e)) and can be regarded as the limiting case
of Eq. (2), when ψ = 0 and ωs → +∞, given by:
üs (t) = −

fs (u̇s (t)) = as ms sgn(u̇s (t)) ; |u̇s (t)| > 0 ,

(5)

in which sgn(•) is the signum function (i.e. sgn(x) = +1 if x > 0, sgn(x) = −1 if x < 0, and
sgn(x) = 0 if x = 0), and the specific strength is given by as = µ g, µ being the coefficient of
sliding friction assuming horizontal contact surface and g the acceleration due to gravity.
¨
The condition of initiation for sliding motion is ξ(t)
= as . Following initiation, an instantaneous stop or a full stop can occur in the system once the velocity drops to zero. In the former
case, the motion will reverse or it will continue in the same direction, while in the latter case
the system will remain at rest until the initiation condition is meet again.
3.1.3

Rocking block

The case of a rectangular free-standing block exhibiting pure rocking motion, is finally considered. In this regard, the coefficient of sliding friction is assumed to be sufficiently large (i.e.
µ → +∞), and the block oscillates about its centres of rotation O and O0 , as illustrated in
Figure 2(c).
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The equation governing the response during the rocking regime of motion is given by:


1
2
¨
θ̈s (t) = −p sin (α sgn (θs (t)) − θs (t)) + cos (α sgn (θs (t)) − θs (t)) ξ(t) ,
g

(6)

where θs (t) is the response rotation of the block; α p
= tan−1 (b/h) is the slenderness angle,
being a function of the width b and height h; p =
3 g/(4 R) is a geometrical parameter,
where R is half the block’s diagonal.
As shown in Figure 2(f), the block initially possess infinite rotational stiffness until the applied moment about one of the pivot points O and O0 reaches the value |Ms | = ms g R sin(α),
and a softening branch initiates, reaching Ms = 0 at the tipping condition |θs | = α.
¨
= g tan(α). Following initiation, a change in
The initiation condition for Eq. (6) is ξ(t)
the sign of the rotation θs (t) will correspond to an impact and (assuming that the block does
not bounce back) the pivot point will switch from O to O0 (or vice versa). It is assumed that
+
−
the post-impact rotational velocity, θ̇s , is a fraction of the velocity prior to impact, θ̇s , that
+
−
is: θ̇s = ε θ̇s , where ε is the coefficient of restitution, with 0 < ε ≤ εmax < 1, εmax =
1 − 3 sin2 (α)/2 being the maximum value allowed.
3.2

Solvers for nonlinear dynamic response quantification

The dynamical systems considered in the previous are of piecewise linear form and therefore a
highly efficient numerical procedure can be employed for quantifying the response. Specifically,
each regime of motion is separately considered, and the solution is developed by interpolating
the excitation over each time interval. Accordingly, recurrence formulae are derived for the
response state vector of each system from exact solution of the associated equation of motion.
To this end, the only requirement is that the time step is sufficiently small to closely approximate
the excitation. The overall time history is finally constructed by piecing together the individual
segments. Details on the methodology and the resulting expressions are provided in [6].
The solutions presented in [6] have been implemented in C++ along with an iterative procedure based on the bisection method [7] to identify state events (i.e. transition points of piecewise
solutions such as the initiation and change in the regime of motion) and break down the solution
in parts which have been later pieced together.
In order to confirm the validity of the solvers the solution has been compared to a MATLAB [3] implementation that has been prototyped using build-in Ordinary Differential Equation solvers. Specifically, ODE45 has been used, which is based on an explicit fourth- and
fifth-order Runge-Kutta formulation. The implementation has been performed with consistent
initial conditions and by setting MATLAB’s odeset parameter values AbsTol = RelTol = 10−8
and Refine = 4, which refer to relative and absolute solution tolerances and interpolation output, respectively. The option ‘Events’ has been invoked to approximately identify state events.
The resulting standalone executables B1.exe, S1.exe and R1.exe corresponding to the bilinear, rigid-plastic and rocking oscillators, respectively, accept their input arguments and export
their results in standard fixed-length txt files which can be further processed by third-party software. Details on accessing the solvers along with their user instructions are provided in § 5.
They facilitate accurate and efficient dynamic analysis of the systems under consideration in
presence of a general-type of base excitation and may find application in the stochastic analysis
and optimisation of structural systems.
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Table 1: Input random variable definition.

4

Variable

Distribution

Mean

CoV

E1 , E2 [N/m2 ]
A1 [m2 ]
A2 [m2 ]
f1 − f6 [N]

Lognormal
Lognormal
Lognormal
Gumbel

2.1 × 1011
2.0 × 10−3
1.0 × 10−3
5.0 × 104

0.10
0.10
0.10
0.15

ILLUSTRATIVE EXAMPLES

Two examples are presented in the following for the analysis of structural systems with the
ancillary tools developed. In the first example, the linear static analysis of a truss structure is
facilitated through the use of the SAP2000 OAPI, with the purpose of quantifying the response
statistics due to system uncertainties. The second example demonstrates the use and interoperability of the solvers presented in the previous with SAP2000, for the response quantification of
nonlinear cascaded secondary oscillators in presence of stochastic excitation.
4.1
4.1.1

Example 1: Reliability analysis of a truss structure
Problem statement

The case of a truss structure is considered [8, 9], comprising of 11 horizontal and 12 diagonal
members, as depicted in Figure 3. A finite element (FE) model is constructed in SAP2000
using 23 bar elements. The model is characterised by the input random variable vector X =
{E1 , E2 , A1 , A2 , f1 , . . . , f6 }, consisting of a set of n = 10 independent random variables, where
E1 , E2 denote the Young’s moduli and A1 , A2 the cross sectional areas, of the horizontal and
diagonal members, respectively, and f1 − f6 are applied loads, whose probabilistic definition is
summarised in Table 1.
Requirement for this problem is the quantification of the response statistics of the midspan
deflection u and the probability of failure Pf = Prob [g(X) < 0], g(X) being the limit state
function, defined as:
g(X) = umax − |u(X)| ≤ 0 ,
where umax = 0.11 is the maximum permissible value of u.

Figure 3: Truss structure [8].
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4.1.2

Response surface-based metamodel

Owing to the presence of system uncertainties, the stiffness matrix is a random variable and
therefore analysis is required within SAP2000. As g(X) is algorithmically known, a response
surface (RS) metamodel is constructed with the purpose of limiting the number of FE runs. Provided the fitted surface is an adequate approximation of the true response function, the analysis
will be approximately equivalent to the one of the actual system.
In doing this, g(X) is approximated with a quadratic polynomial of the form:
g̃(X) = α0 +

n
X

α i xi +

i=1

n
X

αi,i x2i +

i=1

n−1 X
n
X

(8)

αi,j xi xj ,

i=1 j>i

where αi , αi,i and αi,j are a set of s = 1 + (n2 + 3 n)/2 = 66 coefficients to be identified,
conveniently collected in the vector:

α = α0 α1 · · ·

αn α1,1 · · ·

αn,n α1,2 · · ·

αn−1,n

>

.

(9)

The values of the coefficients are determined via a set of sample points from the true limit
state function, g(X). In doing this, a circumscribed central composite design is adopted, widely
used for fitting a second-order RS. This requires r FE runs with SAP2000 for evaluation of
g(X) symmetrically around the mean values of the random variables i.e. x±
i = µi ± h σi , where
h = 0.95 controls the size of the sampling domain. It is worth noting here that, if the shape of
the true limit state function is not linear or quadratic the choice of h can significantly affect the
accuracy of the approximation.
On minimising the error,
α) =
ε(α

r
X

(g(xk ) − g̃(xk ))2 ,

(10)

k=1

with respect to α , the solution is given by,
α = V> · V

−1

· V> · y ,

(11)

where y is a vector whose generic component is g(xk ), for the set of fitting points xk , k =
1, . . . , r, and V is a matrix of size (r × s) collecting the associated polynomial terms:


1 x1,1 · · · xn,1 x21,1 · · · x2n,1 x1,1 x2,1 · · · xn−1,1 xn,1


..
..
..
..
..
..
..
..
..
(12)
V =  ...
.
.
.
.
.
.
.
.
.
.
2
2
1 x1,r · · · xn,r x1,r · · · xn,r x1,r x2,r · · · xn−1,r xn,r
Analysis is finally performed using the fitted surface g̃ = Ṽ · α , where Ṽ, of size (N × s),
retains a similar form as in Eq. (12) and is populated using N realisations of the vector of
random variables.
4.1.3

Response quantification

The response probability density function (PDF) of u and the probability of failure Pf have
been quantified using the RS model (r = 178 FE runs have been used with SAP2000) and have
been compared to the reference FE solution. The results for both the RS and reference solution
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Figure 4: Response probability density function.

were obtained via crude Monte Carlo simulation with N = 1 × 106 realisations. Analysis with
SAP2000 was facilitated by use of the OAPI.
Figure 4 shows that the RS closely approximates the response PDF of u. Specifically, the
calculated values of the first three statistical moments are in excellent agreement with the reference values reported in [9]. Further, the calculated Pf = 0.00814 is in good agreement with the
reference FE solution Pfref = 0.00898.
4.2
4.2.1

Example 2: Stochastic response quantification of nonlinear cascaded secondary oscillators to white-noise and filtered-white noise process
Problem statement

The case of a multi-degree-of-freedom primary system [6] is next considered, comprising of
a planar 5-storey single-bay moment-resisting frame, as depicted in Figure 5. A linear model
of the structure is constructed using SAP2000. Floors are assumed rigid in their own plane,
and the self-weight and super-dead load are the two sources of mass, lumped at the floor level.
The total number of DoFs is np = 75 (i.e. 15 DoFs per storey, 2 finite elements are used for
each frame element) and the fundamental circular frequency in the direction of interest x is
ωp = 14.76 rad/s, corresponding to a participation of 84% of the modal mass.
The structure is subjected to the unidirectional action of a horizontal ground acceleration,
successively modelled as white noise and filtered white noise processes, commonly used in
earthquake engineering applications. The latter is characterised by the well-known Kanai-

Figure 5: Primary structure [6].
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Tajimi [10, 11] spectral density function:
1 + 4 ζg2 (ω/ωg )2
Sξ̈ (ω) = S0 ·
;
2
1 − (ω/ωg )2 + 4 ζg2 (ω/ωg )2

(13)

−∞ < ω < ∞ ,

where S0 represents a constant power spectral density level due to white noise, and the parameters ωg and ζg denote the characteristic frequency and damping ratio of the soil layer,
respectively. The filter represented by the second term in Eq. (13), thus attenuates the frequency content for ω > ωg as ω → ∞, and amplifies the frequencies in the vicinity of ω = ωg .
Neglecting the presence of the filter results to white noise modelling of the excitation, which
implies infinite power of the resulting process, an unphysical yet mathematically convenient
idealisation.
A secondary system is attached to the primary structure, at roof level, and is successively
modelled as (i) linear, (ii) bilinear and (iii) sliding SDoF oscillator in cascade (see: § 3.1).
Neglecting the feedback action of the secondary oscillator onto the primary one is in fact admissible provided the oscillator is sufficiently light and it does not vibrate close to or is in tune
with the primary structure [6].
Requirement for this problem is the quantification of the full probabilistic structure of the
response of each secondary system, due to white noise and filtered white noise modelling of the
earthquake excitation.
4.2.2

Response quantification

Due to the linearity and deterministic form of the primary system considered, the analysis is
carried out externally after extracting the mass and stiffness matrices from the SAP2000 model
(see: § 2), thus avoiding strenuous pre- and post-processing tasks required by the Monte Carlo
simulations. Further, owing to the cascade approximation, the analysis is independently carried
out for the primary structure by means of classical modal analysis, retaining only a single mode
of vibration. Such an approximation is permissible due to the high participation of modal mass.
A suite of 5000 synthetic ground motions are first generated through the summation of
cosines with amplitudes and frequencies characterised by the power spectrum under consideration, and uniformly distributed over the interval [0, 2π] [12]. In doing this, the frequency
5
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Figure 6: Response PDF of the absolute acceleration of the primary structure (ωp = 14.76 rad/s, ζp = 0.05)
due to: (a) white noise (S0 = 0.00214 m2 /s3 ); and (b) filtered white noise (S0 = 0.00214 m2 /s3 , ωg = 5 rad/s,
ζg = 0.2) base excitation evaluated through 5000 Monte Carlo realisations.
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interval [0, ω̃] is considered, where ω̃ = 100 is an upper cut-off frequency, beyond which the
spectral density is regarded negligible. Furthermore, a soft soil is assumed with parameters
S0 = 0.00214 m2 /s3 , ωg = 5 rad/s and ζg = 0.2 [13]. The resulting generated ground motions
of variance σü2ξ = 0.428 and σü2ξ = 0.097, corresponding to white noise and filtered white noise,
respectively, closely approximating the variance of the power spectrum.
The absolute acceleration response time history of the primary structure is then numerically
determined at roof level. Figure 6 shows the evolution of the resulting stationary response PDF
for t ≥ 1, quantified through the kernel nonparametric probability density esimate, for the two
forms of excitation under consideration.
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Figure 7: Response PDF of the (a, b) linear (ωs = 4.43 rad/s, ζs = 0.02, ψ = 1), (c, d) bilinear (ωs = 4.43 rad/s,
ζs = 0.02, as = 0.3, ψ = 0.01) and (e, f) sliding (µ = 0.02) secondary oscillators, due to white noise (left) and
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Monte Carlo realisations.
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The analysis of the three secondary systems under consideration is carried out next. We
circumvent the prohibitively time-consuming runs typically encountered in conventional analysis of such strongly-nonlinear systems by exploiting the solvers presented in § 3. In doing
this, each response time history of the primary structure is successively used as input to the
associated solver which is treated as black box model. For the linear and bilinear system, the
parameters considered are ψ = 1 and as = 0.3, ψ = 0.01, respectively, as well as ωs = 0.3,
ωp = 4.43 rad/s and ζs = 0.02. For the sliding system a friction coefficient of µ = 0.02 is
assumed.
Figures 7(a) - 7(d) plot the evolution of the displacement response PDF for the linear and
bilinear secondary oscillators for t ≥ 1. The velocity response PDF of the sliding oscillator is
plotted in Figures 7(e) - 7(f). The results are quantified through the 5000 Monte Carlo realisations, and are presented for the two forms of excitation considered.
5

CONCLUSIONS

Assistant computational tools have been developed for the analysis and response quantification
of structural systems in a systematic and automated fashion.
The open application programming interface (OAPI) of the commercial structural analysis
software SAP2000 has been exploited and a procedure has been presented for the analysis of
linear systems in conjunction with MATLAB, featuring model updating, analysis execution and
extraction of the results. In-house ancillary functions have been developed for this purpose, that
complement and extend existing capabilities of the OAPI.
Standalone solvers have been presented for the dynamic response analysis of bilinear hysteretic, rigid-plastic, and rocking oscillators subjected to an arbitrary excitation force. Such
dynamical systems, are indicative of distinct nonlinear behaviour and representative of a wide
spectrum of primary as well as secondary structures of engineering interest. The solvers developed herein can be used in a black-box type approach with third-party software.
The features at the current development stage have been showcased on the response-surfacebased reliability analysis of a truss structure, facilitated through the use of the SAP2000 OAPI,
and the response quantification of stochastically driven nonlinear secondary oscillators. The
second application further demonstrates interoperability of the solvers with SAP2000.
The tools developed are available, along with user instructions, at this link. They allow
convenient simplifications in the modelling and analysis process, error tractability, and can
assist learning on the subject of structural dynamics. They may find application in parametric
and stochastic analysis and form the basis for the development of additional modules.
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Abstract. In the framework of a EU-funded research project for the enhancement of the cooperation between academic institutions and private firms, the research team is currently enhancing the capabilities of an existing commercial code for the seismic design of buildings. Among
the various tasks, a major one is the implementation of shell finite elements in the existing code,
to be used, among others, for linear and nonlinear dynamic analyses of structural systems. In
the present research effort, we present various aspects of the implementation process, starting
from the criteria used for the selection of a suitable finite element among those proposed in the
literature, the issues raised and the validation procedures used during the numerical implementation of the underlying theoretical aspects pertaining to dynamic analysis issues, and finally
the incorporation of the numerical model into the existing code. In the present paper the fournode MITC4 shell element is presented. The MITC element formulation is based on the idea
of degenerating a 3D solid finite element into a shell element by using special shape functions
that are related to the Reissner-Mindlin kinematic assumption, and by introducing a zero stress
assumption for the out of plane normal stress. To overcome the shear locking problem, a mixed
interpolation of tensorial components is used resulting in an overall simple and transparent
formulation, which gives the element a good predictive capability without containing spurious
zero energy modes. The element is implemented into an existing commercial finite element code
and several implementation aspects are discussed. The implementation is then tested against a
selected problem in structural dynamics and its overall performance is assessed.
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1

INTRODUCTION

Four main approaches to applying finite element methods to shell structures can be found in
the literature:
1. Shells are seen as an assembly of flat elements [1]. Coupling of membrane and bending
effects due to curvature of the shell is inherently absent (except perhaps of the cases of
composite laminated materials, see [2]). This approach is known to suffer from discontinuous bending moments between elements, while achieving convergence only for fine
meshes [3].
2. Axisymetric shells, which refer to curved shell elements that exhibit symmetry about an
axis of rotation [2]. These elements suffer from difficulties in describing complex geometries and/or complex loads, in achieving inter-element compatibility and from spurious
effects as transverse shear and membrane locking.
3. Solid shell elements, which form a class of finite element models intermediate between
conventional shell and solid models [4]. The inclusion of additional degrees of freedom
renders this approach computationally ineffective. Furthermore, shear and membrane
locking, trapezoidal locking caused by the deviation of the midplane from rectangular
shape and thickness locking due to coupling of Poisson’s ratio of the inplane and transverse normal stresses, make the element formulation a challenging task.
4. Degenerated shell elements, i.e. elements that are derived by degenerating a 3D solid element into a shell surface element. These are originating from the work of Ahmad, Irons
and Zienkiewicz in 1970 [5] which still constitutes the basis for modern finite element
analysis of shell structures. It has been shown [6] that there is a practical coincidence between degenerated shell elements and those based on standard Reissner-Mindlin/Naghdi
type shell theory. This favours using the former for practical purposes as their formulation
is generally simpler.
In the framework of a EU-funded research project for the enhancement of the cooperation between academic institutions and private firms, the research team is currently enhancing the
capabilities of an existing commercial code for the seismic design of buildings. Among the
various tasks, a major one is the implementation of shell finite elements in the existing code,
to be used, among others, for linear and nonlinear dynamic analyses of structural systems. The
MITC4 element [7, 8] has been selected for this purpose, which belongs to the class of the degenerated shell elements, presented above. The element formulation and a validation example
is presented in what follows.
2

ELEMENT FORMULATION

Assuming small displacements/deformations, the geometry of the element is given as (see
Figure 1):
4
4
∑
r3 ∑
k
xi =
hk xi +
ak hk Vnik
(1)
2 k=1
k=1
where xi the Cartesian coordinates of any point in the element, xki the Cartesian coordinates of
nodal point k, Vnik the components of the so-called director vector V kn , which is not required to
be normal to the element’s midsurface, ak the thickness of the element at nodal point k measured
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Figure 1: Element description
along the director vector and hk (r1 , r2 ) the two-dimensional Lagrange interpolation functions
in the r1 − r2 coordinate system (natural) corresponding to node k. For the MITC4 element hk
functions are defined as:
1
(1 + r1 ) (1 + r2 )
2
1
h3 = (1 − r1 ) (1 − r2 )
2

1
(1 − r1 ) (1 + r2 )
2
1
h4 = (1 + r1 ) (1 − r2 )
2

h1 =

h2 =

(2)

The displacements ui of a point of the shell element with natural coordinates ri (i = 1, 2, 3)
is given to the Cartesian coordinate system as:
ui =

4
∑
k=1

hk uki +

4
(
)
r3 ∑
ak hk −V2ik αk + V1ik βk
2 k=1

(3)

where V1ik and V2ik the components of the vectors V k1 , V k2 at point k (see Figure 1) defined as:
e2 × V kn
V =
,
|e2 × V kn |
k
1

V k2 = V kn × V k1

(4)

while αk and βk are the rotations in element k associated with vectors V1ik and V2ik respectively.
Furthermore, e2 is the basis vector of Cartesian coordinate system, which is replaced by e3 in
case that is collinear to the the director vector V kn .
The strains are related to the displacement derivatives which are given as [8]:




∂ui
∂hk k k k k
G
g
G
g

2x x  
1x x
 ∂x 

4  ∂x
uik

 ∂u  ∑

 i
 ∂hk
k
k
Gky   αk 
g1x
Gky g2x
(5)

=


 ∂y 
 ∂y
 βk
 ∂uI  k=1  ∂hk
k
k
Gkz
Gkz g2x
g1x
∂z
∂z
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where:
∂hk
−1 ∂hk
−1 ∂hk
= J11
+ J12
,
∂x
∂r1
∂r2

Gkx

)
(
−1 ∂hk
−1
−1 ∂hk
+ J12
+ J13
hk
= r3 J11
∂r1
∂r2

(6)

where Jij−1 is the element (i, j) of J−1 , J being the Jacobian matrix of the transformation between the Cartesian and the natural coordinate systems:
J=

∂x
∂r

(7)

Finally, the constitutive equation needs to be modified in order to enforce the zero normal
force condition [9], which assuming its reduced form as
σ̃ = C̃ε̃
with
σ̃ =

[

σxx σyy σxy σyz σzx

]

,

ε̃ =

(8)
[

εxx εyy εxy εyz εzx

]

(9)

yields for the isotropic elasticity case:

1 ν
0
 1
ν


1−ν

E

2
C̃ =
(1 − ν)2 




0
0
0
1−ν
2


0
0 


0 


0 

1 − ν

(10)

2
The above description should suffice to build up the element’s stiffness matrix. However,
a problem originating by the generation of the strains using the above linear displacement interpolation is the so-called element locking (i.e. the calculated displacements are orders of
magnitude smaller than what they expected to be) when the element is thin. This can be explained by the fact that when using linear interpolations it is impossible for the transverse shear
strains to vanish at all points in the element, when the element is subjected to a constant bending
moment.
To solve this deficiency, various approaches have been proposed, as for example the use of
selective and reduced integration [9]. The approach used in the MITC4 element formulation is
to introduce separate interpolations for the shear strain components. In the natural coordinate
system of the element the strain tensor is written as [10]:
ε = ε̃ij g i ⊗ g j

(11)

where ε̃ij is the covariant components of the strain tensor measured in the natural coordinate
system and g i the contravariant base vector. In the MITC4 formulation the following strain
interpolations are selected:
• The “in-layer” strain components (ε̃11 , ε̃22 , ε̃12 ) are directly calculated from the displacement/rotation interpolations.

4657

Christos Karakostas, Konstantinos Morfidis, Fotios Karaoulanis and Emmanuil Babukas
r2
2

A

g3

B

1

g2
g1

3

ε13C

D

r1

C
4

ε23B

ε23D

ε13A

Figure 2: Strain interpolation
• The transverse shear strains (ε̃13 , ε̃23 ) are interpolated using the following functions:
1
1
C
ε̃13 (1 + r2 )ε̃A
13 + (1 − r2 )ε̃13 ,
2
2

1
1
B
ε̃23 (1 + r1 )ε̃D
13 + (1 − r1 )ε̃13
2
2

(12)

C
D
B
where ε̃A
13 , ε̃13 , ε̃23 and ε̃23 , are the strain components at points A, C, B and D, evaluated
from the displacement interpolations.

A lumped mass matrix based on the row summing approach of the consistent matrix [1] of
the translational only masses is utilized within the context of this work. The consistent matrix
is evaluated form the integral:
∫
NT ρNdΩ

M=

(13)

Ω

where ρ the density and N the shape function matrix which follows directly from the kinematic
assumptions defined above.
3

IMPLEMENTATION ASPECTS

The above formulation has been implemented in the Python programming language. Python’s
elegant syntax and dynamic typing, together with its interpreted nature, make it an ideal language for scripting and rapid application development [11].
An object oriented approach was followed, where five main classes have been defined:
• A Node class, which holds the coordinates and the local to global mapping vector of a
finite element node and is responsible for storing the displacements, the reactions and the
corresponding entries from the eigenvectors.
• A Material class, which is subclassed to Isotropic and Orthotropic classes,
both of which hold the material properties and are responsible for the generation of the
elasticity matrix C.
• A Section class, which holds the Material and the thickness at a given point.
• A GaussPoint class, which holds a Section, the abscissae and the weights of the
Gaussian quadrature and is responsible for updating the stresses, given a stress increment.
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• The MITC4 class, which contains the above and provides the functionality described in
the previous section.
For the inclusion in the commercial code which is written in FORTRAN 2008, the above data
structures will be ported as derived data types.
4

NUMERICAL VALIDATION

A cantilever beam serves as an initial validation example, which will be presented next.
Assume a beam of length 10 (units: SI), defined by 1 × 1 uniform cross-section. The material
is characterized by a Young’s modulus E = 3 × 107 , a Poisson’s ratio ν = 0.2 and a density
ρ = 2500. For the finite element model, the beam is divided into 100 elements.
The exact fundamental frequencies for the corresponding Euler-Bernoulli beam can be easily
retrieved from literature as (see eg. [12])
√
EI
ω = (βl)2
(14)
ρAl4
where I is the second moment of area and βl equals to 1.875104, 4.694091 and 7.854757 for
the three first frequencies respectively.
The first eight eigenmodes and the corresponding eigenfrequencies are shown in Figure 3.
A comparison between the numerical and the exact eigenfrequencies are given in the following
table for the six (bending only) eigenmodes which the theory predicts. The difference in the two
directions reflects the difference is the shell orientation: out-of-plane bending (first) vs. in-plane
bending (second).
Exact (Euler-Bernoulli) MITC4 Difference
[Hz]
[Hz]
[%]
-0.49
0.1770 0.1761
0.1798
1.58
1.1090 1.0630
-4.33
1.0840
-2.30
3.1052 2.7410
-13.29
2.8240
-9.96
Table 1: Comparison between the exact (Euler-Bernoulli) and the MITC4 eigenfrequencies for
the cantilever problem.

5

CONCLUSIONS

In the framework of a EU-funded research project for the enhancement of the cooperation
between academic institutions and private firms, the research team is currently enhancing the
capabilities of an existing commercial code for the seismic design of buildings. Among the
various tasks, a major one is the implementation of shell finite elements in the existing code, to
be used, among others, for linear and nonlinear dynamic analyses of structural systems.
The MITC4 shell element has been selected for this task. This element is based on the idea
of degenerating a 3D solid finite element into a shell element by using special shape functions
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(a) ω = 0.1761Hz

(b) ω = 0.1798Hz

(c) ω = 1.063Hz

(d) ω = 1.084Hz

(e) ω = 1.768Hz

(f) ω = 2.741Hz

(g) ω = 2.824Hz

(h) ω = 2.876Hz

Figure 3: The first eight eigenmodes and the corresponding eigenfrequencies
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that are related to the Reissner-Mindlin kinematic assumption, and by introducing a zero stress
assumption for the out of plane normal stress. To overcome the shear locking problem, a mixed
interpolation of tensorial components is used resulting in an overall simple and transparent
formulation, which gives the element a good predictive capability without containing spurious
zero energy modes.
The formulation of the element is briefly presented in this work and then the element is
validated using against a simple dynamical problem referring to a cantilever beam.
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Abstract. Most engineering applications involving solutions by numerical methods are dependent on several parameters, whose impact on the solution may significantly vary from one to the
other. At times an evaluation of these multivariate solutions may be required at the expense
of a prohibitively high computational cost. In the present work, a multivariate finite element
approach is proposed, allowing for a fast evaluation of parametric responses. It is based on
the construction of a reduced basis spanning a subspace able to capture rough variations of
the response. The method consists in an extension of the Well-Conditioned Asymptotic Waveform Evaluation (WCAWE) to multivariate problems, by an appropriate choice of derivative
sequences, and a selection of the most relevant basis components. It is validated and demonstrated for its potential on a semi-industrial sized 3D application involving coupled poroelastic
and internal acoustic domains.
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1

INTRODUCTION

In order to limit the high computational burden associated with the evaluation of multivariate
Finite Element (FE) solutions, an approach based on a Reduced-Order-Model (ROM), derived
after a univariate moment-matching method, is proposed. This univariate method, namely the
Well-Conditioned Asymptotic Waveform Evaluation (WCAWE) method, proposed by Slone et
al. [1], is shown to allow for a robust generation of basis components with good convergence
properties of the associated reduced systems [1–3]. It relies on a sequence of successive derivatives of the system of interest, leading to multiple Right-Hand-Side (RHS) problems to
be solved sequentially, with intermediate orthonormalization steps and correction terms ensuring the robustness of the procedure and the good conditioning of the resulting transformation
matrix. This univariate basis generation procedure may be extended to a multivariate procedure. However, the cost associated with the orthonormalization and correction steps, may lead
to a computationally prohibitive cost, particularly as the dimension of the variable space increases [3]. Additionally, not all cross-derivative terms may contribute significantly to the convergence of the ROM, and it may be critical to be able to reduce them to a minimum. In this
contribution, an effort is made to bring the WCAWE to multivariate problems, starting with a
bivariate illustration, and attempting to limit the transformation bases to a minimum in view of
higher dimensionality applications. The foundation for a multi-interval strategy is also presented in view of the reconstruction of wide parametric ranges. The approach is shown to benefit
from the superior robustness of the WCAWE compared to the so-called component-wise Padé
approximants [3–6], previously used to derive the Nested Padé approximant method [7, 8].
In the following Section, reminders are made about the WCAWE, the details of its procedure, and the proposed extension to multivariate problems. Then, the basis for a multi-interval
strategy relying on error estimation following contours of convergence intervals is introduced.
Finally, the accuracy and potential of the method are presented on a 3D poro-acoustic problem.
2
2.1

The WCAWE, a moment-matching, projection-based ROM
Generic multivariate problem and associated transformation

The starting point of the WCAWE-based parametric sweep is given by a linear system of the
following form,
Z(x)U(x) = F(x),
(1)
where x may be a vector of Nx independent variables corresponding to the parametric problem
of interest, e.g. including the angular frequency ω, material parameters, ... For the original
univariate case [1], the vector reduces to a scalar such that x = [x]. In an FE problem, Z(x),
U(x), and F(x) respectively represent the system matrix of the discretized problem, the solution vector and the vector of externally applied loads.
The projection-based approach, allowing to solve for a reduced set of equations associated
with Eq. (1), relies on the construction of a transformation basis emerging from successive derivatives of the solution vector in Eq. (1) at a specific point x0 in the parameter space. The
WCAWE algorithm provides a robust generation of this sequence of successive derivatives,
overcoming the inherently ill-conditioned transformation matrix emerging from the direct approach used in the component-wise Padé approximants [3, 4], also used for the generation of
Nested Padé approximants [7, 8]. The resulting well-conditioned transformation matrix VN ,
consisting of N orthonormalized basis vectors, allows for a robust, non-stagnating convergence
upon increasing the size of the subspace spanned. The associated approximation of the solution
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in Eq. (1), to the order N, is such that
b N (x) = VN α(x) ≈ U(x),
U

(2)

α being a vector of N generalized coordinates. This transformation leads to a reduced system
corresponding to Eq. (1), solving for the generalized coordinates in α(x),
VN T Z(x)VN α(x) = VN T F(x).
2.2

(3)

A multivariate WCAWE basis generation procedure

A generic expression of the multivariate WCAWE algorithm, as proposed in this contribution, may be given in x = x0 by the following multiple right-hand-side procedure,


Z(0) v1 = F(0)





N ormalization v1 −→ v1




(0)

Z v2 = F(1) eT1 PQ1 (2, 1)e1 − Z(1) v1






Othonormalization v2 −→ v2




..
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(n−1) 



X

(n) T
(0)



v
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F
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−
Z(j) vn−j PQ2 (n, j)en−j 
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.
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(0)



F(N) eT1 PQ1 (N, j)eN−j − Z(1) vN−1
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j=1





(N−1) 



X



−
Z(j) vN−j PQ2 (N, j)eN−j 




j=2




Othonormalization vN −→ vN

(4)

where a modified Gram-Schmidt orthonormalization step is performed between each vector
generation by the multiple RHS systems in Eq. (4), and where
• Z(k) stands for the differentiation of the system matrix Z, in x = x0 , to the ”cumulative” order k, regardless of the distribution of the differentiation between the independent
i
variables xi . In other words, given the notation ∂xjj (·) for the partial derivative with respect to xj at order ij , and the convention ∂x0j (·) = (·), then Z(k) results from the partial
derivative orders summation such that
Nx
X

Z

j=1

!
ij

=

Nx
Y

!
∂xijj

Z,

j=1

with the aforementioned convention implying that Z(0) = Z.
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• ek is a unitary standard basis vector associated with the k th component of the solution
vector,
• vk is the non-orthonormalized vector generated in the k th iteration of the procedure,
• vk is the basis vector orthonormalized against vk−1 , generated after the k th iteration of
the procedure,
• PQω (α, β), ω = 1, 2, corresponds to the RHS correction terms, chosen to be associated
with the modified Gram-Schmidt orthonormalisation process [1].
The orthonormalized and non-orthonormalized bases, VN and VN respectively, are related by
VN = VN Q−1 ,

(6)

where Q is an N × N upper triangular, nonsingular matrix containing the modified GramSchmidt coefficients. More precisely, column k of Q contains the successive coefficients
resulting from the projection of partially orthonormalized vk on the orthnormalized vectors
vj , j < k, and Qkk corresponds to the norm of vk before its normalization. The correction
terms PQω (α, β), ω = 1, 2, are given by the following product of block matrices extracted from
Q,
β
Y
Q−1
(7)
PQω (α, β) =
[t:α−β+t−1,t:α−β+t−1]
t=ω

Further discussions on the choice of the RHS correction coefficients other than associated with
the Gram-Schmidt coefficients, may be found in Ref. [1].
The approximated solution is evaluated at all DOFs from the generalized coordinates vector
α, after Eq. (2).
Adapting the WCAWE algorithm from univariate problems to multivariate ones lies in the
generation of sequences of RHS vectors, emerging from sequences of iteratively differentiated matrices Z(k) . The choice
 adopted here is to generate such sequences independently, thus
generating a set of NV bases VN1 , · · · , VNNV associated with NV sequences of iteratively differentiated matrices Z(k) . These bases, in principle all of the same size N, each consist of
orthonormalized basis vectors, but these are naturally not mutually orthonormalized from one
to the next basis. These are not even guaranteed to produce linearly independent subsets of vectors upon merging these bases. A simple way to ensure this, as well as to reduce the basis to a
minimum number of basis vectors is to proceed to a compression, or a component selection, via
a Singular Value Decomposition (SVD) of the merged set of bases. Either way, the
 initial step
NV
mer
1
consists in an SVD of the merged basis after concatenation, VN = VN · · · VN , resulting in
VNmer =

Nmer
X

σi wil wir T ,

(8)

i=1

where Nmer corresponds to the total number of basis vectors in VNmer , i.e. Nmer = N · NV ; σi , wil ,
and wir correspond to the singular values, left and right singular vectors respectively.
From the SVD, either the (left) singular vectors associated with the highest singular values
are selected as the components of the reduced merged basis, or the compression of the merged
basis associated with the highest singular values is performed from the selected left singular vectors, right singular vectors and their corresponding singular values. Here the former approach
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Figure 1: Illustration of three possible bivariate derivation paths for the system matrix Z up to
the ”cumulated order” (m + n).
is used, such that assuming a descending-ordered sequence of singular values (σ1 · · · σNmer ), the
reduced, merged basis V∗ is

V∗ = wil | i ∈ (1, Nmer ) ∧ σi ≥ σthresh ,
(9)
where σthresh corresponds to the empirically chosen threshold value for the selection of the singular values resulting from the decomposition in Eq. (8).
The resulting reduced basis V∗ , consisting of NV∗ vectors, is then used in place of the univariate transformations corresponding to Eq. (2) and Eq. (3), in order to solve a reduced set of
equations at most involving Nmer DOFs.
2.3

Sequences of multivariate differentiation

The sequential WCAWE procedure above depends on the generation of sequences of differentiated system matrices to successive ”cumulated multivariate orders” k, i.e. Z(k) . The choice
of these sequences is addressed empirically in this contribution, and illustrated for the case of
bivariate problems. For the bivariate case, the cumulated differentiation orders and the associated differentiation paths may be represented in a matrix form, see Fig. 1.
The matrix sequences obtained from these differentiation paths of the system matrix subsequently feed the procedure presented in Eq. (4).
The rationale behind choosing a limited number of derivation paths is connected to the potential inefficiency resulting from the attempt to calculate all multivariate derivatives for a given
set of maximum orders. Preliminary tests based on the methodology introduced in the previous
section rapidly confirm the emergence of quasi-linearly dependent basis vectors associated with
different differentiation orders from distinct sequences. In practice, it is estimated that a number
of sequences of the order of the dimensionality of the multivariate problem may be sufficient
in order to provide good convergence properties of the ROM. For instance, 2 sequences may
be sufficient for a bivariate problem. Note that this observation addresses in part the issue of
dimensionality and the associated efficiency of the approach: the number of successive derivatives necessary grows linearly with the dimensionality as opposed to an exponential growth if
all cross-derivatives are calculated in a fully multivariate approach.
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3

Multi-interval, multivariate WCAWE approach

In practice, the size of the reduction basis may be limited due to the increase of the computational cost of the procedure in Eq. (4) [3]. This implies that there may be a tradeoff between
increasing the order of approximation, reflected in the size of the basis for a given reference
point, and a multi-interval strategy. In order to proceed with an approximation based on multiple intervals, an error estimator is first necessary.
3.1

Error estimation

A Cauchy-type of convergence test is chosen in order to estimate the accuracy of the approximation without having to calculate the full solution. Provided an approximated output (scalar)
quantity of interest, to the order N, in point x, of the form
!
bN (x)2
U
,
(10)
SbN (x) = 10 log
Uref (x)2
the convergence is estimated in a given point x with the Cauchy convergence test associated
with the relative error (N) (x) = Sb(N+2) (x) − Sb(N) (x), such that
(N) (x) ≤ max , ∀x ∈ [xmin , xmax ] .

(11)

Note that the convergence test involves the solutions associated with several orders of difference. Two orders of difference is suggested here for examples associated with bivariate problems; more may be required for higher dimensionality. Despite a slight reduction of the convergence range achieved, a sufficiently enriched basis reduces the possibility of an erroneous
estimate to occur, and leads to a conservative measure of the actual approximation error.
A Cauchy-type of convergence test however requires an evaluation of two solutions in each
point of interest. It is consequently necessary to limit the number of evaluations of the relative
error for each interval in order to limit the extra cost associated with the error estimation.
3.2

Contour-following and multi-interval strategy

In order to reduce the number of points at which the error estimation needs to be made, a
contour-following strategy is implemented. Starting from the reference point for each interval,
an isocontour is determined (Moore-Neighbour Tracing algorithm), associated with the max
error max in Eq. (11). This contour subsequently allows to fit a regular shape (e.g. a rectangle
for a bivariate problem) providing a simplified measure of the interval of convergence. The successive dimensions of the intervals of convergence may further be used in order to anticipate the
choice of subsequent reference points for approximation of the solution on neighbour intervals.
There are several simple strategies possible in order to fill an entire parametric solution space
with smaller intervals of convergence. One may iteratively choose reference points in direct
connection with the range of convergence of the previously calculated intervals, as adopted for
instance in Ref. [8]. Another possibility is to successively choose the reference points such that
they are the furthest away from any boundary of the parametric space or the converged contours.
4

Application: poro-acoustic parametric sweep

The proposed multivariate approach is tested on an average-sized problem consisting of the
interior cavity of a passenger train, treated with a 15-cm layer of sound absorbing porous material on the top surface. A time-harmonic point source is defined at a corner of the cavity, and
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Figure 2: Sound pressure level of the damped solution at 63 Hz, Φ = 25000 N.s.m−4 , scale
40 − 110 dB.

parametric sweeps with respect to both the frequency and the static airflow resistivity of the
porous layer are performed. All boundary walls are considered as rigid walls, except from the
porous boundary. The porous boundary is modelled by an equivalent fluid formulation, consisting of a modified Helmholtz equation where the equivalent speed of sound is complex and
frequency-dependent, given by
c0
,
(12)
c˜p = r
1 − iΦ
ρ0 ω
˜ denotes a complex-valued quantity, ρ0 = 1.21 kg.m−3 is the ambient density of the air
where (·)
saturating the pores and c0 = 343 m.s−1 the speed of sound in the air. ω = 2πf is the angular
frequency associated with the time-harmonic excitation, and Φ is the static flow resistivity,
associated with the viscous dissipation in the porous material.
After a standard expression of the problem in its weak form and subsequent discretization
by a Galerkin method, the finite element problem has the general form


ω2
ω2
Ka − 2 Ma + Kp − 2 Mp Ũ = F,
(13)
c0
c˜p
where a correspond to air cavity global matrices, and p to porous global matrices. Ũ is
the vector of nodal unknowns (acoustic pressure fluctuation here). The right-hand-side vector
F, associated with the time-harmonic acoustic excitation is in practice only non-zero at a few
DOFs. The FE problem in Eq. (13) is evidently of the form of the generic problem in Eq. (1),
thus suitable for the multivariate approach proposed. The discretized problem consists of around
300000 acoustic pressure DOFs.
Fig. 2 illustrates the solution at a given point of the parametric sweep, for a frequency of
63 Hz, and a flow resistivity of 25000 N.s.m−4 .
The reference solution for the bivariate parametric sweep, where f ∈ [50, 150] Hz and Φ ∈
[3000, 50000] N.s.m−4 , at a point in the cavity, is plotted in Fig. 3.
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Figure 3: Reference solution. Sound pressure level at a point in the acoustic cavity, parametric
solution, in dB.

The multivariate WCAWE procedure proposed here is applied for an approximated solution
based on one reference point in the parametric space for the construction of the transformation
basis.
Two configurations are tested regarding the number of sequences necessary in order to produce the reduced merged basis V∗ of Eq. (9). The first configuration includes 3 sequences: the
2 ”outer” sequences, and one ”diagonal” sequence, as presented in Fig. 1. Given that in this
configuration, some components added by the third sequence are not selected by the SVD, and
that the increased size of the reduced basis V∗ does not noticeably improve the accuracy of the
approximation, the second configuration includes only the two ”outer” sequences. The singular
value threshold σthresh , used for the selection of the main components for the reduced basis V∗ ,
is chosen to be such that σthresh = σmax · 10−15 , where σmax corresponds to the largest singular
value in the decomposition of Eq. (8).
In Fig. 4, the convergence of the approximated bivariate solution is illustrated for three different orders of approximation, for a reduced basis V∗ based on the two ”outer” sequences.
Given the smooth variation of the solution with respect to the static flow resistivity, it is
natural that a lower order of approximation is required than for the frequency. In this illustration,
the order of differentiation for the static flow resistivity is set to 9. Three increasing orders of
differentiation are plotted for the frequency, from order 19 to order 55. The degree of accuracy
reached for the latter case, although using one point only at f = 88 Hz and Φ = 25000 N.s.m−4
for the construction of the basis, highlights the potential of the method.
Table 1 provides a brief comparison of the size of the bases obtained from the proposed
procedure when 2 or 3 sequences of differentiation are used prior to the SVD. A combination
of the facts that some vectors added by the 3rd sequence are filtered out by the SVD, while
all vectors emerging from the combination of the 2 ”outer” sequences are kept, indicates that a
2-sequence approach may be sufficient for the bivariate case. In particular, no improvement of

4669
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4: Convergence of the one-point WCAWE-approximated solution. SPL at a single
point, in dB. Reference parametric point for the WCAWE basis procedure: f = 88 Hz and
Φ = 25000 N.s.m−4 . (a)-(b) Derivative orders 19/9 for frequency/resistivity; (c)-(d) Derivative orders 31/9 for frequency/resistivity; (e)-(f) Derivative orders 55/9 for frequency/resistivity.
Approximation (left) and relative difference to the reference solution (right).
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Romain Rumpler, Raúl Rodrı́guez Sánchez and Peter Göransson

2-sequence
3-sequence
2-sequence
3-sequence
2-sequence

N vec/basis
29 (9+19+1)
29 (9+19+1)
41 (9+31+1)
41 (9+31+1)
65 (9+55+1)

Nmer
56 (29+27)
83 (29+27+27)
80 (41+39)
119 (41+39+39)
128 (65+63)

NV∗
56
79
80
112
128

Table 1: Overview of the size of the reduced basis V∗ emerging from the 2- and 3-sequence
procedure associated with the results in Fig.4.
convergence and accuracy was observed by adding the third sequence, thus indicating a minor
contribution from the basis vectors emerging from this additional sequence. This also reflects
a conservative threshold value for σthresh . Finally, the fact that no basis vector is filtered out by
the SVD, when all vectors emerging from the combination of the 2 ”outer” sequences are kept,
implies that the SVD is in this case not associated with a selection of the basis components, but
rather with a re-orthogonalization of the reduced basis V∗ .
Limiting the expansion to derivative orders 20/12 for the frequency and flow resistivity, respectively, Fig. 5 illustrates the contour-following, filling and shape-fitting approach in order to
define sub-intervals of convergence. The error estimation is calculated along the contours only,
in Figs. 5a and 5c, assuming a monotonous increase of the relative error inside the contours
around the reference point of expansion, and a tolerance of max = 0.02 dB. These contours
may subsequently be fitted, as plotted in grey in Figs. 5b and 5d, with a regular shape connected
to the shape of the parametric space, i.e. a rectangle for this bivariate example.
A first attempt for a multi-interval approximation of the full bivariate parametric space is
plotted in Figs. 6. This approach is based on a surface-fitting matching the surface area of the
estimated contour, augmented by an overestimation factor, here set to 1.5. This over-estimation
factor is justified by the slow increase of the error beyond the convergence contours, provided
that the error tolerance is low enough (here 0.02 dB). The first reference point, associated with
the first interval in Fig. 6a, is chosen following a preliminary step testing the convergence range
associated with a reference point in the center of the parametric space. Then, subsequent intervals are chosen based on the dimensions of the last 2 calculated intervals, in the closest
neighbourhood possible to the last calculated interval. When the parametric space has been
entirely covered, the algorithm attempts to bridge the largest gaps, based on the dimension of
the smallest interval of convergence. Fig. 6b shows in white the estimated range of convergence
after 3 intervals (starting from the low frequency and low flow resistivity ranges). Fig. 6c shows
the estimated range of convergence after 9 intervals, after which the entire parametric range is
”covered”. Finally, Fig. 6d plots the estimated range of convergence after the largest gaps have
been added extra reference points, including 16 intervals in total. This implies the calculation
of 16 multiple RHS problems consisting of 33 RHS vectors in order to build the complete set
of reduced bases, to be contrasted with the full solution to be calculated at 101 × 48 = 4848
points for the reference solution.
The proposed approach is currently being tested for its robustness with respect to a wide
range of problems, starting, as done here, with bi-parametric problems.
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(a)

(b)

(c)

(d)

Figure 5: Illustration of the contour-following and shape fitting strategy for a single interval
associated with the poro-acoustic bivariate problem. (a) and (c) Isocontour following of the
max relative error; (b) and (d) Isocontour filling and fitting with a regular shape (rectangle).

5

CONCLUSIONS

In this contribution, a multivariate approach based on the Well-Conditioned Asymptotic
Waveform Evaluation algorithm is proposed. It relies on the generation of basis vectors emerging from sequences of incrementally differentiated system matrices at parametric points of
expansion. These sequences, efficiently generated by a multiple right-hand-side type of problem, are subsequently merged and further reduced via a singular value decomposition.
The convergence of the approach is illustrated on a bivariate poro-acoustic application of
about 300000 degrees of freedom. The limitation to a reduced set of sequences is promising in
the scope of using the proposed approach for higher dimensionality. An extension to a multiinterval approximation strategy, based on the efficient use of error estimator is also tested and
currently under further developments in connection with its robustness.
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(a)

(b)

(c)

(d)

Figure 6: Convergence of a multi-interval approach for bases with fixed derivative orders 20/12,
with a tolerance of max = 0.02 dB. (a): 1 convergence interval, (b): 3 convergence intervals,
(c): 9 convergence intervals, (d): 16 convergence intervals.
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The financial support from the Swedish Research Council (Vetenskapsrådet VR Grant 201504925 for the first author) and the Centre for ECO2 Vehicle Design (VINNOVA Grant 201605195) are gratefully acknowledged.
REFERENCES
[1] R. D. Slone, R. Lee, and J.-F. Lee. Well-conditioned asymptotic waveform evaluation for
finite elements. IEEE Transactions on Antennas and Propagation, 51(9):2442–2447, 2003.
[2] M. S. Lenzi, S. Lefteriu, H. Beriot, and W. Desmet. A fast frequency sweep approach using
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Romain Rumpler, Raúl Rodrı́guez Sánchez and Peter Göransson

[3] R. Rumpler, and P. Göransson. An assessment of two popular Padé-based approaches for
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Abstract
As the earliest meshless method, Smoothed Particles Hydrodynamics (SPH) has been applied
in solid dynamics because of its great potentials in simulating extremely large deformations.
However, the numerical instability of SPH is still a severe problem, especially tensile instability and pairing instability can lead to some unphysical cracks when the solid material is
stretched or compressed. At present, no method exists to completely avoid these instabilities,
although a few corrections like Artificial Viscosity, Artificial Stress, CSPH or the Godunovtype SPH have been proposed. The base of SPH formulation uses a kernel function for numerical approximations. Some literatures demonstrate mathematically that the types of the kernel
function directly influences the stability of SPH method. In this paper, we study the stability of
SPH with the different kinds of kernel functions including traditional types and several new
ones proposed recently. Combined with some corrected techniques, the suitability of these
kernels in SPH method is discussed in solid dynamic problems like bending deformation in
elastic beam and elastic-plastic deformation in impact problems.

Keywords: Smoothed particle Hydrodynamics, Tensile instability, Kernel functions, Elasticplastic deformation
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1

INTRODUCTION

Smoothed particle hydrodynamics (SPH) is a numerical method proposed initially by
(Gingold &Monaghan 1977) [1], which discretizes a continuum and has been used to solve a
wide array of partial differential equations [5][9]. As a typical meshfree method, it was initially used in simulating astrophysical and cosmological problems [2], and then was developed
quickly to be applied in computational fluid dynamics [3-5], electromagnetics [6], explosive
process[7]. Considering the characteristic of SPH which models the governing equations by a
group of particles and is more flexible to simulate the material’s large deformations, lots of
researchers expanded its applications into solid dynamics [8][9]. It has been effectively applied in impact problems [10], metal forming [11] and biomechanics [12] in recent years.
Different versions and corrections of SPH method are still developed to reduce some numerical instabilities especially when simulating solid dynamics [13-14]. Artificial viscosity
was proposed in [15] to mainly remove the numerical oscillation, which has been used in all
the SPH versions. Because this technique can generate unphysical dissipation by adding an
“artificial pressure” into the momentum and energy equations, it easily makes the system
over-dissipative. Amit Shaw et. [16] discussed it detailly and introduced a modified method
based on original artificial viscosity terms. Corrected SPH (CSPH) is developed to make the
SPH procedure more stable and especially for boundary inconsistency [18] by corrected kernels. In the overview paper by M.Rothlin et. [9] in 2018, two kind of Corrected SPHs were
discussed, the first was proposed by Randles and Libersky [20] which reproduces a linear
function by a correction tensor for the kernel estimate. The other was based on Taylor expansion to correct kernel introduced by Chen, Beraum and Jih [21]. In this paper, the latter approach is used because it provides higher order derivatives in SPH formulation than the other.
Artificial stress term was developed by Monaghan and Gray [22] to remove tensile instability
in elastic dynamics. It is implemented by adding a strong repulsive force only when particles
become too close to each other, resulting in a more stable simulation for elastic problems.
These techniques based on standard SPH like Artificial viscosity, Corrected SPHs and Artificial stress all are developed to achieve more stability of SPH. New SPH versions are still being developed, with an aim of improving the stability like Godunov SPH [23-24] and Tatal
Lagrangian SPH [25-26].
In spite of these modifications, SPH still shows the pairing instability when simulating extreme tensile and compressive behaviors [17-18], which are considered as a severe barrier to
develop the SPH application in solid mechanics. J.W.Swegle et. [27] studied the stability
analysis of standard SPH in 1994 and firstly proposed the important concept of “tensile instability” which means particles severe clumping phenomenon in stretch sections of material.
The result of this study is that the instability of SPH method has close relevance with the second derivative of kernel function. In addition, Walter Dehnen and Hossam Aly [28] also investigated the relations between the instability of SPH method and kernel functions and it
proposed that the pairing instability can emerge in both stretch and compressive parts of materials, not just tensile instability in solid dynamics. Besides, this study also concluded that the
Wendland kernels are more effective than traditional B-splines, but just based on the mathematical deductions. Therefore, the type of kernel plays a significant role in SPH instability.
The hyperbolic-shape kernel [29] and double-cosine kernel [30] were proposed by Xiufeng
Yang et. and proved that these kernels are more suitable to remove the tensile instability. But
these new types of kernel are just tested for flows and for the elastic-plastic problems, there
are few research to discuss it. Therefore, a study is necessary to investigate the performances
of SPH with different kernels.
The structure of this paper includes five sections. Section 2 introduces the SPH formulation
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and its implementation in elastic-plastic problems. Then, some corrected techniques are
demonstrated including the discussion between SPH kernels with numerical instabilities in
section 3. After, two examples are provided to investigate the performances of SPH with different kernels in section 4 and the conclusion is in section 5.
2

SPH METHOD APPLIED IN SOLID MECHANICS

SPH is a typical meshfree numerical method based on particles discretization, which mainly consists of two processes, kernel approximation and particles discretization. It has a great
advantage in simulations with large deformation in dynamics. This section shows the implementation procedure of SPH method in elastic-plastic formulations.
2.1

SPH formulations

The first major process in SPH formulation is kernel approximation, which approximates
the field variables and their derivatives by using the kernel function W . Therefore, kernel
function in follow formulas is an important concept and its type has much weight for SPH
performance. The kernel approximation can be shown by follow equations,

f ( x) =  f ( x)W ( x − x, h)dx

(1)

  f ( x) =  f ( x) W ( x − x, h)dx

(2)





Where, h is the smooth length determining the size of nearby domain also called influence
domain. Its value depends on the kernel function. Then, to discretize the above integral functions into the particles summations in its influence domain is called particles approximation.
N

mj

j =1

j

f ( xi ) = 

f ( x j )W ( xi − x j , h)

N

 f (x ) f (x j ) 
W
(
x
x
,
h
)
  f ( xi ) = i   m j  2i +

−


i
j
 2j 
 j =1  i


2.2

(3)

(4)

Governing equations in solid elastic-plastic body and its SPH formulas

The conservation equations for solid mechanics are shown by
N
W
di
v
= −  i =  m j (vi − vj )  ij
dt
xi
xi
j =1

(5)

N
  i  
 W
dvi 1  i

f
m
=
+
=
+ j2   ij + f 
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dt  xi
 j  xi
j =1
 i

(6)

  i  
 W
dei  i vi
1 N


== −  m j (vi − v j )  2 + j2   ij

 
dt
 xi
2 j =1
 j  xi
 i

(7)

Where, for every particle i , the physical informations like mass mi , density i , and internal
energy ei are carried. vi is the component of the velocity vector and  i is the stress tensor
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and xi is the Cartesian component of the position vector. The stress tensor in Eq.(6) and (7)
can be written by

  =P  − S 

(8)

Where, P is pressure and S  is the deviatoric stress. In this paper, for elastic problem, calculating the pressure by a simple constitutive equation,

P = K(


− 1)
0

(9)

Where, K is the bulk modulus and 0 is initial density. For the elastic-plastic problems, the
Mie-Gruneisen equation is used,
1
P = (1 −  ) PH +  e
2

(10)

a0 + b0 2 + c0 3   0
PH =  3
 0
a0

(11)

Where,

 


-1
 0 

=

(12)

a0 = 0C 2 , b0 = a0 [1 + 2(S − 1)], c0 = a0 [2(S − 1) + 3(S − 1)2 ]

(13)

Here, S and C , respectively, is the linear shock-velocity and the particle-velocity parameters
to describe the Hugoniot fit and  is the Gruneisen parameter.
The deviatoric stress tensor S  can be calculated by its derivative,

dS 
1
= 2 (  −     ) + S  R  + S  R
dt
3

(14)

  = (

1 v v 
+
)
2 x  x

(15)

1 v v 
R = (  −  )
2 x
x

(16)

Comined with the SPH formulations, the equations Eq.(14)-(16) can be described as summation forms of particles as follow,
j=N
m j   Wij
 v 
=
−
(vi − v j ) 

 
xi
j =1  j
 x i

(17)

In this paper, perfectly-plastic behaviors of the solid material are considered and Von Mises yield criterion is applied. The second stress invariant J 2 = 0.5S  S  is checked and  y is
the uniaxial yield stress. In every time step, if

J 2 exceeds the yield stress  y




vidual stress components are given new values Snew =fS , where
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f = min  y , 1

 3 J 2

(18)

The plastic strain  
p can be calculated by the increment form

 
p =

1 − f 
S
2

(19)

And here, the equivalent strain  e is defined as  e = 0.5    , which includes both elastic
and plastic deformation and it is an important variable to evaluate the material behavior and
would be used in examples in this paper.
2.3

Time integration

In this paper, the predictor-corrector Leap-Frog (LF) scheme is applied in SPH time integration. Denoted the time step t , and the predictor step is

vn+1/2 = vn + t  vn

(20)

rn +1/2 = rn + t  vn + 0.5 ( t )  vn
2

(21)

Where, r presents the value of particle’s position which is not corrected. For the velocity v ,
the corrector step is shown by

vn+1 = vn +1/2 + 0.5  t（
 vn +1/2 - vn）

(22)

Here, vn +1/2 is calculated using the predicted values. And the density  , energy e and deviatoric
stress S are calculated by the same steps with velocity v . In that scheme, the time step is decided by below equation
t  0.2

3

h
ci + vi

(23)
max

THE INSTABILITY PROBLEMS OF SPH FOR SOLID MECHANICS

In this section, standard SPH corrections are explained and implemented in our numerical
code. Then, the discussion about the role of kernels in instability problems of SPH method is
presented. Different kernels are also discussed and listed in table 3.1 for the investigation in
mechanical tests in next section.
3.1

Artificial viscosity & Artificial stress

The artificial viscosity is widely used to remove the numerical oscillation in SPH method
and it is also helpful to reduce the tensile instability when SPH simulates the solid problems.
In this section, the basic form is introduced in Eq.(24).

 −  cijij +  ij2
, vij  xij  0

ij
ij = 
0,
vij  xij  0
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ij =

hij vij  xij

xij + ( hij )
2

(25)

2

Where, vij = vi − v j , xij = xi − x j , ij = ( i +  j ) 2 , hij = ( hi + h j ) 2 , cij = ( ci + c j ) 2 and c is
the sound speed, which are explained well in [15].  is the constant and its value is 0.1 in this
paper. And ( ，  ) is also a group of constant values. This term is added to momentum and
energy conservations,
N
    
 W
dvi
=  m j  i 2 + j2 −  ij    ij + f 
 
 x
dt
j
j =1
i
 i


(26)

However, the artificial viscosity adds an unphysical dissipation of energy into conservations. Then, choosing suitable parameters ( ，  ) is important to get satisfied results.
Artificial stress provides artificial repulsive forces to stress tensor specially in order to

n
+ R
solve the tensile instability, adding the artificial stress terms 
to the moij =( Ri
j ) f
mentum and energy conservations as follow,
N
  i  
dvi
=  m j  2 + j2 −  ij  +
 
dt
j
j =1
 i


ij

 Wij

   + f
 xi

(27)

Here, for 2-D problems just show the form of Rixx term when  =x and  =x ,

Rixx =c 2 Rixx + s 2 Riyy

(28)

And, when the value of  ixx is positive,

Rixx =-

 ixx
2

(29)

Otherwise, Rixx =0 . In above equations, Rixx is the component of the artificial stress in the
original coordinates and Rixx is new component of the stress tensor in a rotated frame and
c denotes cos i and s denotes sin i ( i is the rotation angle which makes the stress tensor is

diagonal).  is a constant that controls the weight of artificial stress. f n is defined as follow,
 W (rij ) 
f =

 W (dx) 

n

n
ij

(30)

Where, rij is the distance of two particles and dx is the initial particle spacing. Constant value
n is suggested as 4 in [22].
In this paper, XSPH correction is also used to update the velocity by an average of the particle velocities in every time step, like
N

mj

j =1

ij

vi = vi +  

(v j − vi )Wij ， ij =
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It is suggested to be applied in tension problems simulated by SPH method in [9]. Corrected
SPH (CSPH) proposed by Chen, Beraum and Jih [21] is also applied in our SPH code to
simulate the examples in the section 4.
3.2

The role of kernel in SPH method

Illustrated in section 2, kernel function is an important concept in the SPH formulation,
which directly determines the pattern to interpolate, and also defines the size of the influence
area of a particle. As a kernel function, it needs satisfy three basic conditions like,
1. It must be normalized，

 W ( x − x, h)dx = 1

(32)

Obviously, kernel is the function with the distance between particles and h . h is the parameter called smoothing length determining the size of influence domain of a particle.
2. It has the characteristic of compact supportness, which means

if x − x   h, W ( x − x)  0 else W ( x − x) = 0

(33)

Where, the combination between smoothing length h and a scale factor  determines the
spread of the specified smoothing function.
3. It should satisfy the Dirac delta function condition as h → 0 ,
lim W ( x − x, h) =  ( x − x)
h →0

(34)

Except for above three conditions, SPH kernel also should be an even function and need
enough smooth. Otherwise, kernel function also can be written into the follow form,

W ( x − x, h) =  d K (q), q = x − x h , d = 1, 2,3

(35)

Where,  d is the dimension-dependent normalization constant for particular kernel functions.
Based on above conditions, one can construct any function as the kernel function in SPH
algorithm, and M.B. Liu et. provide a systematic method to build kernels in [19]. However,
specific kernel functions still have different performances for SPH instability and accuracy.
Swegle et al. in [27] discussed the relation between SPH instability and kernel functions.
They not only firstly proposed the concept of “tensile instability”, but also gives a conclusion
about a sufficient condition for the unstable growth in SPH algorithm,

W T  0

(36)

Where, W  is the second derivative of the kernel W and determined by the slope of W  . T is
stress state, which is negative in compression and positive in tension. According to this theory,
some articles proposed new types of kernels for specific problems, for example Yang X et. in
[29] introduced that using a hyperbolic shaped kernel function which possesses non-negative
second derivatives can remove the tensile instability in viscous liquid drop problems. A new
kernel called double cosine kernel function was also proposed in [30] which has smoother
second derivative to obtain a better accuracy for SPH with applications in free surface flows.
Dehnen W et. in [28] proved that Wendland function is more effective to remove SPH
clumping instability especially when increasing the number of neighbour particles. Besides,
the kernel Fourier transform was found to have a strong relevance with SPH instability and an
explanation in terms of the SPH density estimator was provided. K. Szewc et. used Wendland
function as SPH kernel to simulate the incompressive flows and acquired better results compared
with using traditional kernel functions based B-spline series [34].
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Index

Name of Kernel

Type-1

Cubic spline [35]

Type-2

Gauss [35]

Type-3

Quintic [35]

Type-4

Wendland [28]

Type-5

Double cosine [30]

Type-6

Hyperbolic shaped
[29]

Function (  d is the dimension-dependent)

Table 3.1 : A list for six types of kernel functions in SPH algorithm

Figure 3.1 the curves of kernels in 1-D.

However, up to now, in the applications of SPH method simulating solid dynamics, the traditional kernels like the Gaussian function and B-spine functions are still mainly used. Table 3.1
lists six types of kernels including classic ones (type-1 to type-3) and some (type-4 to type-6)
recently proposed for particular problems. Figure 3.1 shows four kernel curves including their
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second derivatives. This paper aims to investigate the effect of these different kernel functions
for dynamic problems with large deformations by the examples in next section.
4

EXAMPLES

This section shows two examples to investigate the different performances of different
kernels listed in table 3.1. The first is the bending deformation of a cantilever beam with tip
dynamic load simulated by CSPH method. It would demonstrate that different kernels have
great influences on pairing instability and even unphysical cracks in elastic dynamics. The
other is a 2-D Taylor rod impact problem which is considered frequently to investigate the
performance of SPH in simulating material plastic behaviors.
4.1

Elastic bending beam

In this sample, the plane stress assumption is applied for the slender beam, therefore the
physical three-dimensional solid problems can be degraded to two-dimensional problems. The
geometrical dimensions of the beam structure are shown in figure 4.1, where the length
L = 100mm , the width t = 10mm and the beam thickness is fixed to 1mm . The left edge of
the beam is fixed and the other edge is free and has a concentrated load given by acceleration
a . The value of the load a is the quadratic function with time, starting from 0 to the maximum value amax at time T1 = 1.5ms and after this time point keep the maximum load until the
end of the simulation Ttotal = 3.0ms . All the material parameters are shown in table 4.1 and the
related parameters in CSPH are shown in table 4.2. The same tests are also studied by Liu Lin
in his thesis [32].

Figure 4.1: the beam model and the left is fixed.

Material
Steel

Young’s modulus
210 GPa

Figure 4.2: the dynamical loading.

Poisson’s ratio
0.3

density
7800 kg m3

Sound speed
5960 m s

Table 4.1: material parameters.

Test
A
B

dx
(mm)

t
(s)

h

1
1

1.0e-7
1.0e-7

1.2 dx
1.4 dx

AV
(  ,   )

AS
( )

XSPH
( )

0.1/0.1
0.5/0.8

0.5
0.9

0.5
0.5

Table 4.2: the parameters in CSPH，AV is artificial viscosity and AS is artificial stress

This example consists of two tests denoted “Test A” and “Test B” distinguished by maximum loading. In Test A, when the maximum loading force Fmax = 1750N , the beam deflec-
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tion can be regarded as a linear change with load and can be estimated by the static solution
reported by Timoshenko [33] with Wanalytical = FL3 3EI + 6FL 5GA= 33.59mm . The average
errors eav with different kernels are listed in table 4.3, ranging from 2.25% to 17.62%. This
results demonstrate that the types of kernel have a large influence on SPH accuracy. Except
for type-5 kernel, other several kernels all make the simulating accuracy lower that 10%. Figure 4.3 shows the distribution of beam deflection, in which the simulation ( a ) by our codes
(CSPH with type-1 kernel) is very close to the one obtained by [32] using Total Lagrangian
SPH in figure 4.3 (b) .

Types of kernel
Errors ( eav )

Type-1
2.55%

Type-2
8.11%

Type-3
7.96%

Type-4
9.58%

Table 4.3: Errors in test A and eav is calculated by e =
av

1
T

Type-5
17.62%

t = 3.0 ms

Wt − Wanalytical

t =1.5 ms

Wanalytical



Type-6
8.86%
,

T is the number of time steps from t = 1.5ms to t = 3.0ms .

(a)

(b )

Figure 4.3 the deflection distributions: ( a ) is simulated result by our code with type-1 kernel
and (b) is simulated by Total Lagrangian SPH in [32]. the unity is

mm in (b) and the unity is m in ( a ) .

Test B gives amax a larger value to make loading force Fmax = 17.5kN (the same loading
process in figure 4.2), and in this case, the beam deflection Wc is non-linear related with loading force, and its analysical deflection is Wanalysical = 81.1mm according to Timoshenko [33]
and Liu [32].
When the beam bends to nearly maximum deflection Wmax , different numerical instabilities
happen when using different kernels as shown in figure 4.4. Obviously, when using the type-2
and type-3 kernel, the non-physical cracks emerge, which directly lead to wrong simulations.
When applying type-5 kernel, the particles clump severely and cause the pairing instability in
compressive part of the beam. The pairing instability also occurs in the case with type-1 kernel. Although the slightly tensile instability still exists in the fixed end of the beam with type4 and type-6 kernel, it is not very severe especially using type-4 kernel and its average errors
eav is 4.89%. It is also observed that in figure 4.5, the simulation by SPH with type-4 kernel is
in accordance with the results of both SPH code in [32] and FEM method in [32].
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Type-1

Type-2

Type-3

Type-4

Type-5

Type-6

Figure 4.4: Distributions of

(a)

 xx

at the maximum deflection with 6 kernels.

(b )

(c )

Figure 4.5 the distributions of deflections: ( a ) is simulated result by our code with type-4 kernel,
(b) is simulated by Total Lagrangian SPH and (c ) is FEM simulating in [32]. the unity is mm in both
(b) and (c ) , the unity is m in ( a ) .

Therefore, in this bending test, the conclusion is that types of kernel don’t have much influences on clumping instability for small bending deflections but for large deflection problems they have obviously different performances. For the bending problem, the materials will
experience both compression and stretch at the same time and both the tensile instability in
large stress domain and paring instability in compressive domain are possible to occur. This
test also shows that type-4 kernel has a more satisfied simulation compared with other kernels.
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4.2

Plastic compressive

As a second test, a 2-D Taylor rod impact problem is simulated by standard SPH with artificial viscosity aiming to investigate the influences of different kernels. Figure 4.6 shows the
2D model of an iron rod which impacts a rigid surface. The values of all the parameters are
set equal to those used by Libersky and Petschek [31]. The results can be compared with simulations conducted with the EPIC-2 code provided in [31]. For impact problem, MieGruneisen EOS is used and its parameters are shown in table 4.4.
Parameter
Young’s modulus
Shear modulus
Yield stress
C
S

Figure 4.6: Model geometric of rob

Values
208GPa
80GPa
600MPa
3630m/s
1.80
1.80

Table 4.4: Parameters in rob impact

In this simulation, the rod is discretized by 25  81=2025 particles. The initial space dx of
particles is 1.058mm and the smoothing length h = 1.5dx . The computational time is 50 m
from the beginning of the contact between the rod and the rigid surface.

(a)

(b )

Figure 4.7: the shapes of rod at the impact end.
The artificial viscosity coefficient ( ，  ) =(0.05, 0.05) in ( a ) and ( ，  ) =(0.5, 0.5) in (b) .

Figure 4.7 compares the rod shapes at the end impact at 50 m by SPH with different kernels, in which ( a ) and (b) used two different group coefficients in artificial viscosity. From
these results, it is observed obviously that the simulation using kernel type-4 is the closest to
the result provided by EPIC-2 code, which is taken as a reference [31]. The result obtained
with the type-6 kernel is obviously wrong because of severe numerical instability, showing
that type-6 kernel is not smooth enough to provide correct results. Figure 4.8 illustrates the
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bad distribution of the equivalent strain of the structure using type-6 kernel. By contrast, Figure 4.9 presents a very smooth distribution of equivalent strain in 2-D rod using type-4 kernel ,
which is also in agreement with the physical phenomenon.

Figure 4.8: the distribution of equivalent strain
with type-6 kernel

5

Figure 4.9: the distribution of equivalent strain
with type-4 kernel

CONCLUSION

In this paper, the implementation of SPH method in dynamics is introduced and two examples including elastic and plastic dynamical deformations are tested to observe the influences
of different types of kernels on instability of SPH simulations. The first example by a cantilever beam with tip dynamic load demonstrates that the different types of kernel directly affect
the instability especially the tensile and pairing instability. The second test about rod impact
with severe plastic deformations also shows that choosing the suitable kernels can improve
effectively the accuracy of SPH simulations.
Kernel type-1 to type-3 are widely used in the scientific literature and they are also regarded as traditional kernels in SPH method. Type-4 to type-6 are proposed recently and applied
in SPH in order to simulate different problems like flows or soils. But from our investigations,
types-5 and type-6 do not have good performance in elastic-plastic problem. So, aiming to
different fields, the kernel also has different suitability. Finally, the paper provides interesting
step for the choice of a suitable kernel function to be used in SPH formulation for solid dynamic problems.
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Abstract
This study presents a new reduction process where the proper orthogonal decomposition
method is applied to the dual formulation of dynamic substructuring. Dual formulation is significant as it is effectively solving problems and solving ill-conditioned problems on parallel
processing computers. Dual formulation uses the Lagrange multiplier method to couple substructures. In the proposed approach, substructures are reduced under constraint conditions
with the Lagrange multiplier method. Each domain is divided into internal and interface parts,
and the two parts are treated separately during the reduction process. The interface part is
preserved without further reduction (i.e., the internal reduction method) or reduced to a different ratio from the internal part (i.e., the internal and interface reduction method). After the
substructures are reduced, the Lagrange multipliers are applied to the preserved or reduced
interface parts. Because the Boolean matrices that preserve the constraint conditions are not
reduced but newly constructed, the stability and accuracy of the reduced system are guaranteed. The proposed methods are verified for a large-scale linear structure and a hyperelastic
structure considering material and geometrical nonlinearities.
Keywords: Dynamic substructuring, Lagrange multiplier method, reduced-order model,
Proper orthogonal decomposition (POD), Internal and interface reduction method (IIRM), Internal reduction method (IRM).
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1

INTRODUCTION

Domain decomposition method has been studied to solve large-scale problems that cannot
be solved by the limits of computational resources. Dynamic substructuring, a kind of domain
decomposition technique, divides a dynamic system into several subdomains and shares only
interface to solve the subpart level. Depending on how substructures are assembled, dynamic
substructures are expressed in a primal or dual manner. Dual formulation of dynamic substructures employs Lagrange multipliers and Boolean matrices to impose constraint conditions on subdomain interfaces.
Large-scale model can be solved by domain decomposition, but there is still a problem that
requires a lot of time to analyze especially the dynamic problems. So, the proper orthogonal
decomposition (POD) method has been used to reduce the dynamic substructuring. Conventional methods of POD application to dual formulation of dynamic substructuring do not consider interfacial degrees of freedom or constraint conditions. In conventional approaches, the
Lagrange multiplier method is first applied to substructures, and the coupled system is subsequently reduced. Reduction bases are constructed for each subdomain. However, this reduced
order model (ROM) sometimes diverges. This is because the internal and interface parts are
reduced as a single unit, and Boolean matrices that connect the interfaces are also reduced
during the reduction process.
This study proposes reversal of the order of reduction processes. In the proposed method,
the reduction bases of each domain is divided into internal and interface parts. Then, the two
part can be handled separately in ROM. The interface part can be preserved without reduction
or reduced to a different ratio than the internal part. After reducing the substructures, the Lagrange multipliers are applied to the preserved or reduced interface parts. This means that the
Boolean matrices are not reduced but are newly constructed.
2

DUAL FORMULATION OF DYNAMIC SUBSTRUCTURING

There are two type of formulations in dynamic substructuring depending on how the set of
interface degrees of freedom is defined. A primal formulation defines the interface degrees of
freedom only once. On the other hand, a dual formulation presents the interface degrees of
freedom multiple times, as many as the number of substructures connected to the interface.
For example, if an interface with degrees of freedom is connected to n number of substructures, the total degrees of freedom are retained in the primal formulation, but the total degrees
of freedom are increased by n  (m  1) in the dual formulation.
Another difference between the primal formulation and the dual formulation is that the
primal formulation selects the displacements at the interface as unknown while the dual formulation selects the force at the interface as unknown. The dual formulation uses the Lagrange multiplier method for assembling structures. Boolean matrices giving compatibility
conditions and Lagrange multiplier vectors corresponding unknown interface forces are included in the system matrix.
Dual formulation of dynamic substructuring is expressed in matrix notations as follows:

 M 0   u   K B T  u   f 
    
 0 0  λ   

    B 0   λ  0
where

4691

(1)

M1
M   0
 0

0
0

 u1 
u    ,
uS 

0 
0  ,
M S 

K 1
K   0
 0

 u1 
u    ,
uS 

0
0

0 
0 
K S 

 f1 
f   
fS 

B is a signed Boolean matrix operating on the interface degrees of freedom. Let u (a) and
u (b) refer to the same interface degrees of freedom, but belong to different substructure. This
expression states any coupled interface degrees of freedom u (a) and u (b) must have the same
displacement, i.e., u (a)  u (b)  0 .

3

PROPER ORTHOGONAL DECOMPOSITION-BASED REDUCTION OF
DYNAMIC SUBSTRUCTURING

While the modal reduction method obtains the reduction mode from the system matrix,
Proper orthogonal decomposition (POD) method extracts the reduction mode by singular value decomposition of response data. In dynamic systems, large singular values give major
characteristics of the system, while small singular values correspond to small perturbations to
the overall system dynamics. Transformation matrix is constructed by choosing r dominant
proper orthogonal modes corresponding large singular values. Using the transformation matrix, the original coordinates X can be reduced to the generalized coordinates XR .
(2)
X  TXR
n1
R
r1
nr
,X 
and T 
Where X 
 n r .
First, the conventional method that reduces the dynamic substructures using POD is explained in Section 3.1. Then, the proposed method that considering interface degrees of freedom is introduced in Section 3.2 and Section 3.3.
3.1

Conventional method : One-unit Reduction
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Figure 1: Conventional one-unit reduction method.

Figure.1 shows the conventional method to reduce the substructures in dual formulation.
The two separated subdomains are first coupled by the Lagrange multiplier method and then
reduced. Each subdomain is reduced by different modes. The interfaces and Boolean matrices
for Lagrange multiplier method are also reduced by different modes, so the coupling condition cannot but be weakened.
3.2

Proposed method 1: Internal reduction

Internal reduction method reduces only internal degrees of freedom of substructures. In the
subsystem equation, it is necessary to distinguish between the internal degrees of freedom and
the interface degrees of freedom.

Figure 2: Proposed internal reduction method.

Figure. 2 shows the process of the proposed internal reduction method (IRM). In this
method, only the internal part of each subdomain is reduced each different plane, and the Lagrange multiplier method is applied to the remaining interface part. In ROM, the coupling
condition is highly robust and the interface responses can be considered well. However, since
the interface degrees of freedom is not reduced, the overall calculation efficiency is lowered.
3.3

Proposed method 2: Internal and interface reduction

Internal & interface reduction method (IIRM) has been studied to overcome the limitation
of internal reduction while maintaining constraint condition strong. IIRM also imposes constraint condition after reducing the subsystem. IIRM differs from IRM in that it reduces the
interface degrees of freedom.
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Figure 3: Proposed internal and interface reduction method.

Figure. 3 shows the process of the proposed IIRM. In this method, the internal part of each
subdomain is reduced by different modes. Note that the interfaces of the subdomain are reduced by same dominant modes. By adjusting the reduction ratio differently from the internals, the interface degrees of freedom can be reduced in consideration of the interface
response sufficiently. Coupling condition is imposed by applying the Lagrange multiplier
method to the reduced interface. This method enables efficient computation while maintaining
a strong constraint condition like internal reduction method.
4
4.1

NUMERICAL EXAMPLES
Wing model

A 3D wing model consisting of 6 substructures is dynamically analyzed with the three reduction methods in Fig. 4. The undivided wing model is a large scale structure with 72,438
degrees of freedom. The number of degrees of freedom corresponding to each subdomain
listed in Table. 1. One interface consists of 678 degrees of freedom. Subdomain 1 and 6 have
one interface while the other subdomains have two interface corresponding to 1356 degrees of
freedom. As it is calculated in the dual formulation, the sum of the degrees of freedom of the
subdomains is 678  5 more than the original degrees of freedom.
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Figure 4: Wing model

The two concentrated forces are applied in opposite directions at different magnitudes, the
wing model becomes not only up and down but also twisted. The thickness of the design variable is divided into 4 zones. With the thickness variation of both side skins and spars as
0.01/0.02/0.03/0.04 and of rips as 0.005/0.01/0.015/0.02, sampling analyses are performed
256 times. The sampling data set is subjected to singular value decomposition to construct the
transformation matrix reducing full system matrix. The analysis results of ROM are compared
to that of FOM with the randomly selected thickness.
( i : internal / b : interface )

Table 1: Number of degrees of freedom corresponding to each subdomain
1) Conventional method : One-unit Reduction

2) Proposed method 1 : Internal Reduction

3) Proposed method 2 : Internal & Interface Reduction

Table 2: Number of used proper orthogonal modes corresponding to each subdomain
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Figure 5: Z-direction displacement of point A

Figure. 5 shows that the analysis results of internal ROM and internal & interface ROM are
accurate, whereas the analysis results of one-unit ROM are divergent. Even though the size of
the internal & interface ROM is the same as the size of the one-unit ROM, it can be seen that
IIROM is more stable than one-unit reduction method. In the case of IMR, there is a limit to
reducing the ROM size as it does not reduce the interface.

Figure 6: Analysis time

Figure. 6 shows the analysis time of full order model (FOM), one-unit ROM, internal
ROM and internal & interface ROM. The time it takes to calculate the FOM is 11.4 minutes
(686 seconds). It takes about 77 seconds to calculate the one-unit ROM, but it does not make
sense because the result does not converge. The calculation time of the internal ROM and the
internal & interface ROM takes about 163 seconds and about 5.8 seconds, respectively. Compared to the computing speed of FOM, it is 118 times faster to calculate the internal & interface ROM, while the internal ROM is 4 times faster.
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4.2

Hyperelastic cubic with hole model

A hyperelastic cubic model with hole is dynamically analyzed with the two proposed reduction methods in Fig. 8. As this cubic model is Noe-Hookean model, the material nonlinearity and geometric nonlinearity are considered during the analysis. The undivided cubic
model has 3,729 degrees of freedom. This model is divided two substructures which have
1,947 and 2,112 degrees of freedom. The interface consists of 380 degrees of freedom.

Figure 8: Hyperelastic cubic with hole model

Dynamic analysis is performed with the distributed load which pull up the cubic. Sampling
analyzes were performed with the Neo-Hookean’s material constants (λ, μ) set to values of
(1e9, 5e8), (1e9, 1e9), (2e9, 5e8), and (2e9, 1e9) as design variables.
1) Proposed method 1 : IRM

2) Proposed method 2 : IIRM

Table 3: Number of used proper orthogonal modes corresponding to each subdomain

This hyperelastic cubic model is reduced by IRM and IIRM as described in Table 3. ROMs
of IRM and IIROM are computed in the error range of 1e-8. Comparing the results of two
ROM, the size of the IIROM is one fourth of the size of the IROM, whereas the analysis time
of the IIRM is almost the same as that of the IRM. IIRM took about 49.6 seconds to compute
and about 50.6 seconds to IRM. This is because the time taken to construct the tangent stiffness during each iteration, which is a feature of the nonlinear analysis, is a large part. From
this Neo-Hookean example, we can confirm that the two proposed reduction methods are
convergent and robust in the nonlinear problem. However, in order to obtain the efficiency of
the analysis time, the proposed method is not sufficient and it seems necessary to link it with
other methods to reduce the time required to construct the system matrix.
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5

CONCLUSIONS

This study suggests to impose the constraint conditions using the Lagrange multiplier
method after reducing the dynamic substructures by POD method. This is the reversed order
of general approaches. A substructure consists of the constrained interface part and the other
internal part. By dividing the coordinate in the reduced system into internal part and interface
part, the interface part can be fully preserved (proposed method 1) or reduced to a different
ratio from the internal part (proposed method 2). Then, the Lagrange multiplier method can be
directly applied the interface part of ROM. As Boolean matrices and the Lagrange multipliers
are created for ROM without being reduced, the stability and accuracy of the analysis of the
ROM is enhanced.
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Abstract
These simulations deal with the application of LiABlock_3D, a rapid computational tool developed by the Authors [1], for limit analysis of masonry structures subjected to point live
loads, seismic induced lateral loads and moving supports. The software was previously validated against several experimental tests available in the scientific literature mainly concerning small scale specimens of masonry walls subjected to lateral loads and settlement. The
three-leaf masonry walls of the numerical contest will be represented as 3D assemblages of
rigid blocks interacting at no-tension, frictional contact interfaces. LiABlock_3D will provide
as outputs the computed collapse load and the plot of the corresponding failure mechanism.

Keywords: Micro-modeling approach; rigid block limit analysis; blind-test numerical prediction; collapse mechanism analysis.
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1

INTRODUCTION

The seismic assessment of masonry structures has been receiving much attention in literature [2-5]. How to model the stone assemblage is a still open challenge. Several modeling approaches are available in literature in order to assess the seismic behavior of masonry
structures [6]. Among these, simplified micro-modeling approach is one of the most used,
thanks to the simplicity of the procedure compared to more complex approaches. According
to this approach, the masonry brickwork is arranged as an assemblage of rigid blocks, considering a homogeneous material with no mechanical distinction between mortar and bricks.
Failure gains through the contact interfaces.
In this framework, the paper is devoted to the application of “simplified micro-modeling”
approach for the seismic-analysis of masonry structures. The proposed method starts with the
generation of the geometrical model using simple CAD tools and continues with the analysis
implemented in a novel software developed at the University of Naples “Federico II”. The
software, named LiABlock_3D, allows to analyze collections of polyhedral rigid blocks in
contact via frictional surfaces, under the assumptions of infinite compressive strength and zero tensile strength. The formulation is part of the limit equilibrium analysis with the goal to
predict the local and global failure modes of blocky structures. This kind of numerical formulation has the benefits of very quick calculation, without the need of a lot of input data. The
high flexibility of the proposed formulation concerns also the loading conditions, where different loading axes and distributions can be assigned to the model. LiABlock_3D involves
opening and sliding failure conditions under the assumptions of zero tension strength and frictional contact interfaces with infinite compressive strength.
In this study, LiaBlock_3D is applied to the blind-test prediction of experimental shaketable tests on a small-scale masonry walls in order to evaluate the software reliability in the
prediction of seismic-induced collapse mechanisms.
The paper is organized as follows. Sections 2 deals with the micro-modeling approach and
the numerical formulation for the rigid block limit analysis in LiABlock_3D. In Section 3 the
application to two shake-table tests on three-leaf masonry walls is discussed in terms of failure modes and load factors promoting collapse.
2

MICRO-MODELING APPROACH AND NUMERICAL FORMULATION

2.1

Micro-modeling approach

The masonry structure performance under lateral seismic load can be assess according to
three modeling approaches at least.

a)

b)

c)

Figure 1: Modeling approaches for masonry structures: a) detailed micro-modeling; b) simplified micromodeling; c) macro-modeling.
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The most complex approach is a “detailed micro-model”: this approach, particularly suitable for the finite element analysis, considers the separation between the mortar and bricks and
requires two different constitutive laws. It is closer to the real masonry behavior but has the
disadvantage of the slowness of calculation [7,8]. The “simplified micro-modeling” approach
represents a good alternative where the mortar contribution is neglected, and the contact interfaces play an essential role in the failure modes definition. This approach perfectly commits to
the rigid block model analysis [9]. Finally, the “macro-modeling” approach does not consider
the real masonry texture but makes use of homogenization criteria for the material, considering average properties [10,11].
In this paper a simplified micro-modeling approach is used to create the geometry. According to the proposed approach the geometrical model is made of a collection of rigid block
types generated in AutoCAD through the “Block Editor Menu”. The block types are labeled
with attributes which refer to the Cartesian coordinates of the vertexes of the block, its centroid and volume and the contact interfaces.
The full model is finally obtained by simply assembling the several block types in the CAD
model space. The output of the modeling approach is represented by an Excel spreadsheet
which contains the block type along the rows and the attributes in the columns. More details
about the block generation and the output data extraction are provided in [1].
2.2

Numerical formulation implemented in LiABlock_3D

The modeling approach presented in the previous paragraph aims to the generation of a
numerical model for the analysis in LiABlock_3D. This is a new tool, developed in
MATLAB® environment, for the rigid block limit equilibrium analysis of masonry block assemblage. LiABlock_3D is equipped with a simple Graphical User Interface (GUI) where is
possible to set the mechanical properties of the masonry and the loading and boundary conditions. A concave contact formulation is adopted to simulate the interaction between the blocks
along the contact interfaces. In such a formulation, the internal forces are associated to the
contact points located in the corner of the surfaces. These forces are the normal force nk and
the shear forces t1k and t2k.
LiABlock_3D solves an optimization linear programming problem based on the lower bound
theorem of the limit analysis. The problem is described by the following formulation:
max 
s.t. A  x = f D +   f L ,
− nk  0,

(1)

t12k + t22k −   nk  0,
k = 1, 2,..., c.

Where c is the number of contacts. This formulation aims to calculate the maximum value
of the load factor α subject to three constraints. The first equation constraint states the equilibrium condition: A is the contact equilibrium matrix, x is the vector of the static variables at
contact point (t1k, t2k and nk). The second member of the equation introduces the loading conditions since each rigid block is loaded by an external load fi applied to its centroid and expressed as the sum of the dead load fDi and of the live load fLi, increased by the scalar
multiplier α. The two inequalities constraints describe the failure conditions, involving both
opening and sliding at contact points. The activation of a failure mode closely depends on the
value of the friction coefficient μ.
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LiABlock_3D returns the collapse mechanism and the value of the load factor promoting
failure. The software contemplates both associative and non-associative flow plasticity rules.
For the non-associative solution, the software implements an iterative procedure where the
cohesion values for each iteration is calculated based on the normal forces of the previous iteration, starting from the value obtained in the associative solution. In order to achieve a
comprehensive result, crushing and cracking failure condition should be considered [12].
3
3.1

APPLICATION TO EXPERIMENTAL CASE STUDIES
Test set-up

1085

1085

The case studies comprise two experimental shake-table tests developed at the University
of Chieti-Pescara “Gabriele D’Annunzio” on two small-scale masonry walls. This study presents a blind-test prediction on three-leaf masonry walls made of two panels outside and an
internal filling. The panels are 140 mm width and are made of stone blocks with dimensions
350 x 140 x 140 mm and mortar joints of 15 mm thickness. The internal filling is 170 mm
width. The first case study is a simple wall and the second is a T-wall (Figure 4). The specimen is provided of a steel frame on the top for the application of a 6 tons additional mass. In
the case of the T-wall, only in-plane load was contemplated (Figure 4b). Figure 4 shows the
geometry and loading condition for the two case studies.

z
y

x

a)

b)

Figure 4: Experimental case studies geometry and loading condition: a) simple wall; b) T-wall.

Experimental campaign was carried on in order to obtain the mechanical properties of both
mortar and stones. The shear tests return the value of the stone’s properties involved in the
sliding failure: the cohesion c, the friction coefficient μ and the sliding shear strength fvk0 was
measured as 0.11 MPa, 0.21 and 0.091 MPa respectively. The Gazli earthquake record was
selected as seismic input in the experimental tests. The Gazli earthquake dates to the 17th of
May in 1976, with a magnitude equal to 6.8. Both horizontal and vertical acceleration component will be considered during the shake-table test.
3.2

Rigid block limit analysis using micro-modeling approach

The numerical models were generated through the proposed micro-modeling approach and
then analyzed in LiABlock_3D. The block size follows the experimental data with a difference: seeing as how the formulation is not considering the mortar contribution, the brick size
was increased in order to cover the mortar joints. Ad hoc blocks were generated to model the
internal filling. The first case study (Figure 4a) is made of 150 rigid blocks (b) and 1812 contact points (c). The second case study (Figure 4b) is made of 241 rigid blocks and 2988 con-
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tact points. With respect to mechanical parameters, the weight per unit volume was set equal
to 24 kN/m3 (average value for the selected stone type, pietra di Pacentro), the friction coefficient was set in the range between 0.4 (the value suggested by the Italian code [13]) and 0.6,
and the cohesion was set equal to 0.00.
Both loading directions along the x-axis was analyzed in order to simulate the cyclic behavior of the seismic input considered in the experimental shake-table tests. Figure 5, Table 1
and Table 2 summarize the numerical outcomes obtained by LiABlock_3D software. Figure 5
shows the collapse mechanisms activated when a lateral live load is applied along the x-axis
in both directions and a value of coefficient friction equal to 0.40 is used. The prevalent failure condition is the sliding at the contact points, except for the mechanism showed in figure
5b, where the model exhibits the overturning of the side wall. Table 1 and 2 contains the output of the analysis in LiaBlock_3D. The numerical analyses were carried out on a 3.50 GHz
Intel Xeon Processor E5-1650 with 16.0 GB of RAM.
αfL

αfL

z

a)
y

b)

x

αfL

αfL

c)

d)

Figure 5: Collapse mechanism induced by live load applied along x-axis in both directions: (a)(c) simple wall;
(b)(d) T-wall.

Model size ρ
c
μ
Load directions
(b x c)
[kN/m3] [N/mm2]
[-]
positive x-axis
150 x 1812 24

0.00
negative x-axis

0.40
0.50
0.60
0.40
0.50
0.60

Numerical Solution
α
αfL
[-]
[N]
0.38
31103.48
0.45
37478.94
0.56
46423.97
0.38
31068.96
0.45
37478.94
0.56
46423.97

Table 1: The case study of the simple wall: output by LiABlock_3D.

4703

CPU Time
[s]
1.31
1.57
0.20
1.36
1.58
0.30
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Numerical Solution
α
αfL
[-]
[N]
0.35
13522.47
0.42
16405.84
0.50
19229.06
0.27
10504.92
0.29
11270.83
0.31
12027.33

Model size ρ
c
μ
3
2 Load directions
(b x c)
[kN/m ] [N/mm ]
[-]
positive x-axis
241 x 2988 24

0.00
negative x-axis

0.40
0.50
0.60
0.40
0.50
0.60

CPU Time
[s]
2.83
2.76
1.92
2.15
2.61
1.63

Table 2: The case study of the T-wall: output by LiABlock_3D.

0.70

0.70

0.60

0.60

0.50

0.50

Load Factor - α

Load Factor - α

Figure 6 shows the sensitivity analysis to the friction coefficient for both simple wall and
T-wall specimens in terms of collapse load factor versus iteration number. As above mentioned, three values of friction coefficient were selected. Higher values of friction coefficient
return higher value of the load factor and of the corresponding shear force at collapse.
The numerical analysis showed that the collapse could be expected for a load applied along
both directions of the x-axis based on the shake-table shaking and the failure could occur with
the overturning of the side wall along the negative direction or with the sliding in the opposite
directions. The value of the acceleration promoting collapse in the experimental test should be
derived by the value of the collapse load factor and the value of the behavior factor. Following the assessment method of force-based approach, the estimated peak ground acceleration
(PGA) at collapse should be in the range between 0.8g and 1.0g, considering a behavior factor
equal to 2.

0.40
0.30
μ = 0.40

0.20

μ = 0.50

0.10

μ = 0.40

0.20

μ = 0.50

μ = 0.60

0.00
0

2

4

6

8

0

10

Iteration number

a)

2

0.70

0.70

0.60

0.60

0.50

0.50

0.40
0.30
μ = 0.40

0.20

μ = 0.50

0.10

4

6

8

0.40
0.30
μ = 0.40

0.20

μ = 0.50

0.10

μ = 0.60

0.00

10

Iteration number

b)

Load Factor - α

Load Factor - α

0.30

0.10

μ = 0.60

0.00

μ = 0.60

0.00
0

c)

0.40

2

4

6

8

10

0

Iteration number

d)

2

4

6

8

10

Iteration number

Figure 6: Collapse load factor vs iteration number for both simple wall (a)(c) and T-wall (b)(d) numerical simulation considering live loads applied along both negative (a)(b) and positive (c)(d) x-axis.
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4

CONCLUSIONS

A procedure based on micro-modeling approach for the assessment of collapse mechanisms induced by seismic load was presented in this study. The approach is applied to the
field of the blind-test numerical prediction. The numerical model is generated in AutoCAD
model space, where each block is drawn and labeled with the attributes required for the numerical analysis. The software LiABlock_3D is used for the numerical analysis. It is a novel
tool developed at the University of Naples “Federico II” based on the limit equilibrium analysis formulation and mathematical linear programming. LiABlock_3D can predict the local
and global failure mechanisms and the value of the load factor for the mechanism activation
considering different loading and boundary conditions.
Two blind shake-table tests on small-scale masonry walls represent the case studies with
the goal of evaluating the ability of the proposed formulation in the failure mode prediction.
The tests were designed by the University of Chieti-Pescara “Gabriele D’Annunzio”.
The numerical simulations in LiABlock_3D tried to reproduce the shake-table loading
condition. The software returned the failure modes and the load factor for the two case studies,
proving the flexibility of the formulation and the high speed of calculation. The comparison
between experimental and numerical outcomes is not yet available because the tests have not
yet been carried out.
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Abstract. In the present work, a hybrid beam element based on exact kinematics is developed, accounting for arbitrarily large displacements and rotations, as well as shear deformable
cross sections. At selected quadrature points, fiber discretization of the cross sections facilitates efficient computation of the stress resultants for any uniaxial material law. The numerical
approximation is carried out through the lens of nonlinear programming, where the enengy
functional of the system is treated as the objective function and the exact strain-displacement
relations form the set of kinematic constraints. The only interpolated field is curvature, whereas
the centerline axial and shear strains, along with the displacement measures at the element
edges, are determined by enforcing compatibility through the use of any preferable constrained
optimization algorithm. The solution satisfying the necessary optimality conditions is determined by the stationary point of the Lagrangian. A set of numerical examples demonstrates the
accuracy and performance of the proposed element against analytical or approximate solutions
available in the literature.
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1

INTRODUCTION

Problems frequently encountered by the engineering community over the last decades were
concerned with structural systems whose response involved large displacements, rotations and
strains on one hand, and inelastic behavior on the other. Such problems, in cases where the
subject matter involved rod-like structures, necessitated the advancement of the classical EulerBernoulli theory, where displacements, rotations and strains were typically kept in the small
range.
In the geometrically nonlinear case, the deformed geometry of the beam can be drastically
different from the undeformed one, resulting in a rather involved description of beam kinematics. In general, there are two approaches in describing the kinematics of beams. The first one is
the so-called continuum-based approach [1], which is employed for the derivation of the classical beam theory [2] and where all vectorial components are obtained from the three-dimensional
theory of solids, with additional assumptions imposed on cross-section kinematics. The second
approach, which is followed in this work, is concerned with the description of a material curve
- an assemblage of material points representing the beam centroid - embedded in E2 (or E3 in
the 3D case). The analysis of the curve by means of differential geometry of curves leads to
the notion of intrinsic parameterization or one-dimensional formulation of beams, where spatial quantities can be expressed as functions of only one parameter. In the study of beams, this
parameter is taken to be the arc-length of the beam. This in turn leads to the so-called arclength parameterization of the beam with respect to a reference configuration. This approach
was adopted in early works by Reissner [3, 4] and, next, Simo [5], Simo and Vu-Quoc [6] and
can be traced back to Kirchhoff and his treatment of inextensible elastic rods. In these formulations, often termed as geometrically exact, the thickness of the rod is taken into consideration
by attaching two vectors at each point on the material curve that would translate and rotate with
the points, thus defining the properties of curvature and torsion at these points.
Approaches where strain measures are recast as primary field variables are often termed
strain or deformation-based and were explored by Planinc et al. [7] for the planar case of
the geometrically exact beam in order to properly account for the effect of local instabilites
on the tangent stiffness matrix due to plastification, when global stability considerations are
also present. It was later extended to the 2D dynamic case by Gams et al. [8] and to the
three-dimensional case by Zupan and Saje [9] as a means to cope with the strain objectivity
issue arising from the interpolation of the rotation vector [10]. Interpolation of strain measures
is also encountered in mixed formulations, where more than one fields are interpolated and
the underlying functional is augmented by additional terms to be satisfied in the weak sense
[11]. Several other works with geometrically exact formulations in various settings can be
found in the literature. Approaches based on mixed, hybrid, flexibility- and displacement-based
considerations can be indicatively seen in [12, 13, 14, 15].
The present work is an extension of the geometrically exact hybrid formulation presented
in [16] in order to account for the effect of shear deformation at the section level. As opposed
to deriving the system equations from the Galerkin form after appropriate discretization, in the
aforementioned work the problem is originally recast in a nonlinear programming framework,
where the total potential energy functional (TPE) is augmented via Lagrange multipliers that
enforce satisfaction of the exact kinematic conditions. The resulting functional is then approximated by employing a Gauss-Legendre quadrature rule, which yields the objective function
to be minimized. Another interesting feature of this particular approach is that the primary
variables in the element interior contributing to the elastic strain energy are the generalized
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strain measures of the centroid, which are sought at quadrature points. Displacement measures, namely, the translations along the coordinate axes and the rotation of the cross sections,
occur only at the nodes of the element and are associated with the external work. Kinematic
consistency between the rotational measures of displacement and strain is enforced by using a
Lagrange interpolation scheme to approximate the curvatures over the entire element domain.
We should note that quadrature points coincide with the Lagrange interpolation points. In the
remainder a succinct presentation of the formulation is presented, along with numerical investigations based on benchmark nonlinear problems studied in the literature, verifying the accuracy
and efficiency of the suggested approach.
2

KINEMATICS AND TOTAL POTENTIAL ENERGY

We now proceed with the derivation of the kinematic equations that serve as constraints for
the optimization problem. Let us consider two dimensional Euclidian space E2 and a fixed
Cartesian coordinate system (X1 , X2 ) with unit basis vectors {Ei }, i = 1, 2 and a material
curve of length L which represents the centroid of the beam embedded in that space. We
will assume that the beam is initially straight, aligned with the coordinate axis X1 and in an
unstressed state. We also define the arc-length parameterization of the material curve s ∈ I =
[0, L] → r ∈ R2 , where s is the distance of a material point on the line of centroids in
the reference configuration. The position vector of any material point on the centroid in any
configuration can be written as:
r(s) = (s + u(s))E1 + w(s)E2

(1)

where u and w are the displacements of the material point along the coordinate axes X1 and X2
respectively.
Beam Kinematics
According to [3] the strain-displacement relations, assuming small axial strain of the beam
centroid, are:
u0 = (1 + ) cos φ − γ sin φ − 1
w0 = (1 + ) sin φ + γ cos φ
φ0 = κ

(2)
(3)
(4)

where , γ and κ are the axial, shear and bending strains of the line of centroids respectively,
φ is the tangent angle to the material curve in the current configuration and derivatives with
respect to the s are denoted by ( )0 . Integrating (2)-(4) over I yields:
Z L
u(L) − u(0) =
(1 + ) cos φ − γ sin φ ds − L
0
Z L
(5)
w(L) − w(0) =
(1 + ) sin φ + γ cos φ ds
0
Z L
φ(L) − φ(0) =
κ ds
0

The integral form of the kinematic equations in (5) is utilized to impose the constraints on the
nonlinear program.

4709

Charilaos M. Lyritsakis, Charalampos P. Andriotis, Konstantinos G. Papakonstantinou

Total Potential Energy
The total potential energy functional of the beam under a set of point loads P = [ P1 P2 ]T , with
Pi the point loads at the element edge nodes, can be expressed in the reference configuration
as:
Z L
W (, γ, κ) ds − PT d
(6)
Π(, γ, κ, d) =
0

where W is the strain energy per unit length of the beam centroid. The displacement degrees of
freedoms at the two edge nodes are collectively represented in vector d as:

T
d = d1 d2 d3 d4 d5 d6

(7)

with:
d1 = u(0), d2 = w(0), d3 = φ(0),
d4 = u(L), d5 = w(L), d6 = φ(L)
The stress resultants on a section are associated with the strain energy as follows:
N=

∂W
∂

,

Q=

∂W
∂γ

,

M=

∂W
∂κ

(8)

The stress resultants defined in (8) can be numerically computed using appropriate fiber discretization at the cross section level. Thereby, any nonlinear constitutive law may be incorporated in beam element formulations to capture the effects of distributed elastoplastic behavior
or damage [17, 18, 19].
3

NONLINEAR PROGRAMMING PROBLEM STATEMENT

In this section we formulate the equations pertaining to the description of our hybrid element as
a nonlinear program.
Element Objective Function
The discrete form of the TPE in (6) is given by applying Gauss-Legendre quadrature to approximate the integral for one element:
f (x) =

n
X

ci W (i , γi , κi ) − PT d

(9)

i=1

where ci are the weights of the quadrature, n the number of quadrature points and x, d and yi
are defined as:

T
x = y1T y2T . . . ynT dT
(10)

T
with yi = i γi κi
Element Constrains
The first set of constraints derived from the approximation of kinematic relations (5) is given
as:
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Pn
d4 − d1 − P
i=1 ci [(1 + i ) cos φi − γi sin φi ] + L
 d5 − d2 − ni=1 ci [(1 + i ) sin φi + γi cos φi ]  = 0
CA
eq =
P
d6 − d3 − ni=1 ci κi

(11)

In accordance with [16] we then interpolate the curvature field with Lagrange polynomials in
order to obtain the rotations φi at the quadrature points:
φi = d 3 +

n
X

Θij κj

(12)

j=1



ξ1
 ..
Θ = L .
ξn

ξ12
2

ξ1n
n



1 ξ1 . . . ξ1n−1
.. 
..  G−1 , G =  .. .. . .
. .
.
. 
.
n
n−1
ξn
1 ξn . . . ξn

...
..
.
...

..
.

2
ξn
2



(13)

n

where ξ = Lx and G is the Vandermonde matrix.
Notice that the first two equations of (11) are nonlinear equality constraints, while the third,
along with the n equations of (12) are linear equality constraints. It is convenient to recast all
constraints in one vector as follows:
 A
Ceq
=0

(14)
Ceq =
B
Ceq
where


φ1 − d 3 −

Pn

j=1 Θ1j κj





..
CB

.
eq = 
P
n
φn − d3 − j=1 Θnj κj

(15)

Element Lagrangian Function
We now introduce a vector λ of the Lagrange multipliers and augment the TPE (6), constructing
the Lagrangian of the optimization problem as:
f (x, λ) =

n
X

ci W (i , γi , κi ) − PT d + λT Ceq

(16)

i=1

Stationary points are provided by satisfying Karush-Kuhn-Tucker [20] optimality conditions for
the Lagrangian function of (16).
4

NUMERICAL EXAMPLES

In the following examples we examine the performance of the proposed formulation and compare it with other well-known works in the literature. We first explore the accuracy when the
shear stiffness is reduced and then we test against different loading cases. For each example,
only one element with five quadrature points is used.
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Table 1: Cantilever with constant transverse load at free end.
w

u

GAs

Numerical

Analytical

Present

Numerical

Analytical

Present

5 · 1020
5 · 102
5 · 101
1 · 102
5 · 100

0.30172077
0.31781387
0.46541330
1.16709588
2.10408747

0.301720774
0.317813874
0.465413303
1.167095878
2.104087473

0.30172432
0.31781567
0.46541543
1.16709542
2.10409063

0.05643324
0.06131566
0.10328492
0.25213661
0.37612140

0.056433236
0.061315658
0.103284917
0.252136606
0.376121399

0.05643126
0.06131317
0.10328294
0.25213357
0.37612451

Problem data: EA = 1021 , EI = 10, L = 1. Numerical data in [21], analytical in [22].
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E=200 10
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Figure 1: Timoshenko compared to Bernoulli solutions for different levels of slenderness.

Example 1 - Effect of shear deformation in cantilever deflection
In this example we explore the effect of shear flexibility on the tip deflection of a cantilever. A
constant point transverse force P = 10 units is applied at the free end and, then, several analyses
are performed by varying the shear stiffness coefficient, GAs . Numerical and analytical results
obtained by Batista in [21] and [22], respectively, are compared with the present formulation
and are illustrated in Table 1.
Fig. 1 demonstrates the effect shear deformations have when not neglected, compared to the
Bernoulli solutions, by varying the ratio L/h, with h being the height of the cross section and L
the length of the beam. The applied load is F , ν is the Poisson’s ratio and wB is the deflection
when shear flexibility is neglected. As can be seen from the results, when L = 2h, transverse
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displacements due to shear deformation are increased by rougly 13%.
Example 2 - Cantilever with transverse point load at its tip
This problem has been analyzed in [23, 24], whereas Mattiasson [25] provided solutions by
solving the elliptic integrals of the problem of large deflections of beams. Moreover, the problem was also examined in [26] using a co-rotational transformation for the Timoshenko beam,
whereas Nanakorn [27] used 3 elements and a total tagrangian formulation.

10

8

Mattiasson
Mattiasson
Nanakorn
Nanakorn

6

Present
Present

4

Linear
2

0
0

0.2

0.4

0.6

0.8

Figure 2: Cantilever with point transverse load at its free end.

Table 2: Cantilever with transverse load at its free end.
w/L

u/L

P L2 /EI

Mattiasson

Present

Mattiasson

Present

2.0
4.0
6.0
8.0
10.0

0.49346
0.66996
0.74457
0.78498
0.81061

0.49347
0.67001
0.74465
0.78509
0.81073

0.16064
0.32894
0.43459
0.50483
0.55500

0.16063
0.32892
0.43457
0.50481
0.55498

Problem data: EI = 1000 lb/in2 , L = 100in, P = 1lb, N = 20 steps.
Results in Mattiasson [25].
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Figure 2 illustrates the performance of the element when compared against the analytical and
numerical solutions - mentioned above - and Table 2 demonstrates the accuracy up to six decimal points when compared to the analytical solutions for a sample of loading levels. The dotted
line indicates the linear response.
Example 3 - Cantilever with point moment at its free end
This example tests the capabilities of our developed model capturing the response of an inextensional beam subjected to a point moment, forcing a curl into a complete circle. As mentioned previously, in all examples we only used one element with five quadrature points for our
analysis. Bathe and Bolourchi [28] using five and twenty elements and an updated lagrangian
procedure showed accuracy up to 90 degrees. In subsequent works, Simo & Vu-Quoc [6] (five
elements), Rankin & Brogan [29] (ten elements) and Crisfield [30] (five elements) duplicated
the exact solution. In the second and third works a corotational formulation was employed.
The mechanical and geometric properties for this problem are I = 0.01042in4 , L = 100in,
A = 0.5in2 , E = 1.2 × 104 psi.
In Fig. 3 our solution is compared with the one using twenty elements. As mentioned earlier,
with the element proposed by Bathe & Bolourchi [28], which is based on large-displacement
and large-rotation assumptions, the response starts to diverge from the exact solution at an angle
of 90 degrees rotation, irrespectively of the mesh density. Our proposed formulation is instead
able to capture the response for the whole loading scenario (360 degrees), as can be seen from
the line that represents the normalized displacement φ/2π.

1.4

1.2
Bathe &
Bathe
& Bolourchi
Bolourchi
Present
Present

1

0.8

/2

0.6

0.4

0.2

0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Figure 3: Cantilever with point moment at its free end.
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Example 4 - Cantilever beam with eccentric compressive point load
We consider a cantilever beam of length L = 100, cross section thickness b = 1 and elastic
modulus E = 12, with the load parameter λ = P/Pcr is increased up to 4.0. The critical load
for the cantilever is Pcr = 0.25π 2 EI/L2 . Wood & Zienkiewicz [31] used five continuum-based
elements that allow for shear deformation and employed a total Lagrangian formulation. The
results are illustrated in Fig. 4. Analytical solutions to the problem, provided in [23, 32] where
it is assumed no axial or shear deformation occurs, show negligible discrepancy compared to
the ones proposed here and in [31]. It should be noted that the eccentricity is  = b/2. The
configurations for each load step for Examples 2,3 and 4 are depicted in Fig. 5, from left to
right.

4
3.5
3

Present
Present
Zienkiewicz
Wood
Zienkiewicz &&Wood
Analytic
Analytical

2.5
2
1.5
1
0.5
0

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Figure 4: Cantilever with eccentric axial load at its free end.

Figure 5: Configurations at each step for examples 2, 3 and 4 (left to right).
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5

CONCLUSIONS

An extension to the geometrically exact hybrid element derived in [16] is presented herein that
accounts for shear deformations. The system of equilibrium equations is originally derived
within a nonlinear programming framework, where the total potential energy functional is discretized and then augmented by the exact kinematic constraints of the physical problem, also
in discretized form, and solved by determining the stationary point of the Lagrangian. The
suggested nonlinear programming hybrid formulation is capable of capturing the response of
the benchmark problems with accuracy, using only one element, which is a desirable feature
for framed structure applications. Ongoing work explores a variety of different approaches as
far as the optimization algorithms are concerned, which is something the proposed formulation
supports and enables, the extension of the material yield rule to account for the interaction of
shear and axial stresses, as well as the extension to spatial and dynamic formulations.
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Abstract. In this paper, a macroelement for the prediction of the response of inelastic rocking
bodies is proposed, which can be used in cyclic loading simulations. The ideas presented for
the elastic rocking element formulation in previous works by the authors are extended here
to the inelastic material case. Thus, apart from the deformability along the height of the
body, the proposed macroelement also takes into account the inelastic deformations near the
rocking interface, which is considered crucial for the accurate determination of the rocking
response of deformable rocking bodies. Due to the partial loading of the rocking interface,
nonlinear stress distributions develop across the rocking interface, which produce additional
displacements to those predicted by the technical theory of bending. Taking these and the
additional plastic displacements due to material nonlinearity into account, the correct stress
distribution is determined based on the target displacements. The pushover curves derived
with the proposed macroelement for characteristic problems are presented, while comparison
is made against experimental results from the literature, showing satisfactory accuracy.
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1

INTRODUCTION

The complex mechanics of the motion of rocking bodies and structural members have attracted
attention from the scientific community in recent years. The rocking motion occurs when a
member is unrestrained or at least partially restrained at its base, so that tensile stresses cannot
be transmitted, as considered in classical structural mechanics. Given that the imposed forces
are large enough, the rocking body detaches from the ground and rotates about one of its corners.
The vertical force acts as the restoring force that tends to bring the body back to its original
equilibrium position.
Numerous studies have been presented regarding the analytical response of solitary rocking
members or rocking members included in various configurations ([1], [2], [3], [4], [5], [6], [7],
[8], among others). However, the base of the rocking body is assumed to be rigid in most of these
studies, an assumption which does not hold for rocking members included in usual structural
configurations, which experience large deformations.
Masonry and precast shear wall members, partially connected at their base, are also expected
to rock during a strong seismic event. Analytical and experimental results, as well as design
methodologies for such configurations have been presented by several authors ([9], [10], [11],
[12], among others). The generalization of their application is difficult though, since such
methodologies are usually based on several assumptions regarding the stress distributions and
member deformations near the base and the interaction between rocking and deformability and,
in many cases, the aforementioned elements of the proposed methodologies are calibrated using
experimental or numerical results of specific examined configurations.
Few computational models have been proposed, which can be incorporated in a general finite
element framework, in order to include rocking members in actual structural models ([13], [14],
[15], [16], [17], [18], among others). The main drawback of such approaches is that either the
interface between the rocking body and its base is considered rigid or that the deformability of
the rocking body near the contact area is only approximately taken into account.
A macroelement formulation for elastic rocking members, addressing the previous remarks,
has been proposed by the authors [19], which is able to take into account deformability both
along the height of the members, as well as near the contact with the base. This macroelement
is used for the ends of the rocking member, where nonlinear stress distributions are expected to
develop (Fig. 1). The macroelement is based on the theory of elasticity, without making excess
assumptions, and can be used to predict the static response of solitary rocking bodies, as well as
rocking members included in structures (e.g. shear walls) in a consistent manner.
This formulation is extended in this paper in order to take material nonlinearity into account,
since rocking members are expected to yield during strong seismic events. The monotonic
case has been addressed in [20], but cyclic loading, which is examined herewith, is much more
complex and needs a different treatment.
2

PROBLEM STATEMENT

The macroelement used for each rocking end of the column shown in Fig. 1 can be used in
the context of any finite element framework. As described in [19], the use of a natural coordinate
system of a simply supported beam, where the rigid body motion has been removed (Fig. 2b),
is more convenient than the original local element configuration (Fig. 2a). The conversion
between the two coordinate systems can be found e.g. in [19].
The material of the rocking body is assumed to be elastic-perfectly plastic with Young’s
modulus E, Poisson’s ratio ν and yield stress σy , while the same modulus of elasticity is
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Rocking
interface
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Figure 1: Use of the macroelement for the member segments near the rocking ends, where
nonlinear stress distributions develop. Two rocking macroelements are used for the rocking
column shown, one for each rocking end. Node j of each element refers to the corresponding
rocking end. The fibers corresponding to the contact region of each element are shaded.
assumed during unloading. As usual practice in beam-column elements, material yielding is
assumed only for the normal stresses, due to the increased difficulty of implementing another
yielding criterion combining all stresses.
Due to the partial loading of the rocking interface, the stress distribution across this interface
is nonlinear [21]. However, the technical theory of bending used in usual structural analyses
cannot predict such response, meaning that this theory cannot be used for rocking members.
As extensively described in [19], the following approach, based on the more general theory of
elasticity, is used instead, which is considered an invaluable tool for the accurate prediction of
deformable rocking bodies.
The displacements produced by the nonlinear stress distribution on the rocking interface can
be examined by decomposing it into two distributions: (i) A stress distribution according to the
technical theory of bending for the given rocking end resultant forces and (ii) Self-equilibrating
distributions, which influence the local displacements but do not produce resultant forces and
moments (Fig. 3).
The self-equilibrating stresses developing near the contact area have no resultant forces and
moment, so according to the Saint-Venant principle their effect far from the contact area is
negligible. This means that the displacement distribution across member sections far from
the contact area is almost linear across the element, as predicted by the technical theory of
bending (Fig 1). Furthermore, the additional displacements induced to the rocking body across
the rocking interface by the self-equilibrating stresses can be calculated as those corresponding
to a semi-infinite strip (Fig. 4), since this problem is much more easily solved. The semiinfinite strip examined is loaded with self-equilibrating normal and shear stresses across its end
(x = 0, −1 ≤ y ≤ 1) and is stress-free at its sides (y = ±1). The results for the semi-infinite
strip loaded with self-equilibrating normal and shear stresses can be easily translated into ones
referring to the rocking body, as it will be shown in the ensuing.
Although the theory of elasticity used to solve the aforementioned semi-infinite strip problem
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Figure 2: (a) Local member displacements, required by the general finite element framework
and (b) Natural member displacements used by the element formulation
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Figure 3: Decomposition of (a) the partial loading at the contact surface into (b) stresses
according to the technical theory of bending and (c) self-equilibrating stresses
can only be rigorously applied to elastic bodies, it would be useful to use it appropriately also
for inelastic ones. To this end, the following assumptions are made: (i) The inelastic behavior
defined previously for the inelastic material is considered as is for the rocking interface. (ii)
The stress distributions on the rocking interface produce elastic displacements, [uel ], which are
calculated according to the elastic theory of the semi-infinite strip. (iii) Fibers with inelastic
behavior on the rocking interface are assumed to also develop plastic displacements, [ua ], in
addition to the aforementioned elastic ones, which are compressive (ua < 0), while fibers that
do not belong to the contact region develop gaps with the rocking interface, [ua ], with ua > 0
(Fig. 5).
Since the assumption of the linear strain distribution across the contact area cannot be applied
σ 0x
τ x0y
+1 y

x

Figure 4: Semi-infinite strip
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Rocking
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Figure 5: Normal stress distribution [σ] acting on a rocking body. Elastic displacements due to
this load, uel , develop across the whole section (in blue), compressive additional displacements ua
develop across the yielded area (in red) and positive additional displacements ua form between
the rocking interface and the rocking body (in green). The shaded area corresponds to the
deformed rocking body. Only deformations parallel to the loading are shown for clarity.
for cyclic loading due to arising inconsistencies between the plastic displacements and plastic
strains, a different approach is presented in the following. For a given linear displacement
distribution across the rocking end, ul (y), which corresponds to the planar rocking interface
(Fig. 5), the real stress distribution at the rocking interface has to be determined, so that, for the
produced elastic displacements, uel (y), the following conditions hold:
• uel (y) + upl (y) = ul (y) for regions with σy < σ(y) < 0
• uel (y) + upl (y) ≤ ul (y) for regions with σ(y) = 0
• uel (y) + upl (y) ≥ ul (y) for regions with σ(y) = σy
where σy is the stress yield limit, σ(y) is the normal stress at the fiber located at y and u pl (y) is
the existing plastic displacement at this fiber, produced during previous cycles.
The additional displacements ua (y) = ul (y)−uel (y)−upl (y), needed in order the displacements
match the given linear displacement distribution [ul ], correspond to (i) the additional plastic
elongations for the inelastic regions, where ua (y) < 0, and (ii) the gap length between the body
and the rocking base for the stress-free regions, where ua (y) > 0 (Fig. 5). Therefore, for each
fiber at location y, the unknown is either the normal stress, σ(y) or the additional displacement,
ua (y).
A number of control points, Yw , is chosen across the rocking interface, with normalized
coordinates −1 ≤ yw ≤ 1. Each of these points has an elastic stress, σ, or more conveniently
an elastic strain,  = σ/E, and an additional displacement, ua , normalized with respect to
the semi-width of the member section, b. As previously described, these quantities are not
independent of each other, since only one of them is unknown for each point yw . Although
quantities  and ua are not directly comparable with each other, a new dimensionless variable
w =  + ua is introduced for algorithmic reasons, which is able to represent the whole allowable
range of  and ua values at each fiber as follows:


0, if w > 0



 = w, if  y < w ≤ 0


  y , if w ≤  y
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and

where  y = σy /E.
3



w, if w > 0



ua = 0, if  y ≤ w ≤ 0


 w −  y , if w ≤  y


(2)

APPROXIMATE DETERMINATION OF REGION BOUNDARIES

By assigning a value of elastic strain, , or additional normalized displacement, ua , at each
control point across the rocking end, the corresponding strain and additional displacement
distributions across the rocking end are created. However, by connecting the points of the aforementioned distribution with linear segments, regions are created that develop both elastic strains
and additional displacements, which violates the assumptions taken into account, described
above, unless specific points between the respective control points are chosen, corresponding to
region boundaries with different behavior, where the additional displacements become zero and
the elastic strains become either zero or equal to the yield strain.
This is why an approximate determination of the region boundaries is applied. Due to
space reasons, the proof of the methodology is not given here, but can be found in [22]. The
necessary region boundaries and correct strain and additional displacement distributions inside
each interval are calculated as follows:
1. Calculate w0 at the region boundaries:


w, if w > 0



 dy


w0 = w π , if  y < w ≤ 0


dy



 w +  y π − 1 , if w ≤  y


(3)

where dy is the distance between the control points.
2. Draw the line connecting the aforementioned values.
3. Calculate the differences between all the linear segments of the plastic displacement distribution with the line connecting the plastic displacement values at the interval boundaries.
4. Add the opposite of the aforementioned deviant distribution to the line of step 2.
5. Determine the region boundaries from the points of the crossings of this curve with the
horizontal lines corresponding to w0 =  y0 =  y (dy/π) and w0 = 0.
6. The regions between the aforementioned horizontal lines correspond to the correct modified strain or additional displacement distributions. The additional loads due to the
nonlinearity of the strain distribution are calculated as the difference between the modified strain distribution, divided with (dy/π), from the line connecting the strain values at
the interval boundaries.
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4

CALCULATION OF DISPLACEMENTS

Convergence of the algorithm is achieved when the sum of the elastic, the additional and the
plastic displacements equals the given target linear displacement distribution. This equality is
checked explicitly only at the control points, Yw and implicitly when region boundary points are
formed between them, with the procedure described in the previous section.
Vector Ua , calculated using Eq. (2), contains the additional displacements at the control
points, while U pl contains the plastic displacements induced at the control points from previous
steps. The contribution of the elastic displacements induced by the loading is the most difficult
to calculate and originates from three sources: The resultant forces at the rocking interface, the
self-equilibrating normal stresses and the self-equilibrating shear stresses.
4.1

Displacements due to the resultant forces

Given the vectors Es and Ys of length ns , containing the values of the elastic strain distribution
at the respective coordinates, including those between the control points, the normalized axial
force and the normalized moment at the rocking end are given by:
ns −1
1Õ
(yi+1 − yi )(ei+1 − ei )
Nn =
2 i=1

(4)

ns −1
1Õ
Mn =
(yi+1 − yi )(2ei yi + ei yi+1 + ei+1 yi + 2ei+1 yi+1 )
6 i=1

(5)

where ei and yi are the elements of vectors Es and Ys at entry i.
The displacement vector at the rocking end due to the resultant forces contribution, ur =
[δr , θ 1r ]T , can be proven [22] that is given by the following equation:
 fr,11


ur = 
 0



0

  





 0 

 Nn
fr,23 · fr,32  M + fr,23 θ


n
fr,22 −

 fr,33 2 
fr,33 



(6)

where θ 2 is the given rotation at the end i of the element, fr,11 = L/2, fr,22 = (3L)/(4b),
fr,23 = L 2 /(4b2 ) − a(1 + ν), fr,32 = −(3L)/(4b) and fr,33 = −L 2 /(2b2 ) − a(1 + ν).
4.2

Displacements due to the self-equilibrating shear stresses

If ycl and ycr are the boundaries of the compression zone, as determined by the approximate
calculation of the region boundaries, since an equivalent parabolic shear stress distribution is
considered between them, the maximum shear stress, normalized with respect to the modulus
of elasticity, E, is:
3 Qn
t=
(7)
2 (ycr − ycl )
where
Qn =

θ 2 − fr,32 Mn
fr,33

(8)

For given shear stress distribution boundaries, the displacements utn = [δtn, θ tn ]T of the
rocking end induced by a parabolic distribution with t = 1 can be calculated using the formulas
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found in [22]. For the value of t calculated with Eq. (7), the respective vector containing the
displacement parameters due to the self-equilibrating shear stresses is:
ut = t utn
4.3

(9)

Displacements due to the self-equilibrating normal stresses

The contribution of the self-equilibrating normal stresses is the most cumbersome to calculate
and is described in [22]. The procedure involves decomposing the normal stress distribution into
triangular and trapezoidal normal loads. Afterwards, formulas for the calculation of the induced
displacements due to these individual load shapes are employed, which result in a vector Ue .
4.4

Target displacements

If un = [δ, θ 1, θ 2 ]T is the vector containing the element displacements in the natural coordinate
system, namely the axial elongation, the chord rotation at the rocking end and the chord rotation
at the other end, then a new vector utar = [δ, θ 1 ]T is formed, which contains the two first elements
of un . These values describe the target linear displacement distribution of the rocking end, which
must match the displacements produced by all the aforementioned contributions.
4.5

Combination of the control point displacements

The difference between the resultant and the target displacement vectors is finally defined as:
Ud = Ue + Ua + U pl + C ut + C B ur − C B utar

(10)

1 yw1 


1 yw2 

C = 

 ... 
1 yw,n 
w


(11)

1/b 0
B=
0 1

(12)

with

and





The algorithm converges if the norm of Ud is less than a convergence limit defined by the
user. Usually, an iteration procedure is needed, in which a better estimation of W is derived in
each step so that Ud fulfills the convergence criterion. After convergence is achieved, the forces
and the respective stiffness matrix in the natural coordinate system are calculated as follows:
The produced forces in the natural coordinate system, Fn , are calculated as:
1 0
0 

0  Fnn
Fn = bdE 0 b
0 −b −L 



(13)

where Fnn = [Nn, Mn, Q n ]T is the vector containing the normalized rocking end forces.
The stiffness matrix in the natural coordinate system is derived as:
Kn =
with

DFn ∂Fn ∂Fn ∂W
=
+
Dun
∂un ∂W ∂un


 −1
∂W
∂Ud
∂Ud
=−
∂un
∂W
∂un
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5
5.1

EXAMPLES
Rocking body with constant vertical force

A free-standing rocking body with a constant vertical force on its top side (Fig. 6a) is
examined first. The rocking body has height H = 4 m, width B = 1 m and thickness d = 1 m,
modulus of elasticity E = 30 GPa and yield stress σy = 20 MPa and is loaded on its top with
a vertical force N = −2500 kN. The whole body is modeled with one proposed macroelement
with its rocking end at the bottom.


N
x



H

+RUL]RQWDO)RUFHPx>N1@

Px A





nw = 51
nw = 31
nw = 11



B



(a)
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(b)

Figure 6: (a) Rocking body with constant vertical force model; (b) Rocking body with constant
vertical force: Horizontal displacement versus applied horizontal force curves for various number
of control points, nw , used.
In Fig. 6b, the loading - unloading curves (applied horizontal force, Px , versus horizontal
displacement, δ x ) are shown for varying number of control points, nw , used in the analysis. It
can be seen that even the model with only 11 control points (red line) produces results that are
very close to more dense control point configurations, meaning that the proposed algorithm can
capture well the real deformation and stress distribution between control points.
In Fig. 7, the stress (blue curves) and plastic displacements (red curves) of the element at
several steps during loading - unloading of the first half-cycle are presented. It can be seen
that gradually the element yields, starting to develop plastic displacements, before reaching
the maximum displacement of the quarter-cycle, where the stress distribution becomes almost
rectangular.
It is interesting to note that the element continues to yield while returning to its original
position, with the stresses gradually moving towards the center of the element, before becoming
elastic again, i.e. the contact region does not decompress immediately during motion reversal. This means that the formation of plastic displacements does not stop at the maximum
displacement, but continues during unloading at regions a little further from the base edge.
5.2

Restrained rocking concrete wall

A tendon restrained rocking concrete wall is discussed here and more specifically the model
SRW_B examined in [23]. In brief, the rocking wall has height H = 2.86 m, width B = 0.8
m and thickness d = 0.125 m and is restrained with three prestressed tendons located at the
center and about 0.2 m from the center. Regarding the material properties, concrete strength

4727

Evangelos Avgenakis and Ioannis N. Psycharis

 G FP

 G FP

 G FP






+RUL]RQWDO)RUFHPx>N1@

(ODVWLFVWUDLQV> @  3ODVWLFGLVSO>PP@







 G FP

 G FP

 G FP









 

 
5RFNLQJLQWHUIDFHFRRUGLQDWHY>P@



(a)






























+RUL]RQWDO'LVSODFHPHQW x>FP@



(b)

Figure 7: (a) Stresses (blue curves) and plastic displacements (red curves) developing on the
rocking interface before the end of the first half-cycle, where yielding occurs. The right half of
the element section is shown. (b) Corresponding points on the loading - unloading curve.
p
is fc = 35.0 MPa, its modulus of elasticity is assumed Ec = 4700 fc = 27.8 GPa, while the
tendons have stiffness E At = 28529.0 kN/m and initial prestress 96.1 kN, which is reduced to
89.1 kN due to prestress losses equal to 7.3%. As mentioned in the paper, the prestress is further
reduced with respect to the expected value as the lateral displacement increases, approximately
following the simplified analysis by [24]. For this reason, in the present analysis the tendon
stiffness was calibrated so that the sum of the tendon forces at the maximum lateral displacement
matches the one measured at the experiment (about 440 kN). Additional weight is added on top
of the wall equal to 31.35 kN, while the self-weight of the wall equals 7.15 kN.
The loading - unloading curves produced by the macroelement model is shown in Fig. 8,
while the red line shows the envelope of the experimental response at the last cycle [23]. It
can be seen that the results obtained with the proposed algorithm match well the experimental
backbone curve. Comparing the results with those in [23], a notable discrepancy between the
results can be seen during unloading for large displacements, where the experimental curve does
not pass close to (0,0) as in the numerical analysis and contrary to what one would expect for
typical rocking systems. This can be attributed to several reasons according to [23], such as
prestress loss, debris underneath the wall or damage near the wall toes.
Although the bilinear material model assumed for the macroelement cannot account for the
precise material response, such as that of concrete, the main characteristics of the cyclic response
can be adequately predicted. Thus, the proposed macroelement can be used for a quick and
adequately accurate estimation of the response of structural systems with rocking members.
6

CONCLUSION

In this paper, a macroelement able to predict the rocking response of inelastic members under
cyclic loading is formulated. The usual assumption of linear strain distributions according to the
technical theory of bending does not hold, due to the nonlinearity created by the partial loading
of the rocking interface. However, since the contact region of the rocking interface remains
planar, the proposed formulation involves checking the displacements instead of the strains at
the control points of the discretized rocking interface.
In the regions of the rocking interface that remain elastic, the aforementioned displacements
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Figure 8: SRW_B response according to the proposed algorithm. The red line shows the
envelope of the experimental response at the last cycle [23].
are caused by the contribution of the resultant forces, which is calculated according to the
technical theory of bending, and the contribution of the self-equilibrating normal and shear
stresses. Additionally, plastic displacements develop in inelastic regions, while the gap between
the body and the rocking interface in non-contact regions is also taken into account.
The proposed macroelement formulation can be used to predict the response of rocking
bodies included in structural configurations. The results show that the algorithm can predict
the localization of the stress and plastic displacement distributions as the body rocks from
one side to the other. In addition, comparison of the results produced for a typical rocking
member configuration found in literature with the corresponding experimental data shows that the
proposed algorithm can predict the cyclic response of yielding rocking bodies quite accurately,
given the uncertainties of the experimental setups.
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Abstract. The paper presents a partitioned extension of vortex particle methods (VPM) in the
context of pseudo three-dimensional (3D) multi-slice model to simulate wind-induced vibration
of thin structural elements like membrane roof system. The fluid dynamics is analysed by using
a pseudo-3D VPM. The immersed boundary methods are used to simulate the complex flow
around deformable boundaries. The structural analysis is carried out using the superposition
of the linear uncoupled vibration modes because of its efficiency to handle small displacement
problems. Finite element model is used to extract the natural vibration modes of the structure.
The equation of motion is solved at the mid-surface of thin element. At each time step, the
pressures on the surface panels on each slice are projected to the structural nodes. Once the
structural analysis is performed for a time step, the new positions and velocity of the surface
panels are calculated from the nodal structural solution to update the boundary conditions.
For the validation of the coupled solver, it has been utilized here to identify the critical wind
speed at which an inverted cantilever plate exhibits large amplitude flapping. In contrast to a
conventional flag configuration, a flag with a free leading edge and clamped trailing edge, an
inverted cantilever flag shows unstable large amplitude vibration in axial flow. The identified
critical wind speed is found to be in very good range when compared with the literature. This
mentioned benchmark case is analysed using the coupled solver considering different number
of slices, and the identification of the critical wind speed is found satisfactory for all cases.
The solver is used further to simulate a skewed inverted cantilever, which is modified over the
reference system, in order to simulate the differential displacement along the slices since the
vortex induced forces varies along the slices. Finally, the dynamic response of a cantilever roof
system which is fixed at the base and hinged in two sides is analysed under different incoming
wind speeds.
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1

INTRODUCTION

Fluid-structure interaction (FSI) problems are frequently encountered in many areas of civil,
mechanical, aerospace and biomechanical engineering, such as the aeroelastic analysis of longspan bridges, tall buildings, and lightweight structures, the stability analysis of airplane wings,
the flow-induced vibration of marine risers and floating platforms, the hemodynamics and blood
vessel dynamics [1, 2, 3]. In recent years, the use of membrane and umbrella-type has gained
increasing popularity [4]. They are extremely light-weight and the flexible nature makes them
prone to destructive aeroelastic effects. The numerical methods to solve FSI problems can be
classified as monolithic and partitioned. The monolithic method is the direct approach to solve
the complete nonlinear algebraic equations, and hence, it is highly robust and unconditionally
stable [5]. The partitioned approach, in contrast, offers software modularity and allows synthesizing independent computational schemes for fluid and structure subsystems. Moreover,
the recent advancements and reduction in computational costs for modelling of both fluid and
solid structures have made the partitioned schemes more popular for simulating FSI problems
[6, 7]. The partitioned approaches can be classified into two types: the loose coupling approach
and the strong coupling approach depending on the satisfaction of the coupling conditions. The
Arbitrary Lagrangian Eulerian (ALE) approach and Immersed Boundary (IB) methods are two
general approaches for simulating flow around deformable boundaries.
This paper presents a partitioned new extension of vortex particle methods (VPM) in the
context of pseudo three-dimensional (3D) multi-slice numerical model to simulate FSI of thin
structural elements such as the thin membrane type roofs. The partitioned methods are often
used in FSI simulations for their flexibility of using different existing solvers for fluid and
structure models. Here, the pseudo-3D vortex particle method (VPM) is used for analysing
the fluid dynamics [8, 9, 10, 11, 12]. A two-dimensional (2D) fully coupled FSI model was
presented in [13] for simulating non-linear aeroelastic instabilities. The presented method is a
further extension in 3D. The difference between the existing and currently implemented pseudo3D VPM is presented schematically in Fig. 1. The immersed boundary methods are used to
simulate the complex flow around deformable boundaries. The structural analysis is carried
out using the superposition of the linear uncoupled vibration modes because of its efficiency to
handle small displacement problems of large system. A finite element solver is used to model
and extract the natural vibration modes of the thin-walled structural systems. The equation of
motion is formulated and solved at the mid-surface of the thin element. At each time step, the
pressures on the surface panels on each slice are calculated in the flow solver. An in-house
python code is developed to project the surface pressure to the structural nodes. The projected
nodal forces from each slice are applied to the structural nodes in the global coordinate system.
Once the structural analysis is performed for a time step using the Newmark-Beta method, the
new positions of the surface panels are calculated from the nodal displacements. The panel
velocities are calculated from the nodal velocities in order to update the velocity boundary
conditions in the flow solver.
For the validation of the coupled solver, it has been utilized here to identify the critical wind
speed at which an inverted cantilever plate exhibits large amplitude flapping [17, 18]. In contrast
to a conventional flag configuration, a flag with a free leading edge and clamped trailing edge,
an inverted cantilever flag shows unstable large amplitude vibration in axial flow. It has been
observed as vortex-induced vibration (VIV) in literature. This mentioned benchmark case is
analysed using the coupled solver considering different number of slices, and the identification
of the critical wind speed is found satisfactory for all cases. The solver is used further to
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(a)

(b)

Figure 1: Schematic representation of the difference between existing and new pseudo 3D VPM-based coupled
solver: (a) existing pseudo 3D model analyses flexible line-like structures such as the long-span bridges. The
structural dynamic calculations are performed by using the forces from 2D simulation slices with rigid cross
sections. On the other hand, the newly extended VPM model (b) analyses thin-walled surface-type flexible element
such as membrane roof systems considering the deformable geometry at the level of 2D simulation slices.

simulate a skewed inverted cantilever, which is modified over the reference system, in order
to simulate the differential displacement along the slices since the vortex induces forces varies
along the slices. Finally, the dynamic response of a cantilever roof system which is fixed at the
base and hinged in two sides is analysed under different incoming wind speeds.
2
2.1

A PSEUDO-3D ALGORITHM FOR FLUID–STRUCTURE INTERACTION
Fluid solver

The flow solver uses simplified vorticity description of fundamental Navier–Stokes (NS)
equations. For incompressible flow of a viscous fluid, the vorticity transport equation for 2D
flow in a bounded domain D can be expressed as follows:
∂ω
+ (u · ∇) ω = ν∇2 ω.
∂t

(1)

where the vorticity ω is the curl of velocity field u(x, t) such that ω = ∇ × u, and ν is the
kinematic viscosity. For inviscid flow Eq. (1) can be rewritten in substantial derivative notation
such that Dω/Dt = 0. It allows the use of grid-less numerical scheme and discretization of
particle elements in Lagrangian manner. The velocity field can be expressed in terms of stream
function Ψ such that u = ∇ × Ψ + U∞ , and curl of it results in Poisson equation ∇2 Ψ = −ω.
Greens functions are used to obtain the velocity distribution from vorticity field by solving
the Poisson equation. By taking curl of Ψ, the velocity field of a point in fluid domain D is
computed using Biot-Savart relation
Z
ω(x0 ) × (x0 − xp )
1
dD0 .
(2)
u(xp ) = U∞ −
2π D
|x0 − xp |2
The 2D vortex method is based on the discretization of the vorticity field by a finite sum of Np
Lagrangian particles located at xp (t) as follows:
ω(x, t) =

Np
X

δ(x − xp (t))Γp ,

p=1
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where ω(x, t) is the vorticity at position x and time t, δ is the Dirac delta function, Γp is the
strength of pth particle, and xp (t) is the position. The use of Eq. (3) in Eq. (2) yields
Np
Np
X
1 X ez × (xp − x)
u(xp ) = U∞ −
Γp = U ∞ −
K(xp − x)Γp ,
2π p=1 |xp − x|2
p=1

(4)

where K is the velocity kernel. In the present implementation of the fluid solver, a hybrid particlemesh Vortex-In-Cell algorithm is used for smooth projection of the vorticity carried by the
particles onto a regular mesh. The immersed interface techniques utilize fast Fourier transforms
(FFT) on the regular mesh and enforce the appropriate boundary conditions on immersed interfaces to solve the Poisson equation efficiently. A Particle–Particle Particle–Mesh (P3 M) algorithm is employed to resolve sub-grid scales using an influence matrix technique in the presence
of immersed interfaces. The solver uses the stochastic Random Walk Method for modelling the
diffusion of the flow.
In order to perform pseudo-3D simulation with deformable bodies, the kinematic velocity
boundary condition is enforced at each 2D simulation slice by applying boundary element technique. At the solid surface, the boundary condition u (xB ) · nB = 0 is enforced such that
the surface is impermeable where nB is the unit normal vector. The geometry of immersed
bodies is discretized assuming piecewise linear panels of approximately uniform length. This
creates a polygon of Nl panels of lengths ∆si . The surface vorticity is discretized as sheets
of linearly varying vorticity along the panels. The bound vortices are obtained from equation
Mi γ0 = b, in which Mi is the influence matrix that contains the influence coefficients in order
to describe the mutual induction of the vortex sheets while the right-hand side (b) contains all
external influences such as the induced velocities on the panels from the free stream contribution. The influence matrix is constant for non-deforming bodies undergoing solid body motion.
However, the influence matrix for deforming bodies should be recalculated based on the updated surface geometry. The surface vorticity found by solving this system is assigned to the
control points on the boundary and subsequently released into the flow. The section forces for
aerodynamic analysis can be calculated by integrating pressures on the surface panels. More
details about the solver can be found in [8, 9] while its specific implementations can be found
in [10, 14, 15, 13, 16].
2.2

Structural equations

The superposition of generalized vibration modes is a powerful technique for performing dynamic response analyses of linear structures. It can reduce the computational time significantly.
A system with few degrees of freedom (DOFs) can be solved using full system. However, for
large systems, especially when the displacements are linear it is usually advantageous to transform the equation of motion to a smaller set of equations by expressing the displacements in
terms of the first few natural vibration modes φn of the undamped system. The basic assumption in mode superposition is that the nodal displacements of the system are approximated by a
linear combination of the first j eigenmodes such that
d(t) =

j
X

φn qn (t),

(5)

n=1

Here, qn (t) are the modal amplitudes. The equation of motion related to time dependent forces
can be expressed in modal coordinates as follows
Mφj d¨j + Cφj d˙j + Kφj dj = fext (t) ,
(6)
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pre-multiplying with φTj gives
φTj Mφj d¨j + φTj Cφj d˙j + φTj Kφj dj = φTj fext (t) ,

(7)

where ωj is the modal circular natural frequency, ξj is the modal damping ratio, φj is the mode
shape, the subscript j is the mode number and fL is the lift force vector, respectively. The
equation of motion can be written as following
M̃d¨ + C̃d˙ + K̃d = P̃(t),
where

M̃ = φT Mφ

C̃ = φT Cφ

K̃ = φT Kφ

(8)
˜ = φT fext (t)
P(t)

(9)

with M̃, C̃, and K̃ being diagonal matrices. In dynamic analysis, it is a common choice to provide the relative damping for each mode directly since it allows the calculation of the response
using the superposition of uncoupled modal responses. The use of modal damping ratios gives
a more control to assign a higher damping value if, for physical reasons, they are expected to be
strongly damped. The damping of a multi degrees of freedom (MDOF) system with N DOFs the
damping matrix can be expressed in terms of the modal damping ratios ξn with (n = 1, . . . , N ).
In principle, the procedure can be explained by considering the complete diagonal matrix of
generalized damping coefficients, given by pre- and post-multiplying the damping matrix by
the mode shape matrix:
C̃ = φT Cφ = diag(2ξ1 ω1 M1 , ..., 2ξn ωn Mn )

(10)

For classically damped systems, the square matrix C̃ is diagonal. A numerical time integration
scheme can be used to solve the system under external forces in the time domain. The implicit
Newmark time integration with is used with the average acceleration method (γ = 0.5; β =
0.25), which is well known “unconditionally stable condition” irrespective of time step for
linear problems. The structural element is considered linear according to the constitutive law.
2.3

Projection of the surface loads to the structural nodes at each 2D slice

The equation of motion of the 3D thin-walled system is formulated and solved at the midsurface of the thin element. At each simulation slice of the multi-slice analysis, it is necessary
to map the fluid pressure on the boundary panels to the structural nodes (Fig. 2). Moreover,
to update the boundary conditions at the interface, it is also necessary to map the displacement
and velocity of structural nodes from the mid-surface to boundary nodes. It is challenging
to calculate the loads on the structure nodes imparted by fluid stresses at the fluid–structure
interface. It is because at every point on the boundary panels there is a unique normal vector
that points toward the fluid side of the interface, namely the positive wall normal vector. In other
words, the fluid pressures acting toward the fluid side of the interface are positive. For such a
case, it is readily apparent that at each FE node at the mid-surface in the local coordinate system
(LCS) of the structure, it has both positive and negative wall normal vectors pointing toward the
fluid side of the interface. Here, the FE nodes and elements are used to calculate and project the
surface loads to the structural nodes. At first, the elements and the surface panels are defined as
vectors as shown in Fig. 2. Importantly, the surface panels of each immersed body in presented
VPM solver have always been defined in anticlockwise orientation. The definition of FE has
no restriction about the direction. An iterative search is perform over the surface panels of an
immersed body to find a corresponding element, at which the panel pressures of the interface
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should be projected. The projection of the panel pressures on FE nodes is performed in LCS.
The angle between the vectors of the surface panel and the corresponding element decides the
position of the panel, which means above or below, corresponding to element in LCS. The same
direction of the panel vector and element vector indicates the position of the panel below the
element, and vice-versa. When the projection of the loads for each panel to the FE nodes are
made, the force vector is transformed into the global coordinate system.
2.4

Fluid–structure coupling

The fluid and structural equations are coupled with each other through the coupling of boundary conditions at fluid–structure interface Σ to satisfy the continuity of displacement d, velocity
v and equilibrium of stresses such that
vsΣ = vfΣ ,

Σ
dΣ
s = df ,

(11)

fsΣ = σfΣ .n.

Here, no-penetration, velocity boundary condition, and traction condition are satisfied at the
fluid–structure interface to couple VPM and nonlinear structural dynamics solver. The pressures on the solid bodies are computed from the vorticity flux. The presented partitioned solver
is based on loosely coupled iteration which is displayed schematically in Fig. 3. For FSI problems of large mass ratio (ρs  ρf ), the added mass effect of the fluid is not significant and the

)
P(x, t
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M 3y
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)

X

Figure 2: A partial and schematic presentation of thin-wall immersed body in fluid flow. The finite element (FE)
formulation is used at the mid-surface to model the structural motion. The vectors of elements and the surface
panels are presented as ~e and p~, respectively. Here, the filled circles (•) represents the FE nodes, numbered as
ni , at which the surface loads has to be projected. The unfilled circles (◦) shows the nodes associated with the
immersed boundary or surface panels. In local coordinate of an element at mid-surface, the direction or the angle
between element and panel vectors are used to identify the position of the panel with respect to the element. The
projection of the surface loads from the boundary panels is performed to the FE nodes in local coordinate (x-y)
and then transformed into global coordinate (X-Y ).
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problem can be solved with staggered partitioned scheme such as in case of aeroelasticity. Assuming that the displacements and velocities of the solid structure ds , vs are known at time step
ti , and the boundary conditions are projected accordingly. For time step ti+1 , the flow solver
VPM recalculate and distribute the surface vorticity based on the updated boundary conditions.
It computes the pressure distribution on the surface panels which are then interpolated at the FE
nodes as nodal forces fs for time step ti+1 . After achieving the nodal solution from the structure
solver, the panel displacements and velocities are calculated and projected back to the interface
for updating boundary conditions. This update of information to the flow solver is performed
only at the global time step of the coupled simulation.

ti

VPM

ti+1 =ti +∆t

Update
BC

p

Map surface panel
pressures to
nodal forces

CSD

f

Fluid/Structure
Interface

Interpolate nodal
displacements and
velocities to the
surface panels

d

Figure 3: Schematic representation of the coupled numerical algorithm: At each time step, the pressure (p) on the
surface panels, which is calculated from the flow solver VPM, is mapped to the nodal force vector (f ) for finite
element method (FEM) applied at the mid-surface. The panel displacements and velocities are calculated from the
nodal displacements in order to update the boundary conditions.

3

FLAPPING MECHANISMS OF INVERTED CANTILEVER PLATES

In contrast to a cantilever plate in conventional flag configuration, the inverted flag or cantilever with a free leading edge and a clamped trailing edge displays large-amplitude flapping
over a finite band of wind speeds [17]. Extensive studies on several influential parameters were
performed in [18] to establish the flapping mechanism of an inverted cantilever plate. The
schematic configuration of an inverted cantilever in axial flow is shown in Fig. 4(a). The typical
flapping pattern is shown in Fig. 4(b). The simulation of the inverted cantilever in the context
of multi-slice coupled model is shown schematically in Fig. 4(c). It is a non-linear large displacement problem. Though the presented model is based on linear analysis, the validation of
the solver is performed in terms of identification of the wind speed at which large amplitude
flapping initiates.
3.1
3.1.1

Validation of multi-slice model on a reference inverted cantilever
Flapping regions

The flow-induced vibration of elastic inverted cantilevers has drawn significant attention
because of its complicated coupling mechanisms. The flapping of inverted cantilever was identified in [18] as two quasi-steady regimes, which are the straight mode and fully deflected mode,
and a limit-cycle flapping mode with large amplitude that appears in between two quasi-steady
regimes (Fig. 4(b)). The stability of inverted flags were explained in [18] in terms of two non-
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Figure 4: Pseudo 3D simulation of a cantilever plate in inverted flag configuration: (a) Schematic of an inverted
cantilever plate (length L × height H). A is the peak-to-peak amplitude in y-direction. The presented coupled
numerical model ignores the edge-effects of the cantilever plate, and it is visualized here by the confinement of the
cantilever system in between the walls. The characteristic regions of dynamic motion of an inverted cantilever are
shown in (b). The schematic multi-slice arrangement of the system for the coupled solver is shown in (c).

dimensional dynamic parameters:
µ=

ρf L
,
ρs h

(12)

2 3
L
ρU∞
,
(13)
κ=
D
where µ and κ specifies the mass ratio and dimensionless flow speed, respectively. The eigenvalue analysis was performed for infinite aspect ratio showed that the stability of an inverted
cantilever is lost at zero frequency when κ = 1.85. The bifurcation of the inverted flag at zero
frequency indicates its independence on µ. The flapping mechanism of the inverted flag was
established as a vortex-induced vibration (VIV). The aspect ratio was shown to be an influential
parameter. A plate with a small aspect ratio in a steady flow allows to generate edge vortices
along and across the flow direction which reduces the overall lift. Therefore the bifurcation is
primarily affected by the aspect ratio. However, the influences diminish with the increase in
aspect ratio and converge to a bifurcation point κ = 1.85 for an infinite aspect ratio.

3.1.2

Pseudo 3D multi-slice simulation

Variations in cross section are common in civil structures. The fully coupled 3D simulations are computationally very expensive, in particular when it is necessary to resolve the flow
around complex structural geometries with small details such as hand rails, guide vanes and
wind shields in the case of bridges. The aerodynamic analysis of line-like thin-walled structure
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is proposed to be represented as several 2D simulation slices along the structure. The in-plane
forces and displacements are coupled to a 3D dynamic representation of the structure in terms
of superposition of the natural vibration modes.
In the following, the dynamics of a reference inverted cantilever plate which was studied in
[18] has been investigated numerically using the presented multi-slice coupled model. It is a
very simple type of line-like thin-walled system. However, it is particularly chosen because of
its complex aeroelastic interaction and large-amplitude flapping. The physical and geometrical properties of the plate are listed in Table 1. The coupled simulation is performed using 7
slices, as shown in Fig. 4(c). For the structural solver, the cantilever system is modelled first
using a finite element solver in order to obtained the undamped natural vibration modes. The
cantilever plate is discretized into 102 shell elements along the length while 8 elements along
the width. The natural vibration modes and corresponding frequencies of the modelled system
are shown in Fig. 5. Within the flow solver at each simulation slice, the non-dimensional size
of the boundary elements is chosen such that ∆s /h = 3.8462 which results in 206 panels. The
instantaneous number of particles in the flow domain for each slice is estimated approximately
between 65,000 and 75,000. During the coupled analysis, at each simulation slice the panel
pressures are integrated to the structural nodes. Each slice is assigned an effective width based
on the selection of the slice locations. Finally, the inverted cantilever plate is simulated under
different wind speeds. No edge-effects are considered in the analysis. Concerning edge-effects,
the consideration of a 2D plate with infinite aspect ratio is analogous to the consideration of
finite plate confined between the side walls (Fig. 4(a)).
The tip displacement of the cantilever at the middle slice (slice number 4) are displayed in
Fig. 6 for both dimensional and non-dimensional incoming flow speeds. The time histories of
the tip displacements for all the slices are found relatively same. There has been very negligible
differential displacement in between the slices. The bifurcation is observed immediately after
non-dimensional flow speed κ = 1.85. This is an agreement with the results from [18] since the
present model doesn’t consider the effect of vortices from the edges across the flow direction.
This result indicates that the bifurcation of small aspect ratio is still possible at κ = 1.85 if
the sides of the plates are perfectly isolated. The response frequencies of the cantilever for the
periodic motion follows the frequency of the vortex shedding, which is found approximately to
be 6.5 Hz. It is almost the half of the first natural frequency of the system. Similar fundamental
behaviour was observed in [18]. The visualization of the vorticity field in all the slices for
different vibration phases of the cantilever plate are shown in Fig. 7(a, b). This particular test
case has been analysed considering different number of slices such as 1, 2, and 4. It requires
the change of the effective width of the slices accordingly. Furthermore, several analyses are
performed considering 2 to 4 number of vibration modes. The critical wind speed at which
the large amplitude flapping initiates is always identified around 2.45 m/s for the studied case.
Table 1: The physical parameters of the reference inverted cantilever plate.

Solid

Fluid

density
elastic modulus
plate thickness
plate length
plate width
Poisson ratio
density
kinematic viscosity

ρs
E
h
L
B
ν
ρf
νf
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(kg m−3 )
(GPa)
(mm)
(cm)
(cm)
(-)
(kg m−3 )
(m2 s−1 )

1200
2.4
0.13
5.1
6.4
0.38
1.2
1.54 × 10−5
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The model is presented for small displacement FSI problem, and therefore, it is not reliable to
study the post-critical behaviour of the system using the present model. It requires a model that
accounts the geometrical nonlinearity, such as in [13]. However, the presented model is very
good regarding the identification of the critical flapping wind speed and shows its applicability
for small displacement FSI problems. Moreover, the model is found computationally very
efficient. Simulations are performed separately one after another using a computer having Linux
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Figure 5: Normalized natural vibration modes and frequencies of the reference inverted cantilever plate model: (a)
f1 = 11.53 Hz, (b) f2 = 26.22 Hz, (c) f3 = 62.77 Hz, and (d) f4 = 72.24 Hz.
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Figure 6: The tip displacement of the inverted cantilever plate at the central simulation slice under different dimensional and non-dimensional wind flows. The critical wind speed is identified as 2.45 m/s at which the large
amplitude vibration initiates. The red dotted lines in (b) shows the initiation of divergent amplitude.
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Figure 7: The vortex street around the the cantilever plate at different slices due to the free stream flow.
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operating system, 32 open-MP multithread Cores, 3.5GHz processor, 64 GB RAM. The 7-slice
simulation for 20,000 steps took approximately around 12 hours only.
3.2

Multi-slice simulation of a skewed inverted cantilever plate

Y [cm]

In the following, a skewed inverted cantilever plate is simulated under the axial wind using
the multi-slice numerical model. It is expected that a differential motion between the slices
should occur. The physical properties of the skewed inverted cantilever plate are chosen according to Table 1. The length of the plate is changed at top and bottom in order to make it
skewed (Ltop = 4.284 cm, Lbottom = 5.916 cm). The dimensions and multi-slice representation
of the skewed inverted are shown in Fig. 8. The coupled simulation is performed using 7 slices
as before. The cantilever system is modelled again using 102 and 8 shell elements along the
length and width, respectively. The natural vibration modes and corresponding frequencies of
the modelled system are shown in Fig. 9. Within the flow solver at each simulation slice 206
panels are used which means the size of the boundary elements ∆s is different in slices. In
such case, the simulation time step is normally considered either equal to the minimum average
panel length for a slice over free stream flow (∆s(min) /U∞ ) or smaller. The displacement time
histories of the cantilever tip for different slices are compared in Fig. 10. The differential displacement is clearly observed at different slices. The critical wind speed for initiation of large
amplitude is identified 2.45 m/s as before.
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Figure 8: Multi-slice simulation of a skewed inverted cantilever: (a) the modification over the reference inverted
cantilever (—) to have an skewed inverted cantilever (– · –). (b) The multi-slice schematic representation of the
skewed inverted cantilever.

4

MULTI-SLICE SIMULATION OF A THIN ROOF SYSTEM

Membrane roof systems are a good example of extremely light-weight and highly optimized
constructions. Due to the constant stress state over the thickness, the material strength is optimally used. In the last years, the use of membranes in structural engineering became more and
more common such as the Allianz Arena in Munich. Structural umbrella-type roofs have become popular for providing shelter whilst maintaining the feeling of open air. Their lightweight
and flexible nature makes them prone to destructive aeroelastic effects. In this section, a thinwalled roof system is modelled and the responses are analysed under laminar wind flows. A
Schematic configuration of a roof system under free stream wind U∞ is shown in Fig. 11. The
roof is considered curved in a parabolic way. The physical properties those are considered in
this study for the roof system are presented in Table 2.
The coupled simulation is performed using 19 slices. The roof system is modelled using 80
and 20 shell elements along the length and width, respectively. The beam elements are used
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Figure 9: Normalized natural vibration modes and frequencies of the skewed inverted cantilever plate model: (a)
f1 = 11.12 Hz, (b) f2 = 26.91 Hz, (c) f3 = 62.21 Hz, and (d) f4 = 66.69 Hz.
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Figure 10: Multi-slice simulation of a skewed inverted cantilever: the time histories of tip displacements at different
slices under different incoming wind flow.

as stiffeners regularly along the length and width of the roof. The natural vibration modes and
corresponding frequencies of the modelled system are shown in Fig. 12. Within the flow solver
at each simulation slice 162 panels are used which means the size of the boundary elements ∆s
is different in slices. As mentioned earlier for such cases, the simulation time step is considered
either equal to the minimum average panel length for a slice over free stream flow (∆s(min) /U∞ )
or smaller. The simulation of the roof system is under wind speed of 30 and 50 m/s. The
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Figure 11: Schematic configuration of a roof system under free stream wind U∞ . The roof is considered curved
in a parabolic way; the length, width and height are expressed as L, W , and H, respectively. The isometric view
shows that the width of the system is reduced by half at the centre along the length. In this study, the fully coupled
simulation of the system is performed in multi-slice sense which is by performing several 2D simulation slices that
are interconnected by their natural vibration modes.

(a)
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(c)

(d)

(e)

Figure 12: The modelled roof system and its natural vibration modes and frequencies: (a) the system, (b) f1 =
8.97 Hz, (c) f2 = 9.33 Hz, (d) f3 = 15.21 Hz, and (e) f4 = 16.44 Hz.
Table 2: The physical parameters considered for the cantilever roof system.

Solid

Fluid

density
elastic modulus
roof thickness
roof length
roof width
roof height
Poisson ratio
air density
kinematic viscosity

ρs
E
h
L
W
H
ν
ρf
νf
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(kg m−3 )
(GPa)
(mm)
(m)
(m)
(m)
(-)
(kg m−3 )
(m2 s−1 )

7950
180
4
10
2
0.4
0.3
1.2
1.5 × 10−5
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Figure 13: Instantaneous particle map for the Pseudo-3D roof system under laminar flow of 30 m/s.

corresponding simulation time steps are chosen 0.000754 s and 0.000452 s. The number of
simulation time steps are 20,000 and 18,000, respectively. The instantaneous vorticity around
the roof system at different simulation slices are shown in Fig. 13. The displacement time
histories of the tip of the roof system at different slices are compared in Fig. 14 and Fig. 15,
respectively under the wind speed of 30 and 50 m/s. The real time computation of such large
scale analysis with the presented numerical model took only around 18 hours and 20 hours,
respectively. As for future scope, the interest exists to study the influence of bluff vertical plate
at the tip of the roof on aeroelastic response. The influence of incoming turbulence is also of
particular study interest.
5

CONCLUSION

The paper has presented a partitioned extension of vortex particle methods (VPM) in the
context of pseudo three-dimensional (3D) multi-slice numerical model which allows to simulate aeroelastic behaviour of thin structural elements, such as thin cantilevers and membrane
roof system. A pseudo-3D VPM has been used to simulate the dynamics of the fluids. The complex flow around deformable boundaries has been analysed with the help of immersed boundary
methods. The finite element model has been used to model the structural system. The linear uncoupled vibration modes are obtained for the structural dynamic solver because of its efficiency
to handle small displacement problems. The equation of motion has been solved at the midsurface of thin structural element. The projection of the surface pressures to the structural nodes
at each 2D simulation slice has been explained. The validation of the solver has been performed
by analysing the dynamics of an inverted cantilever in axial flow. The identified critical wind
speed has been found to be in very good range when compared with the literature. A skewed
inverted cantilever, which is modified over the reference system, has been analysed in order to
simulate the differential displacement along the slices since the vortex induced forces varies
along the slices. Finally, the dynamic response of a cantilever roof system which is fixed at the
base and hinged in two sides has been analysed under incoming wind speeds of 30 and 50 m/s.
The displacement time histories has been presented corresponding to the slices. The solver has
been found computationally very efficient in terms of solving such large scale problem. The
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Figure 14: Tip displacement of the roof system at different slices under wind speed of 30 m/s.
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influence of incoming turbulence on the dynamics of roof system is of particular study interest
for future. The thin-walled circular tower system under vortex-induced vibration can be studied
also.
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Abstract
The highway bridge design code in most countries does not consider the live load in seismic
design of highway bridges. However, traffic jams on urban highway bridges occur with high
probability, and the inertial effect of passing vehicles due to earthquakes thus could not be
negligible in the context of seismic design of bridges when vehicle’s weight is large enough
compared with the dead load of bridges. It is therefore of engineers’ interest to conduct a
seismic analysis of bridges considering the vehicle dynamics effect on the seismic behavior of
the bridge. Earthquakes occur unexpectedly and recently more and more strong motions were
recorded, which are important for seismic engineering. This paper investigates nonlinear dynamic responses of a highway bridge considering vehicle–bridge interactions (VBI) subjected
to particular large earthquakes: Tohoku earthquake in 2011 and Kumamoto earthquake in
2016. Observations showed that, compared with those of disregarding vehicles, VBI changed
the bridge displacement responses, plastic deformations, relative displacements of bearings
and acceleration responses of the bridge but to different tendency and degree under different
ground motions. The results revealed the importance of vehicle dynamic effect on seismic responses of bridges and view point that the current assumption of ignorance of vehicle effect in
seismic design of highway bridges might be non-conservative.

Keywords: Bridge Non-linear Behavior, Moving Vehicle, Particular Earthquakes, Seismic
Analysis, Vehicle–bridge Interaction.
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1

INTRODUCTION

Earthquakes occur randomly and such strong motion records are important for seismic design. On March 11, 2011, the 2011 off the Pacific Coast of Tohoku Earthquake (hereafter, the
“Tohoku Earthquake”) occurred in Japan. The magnitude was reported as being 9.0, the highest magnitude ever recorded in Japan. It was the most powerful earthquake ever recorded to
have hit Japan, and the scale of the Tohoku Earthquake stands out in comparison even with
some of the most destructive past earthquakes. It caused enormous damage due to the ground
motion and the tsunami it triggered. About 200 highway bridges and numerous railway bridges were damaged, e.g., elevated bridges of the Tohoku Shinkansen. The Tohoku Earthquake
was an inter-plate earthquake, occurring on the boundary between the Pacific plate and the
Continental plate. The observed ground motions had a typical characteristic of a long duration
because of the large scale of the fault plane, or the large number of waveforms observed,
which was higher than massive earthquakes in the past. This phenomenon caused severe liquefaction effects for the ground in the Tokyo Bay area. Liquefaction resulted in much of the
destruction associated with this earthquake, such as sand/mud boiling, ground cracking, depressions of pavement, ground settlement, leaning buildings and the exposure of underground
pipes. The Kumamoto earthquake in 2016 consists of two strong ground motions and a series
of smaller foreshocks and aftershocks. The first large ground motion hit the area on April 14,
2016, which was categorized into the foreshock before the larger ground motion on April 16,
2016. Such earthquakes caused strong response and significant damage to bridges. It was
mentioned that this type of repeated strong motions has not been taken into account in conventional seismic design practices [1]. The repeated strong motions increase damage in all
types of structures significantly. Service on the Shinkansen was suspended after a train derailed due to the earthquake. Thus, more research is needed to estimate and prevent the damage caused by such strong earthquakes.
Heavy traffic jams on urban highway bridges occur frequently and encountering an earthquake in urban areas of earthquake prone regions becomes more possible. The dynamic effect
of vehicles could not be negligible in the context of seismic design of bridges. It is necessary
to review the seismic performance of bridges, considering traﬃc loading. However, very few
studies have specifically examined the vehicle effect on bridge seismic responses.
In seismic design of monorail bridges the eﬀect of the train load is considered as additional mass [2]. He et al. [3] investigated the seismic responses of Shinkansen viaducts for highspeed trains under moderate earthquakes. Their results show that the train can act as a damper
for the bridge. A study by Zeng and Dimitrakopoulos [4] studied a horizontally curved railway bridge subjected to train crossings and moderate ground motions of different periods. Results verified the favorable damping effect that the running vehicles have on the deck
vibration. The study by Kim et al. [2] showed that consideration of the monorail train as additional mass rather than a dynamic system in numerical modeling overestimated the effect of
the train load on seismic performance of monorail bridges. Kim and Kawatani [5] concluded
that a train acts as a damper and tends to decrease acceleration response under a particular
earthquake compared with the system which consider train as an additional mass.
In contrast to the railway system, the highway bridge design code of Japan Road Association does not consider the live load in seismic design of highway bridges due to the low probability of simultaneously encountering critical vehicle load and earthquake. A study by
Sugiyama et al. [6] showed that the dynamic effect of the vehicles was more dominant in the
transverse direction and that the vehicle loading tended to reduce the bridge response. A study
addressing this matter was done by Kameda et al. [7], which concluded that seismic responses
of the bridge increase or decrease depending on the phase difference between the bridge and
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the vehicle. Kameda et al. [8] stated that the vehicles tended to amplify the bridge response
when the vehicles and bridge were in phase and tended to decrease the response when they
were out of phase. Another study by Kim et al. [9] concluded that the seismic response of the
highway bridge subject to moderate earthquakes increased when the vehicle was considered
as mass; and decreased when the vehicle was simulated as dynamic system. Kawatani et al.
[10] demonstrated that heavy vehicles reduced the seismic response of bridges under a moderate ground motion with lower frequency characteristics; but slightly amplified the seismic
response of the bridge under higher frequency ground motions. Borjigin et al. [11] proposed a
seismic response analysis framework incorporating vehicle–bridge interactions (VBI) with
nonlinear dynamic analysis, and the effects of vehicle dynamics on seismic responses of a
highway bridge was clarified and the seismic performance of the bridge was checked.
As reviewed above, most studies were related to moderate earthquakes that caused linear
behavior of bridges, and some studies discussed the seismic responses of bridges considering
effect of vehicle dynamics under limited number of modified ground motions. It is therefore
necessary to proceed with a seismic analysis of bridges considering vehicle effect, and describe the non-behavior of bridges for strong ground shakings of different levels. This study
was conducted to investigate non-linear dynamic analysis incorporating vehicle–bridge interactions (VBI) subjected to particular earthquakes to clarify the effect of vehicles on the seismic responses of an urban highway viaduct. To investigate the seismic responses of the bridge
under particular earthquakes, two strong ground motions recorded on-site with different frequency components are adopted for analysis. A numerical method, Recursive Substructure
Method, was utilized, which integrates a commercial FEA package, ABAQUS®, into the authors’ in-house VBI-solving programs developed with MATLAB®.
2
2.1

ANALYTICAL MODELS
Vehicle model

The vehicle model of a truck consists of a rigid body with single axle. The mass of the vehicle model is 25.0 ton. The vehicle model has five degree of freedoms (DOFs) considering
transversal, longitudinal, vertical, pitching, and rolling motions as shown in Figure 1. The
properties are shown in Table 1. The length of truck is 7 m. The natural frequency of longitudinal motion of the vehicle model is about 2.052 Hz. The slip or turning over of vehicles on
the bridge during the earthquakes was not considered in this study.

Figure 1: Vehicle model of 5DOF. (reproduced from [11])
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Transversal &
longitudinal
Vertical
Pitching
Rolling

Natural frequency
2.052 Hz

Spring constant
4.156×106 N/m

Damping coefficient
4.284×104 N∙s/m

3.477 Hz
2.697 Hz
1.739 Hz

1.193×107 N/m
2.326×107 N∙m/rad
9.665×106 N∙m/rad

5.871×104 N∙s/m
1.505×105 N∙m∙s/rad
4.756×104 N∙m∙s/rad

Table 1: Properties of 5DOF vehicle model. (reproduced from [11])

2.2

Bridge model

The target bridge was designed in 2009 according to the design specifications for the Japan
highway bridges. The bridge model (Figure 2) used in this study was a 3-span continuous
non-composite steel plate girder bridge with two vehicle lanes. The superstructure of the
bridge model contains an orthotropic plate supported by five girders. The girders, reinforced
concrete (RC) piers and abutments were modelled with beam elements and the plate was
modeled with shell elements. The properties of cross section and mechanical properties are
given in Table 2 and Table 3. Rayleigh damping was adopted [12].
Strong earthquakes may cause non-linear behaviors of bridges. The failure mode of this
bridge was predicted to be in the longitudinal direction. The bridge included isolation bearings of bi-linear force-displacement relationship on each abutment and pier (Table 4) which
moved in the longitudinal direction, and plastic hinges of tri-linear moment-rotation relationships on the piers base (Table 5) which rotated along the transversal axis. The abutments were
made of concrete and performed linear behavior, while the piers were made of reinforced
concrete and performed non-linear behavior.
94,500
28,250

38,000
P1

Bearing

Pier top
Plastic
hinge

11,500

11,000

Span center

7,050

A2

P2

Figure 2: Analytical model of bridge (unit: mm). (reproduced from [11])
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Component
Girder
Abutment 1
(A1)

Pier 1 (P1)

Pier 1 (P2)

Abutment 2
(A2)

Column
Footing*
Bent cap*
Column
Plastic
zone
Footing*
Bent cap*
Column
Plastic
zone
Footing*
Column
Footing*

Section
area A
(m2)

Second moment of
area
Iz (m4)
Ix (m4)

Torsional constant J (m4)

0.658
33.375
10000
10000
12
12

0.363
17.383
10000
10000
4.41870
10000

4.65820
495.700
10000
10000
36
10000

0.0075
61.260
10000
10000
12.643457
10000

10000
10000
12
12

10000
10000
4.41870
10000

10000
10000
36
10000

10000
10000
12.643457
10000

10000
33.375
10000

10000
17.383
10000

10000
495.700
10000

10000
61.260
10000

Note. * The unrealistic value 10000 was assigned herein simply for providing a relatively large rigidity.
Table 2: Properties of cross section main components. (reproduced from [11])

Girder
Pier

Young’s modulus E (N/m2)
2.0×1011
2.5×1010

Shear modulus G (N/m2)
7.7×1010
─

Density (kg/m3)
7857
2500

Table 3: Mechanical properties of the bridge model. (reproduced from [11])

K1(kN/m)
K2 (kN/m)
Qy (kN)
QB (kN)
Uy (m)
UB (m)
KB(kN/m)

A1
16304.2
1545.6
102.39
399.33
0.006
0.198
2013.03

P1
38371
3645.0
214.88
718.98
0.006
0.144
4996.36

P2
38233
3632.2
213.34
708.84
0.006
0.142
4992.75

A2
16373.8
1551.8
102.66
404.22
0.006
0.201
2014.85

Note. K1 denotes the initial stiffness, K2 the post yielding stiffness, KB the equivalent stiffness, and (Uy, Qy) and
(UB, QB) indicates initial yielding point (yielding shear deformation and force) and ultimate point (yielding ultimate shear deformation and force) respectively.
Table 4: Properties of bearings. (reproduced from [11])
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Mpc (kN∙m)
Mpy0 (kN∙m)
Mpu (kN∙m)
θpc (rad)
θpy0 (rad)
θpu (rad)

P1

P2

11297.8
27749.3
29725.7
0.000103
0.001192
0.048174

11377.3
27928.4
29838.9
0.000103
0.001198
0.047547

Note. Initial cracking moment Mpc and its corresponding rotational angle θpc specifies the initial cracking point
and elastic limit, the yielding moment Mpy0 and rotation angle θpy0 specifies the yielding point, the ultimate moment Mpu and rotation angle θpu specifies the ultimate point.
Table 5: Properties of plastic hinge. (reproduced from [11])

The road condition was considered to be good in this study. The roadway profile generated
based on ISO standard [13] is shown in Figure 3. Usually effects of vehicle vibrations actuated during moving on a bridge by road roughness are relatively small compared with seismic
load effects. However, before an earthquake bridge vibration is mainly excited by vehicle vibrations, and the bridge vibration due to moving vehicles can be applied as initial conditions
in the dynamic analysis of bridges during earthquakes. Before seismic responses, the responses by vehicles only should be identified. Therefore, this study considers the road roughness in
the analysis [9].

Figure 3: Road roughness profile. (reproduced from [11])

Since the vehicle position on the bridge varies with time, the natural frequency of bridge
with vehicles standing at different loading locations were examined through eigenvalue analysis of the vehicle-bridge interactive system. There were five vehicles equally spaced on each
lane and totally ten vehicles were considered in the VBI system. The natural frequency of the
first longitudinal mode of the bridge without vehicle was 1.82 Hz. Position 1 (see Table 6) is
a special condition with 2 vehicles exactly standing on the top of two piers on each lane. As
shown in Table 6, the first mode is piers’ longitudinal bending and rubber bearings’ deformation mode. Two longitudinal modes and frequencies of the vehicle-bridge interactive sys-
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tem corresponds to the first longitudinal mode: vehicles in-phase (vehicles move in the same
direction as the bridge’s movement) and out-of-phase (vehicles move in the opposite direction
of the bridge’s movement) with the bridge, with the frequency of 1.43 Hz and 2.02 Hz, respectively. Position 2 (Table 6) is one vehicle standing on the top of left abutment on each
lane, while Position 3 (Table 6) is one vehicle standing on the top of right abutment on each
lane and symmetrical with Position 2. For this reason, the discussion with position 3 scenario
is omitted in following sections. With position 2 and 3, frequency of vehicles in-phase mode
is 1.17 Hz and that of out-of-phase mode is 1.89 Hz. Position 4 (Table 6) is a random position
different from the above 3 ones. Frequency of vehicles in-phase mode is 1.35 Hz and that of
out-of-phase mode is 1.97 Hz.
It can be found that the bridge has varied fundamental natural frequencies as the vehicles
were moving on the bridge. Due to the presence of vehicles, the frequency of the bridge may
be changed to be larger or smaller than that of bridge alone, e.g. at position 1 the frequency of
vehicles in-phase mode is 1.43 Hz that is smaller than the natural frequency of the first mode
of bridge alone 1.82 Hz, while frequency of out-of-phase mode is 2.02 Hz, which is larger
than the natural frequency of the first mode of bridge alone 1.82 Hz. Such frequency variation
may significantly cause change in seismic responses of the bridge, as discussed below.
Bridge without vehicle

Bridge with 10 vehicles
(position 1)

Bridge with 10 vehicles
(position 2,3)

Bridge with 10 vehicles
(position 4)

1.82 Hz

vehicles in phase with
the bridge
1.43 Hz

vehicles in phase with
the bridge
1.17 Hz

vehicles in phase with
the bridge
1.35 Hz

vehicles out of phase
with the bridge
2.02 Hz

vehicles out of phase
with the bridge
1.89 Hz

vehicles out of phase
with the bridge
1.97 Hz

Table 6: Comparison of natural frequencies and mode shapes of the bridge based on equivalent stiffness without
vehicle and with vehicles standing on different positions. (reproduced from [11])

2.3

Moving vehicle configuration

To investigate the effect of moving vehicles on the seismic response of the highway viaduct, the following scenario was considered. Figure 4 shows the moving pattern of heavy vehicles. It was assumed that the earthquake happened when the bridge was fully loaded with
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moving vehicles. In other words, only the seismic response of the bridge fully loaded by moving vehicles is discussed in this study. All vehicles are assumed to travel with the constant
speed of 2.7 m/s (9.72 km/h). The spacing between adjacent vehicles is 18.9 m. Comparing
the responses in this scenario with another scenario, disregarding vehicular loadings, can be
useful to elucidate the effects of continuously moving vehicles.
4@
2

,65
0

=1
0,6
00

250
28,

000
38,

A2
250
28,
900
18,
G1 G2
G3 G4
G5

P2
Double node

y
x

Vehicles moving
position

z

P1
A1

Figure 4: The bridge model with continuously moving vehicles. (reproduced from [11])

3

GROUND MOTIONS

Two particular ground motions were considered herein: 2011 Tohoku earthquake and 2016
Kumamoto earthquake. Their characteristics are given as follows.
3.1

Tohoku earthquake

The strong ground motion records of Tohoku earthquake clearly showed that this earthquake generated ground motions with multiple pulses and longer duration, compared to the
1995 Kobe Earthquake lasting about 20 seconds. Figure 5 shows the time history of Kaihoku
Bridge, Ishinomaki EW component, a modified ground motion of Level 2 Type I recommended by JRA [14] used herein, which was obtained from the recorded ground motion in the
Tohoku earthquake at the measurement station of Kaihoku Bridge, Ishinomaki. The designation of EW indicates data channels of East-West direction. The Level 2 ground motion indicates the extreme design ground motion with low occurrence probability such as Kobe
earthquake in 1995 and Type I indicates inter-plate earthquakes. For the highway bridge
adopted in this analysis, the ground condition is classiﬁed as Group I soil in the design code,
which is defined as dense to stiff soil having a natural period of 0.16 – 0.6 s in the surface
ground.
As shown in Figure 5, the ground motion contains two attacks with a spacing of about 50
seconds and lasts for about 240 seconds. The first attack has smaller peak value of acceleration (5.12 m/s2) than the second attack does (7.95 m/s2). The figure shows a drastic change in
amplitude and spike-like phases, which all corresponds to the characteristics of the records on
the liquefied ground. The sampling frequency is 100 Hz.
Figure 6 shows the acceleragram, Fourier amplitude spectrum and pseudo acceleration response spectrum (damping ratio h = 0.05) of the modified ground motion. The modified
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ground motion was obtained by fitting its response spectrum to the target response spectrum.
Periods (and frequencies) in the legend of response spectrum and Fourier amplitude spectrum
are natural periods (frequencies) of vehicle’s longitudinal mode, the first natural periods (frequencies) of the bridge’s longitudinal modes disregarding vehicles and regarding vehicles as
dynamic system (at Position 1, 2 and 4) respectively.
For computation efficiency, a shorter ground motion (referred to as GM1 hereafter) was
extracted from the 20th to 140th second of the full record and then applied to the aforementioned VBI model. The ground motion was applied in the longitudinal direction because the
piers’ bending resistance is weakest in this direction according to the formal design.

Figure 5: Kaihoku Bridge, Ishinomaki EW component (GM1).
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(a)

(b)

(c)
Figure 6: Accelerogram, response spectrum and Fourier spectrum of strong shaking interval (20 s ~ 140 s) of
Kaihoku Bridge EW component (GM1): (a) accelerogram, (b) Fourier amplitude spectrum, (c) pseudo acceleration response spectrum.

3.2

Kumamoto earthquake

Figure 7 shows the acceleration time histories of the NS and EW components of the
ground motion recorded at Mashiki town (referred to as GM2 hereafter) [15]. The strong mo-
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tion record above the heavily damaged Mashiki residential area recorded over 1.0g in the EW
direction. The designations of EW and NS in the ﬁgures, respectively, indicate data channels
of East-West, North-South directions. The maximum acceleration is 6.53 m/s2 in the NS component and 11.57 m/s2 in the EW component. In the seismic analysis, EW component was applied to the longitudinal direction and NS was applied to the transverse direction of the bridge
structure.

Figure 7: Accelerogram of Mashiki town EW component and NS component (GM2).

4

NUMERICAL METHOD
The equation of motion for a vehicle is written as [16] [17]
(1)

where Mv, Cv, and Kv respectively denote the mass, damping, and stiffness matrices of the vehicle, and where u represents the vector of vehicle’s displacements and rotations at its degrees
of freedom. A dot denotes the derivative with respect to time. yc is the wheel displacement
vector at the contact point. It is the summation of bridge displacement wc and roughness rc at
that point.
The equation of motion for the bridge model is written as
(2)
where Mb, Cb and Kb respectively stand for the mass, damping, and stiffness matrices of the
bridge, and where v represents the vector of bridge’s displacements and rotations at its degrees of freedom. Also, fseis is the seismic loading. The force exerted by vehicle to bridge fvb is
the summation of vehicle weight, spring forces, and damping forces.
The two equations of motion (1) and (2) above are solved in a direct time integration
manner to solve them at a certain time step t+Δt (Δt is a finite small time increment) using the
solution in previous time step t and the approximations for the derivatives. Newmark βmethod [26] is adopted to solve equations of the equations of the vehicle and bridge system.
The value of 0.25 is adopted for β to obtain stable and accurate solutions.
The Recursive Substructure Method (RSM) [11] was utilized to simulate the dynamic responses of bridges and moving vehicles under particular earthquake [18] [19]. It integrates the
conventional nonlinear dynamic analysis in ABAQUS into the authors’ in-house VBI-solving
programs developed with MATLAB. The bridge Finite Element model is built in ABAQUS,
and nonlinear dynamic analysis of bridge is conducted in ABAQUS. The vehicle model is
built and the roughness profile is constructed in MATLAB. MATLAB controls the recursive
ABAQUS executions and to perform time integrations in VBI problem. The time step of simulations was 0.01 s, being the same as the sampling period of the ground motion record.
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5
5.1

SEISMIC RESPONSES OF HIGHWAY BRIDGE
Displacement responses of pier top and relative displacement of bearing

The shear force-displacement hysteresis loops of bearing, the longitudinal displacement responses of pier top and the moment-rotation hysteresis loops at pier base of P1 under GM1
are depicted in Figures 8-10 as typical example, and those of A1, P2 and A2 are omitted here
for simplicity. As shown in Figure 9, the maximum displacement of pier top P1 under GM1 is
about 0.04 m during first attack, and nonlinear behavior happened that caused a drift in the
response of approximately 0.01 m. There is very little difference between the results with and
without vehicle during the first attack. However, during the following second attack, which is
like a strong aftershock of the first attack, the maximum displacement of the bridge appears
and the displacement responses under second attack have larger amplitudes than those during
first attack. From this phenomenon the larger residual displacement can be predicted. It is
noteworthy that significant difference between two scenarios disregarding and regarding vehicles in the second attack could be found and the moving vehicles tend to reduce the displacement responses of the bridge, which indicates the presence of vehicles mitigates the
variation tendency of the displacement response of the bridge while subjected to multi-attacks
ground motions.
The relative displacements of bearings considering VBI under GM1 were slightly changed
from those disregarding vehicles as indicated in Figure 8 and Table 7. The maximum relative
displacements decreased by 0.6% for A1, by 3.8% for P1 and by 0.8% for P2, but increased
by 2.4% at A2. The reason may be added damping and mass damper effect due to vehicle on
the bridge. Another reason may be that the vehicle-bridge out-of-phase modes were excited
by the ground motion and the vehicle’s suspension system would suffer a larger deformation
and dissipate more energy that was supposed to be dissipated by the rubber bearings. For example, the natural frequency of the vehicle-bridge out-of-phase mode in the Position 4 scenario is 1.971 Hz and it might be excited by the ground motion as indicated in Figure 6(b), and
the out-of-phase mode might be excited by the ground motion. It can be said that the current
seismic design disregarding vehicle dynamics was conservative if the rubber bearings were of
concern.

Figure 8: Hysteresis loop of bearing at P1 pier top under GM1, disregarding moving vehicles (left) and considering moving vehicle (right).
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Displacement Reduction ratio * %
A1
P1
P2
A2

w/o
w/
w/o
w/
w/o
w/
w/o
w/

0.164
0.163
0.132
0.127
0.126
0.125
0.168
0.172

0.6
3.8
0.8
-2.4

Note. *reduction ratio is defined as the average displacement reduction from the w/o-vehicles case to the w/vehicles case divided by the average displacement in the w/o-vehicles case.
Table 7: Maximum relative displacement of bearing under GM1 (unit: m).

The maximum longitudinal displacements of span center under GM1 were reduced when
the moving vehicles presented by 1.8% as indicated in Table 8. Span center displacement is
the summation of pier top displacement and bearing’s relative displacement. Referring to Table 7 and 8, the span center maximum displacements and the bearing’s maximum relative displacements are at a similar level (0.12 – 0.17 m), while the span center maximum
displacements and the pier top maximum displacements (only about 0.06 m from Figure 9)
are not. It indicates that the span center maximum displacements were more dominated by
bearings’ maximum relative displacements. As mentioned above, when the vehicles were
considered on the bridge system, two modes appeared relevant to the first longitudinal mode
of the bridge alone: vehicle-bridge in-phase and out-of-phase modes. Although the out-ofphase modes were excited by the ground motions to a similar level with the original bridgealone mode was (see the pseudo acceleration response spectrum in Figure 6(c)), the phasedifference between vehicles and bridge might help bearings absorb energy and therefore reduce the bearings’ relative displacements as well as the span center displacements.
The maximum displacements of pier tops were generally reduced when the moving vehicles presented (see Figure 9), and so were the residual displacements of pier tops as well as
span center. Such ground motion caused the maximum displacement up to about 0.066 m and
the residual displacement about 0.03 m at pier tops. But if vehicle-bridge interaction was considered, the reduction for maximum displacements was up to 19% and for residual displacement responses was 36%. The maximum displacement decreased by 13.8% at P1 pier top and
19.3% at P2 pier top; the residual displacement decreased by 31.6% at P1 pier top, 35.9% at
P2 pier top, and 21.4% at span center, when vehicle–bridge interaction was considered. It
could be concluded that the vehicles have a signiﬁcant positive effect on the bridge’s nonlinear displacement responses. When the moving vehicles were considered, the maximum rotation
of the plastic hinge at pier base was smaller than those without vehicle under the ground motion (see the moment-rotation hysteresis loops in Figure 10), indicating that the bridge suffered from weaker plastic deformations. Table 9 quantifies the reduction of the maximum
rotation: 37.5% at P1 pier base and 39.3% at P2 pier base. This trend is in line with that of the
maximum longitudinal displacement of the pier tops, because pier top displacements and pier
base rotations are related to each other acknowledging the fact that pier top displacements
were majorly caused by pier-base rotations and pier deformations. The reason for the reduction in these responses can be pier base rotation and pier deformation’s complex combination
with out-of-phase motion of the system.
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Figure 9: Longitudinal displacement responses of the pier top P1 under GM1.

Figure 10: Hysteresis loop of plastic hinge at pier P1 base under GM1, disregarding moving vehicles (left) and
considering moving vehicle (right).

Pier
Span w/o
center w/
P1
w/o
w/
P2
w/o
w/

Maximum
displacement
0.166
0.163
0.058
0.050
0.066
0.053

Reduction ratio * %
1.8
13.8
19.3

Permanent displacement
0.014
0.011
0.025
0.017
0.031
0.020

Reduction ratio * %
21.4
31.6
35.9

Note. *reduction ratio is defined as the average displacement reduction from the w/o-vehicles case to the w/vehicles case divided by the average displacement in the w/o-vehicles case.
Table 8: Displacement responses of the bridge under GM1 (unit: m).

Pier

Rotation

w/o
w/
w/o
P2
w/

0.0024
0.0015
0.0028
0.0017

P1

Reduction ratio* %
37.5
39.3

Note. * reduction ratio is defined as the average rotation reduction from the w/o-vehicles case to the w/-vehicles
case divided by the average rotation in the w/o-vehicles case.
Table 9: Maximum rotation of plastic hinge at pier base under GM1 (rad).
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The hysteresis loop of bearing at P1 pier top and the longitudinal displacement responses
of pier top under GM2 are depicted in Figures 11 and 12 as typical example, and those of A1,
P2, A2 and the moment-rotation hysteresis loops at pier base are omitted here for simplicity.
The maximum relative displacements of bearings considering VBI under GM2 increased up
to 10% at A1, P1 and P2, but decreased slightly at A2 as indicated in Table 10. The maximum
longitudinal displacements of pier tops were slightly reduced and the maximum displacement
of span center was amplified a little, when the moving vehicles presented as shown in Table
11. The residual displacements of observation points were amplified by considering vehiclebridge interaction up to 17% compared with those without considering vehicle-bridge interaction. Under strong ground motion GM2, the consideration of vehicle dynamics might yield
larger longitudinal displacement and maximum relative displacement of bearing than those
with bridge alone. The maximum rotation of the plastic hinge at pier base was reduced about
10% under moving vehicles compared with those with bridge alone subjected to GM2.

Figure 11: Hysteresis loop of bearing at P1 pier top under GM2, disregarding moving vehicles (left) and considering moving vehicle (right).

Displacement
A1
P1
P2
A2

w/o
w/
w/o
w/
w/o
w/
w/o
w/

0.403
0.413
0.255
0.279
0.240
0.266
0.408
0.407

Reduction ratio * %
-2.5
-9.4
-10.8
0.2

Note. *reduction ratio is defined as the average displacement reduction from the w/o-vehicles case to the w/vehicles case divided by the average displacement in the w/o-vehicles case.
Table 10: Maximum relative displacement of bearing under GM2 (unit: m).
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Figure 12: Longitudinal displacement responses of the pier top P1 under GM2.

Pier
Span w/o
center w/
P1
w/o
w/
P2
w/o
w/

Maximum
displacement
-0.408
-0.412
-0.275
-0.271
-0.285
-0.281

Reduction ratio *%
-1.0
1.5
1.4

Permanent
displacement
-0.123
-0.144
-0.189
-0.208
-0.185
-0.201

Reduction ratio *%
-17.1
-10.1
-8.6

Note. *reduction ratio is defined as the average displacement reduction from the w/o-vehicles case to the w/vehicles case divided by the average displacement in the w/o-vehicles case.
Table 11: Longitudinal displacement responses of the bridge under GM2 (unit: m).

Pier

Rotation

w/o
w/
w/o
P2
w/

-0.026298
-0.023652
-0.026038
-0.023504

P1

Reduction ratio*%
10.1
9.7

Note. * reduction ratio is defined as the average rotation reduction from the w/o-vehicles case to the w/-vehicles
case divided by the average rotation in the w/o-vehicles case.
Table 12: Maximum rotation of plastic hinge at pier base under GM2 (unit: rad).

In general, in case of fully loaded traffic condition under strong earthquakes, ignoring vehicle effects would be on the non-conservative side. The vehicles had a signiﬁcant negative
effect on the bridge’s nonlinear displacement responses.
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5.2

Acceleration responses

Figure 13 shows the time history of the longitudinal acceleration observed at P1 pier top
for example. The peak and RMS values of longitudinal acceleration responses of observation
points are summarized in Figure 14.
From the peak and RMS values of longitudinal acceleration responses at span center and
pier tops shown in Fig. 12, it is readily apparent that vehicles reduced the peak at span center
and RMS values at span center and pier tops compared with that of disregarding vehicles,
even if the peak values of acceleration responses at pier tops were amplified. The reduction in
bridge acceleration could be explained by the relationship between the bridge’s fundamental
frequency and the response spectra of ground motions. The in-phase modes of the system
were excited by the ground motions to cause the seismic responses of the bridge to a level
lower than the original bridge-alone modes was. For example, in the pseudo acceleration response spectrum of the ground motion (Figure 6(c)), the spectral acceleration corresponding
to the natural period (0.742 s, i.e. 1.348 Hz to the natural frequency) of the vehicle-bridge inphase mode in Position 4 scenario, is smaller than that corresponding to the natural period
(0.549 s, i.e. 1.822 Hz) of the bridge alone. The additional vehicle dynamics might move the
system’s fundamental period to a more favorable part of the spectrum where the spectral accelerations are less than the conventional case disregarding vehicle. Another reason may be
the vehicles act as mass-spring-damper systems on the bridge. The natural period (0.549 s, i.e.
1.822 Hz) of the bridge alone and the longitudinal natural period (0.487 s, i.e. 2.052 Hz) of
the vehicle are indicated in pseudo acceleration responses spectra of the ground motion in Fig.
6(c) and the vehicle and bridge would be excited by the ground motions. The vehicle resonated out of phase with the bridge motion and caused a phase difference in the bridge structural
response, which affects the acceleration responses in way of a damper-like action.

Figure 13: The time history of longitudinal acceleration responses of the bridge at pier top of P1 under GM1.

Figure 14: Peak (left) and RMS values (right) of longitudinal acceleration response of the bridge under GM1.

4764

Sudanna Borjigin, Chul-Woo Kim, Kai-Chun Chang and Kunitomo Sugiura

Figure 15 shows the time history of longitudinal acceleration responses of P1 pier top under GM2 as a typical example. Figure 16 shows the peak and RMS values of longitudinal acceleration responses of P1, P2 pier top and span center under GM2. As expected, they
presented differently between the cases of regarding and disregarding moving vehicles. From
the time histories, peak value and RMS values of longitudinal acceleration responses of observations points, it can be known that the longitudinal acceleration responses of the bridge
generally decreased when the vehicles were considered in comparison with those when the
vehicles were not considered. The observations presented herein showed that ignoring vehicle
effects might be conservative when the acceleration responses were of concern.

Figure 15: The time history of longitudinal acceleration response of P1 pier top under GM2.

Figure 16: Peak (left) and RMS values (right) of longitudinal acceleration response of the bridge under GM2.

6

CONCLUSIONS
• In the longitudinal displacement, the presence of moving vehicles tends to reduce the
maximum displacement and the permanent displacement under ground motion of Tohoku
earthquake; reduce the maximum displacement and amplify the permanent displacement
under ground motion of Kumamoto earthquake.
• In the bearing’s relative displacement, the presence of moving vehicles tends to reduce
the maximum displacement under ground motion of Tohoku earthquake, and amplify under ground motion of Kumamoto earthquake.
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• The presence of moving vehicles reduced the RMS values of acceleration responses
slightly even if increased the peak values of acceleration responses of bridge under
ground motion of Tohoku earthquake;
• The results emphasized the need and importance of considering vehicle-bridge interaction as well as different ground motions in seismic design of bridges.
• The current assumption of ignorance of vehicle effect in seismic design of highway
bridges might be non-conservative.
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Abstract. The behavior of tuned liquid dampers subjected to random base motion has been investigated extensively. However, their efficiency in reducing the dynamic response of structures
under earthquake excitation is still not completely understood. A non-linear modeling strategy
based on Yu’s model was implemented to perform numerical analyses on a 21-story building
subjected to seismic base excitation. Three tank shapes were investigated: a rectangular tank,
a vertical cylindrical tank, and a horizontal cylindrical innovative TLD. An experimental campaign has been conducted on a scaled physical model in order to calibrate the numerical model
and validate its results. The effects of the dampers were evaluated in terms of structural relative
displacements and absolute accelerations. Dampers efficiency in reducing the structural response was evaluated for different mass ratios. The non-linear numerical model showed good
capability in reproducing experimental results for the rectangular tank. Some limitation has
been evidenced for the other tank shapes, suggesting the use of different numerical techniques
or the development of specific non-linear mechanical models. Results obtained from experimental and numerical analyses show that reduction of peak response during earthquake excitation
is often limited and dependent on ground motion history. However, TLDs where found to be
effective in reducing structural response when the structure experience free vibration motion.
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1

INTRODUCTION

Tall buildings can experience large displacements when excited by wind or earthquakes. Various methods for vibration control of tall buildings have been developed through the years. One
of such methods is the use of the tuned mass damper (TMD) which is a mass connected to the
main structure. The TMD-structure connection is designed so that the vibration frequency of
the TMD is tuned to one of the structural frequencies. The purpose of such device is to diminish the structural response by oscillating out of phase with the structure and to dissipate energy.
There have been various applications of TMDs [1] and in many of the cases they occupy a large
amount of space in the structure, sometimes even whole floors. One particular variation of the
TMD is the tuned liquid damper (TLD) which was first studied by Fujino et Al. [2] and Sun
et Al. [3]. A TLD is a container partially filled with a liquid. It is similar to the TMD in the
sense that the contained liquid acts as the mass of a TMD. The sloshing of the liquid inside
the container can dissipate energy in many different ways compared to a solid mass. It is thus
necessary to model the dynamics of the contained fluid in depth, in order to be able to predict
the behavior of the TLD. In this context, Sun et Al. [4] proposed a non-linear model based on
shallow water wave theory which considered wave breaking. Reed and Al. [5] and Yu et Al. [6]
studied the behavior of tuned liquid dampers under large amplitude excitation and developed
a non-linear mechanical model with stiffness and damping parameters which are dependent on
the TLD base excitation amplitude. Kareem et Al. [7] developed a numerical model which
is capable to simulate the slamming phenomenon and can predict the pressure peaks on tank
walls due to this effect. Tanks with non-horizontal bottoms, such as conical or spherical, were
investigated by Casciati et Al. [8] and Gardarrson et Al. [9]. Particular emphasis in the study of
curved bottom TLDs was given by the works of Tait and Deng [10] and Bandyopadhyay et Al.
[11]. In particular, Tait and Deng [10] showed that the horizontal cylinder TLD is more robust
and offers greater performance in the reduction of structural response due to harmonic load,
compared with rectangular and vertical cylinder TLD. Bandyopadhyay et Al. [11] developed a
boundary element method (BEM) to estimate the sloshing frequency of parabolic shaped bottom TLDs. The main sloshing frequency of a horizontal cylinder TLD is less dependent on the
liquid height with respect to other tank shapes, so it is less sensitive to detuning problems due
to variations in the water depth. The capability of tuned liquid dampers in reducing structural
response of buildings under earthquake excitation was investigated by Banerji et Al. [12], who
used a numerical method based on shallow water wave theory to solve the water motion in the
TLD. Further relevant studies include the work of Novo et Al. [13], who investigated the reduction response provided by TLDs installed on a 9-floors concrete building. A new experimental
testing technique called Real-Time Hybrid Simulation (RTHS) was successfully employed by
Lee et Al. [14] and Wang et Al. [15] to study multi-degree-of-freedom (MDOF) structures
with installed TLDs. This approach recalls the hardware-in-the-loop method used by Yalla [16]
and allows to perform experimental dynamic shaking table tests on complex MDOF systems by
physically representing only a part of them. The other part is represented and solved numerically in real time. This technique allows to avoid building large and heavy structural models
and to test tuned liquid dampers at the full scale. In any case, to do this, there is the need for a
shaking table which can carry the weight of the full-scale water tank.
In the present work we experimentally investigate the effect of tuned liquid dampers on the
response of a 21-floor concrete building. The structure was modeled as a single-degree-offreedom (SDOF) system and the TLDs were represented with plexiglass and glass containers
filled with water. Three tank shapes have been investigated: a rectangular tank, a vertical cylin-
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drical tank and a horizontal cylindrical tank. The performance of the TLDs was determined in
terms of reduction of peak response for relative displacements and absolute accelerations. Then,
a non-linear mechanical model was implemented following the formulation proposed by Yu et
Al. [6]. The model was validated on experimental results and tested with a recorded ground
motion, for different values of mass ratio.
The paper is organized as follows. The second section presents a description of the case study.
In the third section of the paper the experimental setup and results are presented. The fourth
section deals with the numerical modeling of the TLD-structure system and the numerical analysis results. In the fifth section main conclusions are summarized and further developments are
proposed.
2

CASE STUDY DESCRIPTION

The case study presented in this work is a 21-floor concrete building located in Baku, Azerbaijan. The building is composed by two adjacent blocks, as indicated in figure 1, separated by
a 16cm wide joint. Resistance for horizontal seismic actions is provided by columns and shear
walls. The plan dimensions of the east block are 22x20m while those of the west block are
22x32m. The maximum height of the building is 68m. In this study we analyzed the ability of
a TLD installation to reduce the maximum displacement experienced by the east block during
a seismic event. The possibility of limiting the peak displacements of the blocks appears desirable, in order to limit damage due to pounding between the two structures. In the following
of the paper we will refer to the east block as “the building” or “the structure”, as it was taken
as the block where TLD system is to be installed. Modal analysis of the structure provides a
first mode which has a period Tp = 4.06s, a modal participation factor Γp = 50.175% and a
participating mass Mp = 3104t. The total mass of the structure is 9783.22t. In this study, we
modeled the structure as a single-degree-of-freedom (SDOF) system, with mass, stiffness and
damping properties equal to those of the first vibration mode of the real building. Damping ratio
was assumed equal to ξ = 2% and stiffness is equal to Kp = 7416kN/m.

(a)

(b)

Figure 1: a) Plain view of the case study building, b) East block structure.
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3
3.1

EXPERIMENTAL TESTS
Scale model for TLD-structure interaction

In order to conduct experimental tests, the SDOF structure was represented with a scaled
reverse pendulum physical model, composed of a wooden table supported by two rectangular
aluminum plates fixed to a wooden base, as shown in figure 2. The mass of the system was
represented by the upper wooden table and by the mass of the container, while the stiffness
was provided by the flexural stiffness of the two steel plates. The shear-type lateral deformation of the two steel plates presents an equivalent stiffness km = 890N/mm and a damping
ratio ξm = 0.007. Since the damping ratio for the experimental model is out of scale, numerical comparisons have been made using the experimental value ξm for time history analyses.
Three different tank shapes have been investigated, namely rectangular, vertical cylindrical and
horizontal cylindrical. Due to the restriction given by the available tank dimensions and load
bearing capacity of shaking table, the three physical models which represent the prototype have
different scale ratios and the number of the installed TLDs was different for every tank shape.
The consequence is that the mass ratio µ, calculated as the ratio between total liquid mass and
total mass of the structure, was different for every tank shape.

(a)

(b)

Figure 2: a) Sketch of the experimental setup, b) Horizontal TLD-structure system.

Water depths were chosen in order to tune the TLD to the structure. Linear sloshing formulations, as reported by Ibrahim [17], were employed to calculate sloshing frequencies for
rectangular and vertical cylindrical tanks. Horizontal cylinder sloshing frequency has been
evaluated using the formulation proposed by McIver [18]. The rectangular tank dimensions
were 150x150mm; the vertical cylinder has a radius of 67mm and the horizontal cylinder radius was 145mm. Since the liquid density and the gravity acceleration were the same for the
prototype and the experimental model, the length scale ratio allows to determine scale ratios for
all the other variables.
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Tank shape
h[m]
Rectagular
0.024
Vertical cylinder
0.023
Horizontal cylinder 0.032

mw [kg]
0.540
0.324
0.596

ms [kg]
10.013
6.384
7.730

mtot
s [kg]
31.765
20.250
24.833

µ[%] fw [Hz]
λ
n
1.7
1.554 39.6 5
1.6
1.954 62.5 2
2.4
1.333
51 3

Table 1: Parameters of the three experimental models.

In table 1 the values of liquid height h, total liquid mass mw (assumed equal to the convective
mass), structural mass of the SDOF system ms , scaled total structural mass mtot
s , mass ratio µ,
sloshing frequency fw , number of required TLDs n and length scale ratio λ are reported.
3.2

Response reduction for artificial ground motion

The three TLD-structure systems were tested with an artificially generated accelerogram.
The design acceleration response spectrum was chosen according to Akhundov et Al. [19] and
is presented in figure 3. The original design spectrum was scaled along the time axes using the
scale ratio for the vertical cylinder model, in order to obtain the scaled response spectrum for
the experimental model.

(a)

(b)
Figure 3: a) Original and scaled response spectra, b) Spectrum for vertical cylinder model.
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A ground motion compatible with the scaled spectrum was generated using the software
SIMQKE-I developed by Gasparini and Vanmarcke [20]. The generated accelerogram was
scaled along the time axes in order to obtain ground motions for the rectangular and horizontal
cylinder setups. After that, the three ground motions were scaled along the acceleration axes
to obtain acceleration time histories with different values of peak ground acceleration (P GA).
Three values of P GA were used, namely, 2.5m/s2 , 3.5m/s2 , 4.5m/s2 .

Figure 4: Example of relative displacements time histories for the three experimental models.
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The ground motion inputs were applied by a long stroke electrodynamic shaker, controlled
by a Labview routine. Acceleration and displacement were measured at the base and at the
top of the structure, by means of capacitive accelerometers and laser displacement transducers.
Measured data were filtered using a lowpass filter with a cutoff frequency equal to 20Hz for
displacements and 25Hz for accelerations. Relative structural displacements are directly related
to the shear force acting on the structural elements, and they also are responsible for pounding
between adjacent structures when the buildings experience the same base motion. Moreover,
absolute acceleration at the top of the structure generates seismic force on appendages and nonstructural elements at the top floor of the building. For the previous reasons, the evaluation
of TLD efficiency was measured in terms of reduction of relative displacement and absolute
accelerations at the top of the structure. An example of time history comparison of relative
displacement response for the three TLD-structure systems are presented in figure 4 for the case
of P GA = 3.5m/s2 . For this comparison, vertical cylinder and horizontal cylinder response
have been scaled at the same scale of the rectangular TLD, in order to have comparable time
and displacement measures.
It can be seen that the design procedure adopted for the experimental setups has led to different maximum displacements for the different scale ratio sets. For further studies it will be
important to consider the same scale ratio set for every tank shape. In figure 5 experimentally
measured reduction of peak response (RPR) are presented for the three tank shapes. The RPRs
for relative displacements and absolute accelerations have been defined as:
(s)

Rd =

(s+T LD)

max{|dr |} − max{|dr

(s)

|}

Ra =

(s)
max{|dr |}

(s+T LD)

max{|ar |} − max{|ar

|}

(s)
max{|ar |}

Results evidence that RPR for relative displacement varies in the range of −2% ÷ 13% and RPR
for absolute acceleration ranges between 2.5% and 19%.

Figure 5: Reduction of peak response in terms of relative displacements and absolute accelerations for the three
experimental models.
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It is hard to identify a trend which is confirmed for all the tank shapes. In fact, since the
ground motions for the different P GAs have the same peaks distribution in time but different acceleration values, the displacement histories experienced by the base of the structure are
significantly different. For this reason, the comparison of peak reductions for different P GAs
doesn’t necessarily provide a trend, as in the case of the rectangular tank.
4
4.1

NUMERICAL MODELLING AND RESULTS
Non-linear mechanical model

In order to perform numerical time history analysis, a non-linear mechanical model was implemented to describe the TLD behavior. The formulation developed by Reed et Al. [5] and
Yu et Al. [6] provides an equivalent mechanical model called “Non-linear Stiffness and Damping model” (NSD) in which stiffness and damping parameters of the TLD vary with amplitude
excitation at the base of the water tank. The model was originally developed for a rectangular
TLD and it was calibrated by matching the numerical energy dissipation curves to their corresponding experimental counterparts which were determined under harmonic base excitation.
Say A is the amplitude of the harmonic motion experienced by the tank. The non-dimensional
base excitation Λ can be expressed as:
Λ=

A
L

where L is the length of the rectangular tank. The amplitude dependent damping ratio can be
expressed as:
ξN SD = 0.52 · Λ0.35
The stiffness of the equivalent system kN SD can be defined as the product of the linear modeling stiffness kl (obtained from the linear sloshing frequency of the rectangular tank) and an
amplitude dependent stiffness coefficient κ, defined as:
κ = 1.075 · Λ0.007
κ = 2.52 · Λ0.25

Λ ≤ 0.003
Λ > 0.003

In order to use the NSD model for a tank shape different from the rectangular one, it is necessary
to treat the tank as it would be a rectangular tank, by calculating its equivalent length and width
such that the water mass, water height and sloshing frequency would be the same as those of
the rectangular tank. In figure 6 the time history of relative displacement for the experimental
model with the rectangular TLD and P GA = 2.5m/s2 is presented. It can be seen that, while
the linear model overestimates the response in several parts, the non-linear mechanical model
shows a good capability in reproducing the structural response.
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(a)

(b)
Figure 6: Comparison of experimental and numerical relative displacement history for rectangular TLD for the
case with P GA = 2.5m/s2 a) Complete time history, b) Range between 10s and 15s.

In order to quantify the accuracy of numerical models, a measure of the error done by the
numerical model over the whole response time history was defined as:

e=

RM Snum − RM Sexp
· 100
RM Sexp

[%]

where RM Sexp and RM Snum are the root mean squares of the experimental and numerical
relative displacement time history respectively. In table 2 the values of the error e are showed
for every experimental test. It can be seen that the non-linear model performs well for the rectangular tank shape, while larger errors can be found for the vertical cylindrical and horizontal
cylindrical tank shapes. For the rectangular and the vertical cylindrical TLD both the linear and
the non-linear model overestimate the experimental results. For the horizontal cylindrical TLD
the linear model provides displacement values which are greater than those experimentally mea-
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sured. On the other side, non-linear model behaves in the opposite manner. These differences
in error values can be addressed to the dissipation mechanisms of the water mass that occur in
the rectangular tank, compared with those of the other tank shapes. A better accuracy in the
modeling of non-rectangular shape TLDs can be achieved by using different approaches such
as other numerical methods or ad hoc developed non-linear mechanical models.
Errors [%] for PGA = 2.5m/s2
Rectangular Vertical cylinder Horizontal cylinder
Linear model
5.1
10.6
3.9
Non-linear model
4.0
14.1
-6.5
Errors [%] for PGA = 3.5m/s2
Rectangular Vertical cylinder Horizontal cylinder
Linear model
7.3
14.8
4.0
Non-linear model
3.6
24.6
-5.7
Errors [%] for PGA = 4.5m/s2
Rectangular Vertical cylinder Horizontal cylinder
Linear model
9.5
35.0
4.6
Non-linear model
2.9
21.9
-5.8
Table 2: Numerical models percentage errors for relative displacements time histories.

4.2

Analyses with recorded ground motion

In order to test the numerical model with a recorded accelerogram the Kobe ground motion
was selected and scaled in order to have a PGA equal to 0.5g = 4.903m/s2 . Only the rectangular TLD was used and the non-linear numerical model was employed. Figure 7 illustrates the
applied ground motion.

Figure 7: Kobe earthquake ground motion acceleration history used for the numerical analysis.
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Figure 8: Numerical results for the rectangular TLD-structure system under Kobe earthquake.

The numerical analysis was conducted at the prototype scale and five TLDs were employed,
with length L = 6m, width b = 7m and water depth h = 0.95m. The mass ratio was equal
to 2%. The relative displacement response is represented in figure 8. The reduction of the
peaks in relative displacement and absolute acceleration responses are Rd = 1.67% and Ra =
4.9% respectively. A greater reduction in relative displacements is observed in the part of the
response where the structure is in free vibration (i.e. the part of the response history after 15s)
as recognized by Fujino et Al. [2]. Figure 9 depicts the variation of RPR with the mass ratio,
for relative displacements and absolute accelerations. It can be seen that, while the absolute
acceleration reduction increases with the mass ratio, for the relative displacement there is an
optimum value, after which the performance of the TLD decreases. However, it is important
to underline that these graphs have been evaluated for the present structure and for the Kobe
ground motion. The peak reduction (for response peaks which occur during the forced part of
the history, i.e. when the particular part of the solution is prevailing) is strongly dependent on
the ground motion and even when it exists, the reduction is often nearly negligible.

Figure 9: Relative displacement and absolute acceleration peak reduction variation with mass ratio for structure
subjected to the Kobe earthquake for rectangular TLD.
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5

CONCLUSIONS

This work investigated the seismic response of a tall building with tuned liquid dampers of
different shapes installed. Three different scale models of the TLD-structure system were designed, built and tested with an artificially generated accelerogram applied at the base of the
model by an electrodynamic shaker. Time histories of relative displacement and absolute acceleration of the structure were compared, for the structure only and for TLD-structure system.
Results show that reductions of peak response are in the range of 0 ÷ 20%. However, in some
cases, an increase in peak response was found. Numerical analyses showed that the non-linear
mechanical model proposed by Yu et Al. [6] is suitable for performing time history analysis
with seismic base excitation. The model can be employed for every tank geometry, by converting it into an equivalent rectangular tank, with the same liquid height, liquid mass and sloshing
frequency. This approach yields good results when the sloshing motion and the energy dissipation curves for the tank are similar to those of a rectangular tank. For the horizontal cylindrical
TLD a better modeling strategy could be obtained by using, for instance, a pendulum mechanical model, a specifically developed non-linear mechanical model, or a different numerical
technique. Numerical analyses with a recorded ground motion showed that a TLD installation
can effectively reduce the structural motion only when the structure experience a free vibration
motion. TLDs are consequently not the best choice as a retrofit, in case the seismic response
mitigation is necessary for a tall building. However, the capability of limiting the structural
response during harmonic motions can be particularly useful for reducing the response of nonstructural elements in resonance conditions. In fact, when the building vibrates with its own
period, a secondary element can experience resonant conditions if both the secondary element
and the building have similar vibration frequencies. In this case, a TLD installation above the
secondary element can be very effective in reducing its peak response.
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Abstract
Passive vibration absorbers are widely used in structural control. They usually consist in a
single-degree-of-freedom appendage of the main structure, tuned to a selected structural target mode by means of frequency and damping optimization. A classical configuration is the
pendulum type, whose mass is bilaterally constrained along a curved trajectory and is typically connected to the structure through viscous dashpots. Although the principle is well
known, the search for improved arrangements is still under way. In recent years this investigation has inspired a new type of bidirectional pendulum absorber (BPA), consisting of a
mass moving along an optimal three-dimensional (3D) concave-up surface. For the BPA, the
surface principal curvatures are conceived to ensure a bidirectional tuning to both principal
modes of the structure, while damping is provided either by horizontal viscous dashpots or by
vertical friction dampers between the BPA and the structure. In this paper, a BPA variant is
proposed, in which damping is produced by the variable tangential friction force developing
between the pendulum mass and the 3D surface, because of a spatially-varying friction coefficient. In fact, a friction coefficient pattern is proposed that varies along the pendulum surface
proportionally to the modulus of the surface gradient. With this assumption, the absorber dissipative model proves nonlinear homogeneous at low response amplitudes. The resulting homogeneous BPA (HBPA) has a fundamental advantage over conventional friction-type
absorbers, in that its equivalent damping ratio is independent of the amplitude of oscillations,
i.e. its optimal performance is independent of the excitation level. At the same time, the HBPA
is more compact and simpler than viscously damped BPAs, not requiring the installation of
dampers. This paper presents the analytical modelling framework of the HBPA and a method
for its optimal design. Numerical simulations under wind and earthquake loads are reported
to compare the HBPA with classical viscously damped BPAs. Finally, the HBPA proves a
promising alternative to existing pendulum absorbers, and the homogeneous tangential friction proves an effective way to realize amplitude-independent damping in structural systems.
Keywords: Amplitude-independent Damping, Homogeneous Friction, Pendulum Nonlinear
Dynamics, Structural Control, Vibration Resonant Absorbers.
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1

INTRODUCTION

Passive vibration absorbers are widely used in controlling civil engineering structures. Currently, they consist of single-degree-of-freedom (SDOF) appendages, tuned to the target structural mode through frequency and damping optimization [1-5]. One classical scheme is the
pendulum absorber (PA), that exploits gravity to produce the restoring force, and consists of a
damped mass moving along an arched trajectory. A PA can be conceived either as a hanging
pendulum, suspended through cables or bars, or a supported pendulum, rolling or sliding on a
physical track. In recent years, supported PAs have found several applications, because of
their compactness, durability and versatility. Classical examples are the ball pendulum [6], the
rolling and sliding pendulums [7], and the rocking pendulum.
Despite the numerous implementations reported in the literature and realized in practice, the
research for novel arrangements is still ongoing, resulting in several new configurations, including the unbalanced rolling PA [8], the multiple-ball PA [9], and several types of track
nonlinear energy sinks [10]. Among the others, this research has recently inspired the proposal of the so-called bidirectional pendulum absorber (BPA), made of a mass moving along
an optimal three-dimensional (3D) concave surface, whose principal curvatures are chosen to
ensure a bidirectional tuning to both principal modes of the main structure. The BPA has been
proposed in two variants, respectively belonging to the supported pendulum and to the hanging pendulum types. The first variant is represented by the rolling-pendulum absorber proposed in [11]. Its 3D surface is manufactured as a double 3D rolling-pendulum bearing,
comprising two equal concavities between which a rolling ball is interposed. Modifying the
shape of the two concavities and the ball radius generates any possible 3D surface. The second variant is represented by the hanging-pendulum absorber proposed in [12]. Its 3D surface
is realized through a Y-shaped configuration of the suspending cables. Modifying the length
of the cables realizes any possible toroidal surface. In the first variant, energy dissipation is
provided by horizontal viscous dampers, in the second variant it is provided by a vertical friction damper. In this latter case, the orthogonality between the damper and the 3D surface ensures an amplitude-independent equivalent damping, which should make the two variants
approximately equivalent in terms of vibration suppression capability.
In this work, a further alternative of BPA is presented, in which damping is produced by
the variable tangential friction developing between the pendulum mass and the 3D surface, as
a result of a spatially-varying friction coefficient law [13, 14]. Namely, the friction coefficient
is assumed to vary along the surface in proportion to the modulus of the surface gradient. This
ensures a dissipative model which is nonlinear homogeneous at low response amplitudes [15].
Such a homogeneous BPA (HBPA) demonstrates superior to conventional friction ball absorbers (characterized by a constant friction coefficient), since its equivalent damping ratio
proves amplitude independent, so that its performance does not vary with the excitation level.
On the other hand, compared with the said existing BPAs ([11] and [12]), the HBPA is more
compact, because it does not require the installation of additional dashpots. In the HBPA, friction is generated either by rolling [16] or by sliding, depending on the chosen type of pendulum. Friction can be spatially varied by changing the surface roughness or the material or the
thickness of the surface coating, either continuously or discretely.
This paper describes the analytical model of the HBPA and presents an optimal methodology for its design. Simulations of single- and multi-story buildings under wind and seismic
loads are reported, showing the pros and cons of the HBPA with respect to conventional viscously damped BPAs (VBPA) [17]. The results reveal that the HBPA is a promising alternative to conventional VBPAs, and that the homogeneous tangential friction is an effective
solution to design mechanical systems having amplitude-independent damping.
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2

GENERAL DESCRIPTION AND MODELING OF THE HBPA

2.1

Problem description

A BPA incorporating both viscous damping and tangential friction is shown in Fig. 1.

Figure 1: Schematic drawing of the BPA model.

Its model comprises a point mass m subject to gravity g and constrained to move along a
3D surface, connected to the structure at its minimum in O. The motion of m along the surface
is opposed by: (i) the viscous damper linking m to the structure in A; (ii) the friction force acting on the surface; and (iii) the restrainer linking m to the structure in B. If structural rotations
are negligible, the surface and the structural supports in A and B merely translate as the support in O. Denoting with u, v and w the coordinates of m w.r.t. the local reference system xyz
fixed in O, and with w = w(u,v) = w(q) the pendulum surface equation, the relative displacement of the HBPA w.r.t. the structure is r = [u,v,w]T = [qT,w(q)]T, where u and v are the two
independent coordinates, w is the dependent coordinate, and q = [u,v]T is the HBPA degreeof-freedom vector. The structural support acceleration vector is a  [ax , a y , az ]T  [a hT , az ]T , and
the BPA relative velocity vector is derived as r  (r / q)q  Jq , where J  r / q  [I, w]T is the
Jacobian matrix of the kinematic transformation and w  w / q is the surface gradient.
2.2

The dissipative model

The model in Fig. 1 accounts for three different dissipative mechanisms: (i) one or more
viscous dashpot; (ii) the tangential friction; and (iii) the fail-safe restrainer.
Assuming for brevity a single viscous dashpot with damping coefficient c, undeformed
length lc0, deformed length lc, and undeformed and deformed coaxial versors ĉ 0 and ĉ , and
denoting by sc = lc – lc0 its axial elongation, the corresponding viscous force vector acting on
m is fc   f ccˆ , where f c  csc and sc  cˆ T r  cˆ T Jq .
Assuming a dry friction coefficient varying along the pendulum surface according to an assigned law μ = μ(u,v) = μ(q), and denoting by N the modulus of the normal contact reaction
force N, the friction force can be expressed as f    f  tˆ , where tˆ  r / r  Jq / q T JT Jq is the
tangent versor, and
f    (q ) N
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In particular, the focus is here on a special friction pattern, where the friction coefficient
varies along the pendulum surface proportionally to the surface gradient vector, according to:
 (q)  0 w

(2)

where μ0 is a proportionality factor, called the friction ratio. As shown later, Eq. (2) ensures a
homogeneous first-order model.
Assuming a restrainer with stiffness kr, damping coefficient cr and initial clearance wr, the
restrainer force vector is f r   f r kˆ , where f r  0 if w ≤ wr and f r  kr (w  wr )  cr w if w > wr,
with w  wT q .
The total dissipative force applied to m by the three mechanisms is therefore f d  f c  f   f r .
Denoting by w  mgkˆ the weight of m, and by λ d  m(a  r) the dynamic interaction force between the BPA and its support, the dynamic equilibrium of m reads w  N  f d  λ d , which finally provides N in Eq. (1) as the modulus of the vector N  λ d  w  f d .
2.3

The nonlinear three-dimensional model of the BPA

The BPA dynamic equation can be obtained by applying the Euler-Lagrange equation to the
mass m:
d  T  T Vg



 Qi  Qe  0
dt  q  q q

(3)

where T  mr T r / 2 is the kinetic energy of m; Vg=mgw is its gravitational potential energy; Qi =
–JTfd is the generalized internal force due to the total dissipative force fd; and Qe = mJTa is the
generalized external force due to the support acceleration. Deriving the first three terms of Eq.
(3), and denoting by Mq = mJTJ the BPA generalized mass matrix, the BPA fully nonlinear
3D model is finally obtained as
 q
T 
  Q i  mgw  mJ T a   M

M qq
q 
q 


(4)

In Eq. (4), the dissipative term on the left-hand side can be expressed as
Qi  J T f d  f c J T cˆ  f  J T tˆ  f r J T kˆ

(5)

f c J T cˆ  c J T cˆ cˆ T J q



(6)

f  J T tˆ   (q) NJ T Jq / q T J T Jq

(7)

f r J T kˆ  f r w

(8)

where



are the generalized viscous, friction and restrainer force vectors, respectively.
2.4

The nonlinear three-dimensional model of the BPA-MDOF system

The dynamic equation of a linear multi-degree-of-freedom (MDOF) structure coupled with
the BPA and subjected to external forces and ground accelerations is
 s  Csq s  K sq s  LT λ d  f s  M s R srg
M sq
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where qs is the vector of structural DOFs; Ms, Cs and Ks are the structural matrices of mass,
damping and stiffness; fs is the vector of external forces; rg is the vector of ground accelerations; L and Rs are kinematic and topological matrices. Combining Eqs. (4) and (9), the fully
nonlinear coupled dynamic equation can be finally expressed as
M s  mLT L

T
 mJ L

 s  C s
mLT J  q

q    
M  q   0

0  q s  K s

0   q   0

0  q s 

0   q 

 mLT J q 
 0  f s  M s  mLT L 
 q

  
 R srg  M
 q  T .
T
Q i   0   mJ L 
q 


2.5

(10)

The first-order approximated model

Some fundamental properties of the BPA can be demonstrated by considering its response
at low amplitudes. By developing in Taylor series Eqs. (4) to (8), and by truncating higherorder terms, the first-order 3D model of the BPA is obtained as
  Cq  N 0K wq  0 N 0 K wq q / q  ma h
mq

(11)

where: C is the BPA viscous damping matrix, given by
 cˆ 2
C  c 0x
cˆ0 x cˆ0 y

cˆ0 x cˆ0 y 

cˆ02y 

(12)

if the viscous damper is set parallel to the xy plane; N0 = N/(mg) = 1+az/g is the normalized
normal component of the reaction force; ah = [ax, ay]T is the vector of horizontal accelerations
at the support; and Kw is the equivalent pendular stiffness matrix, given by:
k wx
Kw  
 0

0 
0 
1 / Lx
 mg 
 mgH w
k wy 
0
1
/
L y 


(13)

where Hw is the Hessian matrix of w(q) in 0, and Lx and Ly are the pendulum lengths along x
and y.
Accordingly, the first-order 3D model of the BPA-structure coupled system is
M s  mLTh L h

mL h

K
 s
0

 s  C s
mLTh  q
     
mI   q   0

0
 q s 


C  0 N 0 K wq / q   q 

0  q s  f s  M s  mLTh L h 


 R srg ,
N 0 K w   q   0  
mL h


(14)

where Lh is the vector containing the first two columns of L.
Based on Eq. (11), the following observations can be formulated:
1) the inertia force mq and the restoring force N0Kwq are linear and uncoupled along x and y;
this holds for the viscous force Cq , provided that all viscous dampers are aligned with the
coordinate axes;
2) the friction force has modulus 0 N 0 K wq and has direction and sign of the tangent versor
q / q ; because its modulus, direction and sign are nonlinear and coupled, the friction force

is a nonlinear coupled function of q and q ;
3) because its modulus increases proportionally with q and does not depend on q , the friction force is a homogeneous function of q and q ; Eq. (11) is therefore homogeneous and
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its solution is proportional to ah, which definitely makes the HBPA a first-order nonlinear
but homogeneous system.
2.6

The simplified two-dimensional model

The 3D first-order models in Eqs. (11) and (14) can be further simplified for design purposes, assuming that: (i) the motion occurs in a vertical coordinate plane, e.g. the xz plane, so the
model becomes two-dimensional (2D); (ii) in the xz plane the structural target frequency is far
from the other ones, so the MDOF structure can be reduced to a 1DOF mode-generalized system; (iii) the vertical acceleration input az is negligible, so N0 = 1. Under these conditions, Eqs.
(11) and (14) become respectively
mu  cxu  kwx [1  0sign(uu )]u  max

(15)

 m sx  m m  us  c sx 0  u s 



 m
m   u   0 c x   u 

0
 u s   f sx   m sx  m 
k
  sx
      
 ug ,

0
k
[
1
sign
(
u
u
)]


wx
0
 u   0   m 


(16)

where us is the horizontal displacement of the structure w.r.t. the ground; msx, csx and ksx are
the generalized mass, damping and stiffness of the structure along x; and cx is the BPA viscous damping coefficient along x.
Eqs. (15) and (16) can be finally recast in modal form as
u  2 x xu   x2 [1  0sign(uu )]u  a x

1  mRx
 1


0  u s 
mRx  us 
 sx
 2 sx 
  



1   u 
 0  x Rx   u 

0
 u s   f sx  1  mRx 
1
 
      
ug ,
2

0  Rx [1   0sign(uu )]  u   0   1 

(17)

(18)

2
sx

where mRx = m/msx is the BPA mass ratio along x;  sx  k sx / ms and  x  g / Lx are the structure and BPA circular frequencies along x; ωRx = ωx/ωsx is the BPA frequency ratio along x;
and ςsx = csx/(2ωsxmsx) and ςx = cx/(2ωxm) are the structure and BPA viscous damping ratios
along x.
3

THE DESIGN PROCEDURE

A design methodology is here presented for a BPA of either viscous type (VBPA) or homogeneous friction type (HBPA). Their models can be obtained from those derived in Section
II, by respectively annulling the friction or the viscous terms. The methodology comprises
two steps: (1) a 2D first-order optimization; and (2) a 3D second-order completion.
3.1

The two-dimensional first-order optimization

According to the simplified 2D model in Eq. (18), which admits an uncoupled motion along
x and y, and assuming the structure known, both the VBPA and the HBPA are completely determined, in each direction, by three dimensionless design parameters: mRx, ωRx and ςx for the
VBPA, and mRx, ωRx and μ0 for the HBPA. If the mass ratio mRx is fixed based on cost-benefit
expectations, the two remaining free parameters can be obtained by solving an H∞ design
problem [18], i.e. by minimizing the H∞ norm of a significant input-output transfer function
(TF) of the structure-BPA system. Denoting by ω the circular frequency of the excitation in-
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put, two possible TFs are here considered for each BPA type: the force-to-displacement transfer function Tf(ω) (significant for wind load applications), and the ground acceleration-todisplacement transfer function Tg(ω) (significant for seismic load applications). Denoting as
the response ratio Rx the ratio between the controlled and the uncontrolled H∞ norm of those
TFs, optimization can be formalized as follows, respectively for a wind-oriented VBPA:
Rxopt  min Rx  min max  T f ( )
 ,
 ,
 
Rx

x

Rx

con

Tf

x

unc





(19)




(20)




(21)




(22)

for a seismic-oriented VBPA:
Rxopt  min Rx  min max  Tg ( )
 ,
 ,
 
Rx

x

Rx

con

Tg

x

unc


for a wind-oriented HBPA:
con
Rxopt  min Rx  min max  T f ( )
 ,
 ,
 
Rx

0

Rx

Tf

0

unc


and for a seismic-oriented HBPA:
Rxopt  min Rx  min max  Tg ( )
 ,
 ,
 
Rx

0

Rx

0

con

Tg

unc


Eqs. (19) and (20) give the optimal VBPA parameters ωRxopt and ςxopt, respectively for wind
and seismic control. Eqs. (21) and (22) give the optimal HBPA parameters ωRxopt and μ0opt,
respectively for wind and seismic control.
The min.max. problems in Eqs. (19) to (22) are here numerically solved using a branch &
bound search algorithm analogue to the one used in [5], followed by a nonlinear least-square
solver for improved local convergence. The computation of the VBPA TF in Eqs. (19) and
(20) is straightforward, based on classical closed-form expressions available for linear mechanical models, whereas the computation of the HBPA TF in Eqs. (21) and (22) needs simulating the system response time-history at each input frequency until stabilization of the
response amplitude.
Assuming a structural damping ratio ζsx = 2%, the optimization results are reported in Fig. 2
for the VBPA (dashed lines) and the HBPA (continuous lines), as a function of the mass ratio
mRx. The wind-oriented optimization is reported on the left (subfigures a, c and e), while the
seismic-oriented optimization is reported on the right (subfigures b, d and f). Subfigures a and
b show the optimal frequency ratio; subfigures c and d show the optimal damping ratio (for
the VBPA) and the optimal friction ratio (for the HBPA), this latter normalized to π; and subfigures e and f show the optimal response ratios. Whereas the results obtained for the VBPA
are well known (see for instance [19]) and do not deserve specific comments, the results obtained for the HBPA reveal that the optimal HBPA slightly improves the VBPA performance,
especially for large values of mRx. To achieve this, ωRxopt is always larger for the HBPA than
for the VBPA, except for very small mass ratios, when the optimal frequency ratio converges
to unity for both types. On the other hand, μ0opt converges to π∙ςxopt for small mass ratios, but
tends to be increasingly smaller than π∙ςxopt as the mass ratio increases. The same trends are
appreciated for the wind-oriented and the seismic-oriented design types.
Assuming that the structural target modes have the same damping ratio and the same generalized mass in the two horizontal directions, the results obtained above hold along x and y,
and the x subscript can be dropped for brevity. Together with the mass ratio mR and with the
structural parameters, the resulting optimal dimensionless parameters ωRopt, ςopt and μ0opt allow the computation of all BPA dimensional parameters involved in the low amplitude domain, i.e. the BPA mass m, the BPA circular frequencies ωx and ωy, the BPA pendulum
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lengths Lx and Ly, the VBPA damping coefficients cx and cy, and the HBPA friction pattern
around the origin, this latter given around by
 (q)   0opt w   0opt u 2 / L2x  v 2 / L2y
(a)

(b)

(c)

1

(23)

(d)

(e)

(f)

VBPA
HBPA

0.8
0.6
0.4
0.2
0

0

0.05

0.1

0.15

0.2

mRx
Figure 2: H∞ optimal design of a VBPA (dotted lines) and a HBPA (continuous lines), as a function of mRx, for
ζsx = 2%. Left: wind-oriented design. Right: seismic-oriented design. First row: optimal frequency ratios. Second
row: optimal viscous/friction damping ratios. Third row: optimal response ratios.

3.2

The three-dimensional second-order completion

The subsequent completion step provides the BPA parameters which, involved only in the
large-displacement domain, are excluded from the previous optimization step. These parameters include the pendulum shape (and consequently the friction pattern) far from the origin,
the length and number of viscous dashpots, and the restrainer properties.
By providing Lx and Ly, the optimization step determines the pendulum shape around the
origin. Far from it, however, different shapes correspond to the same pair of Lx and Ly.
Among the possible choices are, for example, the ellipsoid, the torus or the elliptic paraboloid.
If the ellipsoid is chosen, infinite ways of assigning its semi-axes bx, by and bz exist, all
providing the desired Lx and Ly pair. Then, by imposing that bz  bx b y , only one admissible
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ellipsoid exists, of semi-axes bx  4 L3x Ly , b y  4 Lx L3y and bz  Lx L y . This choice is systematically assumed in the sequel.
With this assumption, the friction pattern defined by Eq. (2) becomes:
 u2 v2 
 (q)   0opt  2  2 
 Lx


L y 

 u2 v2 
1 
 
 bx2 b y2 



(24)

where μ(q) tends to zero around the origin, tends to infinite at the ellipsoid equator, and describes iso-friction curves intersecting the level curves, as shown in Fig. 3 for an ellipsoid
having Ly/Lx = 2, truncated at wr = bz/2. Both Figs. 3 (a) and (b) represent nine level curves,
uniformly spaced between 0 and wr, and nine iso-friction curves, uniformly spaced between 0
and 2 μ0opt.

(b)
(a)

Figure 3: Level curves (continuous) and iso-friction curves (dashed) if Ly⁄Lx = 2: (a) planar view; (b) axonometric view (with the z dimension doubled for clarity).

Regarding the design of the viscous dampers, the optimization step provides the optimal
values of cx and cy, in the assumption of a single damper for every direction. If more dampers
are used in the same direction, the optimal damping coefficient must be subdivided among
them. The length of the viscous dampers does not enter the optimization step. In the sequel,
two dampers will be systematically assumed in each direction, each having length
l c 0  bz  Lx L y .
Finally, the restrainer too does not enter the optimization step. Its mechanical properties
can be assigned to simulate a dissipative impact. In the remaining of this paper, its stiffness is
systematically chosen as k r  mr2 , where r  20  x y ; its damping is assigned as
cr  2 r r m , where  r   ln er

 2  ln 2 er and er = 0.5 (elastic restitution coefficient); its clear-

ance is assigned as wr = bz/2.
4

TWO-DIMENSIONAL SIMULATIONS OF THE FIRST-ORDER MODEL

The optimal VBPA and the optimal HBPA are here compared at low amplitudes, by assuming the first-order 2D models expressed by Eqs. (16) or (18). The structure is a 2% damped
SDOF system.
4.1

White noise force excitation

Optimized according to the wind-oriented design procedure described in Section 3, the
VBPA and the HBPA are compared by subjecting the SDOF structure to a stationary Gaussi-
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an zero-mean white-noise force f sx . For the uncontrolled and for the VBPA-controlled structure (linear cases), the system stationary root-mean-square (rms) response is computed solving the Lyapunov equation [18]. For the HBPA-controlled structure, the rms response is
computed through Monte Carlo simulations, using 100 realizations of the input process. Each
realization has lasts 3600Tsx, with a sampling time of 0.01Tsx, Tsx being the structural period.
The BPA performance is evaluated in terms of the rms structural displacement, rms(us), and
the rms BPA relative displacement (stroke), rms(u). Two performance indices are considered,
computed dividing the controlled value of the rms responses by the uncontrolled value of the
rms structural displacement: the displacement response ratios Rdx = rms(us)con/ rms(us)unc, and
the stroke response ratio Rsx = rms(u)con/ rms(us)unc.
The two response ratios are shown in Fig. 4, where they appear nearly identical for the two
BPA types. The substantial equivalence already observed under a harmonic force input in Fig.
2 (e) is therefore confirmed under a white-noise force input. Expectedly, the absorber results
more effective in H∞ terms than against a white-noise input (i.e. in H2 terms).
(b)

(a)

Figure 4: 2D first-order model. VBPA and HBPA response ratios under a unidirectional white-noise force input.

4.2

Natural seismic records

Optimized according to the seismic-oriented design procedure, the evaluation of the VBPA
and the HBPA under a white-noise ground acceleration ug leads to very similar results to
those presented in Fig. 4, which are therefore neglected here for brevity.
More interestingly, the structure (with or without BPA) is here subjected to an ensemble of
338 near-field real seismic records, and its period Tsx is varied from 0.1 s to 6.0 s, to obtain
uncontrolled and controlled spectra. For each interesting response quantity, i.e. the maximum
structural displacement us,max and the maximum BPA stroke umax, the 338 spectra are condensed into their rms spectrum. Dividing, at each period, the controlled rms response spectra
by the uncontrolled structural displacement response spectrum, two rms response ratio spectra
are obtained, respectively expressed in terms of structural displacement (Rdx = rms(us,max)con/
rms(us,max)unc), and of BPA stroke (Rsx = rms(umax)con/ rms(us,max)unc). Results are presented in
Fig. 5 for three mass ratios (mRx = 1%, 3% and 10%). Again, the VBPA and the HBPA exhibit
very similar performances, both in terms of structural displacement and absorber strokes.
5

THREE-DIMENSIONAL SIMULATIONS OF THE FIRST-ORDER MODEL

This section broadens the analysis to 3D models, still operating at low amplitudes, according to (14). The equations of motion are still linear and uncoupled for the VBPA but nonlinear
and coupled for the HBPA. The structure is a 2%-damped system having 1 DOF in each direction.
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mRx

mRx

(a)

(b)

Figure 5: 2D first-order model. VBPA and HBPA response ratio spectra under a unidirectional seismic input, for
mRx = 1%, 3%, 10%.

5.1

White noise force excitation

The structure, with Tsx = 1 s and Tsy/Tsx varying from 1 (axial-symmetry) to 2, is excited by
two independent white-noise force input components fsx and fsy, having the same rms value fsx0
= fsy0. The mass ratio mR = mRx = mRy is alternatively 1%, 3%, or 10%. The BPA performance
is evaluated by considering the average response to 100 realizations of the input process, each
one lasting 600 s with a sampling time of 0.01 s. The performance is expressed by the following two bidirectional response ratios: Rd  Rdx Rdy and Rs  Rsx Rsy , which extend to 3D the
2D response ratios introduced in Section 4.1.
Results are shown in Fig. 6, where Rd and Rs are plotted as a function of Tsy/Tsx. The VBPA
performance appears constant with Tsy/Tsx. The HBPA performance appears approximately
constant with Tsy/Tsx, and quite similar to the VBPA performance, with only slightly larger
structural displacements and moderately smaller BPA strokes.

mRx
mRx
(a)

(b)

Figure 6: 3D first-order model under a bidirectional white-noise force input. VBPA and HBPA response ratios as
a function of Tsy/Tsx, for mRx = 1%, 3%, 10%.

5.2

Natural seismic records

The bidirectional performance of the VBPA and of the HBPA is here assessed adopting the
same ensemble of seismic records used in Section 4.2. Spectra are computed in terms of 3D
rms response ratios, obtained by averaging the corresponding 2D rms response ratios along x
and y, according to: Rd  Rdx Rdy and Rs  Rsx Rsy . Fig. 7 shows Rd and Rs evaluated under the
assumption that Tsy/Tsx = 1, for Tsx = Tsy ranging from 0.5 to 4.0 s, and for mR alternatively 1%,
3%, or 10%. As in Fig. 6, it appears that under bidirectional excitation, because of friction
coupling, the nearly perfect coincidence between the VBPA and the HBPA response is lost.
Friction damping implies a slightly larger structural response, and a slightly smaller stroke.
The extent of this reduction is however quite limited.
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mRx

Rs

mRx

(b)

(a)

Figure 7: 3D first-order model. VBPA and HBPA response ratio spectra under a bidirectional seismic input, for
Tsy/Tsx = 1 and mRx = 1%, 3%, 10%.

6

TWO-DIMENSIONAL SIMULATIONS OF THE FULLY NONLINEAR MODEL

To show the influence of the excitation intensity on the BPA performance, the optimal
VBPA and the optimal HBPA are here compared in the large-displacement domain, by assuming fully nonlinear 2D models. The structure is once again a 2% damped SDOF system.
6.1

White noise force excitation

A structure controlled through a wind-optimal BPA having mRx = 3% is simulated under a
unidirectional white-noise force input of rms amplitude f sx 0 , duration 600 s and sampling
time 0.01 s. The response ratios Rdx and Rsx are shown in Fig. 8 for the two types of BPA as a
function of f sx 0 ranging from 0 to 5 N/kg.
For f sx 0 = 0, the results are those already obtained in Fig. 4 for first-order models. As f sx 0
increases, the effectiveness in mitigating the structural displacement diminishes, as typical of
pendulum devices, and the absorber stroke decreases, as a result of bumping and loss of tuning. The effectiveness reduction appears delayed for the HBPA with respect to the VBPA,
because of its amplitude-increasing dissipation capabilities.
0.9
0.8
0.7
0.6

VBPA
HBPA

(a)
0.5

0

1

2

3

4

(b)
5

fsx0 (N/kg)
Figure 8: 2D fully nonlinear model. VBPA and HBPA response ratios under a unidirectional white-noise force
input, as a function of the input level and for mRx = 3%.

6.2

Natural seismic records

A structure controlled through a seismic-optimal BPA having mRx = 3% is simulated under
the ensemble of real records already used in previous sections, for increasing seismic intensities. Denoting by I the intensity ratio, i.e. the dimensionless factor adopted to scale the entire
ensemble of records, Fig. 9 reports Rdx and Rsx as a function of I, for the two BPA types and
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for two possible periods of the structure, namely Tsx = 0.5 s (top subfigures) and Tsx = 4.0 s
(bottom subfigures).
For I = 0, the results are those already obtained in Fig. 5 for first-order models. As I increases, both Rdx and Rsx decrease, as already observed in Section 6.1 under force excitation.
However, significant variations are solely observed for Tsx = 0.5 s, because of the limited
stroke capacity of small-period pendulums. In this case, the HBPA appears again superior to
the VBPA, because of the increasing damping provided by the proposed friction pattern.

Tsx = 0.5 s

Tsx = 0.5 s
(a)

(b)

Tsx = 4.0 s

Tsx = 4.0 s

(d)

(c)

Figure 9: 2D fully nonlinear model. VBPA and HBPA response ratio spectra under a unidirectional seismic input,
as a function of I and for mRx = 3%. Top figures: Tsx = 0.5 s; bottom figures: Tsx = 4.0 s.

7
7.1

THREE-DIMENSIONAL SIMULATIONS OF THE FULLY NONLINEAR
MODEL
White noise force excitation

The optimal BPAs are mounted on a 2%-damped structure having 1 DOF in each direction,
with Tsx = Tsy = 1 s. The structure is excited by a bidirectional white-noise force input, having
identical rms amplitude in the two directions, f sx 0 = f sy 0 , duration of 600 s, and sampling time
of 0.01 s. Simulations are conducted for f sx 0 = f sy 0 ranging from 0 to 5 N/kg, and results are
shown in Fig. 10. The performance loss trends already observed for a unidirectional input in
Fig. 8 are confirmed. Again, the HBPA performance is similar to the VBPA performance at
low intensities, and better for large ones.
7.2

Natural seismic records

Table 1 reports the response ratios obtained by subjecting the controlled structure to the bidirectional seismic records included in the selected ensemble, for mR = 3% and for the intensity ratio increasing from 0 to 0.5 to 1.0. Two cases are considered, with the first structural
period Tsx being fixed at 1.0 s and the second structural period Tsy equaling either 1.0 s or 1.5 s.
Table 1 confirms that under a bidirectional shaking the VBPA is preferable if second-order
effects are negligible (I = 0), and the HBPA is preferable if they are not.
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(a)

(b)

Figure 10: 3D fully nonlinear model. VBPA and HBPA response ratios under a bidirectional white-noise force
input, as a function of the input level and for mRx = 3%. Tsx = Tsy = 1.0 s.
Rd

I
Tsx = 1.0 s
Tsy = 1.0 s
Tsx = 1.0 s
Tsy = 1.5 s

VBPA
0.83
0.90
0.95
0.84
0.88
0.94

0.0
0.5
1.0
0.0
0.5
1.0

Rs
HBPA
0.84
0.88
0.92
0.85
0.87
0.91

VBPA
2.60
1.81
1.16
2.58
2.00
1.38

HBPA
2.47
1.52
1.00
2.35
1.64
1.15

Table 1: 3D fully nonlinear model under seismic input. RMS response ratios for different periods and intensities
(mR = 3%).

8

CASE STUDY: MDOF BUILDING UNDER WIND LOAD

An MDOF high-rise building structure subjected to wind loads is here simulated with or
without a BPA atop, using the fully nonlinear model expressed by Eq. (10). The BPA is either
of the VBPA or of the HBPA type, in both cases optimized according to the wind-oriented
design procedure exposed in Section 3.
The structure is 168 m tall, with a 25 m x 25 m square section. Its shape, mass and stiffness
are drawn from [20], but scaled to augment the building sensitivity to the across-wind component. Modelled as a 10-elements cantilever beam, the structure has a flexural stiffness
which in the y direction is 1.21 times smaller than in the x direction. The natural periods along
y are thus 1.10 times larger than along x. Along x, the first three periods are 4.00 s, 1.23 s, and
0.52 s, with participating modal masses of 45.3%, 21.8%, and 11.1%. Damping is 2% in every mode.
The BPA mass is 1% the total building mass, corresponding to an effective mass ratio of
6.45% according to Warburton [1]. By applying the design procedure presented in Section 3,
the VBPA and the HBPA parameters are exposed in Table 2.

VBPA
HBPA

ωR
(-)
0.93
0.98

ς
(-)
0.15
-

μ0
(-)
0.45

Lx
(m)
4.57
4.12

Ly
(m)
5.53
4.99

bx
(m)
4.79
4.32

by
(m)
5.27
4.76

bz
(m)
5.03
4.53

Table 2: BPA design parameters on the tall building.

4794

lc0
(m)
5.03
-

wr
(m)
2.51
2.27
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Simulations are conducted under a moderate-to-high wind flow, blowing for 1 hour either
along x or along y. Deterministic wind load time-histories are determined as the realization of
a stationary, spatially nonhomogeneous, stochastic process, comprising both along-wind and
across-wind components, acting simultaneously on the structure. Along- and across-wind
components are derived according to classical wind load spectra ([21], [22]).
Results are presented in Table 3 only for the wind blowing in the x direction. Four cases are
compared, corresponding to: (1) the uncontrolled structure; (2) the linear VBPA; (3) the (geometrically nonlinear) VBPA; and (4) the HBPA. For each case, several response quantities
are investigated, including: (i) the maximum modulus of the top story displacement, rN,max; (ii)
the maximum modulus of the BPA stroke, rmax; (iii) the maximum friction damping ratio activated by the HBPA, μmax; (iv) the rms of the modulus of the top story displacement, rN,rms; (v)
the rms of the modulus of the BPA stroke, rrms; and the mean value of the instantaneous power dissipated by the structure, Ws,mean.
Case
Uncontrolled
Linear VBPA
VBPA
HBPA

rN,max
(cm)
79.4
39.6
39.7
38.4

rmax
(cm)
0.0
110
109
107

μmax
(-)
0.10

rN,rms
(cm)
27.3
13.7
13.8
13.7

rrms
(cm)
0.0
37.5
37.4
37.8

Ws,mean
(kW)
31.1
8.12
8.17
8.63

Table 3: Building responses for wind blowing along x.

Table 3 reveals that:
1) With respect to the uncontrolled structure, the linear VBPA achieves a significant response reduction: 50% in rN,max and in rN,rms, and 74% in Ws,mean.
2) The VBPA, accounting for geometrical nonlinearities, gives nearly identical results. The
absorber strokes are relatively small and the restrainer is far from being activated, which
makes the first-order model accurate enough.
3) The HBPA performance is also very similar to the VBPA performance. The greatest differences are in Ws,mean, which is 6% larger for the HBPA, and in rN,max, which is 3% larger
for the VBPA. The maximum friction coefficient met by the HBPA during motion is 0.10.
It can be concluded that the three controlled cases are substantially equivalent.
9

CONCLUSION

Main conclusions of this study can be formulated as follows:
1) The HBPA is shown to be roughly equivalent to the VBPA, especially when responding
to a unidirectional excitation at low response amplitudes.
2) Both BPA types undergo a performance loss if the stroke demand exceeds their stroke capacity, as it often occurs in rigid structures under large input intensities. This drawback is
partially compensated for the HBPA by its larger dissipation capacity at large displacements. Despite such loss, in all examined simulations both types still ensure a significant
vibration mitigation effect.
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Abstract
In many applications of structural dynamics, it is desirable to transfer energy from a primary
system using a dynamic absorber to protect the structure from destructive vibration amplitudes. Nonlinear Energy Sinks (NESs) are local attachments used to rapidly and passively
dissipate energy from a primary structure in a phenomenon known as Targeted Energy
Transfer (TET). Consequently, many types of NESs, which incorporate an essential nonlinear
property, have been proposed, designed and tested in the literature. Based on numerical and
experimental investigations of these types, Single-Sided Vibro-Impact (SSVI) NESs, where
impacts, usually between the top floor of the primary structure and the NES, are utilized to
further dissipate energy, proved to be the most efficient for TET in small- and large-scale
structures. In literature, researchers have mostly considered steel-to-steel impacts which correspond to a coefficient of restitution of approximately 0.7. In this work, the effect of changing
this coefficient of restitution is analyzed and investigated in a two-story physical primary
structure. The coupled systems are optimized to achieve the maximum energy transfer and
dissipation by measuring the normalized weighted-averaged effective modal damping criteria.
It is found that lowering the coefficient of restitution increases the capability of the SSVI NES
to transfer and dissipate initial energy induced into a primary structure for a wide range of
impulsive excitations.

Keywords: Nonlinear Energy Sink, Targeted Energy Transfer, Vibration Mitigation, Shock
Mitigation.
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1

INTRODUCTION

Structures are subject to destructive vibration amplitudes from impacts, collisions, earthquakes or wind. Hence, it is desirable to protect the structure by transferring energy to a dynamic absorber in a process known as passive targeted energy transfer (TET). It has recently
gained increasing interest in many applications of structural dynamics where a small essentially nonlinear lightweight attachment called nonlinear energy sink (NES) is usually added to
the primary structure to enable passive energy transfer for wide range of frequencies through
single or cascades of resonance captures. Recently, various NES designs have been numerically, analytically and experimentally investigated to achieve high percentages of energy
transfer and dissipation. Depending on the way the nonlinearity is added, these NESs can be
categorized into several types such as stiffness-based NESs, impact-based NESs, rotary NESs,
and magnet-based NESs. The translational stiffness-based NESs employ an essentially nonlinear (usually cubic) stiffness coupling element to attach the NES mass to a floor in the primary structure [1]. Several enhancements have been proposed to this type where the addition
of a linear or nonlinear damping elements [2], additional nonlinearly coupled mass [2-3], additional lateral stiffness elements [4] and negative, unsymmetrical or variable nonlinear stiffness components [5-10] are analyzed for increasing the efficiency of the energy transfer and
dissipation. Impact-based NESs employ a linearly coupled NES mass in addition to rigid barriers in the motion domain of the NES to engage in non-smooth impacts that integrate the essential nonlinear property required for cascades of resonance captures. There are two main
types of impact-based NESs: (i) double-sided vibro-impact (DSVI) NESs in which two rigid
barriers are placed symmetrically from the initial position of the NES mass [11-14] and (ii)
single-sided vibro-impact (SSVI) NESs, which are the topic of this paper, realized by removing one of the rigid barriers to allow the NES mass gain considerable momentum during the
non-impact phase [15-19]. Rotary-based NESs incorporate an inertially coupled NES mass
through a rigid arm rotating about a vertical axis perpendicular to the direction of motion of
the primary structure [20-21]. Similarly, this type of NES has been further enhanced by employing an elastic arm instead of the rigid arm [22] or by adding a rigid barrier to incorporate
non-smooth impacts with the associated floor of the primary structure [23]. Finally, the magnet-based NES mass is coupled to the associated floor of the primary structure through a nonlinear symmetric or asymmetric coupling magnetic force [24-25]. Out of all the NES types,
the SSVI NESs have been proven numerically and experimentally to be the most efficient for
energy dissipation and shock mitigation. Hence, the focus of this paper is to investigate further enhancements to the SSVI NESs to improve its capability of engaging in rapid passive
and nearly irreversible TET.
During an impact in the SSVI NESs, the coefficient of restitution, a material property depending solely on the materials which get in contact, is defined as the ratio of the magnitude
of restitutive impulse to deformative impulse. Most current works related to impact-based
NESs consider steel-to-steel impacts which correspond to a coefficient of restitution of 0.7.
The aim of this article is to investigate the effect of changing the coefficient of restitution on
the performance of SSVI NES when attached to the top floor of a physical two-story linear
primary structure excited by an impulsive loading. The paper presents the system description
and governing equations, a discussion of the numerical optimization process followed by results and concluded remarks.
2

SYSTEM DESCRIPTION AND NUMERICAL OPTIMIZATION

The physical small-scale two-story structure analyzed in [15,22-23] is considered here
where a SSVI NES is attached to the top floor as shown in Fig. 1. The mass, damping and
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Figure 1: Illustration of 2 DOF primary system with SSVI NES on top floor.

stiffness matrices of the primary structure represented by M , C and K identified by the modal analysis of the physical fixture for the system are given as

0 
 24.3
M
kg,
24.2 
 0
 1.216 0.295
C
 N  s/m,
 0.295 0.968 
15040
K
 8220

(1)

8220 
N/m
8220 

Upon updating the mass, damping and stiffness matrices of the whole structure due to the addition of the NES, the governing equations of motion are derived using Newtonian dynamics
and numerically integrated using Runge-Kutta formulations. However, the numerical integration is continued until the impact condition for the SSVI NES given by xnes  x1  zc is satisfied where xnes and x1 are the displacement of the NES mass and the top floor respectively
and z c is the clearance as shown in Fig. 1. After calculating the precise time of the impact,
the velocities of the top floor and the SSVI NES after the impact are calculated based on the
conservation of momentum and the coefficient of restitution rc principles as


mxnes
 M 1 x1  mrc ( x1  xnes
)
x 
m  M1

1


nes

x


1


1

(2)


nes

 x  rc ( x  x )

where M 1 and m are the masses of the top floor and NES respectively and the superscripts 
and  indicate the velocities after and before the impacts respectively. Accordingly, there are
three sources of energy transfer and dissipation in the coupled system. The first is due to the
linear damping element, represented by bnes in Fig. 1, coupling the NES mass to the top floor
of the structure. The second element is the kinetic energy lost during the inelastic impacts
that occur when the NES collides with the rigid barrier attached to the top floor. The third is
due to the non-smooth interference from the vibro-impacts which alters the global dynamic
response of the structure causing energy to be transferred within its structural modes. Transferring energy from low-frequency high-energy destructive fundamental mode to highfrequency low-energy mode is another element of TET.
One way to quantify the performance of the coupled system for achieving efficient TET is
by measuring the enhancement in the damping of the respective effective modal oscillators.
This is quantified by the time-independent averaged effective modal damping measures eff ,i
expressed as
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eff ,i 

qi (T0 )2  qi (T f )2  i 2  qi (T0 )2  qi (T f )2 
Tf

2 qi 2 dt



T0

Ei (T0 )  Ei (T f )



Tf

T0

(3)

qi 2 dt

where qi is the modal velocity of the i-th mode, T0 and T f are the initial and final simulation
times, Ei is the instantaneous energy and i 2 is the effective modal stiffness. Because the
modal response of a linear primary structure without the NES leads to no energy transfer
within its modes, the nominal modal damping i of the i-th structural mode are obtained from
Eq. (3). The nonlinear interaction of the NES causes the energy dissipated by any mode plus
its instantaneous energy to not sum up to its initial induced energy due to energy exchange
between the structural modes and therefore the energy in each mode is not reserved. The ratio
of the time-independent average effective damping measures eff ,i to the nominal modal
damping i of the NES-free system is defined as the normalized weighted-averaged effective


damping measures ˆeff ,i  eff ,i

ˆ
i . If eff ,i  1 , then energy is transferred into the i-th mode and

it eventually dissipates more energy than its initial energy and vice versa.
The SSVI NES parameters: rc , knes and bnes are tuned in order to investigate the effect of
changing the coefficient of restitution on achieving efficient and rapid transfer and dissipation
of energy. The simulation time is set to 5 seconds to ensure efficient and rapid TET, the clearance z c is fixed to 0.02m to ensure non-smooth vibro-impacts will occur and the NES mass
( m  2.5kg  0.05( M1  M 2 ) ) is assumed to be nonparasitic (i.e. do not add mass to the primary structure). Figure 2 shows the normalized weighted-averaged effective damping
measures of mode 1 for varying NES parameters for an impulsive excitation induced by identical initial velocity of 0.25m / s equally to both floors of the primary structure. Generally, it
is noticed that a relatively weak stiffness coupling and strong damping coupling elements are
required for the SSVI NES to transfer significant amount of energy from the first fundamental
mode to be dissipated the NES damping, inelastic impacts or higher structural modes for all
values of the coefficient of restitution. Further, it is observed that the shape of the contour
plots is reserved for varying coefficient of restitution values, however, the maximum achievable effective damping measure ˆeff ,1 , indicated by the black crosses, occurs at higher damping
values for higher coefficients of restitution values. This outcome can be understood from the
fact that at high value of rc , the energy dissipated by the inelastic collisions is decreased and
therefore higher damping values are required to maximize the effective damping measure
ˆeff ,1 . Moreover, it is also concluded that low values of the coefficient of restitution enable
wider range of stiffness and damping values to transfer and dissipate energy from the fundamental mode of the primary structure as observed from the size of high values of ˆeff ,1 (red
color) in Fig. 2.
3

RESULTS AND DISCUSSION

The results of the numerical optimization are summarized in Fig. 3(a) which shows the maximum achievable normalized weighted-averaged effective mode 1 damping measures ˆeff ,1 by
an optimized system at each specific value of the coefficient of restitution rc for a clearance
of zc  0.02m and an impulsive loading through an identical initial velocity of 0.25m / s in

4801

Adnan S. Saeed and Mohammad A. AL-Shudeifat

Figure 2: Contour plots of the normalized weighted-averaged effective damping measures for varying stiffness
knes , damping bnes and coefficient of restitution rc for the two-story primary structure; identical initial velocity
0.25 m/s is considered for each floor, and black crosses indicate optimal system parameters.

duced equally to all floors of the primary structure. First, it is noticed that the optimized coupled systems for all values of rc result in normalized weighted-averaged effective mode 1
damping measures ˆ that are greater than unity. This indicates that in all cases, energy is
eff ,1

being transferred from the high energy low frequency mode 1 to the NES itself or the second
structural mode having lower energy and higher frequency. Consequently, this indicates that
highly efficient TET has occurred by forcing energy to be transferred through single or cascades of resonance captures in a rapid and nearly irreversible way. In addition, the goal of this
paper is to investigate if changing the coefficient of restitution from its typical value of 0.7
which corresponds to steel-to-steel impacts will enhance the energy transfer and dissipation
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by resulting in higher values of ˆeff ,1 . Fig. 3(a) shows that the maximum normalized
weighted-averaged effective mode 1 damping measure is 46.2 achievable with a coefficient
of restitution of 0.4 where the optimized SSVI NES parameters are knes  120 N / m and
b  0.1078 Ns / m compared to ˆ  45.7 achievable with a coefficient of restitution of
nes

eff ,1

0.7 where the optimized SSVI NES parameters are knes  106 N / m and bnes  4.0723Ns / m .
Additionally, the performance of the optimized NESs at rc  0.4 and rc  0.7 are compared in
Fig. 3(b) for varying initial impulsive energies induced equally to all floors. Both system
reach their optimum at around 1.4Nm which corresponds to the optimization initial energy.
However, the new system with coefficient of restitution of 0.4 shows higher normalized
weighted-averaged effective mode 1 damping measures ˆeff ,1 for a wide range of initial impulsive energies indicating that better energy transfer and dissipation is achievable at lower values of the coefficient of restitution.

Figure 3: (a) bar chart showing the maximum achievable ˆeff ,1 at varying values of the coefficient of restitution

rc for the two-story primary structure with identical initial velocity 0.25m / s is considered for each floor and a
fixed clearance of 0.02m (b) normalized weighted-averaged effective damping of the fundamental mode
ˆ of the two-story primary structure as function of the applied impulsive energy
eff ,1

4

CONCLUDED REMARKS

Many dynamical structures undergo continuous vibrations induced by shock or seismic excitations resulting from impacts, collisions, wind, earthquake, or fluid-structure interaction.
Consequently, integrating dynamic vibration absorbers is becoming a high priority and essential requirement in many engineering applications. Nonlinear energy sinks (NESs) are the
most efficient and robust attachments to act as rapid and passive device to transfer and dissipate energy from primary structure. Hence, this paper investigated further improvements to
the currently most efficient nonlinear energy sink (NES), the single-sided vibro-impact (SSVI)
NES by studying the effect of the coefficient of restitution, which is a ratio of restitutive to
deformative impulses during impact, on its capability to irreversibly transfer induced impulsive energy out of the fundamental highly energetic mode. Currently, the coefficient of restitution used in most analytical, numerical and experimental analysis of impact-based NESs is
0.7 which corresponds to the typical steel-to-steel impacts. However, it is found in this paper
that reducing the coefficient of restitution to 0.4 enhances the normalized weighted-averaged
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effective damping measure of the fundamental mode of a two-story linear physical primary
structure. The results are obtained for a simulation time of 5 seconds and using an NES mass
of 5% of the whole structure indicating that rapid targeted energy transfer (TET) can occur
with using a small mass of NES. The enhanced performance is obtained for a wide range of
initial impulsive energies indicating the robustness of the proposed modification. Although
the overall enhancement is not highly significant, this paper proves that lowering the coefficient of restitution leads to better shock and vibration mitigation and it is expected that using a
large-scale structure will result in highly significant enhancement in the performance of SSVI
NES by lowering the coefficient of restitution.
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Abstract
The proposed work is based on an experimental activity aimed at comparing the long-term
behavior of control devices based on the use of magneterheological (MR) fluids for seismic
protection of framed structures. They have been tested three times in ten years: first in 2008,
then in 2013 after five years of inactivity, and finally in 2017 after further four years of quiescence. The results of the three campaigns of passive and promptness experimental tests, in
terms of force-displacement loops, electrical delay of the electromagnetic circuit, dissipated
energy and maximum reacting force. The evolution of the response of such dampers due to
inactivity over the time is assessed and discussed, aiming at recognize those phenomena are
most probably responsible of a MR fluid deterioration (namely oxidation of iron particles,
their sedimentation, fluid thickening, seal wearing), finally trying to give practical suggestions to the designers of smart control systems who should take this issues into account when
dealing with the above kind of devices.
Keywords: magnetorheological damper, MR fluid, ageing effects.
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1

INTRODUCTION

Magnetorheological (MR) fluids are suspensions of ferromagnetic particles in a carrier oil fluid, with several types of additives; their rheological properties change rapidly, stably, and repeatedly when a magnetic field is applied. The particles, whose diameters range from 1 to 10
μm, align themselves along magnetic fluxes with the external magnetic field, and these clusters generate resistances against the orthogonal flow. The change in the yield stresses that occur due to the intensity of the external magnetic field, is much larger than the effect of the
Newtonian viscosity of the base oil.
Actually, this possibility of modulating in real time the damping properties of devices based
on MR fluids, represents one of the most promising way to manufacture a semi-active control
system for civil structures. Aiming at avoiding structural resonance and maximize energy dissipation, the stiffness and/or damping of MR fluid devices can be varied in real time according to proper control algorithms which require real time acquisition of the external excitation
and/or the structural response.
The most commonly applied model of a MR fluid is the simple and effective Bingham
model [1]: it is characterized by a variable rigid-plastic component connected in parallel to a
Newtonian viscosity element.
The rheological properties of the controllable MR fluids are influenced by the density and
concentration of particles, size of particle, carrier fluid’s features, type of additives, applied
magnetic field, temperature, etc. Recent studies were addressed to the calibration of the above
factors in order to improve the mechanical behavior and durability of the MR fluid [2].
In some real situations, MR devices work frequently: this is the case when they are applied
for suspensions on vehicles and trains, for brakes, for vibration control of cable-stayed bridges
subjected to wind, etc. On the contrary, in earthquake engineering applications, MR devices
might be called to give a few seconds long effective response after years of quiescence. The
authors [3], after a ten years long campaign, present and discuss the most important experimental results aimed to show the evolution over time of response promptness, dissipating capability, and force reaction of MR dampers.
In the following, a literature review is reported of the scientific research on the “ageing effects” of MR fluids due to long inactivity (i.e. those commonly occurring in case of seismic
applications), rather than to fatigue or long-term use.
Two large scale prototype MR dampers, produced by the German firm Maurer Söhne for
seismic applications, have been experimentally investigated during the above mentioned ten
years long observation time period. The proposed paper tries to draw some conclusions on the
possible causes of the small observed changes in the mechanical response over time.
It is worth to point out that the authors’ research is addressed only to understand if and
how the overall mechanical response of a MR fluid-based seismic dissipative device, at its
macro scale, may change in time.
2

AGEING ISSUES OF MR DAMPERS

An MR fluid is a suspension of carbonyl magnetizable particles in a carrier liquid fluid.
Various additives are present in the composition to improve the settling rate, reduce oxidation,
etc. A literature review of the last twenty years of research on MR fluid are summarized here,
by focusing on the main durability issues of MR dampers: many researchers have addressed
their efforts to make up a mixture able to represent a satisfactory compromise among different
and sometimes conflicting objectives: temperature stability, lower viscosity, lower settling,
higher force, prevention of particle oxidation, etc.
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A critical issue is represented by the low viscosity of the fluid, being the ratio of maximum
(on-state) yield stress to minimum (off-state) viscous stress the responsible of the MR fluid
ability to be controllable [1, 4].
Another important choice in the design of a MR fluid is the ratio of particles’ weight to
carrier fluid’s weight (generally 0.1 – 0.5): it is chosen by trading-off its influence on the viscosity (off-state) and its effect on the maximum yield stress of the MR fluid (on-state).
A further issue is the influence of temperature [5], that doesn’t affect the magneticallyinduced (on-state) force but only the off-state force. If the temperature is in the range
0~100°C, the viscosity is relatively stable and would slightly decline as temperature rises: it is
due to the fact that the thermal motion of molecules of carrier fluid is a little higher with temperature, and both attraction and internal friction decline; consequently, the shear stress produced by shear deformation slightly decreases, and as a result, the viscosity declines. In the
range −40~0°C, the carrier fluid of MR fluid is solidified and settled, and as a result, large
viscosity appears. Once the temperature is higher than 100°C, the carrier fluid would be volatilized and the additives would be decomposed, which make the viscosity gradually increase:
some additives may cause irreversible thickening of MR fluid, which influences the chaining
of the material in the applied magnetic field, resulting in the reduction of the shear stress and
uncontrollability of the variation of the shear stress, the reduction of the transmission stability,
and even the failure of transmission.
Long-term modifications of their behavior are a fundamental issue in Earthquake Engineering, because seismic dampers are generally dormant for most of their life, up to the occurring of an earthquake.
According to the literature, durability issues of MR dampers [6, 7, 8] are mainly associated
to a) particle sedimentation, b) fluid thickening, c) particle oxidation and d) seal wearing:
a) Particle sedimentation
Magnetic particles are denser than the carrier fluid, so that long-term storage generates particle sedimentation and as such mixing processes might be required [9, 10]. This corresponds
to an unexpected response of the fluid to the applied magnetic field.
b) Fluid thickening
Due to the fragmentation of the brittle oxide layer on the surface of the magnetic particles,
the fluid can become thicker in time. This phenomenon causes an increase of the off-state viscosity and of the reacting force of the device. The coating of magnetic particles with a protective surface layer can be a solution to enhance the durability of MR fluids from this point of
view [11, 12].
c) Particle oxidation
The MR fluid is characterized by a modification of its compositional properties, due to the
absorption of carbon dioxide and the corresponding corrosion. This effect gets worse in case
of higher shear rate and increasing temperature, that produce stronger collision of iron particles [13, 14]. The oxidation of particles determines a lower magnetization of iron oxides with
respect to elemental iron and, consequently, to reduced mechanical performances of MR fluids. Surface protection agents and anti-oxidants can be added to the formulation in order to
reduce or eliminate the process.
d) Seal wearing
Seal design and selection of proper seal material are a critical issue for MR devices.
Iyengar and Alexandris [15] tested the wear resistance of five polyurethanes–based seal materials, in combination with four types of fluid lubricant, and investigated different abilities to
resist wear. Then, Wiehe and Maas [16] made durability tests and showed the suitability of
two seal types in terms of wear resistance for long-term usage.
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According to previous studies, particle sedimentation in the absence of magnetic field represents the most severe problem for MR fluids, due to large difference of the densities between magnetic particles and carrier fluid. The non-uniform distribution of micro-particles
can interfere with MR effect when the magnetic field is applied and hence MR fluid performance may be degraded. This is mainly the case of seismic MR devices where particles are
subjected to only gravitational force for long time while not being functional.
Two strategies to reduce sedimentation are the adoption of fluid stabilizers additives or
particle coating [17, 18], but high care should be taken in choosing fluid stabilizing additives
so that they do not adversely affect the off-state viscosity [19]. The coating process is complicated and involves surface treatment and addition of monomer or stabilizer. Rahim et al. [17]
studied the use of nano-particles additives of Al and Cu, simultaneously, to enhance the thermal conductivity and reduce the sedimentation rate of MR fluids. They proposed a procedure
to find optimal components of the additives to achieve both the enhancement of the thermal
conductivity and the reduction of the sedimentation rate, simultaneously.
The experimental tests showed in the following were conducted under virtually identical
environmental conditions, so that a study about temperature effect on the mechanical response
of the MR dampers is out of the scope of the work [20]. On the other hand, the authors have
demonstrated the short-term readiness and efficacy of the investigated MR dampers through
experimental dynamic characterization tests and also shaking table seismic tests on a scaled
frame structure [21].
3

TEN YEARS AGEING EXPERIMENTAL CAMPAIGN ON PROTOTYPE MR
DAMPERS

Dynamic characterization experimental tests of two prototype MR dampers were done in
July 2017 and their results have been compared with those obtained for the same devices
when they were tested in February 2008 and March 2013. The same experimental set-up were
assumed, in similar environmental conditions. During both time periods, i.e. from 2008 to
2013 and from 2013 to 2017, the devices have been stored in a horizontal position. Then, they
have been much slowly displayed to the testing machine for the 2013 and 2017 tests, in order
to avoid the shaking of the MR fluid inside. This kind of storage just corresponds to the real
inactivity condition of the dampers when they are installed horizontally inside a building at a
certain floor level (i.e., under indoor environmental conditions), to seismically protect the
structure. The comparison between the results processed from the three experimental testing
periods, gave important information on how the devices’ mechanical behavior changed after
two long periods of rest. The authors tried to associate the variations of the mechanical behavior to the most probable physical modifications in MR fluids.
Figure 1 shows one of the prototypes full-scale MR dampers which were studied during a
wide experimental campaign performed in 2008 and in 2013 [3], and were finally experimentally tested in July 2017. The intensity of the feeding current is in the range 0÷3 A and the
maximum force, that can be developed at the maximum current intensity, is of about 30 kN.
In order to assess the variations in their mechanical behavior due to the time elapsed with
non-operating devices, harmonic and constant velocity displacements time-histories have
been imposed between the ends of the devices.
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Figure 1: Photo and dimensions (in mm) of the prototype MR damper.

In order to be able to compare the results obtained by the tests performed during three different time periods, in July 2017, the same previous experimental setup has been used and
some tests carried out in 2008 and 2013 have been performed again. Table 1 shows the list of
tests: for each of them, made of 10 cycles, the type of test and the assumed parameters are reported. The promptness of each MR damper has been evaluated by performing the following
tests: at first a harmonic displacement test at 1.5 Hz frequency and 20 mm amplitude; then,
four constant velocity tests at 0.1 m/s velocity, 10 mm amplitude and 2 seconds pauses before
inverting the sign of the velocity. These constant velocity tests were performed at different
current values i=1.0; 2.0; 2.5; 3.0 A. Besides, for MR device 1, seven further passive tests
were carried out by applying a harmonic displacement time-history at 1.5 Hz, 20 mm amplitude and different current intensities.
MR
#
2
2
2
2
2
1
1
1
1
1
1
1
1
1
1
1
1

Type
of
test
promptness
promptness
promptness
promptness
promptness
passive
passive
passive
passive
passive
passive
passive
promptness
promptness
promptness
promptness
promptness

Test
No.
1
2
3
4
5
1
2
3
4
5
6
7
8
9
10
11
12

i
[A]
2.0
1.0
2.0
2.5
3.0
2.7
1.8
0.9
0.0
2.7
2.7
2.7
2.0
1.0
2.0
2.5
3.0

f/v
[Hz / ms-1]
1.5 Hz
0.1 m/s
0.1 m/s
0.1 m/s
0.1 m/s
1.5 Hz
1.5 Hz
1.5 Hz
1.5 Hz
1.5 Hz
1.5 Hz
1.5 Hz
1.5 Hz
0.1 m/s
0.1 m/s
0.1 m/s
0.1 m/s

d
[mm]
20
10
10
10
10
20
20
20
20
20
20
20
20
10
10
10
10

Table 1: List of tests performed on MR dampers in 2017.

As shown in Table 1, both the MR dampers were subjected to five promptness tests. Their
aim was to measure the time delays previously defined within the SA control chain. The
change of dampers’ behavior were commanded for each zero crossing of the displacement
laws (i.e. in the instants in which x=0 occurred during constant velocity tests No. 2 to 5 on
MR #2 and No. 9 to 12 on MR #1) or of the velocity curves (i.e. in the instants in which ẋ=0
occurred during harmonic displacement test No. 1 on MR #2 and No. 8 on MR #1). The electrical delay e of the electromagnetic circuit, which spans from the instant when the current
inside the coils starts to rise or to fall, to the stabilization of the current into the damper at its
nominal value with a tolerance of 5%, has been measured at a certain number of onoff and
offon switches for each performed test. The minimum and maximum values of the electri-
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cal delays e measured in 2017 at onoff and offon switches, are represented by the black
filled circles in Figures 2(a) and 2(b), respectively. For each current intensity, they are compared to the minimum and maximum values measured in 2008, represented by the blank circles in the same Figures. The 2017 response delays fall within the 2008 relating ranges, in
almost all the cases: they are within 2-6 ms for the onoff phases, 2-9 ms for the offon
phases.
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e,OFF/ON [ms]
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2008 min/max values
2017 min/max values
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0.5
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3.5

i [A]
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Figure 2: Minimum and maximum values of e measured in 2008 and in 2017 for different levels of current.

Figures 3 and 4 show the most relevant results, in terms of force-displacement loops, of
passive tests 1, 2, 4, 5 made on MR damper #1. An elongation of the damper is assumed as
positive value of displacement, while a positive value of force indicates the device is in tension. Passive tests 3, 6, 7 are not discussed for the sake of brevity, because the results agree
with those described in the following.
Figure 3(a) shows the first force-displacement cycle imposed in 2017 to MR damper #1 at
a 2.7 A feeding current (test No. 1), after 4 years of rest. It is compared with the first cycle of
the first test performed in 2013 after 5 years of inactivity, and with the first cycle of the same
test done in 2008 after a certain number of tests. In the test of 2008 the device almost immediately reached the 27 kN yielding force, while an irregular trend is recognized in the reacting
force measured in both 2017 and 2013, but that one recorded in 2017 is more irregular than
the one of 2013. For some instant of the 2017 first loop, the maximum damper force is larger
than four and nine years before. As already observed after the 2013 experimental tests, the
mechanical behavior observed during the 2017 first cycle, performed after 4 years from the
last activity, is most probably due to some phenomena occurring in MR fluid: sedimentation
of the particles, presence of air bubbles and an increase of the fluid viscosity.
When the motion of the device piston operates a re-mixing of the fluid in its cylinder, the
probable air is eliminated, the probable increase of fluid viscosity is recovered, and the recorded irregularities disappear from the following cycles. Figure 3(b) reports the second cycles
of the same tests considered in Figure 3(a). It clearly shows that the 2017 second loop globally has a shape very similar to those recorded in 2008 and 2013, but the forces measured in
2017 are slightly lower than the forces of 2008 and 2013. The last part of the considered tests
(10th cycle) is in Figure 3(c) and makes in evidence that the 2017 forces become more and
more less than those recorded in the 2017 first cycle. It is quite evident the typical Bingham
behavior (i.e., friction and viscous components connected in parallel), but the decrease of the
2017 damping forces is probably due to the phenomenon of particle oxidation responsible of a
decreasing of fluid’s yielding stress, instead of a loss of MR fluid’s viscosity.

4811

M. Spizzuoco

Therefore, the experimental data explain that particle sedimentation have determined the
most significant modifications during the first cycle, but the damper is able to recover after
about one cycle through the mixing activity made by the piston within the fluid. Then, the
mechanical response of the MR dampers exhibited after the 1st test is similar to that observed
during the 10th cycle of the latter.
Figure 4 shows the first cycle of tests No. 4, 2 and 5 on MR #1 performed at 0.0, 1.8 and
2.7 A, respectively: they demonstrate that the viscous behavior in 2017 is quite equal to that
in 2008 and 2013 (Figure 4(a)), so that the decay in 2017 damper force, with respect to 2008
and 2013, is depending on the current level. The amount of maximum force reduction is higher with increasing currents and it can be attributed to oxidation of particles which produces a
not reversible decline of the MR fluids’ mechanical performance, due to the lower magnetization of iron oxides.
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Figure 3: Comparison of force-displacement cycles (1.5 Hz, 20 mm) recorded in 2008, 2013 and 2017 at 2.7 A.
Plots (a), (b) and (c) refer to the first, second and 10th loop, respectively.
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Figure 4: Comparison of force-displacement cycles (1.5 Hz, 20 mm) obtained in 2008, 2013 and 2017 for different levels of current (0.0, 1.8, 2.7 A).

The behavior of MR dampers, in terms of control forces and dissipated energy, is further analysed in the harmonic displacement tests of 2008, 2013, 2017 at 1.5 Hz frequency and 20 mm
amplitude. Clearly, the first cycle performed in 2013 and 2017 after long time of device’s inactivity were not considered due to the temporary irregularities described above. Figure 5(a)
reports the value of maximum damper force at four levels of current intensity: from 2008 to
2013, a percentage reduction of approximately 2% has been found at i = 2.7 A, while an increment of about 4% has been computed at i = 0.0 A; from 2013 to 2017, a reduction of about
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5% and 8% has been determined at the two above extreme currents. For the same harmonic
tests, Figure 5(b) shows the energy dissipated in one displacement cycle, computed as mean
of the of about 1% energy values related to three consecutive loops: from 2008 to 2013, a percentage increment has been calculated at i = 2.7, while a reduction of about 5% has been
found at i = 0.0 A; from 2013 to 2017, a reduction of about 4% and 10% has been evaluated at
the two extreme current levels.
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Figure 5: Maximum device force (a) and energy dissipated in one loop (b), for the tests at 1.5 Hz and 20 mm
performed in 2008, 2013 and 2017 at currents 0.0, 0.9, 1.8, 2.7 A.

Table 2 reports the percentage of performance decay from 2008 to 2013, from 2013 to
2017, and finally from 2008 to 2013. In case of no current (0 A), the maximum reacting force
is reduced by about 5%, while for current intensities 0.9 and 1.8 A the effect due to probable
particle oxidation leads to less reacting forces of about 8-10% with respect to 10 years before.
However, at current 2.7 A, the performance decay is less (6%) because the higher intensity of
the magnetic field makes the device less sensitive to the oxidation of ferro-based particles.
The average decay, over the four current levels, is 7%.
On the other hand, on the right side of Table 2 are summarized the results in terms dissipated energy: its decay in 10 years, is almost inversely proportional to current, i.e. from -14%
at 0.0 A to -3% at 2.7 A.
Response
time
2008  2013
2013  2017
2008  2017

Practically
unchanged

0.0 A
4%
-8%
-5%

Maximum reacting force
0.9 A 1.8 A 2.7 A
-4%
-2%
-2%
-7% -6 % -5%
-10% -8%
-6%

mean
-1%
-6%
-7%

0.0 A
-5%
-10%
-14%

Dissipated energy
0.9 A 1.8 A 2.7 A
-3%
-1%
1%
-6%
-6%
-4%
-9%
-7%
-3%

mean
-2%
-6%
-8%

Table 1: Ageing effects due to inactivity (minus sign means a decrement).

4

CONCLUSIONS

The authors describe the results of an experimental activity designed to assess the longterm behavior of two prototype MR dampers after many years of rest. Four different phenomena have been found in literature as responsible of deterioration of MR fluids: sedimentation
of particles within the fluid, their oxidation, thickening of the fluid and seal wearing. The oxidation phenomenon seems to be the most significant in compromising the effectiveness of a
MR device over time. It is worth to point out that the seal wearing was never an issue for the
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authors because no fluid leakage has been ever observed in the studied prototype MR devices.
The first force-displacement cycle performed after the quiescence was quite irregular due to
particles sedimentation and possible air bubble inside the fluid. This issue quickly reversed,
both in the 2013 and 2017 years, after the first half of the first cycle. The effects of fluid’s
thickening on the mechanical response were not detected, as this typically becomes more evident when MR fluids are subjected to long-term high shear stress, rather than inactivity.
As conclusive consideration, it is possible to draw that in the worst case the performance
decay caused by 10-years ageing effects is about 10%. It is acceptable, because it’s within the
limits of the uncertainties generally involved in structural analysis. It is worth to point out that
the above conclusions are referred to a type of MR damper and fluid and can’t be considered
surely valid for all other cases.
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Abstract
The Iberian Peninsula is close to the Eurasia-Africa plate boundary resulting in a considerable seismic hazard. In fact, the southwestern Iberian Peninsula is affected by far away earthquakes of long-return period with large-very large magnitude. A project named PERSISTAH
(Projetos de Escolas Resilientes aos SISmos no Território do Algarve e de Huelva, in Portuguese) aims to cooperatively assess the seismic vulnerability of primary schools located in the
Algarve (Portugal) and Huelva (Spain). Primary schools have been selected due to the considerable amount of similar buildings and their seismic vulnerability. In Portugal, the Decreto Lei 235/83 (RSAEEP) is mandatory while in Spain, the mandatory code is the Seismic
Building Code (NCSE-02). In both countries, the Eurocode-8 (EC-8) is recommended. Despite the fact that both regions would be equally affected by an earthquake, both seismic
codes are significantly different. This research compares the seismic action of Ayamonte
(Huelva) and Vila Real de Santo António (Portugal). Both towns are very close and located at
both sides of the border. Moreover, they share the same geology. This analysis has been applied considering a RC primary school building located in Huelva. To do so, the performance-based method has been used. The seismic action and the damage levels are compared
and analysed. The results have shown considerable differences in the seismic actions designation, in the performance point values and in the damage levels. The values considered in the
Portuguese code are significantly more unfavourable. An agreement between codes should be
made for border regions.
Keywords: Performance-based method, seismic code, seismic behaviour, nonlinear analysis,
Iberian Peninsula, reinforced concrete building.
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1

INTRODUCTION

The Iberian Peninsula (IP) is close to the Eurasia-Africa plate boundary. This results in a
considerable seismic hazard for the southern IP. In fact, the southwestern IP is affected by far
away earthquakes of long-return period and large-very large magnitude [1]. Buildings in this
area have been severely damaged in the past by relevant events such as the 1344, 1531, 1722,
1755, 1859 and 1909 earthquakes [2].
A project named PERSISTAH (Projetos de Escolas Resilientes aos SISmos no Território
do Algarve e de Huelva, in Portuguese) aims to cooperatively assess the seismic vulnerability
of primary schools located in the Algarve (Portugal) and Huelva (Spain) [3]. Primary schools
have been selected due to their vulnerability [4], to the amount of buildings sharing a similar
configuration and to the seismic hazard of the region. Moreover, a major part of them was
constructed in the 1970s. That is, no seismic considerations were taken into account in their
design or, if considered, the requirements were not very restrictive.
Despite the fact that both regions would be equally affected by an earthquake, the seismic
codes of Portugal and Spain are significantly different [5]. In Portugal, the Decreto Lei 235/83
(RSAEEP) [6] is mandatory. Whereas in Spain, the Seismic Building Code (NCSE02) [7]
must be fulfilled. In both countries, the Eurocode-8 (EC8) [8] is recommended. The most outstanding difference between codes is the seismic action level. Some other specifications such
as the ductility requirements and the limit states are very similar.
The European Union promoted a homogenization of the design rules for earthquake resistant structures through the EC8 [9]. However, the determination of the basic parameters
such as the seismic action must be provided by the National Annexes. Moreover, the seismic
hazard analyses implemented in these seismic codes are outdated. In fact, as pointed out in
[10], further research must be performed on the definition of the ground motions including
attenuation laws and scenario features.
A few studies are focused on the seismic codes provisions analysis. In [9], the authors performed a comparative study of the seismic hazard assessments in European national seismic
codes. They obtained considerable differences in each seismic code. Hence, they concluded
that inter-country cooperation would improve the earthquake catalogue and the criteria defining the seismogenic zones. In [11], the seismic design criteria and ground motion selection
methods from five different world regions were compared. They demonstrated that despite the
incentive for harmonization, obvious differences could be mainly found on the response spectra definitions.
In this context, this research compares the seismic action of Ayamonte (Huelva) and Vila
Real de Santo António (Portugal). Both towns are very close and located at both sides of the
border. Moreover, they share the same geology. This analysis has been applied considering a
reinforced concrete (RC) primary school building located in Huelva. To do so, a comprehensive analysis of the seismic action level provisions of each code has been performed. The performance-based method has been used and nonlinear static analyses have been carried out.
The seismic action and the damage levels are compared and analysed.
2

METHOD

2.1 Seismic action specific provisions.
In this section, a comprehensive analysis of the seismic action level provisions of each
code has been performed. As in [9], Table 1 summarizes the principal parameters analysed
and their correspondent values.
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Decreto Lei
RSAEEP
Date
1983
Earthquake scale
Magnitude
Earthquake estimation Historical
Attenuation
laws
Gumbel III
Attenuation function Acceleration
Hazard assessment
Poissonian
Gumbel I
Hazard descriptor
PGA
Importance factor
Parameter

Type of spectrum
Non-collapse
Damage level
Hazard value

Spanish update
2012
Magnitude
Historical
Attenuation
laws

EC8 Spanish
annex
2010
-

ECEC-88

NCSE-02

1998
-

2002
Intensity
Historical

-

Macroseismic Acceleration Poissonian
Poissonian
-

ag=agR·γI
γI=1

ac=S·ρ·ab
ρ=1

PGA
ρ=1

EC8 Portuguese annex
2010
-

-

agR=0.8· ab
γI=1.3

agR
γI-T1=1.45
γI-T2=1.25
Type 1 and 2 Type 1 and 2 Type 1
Type 1
Type 1 and 2 Type 1 and 2
TNCR=1000yrs TNCR=475 yrs TNCR=500 yrs TNCR=475 yrs TNCR=475 yrs TNCR=475 yrs
PNCR=10%
PNCR=2 ‰
PNCR=10%
PNCR=10%
PNCR=10%
TDLR=95 yrs TDLR=95 yrs TDLR=95 yrs TDLR=95 yrs TDLR=95 yrs
PDLR=10%
PDLR=10%
PDLR=10%
PDLR=10%
PDLR=10%
Ayamonte
Ayamonte
Vila Real
ac=1.597 m/s2 ac=1.763 m/s2
ag-T1=2.2 m/s2
2
2
ag=1.428 m/s ag=1.5 m/s
ag-T2=2.1 m/s2

Table 1: summary of the basic seismic action designation parameters of each code.

In the case of Spain, the imperative seismic code is the NCSE-02 while the EC-8 is recommended. This code provides only requirements to prevent buildings collapse. Therefore,
only static analyses are allowed and no damage thresholds are considered. The seismic hazard
map followed a similar approach to the 1994 version of the code. The calculation was performed in terms of the European Macroseismic Scale (EMS-98) intensity scale based on a
poissonian approach. The data came from the Spanish Geographic Institute, “Instituto Geográfico Nacional, National Geographical Institute of Spain (NGIS)”. A logarithmical correlation was implemented to determine the horizontal acceleration using the EMS scale. The
spectrum is defined according to the C and K coefficients. The K coefficient takes into account the different contribution of the Gibraltar-Azores zone to the seismic hazard. The C coefficient considers the influence of the soil. The return period (T) and the exceedance
probability (P) differ from the rest of the codes. The hazard is described by the seismic acceleration (ac), which is calculated as the product of the soil amplification coefficient (S), the
importance factor (ρ) and the basic acceleration value (ab). The coefficient S is used to calibrate the value of ab since it is expressed for soil-type II.
In 2012, an update of the Spanish seismic hazard maps was performed [12]. Its use is recommended but it is not mandatory. This catalogue carried out a revision of earthquakes of
other catalogues and specific studies. In addition, a homogenization process to convert all the
events into moment magnitude (Mw) by applying different relations was performed. A total
amount of 6999 events were implemented, ranging from Mw 3.5-8.5 and depth 0-65 km. A
Probabilistic Seismic Hazard Analysis (PSHA) was implemented following a Poisson distribution to determine the probability of exceedance. T and P were considered similar to the
EC8 values. The hazard was expressed as PGA on soil-type I.
In the Portuguese code RSAEEP (1983), the earthquake estimation implemented historical
events, attenuation laws and the Gumbel III extreme distribution. The hazard assessment took
into account a Poissonian approach as well as a Gumbel I distribution. As established by [10],
the process of seismic occurrence was based on the Seismic Catalogue of the Iberian Peninsu-
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la taking into account a 2000 years-period of observation. The return period was considerably
superior to the other codes. The response spectra were tabulated for each of the four seismic
zones and the influence of the soil was taken into account by means of the α-coefficient.
Regarding the EC-8 provisions, a different approach is used to determine the response
spectrum. Depending on the soil type, different values of fundamental periods are designated.
The hazard is described as the design ground acceleration on Type A-ground (ag). This is
equal to the reference peak ground acceleration (agR) multiplied by the importance factor (γI).
The values to be ascribed to agR can be found in the National annexes. In the Spanish annex,
the ab must be reduced a 80% to obtain the agR since the ab is expressed for the soil type II.
Regarding the Portuguese annex, no reduction must be performed. Moreover, different values
of the γI-factor are established in each Annex for the schools’ buildings (i.e. 1.3 in the Spanish
Annex and 1.45 and 1.25 in the Portuguese Annex, when considering the response spectrum
Type 1 and 2, respectively).
The EC-8 and the Portuguese code establish different response spectra types. According to
the EC-8 designation, Type 1 (T1) is used if the earthquakes that contribute most to the seismic hazard are far-earthquakes of moderate-high magnitude (Mw>5.5). Type 2 (T2) spectrum
is implemented if the earthquakes are near-earthquakes of magnitude not larger than Mw<5.5.
Nevertheless, the NCSE-02 considers only the far-earthquake scenario.
Concerning the return periods and the probability of exceedance, they remained the same
in the case of the EC-8 and the National Annexes for the non-collapse (NCR) and the damage
level cases (DLR). However, in the case of the NCSE-02, the T and the P for the non-collapse
case are different as well as the return period of the Portuguese code.
The response spectra determined according to each seismic code provisions for the border
region of Vila Real de Santo António - Ayamonte are shown in Figure 1. The following codes
have been considered: the Portuguese Decreto Lei; the NCSE-02 response spectrum considering Ayamonte and the values obtained by the 2012 update; and the EC-8 response spectrum
considering these former values and the Portuguese seismic action provisions for Vila Real
established in the National Annex and in [13].
The soil type selected has been type III or C in the case of the National codes and European provisions, respectively. It should be noted that considerable differences could be found on
the hazard value comparing the seismic codes. These values differ up to a 60%.

(a)

(b)

Figure 1: comparison of response spectra of each seismic code considered for a far-earthquake scenario (Type 1)
(a) and a near-earthquake scenario (Type 2) (b).
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2.2 Building’s configurations.
A typical RC primary school has been selected. This is located in Ayamonte (Spain). However, this has been analysed as if it was located in Vila Real de Santo António (Portugal) and
in Ayamonte (Spain). These two towns are placed at each side of the border between both
countries (Figure 2a). Hence, buildings in this area share the same geology and the seismic
hazard should be similar. The building is composed of two storeys and it was constructed during the 1970s. Therefore, basic seismic requirements were considered during its design. The
plan and the elevation of the building have been depicted in (Figure 2b).

(a)

(b)

Figure 2: towns location (a) and building’s configuration (b).

The building is composed of RC wide-beams, columns and ribbed slabs. The frames in the
X direction are the load bearing frames. Load beams are designed as 60x30 cm, they have
5Ø16 mm of longitudinal rebar and Ø6 mm each 20 cm of transversal rebar. Tie beams are of
30x30 cm, they have 4Ø12 mm of longitudinal rebar and Ø6 mm each 20 cm of transversal
rebar. Columns are of 30x30 cm, they have 4Ø12 mm of longitudinal rebar and Ø6 mm each
15 cm of transversal rebar. The RC compressive strength (fck) is 17.5 MPa while the steel
yield stress (Fy) is 420 MPa. The modulus of elasticity (Ec) are 25,000 MPa and 200,000 MPa,
for the RC and the steel, respectively.
The gravitational loads considered in the analysis have been the self-weight of the elements and the permanent and variables loads. The first is automatically considered by the
computer software used in the analysis. The dead loads are the sum of the weight of the
ribbed slabs, the internal partitions, the ceiling and the ceramic flooring, which is in total 5.5
kPa. The variable load designated, corresponding to classrooms, is 3 kPa. This value is the
same in both the Spanish and the Portuguese codes.
2.3 Performance-based method.
The building’s performance analysis depends on the capacity and the demand [14]. According to these parameters, it can be obtained the so-called performance point of a building
(displacement vs. basal shear force). The performance point is determined by the intersection
of the capacity curve of the building and the inelastic response spectrum. This intersection can
be performed by two methods: the capacity-demand spectrum method from the ACT-40 [15]
and the N2-method [16].
In this work, the N2-method has been taken into account, which is the procedure implemented in the EC-8 to determine the target displacement. The construction of the theoretical
bilinear curve has been carried out according to [17]. Different performance points have been
obtained for each response spectrum defined in the previous section. These have expressed for
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a multi-degree-of-freedom (MDOF) system. Also, the non-collapse safety condition required
du*/dt*>1 according to the EC-8 has been analysed and obtained for a single-degree-offreedom (SDOF) system.
2.4 Nonlinear static analyses.
Although more accurate results can be obtained by means of dynamic analyses, they require high computational efforts and time to model the structures [18]. Since this study aims
to compare the general seismic performance of a building according to different seismic actions, nonlinear static analyses have been carried out (pushover analyses). They have been
performed to determine the capacity curves in the two orthogonal directions of the building
(X and Y) by means of the SAP2000 v.19 software [19].
Two loads pattern have been considered as indicated in the EC-8. First, a triangular pattern
based on lateral forces proportional to the height and the mass of each storey has been applied
(mass). Then, a load patter proportional to the displacement produced by the first mode of vibration has been considered (mode). Numerous works can be found on the simulation of the
nonlinear behaviour of RC [20]. In the SAP2000 software, RC frames nonlinear behaviour is
simulated by means of the plastic hinges. Plastic hinges are added to all the RC frames. Two
types of plastic hinges can be determined: default and manual. Manual plastic hinges determination takes considerable amount of time and the results do not differ from those obtained by
the default designation [20]. Therefore, in this work, default plastic hinges have been defined
according to the ASCE-41-13 [21] as implemented in [20]. PM2M3 plastic hinges have been
added to columns whereas M3 hinges have been included in the beams. They have been included at both ends of the frames as established in the EC-8.
2.5 Damage level provisions.
The fragility curves define the probability of reaching a damage state. In this work, these
curves have been determined according to the RISK-UE lognormal distribution [22]. The
damage probability for each state (no-damage, slight, moderate, severe and collapse) has been
determined. In addition, a useful index named the mean damage grade has been obtained according to [23]. This index represents the most likely damage state that will suffer the structure according to the seismic action. This value will range from 0 to 4.
3

RESULTS

This section presents the results obtained from the analyses carried out. Four capacity
curves have been obtained, which are depicted in Figure 3. These have been named as AS
(Ayamonte School) followed by the direction studied (X or Y) and the load pattern (proportional to the mass or to the first mode of vibration). Similar curves have been determined for
each load pattern in both directions of the building. Therefore, the most unfavourable curves
will be taken into account when obtaining the rest of the results (i.e. AS_X_mode and
AS_Y_mode).
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Figure 3: capacity curves in the X and the Y direction of the building.

Once the pushover curves have been obtained, the performance points for the MDOF system have been determined for each response spectrum considered. The performance points are
plotted in Figure 4.

(a)

(b)

Figure 4: performance points obtained for each unfavorable load pattern considering Type 1 (a) and Type 2 (b)
response spectra.

In Figure 5, the damage level probability is shown for each capacity curve selected. Only
the results concerning the Type 1 response spectrum have been shown owing to the worse results obtained.
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(a)

(b)

Figure 5: damage level probability for the capacity curves in the X (a) and Y (b) direction considering a load
pattern based on the first vibration mode.

In Figure 6, the mean damage index is depicted for each capacity curve selected considering both types of response spectra.

(a)

(b)

Figure 6: mean damage index for each capacity curve considering Type 1 (a) and Type 2 (b) response spectra.

Table 2 summarizes the SDOF ultimate displacements (du*) and the inelastic target displacements (dt*) for the most unfavorable capacity curves considering each response spectrum.
Response spectrum
Type
Data AS_X_mode AS_Y_mode
Original building
du*(m)
0.160
0.260
ultimate displacement
DC235/83-GIII
Type 1 dt*(m)
0.098
0.135
du*/dt*
1.637
1.920
Type 2 dt*(m)
0.069
0.082
du*/dt*
2.332
3.171
NCSE02-ab02-GIII
Type 1 dt*(m)
0.108
0.145
du*/dt*
1.482
1.789
Type 2 dt*(m)
du*/dt*
NCSE02-PGA12-GIII Type 1 dt*(m)
0.119
0.160
du*/dt*
1.343
1.622
Type 2 dt*(m)
-
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EC-8-ab02-GC

EC-8-PGA12-GC

EC-8-SOUSA08-GC

du*/dt*
Type 1 dt*(m)
du*/dt*
Type 2 dt*(m)
du*/dt*
Type 1 dt*(m)
du*/dt*
Type 2 dt*(m)
du*/dt*
Type 1 dt*(m)
du*/dt*
Type 2 dt*(m)
du*/dt*

0.080
1.999
0.041
3.923
0.086
1.865
0.044
3.661
0.170
0.943
0.069
2.317

0.108
2.413
0.041
6.363
0.115
2.252
0.044
5.939
0.228
1.139
0.093
2.798

Table 2: SDOF ultimate and target displacements for each capacity curve and corresponding ratios of du*/dt*.

4

ANALYSIS OF RESULTS

The analysis of the specific provisions established in each seismic code has revealed considerable differences regarding the seismic action level designation. This is mainly due to the
seismic hazard assessment of each code. The NCSE-02 considers a poissonian approach. This
represents the probability of occurrence of an event in a time or spatial framework. The Portuguese seismic hazard assessment is based on a Gumbel distribution. Contrary to the poissonian approach, this represents a distribution of maximum values of events. This results in
higher values of ground acceleration in the case of Portugal since only maximum values are
considered in its hazard assessment.
Moreover, the importance factor of school buildings varies its value for each code. The
values in each code can differ from each other up to a 30%. This also leads to higher values of
ground acceleration in the Portuguese codes.
The nonlinear static analyses have resulted in similar capacity curves obtained for each
load pattern considered in the X and Y direction. The most unfavourable curves have been
those proportional to the first vibration mode of the structure. The MDOF performance point
values obtained for the X direction have been considerably higher than those obtained for the
Y direction. Differences of up to 200% can be found comparing both types of response spectra. Furthermore, the performance points have considerably differed from each response spectrum type. The displacement obtained for the Type 2-spectra have been lower than those
obtained for the Type 1.
Regarding the damage level probability, lower values of damage have been obtained in the
X direction of the building. This is due to the higher structural capacity of the building in this
direction. Considering the response spectra, higher values of damage have been obtained for
the response spectra designed according to the NCSE-02.
In the case of the mean damage level, the damage state D3-severe damage (value of 3) has
been exceeded by the models that considered the NCSE-02 response spectrum. However, the
worst value has been obtained for the consideration of the Portuguese seismic values. In the
case of the Type 2 response spectra, the D3 limit has not been reached.
Regarding the safety requirement du*/dt*>1, higher ratio values have been obtained for the
Type 2 response spectra. Moreover, higher values of this ratio have been obtained for the Y
direction. This is due to the higher ductility that the building presents in this direction.
It should be highlighted that in the case of the Type 1-response spectra, the worst performance point has been obtained for the EC-8-designed spectrum considering the Portuguese
seismic action values. Moreover, the target displacement has been higher than the ultimate
displacement. Consequently, this resulted in the collapse of the structure as the damage prob-
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ability has shown. Furthermore, the EC-8 safety requirement du*/dt*>1 has not been accomplished.
5

CONCLUSIONS

The Algarve-Huelva is located at the southwestern Iberian Peninsula, close to the EurasiaAfrica plate boundary. This results in a considerable seismic hazard. In fact, this region is affected by far away earthquakes of long-return period with large-very large magnitude. Despite
the fact that both regions would be equally affected by an earthquake, the mandatory seismic
codes of each country are significantly different. In this work, the seismic action of Ayamonte
(Huelva) and Vila Real de Santo António (Portugal) have been compared. Both towns are
very close and located at both sides of the border. Moreover, they share the same geology.
This analysis has been applied considering a RC primary school building located in Huelva.
Primary school buildings have been selected to be analysed owing to the considerable amount
of similar buildings and the seismic vulnerability of this typology.
Nonlinear static analyses have been carried out to determine the performance point and the
damage level of the building considering different response spectra definitions: the Portuguese Decreto Lei; the NCSE-02 response spectrum considering the Ayamonte seismic hazard
values and those obtained by the update of 2012; and the EC-8 response spectrum considering
these former values and the Portuguese seismic action provisions for Vila Real established in
the National Annex and in [13].
This work has concluded that considerable differences can be found on each seismic code
provision particularly in the definition of the response spectra. This is due to the seismic hazard approaches followed in each code (i.e. average event distribution in the Spanish code and
maximum values distribution in the Portuguese code). Moreover, the impact factor that amplifies the ground acceleration value differs from each other. Despite the fact that the EC-8 was
proposed as a homogenization tool, the seismic action is obtained from the National Annexes
whose values considerably differ from each other. Therefore, although the buildings are close
and share a similar geology, different values of ground acceleration are obtained when considering the different codes.
The nonlinear static analyses have shown that the worst seismic performance is obtained
when considering the Portuguese seismic action updated. In fact, the EC-8 safety requirement
has not been accomplished for this seismic action. This is due to the unfavourable values considered in the Portuguese code. Moreover, higher values of damage have been obtained when
considering the NCSE-02 response spectrum. This is due to the reduction of the Ayamonte
ground acceleration value established in the 2012 Spanish update. This study leads to the conclusion that safety provisions may not be fulfilled if a less restrictive seismic code is taken
into account. Therefore, as pointed out in numerous works, an agreement between codes
should be made for border regions.
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Abstract
This paper presents a predictive model for evaluating the central tendency and related recordto-record variability for the residual displacements of simple inelastic oscillators under seismic
excitation. For this study, yielding single-degree-of-freedom systems were considered, with
bilinear backbones and non-degrading hysteretic rule characterized by peak-oriented reloading
stiffness. Systems with natural periods belonging to the 0.3 s to 2.0 s range and exhibiting postyield hardening ratios ranging from 0 to 10%, were analyzed via incremental dynamic analysis
to obtain the residual displacements as a function of the ductility demand. A set of fifty
acceleration records was used for the dynamic analysis, coming from medium-to-large
magnitude events, recorded at the closest distance to the rupture surface ranging from 3.5 km
to 43.7 km on firm soil or rock and devoid of apparent directivity effects of interest for seismic
response. The model fitted on these results, consists of two regression equations: one equation
for the period elongation given ductility demand and another for the residual displacement ratio
given period elongation and ductility demand.
In this context, the residual displacement ratio is defined as residual-to-peak inelastic
displacement. Thus, the model allows to assess the joint conditional distribution of period
elongation and residual displacement at fixed ductility levels. These results could be useful for
seismic reliability assessment for structures accumulating damage, for example during seismic
sequences, where the seismic fragility of a structure damaged during a mainshock earthquake
comes into play for risk calculations during the ensuing aftershock sequence.
Keywords: residual displacements; sequence-based seismic reliability; state-dependent
seismic fragility.
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1 INTRODUCTION
Within the Performance-Based Earthquake Engineering (PBEE; [1]) paradigm, the
probabilistic assessment of a structure’s residual displacement is of interest, in addition to the
peak (transient) deformation demand, because the former can be useful in modelling the
performance of structures during a seismic sequence, when these structures have been already
damaged by the mainshock earthquake. In fact, the residual displacement is a response
parameter closely related with the remaining capacity of mainshock-damaged structures to
withstand aftershock sequences [2,3]. In this context, the residual deformation was established
over the last years as a useful index of the severity of inelastic response, complementary to
maximum transient response. Moreover, its amplitude can be used to determine the technical
and economic feasibility of repairing seismic damages because of the difficulty to reverse
permanent displacements [4]. Thus, several previous studies were focused on individuating the
parameters that primarily affect residual displacement, and a few investigations also presented
simple predictive equations for residual displacements.
Some early observations about residual displacement demands were provided by Mahin and
Bertero [5] who found that the permanent displacements of elastoplastic systems averaged more
than forty-percent of the peak inelastic displacement demand with high level of variability
(coefficients of variation associated with residual displacements close to unity).
An early residual displacement predictive procedure was provided by MacRae and
Kawashima [6]. They studied residual deformation demands of bilinear single-degree-offreedom (SDOF) systems with several values of post-yield stiffness ratio, under three ductility
demands. They pointed out the influence of post-yield stiffness ratio on the amplitude of
residual displacements introducing a method for estimating the average value of residual
displacements only dependent on the post-yield hardening ratio and the ductility demand,
without identifying a clear trend with the structural period of natural vibration. Moreover, they
proposed residual displacement response spectra for bilinear oscillators with varying post-yield
hardening ratio [7]. The dependence of residual displacements amplitude on ductility demand
and mainly on post yielding stiffness was also confirmed by Borzi et al. [8].
Subsequently, Pampanin et al. [9] studied residual displacements normalized by peak
inelastic displacement demand of four equivalent SDOF systems representative of reinforced
concrete (RC) frame buildings. They considered three hysteretic models (evolutionary and nonevolutionary) and different post-yielding stiffness ratios. These authors observed that the
residual deformation demand depended on the type of hysteresis, seismic intensity and postyield stiffness ratio.
Ruiz-Garcia and Miranda [4,10] studied the influence of several factors on the residual
displacement ratio Cr , which they defined as the ratio of residual-to-maximum elastic
displacement. These factors included period of natural vibration, lateral strength ratio, site
conditions, earthquake magnitude, distance to the source, post-yield stiffness ratio and
unloading stiffness. In that investigation residual displacement ratios were computed for
elastoplastic, bilinear SDOF systems with kinematic strain hardening and for SDOF systems
with three stiffness-degrading hysteretic models. They observed Cr to strongly depend on the
lateral strength and on period of natural vibrations mainly for periods shorter than about 1.0 s.
They also highlighted that residual displacements ratios exhibit record-to-record variability that
should also be accounted for. Moreover, a simplified equation to estimate the central tendency
of residual displacement demands for elastoplastic systems was suggested in [4], as function of
two independent variables, period of natural vibration and strength ratio.
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A detailed study about the influence of the hysteretic law on residual displacements was
performed by Liossatou and Fardis [11]. They used hysteretic models which represent the cyclic
degradation of stiffness and strength that is typical of RC structures. The scatter in residual
displacements was also quantified providing at different periods of natural vibration.
The objective of this study is to present a predictive model for the central tendency and
related record-to-record variability of residual displacements for SDOF bilinear systems with
non-degrading hysteretic rule, characterized by peak-oriented reloading stiffness. To this end,
the constant-ductility residual displacement ratio is investigated, defined as the absolute value
of the ratio of residual to peak transient displacement, C   res  max , where  res and  max
preserve their sign. This ratio is calculated for various combinations of input motion, natural
vibration period and post-yielding hardening ratio. In all cases, ductility demand  (defined as
the ratio of maximum response to yield displacement of the intact system,    max  y ) is held
constant by appropriately scaling the input motion. Because it is typical to define the damage
state of a structure based on crossing maximum transient displacement thresholds (e.g.,
[12,13]), this constant-ductility approach could be useful in the context of simplified estimation
of state-dependent seismic fragility [2,3,14]. The main result of the study is a predictive
equation for C  , derived via two-stage regression [15].
The article is structured as follows: first the analysis methodology is outlined describing the
properties of the analyzed systems and the organization of the analyses used to collect the data
set. The next two sections are dedicated to the detailed description of the predictive model
development, presenting first the model for residual displacement and secondly the model for
period elongation. Finally, the evaluation of the predictive model effectiveness is presented
along with some evaluation and discussion of the obtained results.
2. ANALYSIS METHODOLOGY
In order to collect the required data on which to base the predictive model, yielding singledegree-of-freedom systems with bilinear backbone and modified Ibarra-Medina-Krawinkler
(IMK) hysteretic model [16] were analyzed. Figure 1a shows an example of bilinear backbone
and hysteresis in dimensionless  R,  coordinates, where R  Sa T  Sa T  y is the strength
ratio, defined as the ratio of spectral acceleration intensity to its value causing yield or,
equivalently, the ratio of the elastic force over the yield base shear of the system, and  is the
ductility demand. The backbone starts elastically and presents a following hardening segment
with a slope  h , representing the ratio of post-yield stiffness to elastic stiffness, which ends at
the capping point ductility c where the loss of strength begins. Figure 1a reports a descending
branch too, defined by the post-capping slope  c , the ratio of the negative post-capping
stiffness to elastic stiffness, and the fracture ductility,  f , point corresponding to complete loss
of strength. This latter branch was defined exclusively for keeping track of the capping points
in the damaged post-shock state, whilst only considering target ductility demands lower than
the capping ductility during the execution of nonlinear dynamic time-history analyses. Figure
1b shows the modified IMK hysteretic model with peak-oriented response (presented in detail
in [17]). This hysteretic model is characterized by peak-oriented reloading stiffness; therefore,
the direction of the loading path targets the maximum displacement on the opposite side once
the horizontal axis is intersected in each reloading cycle. Although the model can include cyclic
deterioration modes, in this study it was implemented without considering any degradation rules
for strength and unloading stiffness.
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Figure 1: Backbone curve and non-degrading Modified Ibarra Medina Krawinkler (IMK) peak-oriented
hysteretic model in dimensionless  R ,   coordinates: backbone curve with defining parameters and an example
of hysteresis for the case with T  1.0 s ,  h  2.0% and   5.0 (a); representation of IMK hysteretic model
with peak-oriented response (b).

The residual displacements of the SDOF systems were computed using a set of analyses
organized in two different phases. The first phase consists in the execution of incremental
dynamic analysis (IDA) [18] fixing the target ductility  , which defines the damage state
reached by the structure during the earthquake. In this phase, the SDOFs are subjected to a suite
of fifty earthquake ground motions selected from within the NESS dataset [19]. These ground
motions were recorded on firm soil at a closest distance to the rupture surface ( RRUP ) ranging
from 3.5 km to 43.7 km and coming from seismic events with moment magnitude belonging to
the 6.1-7.6 range. Furthermore, the selected records exhibit PGA ranging from 0.053 g to 1.43
g and are devoid of apparent directivity effects. IDA involves performing a set of nonlinear
dynamic analyses using each record scaled in amplitude to increasing levels of intensity,
represented by an intensity measure (IM), to reach or pass the limit of engineering demand
parameter (EDP), the structural response corresponding to the level of ductility demand for
each damage state. Thereby a scale factor (SF) for each accelerogram is evaluated to bring the
response of the structural model to a fixed damaging level. The second phase consists in
obtaining multiple realizations of the SDOF structure in post-mainshock damage state by
performing non-linear dynamic analysis, using the records scaled by the SF calculated in the
previous phase. Subsequently a static pushover analysis up to the collapse is performed for each
realization, in both positive and negative direction of the load.
The performed analyses differ in the assumed values of ductility demand  , period of
natural vibration T and post-yield hardening ratios  h of SDOF systems. Ductility demand
assumed the following values   1.5, 2.0,3.0, 4.0,5.0, 6.0, 7.0,8.0,9.0 . The analyzed
oscillators had a fixed backbone as shown in Figure 1. In detail, the bilinear backbone was
defined assuming period, in seconds, T  0.3, 0.6, 0.9,1.0,1.2,1.5,1.8, 2.0 , and hardening
stiffness assuming the following percentage values with respect to the initial (elastic) one
 h  0.0, 0.5,1.0, 2.0,3.0, 4.0,5.0,10.0 . Setting the elastic stiffness and the period of natural
vibration, the mass of the system for each single case was consequently computed. A viscous
damping ratio   5.0 % was used and kept constant throughout the time-history analyses.
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The analyses were performed in order to study the variation of the backbone-defining
parameters, following seismic damage. Large inelastic deformations during strong ground
shaking leads SDOF systems with modified IMK hysteretic model to have residual
displacements and elongation of natural vibration periods. The residual displacement at a
certain ductility demand depends on the hysteretic characteristics of the system and it
determines the remaining ductility capacity of the post-mainshock structure. The period
elongation is caused by the reduction of the peak-oriented reloading stiffness which evolves
according to the modified IMK hysteretic model reported in Figure 1b. Therefore, the structure
from the natural vibration period T , in intact conditions, reaches by effect of the mainshock an
elongated period Telon . This elongated period is calculated from the post-shock reloading
stiffness at the end of the dynamic analysis, k ps as Telon  2    m k ps . Figure 2 shows the
effects of seismic damage on the structural backbone for an analyzed case, where k ps is evident
from the slope of the pushover at the end of the excitation . In particular, Figure 2a shows the
initial and post-mainshock backbones of a single SDOF system, highlighting the residual
displacement and the elastic stiffness variation of the SDOF structure in its post-mainshock
damage state, whereas in Figure 2b, the post-mainshock-damage-state realizations of the same
SDOF structure under four accelerograms of the fifty-record set are shown, revealing the
record-to-record variability.

Figure 2: Examples of an SDOF structure’s monotonic pushover (backbone) curve before and after the seismic
damage in  R ,   coordinates. Intact-structure backbone (dark line) and post-mainshock backbone (red line with
pre-yield stiffness k ps ,intersecting the zero-force horizontal axis at  res ) for a generic analyzed case (a); postmainshock backbones and residual displacements of an SDOF system with T  1.0 s and  h  2.0% , evaluated
for four different records scaled to cause ductility demand   5.0 (b).

3. PREDICTIVE MODEL FOR THE RESIDUAL DISPLACEMENT
During the investigation a total of 28800 elongated periods Telon and constant-ductility
residual displacement ratios C  were computed for peak-oriented bilinear systems,
corresponding to fifty acceleration time histories, eight periods of natural vibration, nine levels
of ductility demand and eight post-yield hardening ratios, and then processed to obtain the

4832

M. Orlacchio, G. Baltzopoulos and I. Iervolino

predictive model. The highest C  value encountered among these results was 0.52. In
subsequent elaborations, it was found useful to express these results in terms of the relation
between the ratio of residual to peak transient displacement  res  max (preserving the sign of
both  res and  max so that the ratio becomes negative when the two are in opposite directions)

and ln  T T  , where T  Telon  T denotes the difference between the elongated postmainshock period and the initial period. It was observed that  res  max exhibits persistently high

negative linear correlation with ln  T T  for varying T ,  and  h . In particular, values of

the correlation coefficient between ln  T T  and  res  max ,  (see for example [20]), range
from -0.50 to -0.99 with   0.7 for the majority of analyzed cases (with 0.5    0.7 only
in a few cases characterized by high ductility demands,   7.0 , and long periods of natural
vibration, T  1.8 s ).

Figure 3: Examples of regression of  res  max against ln   T T  highlighting their (negative) linear correlation.
Case of SDOF system with  h  1.0% , T  1.0 s and   5.0 (left); case of SDOF system with  h  5.0% ,
T  0.6 s and   6.0 (right).

This linear trend, examples of which are shown in Figure 3, motivates the adoption of a
linear model for C  , whose slope and intercept are functions of the ductility demand  and
the post-yield hardening ratio  h . The proposed model is given by Equation (1):
2
 T 
C    1   2     1   3   h  1     1   ln 
    5   h      1   6     C

  T   4

(1)

where  is the standard Normal variable and the parameters i , i  1,2,...,6 are coefficients
estimated by means of robust regression of  res  max against ln  T T  ,  ,  h using iteratively
re-weighted least squares with bisquare weighting [20] . The standard deviation of the regression
residual,  C , was found to be non-constant, varying with T ,  and  h (yet the residual can
be assumed homoscedastic with ln  T T  conditional on fixed values of the other independent
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variables). Thus,  C was also modelled analytically to account for this dependence (to follow).
It should be mentioned that despite the perceived dependence of  C on the oscillator’s initial
vibration period T , such dependence was not included in the expectation function of C  . In
fact, according to the executed F-test [20] the null hypothesis that the slope of an additional
linear term of T is zero, could not be rejected at the 5% significance level. Table 1 provides the
parameter estimates for i appearing in Equation (1).
1

2

3

4

5

6

-0.1124

-0.1867

0.0094

0.1308

-0.6385

-0.3361

Table 1. Coefficient estimates in Equation (1).

Figure 4 shows the model for the mean of the constant-ductility residual displacement ratio for
the cases with post-yield hardening ratio equal to 0.0% and 10.0%.

Figure 4: Central tendency of the model for the residual displacements. Case with  h  0.0% (left); case with

 h  10.0% (right).

As already mentioned, non-constant variance of the residuals was dealt with by modelling  C
by means of least-squares curve-fitting of an analytical expression, with parameters  i ,

i  1,2,...,7 , to the regression residuals for the various T ,  and  h values, given in Equation
(2):

 1     1   2  T , when  h  0
(2)
 C  
2
 3   h  1     1   4  T   5     1   6     1  T   h   7   h , when  h  0

Due to the peculiar nature of increased response dispersion, as the post-yield stiffness of the
systems goes to zero (due to the drifting effect observed for elastoplastic oscillators; e.g., [21]),
Equation (2) provides separate equations for  C in case of  h  0 and  h  0 . Table 2 provides
the fitted parameter values of  i for Equation (2).
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1

2

3

4

5

6

7

0.0090

0.0182

0.0402

0.0080

-0.0035

0.0535

0.4413

Table 2. Coefficient estimates of  C in Equation (2).

Figure 5 shows the two model of standard deviation  C in case of post-yield hardening ratio
equal to 0.0% in Figure 5a and equal to 3.0 % in Figure 5b.

Figure 5: Models of standard deviation

 C . Case with  h  0.0%

(left); case with  h  3.0% (right).

4. REGRESSION MODEL FOR PERIOD ELONGATION
The regression model for mean constant-ductility residual displacement ratios, given by
Equation (1), is conditional on ln  T T  , which is also a random variable due to record-torecord variability. However, the results indicate that, given  ,  h and T , ln  T T  is
conditionally independent of C  . Thus, in order to complete the predictive equation for residual
displacements, an additional separate model for period elongation is needed to provide the
conditional distribution of ln  T T  . The model for period elongation provides the period of
the damaged structure Telon at a fixed damage state represented by  , given initial
characteristics of the structure T and  h . The analyses results were studied plotting in logspace the T T versus the ductility demand

   1 ,

and assessing the dependence on

independent variables T and  h . The data showed a linear trend in log-space to each pair of T
and  h , therefore the model was realized fitting a straight line by ordinary least squares

regression. The central tendency of  T T  resulted independent of the period of natural

vibration T itself, whereas was strongly dependent on the post-yield hardening ratios  h . Thus,
the regression model proposed for period elongation uses only  h and  as predictor variables.
A linear model was assumed, as reported in the following equation:
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 T
ln 
 T


  1   h   2   ln    1   3   h   4     ln  T T  ,


(3)

where  was already defined as the standard Normal variable and  ln T T  represents the
standard deviation of the regression residual, which was, also in this case, non-constant. It
should be noted that, despite the Gaussian assumption for  , for this type of hysteretic model
and given  and  h , T T cannot exceed the value  T T max given by Equation (4):

2  1   h     1
 T 
1

 
1   h     1
 T max

(4)

As reported in Equation (3), the slope and the intercept of the model for period elongation are
only dependent on  h . The coefficients  i , i  1, 2,3,4 , were evaluated by curve fitting of the
single regressions results performed for each value of  h . A weighted regression, on account
of the non-constant variance, was not deemed necessary because the ratio of the maximum to
the minimum value of the mean squared error of the residuals did not exceed 1.5, as suggested
in [15]. In Table 3 the values of the coefficients which characterize Equation (3) are reported.

1

2

-0.906 0.867

3

4

-1.163

-1.276

Table 3. Coefficient estimates of Equation (3).

Figure 6 shows the model fitted against the analysis results of SDOFs with  h equal to 1.0%
and T varying in the entire range considered, as well as a 3D graph of the model for period
elongation, highlighting the dependence of its central tendency on  h and  .



Figure 6: Central tendency of model for period elongation. Regression example of the form



ln T T  a  ln(  1)  b used to define the model for period elongation evaluated in the case of post-yield
hardening ratios  h equal to 1.0% (a); Model for period elongation (b).

4836

M. Orlacchio, G. Baltzopoulos and I. Iervolino

Finally, an analytical expression was proposed, to express the dependence of  ln T T  with the
intact structure’s period T and the hardening slope  h , given by Equation (5) :

 ln T T   1  T   2  3   h  4  T 2

(5)

Table 4 provides the values of the parameters  i , i  1, 2, 3, 4 , appearing in Equation (5),
estimated from curve-fitting against the regression residuals.

1

2

3

4

0.0472

0.1444

-0.1993

-0.0151

Table 4. Coefficient estimates for Equation (5).

Figure 7 shows the model of the standard deviation  ln T T  as a function of the hardening slope

 h and the period of natural vibration T .

Figure 7: Model of standard deviation  ln T T  .

5. PUTTING THE TWO COMPONENTS OF THE MODEL TOGETHER
Having completely defined both models, for period elongation and residual displacement,
and recalling that period elongation was found conditionally independent of the residual
displacement, it is possible to estimate the joint conditional distribution of the two random
variables, given the ductility demand  , the period T and the hardening slope  h of the initial
structure. Due to the fact that in Equation (1) C  is given by the absolute value of a regression
model for  res  max , it is convenient to visualize its conditional joint distribution with relative
period elongation Telon T by means of a Monte-Carlo sampling scheme. This entails fixing the

values of T ,  h and  , calculating the mean and standard deviation of ln  T T  conditional

to these values from Equations (3) and (5) and then extracting a random sample of ln  T T 
values from a normal distribution with that mean and  ln T T  , truncated according to Equation
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(4). Subsequently, the conditional mean and standard deviation of the ratio  res  max is obtained

for each sampled value of ln  T T  , from Equations (1) and (2), and a  res  max value is
randomly sampled from the corresponding normal distribution, truncated between -1 and 1.
This amounts to random sampling of ln  T T  ,  res  max  from their joint conditional

distribution. Finally, C  values are obtained by taking the absolute value of  res  max . An
example of such a representation is reported in Figure 8a, that was constructed by sampling one
thousand value-pairs from the joint distribution of  res  max and ln  T T  . A representation
of the marginal density of C  and its mean is also reported in Figure 8b, estimated during the
same procedure.

Figure 8. Sampling-based representation of the joint relative frequency of period elongation and residual
displacement ratio (a), relative frequency of C  (b), for the case of ductility demand   5.0 , post-yield
hardening ratio  h  2.0% and period of the initial structure T  0.9 s .

6. MODEL VALIDATION
To validate the predictive model a set of analyses for blind-testing the goodness-of-fit was
performed. These analyses were organized in three groups: the first group was executed fixing
the mass of SDOF systems and varying the elastic stiffness to achieve the required periods of
natural vibration, whilst the analyses performed for the model evaluation, fixed the elastic
stiffness and varied the mass to the same effect. The second group of analyses was executed
levels of ductility demand and values of post-yield hardening ratio different from the ones used
for fitting development the predictive model. The last group was performed using a different
set of fifty records for IDA. To evaluate the accuracy of the predictive models in estimating
elongated periods and residual displacements, the root mean square error (RMSE [20]) was
computed for each group of analyses, according to Equation (6) .

RMSE 



n
i 1

( yi  y )2

n
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where y is the generic model of either ln  T T  or C  , yi is the data point from the i-th
analysis and n is the total number of analyses run.
These RMSE values were employed to assess the goodness-of-fit for Equations (1),(3) in
estimating mean C  and ln  T T  . In detail, the root mean square error measure was
computed for the three groups of test data, comparing the results with the error evaluated on the
entire data set used for fitting development the predictive model. Table 5 provides RMSE ln   T T 
for the first and the second group of analyses defined by different values of  and T .
Constant mass


h
T
0.3 4.0 0.02
0.6 4.0 0.02
2.00 4.0 0.02

RMSE ln  T

T

0.024
0.016
0.008

Independent variable values (  h ,  ) not used
in fitting the model
RMSE ln  T T 

h
T
0.3
4.3
0.07
0.020
0.6
4.3
0.07
0.013
2.00
4.3
0.07
0.002

Table 5. Values of RMSE ln  T T  for the first and the second group of validation analyses.

Table 6. provides R M SE ln (  T T ) for the third group of analyses executed fixing the ductility
demand, the hardening slope and employing a new set of fifty acceleration records recorded on
firm soil or rock and devoid of apparent directivity effects.
Using a different set of records
RMSE ln  T T 

h
T
0.3
5.0
0.04
0.010
0.6
5.0
0.04
0.003
2.00
5.0
0.04
0.016
0.3
8.0
0.05
0.048
0.6
8.0
0.05
0.002
2.00
8.0
0.05
0.006
Table 6. Values of R M SE ln (  T

T)

for the third group of validation analyses.

The values of R M SE ln (  T T ) previously reported are very close to the value evaluated on the
data set used for fitting development the predictive model which is 0.024.
To evaluate the accuracy of the predictive model in estimating residual displacement, the error
measure RMSE was computed for the three groups of test data. In particular, it was evaluated
for C  as provided by the Equation (6). The values of RMSE for the three group of analyses are
reported in Table 7 and Table 8. The values of RMSEC previously reported are very close to
the value estimated on the data set used for fitting development the predictive model which is
0.056.
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Constant mass


h
T
0.3 4.0 0.02
0.6 4.0 0.02
2.00 4.0 0.02

RMSEC

0.029
0.040
0.065

Independent variable values (  h ,  ) not used
in fitting the model

RMSEC
h
T
0.3
0.6
2.00

4.3
4.3
4.3

0.07
0.07
0.07

0.025
0.030
0.077

Table 7. Values of RMSEC for the first and second group of validation analyses.

Using a different set of records
RMSEC

h
T
0.3
5.0
0.04
0.063
0.6
5.0
0.04
0.045
2.00
5.0
0.04
0.050
0.3
8.0
0.05
0.085
0.6
8.0
0.05
0.065
2.00
8.0
0.05
0.087
Table 8. Values of RMSEC for the third group of validation analyses.

7. DISCUSSION AND CONCLUSIONS
The main purpose of this study was to present a predictive model for the central tendency
and related record-to-record variability of residual displacements for bilinear single-degree-offreedom systems (SDOF). To this end, a probabilistic model for the constant-ductility residual
displacement ratio, C  , was introduced. The residual displacement ratio, defined as the
absolute-value ratio of residual to peak transient displacement, was calculated for various
combinations of input motion, natural vibration period and post-yielding hardening ratio, via
nonlinear dynamic analysis designed to hold the ductility demand  constant, by appropriately
scaling the input motion. Thus, SDOF systems with non-degrading, peak-oriented hysteretic
response, according to the modified Ibarra-Medina-Krawinkler model, were analyzed
subjected to a set of fifty earthquake ground motions recorded on firm site conditions. From the
data obtained during the dynamic analyses, it was observed that the residual displacement
demand did not exceed 52% of the peak inelastic displacement demand and is mainly affected
on post-yield hardening ratio. In fact, the SDOF systems with higher post-yield stiffness ratio
exhibit smaller residual displacement ratios on average, in agreement with previous studies.
The two-part predictive model was derived via two-stage regression: the first-stage
regression model provides a prediction for the post-shock elongated period and the second one
accounts for the residual displacement of the system conditional to its elongated period. It was
found that central tendency of constant-ductility residual displacement ratios depends on the
ductility demand, the post-yield hardening ratio and ratio of post-shock elongated period to the
initial period of natural vibration, while the non-constant variance of the residual displacement
ratio mainly depends on the post-yield hardening slope of the structure in its initial (undamaged)
condition. It was also found that the period elongation has a central tendency that only depends
on post-yield hardening ratio and ductility demand, whereas the corresponding variance also
exhibits some dependence on the structural period of natural vibration. Finally, it should be
mentioned that the complete model proposed, allows to estimate the joint conditional
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distribution of the two random variables: residual displacement and period elongation, given
ductility, period and hardening slope.
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Abstract
This study deals with seismic reliability-based design (SRBD) relationships in terms of behavior factors and displacement demands for softening structures equipped with double friction
pendulum system (DFPS) bearings. An equivalent 3dof system having a softening post-yield
slope is adopted to describe the superstructure behavior, whereas velocity-dependent laws
are assumed to model the responses of the two surfaces of the DFPS. The yielding characteristics of the superstructures are defined for increasing behavior factors in compliance with
the seismic hazard of L’Aquila site (Italy) and with NTC18 assuming a lifetime of 50 years.
Considering several natural seismic records and building properties under the hypothesis of
modelling the friction coefficients of the two surfaces of the DFPS as random variables, incremental dynamic analyses are performed to evaluate the seismic fragility and the seismic
reliability of these systems. Finally, seismic reliability is assessed and seismic reliabilitybased design (SRBD) curves for the two surfaces of the double sliding devices are described.

Keywords: behavior factor, ductility demand, friction pendulum bearing, post-yield softening
stiffness, seismic isolation, seismic reliability.
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1

INTRODUCTION

A very effective technique for the seismic isolation[1] of building frames and infrastructure
is represented by the sliding pendulum bearings [2]-[3] examined by several literature studies
(e.g., [4]-[7]). Probabilistic analyses and reliability-based analyses have also been presented
by [8]-[9] as well as reliability analysis and reliability-based optimization of base-isolated
systems including the main uncertainties have been performed by [10]-[14]. A nondimensionalization of the motion equations governing the dynamic response of equivalent
two-degree-of-freedom (2dof) models equipped with friction pendulum system (FPS) isolators has been proposed by [15]. In the hypothesis that the friction coefficient and the earthquake main characteristics are the relevant random variables, seismic reliability analyses of a
3D base-isolated r.c. system have been developed in Castaldo et al. [16] and Palazzo et al. [17]
to propose a method useful to design the isolator dimensions in plan. The life-cycle cost analysis (LCCA) of a r.c. 3D structure isolated by FPS bearings has been examined by [18] to
evaluate the dependence on increasing isolation degrees. The approach for a seismic reliability-based design (SRBD) of elastic systems isolated by FPS has been generalized in Castaldo
et al. [19] for a wide range of structural properties. A robustness analysis in reliability terms
of a r.c. 3D building frame isolated by FPS devices in presented in [20] proposing the failure
scenarios if a malfunction affects a seismic device together with the design solution. The literature studies of [21] and [22] proposed, respectively, the optimal values of the friction coefficient, on the one hand, as a function of the system properties and of the soil condition in
order to minimize the superstructure response and, on the other, as a function of the ground
motion characteristics by means of the ratio PGA/PGV (peak ground acceleration/velocity).
In [23], a robust design optimization (RDO) of base isolation system considering random system parameters characterizing the structure, isolator and ground motion model, is performed
by minimizing the weighted sum of the expected value of the maximum root mean square acceleration of the structure as well its standard deviation. In [24], an optimal design of frictional devices is proposed by applying a Pareto-type optimization approach.
The seismic performance of bridges or structures isolated with FPS or DFPS has been investigated in [25]-[31]. Specifically, [28]-[30]provide useful relationships, according also to
experimental results, for the evaluation of the seismic response of structures isolated by DFPS
together with the equations governing the dynamic behaviour of these devices. The principal
benefit of the DFPS bearing is its capacity to accommodate substantially larger displacements
compared to a traditional FP bearing of identical plan dimensions as discussed in [28]. In [26]
and [31], the seismic performance of isolated bridge and liquid storage tanks are respectively
investigated, considering different combinations of radii of curvature and friction coefficients.
As for the design of base-isolated systems under strong earthquake events, seismic code
provisions [32]-[36] are based on low values of the strength reduction factor [32]-[36] or behavior factor [33]-[34] to ensure a safety level against the non linear dynamic amplification
phenomenon (partial resonance) [37]. Precisely, NTC18 [34], Eurocode 8 [33] and the Japanese building code [35] provide a maximum behavior factor value of 1.5, without explicitly
distinguishing between the ductility and overstrength factor terms, ASCE 7 [32] prescribes a
value equal to 0.375 times the one for corresponding fixed-base systems and no larger than 2.
In this context, Vassiliou et al. [38] obtained that the displacement ductility demand of the
inelastic base-isolated structure is 3 times the strength reduction factor confirming that, for
base-isolated structures, it is not possible to adopt the formulas relating the strength reduction
factor R and the displacement ductility demand μ of Newmark and Hall [39] and of Miranda
and Bertero [40]. Then, seismic reliability-based relationships between the ductilitydependent strength reduction factors and the displacement ductility demand, respectively, for
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equivalent perfectly elastoplastic and softening structural systems equipped with FPS depending on the structural properties have been proposed in [41],[42].
Inspired by [41],[42], this study proposes reliability-based design regressions relating the
behavior factors and the displacement ductility demands for softening structural systems (sensitive or not sensitive to the P   effects) equipped with double friction pendulum system
(DFPS) devices and considering a high seismic hazard site like L’Aquila (Italy). By means of
an equivalent 3dof system, different elastic and inelastic structural system properties are investigated. Specifically, the yielding characteristics of the softening superstructures are designed in compliance with the life safety limit state and with the seismic hazard of L’Aquila
site (Italy) assuming a lifetime of 50 years and increasing behavior factors [32]-[35]. The
model developed by [4] is used to describe the non-linear velocity-dependent behavior of the
two surfaces of the DFPS. The study is also based on the hypothesis of assuming the both
friction coefficients of the two surfaces of the DFPS and the characteristics of the records as
the relevant random variables. In detail, appropriate Gaussian probability density functions
(PDFs) are adopted to characterize the aleatory uncertainties of the both sliding friction coefficients and, by means of the Latin Hypercube Sampling (LHS) method [43]-[45], the input
data have been generated.
Then, several incremental dynamic analyses (IDAs) are performed for increasing seismic
intensity levels in compliance with the site seismic hazard to derive the seismic fragility
curves related to the different degrees of freedom of the equivalent (3dof) system. Finally, by
means of the convolution integral between the fragility curves and the seismic hazard curves
of L’Aquila site (Italy), in the hypothesis of a design life of 50 years for the equivalent baseisolated systems, the corresponding reliability curves are derived.
2

EQUATIONS OF MOTION FOR NON-LINEAR SOFTENING STRUCTURAL
SYSTEMS WITH DOUBLE CONCAVE SLIDING BEARINGS

The equivalent model, herein employed and depicted in Fig. 1, is a 3dof system with a dof
representative of the superstructure behaviour and two dofs representative of the responses of
the two surfaces of the DFPS. The model takes into account the inelastic softening response
of the superstructure and non-linear behaviours of the two surfaces of the DFPS [28].
us

Superstructure mass

ms

ks/2

Superstructure
Softening
fs
ky
fy

ks/2

DFPS isolator

Base mass

DFPS bearings
fb1
W1/R1
W11

ub2

ub1

ks
uy u0 us

mb

ub1
fb2
W22

W2/R2
ub2

Figure1: 3dof model of an inelastic softening building frame isolated with DFPS.

Regarding the free body diagram of the DFPS, the bearing restoring force, considering
only the horizontal component of the displacement on each surface, is:
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fb ,1 
fb ,2

W1
ub ,1  d ,1W1 sgn  ub ,1 
R1

W
 2 ub ,2  d ,2W2 sgn  ub,2 
R2

(1)

where W1   mb  ms  g is the weight on the upper surface (surface 1) of the bearing,

W2   mb  ms  md  g is the weight on the lower surface (surface 2) of the bearing, g is the
gravity constant, R1 and R2 are the radii of curvature of the two surfaces of the device, ub ,1
denotes the displacement of the surface 1 with respect to the slider, ub ,2 represents the slider
displacement with respect to the ground as well as d ,1 and d ,2 are the sliding friction
coefficients of the two surfaces and sgn is the signum function of the sliding velocity for
each surface. In this study, the upper surface (surface 1) is characterized by higher values of
the friction coefficient and of the radius of curvature. Specifically, d ,1 is selected as 4d ,2
and R1=2R2 [28]-[31]. The force of the bearing coincides with the force of each surface
response fb  fb,1  fb,2 . For each surface, the friction coefficient is given as a function of the
sliding velocity [4]-[6]:
d ,i  f max,i   f max,i  f min,i  exp   ub,i  for i = 1,2
(2)
where f max,i and f min,i are, respectively, the friction coefficients at high and very low sliding
velocities of the i-th surface,  is a constant set equal to 30 as well as the ratio f max,i / f min,i
equal to 3 for each surface [15]-[21],[41].
A bilinear constitutive law describes the inelastic softening behaviour of the superstructure,
which responses in elastic phase if Eqn.(3) is satisfied and the restoring force f s ,i is expressed
by Eqn.(4):
us ,i  u0,i 1  y  us ,i 

(3)

f s ,i  us ,i   ks  us ,i  u0,i 1 

(4)

where f s ,i is the restoring force at time instant i , u s ,i is the superstructure deformation at the
same instant, u0,i 1 is the maximum plastic excursion at time instant ( i  1 ) and k s is the elastic stiffness of the superstructure. The function y(u s ,i ) is the yielding condition in function of
the displacement and is non-univocally defined due to the translation of the elastic domain
[46]. Defining u y as the yield displacement, whose yield force is f y , S denotes the ratio between the softening post-yield and the elastic stiffness [47]-[48], evaluated as:

S

ky
ks

(5)

The superstructure response is plastic if Eqn.(6) is satisfied and the restoring force applies
according to Eqn.(7):
us ,i  u0,i 1  y(us ,i )

(6)

f s ,i  us   ks (us ,i  y(us ,i ))sgn(us ,i  u0,i 1 )

(7)
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Therefore, the equations which describe the response of an inelastic 3dof system, isolated
by DFPS devices, to the seismic input ug  t  , without any viscous property for the DFPS, are:
ms us  (ms  mb )ub ,1  (ms  mb  md )ub ,2 

W2
ub ,2  W2 2 sgn  ub ,2   (ms  mb  md )u g
R2

ms us  (ms  mb )ub ,1  (ms  mb )ub ,2  (ms  mb )

g
ub ,1  (ms  mb ) g 1 sgn  ub ,1   (ms  mb )u g
R1

(8)

ms us  ms ub ,1  ms ub ,2  cs us  f s ,i (us )  ms u g

where ms , mb and md are respectively the mass of the superstructure, of the isolation level
and of the slider, cs is the viscous damping factor of the superstructure. Dividing Eqn.(8a) by

ms  mb  md as well as Eqn.(8b) by mb  ms and Eqn.(8c) by ms , defining the mass ratios as
 s  ms (ms  mb  md ) ,  b  mb (ms  mb  md ) and  d  md (ms  mb  md ) [49], the isolation
b,i  g Ri and structural s  k s ms circular frequency, the structural damping ratio

 s  cs 2mss , the non-dimensional equations apply:
 s us  ( s   b )ub ,1  ub ,2  b2,2ub ,2  g 2 sgn  ub ,2   u g
 s us  ( s   b )ub ,1  ( s   b )ub ,2  ( s   b )b2,1ub ,1  ( s   b ) g 1 sgn  ub ,1   ( s   b )ug

(9)

us  ub ,1  ub ,2  2s s us  as (us )  u g

where as  us   f s  us  / ms is the dimensionless force of the superstructure that depends, respectively, on the stiffness k s in the elastic phase and on the yielding condition in the plastic
phase. Note that the elastic isolation period of vibration varies if the sliding movement occurs
along surface 1 or surface 2 or along the both surfaces simultaneously [30]. Specifically, if the
sliding movement is developed along only a surface, the isolation period depends only on the
radius of curvature of the spherical surface Ri (i.e., typically the radius of the surface with the
lower friction coefficient) and the bearing behaves like a simple FPS [19], whereas when the
both surfaces are involved, the isolation effective period applies [30]:
R  R2
Tb  2 1
(10)
g
The change of the vibration period shows the adaptive behavior to the seismic intensity
that characterizes these devices [28]-[30]. It follows that the ratio between the variable isolation period and structural period of vibration, which defines the seismic isolation degree [52]
cannot be a constant during an earthquake event. Moreover, when the both surfaces slide simultaneously the restoring force of the DFPS device can be evaluated as eW1 neglecting the
mass of the slider [28], where  e is the effective sliding coefficient given by:
 R  R
e  d ,1 1 d ,2 2
R1  R2
2.1

(11)

Inelastic properties of the superstructure

The inelastic behavior of the superstructure is assumed as an equivalent single dof system
[50]-[51] having a softening post-yield stiffness. The behavior factor, q, and displacement
ductility,  , are defined, respectively, as:
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q

f s ,el
fy





us ,el
uy

(12)

us,max

(13)
uy
where f s ,el and us ,el are, respectively, the peak elastic response values required to the superstructure, whereas us,max  us  t  max is the peak inelastic displacement during a ground motion.

For a softening systems (sensitive to the P   effects), the behaviour factor q represents only
the ductility-dependent strength reduction factor due the absolute absence of the overstrength
capacities. It follows that the parameter q is consistent with both the code provisions [32]-[36]
assuming a unitary overstrength factor, and with the one discussed in [41],[42].
3

UNCERTAINTIES RELEVANT TO THE PERFORMANCE ASSESSMENT

For the seismic reliability assessment of a building frame, within the structural performance (SP) evaluation method [53]-[55], specific correlations between the SP levels [56] and
appropriate exceeding probabilities during its design life [57]-[58] as well as the relevant
(aleatory and/or epistemic) uncertainties with the corresponding PDFs have to be defined. According to the PEER-like modular approach [59] and performance-based earthquake engineering (PBEE) approach [60]-[61], distinguishing the aleatory uncertainties related to the seismic
input intensity from those corresponding to the characteristics of the record by means of an
intensity measure (IM), this work evaluates and quantifies the seismic reliability of softening
systems equipped with DFPS, located in L’Aquila site (Italy), assuming also the friction coefficients as other relevant random variables. Other aleatory uncertainties are not modelled
since their effects can be neglected as discussed in [41],[62]. The epistemic uncertainties are
not considered in this study.
Specifically, a Gaussian PDF truncated on both sides to 2% and 6% with a mean equal to
4% for the upper surface ( d ,1 ) and a Gaussian PDF truncated on both sides to 0.5% and 1.5%
with a mean of 1% for the lower surface ( d ,2 ) are used to model, respectively, the sliding
friction coefficients at large velocities of the two surfaces of the DFPS bearings [41]-[42].
These values are in compliance with [28]-[31] and chosen in order to obtain a mean value of
the effective friction coefficient equal to 3% and, so to allow a comparison with the FPS analysed in [41]-[42]. Then, using the LHS technique [43]-[45], 15 sampled couples of the friction coefficients at large velocities are defined.
As for the uncertainty on the characteristics of the seismic records (record to record variability), according to PBEE approach [60]-[61] and similarly to [41]-[42], the spectral displacement S D  b , Tb  , related to the equivalent effective period Tb  2 / b (Eq.(10)) and to
damping ratio  b [19],[41] is chosen as IM [64]-[66]. Considering  b equal to zero

S T 
[15],[41],[67], the corresponding IM is hereinafter denoted as D b in the range from 0 m
to 0.45 m according to the seismic hazard of L’Aquila site (Italy) [34]. The record-to-record
variability is taken into account by means of 30 ground motion records, corresponding to 19
different earthquake events, selected form different national and international databases. A
detailed description may be found in [41].
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4

INCREMENTAL DINAMIC ANALYSES: RESULTS AND COMPARISON

The performance of systems isolated with DFPS is evaluated through incremental dynamic
analyses (IDAs), considering several structural parameters combination and L’Aquila (Italy)
as the reference site.
4.1

Design of the elastic and inelastic properties of the structural systems

An extended parametric analysis is carried out considering the following deterministic parameters: isolation degree I d , varying between 2, 4, 6 and 8 with respect to the equivalent
effective isolated period; the equivalent effective isolation period Tb , varying between 3s, 4s,
5s and 6s; the mass ratio  s , assumed equal to 0.6 and 0.8 with  d equal to 0.001 and so  b
equal to 0.399 and 0.199; the behaviour factor q , ranging from 1.1 to 2, with a step of 0.1,
according to the codes [32]-[35], and the post-yield softening stiffness ratio S, set equal to
0.03 [47]-[51]. It follows that 384 equivalent 3dof systems, with isolation damping ratio  b
and superstructure damping ratio  s respectively equal to 0% and 2%, are properly defined.
These abovementioned 384 equivalent 3dof systems derive from 32 different 3dof systems
(with the different values of I d , of Tb and of the mass ratio) by modifying the behavior factor
In the hypothesis of d ,1 and d ,2 equal to 4% and 1%, respectively, and a ratio equal to 2
between R1 and R2 [28]-[31], the yielding characteristics of 32 3dof elastic systems, necessary
to perform IDAs, are evaluated considering the average elastic responses to the 30 seismic
inputs scaled to the IM value of the life safety limit state for L’Aquila site (Italy): the
IM= S D Tb  applies 0.311 m for Tb =3, 4, 5 s and 0.26 m for Tb =6 s (NTC18 [34]). In this
way, the average values in terms of both yield strength f y ,average and displacement u y ,average of
the superstructure have been computed in Matlab-Simulink [72] and, the yielding properties
are finally defined for each value of q, according to Eqn.(14):
f y ,average f s ,el ,average us ,el ,average
u y ,average 


(14)
ks
ks q
q
4.2

Incremental dynamic analysis (IDA) curves

This section describes the responses of the 384 equivalent 3dof softening systems having
different properties (i.e., I d , Tb ,  s , q , S) combined with the 15 sampled couples of the fric-

tion coefficients, to the 30 seismic inputs scaled to the different IM= S D Tb  , ranging from 0
m to 0.45 m. A total number of 450 numerical analyses has been performed for each IM level
and parameter combination. The isolated non-linear softening systems are modelled in Matlab-Simulink [72], by employing the Runge-Kutta-Fehlberg integration algorithm to solve the
coupled equations (Eqn.(9)) and determine the responses of each degree of freedom. For each
structural system with a softening behaviour, the collapse condition assumed within the numerical analysis is reached when the response of the superstructure is equal to zero. The results of the non-linear IDAs have made it possible to estimate the collapsed system cases as
well as the superstructure and isolation response parameters, expressed, respectively, in terms
of displacement ductility demand  and of displacements for the DFPS (i.e., peak value for
each surface or peak value of their sum computed at each time instant). These response parameters are assumed as the engineering demand parameters (EDPs) and their peak values have
been fitted with lognormal distribution [15],[16]-[21],[41],[60],[67], by estimating the sample
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lognormal mean, ln ( EDP) , and the sample lognormal standard deviation  ln ( EDP) , or dis-

persion  ( EDP) , through the maximum likelihood estimation technique, to determine the
50th, 84th and 16th percentile of each lognormal PDF [15]. Note that other uncertainties [73][78] as well as the influence of the infills [79]-[82] are not considered in this study.
Figures 2-6 show the IDA results related to softening structures. Only the results corresponding to some parameters ( I d =2 and 8, Tb =3s and 6s and mainly related to  s equal to
0.6) are reported due to space constraints.
Fig.s 2-3 show the IDA results regarding the isolation level EDP u b,max , which is the peak
value of the sum of ub,1 and ub,2 in each time instant. This response parameter is important to
design the elements and components at the isolation level and to estimate the maximum displacement of the isolation system. Therefore, the displacement u b,max shown in Fig.s 2-3 is
the maximum displacement recorded during the non-linear dynamic analysis, and generally is
not concomitant with the maximum displacement recorded at each single surface.
Fig. 2 depicts the response of the EDP with a mass ratio equal to 0.8, whereas Fig. 3 and
4 illustrate the responses of the surface 1 and 2, respectively, with a mass ratio of 0.6. As for
the isolation level EDP , the lognormal mean decreases by decreasing Tb (Fig. 2) and also for
lower Id due to the lower values of the superstructure elastic stiffness.
As regards the softening superstructure, the statistics of the  strongly increase for higher q
(Fig.s 5-6).
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Figure 2: IDA curves of the isolation level with  s =0.8 for d=2, Tb=3 s, S=0.03 (a), d=2, Tb=6 s, S=0.03 (b),
d=8, Tb=3 s, S=0.03 (c), d=8, Tb=6 s, S=0.03 (d).
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Figure 3: IDA curves of the sliding surface 1 with  s =0.6 for d=2, Tb=3 s, S=0.03 (a), d=2, Tb=6 s, S=0.03 (b),
d=8, Tb=3 s, S=0.03 (c), d=8, Tb=6 s, S=0.03 (d).
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Figure 4: IDA curves of the sliding surface 2 with  s =0.6 for d=2, Tb=3 s, S=0.03 (a), d=2, Tb=6 s, S=0.03 (b),
d=8, Tb=3 s, S=0.03 (c), d=8, Tb=6 s, S=0.03 (d).
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Figure 5: IDA curves of the superstructure with  s =0.6 for d=2, Tb=3 s, S=0.03 (a), d=2, Tb=6 s, S=0.03 (b),
d=8, Tb=3 s, S=0.03 (c), d=8, Tb=6 s, S=0.03 (d).
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Figure 6: IDA curves of the superstructure with  s =0.8 for d=2, Tb=3 s, S=0.03 (a), d=2, Tb=6 s, S=0.03 (b),
d=8, Tb=3 s, S=0.03 (c), d=8, Tb=6 s, S=0.03 (d).
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It is worthy to note that the 50th, 84th and 16th percentiles illustrated in Figures 2-6 have
been evaluated without considering the failure cases. From the IDA curves corresponding to
the softening systems, it is possible to observe a number of dynamic collapses which increase
in quite all the parameter combinations for increasing IM levels. The influence of the data related to the dynamic collapses has computed within the seismic fragility assessment as discussed later. Similarly, the influence of the other structural properties (i.e., , q and S) on both
the DFPS and on the softening superstructures are properly discussed in the next section.
5

SEISMIC FRAGILITY CURVES

Defined the limit states, respectively, in terms of the radii in plan for the two surfaces of
the DFPS device, r1 [m]and r2 [m] , and of the displacement ductility for the superstructure,  [], the seismic fragility, representative of the probabilities Pf exceeding the different limit
states at each level of the IM, is evaluated. Tables 1-2 report, respectively, the failure probabilities in 50 years [54],[55] with the corresponding LS thresholds, related to the LSs provided by the codes [33]-[34]: the failure probability in 50 years [18],[54],[55] corresponding
to the collapse LS [34] for the DFPS; whereas, the failure probability in 50 years [18],[54],[55]
corresponding to the life safety LS [34] for the superstructure in compliance with the design.
The limit state thresholds of Table 1 are also used to assess the fragility in terms of the overall
displacement demand to the DFPS. For the both LSs, several thresholds are considered with
the aim to provide reliable LS thresholds for these systems. For each parameter combination
(384 equivalent 3dof systems), the probabilities Pf exceeding the different LSs at each IM
level, are numerically computed and then fitted through lognormal distributions [19] with a Rsquare value higher than 0.8. For the softening systems, the number of both the collapse and
not-collapse cases has been considered to estimate the seismic fragility for each parameter
combination at each IM level by means of the total probability theorem [83], as follows:
N notcollapse
 N notcollapse 

PSL ( IM  im)  (1  FEDP|IM im ( LS EDP )) 
 1  1 
(15)
N
N


where N is the total number of analyses at each IM level, and Nnot collapse is the number of
numerical simulations without any collapse. The first term of the sum in Eq.(15) represents
the probability exceeding a LS corresponding to not-collapsing cases [83].

LSr,1 LSr,2 LSr,3 LSr,4 LSr,5 LSr,6 LSr,7 LSr,8 LSr,9 LSr,10
ri [m] for i =1,2 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
pf (50 years)=1.5·10-3
Table 1: Limit state thresholds for the two surfaces of the DFPS with the associated exceeding probability.

LSμ,1 LSμ,2 LSμ,3 LSμ,4 LSμ,5 LSμ,6 LSμ,7 LSμ,8 LSμ,9 LSμ,10
2
3
4
5
6
7
8
9
10
μ [-] 1
pf (50 years)=2.2·10-2
Table 2: Limit state thresholds for the superstructure with the associated exceeding probability.
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Fig.s 7-9 depict the fragility curves (i.e., the exceeding probabilities Pf (complementary
distribution functions (CCDFs))) versus the IM for softening structures. Precisely, the curves
corresponding to the different structural properties of interest and related only to some LS
thresholds (LSr,4 and LSμ,3) and to I d =8 and Tb =3s, are represented. Generally, the seismic
fragility of each degree of freedom decreases for increasing the corresponding LS threshold.
Fig.s 7-8 illustrate the fragility curves regarding the response of two surfaces of DFPS. For
the all limit states, the exceeding probabilities slightly increase for decreasing  s . Then, especially for high limit state thresholds, the fragility decreases by decreasing Tb , I d and increasing q. Note that the probability exceeding a limit state is quite low for the single surface,
with a lower probability for the surface 2 characterized by a lower friction coefficient with a
lower radius of curvature, in compliance with the IDA results.
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Figure 7: Seismic fragility curves of the sliding surface 1 related to LSr,4=0.2 m, for d=2, Tb=3 s, S=0.03 (a), d=2
and Tb=6 s, S=0.03 (b),d=8 and Tb=3 s, S=0.03 (c), d=8 and Tb=6 s, S=0.03 (d).

The fragility curves of the nonlinear softening superstructures are shown in Fig. 9. The exceeding probabilities are slightly higher as  s increases but highly increase for increasing
values of q. Conversely, higher values of Tb for fixed I d lead to a decrease of the seismic fragility because an increase of the period Ts means an increase of the correlated yielding displacement as well as lower values of Tb for fixed I d lead to higher values of the seismic
fragility. In fact, the coupling between I d and Tb is a very important parameter because it defines Ts and the corresponding yielding displacement.
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Figure 8: Seismic fragility curves of the sliding surface 2 related to LSr,4=0.2 m, for d=2, Tb=3 s, S=0.03 (a), d=2
and Tb=6 s, S=0.03 (b),d=8 and Tb=3 s, S=0.03 (c), d=8 and Tb=6 s, S=0.03 (d).
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Figure 9: Seismic fragility curves of the superstructure related to LSμ,3=3, for d=2, Tb=3 s, S=0.03 (a), d=2 and
Tb=6 s, S=0.03 (b),d=8 and Tb=3 s, S=0.03 (c), d=8 and Tb=6 s, S=0.03 (d).
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Therefore, as also discussed in [41]-[42], in the case of systems with low Ts, the ensuing
dynamic amplification can cause disproportioned superstructure responses and, so a high
seismic fragility derives.
The post-yield softening stiffness ratio S strongly and negatively influences the superstructure seismic fragility leading to a very high displacement ductility demand. Comparing the
results with the outcomes of [42], for the softening systems higher values of Tb lead to a
higher probability exceeding a limit state, especially for the superstructure. This important
difference is due to the lower effectiveness the DFPS in comparison to the FPS because at low
IM and at the beginning of each seismic record, the sliding occurs along only one surface having lower friction coefficient with the consequence that both the energy dissipated and the actual equivalent isolation period are lower.
6

SEISMIC PERFORMANCE OF INELASTIC STRUCTURES WITH DFPS

The convolution integral between the previously achieved seismic fragility curves and the
seismic hazard curves expressed in terms of the same IM, SD(Tb), related to the reference site
(L’Aquila (Italy)), allows the evaluation of the mean annual rates exceeding the limit states
for each parameter combination. Then, by using a Poisson distribution, the seismic reliability
of the all softening structures isolated by DFPS in the time frame of interest (e.g., 50 years)
have been computed.
a)

b)
q

ub,max [m]

ub,max [m]

d)

Pf [-] (50 years)

c)

Pf [-] (50 years)

γs=0.6
γs=0.8

Pf [-] (50 years)

Pf [-] (50 years)

q

γs=0.6
γs=0.8

q

q

γs=0.6
γs=0.8

γs=0.6
γs=0.8

ub,max [m]

ub,max [m]

Figure 10: Seismic reliability curves of the isolation level related to d=2, Tb=3 s, S=0.03 (a), d=2 and Tb=6 s,
S=0.03 (b),d=8 and Tb=3 s, S=0.03 (c), d=8 and Tb=6 s, S=0.03 (d). The arrow denotes the increasing direction
of q.

In this work, the seismic hazard of L’Aquila site (Italy), soil class B, with geographic
coordinates 42°38’49’’N and 13°42’25’’E, has been considered, as widely described in [41].
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As for the DFPS devices, the seismic reliability evaluation makes it possible to define
SRBD curves to design the dimensions in plan of each surface of these devices and the overall
dimension of the isolation level as a function of the expected reliability level and of the structural properties.
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Figure 11: Seismic reliability curves of the superstructure level related to d=2, Tb=3 s, S=0.03 (a), d=2 and Tb=6
s, S=0.03 (b),d=8 and Tb=3 s, S=0.03 (c), d=8 and Tb=6 s, S=0.03 (d). The arrow denotes the increasing direction of q.

Fig. 10 depicts the linear regressions, representative of the seismic reliability of the overall
dimension of the isolation level, in the semi-logarithmic space for softening systems. The value of R-square is higher than 0.8 demonstrating the robustness and the effectiveness of the
kind of the regressions selected within the different statistic approaches [84]-[89]. The exceeding probability of Pf = 1.5·10-3 can be assured for a global dimension larger than 1 m, in
the case of low Id and sdepending on the behaviour factors. The overall dimension of the
isolation level estimated with the above described curves, can also be useful to define the radius in plan of each surface of the DFPS. In fact, SRBD curves of each surface, evaluated and
not represented due to space constrains, highlighted that around 1/3 of the global dimension
can be attributed to the surface 2 (having a lower friction coefficient with a lower radius of
curvature) and 2/3 to the surface 1 for low Tb, whereas for high Tb, these ratios become 1/4
and 3/4, respectively. This aspect is a very important design feature because if high displacements are required to the isolation level, especially for softening systems, they are divided
between the two sliding surfaces reducing the geometric encumbrance of the itself device and
of the structural elements directly connected as also highlighted in [28]-[30].
Fig. 11 shows the results, representative of the SP curves of the softening superstructure in
50 years, in the logarithmic scale for the different LS thresholds in terms of  and for the dif-
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ferent structural properties. The seismic reliability of the superstructure increases for low values of s, Id, q and for high values of Tb. Comparing the results with the outcomes achieved by
[42], the seismic reliability of systems equipped with DFPS, with different friction coefficients for the two surfaces, is slightly lower respect the systems equipped with simple FPS
due to the reasons previously explained for the fragility assessment.
7

CONCLUSIONS

This study describes the seismic reliability-based performance of softening structural systems equipped with double concave sliding devices isolators on varying the elastic and inelastic building properties, seismic intensity levels with the hypothesis of the friction coefficients
and of the characteristics of the seismic records assumed as the relevant random variables. By
means of an equivalent 3dof system with a non-linear velocity-dependent model for the two
surfaces of the DFPS, incremental dynamic analyses are carried out considering several natural seismic records, the seismic hazard of L’Aquila site (Italy), increasing behavior factors and
different post-yield stiffness ratios. Then, the seismic fragility curves are derived for the softening superstructure and for the isolation level taking also into account the dynamic failure
cases. After that, assuming a design life of 50 years, seismic reliability-based design (SRBD)
curves are proposed useful to design the radii in plan of the two surfaces as well as the maximum demand to the DFPS. The results have highlighted the negative effects of the post-yield
stiffness as well as the possibility to reduce the encumbrance of the devices and of the structural elements directly connected because the seismic demand is divided on the two surfaces.
This aspect is a very important design feature of the DFPS representing an its advantage.
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Abstract
The work evaluates the optimal properties of friction pendulum system (FPS) bearings for the
seismic protection of bridge piers under earthquake excitations having different frequency
characteristics representative of different soil conditions in order to reduce the seismic vulnerability of infrastructures. A two-degree-of-freedom model is adopted to describe, respectively, the response of the infinitely rigid deck isolated by the FPS devices and the elastic
behavior of the pier. By means of a non-dimensional formulation of the motion equations, a
wide parametric analysis for several structural parameters is carried out. Seismic excitations,
modelled as time-modulated filtered Gaussian white noise random processes having different
intensities and frequency contents, are considered. Specifically, the filter parameters, which
control the frequency contents, are properly calibrated to reproduce stiff, medium and soft
soil conditions, respectively. Finally, the optimum values of the sliding friction coefficient
able to minimize the pier displacements with respect to the ground are derived as a function
of the structural properties, of the seismic input intensity and of the soil condition.
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1

INTRODUCTION

Seismic isolation of bridges makes it possible to uncouple the deck from the horizontal
components of the earthquake motion, leading to a substantial reduction of the deck acceleration and, consequently, of the forces transmitted to the pier [1]-[4]. In the last years, friction
pendulum system (FPS) devices have often been preferred to other isolators for their capability of providing an isolation period independent of the mass of the supported structure, their
capacity to assure high dissipation and recentering, and their longevity and durability properties [5]-[12]. In [13], with reference to an equivalent two-degree-of-freedom (2dof) model for
base-isolated building frames, a non-dimensionalization of the motion equation considering
different isolator and system properties has been proposed. Contextually, other studies have
been focused on the seismic response of bridge isolated with sliding pendulum isolators highlighting the advantages [14]-[15]. Moreover, other works have been more oriented to develop design approaches for the isolators and to identify the optimal isolator properties. In this
context, the seismic reliability-based design (SRBD) approach has been proposed and widely
discussed in [16]-[22] as a new methodology useful to provide design solutions for seismic
devices taking into account the main uncertainties relevant to the problem. Jangid [23], assuming a stochastic model of the earthquake ground motion, considered the seismic performance of a bridge equipped with FPS devices, characterized by a Coulomb behavior,
illustrating that there exists an optimal value of the friction coefficient for which the pier base
shear and deck acceleration can be minimized. Other works (e.g., [24]-[26],[27]) concerning
isolated bridges have also demonstrated that soft soil condition leads to a higher demand in
terms of displacements and shear forces by negatively influencing the isolated systems. In
[28], the optimal values of the friction coefficient taking into account the influence of the
ground motion characteristics by means of the ratio between the Peak Ground Acceleration
(PGA) and the Peak Ground Velocity (PGV) have been proposed.
This work investigates the influence of soil characteristics in terms of frequency content on
the seismic performance of bridges isolated with FPS isolators to define the optimal sliding
friction coefficients. The two-degree-of-freedom model, as employed in [14],[29] is used for
this purpose as an equivalent model representative of the dynamic behaviour of a singlecolumn bent viaduct to describe, respectively, the seismic response of the infinitely rigid deck
isolated by the FPS devices and of the elastic behavior of the pier. In compliance with the
non-dimensionalization of the motion equations presented for base-isolated building frames in
[13], in this study, a non-dimensionalization of the motion equations for isolated bridges is
proposed in order to carry out a wide parametric analysis considering different values of the
structural properties and three different sets of artificial ground motion records. These latter
ones are modelled as non-stationary stochastic processes and generated through the power
spectral density method [30], with different frequency contents corresponding to stiff, medium and soft soil conditions [31], respectively. Specifically, for each set of the random excitations, numerical simulations are executed to estimate the influence of the characteristic
system and isolator properties on the response parameters relevant to the structural performance. Then, the optimal values of the sliding friction coefficient, able to minimize the pier
displacements relative to the ground, are defined as a function of the structural parameters, of
the seismic input intensity and of the soil condition.
2

NON-DIMENSIONAL MOTION EQUATIONS FOR ISOLATED BRIDGES

Assuming an equivalent 2dof model, the motion equations governing the response of a
bridge equipped with single concave FPS devices (Figure 1), subjected to the seismic input
ug  t  , apply:
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md ud  t  + md u p  t   cd ud  t  + f b  t  = md u g t 
m pu p  t   cd ud  t   c pu p  t   k pu p  t   fb t  = m pu g t 

(1a,b)

where ud denotes the displacement of the deck relative to pier, u p the pier displacement relative to the ground, md and m p respectively the mass of the deck and of the pier bridge, k p
and c p respectively the pier stiffness and inherent viscous damping coefficient, cd the bearing viscous damping factor, t the time instant, the dot differentiation over time, and fb  t 
indicates the FPS force, that can be evaluated as:
fb  t   kd ud  t  +   ud  md g sgn ud 

(2)

where kd  W / R  md g / R , g is the gravity constant, R is the radius of curvature of the FPS,

  ud  t   the sliding friction coefficient, which depends on the bearing slip velocity ud  t  ,

and sgn(∙) denotes the sign function. It follows that, similarly to base-isolated structures [13],
the fundamental vibration period of an isolated bridge, Td  2 R / g , corresponding to the
pendulum component, is independent of the deck mass and related only to the radius of curvature R.
According to [8]-[10], the sliding friction coefficient of teflon-steel interfaces can be expressed as:

  ud   f max  Df  exp   ud



(3)

where f max and f min  f max  Df represent, respectively, the maximum value of sliding friction coefficient attained at large velocities and the value at zero velocity. In this study, it is
considered that f max  3 f min with the exponent  equal to 30 [13]. Considering the maximum
value of the sliding friction coefficient, the effective stiffness of the FPS bearings
keff  W 1/ R  f max / ud  as well as the corresponding effective isolated period Td,eff [32],[33]
(Fig. 1) can be computed depending on the displacement demand. Note that Eqn.(1) does not
consider the effects of the higher modes due to flexibility of the pier and is verified if only the
horizontal component of the bearing displacement is considered [18] (i.e., high radii of curvature R). Furthermore, the equivalent 2dof model [14],[29] can be assumed representative of
the dynamic behaviour of a single-column bent viaduct as long as the bridge is straight and
consists of a large number of equal spans, of piers with equal height/stiffness and considering
a superstructure (deck) that can be assumed to move as a rigid body [34].
Let us introduce the time scale   td in which d  kd / md is the fundamental circular
frequency of the isolated system with infinitely rigid superstructure, and the seismic intensity
scale a0 , expressed as ug (t )  a0 ( ) where ( ) is a non-dimensional function of time describing the seismic input time-history, the following non-dimensional equations can be obtained and herein proposed for isolated bridges:
 d   + p    2 d d   + d   =  ( ) 

  ud  g
a0

sgn  d 

p
 p2
  ud  g

1
 p     2 d d   + d   
sgn  d    2 p  p    2  p   =  ( )

a0
d
d
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where  p  k p / mp and  p  c p / 2mp p represent respectively the circular frequency and
damping factor of the pier bridge; d  kd / md  g / R and d  cd / 2md d are respectively the circular frequency and the isolator damping factor of the FPS isolator;   mp / md
u pd2
ud d2
[14],[29],[32] the mass ratio. The non-dimensional parameters  d 
and  p 
a0
a0
describe the dynamic response of the deck and the pier, respectively. From Eqn.(4), it is possible to observe that the five non-dimensional  terms [13],[35]-[36] that govern the system
non-dimensional response are:
 

p
  ud  g
,     ,    d  
,    d ,    p
d
a0
d

(5a,b,c,d,e)

p

where  represents the isolation degree [32],[37],   is the mass ratio as previously defined,  p and d are related to the inherent viscous damping of the pier and the isolator,
respectively,   denotes the isolator strength which depends on both the friction coefficient

  ud  and the seismic intensity. Since the sliding friction coefficient is a velocity-dependent
parameter,   is considered as follows [13]:
* 

f max g
a0

(6)

From Eqn.s(4)-(6), note that only the non-dimensional terms d ,  p ,  ,   ,  * , the
function

  ,

describing the frequency content and time-modulation of the seismic input,

and the time scale parameter d influence the non-dimensional seismic response of the bridge
system isolated by FPS.

ud
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Figure 1: 2dof model of a bridge isolated by FPS bearings.
3

UNCERTAINTIES RELATED TO THE SEISMIC INPUT

This section describes the stochastic model employed for the generation of the artificial
ground motions in order to reproduce the uncertainty in terms of frequency characteristics for
different soil conditions as well as the uncertainty corresponding to the seismic intensity.
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3.1

Random excitations

The "record-to-record" variability in terms of the dynamic characteristics of different seismic
inputs related to stiff, medium and soft soil conditions, respectively, is herein described by
means of three corresponding wide groups of artificial records having different frequency
contents. These artificial inputs are modelled as time-modulated filtered Gaussian white noise
random processes [30],[38] within the power spectral density (PSD) method [39] by adopting
the Kanai-Tajimi model [40]-[41], modified by Clough and Penzien [42],[26],[43]-[53], as
follows:

g4  4 g2g2 2
4
S f ( )  2

S0
(g   2 )  4 g2g2 2 ( 2f   2 )  4 f2 2f  2

(7)

in which S 0 is the amplitude of the bedrock excitation spectrum, modeled as a white noise
process;  f and  f are the Clough-Penzien filter parameters assumed as deterministic values,
set equal to  f  1.6 (rad/s) and  f  0.6 ;  is the circular frequency, assumed varying in the
range 0 and 50 rad/s;  g and  g represent the fundamental circular frequency and damping
factor of the soil, respectively, assumed as uniformly distributed independent random variables with appropriate ranges of variation [31],[54] as follows:  g varies in the range 5-9
rad/s (high frequency/short period) with  g =0.6-1 for stiff soil condition,  g is assumed
ranging between 3 rad/s and 5 rad/s (intermediate frequency/ period) with  g =0.4-0.6 for
medium soil condition, and, finally,  g ranges from  to 3 (low frequency/high period) with

 g =0.2-0.4 for soft soil condition. Specific sampling techniques [47]-[52] are used to sample
the data. Assuming the same duration [55],[56] equal to 31.25 s, longer than 25s as provided
from [57], the Shinozuka-Sato function [58] is adopted as time-modulating function in order
to define non-stationary stochastic processes for each set corresponding to each soil condition.
Specifically, 100 artificial (non-stationary stochastic processes) records, generated through the
Spectral Representation Method [30] and reflecting the wide uncertainty in terms of frequency content for each soil type [31],[54],[59] are defined for each soil condition.
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Figure 2: PSD functions corresponding to stiff, medium and soft soil conditions (a); Pseudoacceleration response spectra for the 300 records scaled to the common seismic intensity
measure SA(T) = 0.1 g, for T=4s (b).
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Note also that, for each set of artificial records a high number of random excitations is defined
in order to highly reduce the standard errors of the statistics of the response parameters [18].
As an example, Fig.s 2(a)-(b) show, respectively, the sampled PSD functions and the elastic
pseudo-acceleration response spectra of the 300 artificial records, scaled to the common IM
value SA(T) = 0.1g, for a period T = 4s.
3.2

Intensity measure

In order to take into account the uncertainty related to the seismic intensity, the intensity scale
factor, a0 , of Eqn.(4), represents the seismic intensity measure (IM) in the context of the performance-based earthquake engineering (PBEE) [60],[61]. In this study, the abovementioned
IM is denoted by the spectral pseudo-acceleration, S A Td , d  , corresponding to the isolated
period of the bridge Td  2 / d with the damping ratio d  d . Note that, in the analyses
herein developed, the damping ratio  d is set equal to zero [13],[23],[63] and the correspond-

ing IM is hereinafter denoted as S A Td  .
4

PARAMETRIC STUDY

This section describes the results of the parametric study carried out on the system of Figure 1
to evaluate the seismic performance of bridge isolated with FPS bearings for different structural properties and soil conditions. The first subsection describes the response parameters
relevant to the seismic performance, whereas the final subsection illustrates the parametric
study results. More details may be found in [62].
4.1

Non-dimensional response parameters relevant to the seismic performance assessment

The following response parameters relevant to the seismic performance assessment of isolated bridges are considered: the peak deck displacement relative to the pier ud,max , the peak
pier displacement up,max . These latter ones can be defined in non-dimensional form, as expressed in Eqn. (4), as:

 ud 

ud,maxd2
S A Td 



ud,max

Sd Td 

,  up 

up,maxd2
S A Td 



up,max

(8a,b,c,d)

Sd Td 

For each soil condition (i.e., set of the 100 ground motion records), Eqn. (4) is repeatedly
solved computing a set of samples for each response parameter. As also described in [13][22],[63]-[64], the response parameters are modeled in probabilistic terms by means of a lognormal distribution. Specifically, the generic response parameter D (i.e., the extreme values
 u d ,  u p of Eq. (4)) can be fitted by a lognormal distribution estimating the sample geometric mean, GM  D  , and the sample lognormal standard deviation  ln  D  , or dispersion

  D  , defined, respectively:
GM  D   N d1  ...  d N

  D    ln  D  

 ln d1  ln GM  D  

2



 ......  ln d N  ln GM  D 
N 1
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in which di is the i-th sample value of D, and N represents the total number of samples. The
kth percentile of the generic response parameter D can be evaluated as:
dk  GM ( D) exp[ f (k ) ( D)]

(11)

where f (k ) is a function that assumes the following values f (50)  0 , f (84)  1 and
f (16)  1 [65], for the 50th, 16th and 84th percentile, respectively.
4.2

Parametric study results for each soil condition

In this section, the results of the parametric study developed using the proposed nondimensionalization, for the different structural properties and for each set of 100 records, are
illustrated and discussed. According to several studies [1]-[2],[4],[14]-[15],[29],[66]-[70], the
parameters   d and    p are assumed respectively equal to 0% and 5%, the isolation
d

p

period Td varies in the range between 2s and 4s, the pier period Tp ranges from 0.05s to 0.2s,
*
    varies between 0.1 and 0.2,   ranges between 0 (no friction) and 2 (very high friction) [13]. Other uncertainties [71]-[76] are not considered. Indeed, a high value for the upper
bound of  * is considered in order to take also into account the very low values of the IM at
high isolated periods (i.e., Td=4s) depending on the seismic hazard [57]. For each parameter
combination, the differential motion equations, i.e., Eqn. (4), have been repeatedly solved
adopting the Bogacki-Shampine integration algorithm available in Matlab-Simulink [77]. After that, for each normalized response parameter, the geometric mean, GM, and the dispersion,
, have been evaluated through Eqns. (9) and (10) and are plotted in Figs. 5-12 for each soil
type. Each figure contains several meshes, corresponding to the different   . The results for
deck and pier displacements related to the all pier periods are reported.
Figs. 5-8 plot the results concerning the normalized deck displacement  ud , related to differ-

  is quite perfectly equal to unit for 

ent pier period values. GM  ud

*



 0 and Tp = 0.05 be-

 
because of the period elongation. Obviously, GM  

cause of the very reduced influence of the pier behaviour. For *  0 , and GM  ud
increases slightly for increasing Td

ud

decreases significantly as   increases while it is not heavily influenced by   . For soft soil
*

 

condition and low  * values, the decrease of GM  ud for increasing  * is more gradual,

 

while, for high  * values GM  ud increases in the case of stiff soil, especially, for high T p
values due to the pier influence. The dispersion   ud  for high Td increases for increasing
values of  * , as a result of the reduction of the efficiency of the IM employed in the study for

each soil condition. Moreover, with reference to soft soils, the values of   ud  also result to

be the highest for low or high values of both Td and  * . Obviously, in the reference situation
corresponding to *  0 and T p =0.05s, the dispersion is zero for all the values of Td and of
  considered and for all the soil conditions. The mass ratio   does not affect significantly

the response dispersion, especially in the case of high T p values.
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Figure 5: Normalized deck displacement vs. and Td for Tp =0.05s and each soil condition:
median value (a,b,c) and dispersion (d,e,f) for different values of l. The arrow denotes the
increasing direction of .
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Figure 6: Normalized deck displacement vs. and Td for Tp =0.1s and each soil type: median value (a,b,c) and dispersion (d,e,f) for different values of l. The arrow denotes the increasing direction of .
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Figure 7: Normalized deck displacement vs. and Td for Tp =0.15s and each soil type: median value (a,b,c) and dispersion (d,e,f) for different values of l. The arrow denotes the increasing direction of .

 

The above described peak values of both GM  ud and   ud  in the case of soft soil condition are high due to the resonance effects which mainly affect the effective frequency charactering the dynamic behaviour of the frictional bearings and the dominant frequency of the
corresponding random excitations.
Figs. 8-12 show the response statistics of the normalized pier displacements  u p . GM  u p

 

decreases for increasing values of Td and of   as well as for decreasing values of T p ,
whereas it first decreases and then increases for increasing values of  * . Thus, this means
that there exists an optimal value of the normalized friction coefficient  * such that the pier
displacement is minimized for each soil condition. This optimal value is in the range between
0.1 and 0.3 and depends on the values of T p , Td ,   and on the soil condition. Differently to
the case of base-isolated systems, there is not a particular and specific trend of the optimal
friction coefficients from stiff to soft soil condition, as discussed later in detail. There is a further increase in the value of GM  u p from soft soil to stiff soil due to resonance effects, es-

 

  are very low for low

pecially, for lower values of Td . The values of the dispersion   u p

 * values due to the high efficiency of the IM used in this work, and attain their peak for

values of  * close to the optimal ones. The other system parameters have a reduced influ-

  compared to the influence of 

ence on   u p

*



. For the soft soil condition, the dispersion

  strongly increases for increasing values of 

 u

p

*



for low isolation period and for higher

pier periods because of the resonance effects which mainly affect the effective frequency of
the frictional bearings and the dominant frequency of the corresponding random excitations.
As observed in similar studies [13],[23],[78]-[81], the existence of an optimal value of the
friction coefficient derives from a combination of different effects. Indeed, an increase of the
sliding friction coefficient leads to higher isolator strengths (and thus higher values of the
equivalent stiffness, with a lowering of the corresponding effective fundamental vibration period (Fig.1)) and higher forces towards the deck. This also leads to an increase in the forces
transmitted to the pier bridge due to inertial effect, relative to deck mass, on the pier.
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Figure 8: Normalized deck displacement vs. and Td for Tp =0.2s and each soil type: median value (a,b,c) and dispersion (d,e,f) for different values of l. The arrow denotes the increasing direction of .
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Figure 9: Normalized pier displacement vs. and Td for Tp =0.05s and each soil condition:
median value (a,b,c) and dispersion (d,e,f) for different values of l. The arrow denotes the
increasing direction of .
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Figure 10: Normalized pier displacement vs.
Td for Tp =0.1s and each soil condition:
median value (a,b,c) and dispersion (d,e,f) for different values of l. The arrow denotes the
increasing direction of .
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Figure 11: Normalized pier displacement vs. and Td for Tp =0.15s and each soil condition:
median value (a,b,c) and dispersion (d,e,f) for different values of l. The arrow denotes the
increasing direction of .
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Figure 12: Normalized pier displacement vs. and Td for Tp =0.2s and each soil condition:
median value (a,b,c) and dispersion (d,e,f) for different values of l. The arrow denotes the
increasing direction of .
However, the forces transmitted to the substructure also depend on the bearing displacements,
which decrease as the friction coefficient increases. An increase of the forces transmitted to
the substructure generally increases the substructure displacements. Contextually, another effect is the increase in terms of energy dissipation (equivalent damping), which reduces the
substructure displacements. The balance between these effects defines the optimal friction
coefficient of the FPS devices.
5

OPTIMAL SLIDING FRICTION COEFFICIENTS FOR ISOLATED BRIDGES
DEPENDING ON SOIL CONDITIONS

From the results defined in the previous section, for each parameter combination (i.e.,
   Td and Tp ) and soil condition, the optimal values of the normalized sliding friction coef-
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ficient, * ,opt , that minimize the median (50th percentile) normalized pier displacements  u p
have been computed and are illustrated in Fig. 13. Minimizing the pier displacements relative
to the ground represents a notable design requisite for the safety of bridges in order to assure
an adequate seismic protection. In fact, an inelastic response of the pier can lead to a disproportionately large displacement response that could also be amplified in the case of the resonance effects. Figure 13 shows the variation of * ,opt with   and Tp for Td = 2s (Figure
13a,b,c) and Td = 4s (Figure 13d,e,f), for the three soil conditions.
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Figure 13: Optimal values of normalized friction that minimize the 50th percentile of the normalized pier displacements vs. land Tp for each soil type and for Td =2s (a,b,c) and Td =4s
(d,e,f).
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According to [23], the optimal values of the (normalized) sliding friction coefficient slightly
increase for decreasing Td , especially for low Tp and for each soil condition. It is also observed that, for low Td , * ,opt generally decreases by increasing   and Tp . This trend is
reversed with increasing of Td and soil stiffness, when it is necessary to dissipate more energy,
due to the resonance effects.
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Figure 14: Optimal values of normalized friction that minimize the 84th and 16th percentiles of
the normalized pier displacements vs. land Tp for each soil type and for Td =2s (a,b,c) and
Td =4s (d,e,f).
As previously discussed, it is also possible to observe that higher values of the optimum friction coefficient are required, especially for low isolated periods, for soft soil condition in order to reduce the bearing displacements and, consequently, the forces transmitted to the pier
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as well as to increase the energy dissipation (equivalent damping). A reversal of this trend occurs for high values of both the isolation period and pier period, when it is necessary to dissipate more seismic energy input due to the resonance effect that affects the pier for stiff soil
condition. In order to assure a high safety level, it might be of interest to define the values of
* ,opt that minimize others response percentiles [63]. Fig. 14 shows the optimal values of
normalized friction that minimize the 84th and 16th percentiles of the normalized pier response
for the different values of    Tp , Td = 2s (Fig. 14a,b,c), Td = 4s (Fig. 14d,e,f) and for the
three soil conditions. The trend is similar to the case of the 50th percentile. Regression expressions as statistics equations [82]-[87] to estimate the optimal friction coefficient may be found
in [62].
6

CONCLUSIONS

This paper describes the seismic performance of elastic bridge pier equipped with friction
pendulum system (FPS) bearings in order to define the optimal isolator friction properties as a
function of the structural properties and of the soil characteristics in terms of frequency content, corresponding to stiff, medium and soft soils, respectively. Assuming an equivalent twodegree-of-freedom model, representative, respectively, of the dynamic behaviour of a singlecolumn bent viaduct, describing a continuous and infinitely rigid deck with an elastic pier,
and the velocity-dependent FPS isolator behaviour, a non-dimensionalization of the motion
equations is herein proposed. For each soil type, the uncertainty in the seismic inputs is taken
into account by means of a set of 100 artificial non-stationary stochastic records, obtained
through the power spectral density method, with different frequency content. By means of the
proposed non-dimensionalization, a wide parametric analysis is developed for several isolator
and pier properties, and for different soil conditions, by monitoring the response parameters of
interest.
With reference to the deck response, the geometric mean of the normalized deck displacement increases slightly for increasing isolation period because of period elongation and it decreases significantly as normalized friction increases while it is not heavily influenced by the
mass ratio. The dispersion for high isolation period increases for increasing values of normalized friction. The mass ratio does not affect significantly the response dispersion, especially
for high pier periods. There are resonance effects for soft soil condition and low normalized
friction values, and for stiff soil condition and high normalized friction values, particularly,
for higher values of the pier period.
With reference to the pier response, the geometric mean of the normalized displacement
decreases for increasing values of isolation period and of mass ratio as well as for decreasing
values of pier period, whereas it first decreases and then increases for increasing values of
normalized friction. Thus, there exists an optimal value of normalized friction coefficient such
that the pier displacement is minimized for each soil condition. This optimal value varies in
the range between 0.1 and 0.3 depending on the system parameters and the soil type. The values of the dispersion are generally very low. The other system parameters have a reduced influence on the dispersion compared to the influence of the normalized friction. There are
resonance effects for the stiff soil condition with increasing normalized friction values, particularly, for higher values of pier period and lower isolation period values.
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Abstract
Large-scale seismic experimental facilities play a relevant role and provide essential contribution to the performance-based earthquake engineering. In such a context, recent advances
in experimental data acquisition methodologies in large laboratories can open new perspective to the evaluation of structural performance of tested mockups under seismic load. In particular, the application of 3D motion capture systems to shaking table testing provides a
unique tool for recording relative displacements of a large number of measurement points.
The analysis of 3D relative displacements during dynamic tests allows to evaluate the structure deformations and to monitor the cracks formation and evolution, which can lead to the
formulation of damage indices. Also, the failure mechanism could be easily visualized and
analyzed by monitoring the cumulative relative displacements between markers. In addition,
in-plane and out-of-plane deformations of walls could be monitored during each seismic test,
providing accurate information on the torsional and bending effects. A case study is presented
about a full-scale model of a masonry cross vault of the mosque of Dey, Algiers, tested at the
ENEA Casaccia shaking table. The cross vault was subjected to a seismic sequence based on
the 21-May-2003 earthquake recorded at Keddara station. The results obtained through the
processing of the data from 67 markers located on the vault showed the potentialities of the
methodology.
Keywords: Damage Detection, Shaking Table Tests, 3D Motion Capture, Deformations,
Crack, Masonry Structures.

4887

Ivan Roselli, Vincenzo Fioriti, Gerardo De Canio, Michela Rossi, Chiara Calderini, and Sergio Lagomarsino

1

INTRODUCTION

In the general context of performance-based earthquake engineering (PBEE), as developed
by the Pacific Earthquake Engineering Research [1], several steps are considered in order to
achieve the complete methodology. One of these steps is the damage analysis, in which a
damage measure (DM) representing a damage state of a structural or non-structural element is
associated with one or more engineering demand parameters (EDPs). As a final step, the loss
analysis of constructions that have undergone a seismic event, enables to estimate repair costs,
repair duration (downtime), and human losses. For the damage assessment of structures
through numerical analyses (e.g. FEM etc.) many parameters and indices have been developed and validated by correlation with damage observed on-the-field, e.g. by comparison with
the damage grades, as defined by reference guidelines and regulations, such as the European
Macroseismic Scale EMS-98 [2], widely adopted by national standards, such as the Italian
regulation [3].
Even if numerical methods are nowadays consolidated and widely used for structural and
damage analyses, the study of damage occurrence/evolution and seismic performance of
structures must be considered a more general objective that still needs laboratory experimentation and data collection. In this direction, the damage assessment in full-scale shaking table
tests through non-destructive tests (NDTs) and measurements of the dynamic behavior of
tested mock-ups have a remarkable importance [4].
The present paper focuses on pointing out a methodology for the construction of a simplified damage index based on the application of 3D motion capture systems to shaking table
testing. This kind of measurement systems represent a unique tool for recording relative displacements of a large number of measurement points through simple markers located on the
tested mock-up [5]. Analyzing the 3D relative displacements between markers during dynamic tests, the deformations and the cracks can be detected and measured, opening to the possibility of formulating damage indices from experimental seismic experiments.
The methodology is illustrated and applied to a case study representative of a typical fullscale historic masonry mock-up of a cross vault of the mosque of Dey, Algiers. The 67 markers located on the vault mock-up were processed and damage indices computed, showing the
potentialities of the methodology.
2

DAMAGE INDICES

A variety of damage indices (DIs) can be built on the base of different kinds of properties
(structural or dynamic) and at different scale (local or global), as described in the literature [6].
Also fatigue effects may be taken into account, defining cumulative indices [7]. In general,
damage indices are typically normalized on a scale of 0 to 1, where zero represents the undamaged state and unity represents the final collapse state of the structure. Most of such indices have been built and consolidated through extensive theoretical and experimental studies
on reinforced concrete buildings, which are very common construction typology in many
parts of the world. On the other hand, reinforced concrete structures are designed with somewhat simple schemes and have a more homogeneous and controllable behavior in comparison
to historic masonry constructions. Moreover, they commonly present large cracking damage
before the most common hysteretic one. Thus, the definition of proper and effective DIs for
historic masonry structures is a very complex topic [8].
Damage indices can be used to describe the condition of a structure after an earthquake by
relating its values with the level of damage states. To this purpose, correlations between DIs
and Macroseismic Scale EMS-98 grades have been proposed. The one illustrated in Table 1
developed for reinforced concrete buildings in Croatia [9] is one of the most recent examples.
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DI value
0 < DI ≤ 0.3
0.3 < DI ≤ 0.5
0.5 < DI ≤ 0.8
0.8 < DI ≤ 1.0
DI > 1.0

Description of
structural damage
Insignificant
Moderate
Severe
Heavy
Collapse

Damage
grade
(EMS-98)
1°
2°
3°
4°
5°

Table 1: Correlation between DI values and EMS-98 damage grades [9].

Specific approaches for historic masonry buildings, such as ancient churches, have been
developed by [10], in which the role of damage and collapse mechanisms, as well as the characteristics of the different macroelements, are taken into account. The following subsections
will focus on the most used DIs to assess the overall damage degree of a structure subjected
to shaking table tests.
2.1

Damage indices based on deformations and energy

Many indices were developed since the years 1980s by a variety of authors as deformationbased indices starting from simply attempting to extend the ductility concept to repeated loading [7]. Other authors focused on the energy absorption during hysteretic loops as a measure
of damage [7]. In fact, more complete models were developed as combined indices of both
concepts. This is the case of one of the most widely used damage index that was proposed in
1984 by [11] as a linear combination of the maximum displacement and the dissipated energy.
It can be formulated as follows:
(1)
where du is the ultimate displacement at monotonic loading, dm is the maximum displacement
corresponding to the point of maximum capacity, βe is the parameter representing the cyclic
loading, dE is the incremental dissipated hysteretic energy and Fy is the longitudinal reinforcement yielding force. On the one hand, the simplicity and the calibration of the above
model through a large amount of experimental observations of damage make ID a very consolidated index. On the other hand, a major problem is the determination of du and, especially, of
βe. In particular, empirical studies and related regression equations in the literature yielded
quite small values of βe, so that the energy term provides a limited contribution, often negligible with respect to the deformation term [7].
The above indices are usually calculated for each structural macroelement or floor in multistory buildings (local indices), then a weighted average value is computed to estimate the
global damage. Weighting systems are often based on subjective assessments and criteria, e.g.
through considerations on the different collapse mechanisms and the relevance of heavy localized damage. The contribution of local energy absorption to the overall damage state as a
more objective criteria for weights determination was also proposed by several authors [7].
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2.2

Global damage indices based on stiffness reduction

Damage indices based on the dynamic properties of a building are widely accepted as the
main indicators of the global state of health of the overall structure [12]. They are usually
built as a function of the modal parameters of the structure. In particular, they calculate the
change in the fundamental frequency (or frequency shift), on the basis of the consolidated observation that damage processes induce a measureable decrease of the system’s stiffness. A
common formulation of this type is the following:
(2)
where f0 is the initial fundamental frequency of the undamaged structure and fd is the fundamental frequency of the damaged structure. Several methods of modal analysis, such as the
Experimental Modal Analysis (EMA) based on the computation of the Frequency Response
Function (FRF), or other modal identification methods [13], can be used to estimate the modal
frequencies of the studied structure.
2.3

Construction of a global damage index based on markers displacements

A global damage index based on the 3D displacements of markers recorded by a motion
capture system [14] during shaking table tests is explored in the following. In fact, the energy
absorption in shaking table tests is of difficult assessment. However, its contribution is generally limited, if not negligible, in comparison to the plastic deformation term. Therefore, it is
here explored the possibility of providing rough indication through a simplified index based
uniquely on measured displacements. A general model for the index was assumed as:
DIm = f(ΣΔδ, a, b)

(3)

where f is a function of the cumulative residual relative displacements ΣΔδ between markers
at the end of each seismic test, as an estimate of accumulated plastic deformations, while a
and b are empirical coefficients to be determined through correlation with experimental results of a consolidated global damage index. In the following, the DIf described in the previous subsection will be taken as reference index for such correlation. The function f can be
determined a priori or it can be chosen among several functions by best correlation criteria. In
the following, the application of the method is illustrate with a case study. Obviously, the
larger amount of experimental cases are used for statistical correlation, the more representative and consolidated is to be considered the constructed index.
3

CASE STUDY
3.1

Shaking table tests

As a case study, the shaking table tests executed on a mock-up representing one of the 10
cross vaults of the Mosque of Dey were considered. The tested cross vault is shown in Figure
1(a). It is one brick layer in thickness and its dimensions are 350 x 360 cm2 square plan, with
a total height of 565 cm. More structural details on the Mosque of Dey can be found in [1516]. The structural properties and characteristics of the tested mock-up are described in detailed in [17]. The mock-up was initially tested with two steel longitudinal bars linking transversal walls, functioning as tie-rods. Successively, the two ties were removed to verify the
specimen resistance up to collapse.
The historic Algerian masonry reproduced for the vault is a poor masonry made up of
baked clay bricks of size 3.5 x 12 x 25 cm3 with weak 2.5-cm-thick joints.
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(a)

(b)

Figure 1: Tested specimen with markers in white (a) and 3D markers reconstruction (b).

Characterization tests on seven mortar samples extracted from buildings of the Citadel of
Algiers, dating back to the same period of construction of the mosque, indicated that clay,
finely bricks, gravel, sand, lime, and pozzolana in varying proportions are the main components. The bricks were assembled according to ancient master builders’ technique, similar to
local historical cross vaults. Figure 1 shows the positions of the 67 retro-reflecting markers
tracked by a 3D motion capture system based on a constellation of high-frequency and highresolution cameras located around the shaking table [18]. In Figure 1(a) the markers appear
white, as they reflect the photo camera flash light. The 3D reconstruction of markers positions
is achieved through geometrical triangulation algorithms by the acquisition software and
mock-up wireframe is displayed by connecting markers, as illustrated in Figure 1(b). The system overall accuracy is in the order of 0.01-0.1 mm in terms of RMS error of markers position
[19]. Markers motion data were acquired at 200 Hz of sampling frequency.
Seismic sequence on shaking table was based on the NS component of the ground motion
recorded at Keddara station during the 21-May-2003 earthquake occurred in the province of
Boumerdes and the eastern part of Algiers with 6.8 Magnitude [20]. The seismic signal was
normalized to the site of the Citadel of Algiers according to the uniform hazard response spectrum (UHRS) method and was applied in the direction transversal to the tie-rods. The seismic
sequence started with a test at 0.05 g of nominal peak ground acceleration (PGA). Succeeding
tests were performed increasing the PGA of 0.05 g at each step. Also low-intensity whitenoise tests were performed for the dynamic identification of the mock-up.
4

RESULTS

In Table 2 the results obtained with the different regression models utilized for the construction of the damage index DIm are shown.
DIm model
a log (ΣΔδ) + b
a (ΣΔδ) + b
a (ΣΔδ)b
a eb(ΣΔδ)

Regression eq.
0.17 log x + 0.78
0.58 x + 0.26
0.78 x0.159
0.25 e1.29 x

R2
0.942
0.908
0.832
0.754

Table 2: Different models utilized for construction of damage index DIm and corresponding correlation coefficients R2 with stiffness damage index DIf.
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After regression analysis with the stiffness damage index DIf as defined in eq. 2, as a reference damage estimator, the correlation coefficients R2 was considered to assess the effectiveness of each proposed model. The best results were found with the logarithmic model, which
showed very high correlation (R2 of 0.942) with DIf. It must be noted that all regression models gave quite good correlations (R2 higher than 0.75), even if the contribution of energy absorption was neglected. On the other hand, most of the experimental points in Figure 2 are
concentrated at low levels of damage (DI < 0.3). Consequently, the found regression equation
is not be considered highly representative of all possible damage states of the structure. In fact,
the mock-up suddenly collapsed with little warning, hardly visible to the naked eye, at test
with 0.25 g of PGA, corresponding to 0.318 g of peak table acceleration (PTA), showing a
quite fragile behavior. However, the methodology seemed effective to catch the behavior of
the tested structure and easily applicable to further experiments to increase the model representativeness for different collapse mechanism and structural typologies.
In Figure 3 the in-plane relative displacements between top and bottom of the façade before and during collapse at test at 0.25 g of PGA are shown. Final collapse was activated at
time equal to about 10 s of the time history with the catastrophic out-of-plane overturning of
the façade and the consequent development of a four-hinge mechanism of the vault.

DIm = a log (ΣΔδ) + b
a = 0.17
b = 0.78

Figure 2: Best empirical correlation between DIf (formulated according to eq. 2) and DIm.

(a)

(b)

Figure 4: Markers of mock-up façade (a). In-plane relative displacements between top (ALU) and bottom (AC1)
of the façade left corner during seismic test at 0.25 g of PGA.
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(a)

(b)

Figure 4: Comparison of in-plane shear deformation (dy/H) between left (ALU-AC1) and right (ACU-AC2) corners of the façade during seismic sequence with ties (a) and without ties (b).
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Figure 5: Maximum displacements dx in direction of tie-rods achieved by the markers on top of mock-up façade
on the left and right corners (BRU and DLU respectively) with ties (a) and without ties (b).

Through the monitoring of the markers motion, it was possible to detect even the initial deformations that occurred at the first steps of the seismic sequence, as depicted in the graphs of
Figure 4 and 5. In particular, in Figure 4, the torsional effects are evidenced by the comparison between the behavior of the left and the right corners on the façade. While out-of-plane
displacements on top of the left and right corners of the mock-up façade are compared in Figure 5.
5

CONCLUSIONS

A methodology was explored for the detection of damage occurrence and its evolution in
historic masonry mock-ups tested on shaking table. In particular, the construction of a simplified damage index based on the displacements measured through a 3D motion capture systems to be utilized in shaking table testing was proposed. The attempt is to take advantage of
the potentiality of such measurement systems to track the displacements of a large number of
markers that can be easily and cheaply located on the tested mock-ups. The displacementbased index was determined among a series of regression models through the best-correlation
criterion with a consolidated global damage index, based on the change in modal frequencies.
The application to the case study showed the potentialities of the methodology. The best
regression model showed very high correlation. In fact, even the other models gave quite
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good correlations (R2 higher than 0.75), despite the contribution of energy absorption was neglected. It must be also noted that further experiments are needed to consolidate the model, as
the case study provided results concentrated at low levels of damage (DI < 0.3), making the
found regression equation not highly representative of all possible damage states. This because the studied masonry mock-up collapsed with quite fragile behavior, rapidly passing
from low-damage to final failure.
Moreover, comparing the displacements of different markers in the same direction, inplane and out-of-plane deformations of walls were monitored to assess the torsional and bending effects. This allowed to follow the evolution of the failure mechanism, which provided
valuable information to assess the dynamic behavior of the structure.
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Abstract

In recent years, the need of retrofit interventions on existing buildings is increasing,
also due to the high economic losses recorded after the recent seismic events. The
intervention techniques based on stiffening and energy dissipation are one of the
most widespread among the several available. Despite the great diffusion of this
kind of interventions, there are still no clear and shared rules about design principles and, above all, about the performance objectives to be followed within the design. In particular, there is a lack of design approaches based on optimization of
intervention costs and cost-benefit assessment. This paper concerns the optimal design of dissipative braces for seismic retrofitting of existing reinforced concrete
buildings in the context of a multi performance design problem. Topological and
dimensional optimization of the braces is achieved by minimizing the real intervention cost through an innovative formulation of the objective function. The procedure is based on elastic linear analyses, keeping in count the inelastic behavior of
dissipative devices and concrete frame through linear equivalent schemes. The reliability of such linearized schemes is discussed by a comparison with structural
response obtained with Non-Linear dynamic analyses on a case study structure.
Further, it will be shown how the procedure allows, besides the design of the braces characteristics, a critical assessment and choice of the performance levels in order to optimize the cost benefit ratio of the intervention, thus showing its
effectiveness as decision-making tool for seismic risk mitigation.
Keywords: Bracing; Energy Dissipation; Optimization; Retrofit; Multiperformance.
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1

INTRODUCTION

Nowadays, the seismic protection of existing buildings is one of the most relevant topics in
earthquake engineering. The recent seismic events that hit many countries all over the world
(Umbria-Marche 1997, Italy; L’Aquila 2009, Italy; Christchurch 2011, New Zealand; Tohoku
2011, Japan; Emilia 2012, Italy; Centro Italia 2016, Italy) have highlighted the weaknesses of
existing building heritage, causing many casualties and very high economic losses [1]–[3].
For many years politics, economists and the whole scientific community have not appropriately considered the problem of the enormous costs of reconstruction due to seismic events
that have been very high [4] [5]. In the recent years, the need of a seismic risk mitigation
strategy has emerged. In order to gain this goal, decision making tools are needed to obtain
adequate seismic protection with the least financial investments possible.
To this aim, the existing design methodologies are often inappropriate because don’t keep in
count the financial aspects of a retrofit interventions [6]. Therefore, new methodologies based
on seismic risk assessments are substituting traditional performance based approaches [7]–
[10].
The risk-based methodologies allow to evaluate the economic losses of an asset throughout its
nominal life by correlating seismic hazard, structural response and damages. The aim of retrofit interventions is to mitigate the damages and consequent economic losses by modifying the
structural response. The intervention will be profitable if its cost is commensurate with the
gain obtained in terms of damage reduction, in other words in the presence of an advantageous cost-benefit ratio. In this moment, there is a lack of methodologies capable of performing a cost-benefit assessment for retrofit interventions.
Among the several intervention techniques available, the most interesting in order to find an
optimal cost/benefit ratio are the ones based on stiffening and energy dissipation [11]–[15].
The main advantage of this techniques is their potential low invasiveness and their broad
adaptability to different performance requests.
Many design process and methodologies are available in the international literature for dissipative bracing design, some of them pursue an optimality criterion (e.g. minimum interstory
drift, minimum base shear, maximum energy dissipation) [16]–[23], while others allow to
find the brace characteristic and disposition just by guaranteeing some performance requirements through simplified procedures [24]–[28]. The design procedures based on an optimality
criterion are commonly based on complex models that explicitly keep in count the nonlinear
effects, while the simplified procedures are commonly based on the use of single degree of
freedom (SDOF) equivalent models. Among the procedure previously cited, only few of them
foreseen a multiperformance approach and, moreover, none of them foresee a risk-based design for retrofit intervention, even in the case the cost intervention is explicitly kept in count
[20]–[22].
In this paper is adopted the optimization procedure proposed in [29], that allow a multiperformance design of braces by minimizing the intervention cost and by constraining the interstory drift ratio (IDR). The structural performance is assessed through linear analyses by
adopting a model with a linearized behaviour of both existing frame and dissipative elastoplastic device. On the case study presented herein, will be shown how this procedure allows a
dimensional and topological optimization of the braces by minimizing the intervention costs.
Furthermore, a comparison between the intervention costs obtained for several performance
requests is shown, in order to evidence the effectiveness of this procedure as a decisionmaking tool.
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2

STRUCTURAL BEHAVIOUR AND MODELLING

The optimization procedure adopted herein is based on elastic linear analyses. The structural
model keeps in count the non-linear behaviour of existing frame and dissipative braces
through properly developed linearization schemes. The linearized secant stiffness of the frame
is calculated on the basis of the maximum ductility demand expected on structural elements,
while the braces behaviour is linearized within the procedure on the base of calculated local
displacement demands. The global stiffness matrix is then assembled by adding to the unbraced frame stiffness matrix, the contribution of each brace assessed within the procedure.
Similarly, the energy dissipated by each brace is assessed within the procedure and added to
the energy dissipated by the frame in order to compute a global equivalent damping ratio for
the braced building and reduce the seismic forces.
2.1

Existing frame

The existing frame behaviour is assumed as bilinear, as it is shown in Figure 1. The secant
stiffness K0 is calculated in correspondence of the final desired displacement of the braced
structure, ud, which can be determined on the base of the drift profile used as a constraint in
the optimization procedure. Once known such final displacement, a reasonable estimate of the
secant linear stiffness of each structural element can be determined on the base of expected
global ductility demand through the following expressions [30]:
I
I i eq  i
(1)




ud
uy

(2)

where: Iieq is the equivalent inertia of the i-th section, Ii is the inertia of the i-th section, μ is
the global ductility demand, ud is the final displacement and uy is the yielding displacement of
the frame.
In correspondence of the final desired displacement, ud, the energy dissipated by the frame is
assessed through the following expression:
E0  0.33  4  Fy ud  Fy u y
(3)





where: Fy and uy are the yielding force and the yielding displacement of the existing frame,
respectively.

Figure 1: Existing frame behaviour, elastic stiffness Kel and equivalent secant stiffness K0.

4898

Laguardia R., Gigliotti R., Braga F.

2.2

Dissipative brace

The dissipative brace is composed by a series disposition of an elastic steel truss and an elastoplastic dissipative device. The global bilinear behaviour of the brace is linearized in correspondence of its maximum displacement, uu. Differently than for the existing frame, the
linearization process of the brace is performed within the optimization procedure on the base
of calculated local displacement of each brace. Given the force-displacement relationship of
Figure 2, the linear secant stiffness of each brace and the associated dissipated energy can be
calculated as follows:
KiB  FuiB uuiB
(4)

EiB  4   FyiBuuiB  FuiBu yiB 

(5)

where: KiB, EiB FyiB, uyiB, FuiB, uyiB are the equivalent stiffness, the energy dissipated, the
yielding force, the yielding displacement, the ultimate force and the ultimate displacement of
the i-th brace, respectively.

Figure 2: Brace assemblage and force-displacement relationship adopted for the brace (blue line), the steel truss
(green line) and the dissipative device (red line).

2.3

Braced structure

In Figure 3 it is shown the sketch of the assembling procedure of stiffness and dissipated energies within the procedure. The global stiffness matrix of the braced structure is assembled
by simply adding the contribution of the existing frame, K0, and the contributions of each
brace, represented through an influence matrix ΔKi, using the following expression:
K  K 0   ΔK i
(6)
i

Similarly, the total energy dissipated by the braced structure, E, is assembled as follows:
ED  E0   EiB
(7)
i
By using the total energy dissipated obtained through Eq.7, the equivalent damping ratio of
the system can be assessed as follows:
1 ED
 eq 
v
(8)
4 E p
where Ep is the elastic energy of the braced structure and ζv is the added viscous damping.
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Figure 3: Assembling of stiffness and dissipated energies within the procedure.

3

OPTIMIZATION PROCEDURE

The optimization procedure is asked to provide the dimensional and topological characteristics of the dissipative braces. With this aim and given the brace characteristics exposed in section §2.2, the unknowns of the optimization problem, namely the independent variables, are
defined as follows:
x   A A FyD uDy 
(9)
where: AA is a vector whose generic component AiA is the area of the i-th steel truss, FyD is a
vector whose generic component FyiD is the yielding force of the i-th dissipative device and
uyD is a vector whose generic component uyiD is the yielding displacement of the i-th dissipative device.
The objective function of the optimization procedure can be defined, as follows:
n

O.F .(x)   (C ( A ) C
i 1

S
i

A
i

D
i

F   C
D
yi

M
i

np

( A )   CrF ( x)
A
i

r 1

(10)

where: CiS is the cost function of the steel elements, CiD is the cost function for the dissipative
devices, CiM is the cost function for the masonry works, CiF is the cost function for the foundation system interventions.
A detailed description of Eq. 10 may be found in [29]. The constraints of the procedure are
expressed in terms of interstory drift ratio and can be formalized as follows:
hu (x)  IDR(x)  IDR Lim
(11)
where: hu is the vector of constraints, IDR is the vector containing the interstory drift ratio
obtained from structural response and IDRLim is the vector of maximum interstory drift ratio
desired.
The optimization procedure can consequently be defined as follows:
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min

O.F .(x)

h (x)  IDR(x)  IDR
u

4

Lim

0

(12)

NUMERICAL EXAMPLE

The procedure has been applied to a case study which represent the typical Italian reinforced
concrete building realized in the absence of seismic provisions. It has six floors with a height
of 3m, three spans with a length of 5m. The considered floor mass is 112.5kNs2/m. The beams
have a 30x50cm section, external columns have a 30x30cm section and central columns are
tapered along the building height: a 30x60cm has been considered for the first three floors
while a 30x30cm section has been considered for the other three floors. Braces are located in
the central span of the building with a diagonal disposition, as shown in Figure 4.

Figure 4: Case study structure and brace initial arrangement.

The optimization problem aims to find the optimal size and disposition of braces in order to
obtain the desired interstory drift ratio for different action levels. The considered action levels
are related to the Italian site of Reggio Calabria (LAT 38.11, LON 15.66) for the return periods (Tr) of 30, 101, 475 and 975 years, soil C and T1 site conditions as defined in the italian
seismic code [31]. For each of these action levels the acceptance criteria for interstory drift
ratio are defined as 0.1%, 0.4%, 0.7% and 1%, respectively. By considering these action levels and acceptance criteria, the optimization problem of Eq. (12) is extended to a multiperformance problem that can be posed as follows:
min
O.F .(x )
Lim
 hu 30 (x )  IDR 30 (x )  IDR 30
0

Lim
 hu 101 (x )  IDR101 (x )  IDR101  0

Lim
hu 475 (x )  IDR 475 ( x )  IDR 475  0
Lim
 hu 975 (x )  IDR 975 (x )  IDR 975
0

(13)

Where hu-j is the vector of constraints for the j-th hazard level, IDRj is the vector of IDR obtained for the j-th hazard level and IDRjLim is the vector of acceptance criteria adopted for the
j-th hazard level.
The results of the optimization problem are shown in Figure 5. Brace stiffness and strength
reduces along the height with the exception of the fourth floor where the braces are sensibly
stiffer than the floor below in order to balance the stiffness reduction due to the column tapering. In Figure 6a are shown the interstory drift ratio obtained with the elastic linear analyses
performed within procedure, as it can be seen the drift are very regular along the height, with
the exception of the last floor for events with low rate of occurrence. Furthermore, it should

4901

Laguardia R., Gigliotti R., Braga F.

be observed that the IDR for Tr=101yrs are quite lower than the maximum drift allowed (i.e.
IDR101Lim=0.4%). In order to verify the reliability of the linearization procedure, several Nonlinear-dynamic analyses are performed in the software Opensees [32] by considering the ductile flexural behaviour and by using the set of natural ground motions described in [33].
Despite of several modeling possibilities of fragile and degradation phenomena [34]–[38], it
has been chosen to perform analyses with a model coherent with the one adopted within the
procedure that does not take into account such phenomena, further information about modeling assumptions may be found in [29] and [39]. The average interstory drift ratio obtained
through NL time history analyses are in good agreement with the one obtained through the
procedure, proving the reliability of linearization schemes adopted. Furthermore, a parametric
study has been performed solving several single-performance problems accepted through the
optimization problem herein proposed by adopting different maximum IDR. In Figure 7 is
shown the variation of the intervention cost with the maximum IDR accepted. It can be noticed that maintaining the structure in the elastic field (i.e. IDR <0.4%) considerably increases
the costs of intervention, while admitting slight plasticization (i.e. IDR> 0.7%) allows to contain costs considerably, as well as using a multi-performance approach analogous to the one
described above (i.e. MP in Figure 7). The intervention cost thus evaluated, if compared with
the expected annual losses due to the achievement of the requested performances, can therefore be used to evaluate which performance configuration guarantees the optimal cost-benefit
ratio.

Figure 5: Brace characteristics and arrangement of the optimal solution.
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(a)

(b)

Figure 6: Structural response of the braced structure: IDR obtained through elastic linear analyses within the
procedure (solid lines) and IDRLim imposed as constraints (dashed lines) (a); average IDR obtained through NL
time history analyses.

Figure 7: Total intervention cost for different maximum IDR.

5

CONCLUSIONS

In this paper is presented an optimization procedure which allows the design of bracing systems by minimizing the intervention costs through a multi-performance approach. In order to
keep in count the nonlinear behaviour of frame and braces, equivalent linearization schemes
are adopted. The analyses on the case study have shown how the braces designed through this
procedure allow a regularization of the building behaviour along the height and the achievement of the desired performance requirements for all the considered action levels. The results
obtained with NL analyses are in good agreement with the one obtained with linear analyses
performed within the procedure, showing how the linearization schemes are reliable in order
to describe the structural behaviour even when marked non-linear behaviour is expected. This
procedure is therefore able to solve a complex multi-performance problem by linear analysis,
with the great advantage of limiting the computational times and without the need to adopt
complex structural models with explicit modeling of nonlinearities, thus showing itself as a
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useful design tool. Furthermore, the comparison of results in terms of intervention costs, once
given several performance requirements, show the effectiveness of the procedure as a fast and
reliable tool to estimate the intervention cost and choice the performance requirements to optimize cost-benefit ratio too.
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Abstract
The main objective of this paper is to assess the effect of different modelling approaches of
brace-to-frame gusset plate connections for seismic performance assessment of steel concentrically-braced frames (CBFs). Two scenarios are considered, namely: i) simplified simulation of braces through a centreline-to-centreline pinned-ended idealization; ii) explicit
simulation of brace-to-frame gusset connections. A suite of building archetypes, with different
bracing configurations and building heights, are used to show the effect of the aforementioned modelling variants on different metrics of seismic performance (e.g. lateral deformations, collapse risk, economic losses). Across the group of metrics considered, it is shown
that the non-consideration of brace-to-frame connections may entail biased characterizations
of seismic performance.

Keywords: concentrically-braced steel frames, brace gusset connections, OpenSees, seismic
performance.
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1

INTRODUCTION

Seismic performance assessment of buildings may be conducted through simplified numerical models based on several modelling assumptions. Such assumptions, however, may or not
entail less accurate estimates of seismic performance. In the context of steel concentricallybraced frames (CBFs), more simplified strategies, in which diagonals are simulated using
their centreline-to-centreline length coupled with fully-pinned boundary conditions, have been
adopted in the literature [2]. On the other hand, more refined numerical models may be associated with explicit simulation of the brace-to-frame gusset plate connections [1], in which the
gusset geometry plays a primordial role on the rigidification of portions of the beams and columns intersected by the gusset plate connection, as well as the physical length and boundary
conditions of the bracing diagonals. As one may infer, this modelling approach requires the
complete definition of the plate characteristics through a seismic design process, which may
not be easily achievable for large building populations. Furthermore, it is unclear in the literature whether or not the two modelling approaches entail relevant differences in seismic performance characterizations across different bracing configurations and metrics of seismic
performance (e.g. collapse risk, earthquake-induced economic losses). Based on the aforementioned aspects, this research study evaluates the implications of non-explicit simulation of
brace-to-frame connections across different metrics of performance. This is achieved by resorting to a suite of archetype buildings seismically designed to Part 1 of Eurocode 8 (EC8-1)
[3], using different bracing configurations and building heights.
2

ARCHETYPE BUILDING POPULATION

In order to assess the implications of numerical modelling refinement of brace-to-frame
gusset connections, a comprehensive group of CBF archetypes was defined and seismically
designed to EC8-1. According to EC8-1, several bracing configurations can be adopted for
steel CBF buildings (see Figure 1). Depending on the bracing type, different design approaches are prescribed by the code. The code also differentiates the upper-bound reference value of
the behaviour factor, q, which, for the medium ductility class (DCM), is set equal to 4 and 2
for non-chevron and chevron CBFs, respectively.
X-CBF

V-CBF

Figure 1: Considered concentric bracing configurations.

For this research study, the CBF typologies shown in Figure 1 were considered and Lagos,
a moderate-seismicity location in Portugal was adopted to design a set of archetype buildings
to EC8-1. The elastic response spectrum specified by the code for this location is shown in
Figure 3. A single plan layout was adopted (see Figure 2), with a regular grid of 6m spans
across both the longitudinal and transversal directions. The lateral load-resisting system
(LLRS) in the longitudinal direction is composed by the two external frames, as highlighted
in red in Figure 2. The internal longitudinal frame was assumed to provide no lateral resistance, serving only as a gravity-carrying system. Furthermore, the transversal and longitudinal LLRSs were assumed to be independent from each other, and only the latter was focus
of attention herein. For all designs, the relevant tributary areas for gravity loads and seismic

4908

A. Silva, J.M. Castro and R. Monteiro

masses were computed. The same level of distributed gravity loads was adopted for all designs, as summarized in Table 1.
6m

6m

6m

Floor Load type Load [kN/m2]
Dead
4.75
Top
Live
1.00
Dead
5.75
Other
Live
2.00

6m

6m

Table 1. Distributed gravity loads.

Figure 2. Plan view of the building configuration
adopted.

In elevation, archetypes of 3, 5 and 8 storeys were considered, with a bottom-storey height
of 4.5m, and the remaining storey heights of 3.5m. In total, fifteen archetype steel CBF buildings were adopted in this study.
3

NUMERICAL MODELS AND GROUND MOTION RECORDS

To what regards the simulation of steel CBFs subjected to earthquakes, Karamanci and
Lignos [4] have recently proposed a numerical modelling approach for the seismic performance assessment of steel CBFs using OpenSees [5]. With this approach, concentrated plasticity rotational springs simulating the inelastic response of both beams and columns are
adopted [6]. For the braces, the model employs displacement-based distributed plasticity elements with an initial global imperfection, with material-level considerations regarding the effects of low-cycle fatigue. Brace-to-frame connections are also explicitly simulated, by
resorting to the recommendations of Hsiao et al. [1]. According to the authors, the numerical
length of the diagonals should reflect the physical dimensions of the members, and the out-ofplane response of the gusset plate is accounted for through inelastic rotational springs. The
connection of these springs to the beams and/or columns is attained through rigid elements
whose dimensions should consistent with the geometry of the gusset plate. In the absence of
any gusset plate, the response of the beam-column shear tab connection should be considered
at its physical location. Mohsenzadeh and Wiebe [7] have recently demonstrated that simulating these shear tabs by resorting to fully-pinned connections leads to identical seismic responses to those obtained with explicit connection simulation. All numerical modelling
aspects detailed before were adopted for the research study detailed in this paper, under the
reference (REF) modelling variant. In the case of the simulation of beam-to-column shear tab
connections, a fully-pinned connection was considered [7]. All CBFs were modelled as fixed
at the base, and global second-order (P-Δ) effects were explicitly considered. A 2-% Rayleigh
damping was adopted by assigning a damping coefficient of 2% [8] to the first and one of the
last significant modes of the structure, the latter taken as the number of storeys[9]. The stiffness component of the damping model was computed only for the elastic elements of the
model, thus avoiding large artificial damping forces [4][7]. The gravity framing system was
explicitly simulated following the recommendations available in the literature [4][7].
As one may infer from the description discussed before, the complexity of the REF models
can be considered high. Brace-to-frame connections are explicitly simulated, which requires
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complete definition of its geometry via a strenuous seismic design process. It should be noted,
however, that whether or not more simplified approaches (e.g. fully-pinned boundary conditions for the diagonals) entail unrealistic estimates of seismic performance has not yet been
thoroughly investigated. Even though Hsiao et al. [1] have demonstrated the importance of
explicit simulation of gusset connections through cyclic force-deformation responses of single-span, single bay SD CBFs, a similar sensitivity study focusing on more macro-level metrics of performance (e.g. collapse risk, earthquake-induced economic losses) is mostly absent
in the literature. With the aforementioned limitations in mind, a modification to the REF approach was evaluated. This modelling variant, hereafter referred as VAR, reflects a more simplified approach in which diagonal centreline-to-centreline lengths coupled with fully-pinned
boundary conditions are adopted [2]. By modifying the reference model, the locations of the
rotational springs of beams and columns were shifted to the physical location of beam-column
connections (i.e. panel-zone boundaries).
As previously reported, all archetypes were assumed to be located in the city of Lagos, a
moderate-seismicity region located in mainland Portugal. Probabilistic Seismic Hazard Analysis (PSHA) was performed for the site in question, using the open source software OpenQuake [10] and the seismic hazard model of SHARE [11]. Additional hazard sources and
ground motion prediction equations were also adopted, as proposed by Silva et al. [12]. The
hazard curves obtained in this process, in terms of the relationship between the first-period
spectral accelerations, Sa(T1) and the annual rate of exceedance, λ, are summarized in Figure
3 for a select number of periods. Disaggregation of the seismic hazard [13] on magnitude, distance and  was performed, which served as the basis for the ground motion record selection
scheme and was used in conjunction with the average shear wave velocity for the first 30 meters of soil, vs,30. For this location, a suite of 30 ground motion records was selected and
scaled so that the 2%-damped median spectrum of the suite matched the prescribed response
spectrum of EC8-1 for a 10% in 50 years hazard level, considering a wide range of periods of
interest. This approach, which is similar to the one adopted in FEMA P695 [14], was attained
with the SelEQ [15]. As shown in Figure 3, a fairly accurate correlation between the
mean/median spectrum of the selected ground motions and the code-specified response spectrum was achieved.

Figure 3: Code-specified and median ground motion response spectrum (left) and seismic hazard curves (right)
for Lagos.

4

COMPARISON OF FUNDAMENTAL PERIODS AND SEISMIC DEMANDS

As a result of the application of the modelling procedures detailed before, one major implication of interest relates to the fundamental period, T1, associated with the archetypes considered in this study, as per Figure 4. Furthermore, the different modelling approaches should
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also influence the seismic demand imposed to the building, as summarized in Figure 4 via the
spectral acceleration demands associated with the T1, Sa(T1), of each model.

Figure 4: Comparison of fundamental periods (left) and first-period spectral demands (right).

Analysis of the results summarized in Figure 4 allows concluding about the relevant effect
of non-explicit modelling of brace-to-frame gusset plates (VAR), namely by comparison to
the reference models (REF). This is due to the fact that diagonal members are simulated
through centreline-to-centreline lengths, which entails higher brace slenderness levels
throughout the suite of diagonals. In turn, the lateral stiffness of the CBF reduces, and the period of vibration increases. These differences are carried to the seismic demands imposed to
the archetypes, as denoted by the results of Figure 4. According to the comparison of firstperiod spectral demands, an important effect of a more simplified consideration of the braceto-frame connections (VAR) can be observed. With a more simplified modelling approach,
differences of Sa(T1) against the reference model remained roughly between -10% and +5%,
being typically larger in amplitude for the taller archetypes.
5

LATERAL DEFORMATIONS AT THE EC8 LIMIT STATE INTENSITIES

The first performance metric evaluated in this study pertains the levels of lateral deformations observed across several seismic intensities of interest within the framework of Eurocode 8. These correspond to design and/or assessment limit states established in Part 1 [3] and
Part 3 [16] of EC8. For each of these limit state intensities, every archetype was subjected to
the same ground motion suite scaled to the respective intensity of interest. For each archetype,
the results were then assessed via the mean response across all 30 records. Figure 5 shows the
observed inter-storey drift ratios (i.e. ratio of inter-storey displacements and storey height),
ISDRs, for the 5-storey archetypes at the ULS limit state intensity (return period of 475 years).
In the figure, the two modelling considered in this study (REF and VAR) are represented.

Figure 5: Comparison of ISDRs at the ULS limit state intensity for a 5-storey X-CBF and V-CBF.
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As shown in Figure 5, the ISDRs associated with VAR models were larger than those obtained with the REF models at all storeys. This observation was found across all archetypes
and limit state intensities, as summarized in Figure 6. In the figure, the roof drift ratio, RDR,
taken as the ratio between the lateral displacement of the uppermost floor level and the building height is shown. The results are presented as a direct comparison of the RDRs between
those associated with the REF and VAR modelling variants. From the figure, it can be clearly
observed that brace simulation through a pinned-ended centreline-to-centreline approach
(VAR) may entail significantly higher lateral deformations levels in comparison to a more
refined approach (REF). This occurred despite VAR models having lower first-period acceleration demands (see Figure 4). This observation clearly reveals the importance of explicit
consideration of brace-to-frame gusset plates to evaluate the seismic response and performance of CBF buildings. The use of more simplified models that do not consider the influence of the dimensions and flexibility of the brace-to-frame gusset plates should be avoided,
particularly if deformation-based seismic performance characterizations are adopted.
6

EARTHQUAKE-INDUCED RISK

The second performance metric evaluated in this study pertains the seismic collapse risk
associated with the suite of archetypes. This was attained by subjecting building archetypes to
Incremental Dynamic Analysis (IDA) [17]. The mean annual frequency of collapse, λc, was
employed to interpret the collapse risk by integration of the collapse fragility curve and the
seismic hazard at the site [18]. The ground motion record suite detailed in Section 3 of this
paper was employed for the IDA process. Every time-history analysis was extended by 5 seconds of free vibration time, and the residual deformations of each storey were computed by
averaging the lateral deformations of the CBF within this free vibration time. To what concerns the intensity measure (IM) adopted in this assessment, the 2%-damped spectral acceleration at the fundamental period, Sa(T1,2%), was adopted. The resulting IDA curve was
interpreted to pinpoint the exceedance of the collapse limit state, assumed as the instance associated with either a reduction to less than 20% of the initial slope of the IDA curve or an
ISDR above 10% [19]. A collapse fragility curve was then constructed by fitting a lognormal
cumulative distribution function, defined by a median value, θ, and a lognormal standard deviation, β. The results obtained in this assessment are summarized in Figure 7, in terms of the
probability of collapse within a 50-year timeframe, Pc,50, across all archetypes and numerical
modelling variants.
As shown in Figure 7, VAR models generally produced relevant disparities in relation to
the reference modelling approach. This important observation highlights the fact that simulating the braces through a more simplified centreline-to-centreline pinned-ended approach may
entail erroneous estimates of collapse performance when compared with results obtained with
more refined modelling approaches (REF). It is thus recommended that explicit modelling
considerations regarding the brace-to-frame gusset plates should be adopted, regardless of
bracing configuration or number of storeys.
The last seismic performance metric employed in this research study concerns the expected
annual losses (EALs) associated with the archetype population under assessment. These were
computed following the building-specific storey-based loss estimation methodology proposed
by Ramirez et al [21], considering the effect of demolition-related losses [22]. In order to
compute the demolition-related losses, the probability of demolition given a residual ISDR,
P(D|RISDR), was assumed to follow a lognormal distribution with a median of 1.85% and a
logarithmic standard deviation of 0.3 [23]. To what pertains the repair losses, the structural
damage fragility curves proposed in HAZUS [24] for high-code steel braced frames were used,
in conjunction with the repair cost ratios proposed in HAZUS for multifamily dwellings. Fi-
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nally, the component category weights were re-scaled to better reflect structural-to-nonstructural content distributions in Portugal, namely: i) drift-sensitive structural components,
25%; ii) drift-sensitive non-structural contents, 55%; and iii) acceleration-sensitive nonstructural components, 20%. The results obtained in this process are summarized in Figure 8,
in terms of the total EALs across all archetypes and modelling variants.

Figure 7: Comparison of collapse risk.

Figure 8: Comparison of expected annual losses.

A number of important conclusions can be inferred from Figure 8. Firstly, the EAL levels
associated with the considered CBF archetypes, regardless of the modelling variant employed,
were relatively low. In similar fashion to the collapse risk results discussed previously, the
low seismic losses shown herein are directly correlated to the seismic hazard associated with
Lagos. To what regards the results associated with VAR models, once again clear differences
against the results obtained with the REF models were obtained. These finding once again
demonstrate the importance of explicit modelling of brace-to-frame gusset plates for seismic
performance assessment of steel CBFs.
7

CONCLUSIONS AND FUTURE WORK

In this paper, the sensitivity of seismic performance assessment results to the modelling refinement of brace-to-frame connections on steel CBFs was evaluated. In this context, two
modelling variants were applied to a population of EC8-compliant archetypes, of various
bracing configurations and building heights, namely: i) REF, in which the gusset plates are
explicitly seismically designed and simulated [4]; ii) VAR, in which diagonals are simulated
through a centreline-to-centreline length with fully-pinned boundary conditions, therefore neglecting the physical presence of the connection of the brace to the beams and columns [2]. A
number of seismic performance metrics were considered as a comparison measure between
the results obtained with each modelling variant. From the limited scope of the results obtained, a number of aspects merit discussion.
Firstly, VAR models produced more flexible CBFs in relation to equivalent REF models.
This relates to a lower physical brace length compared to a centreline-to-centreline member
length, in conjunction with the actual rotational flexibility of the connection. Consequentially,
a non-negligible effect on the seismic demand imposed to the structure was also observed.
Secondly, through an assessment of lateral deformations at the EC8 limit state intensities (i.e.
return periods between 95 to 2475 years), VAR models generally produced unrealistic deformations in relation to the reference results. This observation tended to apply also to earthquake-induced collapse risk and expected annual losses. It is thus recommended that the use
of more simplified models that do not consider the influence of the dimensions and flexibility
of the brace-to-frame gusset plates should be avoided.
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In the authors’ opinion, the results shown in this paper demonstrate the relevant implications of non-explicit simulation of brace-to-frame gusset connections in the context of seismic
performance assessment of steel CBF buildings. It is important to assess a wider building
population to confirm the main findings detailed herein. Furthermore, the possibility of more
simplified and expedited processes for the sizing of brace-to-frame gusset plates should be
focus of research in the near future. This need is mainly due to the impracticality of explicit
seismic design of brace-to-frame connections for large building populations. These aspects
are presently being addressed in ongoing research work by the authors of this paper.
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Abstract
Modern seismic design provisions allow structural systems to be designed for reduced forces,
which are typically much smaller than the corresponding elastic design loads. This reduction
in seismic loads is done by using response modification coefficient. The maximum deflection
or drift of structural systems is typically predicted by scaling deflections corresponding to this
reduced force on elastic line by displacement amplification factor. The values of these two
seismic design factors, which are independent of seismic level and site (soil) class for a given
type of structure, are mostly based on accumulated experience from past earthquakes and engineering judgment.
In this study, a large number of five story parking garage structures were designed with a
range of response modification factors for two seismic levels and for different site classes.
The seismic performance of the structures was determined by performing nonlinear time history analysis with several recorded earthquake records on corresponding site classes. The
computed maximum drift values were used to develop relationship between response modification coefficient and corresponding deflection amplification factor for each site class and
seismic level. The results show that these two seismic design parameters are related but seismic level and site classes does not have significant effects on the relationship.
Keywords: Response Modification Coefficient, Displacement Amplification Factor, Ductility, Seismic Design.
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1

INTRODUCTION

Seismic design of a structural system to remain elastic or free of damage during a severe
earthquake loading requires the structure to be designed to resists very large dynamic loads.
Such a design approach results in significantly expensive and massive structures. Therefore,
moderns seismic design provisions allow structures to be designed for much smaller loads
then those required to maintain the structure elastic. This reduction is done by using reduction
factor known as response modification coefficient (R), which solely depends on building
seismic force-resisting system. The R coefficient was first introduced in 1978 by Applied
Technology Council [1]. In the mid-1980s, researcher at the University of California at Berkeley performed a number of experiments to construct draft formulas for R as a function of reserve strength, ductility, and damping [2]. Relationships for R coefficient as a function of
different parameters such as ductility, structure fundamental period, post-yielding stiffness,
and soil characteristic were proposed by Newmark and Hall [3], Riddell et al. [4], Miranda [5],
Nasar and Krawinkler [6], Vidic et al. [7], and Uang [8]. However, although value of R accounts for structural damping, ductility, over-strength, and redundancy, the code assigned
values are mainly based on engineering judgment and seismic performance of structural systems in previous earthquakes [1, 8].
Because the reduced seismic forces are used in design, the computed lateral displacements
from elastic analysis corresponding to design loads are amplified in order to estimate the actual nonlinear and inelastic lateral displacements that develop during design earthquake. This
is done usually by using displacement amplification factor Cd. Figure 1 show effects of these
two seismic design factors on seismic design. The value of R as given in ASCE/SEI 7-16 [9]
is between 1.5 an 8, where a value of 1.0 correspond to elastic structure, and those for Cd are
between 1.0 and 6.5.

Figure 1: Design spectra and seismic design parameters.

Although it is well known that both R and Cd are interrelated, there is a limited number of
studies investigating this relationship. The Uniform Building Code, which uses Rw as force
reduction coefficient, assigns 3Rw/8 for Cd factor [8]. The Commentary of the SEAOC Recommended Lateral Force Requirements, which is the basis for UBC seismic design provisions,
states that Cd can be as high as Rw [8].
A review of national building codes indicates that the ratios of R and Cd vary considerably
from one code to another. The objective of this study is to determine the relationship between
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these two seismic design parameters including effects of site classes and seismic levels. For
this purpose, a large number of prototype parking garage structures were designed using R
values from 4.0 to 8.0 with 0.5 increments. In total, two seismic levels (high and low) and
four site classes were considered. For each site class, six actual earthquake time-acceleration
data recorded on the same site class were used to preform nonlinear time history analysis of
the prototype buildings. The computed deflections were used to establish relationship between
seismic design parameters for each seismic level and site class.
2

PROTOTYPE STRUCTURE

A precast parking garage structure was selected as the prototype structure. The structure
was designed as five story to include higher modes effects on results. The structure was designed for two seismic levels mainly 0.4g (low) and 0.8g (high) for spectral response acceleration per ASCE/SEI 7-16. For building location, five site classes (i.e., A, B, C, D, and E)
defined in ASCE/SEI 7-16 were considered. However, site classes A and B were considered
as a single site class (AB) since the corresponding design spectra and design requirements
were not much different. The plan and elevation views of the building are given in Figure 2.
Each story was 3.2 m high with a roof of 1-m high from top of the spandrels. The floor plan is
typical for parking garage structures, and it features four unbonded post tensioned precast
(PTT) shear walls as the only seismic force-resisting system in the N-S direction. Two lines of
“light bearing walls” were used as seismic force resisting system in E-W direction. In this
study, building seismic performance only in N-S direction was considered.

Figure 2: Plan and elevation views of prototype parking structure.

The unbonded post-tensioned precast shear walls are jointed construction, and they do not
possess disadvantages of monolithic shear walls as shown by the PRESSS (PREcast Seismic
Structural Systems) Research Program [10]. In such seismic force-resisting systems, concrete
wall units remain almost undamaged due to lack of bond between post-tensioned tendons and
concrete. The walls designed based on this design philosophy also known as jointed construction resist lateral loads by opening and closing of joints between precast members without
causing significant damage to structural members. Unbonded precast concrete shear walls
have been studied both experimentally and analytical by a number of researchers including
Kurama et al. [11]., Shultz et al. [12], and Erkmen et al. [13].
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The cross-section and elevation of prototype walls are given in Figure 3. Each wall has
five precast wall panels with a horizontal joint at each floor level. The selected wall dimensions were based on site class and seismic level. The number and location of unbonded tendons were selected to ensure that each wall has the desired lateral strength level. Building
overstrength was assumed to be unity. The amount and location of interlocking spirals (confining reinforcement) was determined based on design recommendations per ACI ITG-5.1-07
[14] and ACI ITG-5.2-09 [15].

Figure 3: Plan and elevation views of prototype PTT walls.

2.1

Analytical Model and Verification

Nonlinear response-history analysis results of the porotype building were used to determine maximum lateral deflection of the building. Such nonlinear dynamic analyses shall utilize a structural mathematical model, which is capable of capturing nonlinear hysteretic
behavior of structure [9]. The computational model was developed and verified using
DRAIN-2DX program, which is a general-purpose computer program for both linear and nonlinear static and dynamic analysis of plane structures [16].
The computational model was verified using experimental test results given by Schultz et
al [12]. The test PTT wall, which is given in Figure 4, was a 2/3-scale representation of the
lowest two stories of a prototype precast concrete shear wall in a six-story office building.
The wall featured six unbonded post-tensioned tendons and typical construction materials.
The wall was tested under quasi-static cyclic loading and subjected to a combination of vertical and in-plane lateral loads history.
The main features of the developed analytical model are given in Figure 4, and a detailed
description of the model and its verification are given by Erkmen et al [13]. The experimental
and computed analytical responses given in Figure 5 show no significant differences between
the measured and computed stiffness, load capacity, and absorbed energy capacities of the
wall.
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(a)

(b)

Figure 4: Experimentally tested PTT wall (a) dimensions and (b) analytical model.
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Figure 5: Experimental analytical force-displacement response of test PTT wall.

2.2

Selection and Scaling of Ground Motions

Six strong ground motion records were selected for each ASCE/SEI 7-16 Site Class A and
B, C, D, and E. The ground motions records were obtained from the Pacific Earthquake Engineering Research (PEER) Center NGA-West2 database. A summary of all selected ground
motions is given in Table 1. The ground motions records were selected giving preference to
station site class, spectral shape over the period range of interest, free-field records, magnitude, and closest distance to the rupture plane.
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No.
EQAB1
EQAB2
EQAB3
EQAB4
EQAB5
EQAB6
EQC1
EQC2
EQC3
EQC4
EQC5
EQC6
EQD1
EQD2
EQD3
EQD4
EQD5
EQD6
EQE1
EQE2
EQE3
EQE4
EQE5
EQE6

Motion, Year
Mendocino, 1992
Chi-Chi, 1999
Chi-Chi, 1999
Landers, 1992
Northridge, 1994
Northridge, 1994
Northridge, 1994
Kern County, 1979
Imp. Valley, 1979
Loma Prieta, 1989
Chi-Chi, 1999
Kocaeli, 1999
Erzincan, 1992
Chi-Chi, 1999
I. Valley-02, 1940
Northridge-0, 1994
Big Bear-01, 1992
S. Hills-02,1987
Kocaeli, 1999
Chi-Chi, 1999
Chi-Chi, 1999
Chi-Chi, 1999
Loma Prietra, 1989
Taiwan, 1999

Site
Class

AB

C

D

E

Station

Comp.

Mag.

Dist.
km

C. Mendocino
HWA056
ILA063
12206 Silent Valley
24207 Pacoima Dam
90017 W. Ave.
90015 LA.Chalon Rd
1095 T. L. School
6604 Cerro Prieto
57064 F. M. S. Jose
CHY079
Arcelik
Erzincan
TCU072
El Centro A #9
Roscoe Blvd
San B.E& Hosp.
Imp. Co. Cent
Ambarli
Chy002
Chy025
Tcu056
Treasure Island
Tcu040

Cap.-Cpm000
Coyotelk-G01230
Chichi-Ila063N
Landers-Sil090
Northr-Pul104
Northr-Won095
Northr-Chl070
Kern-Taf111
I..H-CPE237
Lomap-Fre000
Chichi-Chy079N
Kocaeli-Arc090
Erzincan-Erz-EW
Chichi-Tcu072-N
Impvall.I-I-Elc270
North-Ro3090
Bigbear-Hos180
Super.B-B-Icc000
Kocaeli-Ats090
Chichi-Chy002-N
Chichi-Chy025-N
Chichi-Tcu056-N
Lomap-Tri000
Chichi-Tcu040-N

7.1
7.6
7.6
7.3
6.7
6.7
6.7
7.4
6.5
6.9
7.6
7.4
6.7
7.6
7.0
6.7
6.5
6.5
7.5
7.6
7.6
7.6
6.9
7.6

8.5
48.8
71.6
51.7
8.0
22.7
23.7
41.0
26.5
43.0
55
17
4.4
7.1
6.1
10.1
35.2
18.2
69.6
25.0
19.1
19.5
77.4
22.1

Note: Mag. is moment magnitude, Dist. is distance to rupture plane.
Table 1: Summary of ground motion records used for dynamic analysis

The ground motions were scaled to match design spectrum based on ASCE/SEI 7-16 recommendations [9]. The ground motions were scaled using a constant scale factor to all acceleration ordinates of the motions such that the average value of the response spectra for the
suite of all motions considered is not less than the design response spectrum for the site over
the period range 0.2T to 1.5T, where T is the natural period of the structure in its fundamental
mode. The upper limit on the period is intended to account for period elongation due to inelastic actions and gap opening of the wall at its horizontal joints, and lower limit is intended to
capture higher modes of response. The ASCE/SEI 7-16 design response spectrum for each
site class at high seismic level (spectral response acceleration of 0.8g) and scaled earthquake
response acceleration spectra are given in Figure 6. The same approach was employed to
scale the selected ground motions to low seismic level, which is 0.4g.
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Figure 6: ASCE7 Design and spectral acceleration spectrum of selected ground motions at 0.8g

3

RESULTS AND DISCUSSIONS

The displacement amplification factor Cd was computed for the prototype buildings on the
basis of computed building peak drift values using nonlinear time history analysis with the
scaled ground motions. The Cd value was computed as the ratio of maximum drift to building
drift corresponding to its design level lateral force. However, because the overstrength is neglected in the developed analytical models, the design level approximately corresponds to
structure yielding. The computed Cd values for each site class and R value are given in Figure
7 and Figure 8 for seismic levels 0.4g and 0.8g, respectively. The results show that Cd value
for prototype building increases with the increasing R value of the building. Large R values
requires structural systems to be more ductile. Therefore, this observation is consistent with
typical code values such as ASCE/SEI 7-16, where Cd value increases with increasing R value.
Figure 9 shows the computed average Cd value for each site class for both seismic levels.
The average results show that structures located on sites with high seismic levels typically
need to be designed with higher ductility capacities (larger Cd). However, the effects of seismic level and site class on Cd are not significant and probably can be ignored for design purposes. The only exception is Site Class E, which indicates that relatively larger Cd values are
required as the site seismic level increases. However, because the structures designed with R
values larger than 4.5 with high seismic level and 6.0 for low seismic levels failed (defined as
maximum drift more than 2.5%), this observation is based on a limited number of structures.
Finally, the average Cd values show that a Cd value that is equal to R value is conservative and
reasonable for design purposes.
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Figure 7: Computed Cd and R relationship at 0.4g for site class (a) AB, (b) C, (c) D, and (d) E
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Figure 9: Average Cd and R relationship

4

CONCLUSIONS

A large number of prototype parking garage structures were designed for two seismic levels and several site classes. The structures were designed for values of response modification
coefficient R ranging from 4.0 to 8.0. In total 24 recorded ground motions were used to perform nonlinear time history analysis of the designed structures. The computed maximum
drifts were used to compute the required minimum displacement amplification factor Cd to
ensure that structure does not collapse. Based on results presented the following main conclusions are made:
1. The seismic design parameters R and Cd are interrelated. For structures with larger
R values the demand for Cd or ductility is also high.
2. Although demand for Cd increases as the site class become softer, the effects of site
class are negligible for Site Class A, B, C, and D. However, structures located on
Site Class E seems to have a requirement for larger values of Cd than those located
on other site classes.
3. Increasing site seismic level increases the requirement for minimum value of Cd or
building ductility, but the increase is typically not significant and can be ignored.
4. A value of Cd that is equal to building R value seems to be a reasonable design approach that envelope Cd requirements for structures presented in this study.
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Abstract
The development of simplified probabilistic performance assessment methods has opened up
the possibility for risk targeted seismic design guidelines. As an example, international codes
such as Eurocode 8 and ASCE7-10 have proposed simplified risk targeted seismic design objectives. The SAC/FEMA approach might be considered as one of the basic means of achieving
such probabilistic performance objectives. However, this methodology is typically applied assuming that the equal displacement rule is a valid means of relating changes in intensity to
changes in deformation demands, which can limit its accuracy. To address this, the results of a
robust campaign of nonlinear time history analyses of a wide range of single degree of freedom
systems are used to establish new intensity-displacement relationships and thereby improve the
accuracy of the SAC/FEMA approach. In order to illustrate how the proposed relationships
can be used in practice, the paper finishes by assessing the annual probability of exceeding the
ultimate limit state for a 1-storey steel eccentrically braced system and a 1-storey rocking frame
system. The results demonstrate that the refined approach is a practical and reasonably accurate means of obtaining probabilistic measures of seismic performance.
Keywords: Structural Performance, Probabilistic, Limit State, Exceedance, Assessment.
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1

INTRODUCTION

The dynamic interaction between community expectations and earthquake engineering developments has seen the emergence of performance based earthquake engineering (PBEE). The
PBEE framework new emerged innovation attempts to increase the level of safety not only by
quantifying risk to people lives against the seismic events, but also by communicating the likely
damage and business interruption. The required increase in structural performance confidence
has been found to be provided by accounting for uncertainties in demand and capacity which
has brought to light the necessity of simplified probabilistic design and assessment methods. In
response to this, different methodologies have appeared to simplify both earthquake engineering aspects, structural demand/capacity assessment [1-4], and hazard function estimation [1, 5,
6].
The SAC/FEMA framework [1] is considered to be one of the pioneering approaches in the
evolution of PBEE methodologies. This approach measures the structural performance by combining the probability of exceeding a target limit state with the associated hazard function, as
shown by Eq. (1).
𝑃𝐿𝑆 = ∫ 𝑃[𝐶 < 𝐷]|𝑑𝐻𝐷 (𝑑)|

(1)

Where PLS is the annual probability of exceeding limit state, P[C<D] is the cumulative distribution function (CDF) expressing the probability of exceedance of limit state at each shaking
level, and HD(d) is the hazard function which defines the relation between shaking intensity and
annual rate of exceedance.
There are several methods available in the literature to generate the fragility function,
P[C<D]. Incremental dynamic analysis (IDA) [7] or multi stripe analyses (MSA) [8] are common procedures by which engineers compute the probability of exceeding a limit state. However, the annual probability of exceedance has not become a convenient tool to measure the
structural performance comparing different alternatives in the phase of design or assessment
due to complexity and required time. This is considered to be one of the benefits of the
SAC/FEMA framework.
The SAC/FEMA framework establishes a solution in closed form to evaluate integral illustrated by Eq. (1), shown by Eq. (2) to Eq. (5). As is indicated by Eq. (2), annual probability of
exceeding a limit state, here is called annual probability of failure (APOE), is computed by
multiplication of annual rate of exceedance associated failure mechanism spectral acceleration
(Sa) and three coefficients, CH, Cf, and Cx. It has been assumed that the epistemic uncertainties
hidden in ground motion prediction equations is accounted for adopting the mean of the hazard
function values instead of median, and hence, CH is a factor to convert the median to a mean
value accounting for the epistemic uncertainty involved in ground motion prediction equations;
Cf is the factor to account for the aleatory uncertainties in demand and capacity; and CX is takes
into account the confidence level. In this paper Cx and CH are taken equal to one by targeting
50% confidence level and using median hazard value.
𝑃𝐿𝑆 = 𝐻(𝑆𝑎 )𝐶𝐻 𝐶𝑓 𝐶𝑥

(2)

𝑘2
2
2
𝐶𝑓 = exp( 2 (𝛽𝐷𝑅
+ 𝛽𝐶𝑅
))
2𝑏

(3)
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𝜃 = 𝑎𝑆𝑎 (𝑇1 )𝑏

(4)

𝐻(𝑆𝑎 ) = 𝑘0 (𝑆𝑎 )−𝑘

(5)

Where, Sa,c is the spectral acceleration associated with the failure mechanism displacement
capacity; H(Sa,c) is the hazard function; βDR and βCR are the dispersion associated with demand
and capacity distribution; ϴ is the drift ratio; a and b are the coefficients corresponding to the
IM-EDP relation; and k0 and k are the first order fit hazard function coefficients.
This approach is based on few a assumptions which make the whole framework run in a
simplistic way. However, they introduce some level of errors and cause some limitations as
well, as has been identified by others [5, 9]. First, it presumes that the variation in the structural
demands due to variability in shaking intensities could be approximately represented by Eq. (4),
which is in line with the so-called empirical ‘equal displacement rule’ (EDR) [10]. Hence, one
may employ Eq. (6) to estimate the spectral acceleration which causes target displacement demand associated with a specific limit state failure mechanism.
𝜃 1
𝑆𝑎 = ( )𝑏
𝑎

(6)

Where the parameters have been defined before.
In this paper, new ‘b’ values are proposed, and the accuracy of the IM-EDP relation, Eq. (4)
and Eq. (6), is investigated using the newly proposed ‘b’ values and ‘b=1’. For that purpose,
first, the IM-EDP relation is investigated for a wide range of SDOF systems; and updated ‘a’
and ‘b’ values are established. Consequently, to examine the accuracy of predicting the causal
IM associated with the limit state failure, MSA are conducted for two case study buildings
located in Christchurch and Wellington New Zealand, and the median of spectral accelerations
distribution obtained for different limit states failure are compared with those obtained by applying Eq. (6) adopting the updated ‘b’ values. Furthermore, the precision of the APOE predicted by the SAC/FEMA framework is evaluated comparing that achieved with those from
MSA results.
2

METHODOLOGY

In order to examine the relationship between intensity and demand, results of nonlinear time
history analyses (NTHA) reported in [11] are assessed. The results include a wide range of
single degree of freedom (SDOF) systems with periods of 0.1s, 0.2s, 0.3s, 0.4s, 0.5s, 0.6s, 0.8,
1.0s, 1.5s, 2.0s, 2.5s, 3.0s, 3.5s, 4.0s; and yield coefficients (defined as base shear at yield divided by system weight) of 0.025, 0.05, 0.075, 0.10, 0.125, 0.15, 0.20, 0.30, 0.40, 0.50 using
4284 ground motions available in the PEER database. Further, the hysteretic models adopted
shown in Figure 1 include the Bilinear hysteretic model, which represents steel structures and
base isolated systems, and the Flag-shaped model representing rocking frames fitted with energy dissipating devices. Moreover, for both hysteretic models the strain hardening ratio is
assumed 0.05 compatible with general practice, and 5% tangent stiffness damping is adopted
for each analysis.
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Figure 1. The adopted hysteretic models for single degree of freedom systems (a) Bilinear, (b) Flag-shaped [11]

2.1 Regression fit parameters of the IM-EDP relationship
To estimate the ‘a’ and ‘b’ coefficients corresponding to Eq. (6), a nonlinear regression analysis is carried out in MATLAB [12] using the obtained results from the cloud analyses [11]
associated with each SDOF system. Figure 2 illustrates typical cloud analysis results corresponding to a SODF system with 0.5s period and the Flag-Shape hysteretic model.
On may expect to achieve similar results regardless of the binning approach associated with
nonlinear regression analysis. This implies that the final coefficients derived by regression analysis will be identical no matter if Eq. (4) or Eq. (6) has been adopted as the model function.
However, in this work it turned out that this statement will remain valid if a sufficient number
of analyses have been conducted. The errors corresponding to each function model adopted in
the nonlinear regression analysis are illustrated in Figure 3 and Figure 4.
The error distribution clarifies if the used model function can represent the data distribution
without introducing any bias, and the validity of this assumption is assessed if the regression
associated errors follows a normal distribution. As such for the conducted regression analyses,
the distribution of the errors has been found. Figure 3 presents the error distribution associated
with the results displayed in Figure 2. According to Figure 3, it is perceived that Eq. (6) efficiently represents the model function adopted in nonlinear regression analysis without generating any bias, hence, the found ‘b’ values are considered reliable. Figure 4, on the other hand,
illustrates that Eq. (4) may not be used as the model function as the error is not distributed
uniformly with Sa values increasing along the horizontal axis.
2.2 Proposed relationship between IM-EDP
Table 1 lists the median of the obtained ‘b’ values obtained for a range of different yield
strength coefficients associated with each SDOF period. Examination of the new ‘b’ values
reported by Table 1 illustrates three points. First, the listed dispersion by Table 1 is relatively
small which implies that the proposed ‘b’ values change little with change of yield coefficient.
Second, flag-shape systems have larger ‘b’ values in comparison with the Bi-linear systems for
all periods as one may expect beforehand. This is in line with the amount of energy that is
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dissipated by each hysteresis rule as elaborated by Figure 1 indicating that the nonlinear displacement demand will be less if more energy is dissipated by hysteresis loops. Third, the suggested ‘b’ values reduce with increasing period for both hysteresis rules.

Figure 2. The NTHA results associated with 0.5s SDOF system Bi-linear Cy =0.10 (top-left) and Cy =0.125
(top-right); Flag-shape Cy=0.1 (bottom-left) Cy=0.125 (bottom right) (from [16])

Figure 3. The error distribution associated with horizontal binning approach for SDOF with period of 0.5s and
Flag-shape hysteretic model (left: Cy=0.10; right: Cy=0.125) (from [16])
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Figure 4. The error distribution associated with vertical binning approach for SDOF with period of 0.5s and
Flag-shape hysteretic model (left: Cy=0.10; right: Cy=0.125) (from [16])

Table 1. The proposed ‘b’ values associated with different periods and hysteretic models from [16]

Period
T(s)
0.1
0.2
0.3
0.4
0.5
0.6
0.8
1.0
1.5
2.0
2.5
3.0
3.5
4.0

Bilinear
𝑏̂

1.25
1.14
1.11
1.10
1.08
1.06
1.05
1.04
1.03
1.03
1.03
1.04
1.05
1.03

βb
0.05
0.02
0.02
0.03
0.01
0.01
0.01
0.02
0.01
0.01
0.01
0.02
0.03
0.02

Flag-shape
βb
𝑏̂
1.43
0.06
1.21
0.02
1.17
0.02
1.16
0.03
1.14
0.01
1.11
0.02
1.10
0.01
1.09
0.02
1.07
0.01
1.08
0.02
1.08
0.01
1.09
0.02
1.10
0.03
1.09
0.03

̂ Indicates the median associated with lognormal distribution;
𝒃
βb represents the associated dispersion

3

HIGHLIGHTING IMPACT OF USING THE NEWLY PROPOSED IM-EDP
RELATIONSHIP

The proposed ‘b’ values reported in Table 1 should be applicable regardless of ductility
range, as one may deduce from Figure 2 and Figure 3. Further, comparing the accuracy of the
predicted Sa values for the same limit state for different site locations reveals how independent
the results are due to site variation. Thus, to illustrate the benefits of the proposed ‘b’ values for
different ductility ranges and site locations, two different case study buildings are modeled and
analyzed in Ruaumoko [13]. Multi stripe analyses are carried out using the selected ground
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motions for Christchurch and Wellington from [14]. Consequently, Eq. (6) employs the updated
‘b’ values, and the accuracy of predicted Sa causing limit state failure is gauged. Furthermore,
APOE is computed and compared for each case study building according to the MSA results
and SAC/FEMA approach.
3.1 Case study buildings
A 1-storey warehouse building and parking lot building are considered to be assessed as the
case study buildings with two site locations being Christchurch and Wellington in New Zealand.
The height and span used to represent these buildings are 3.5m and 6m respectively. The lateral
resisting systems of the buildings are an eccentric braced frame (EBF) and a rocking reinforced
concrete frame (RF), respectively. Figure 5 illustrates the schematic shape and dimensions of
each case study building.

3.6 m
6.0 m

6.0 m

Figure 5. The case study building (left) EBF system (right) rocking RC frame;

3.2 MULTI STRIPE ANALYSES
In order to evaluate the structural performance, MSA is conducted, and hence NTHA are
carried out using different sets of selected ground motions compatible with conditional spectra
at different rates of exceedance [8]. Hence, the selected ground motions conditioned on a period
of 0.5s for Christchurch and Wellington [14] are used. Figure 6, as an example, shows the
spectral acceleration response for the selected 40 ground motions associated with the 475y return period and corresponding hazard curve. Moreover, Figure 7 presents the structural response
at different hazard levels using the hazard consistent set of selected ground motions for the
Christchurch case study buildings as an example.

Figure 6. (left) The 0.5s spectral acceleration hazard curve associated with the Christchurch 500y return period
(right) the selected ground motions corresponding to design base hazard level
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Figure 7. The multi strip analyses results (left) rocking frame (right) eccentric braced frame located in Christchurch

Table 2 compares the median intensity for different limit states obtained applying Eq. (6),
adopting ‘b=1’, and also ‘b’ values reported in Table 1. It is observed that the proposed values
of ‘b’ provide more accurate predictions of the spectral acceleration for both case study buildings with low sensitivity regarding site location. It is also noticed that the Christchurch EBF
case study building second limit state Sa prediction accuracy is slightly low although the Sa
associated with first and third limit state has been successfully predicted. Figure 7 examination
clarifies that the median IM-EDP variation would slightly change if a larger number of ground
motions could be adopted for MSA, and consequently a better estimation of IM-EDP relation
would be achieved.
Table 2. The predicted spectral acceleration associated with different limit states and case study buildings

Location
CHCH

WELL

Approach
Eq. (2)
MSA
‘b’=1
Eq. (2)
MSA
‘b’=1

1%
0.58
0.63
0.57
0.58
0.58
0.57

EBF
2%
1.10
1.30
1.15
1.10
1.12
1.15

3.5%
1.82
1.90
2.01
1.82
1.74
2.01

1%
0.53
0.54
0.56
0.53
0.54
0.56

RF
2%
0.9
0.98
1.13
0.9
0.92
1.13

3.5%
1.37
1.40
1.97
1.37
1.31
1.97

The probability of exceeding limit state is required to compute the system APOE, as illustrated by Eq. (1). Using the obtained MSA results for each building and corresponding limit
state a fragility curve is fitted using an optimization algorithm proposed by Baker [15]. Figure
8, and Figure 9, depict the fragility curves associated with different limit states for the EBF and
RF systems located in Christchurch and Wellington, respectively.
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Figure 8.The achieved fragility curves corresponding to (left) rocking frame and (right) eccentric braced frame
located in Christchurch

Figure 9. The achieved fragility curves corresponding to (left) rocking frame and (right) eccentric braced frame
located in Wellington

4

COMPUTATION OF THE ANNUAL PROBABILITY OF EXCEEDANCE LIMIT
STATE (APOE)

The APOE is computed combining each fragility curve with the corresponding hazard curve.
The computed APOE following the aforementioned procedure is compared later with that found
applying the simplified SAC/FEMA approach. The APOE is computed based on the achieved
results in the previous section. This will provide a benchmark to assess the accuracy of the
SAC/FEMA approach in two different cases: (a) assuming ‘b=1’ and (b) proposed ‘b’ values
within Eq. (6).
The APOE computation approach via the MSA results is referred to here as the rigorous
method. Following the rigorous approach, the generated fragility curves for each case study
building are combined with the associated hazard curve adopting a numerical solution to evaluate Eq. (1), and the obtained APOE is reported in Table 3. It is detected that the APOE associated with Wellington case study building is larger than Christchurch, which is in line with
difference between the two site locations’ associated hazard. Further, the achieved APOE is
larger for the RF case study building as the Flag-shape system dissipates less energy than the
Bilinear system.
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Table 3. The achieved APOE based on MSA results associated with different limit states and site locations

LS
Ductility CHCH-EBF CHCH-RF WELL-EBF WELL-RF
Drift
µ
APOELS
APOELS
APOELS
APOELS
3.50%
5.1
1.00E-04
4.50E-04
1.00E-03
1.50E-03
2.00%
2.9
5.30E-04
1.50E-03
1.90E-03
2.50E-03
1.00%
1.5
4.80E-03
7.20E-03
4.90E-03
5.40E-03
4.1 SAC/FEMA Approach
The SAC/FEMA methodology [1] is applied here to assess the performance of each case
study building. The framework approximates the hazard curve using first order power law fit,
adopting Eq. (5), as is illustrated by Figure 10. Further, the proposed closed form solution is
applied to compute the system APOE regarding each limit state. This framework aggregates
the probability of exceeding limit state with hazard function as presented by Eq. (2).

Figure 10. The hazard curve associated with Christchurch 0.5s, and the best fit curve using power law function

The proposed ‘b’ value affects the SAC/FEAM results in two different ways. First, more
accurate prediction of the displacement demand is achieved through new IM-EDP relation, as
was presented by Table 2. Second, a better estimation of Cf coefficient is yielded as elaborated
by Eq. (3). Thus, the role of ‘b’ value on the uncertainty effect estimation in SAC/FEMA approach is investigated. To this end, the APOE is calculated for the buildings adopting simplified
SAC/FEMA approach in two different cases. First, adopting Eq. (6) assuming ‘b’ equal 1; and
second using the proposed ‘b’ values. Furthermore, to have a fair comparison, the MSA suggested dispersion and associated spectral acceleration values are adopted for the simplified
method. Table 4 lists the parameters values used in the simplified method to quantify the APOE
for each case study building and the target limit state. Table 5 presents the APOE found from
the simplified methods adopting the aforementioned two cases assumptions.
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Table 4. The adopted parameters to assess SDOF (T=0.5s) performance at different limit states

Location
CHCH

WELL

LS
(Drift) Sat[g]
3.5% 1.90
2.0% 1.30
1.0% 0.63
3.5% 1.73
2.0% 1.12
1.0% 0.58

Bilinear
H(Sat)
k
6.0e-5 5.00
3.4e-4 4.23
3.6e-3 2.78
7.6e-4 2.31
1.7e-3 1.68
4.3e-3 1.33

βD
0.30
0.30
0.32
0.50
0.38
0.34

Flag-shape
Sat[g] H(Sat)
k
1.40 2.5e-4 4.23
0.98 9.6e-4 3.56
0.54 5.4e-3 2.35
1.31 1.3e-3 1.68
0.92 2.3e-3 1.33
0.54 4.7e-3 1.38

βD
0.33
0.35
0.35
0.43
034
0.36

Table 5. Estimated annual probability of exceedance applying rigorous and simplified method

LS
Location
(Drift)
CHCH

WELL

3.5%
2.0%
1.0%
3.5%
2.0%
1.0%

EBF
‘b’=1
Cf APOELS
2.86 1.7e-4
2.21 7.5e-4
1.52 5.5e-3
1.95 1.5e-3
1.23 2.0e-3
1.11 4.9e-3

RF

‘b’=1.08
Cf APOELS
2.46 1.5e-4
1.97 6.7e-4
1.42 5.1e-3
1.77 1.3e-3
1.19 2.1e-3
1.09 4.8e-3

‘b’=1
Cf APOELS
2.65 7.0e-4
2.17 2.1e-3
1.40 7.6e-3
1.30 1.7e-3
1.11 2.5e-3
1.13 5.3e-3

‘b’=1.14
Cf APOELS
2.12 5.3e-4
1.82 1.8e-3
1.30 7.0e-3
1.22 1.6e-3
1.08 2.5e-3
1.10 5.2e-3

Table 6 compares the results achieved from MSA, and SAC/FEMA framework based on two
different proposed ‘b’ values as elaborated in previous section for each site location. It is detected that the accuracy of the SAC/FEMA approach has improved for all limit states and both
structural systems. Furthermore, the accuracy improvement seems stable although the site location varies. The accuracy improvement of SAC/FEMA in both levels, IM-EDP and APOE
estimation, have been achieved remembering the estimated intensity measure associated with
exceeding different limit states displayed in Table 2.
Table 6 Comparing the computed APoELS associated with different limit states and structural system (CHCH
represents Christchurhc, and WELL represents Wellington)

Location

CHCH

WELL

LS
Drift
3.50%
2.00%
1.00%
3.50%
2.00%
1.00%

Eccentric Braced Frame
Rocking Frame
MSA
‘b’=1
Eq.(2)
MSA
‘b’=1
Eq.(2)
APOELS APOELS APOELS APOELS APOELS APOELS
1.0e-4
1.7e-4
1.5e-4
4.5e-4
7.0e-4
5.3e-4
5.3e-4
7.5e-4
6.7e-4
1.5e-3
2.1e-3
1.8e-3
4.8e-3
5.5e-3
5.1e-3
7.2e-3
7.6e-3
7.0e-3
1.0e-3
1.5e-3
1.3e-3
1.5e-3
1.7e-3
1.6e-3
1.9e-3
2.0e-3
2.1e-3
2.5e-3
2.5e-3
2.5e-3
4.9e-3
4.9e-3
4.8e-3
5.4e-3
5.3e-3
5.2e-3
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5

CONLUSION

This paper improves the accuracy of the SAC/FEAM approach by refining the IM-EDP relationship and uncertainty estimation through updated ‘b’ values. The accuracy of Eq. (6) assuming ‘b’ equal to one has been trialed for an extended range of SDOF systems with a range
of versatile fundamental periods and hysteretic rules. Through this study, it becomes evident
that assuming ‘b’ equal to one might be deemed reasonable for displacement demand estimate
of SDOF systems with period ranging between 1.5s and 3.0s and the Bilinear hysteretic model.
However, it is not expected to generate an accurate performance prediction for the other period
ranges and hysteretic rules. Consequently, it is concluded that the updated IM-EDP relationship
is able to differentiate the expected performance for different structural systems, and also is
applicable for different site locations. Further, the study shows that for simple case study buildings the estimated APOE is of comparable accuracy with that achieved from a more rigorous
MSA approach. This implies that the improved SAC/FEMA framework could provide a reliable
tool to quantify the structural performance. Further study is recommended to examine the uncertainty in capacity, and its effect on structural performance assessment.
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Abstract
A performance-based hybrid force-displacement (HFD) seismic design method is proposed for
three types of reinforced concrete structures, i.e., moment resisting frames, frame with infills and
wall-frame dual systems. HFD is a force-based method which controls with high accuracy both
structural and non-structural deformation limits, since, both limits are input variables for the
initiation of the design. This is accomplished by constructing explicit empirical expressions for a
behavior (strength reduction) factor, which incorporates target non-structural and structural
deformation metrics such as inter-storey drift ratio and member plastic rotation. Use of this factor
in conjunction with an elastic acceleration spectrum can produce designs in one-step, by just
conducting a strength checking, since the deformation restrictions are automatically satisfied.
Those expressions for the behavior factor in terms of target deformation metrics, number of storeys,
column to beam strength ratios, beam to column and column-to-wall stiffness ratios, respectively,
are derived through extensive parametrical studies involving non-linear dynamic analysis of the
above appropriately modeled structures under 100 ground motions scaled for different
deformation targets. The proposed HFD method is demonstrated and validated with realistic
design examples, which show its advantages over the force-based design method of the European
seismic design code, Eurocode 8.
Keywords Performance-based seismic design, HFD seismic design, Reinforced concrete structures,
Moment resisting frames, Infilled moment resisting frames, Wall-frame dual systems
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1

INTRODUCTION

The force-based seismic design (FBD) method has been adopted by almost all current codes or
standards, e.g., EC8 [1] or FEMA-450 [2]. The FBD accomplishes the design in two steps, firstly
by strength checking under the design forces and secondly by deformation checking at the end of
the design process. Displacements are determined by the equal displacement rule which usually
underestimates them [3-5]. Moreover, the assumption of a reduced by 50% member gross stiffness
to account for cracking, which is usually made in all codes, e.g., EC8[1], results to smaller and
hence unconservative displacements compared to the more accurate one coming from the secant
stiffness to yield assumption [6, 7].
During the last 25 years or so, a new seismic design philosophy called performance-based design
(PBD) has emerged, with the goal of achieving a desired structural performance at various seismic
action levels [7-9]. Displacements are intimately related to damage, and hence, displacements
rather than forces control the damage or performance of a structure during the earthquake, which
indicates that displacements are better design parameters than forces.
Contrary to the FBD, displacement-based design (DBD) methods and in particular the direct
DBD [7] which employs displacements as the basic design parameters, can effectively control the
damage by determining the required strength and stiffness so that displacement restrictions are
satisfied [6]. This is done by using a target value of deformation as an input variable in the design
procedure to effectively control damage and determine the necessary stiffness with the aid of a
displacement design spectrum with high values of damping. Furthermore, the direct DBD does not
require an assumption about the member stiffness, since it uses the well-defined and more
appropriate secant stiffness to yield. However, the direct DBD method presents some shortcomings:
a) it is based on a substitute single degree of freedom (SDOF) representation of the building which
lowers the modeling accuracy, b) it imposes limits only on drift demands which are mainly capable
to measure non-structural damage and not appropriate for structural damage, c) engineers are not
familiar with the displacement design spectrum used by this method and d) almost all the current
commercial structural design software packages have implemented the FBD method rather than
the DBD method. Other types of DBD methods can be found in the works of Chopra and Goel [10]
and Panagiotakos and Fardis [11]. Moreover, one can refer to [12] where eight DBD methods are
studied and their limitations are identified through their application to realistic design examples.
Recently, the hybrid force/displacement (HFD) seismic design method, which follows the PBD
philosophy, has been developed for steel plane and space frames by Karavasilis at al [13] and
Tzimas et al. [14,15]. This method appropriately combines advantages and eliminates or reduces
disadvantages of both FBD and DBD seismic design methods. Thus, the HFD 1) is essentially a
force-based seismic design method working with acceleration response/design spectra, thereby
retaining familiar concepts to engineers and compatibility with all commercial structural design
software packages and 2) utilizes a behavior (strength reduction) factor, which is deformationdependent and takes into account structural and non-structural deformation limits. Thus, the design
process is accomplished in only one step (strength check), since the second step (deformation
check), in contrast to the FBD method, is automatically satisfied. Besides, the HFD method does
not employ a substitute SDOF structure and does not require the use of displacement
response/design spectra as is the case with the direct DBD method.
In this work, the HFD method is extended to the seismic design of reinforced concrete (RC)
plane structural systems, i.e., moment resisting frames (MRFs), infilled MRFs (I-MRFs) and wallframe dual systems (WFDS), in an effort to provide an alternative seismic design method for these
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three types of RC structures under the framework of performance-based design. The main tool in
this method is a behavior (strength reduction) factor q, which depends on the geometrical and
material characteristics of the structure as well as on the structural (member plastic rotation 𝜃𝑝𝑙 )
and non-structural (interstorey drift ratio IDR) deformation, the soil class and the performance level.
For the purpose of this work, 19 RC-MRFs, 19 WFDS and 19 I-MRF with a wide range of
dynamic and mechanical characteristics are studied. The frames are designed on the basis of EC8
[1] and EC2 [16] and analysed through Non-Linear-Time-History/Incremental Dynamic Analysis
(NLTH/IDA). A total number of 100 ordinary (far-fault) ground motions (25 for each soil type A,
B, C, D as categorized by EC8[1]), appropriately scaled to capture different deformation targets,
are used to study the response of the above RC structures. In the proposed HFD method,
displacements are not affected by the code-based assumption of the reduced by 50% stiffness as
they are in the case of the FBD. This is because the HFD method is constructed based on member
stiffness equal to secant stiffness to yield.
In conclusion, a response databank is obtained with the execution of more than 65000
NLTH/IDA analyses and four empirical relations, linking the behavior factor to structural and nonstructural deformation limits, are constructed through nonlinear regression analyses. These are the
following: a) an expression that estimates the roof displacement at the first yield (𝑢𝑟,𝑦 ), b) a relation
that connects the design roof displacement ductility (𝜇𝑟,𝑑 ) with the behavior (strength reduction)
factor (q), c) a relation that correlates the maximum inter-storey drift ratio (IDR) with the roof
displacement (𝑢𝑟 ) and d) a relation that connects the maximum plastic rotation (𝜃𝑝𝑙 ) with the roof
ductility (𝜇𝑟 ). Some parameters regarding structural characteristics, such as the number of storeys
and the column-to-beam strength ratios, beam-to-column and wall-to-column stiffness ratios,
respectively, and the thickness and elastic modulus of infilled wall panels are also correlated with
these relations. By applying the proposed empirical expressions in the framework of the HFD
method, one can easily conduct performance-based seismic design for RC-MRFs, I-MRFs and
WFDSs in one step involving only strength checking since deformation requirements are
automatically satisfied by using a deformation dependent behavior factor.
A comparison of the proposed HFD method with the FBD method adopted in EC8 [1] is made
on the basis of realistic design examples. The results of non-linear dynamic analyses demonstrate
the advantages of the HFD seismic design method over the FBD method of EC8 [1].
2

THE HFD SEISMIC DESIGN METHOD

Having in mind the stepwise design framework of the HFD method for plane steel MRFs in [14],
one can extend it here to RC-MRFs, I-MRFs and WFDSs as follows:
Step 1: Selection of performance objectives. The target performance metrics, i.e., IDR and
𝜃𝑝𝑙 for the in-plane non-structural and structural damage, respectively, are selected according to
the desired performance objectives and structural system. The performance levels are assumed here
to be the immediate occupancy (IO) under the frequently occurred earthquake (FOE), the life safety
(LS) under the design basis earthquake (DBE) and the collapse prevention (CP) under the
maximum considered earthquake (MCE). The target values used to describe these performance
levels for RC-MRFs, I-MRFs and WFDSs are shown in Table 1 [17-19]. For I-MRFs, the in-plane
damage of infilled walls mainly controls their design, thus, only the maximum inter-storey drift
ratio (IDR) is used here as the target performance metric.
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IO
IDR
1%

𝜃𝑝𝑙
0.01

RC-MRF and WFDS
LS
𝜃𝑝𝑙
IDR
2%
0.02

IDR
4%

CP
𝜃𝑝𝑙
0.025

IO
IDR
0.4%

IMRF
LS
IDR
0.8%

CP
IDR
1.5%

Table 1: Representative performance-based target deformation values for RC-MRF, I-MRF and WFDS.

Step 2: Initial design of structures and estimation of input variables. RC structures are
initially designed according to the EC8[1] and EC2[16] under the FOE with a behavior factor q =1.
An initial estimation of some characteristic variables is done during this step. These variables are
the column-to-beam strength ratio α, the beam-to-column and column-to-wall stiffness ratio ρ and
𝛾, respectively, defined as
𝑎 = 𝑀𝑅𝐶,1,𝑎𝑣 /𝑀𝑅𝐵,𝑎𝑣
𝛴(𝐼/𝐿)𝑏
𝜌=
𝛴(𝐼/𝐿)𝑐
𝛴( 𝐼𝑐 )
𝛾=
𝛴( 𝐼𝑤 )

(1)

where 𝑀RC,1av is the average of the plastic moments of resistance for the first storey columns,
𝑀RB,av is the average of the plastic moments of resistance for all beams of all storeys, I is the
second moment of inertia at the storey closer to the middle height of the frame and L is the
corresponding length (column c, beam b or wall w).
Step 3: Calculation of the behavior factor, q. The behavior factor q is calculated through a
two-step process: 1) the target performance metrics (IDR, θpl ) are transformed to the corresponding
values of target roof ductility 𝜇𝑟 using a proposed expression and 2) the behavior factor q is
determined by a proposed expression in terms of the design roof displacement ductility μr,d . The
derivation of those expressions will be illustrated in detail in the next section.
Step 4: Iterative design of the structure. The structure is designed using the calculated
behavior factor q in conjunction with the elastic design acceleration spectra of EC8 [1]. Thus, the
values of α, ρ, γ, 𝜇𝑟,𝑑 and q are updated. The iterative design procedure is continued until the
updated behavior factor q do not significantly change from the previous one.
3

DERIVATION OF THE PROPOSED EMPIRICAL EXPRESSIONS

In order to develop the above mentioned empirical expressions of the HFD method, 19 RCMRF, 19 I-MRFs and 19 WFDSs were designed according to EC8 [1] and EC2 [16] and analyzed
through NLTH/IDA analyses under 100 ordinary (far-fault) ground motions selected from PEER
[20] and scaled in such a way as to capture the desired deformation or performance levels. Thus, a
response databank was obtained from which the proposed empirical expressions were derived
through non-linear regression analyses. The details of the derivation procedure are illustrated
through the following sections:
3.1

Design and modeling of RC structures

3.1.1 Design of RC structures
19 RC-MRFs, 19 I-MRFs and 19 WFDSs with a number of stories ranging from 2 to 20 were
designed according to the EC8 [1] and EC2 [16] with the help of SAP2000 [21] and MATLAB
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[22]. All the structures were designed based on a three-dimensional (3-D) model with regular
arrangement of structural elements in both plan and elevation, i.e., three (or four for WFDS) bays
of 6 m length in both horizontal directions, and a storey height of 3 m. The live load (Q) was
assumed to be 2 kN/m2, while the dead loads (G) were directly calculated by SAP2000 [20]
according to the material properties and structural geometry. The additional dead load from the
infill wall panels was assumed to be 10.5 kN/m and was distributed on beams. The material
properties selected for the design of the RC frames were C25/30 for concrete and S500 for
reinforcing steel. The concrete weight density was taken as 23.5 kN/m3 and Young’s modulus of
the steel as 200 GPa. Material safety factors of 1.50 and 1.15 were used for the concrete and steel
reinforcement, respectively. The seismic loads (E) were produced by the design spectrum of EC8
[1] with a peak ground acceleration ag = 0.30g (where g denotes the acceleration of gravity, 9.81
m/sec2), soil type B and behavior factor q = 3.9 for the RC-MRFs and I-MRFs and q = 3.6 for the
WFDS, as suggested by EC8 [1] for medium ductility class (DCM). The combinations of loads
used for the design were 1.35G+1.5Q and ±E +G+0.3Q for static and dynamic design loads,
respectively. The middle two-dimensional (2-D) frames were isolated from the three-dimensional
(3-D) frames by appropriately distributing the loads in order both models to have the same
fundamental periods and modeled in Ruaumoko 2-D [23] software for conducting NLTH analyses.
A typical 3-storey RC-MRF, I-MRF and WFDS are shown in Fig.1.
3.1.2 Modeling of beams, columns, walls and infills
In Ruaumoko 2D [23] software, all structural elements were modeled using a one component
(Giberson) beam-element with concentrated hinges described by the modified Takeda hysteresis
rule [23] at their both ends. Walls were modeled by a beam-column element with rigid zones at the
floor level, plastic hinges at member ends and with uncoupled shear-moment behavior as suggested
by [24]. The interaction between axial force and yield moment was taken into account for both
columns and walls. The stiffness deterioration was considered for all members incorporating the
modified Takeda hysteresis model, as shown in Fig. 2.a.
The ductility-based backbone curve model of Ruaumoko 2D [23], shown in Fig. 2.b, in
conjunction with the empirical backbone curve of the moment M versus rotation θ given by [24]
are used to model the strength degradation of a member. In Fig. 2.b, DUCT1 refers to the value of
ductility where the strength degradation starts to occur and DUCT2 refers to the ductility at the end
of the strength degradation [23] assuming here to be at 𝑀/𝑀𝑦 = 0.2. In order to consider the
development of cracks in flexural structural members, the secant stiffness to yield is used as the
effective member stiffness, i.e., EIeff = 𝑀𝑦 /𝜙𝑦 , where My is the yield moment and ϕy is the
corresponding curvature at yielding.
The masonry infill panel of each bay of the I-MRFs is modeled as two equivalent pin-jointed
compression diagonal struts that cross each other and placed concentrically across the diagonals of
the frame, forming a concentrically braced frame system. The strut thickness t is the same as the
infill wall, while its width, w is given as
𝑤 = 𝑑𝑘

𝑐 1
𝑧 (𝜆∗ )𝛽

(2)

where d is the diagonal length of the infill panel and c, k, z, λ∗ and β are parameters referring to
the mechanical and geometrical properties of the infill panel and the surrounding RC frame
members and can be found in [25,26]. The envelope of the force – deformation relationship for the
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equivalent diagonal strut is the one suggested by Panagiotakos and Fardis [27]. The geometrical
and material properties of the infill panels used in this study are shown in Table 2, where the
subscript 12 denotes the diagonal direction.
More details, regarding the design and modeling of the structures studied herein can be found
in the work of Muho et al. [28, 29].

(a)

(b)

(c)
Figure 1: A representative 3-storey (a) RC-MRF, (b) I-MRF and (c) WFDS.

(b)

(a)

Figure 2: Modeling of stiffness and strength degradation: (a) Takeda hysteresis rule for moment M versus rotation θ
and (b) Strength degradation model in terms of ductility and (c) Infill panel equivalent strut force-displacement
relationship.
Items of geometrical and material properties
Thickness
Compression strength 𝑓𝑐
Shear strength 𝑓𝑣
Modulus of elasticity at horizontal direction (E1)
Modulus of elasticity at vertical direction (E2)
Poisson ratio (v12)
Shear modulus (G12)

Values
9cm/18cm
2.5MPa
0.3MPa
1375MPa/2000MPa
3000MPa/2000MPa
0.15
1300MPa/870MPa

Table 2: Geometrical and material properties of I-MRFs infill panels.
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4

PROPOSED EMPIRICAL EXPRESSIONS

The proposed empirical expressions were derived through nonlinear regression analyses using
the Levenberg-Marquardt algorithm of Matlab [22] in conjunction with the response databank.
These relations apply only to frames with fundamental period T, column-to-beam strength ratio α,
beam-to-column stiffness ratio ρ, column-to-wall stiffness ratio γ, thickness of the infill panel t and
the infill modulus of elasticity at horizontal 𝐸1 and vertical 𝐸2 direction inside the range of these
parameters defined by the frames used in this study and reading as follows: 0.549≤T≤4.414,
1.142≤α≤6.656 and 0.151≤ρ≤0.887 for RC-MRFs, 0.62≤T≤3.73, 1.531≤α≤8.927 and
0.070≤γ≤0.451 for WFDS and 0.23≤T≤1.79, 1.279≤α≤6.623, 1.000≤E2/E1≤2.182 and
90mm≤t≤180mm for I-MRFs.
4.1

Estimation of yield roof displacement 𝐮𝐫,𝐲

The yield roof displacement, ur,y corresponds to the formation of the first plastic hinge in the
frame. For RC-MRFs, I-MRFs and WFDSs, it can be estimated by the following proposed
empirical expressions
(3)

RC-MRF: 𝑢𝑟,𝑦 = 0.04 · 𝑛𝑠0.51 · 𝜌0.08
𝐸

I-MRF: 𝑢𝑟,𝑦 = 0.018 ⋅ 𝑛𝑠0.66 ⋅ 𝑡 0.28 ⋅ ( 2 )
𝐸1

WFDS: 𝑢𝑟,𝑦 = 0.042 ⋅ 𝑛𝑠0.36

−0.61

(4)
(5)

, respectively, where ns is the number of stories, β is the beam-to-column stiffness ration, t is the
thickness of the infill panel (in m), and E1 and E2 are the modulus of elasticity of infill walls along
the horizontal and vertical direction, respectively. The mean, median and standard deviation of the
ratio 𝑢𝑟,𝑦,𝑒𝑥𝑎𝑐𝑡 /𝑢𝑟,𝑦,𝑎𝑝𝑝 are equal to 1.00, 0.98, 0.45, respectively for RC-MRFs, 1.00, 1.02, 0.30,
respectively, for WFDSs and 0.98, 0.91, 0.89, respectively, for I-MRFs.
4.2

Estimation of q as a function of 𝝁𝒓,𝒅

By analyzing the response databank of MRF, it was found that the structural characteristics and
soil types have no significant effect on the relationship between the design roof ductility μr,d and
the behavior factor q. The 𝜇𝑟,𝑑 is equal to min(𝜇𝑟,𝐼𝐷𝑅 , 𝜇𝑟,𝛩 ) with μ𝑟,𝐼𝐷𝑅 and μ𝑟,𝜃 computed as
shown in the following subsections. Thus, the empirical q - μr,d relation for RC-MRFs as derived
through regression analysis has the form
𝑞 = 1 + 1.23(𝜇1.07
𝑟,𝑑 − 1) 𝜇𝑟,𝑑 ≤ 3
0.75
𝑞 = 1 + 2.29(𝜇𝑟,𝑑
− 1) 𝜇𝑟,𝑑 > 3

(6)

estimates the q factor as a function of the maximum roof ductility 𝜇𝑟 with the mean, median and
standard deviation of the ratio q exact /q app equal to 1.00, 0.97 and 0.21, respectively.
The empirical q - μr,d relation for WFDSs as derived through regression analysis has the form
𝑞 = 1 + 0.83 ⋅ (𝜇1.32
𝑟,𝑑 − 1)
0.88
𝑞 = 1 + 1.67 ⋅ (𝜇𝑟,𝑑
− 1)
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with the mean, median and standard deviation of the ratio q exact /qapp equal to 1.00, 0.99, 0.21,
respectively.
By analyzing the response databank of I-MRFs, the number of stories ns was found to have a
significant effect on the q − μr,𝑑 relation. Thus, the empirical equation obtained through regression
analysis has the form
(8)

0.73
𝑞 = 1 + 1.21 ⋅ (𝜇𝑟,𝑑
− 1) ⋅ 𝑛𝑠0.25

with the correlation coefficient of exact and approximate values, the mean, median and standard
deviation of the ratio q exact /qapp equal to 0.83, 1.00, 0.97, 0.30, respectively.
4.3

Estimation of 𝛍𝐫,𝐈𝐃𝐑 as a function of 𝐈𝐃𝐑

According to Karavasilis et al. [13], the roof displacement ur for steel MRFs is indirectly
connected with the maximum inter-storey drift ratio IDRby the expression β = ur,𝐼𝐷𝑅 /(𝐻 ∗ 𝐼𝐷𝑅),
where H is the total height of the structure and β is determined by regression analysis. Then the
maximum roof displacement ductility is calculated by μr,IDR = 𝑢𝑟,𝐼𝐷𝑅 /𝑢𝑟,𝑦 with 𝑢𝑟,𝐼𝐷𝑅 =
𝛽 𝐻 × 𝐼𝐷𝑅 and 𝑢𝑟,𝑦 given by Eqs (3) and (5).
A study of the present response databank for RC-MRF and WFDS indicates that β can be
expressed in the form
RC-MRF: 𝛽 = 1 − 0.17 ⋅ (𝑛𝑠 − 1)0.75 ⋅ 𝜌0.07 ⋅ 𝛼 −0.40
WFDS: 𝛽 = 1 − 0.18 ⋅ (𝑛𝑠 − 1)0.61 ⋅ 𝛾 0.36 ⋅ 𝛼 −0.31

(9)
(10)

, respectively, where the mean, median and standard deviation of the ratio βexact /βapp are equal to
1.00, 1.02, 0.33, respectively, for RC-MRF and 1.00, 1.03, 0.24, respectively, for WFDS.
For I-MRFs, the design roof displacement ductility 𝜇𝑟,𝑑 was chosen to be directly related to the
𝐼𝐷𝑅, since it was found to have better correlation and smaller deviation than for the case through
β as previously done for RC-MRF and WFDS. Thus, 𝜇𝑟,d was found to be of the form
𝐸2 0.88
𝜇𝑟,𝑑 = 1 + 1.75 ⋅ 𝑛𝑠0.16 ⋅ (1000 ⋅ 𝐼𝐷𝑅)1.55 ⋅ ( )
𝐸1

(11)

The mean, median and standard deviation of the ratio μr,IDR,exact /μr,IDR,app resulted to be equal
to 1.00, 1.00, 0.21, respectively.
4.4

Estimation of 𝛍𝐫,𝜽 as a function of 𝛉𝐩𝐥

By analyzing the databank of RC-MRFs and WFDSs, the relation between the maximum roof
displacement ductility μr,max and the maximum plastic rotation θpl was found to depend on the
number of stories ns and the column-to-beam strength ratio α. Thus, the empirical equation which
represents the relation μr,𝜃 - θpl for RC-MRFs and WFDSs resulted to be of the form
0.98

RC-MRF: 𝜇𝑟,𝜃 = 1 + 0.12 (1000 ⋅ 𝜃𝑝𝑙 )
WFDS:

⋅ 𝑛𝑠−0.29 ⋅ 𝑎0.45

1.19

𝜇𝑟,𝜃 = 1 + 0.04 ⋅ (1000 ⋅ 𝜃𝑝𝑙 )
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, respectively, with the mean, median, and standard deviation of ratio 𝜇𝑟,𝑒𝑥𝑎𝑐𝑡 /𝜇𝑟,𝑎𝑝𝑝 equal to 1.00,
0.97 and 0.29, respectively, for RC-MRF and 1.00, 1.00, 0.16, respectively, for WFDSs. Both Eqs.
(12), (13) satisfy the physical constraint μr = 1 for θpl = 0 and serves to directly determine the roof
displacement ductility 𝜇𝑟 given a maximum plastic rotation 𝜃𝑝𝑙 , or vice versa.
For the case of I-MRFs the damage is controlled by the IDR and thus there is no need for
establishing a corresponding μr - θpl relation.
5
5.1

NUMERICAL EXAMPLES
Design of RC-MRF

5.1.1 A ten-storey designed for LS under DBE and comparison with EC8
Two 10-storey RC-MRFs (Frames A and B) were designed for the LS level according to the
proposed HFD method and the EC8 [1] design method, respectively, for 𝛼𝑔 = 0.3g and soil class B.
Both frames were designed assuming a 50% member gross stiffness reduction. Their sectional
dimensions and reinforcement ratios are listed in Tables 3 and 4, where only sectional information
for the first two and the last two storeys of the frames are provided due to space limitations.
The proposed HFD method was used to seismically design a ten-storey RC frame (Frame A) for
soil class B, PGADBE = 0.3g and target values of 2% IDR and 0.02 θpl, which correspond to the LS
level. The initial sectional dimensions and reinforcement ratios, shown in Table 3 (iteration 1),
were obtained from only strength requirements under the FOE with peak ground acceleration
assumed to be equal to 0.5×PGADBE = 0.15g and behavior factor q = 1.
According to Eq. (1), the values of ρ and α of the frame were equal to 0.41 and 2.45, respectively,
while ur,y was found to be 0.121m from Eq. (3). These values serve as the initial estimation of the
input variables of HFD in Step (2) of Section 2. Using IDR = 2.0%, ns = 10, ρ = 0.41, α = 2.45 and
ury = 0.121m, one can determine with the aid of Eq. (9) μr,IDR=2.10. On the other hand, use of Eq.
(12) with θpl = 0.02, ns = 10 and α = 2.45 yields μr,θ = 2.74. Thus, the design target roof displacement
ductility is equal to min (μr,IDR, μr,θ) = 2.09.
The behavior factor q was found from Eq. (6) to be equal to 2.5 and Frame A was designed
again with spectrum analysis, ground acceleration PGADBE=0.3g and q=2.5. This led to a base shear
of 531.7 kN and new sections and reinforcement as shown in Table 3 (iteration 2). The behavior
factor did not change a lot until the second iteration. Thus, the design with respect to LS level is
finalized.
The initial strength-based design (with q = 3.9) results, shown in the first part (design step 1) of
Table 4 for Frame B designed according to EC8 [1], show maximum values for IDR and θ equal
to 1.1% and 0.37, which are larger than their limit values of 1% and 0.2, respectively. Thus, an
iterative design process led to the second part, not shown in Table 4 (design step 2), where IDR
and the stability coefficient θ values resulted to be equal to 0.9% and 0.2, respectively, i.e., within
their limit values. However, because the maximum value of θ equals 0.2, the design seismic actions
were multiplied by 1/(1−q) = 1.25 to account for second order eﬀects in accordance with EC8 [1].
This led to larger reinforcement ratios in the third part (design step 3) of Table 4. From the above
procedure, it can be seen that in order to design a structure to comply both with the strength and
deformation limits, many iterations need to be done.
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Iter.
1

ur,y(m)
0.121

ρ
0.41

α
2.45

μr,IDR
2.09

μr,θ
2.74

ur(m)
0.253

ag(g)
0.15

q
1

2

0.123

0.51

2.60

2.08

2.78

0.255

0.3

2.5

Column
1
2
8
9
57
58
64
65
1
2
8
9
57
58
64
65

h(cm)
50
55
50
55
35
40
35
40
50
55
50
55
35
40
35
40

R c (%)
1.09
1.78
1.09
1.08
1.88
1.93
1.88
1.41
1.09
1.08
1.09
1.08
1.88
1.41
1.88
1.41

Beam
5
6
12
13
61
62
68
69
5
6
12
13
61
62
68
69

h(cm)
40
40
40
40
40
40
40
40
40
40
40
40
40
40
40
40

R∗1 (%)
1.82
1.82
2.04
2.03
1.13
1.16
0.58
0.70
1.53
1.47
1.70
1.69
0.84
0.87
0.58
0.58

R∗3 (%)
1.82
1.82
2.03
2.03
1.07
1.16
0.70
0.70
1.53
1.47
1.69
1.69
0.82
0.87
0.58
0.58

R 2 (%)
1.64
1.64
1.91
1.89
0.98
1.05
0.58
0.58
1.34
1.34
1.56
1.54
0.70
0.82
0.58
0.58

R 4 (%)
1.67
1.64
1.89
1.89
0.94
1.05
0.58
0.58
1.40
1.34
1.54
1.54
0.70
0.82
0.58
0.58

Table 3: Sectional dimensions and reinforcement ratios of each iteration for Frame A.

In order to evaluate the applicability of the proposed HFD method to the design of a ten-storey
frame, nonlinear dynamic analyses of the Frames A and B under 25 accelerograms compatible to
EC8 [1] elastic spectrum for the FOE (IO) and DBE (LS) were conducted. Table 5 shows NLTH
analysis deformation results and the corresponding estimated values by the two design methods as
well as the deformation limits values of FEMA [17] for IO and LS levels.
Design steps
1. Initial
strength-based
design

IDR(%)
1.1

θ
0.37

ag(g)
0.3

q
3.9

3.Second
order
effects
(Final
Sectional
and
deformation
Information)

0.9

0.20

0.38

3.9

Column
1
2
8
9
57
58
64
65
1
2
8
9
57
58
64
65

h(cm)
50
55
50
55
35
40
35
40
55
60
50
55
35
40
35
40

R c (%)
1.09
1.08
1.09
1.08
1.88
1.41
1.88
1.41
1.08
1.12
1.09
1.08
1.68
1.41
1.68
1.26

Beam
5
6
12
13
61
62
68
69
5
6
12
13
61
62
68
69

h(cm)
40
40
40
40
40
40
40
40
50
50
50
50
40
40
40
40

R∗1 (%)
1.45
1.45
1.67
1.64
0.82
0.82
0.58
0.58
1.11
1.09
1.29
1.28
0.94
0.98
0.58
0.58

R 2 (%)
1.31
1.29
1.53
1.53
0.58
0.70
0.58
0.58
0.92
0.88
1.10
1.09
0.82
0.84
0.58
0.58

R∗3 (%)
1.45
1.45
1.64
1.64
0.82
0.82
0.58
0.58
1.09
1.09
1.28
1.28
0.98
0.98
0.58
0.58

R 4 (%)
1.29
1.29
1.53
1.53
0.70
0.70
0.58
0.58
0.88
0.88
1.09
1.09
0.84
0.84
0.58
0.58

Table 4: Sectional dimensions and reinforcement ratios of Frame B.

Response Values
𝐼𝐷𝑅 (%)
𝜃𝑝𝑙

Response Values
𝐼𝐷𝑅 (%)
𝜃𝑝𝑙

HFD (Frame A)
FOE (IO level)
Estimation
NLTH
HFD
1.10
1.18
0.001
0.002
EC8 (Frame B)
FOE (IO level)
Estimation
NLTH
EC8
1.13
0.92
0.002
-

DBE (LS level)
Estimation
NLTH
HFD
2.02
2.00
0.013
0.012
DBE (LS level)
Estimation
EC8
2.19
1.84
0.014
-

NLTH

Table 5: Non-linear dynamic analysis deformation results for Frames A and B and comparison with estimated values
by the HFD and EC8 methods; NLTH stands for nonlinear time history analysis.
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On the basis of the response values of Table 5 the following observations can be made:
1) Even though IDR estimates of Frame B (designed by EC8 [1]) computed by the equal
displacement rule do not exceed the limits of 1% and 2% for the IO and LS levels,
respectively, the realistic IDR values obtained by NLTH analyses are non-safe sided and
exceed the above limit values by 13% and 10%, respectively.
2) IDR estimates of Frame A (designed by HFD) are almost the same with the realistic IDR
values obtained by NLTH analyses for both IO and LS levels and the IDR estimate for the
LS level does not exceed the limit values of 2%. The IDR value for the IO level though
exceeds the limit value of 1% by 10%. However, this result presents no problem since
Frame A was designed by HFD method only for LS level and not for both LS and IO level
as it is the case of Frame B designed by the EC8 [1] method. In a performance-based design
framework, use of the HFD method considers more than one performance level and satisfies
all deformation requirements for those levels. In Section 5.1.2 where the HFD method is
used in a performance-based design framework with three performance levels to design
again the ten-storey frame of this example, one can observe that all deformation
requirements are satisfied for all three levels, including the IO level.
3) Estimates of 𝜃𝑝𝑙 values for Frame A are almost the same with the realistic 𝜃𝑝𝑙 values
obtained by NLTH analyses and also do not exceed the limit values of 0.01 and 0.02 for
both the IO and LS levels, respectively. Considering Frame B, only one of its beams is
exceeding the allowable 𝜃𝑝𝑙 value of LS by 4%. Estimates of 𝜃𝑝𝑙 values cannot be made by
the EC8 [1], and for this reason, there are no corresponding 𝜃𝑝𝑙 values in Table 5.
Furthermore, from the procedural viewpoint, one can observe that the number of iterations
during the HFD-based design was small, i.e., only two, as shown in Table 5. This fast convergence
process is an advantage of the HFD method over the EC8 [1] method, which usually requires many
iterations for its deformation check.
5.1.2 A performance-based seismic design
In this section, the ten-storey RC-MRF (Frame A) was re-designed by the HFD method for the
three performance levels of Table 1. The peak ground acceleration for the DBE (PGADBE), was
equal to 0.3g. The peak ground acceleration for the FOE and MCE are equal to 0.5×PGA DBE =
0.15g and 1.5×PGADBE = 0.45g, respectively. The FOE, DBE, and MCE are expressed through the
elastic displacement and pseudo-acceleration design spectra of EC8 [1] for soil class B and
damping ratio equal to 5% (Fig.3).

(b)
(a)
Figure 3: (a) Elastic displacement design spectrum and (b) elastic pseudo-acceleration design spectrum,
defined by EC8 [1].
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The design for the three performance levels starts with the LS level. The seismic design of the
ten-storey frame for the LS level by the HFD method has been presented in detail in section 5.1.1
(Frame A). The q factor of the frame under the FOE is easily obtained as (PGAFOE/
PGADBE)*qDBE=0.5*2.5 ≈ 1.3, where the value of qDBE = 2.5 is from iteration 2 of Table 3.
Substituting this value of q=1.3 into Eqs. (6), (9) and (12), the response of the frame under the FOE
can be obtained, i.e., ur,d = 0.151m, IDR=1.20% and θpl = 0.002, indicating that the limit value of
IDR=1% for the IO level (Table 1) is exceeded. Correspondingly, ur,d, IDR and θpl of the frame
under the MCE are, 0.369m, 2.89%, and 0.022, respectively, which satisfy the CP level limits
(Table 1). Therefore, the IO performance level controls the design of the frame. The design
procedure for the IO performance level is summarized in Table 6, by taking the final sections of
the LS level as the initially assumed sections. The behavior factor would not change a lot until the
second iteration. Thus, the design with respect to IO level is finalized.
ur,y(m)

ρ

α

μr,IDR

μr,θ

ur(m)

ag(g)

q

Column

h(cm)

R c (%)

Beam

h(cm)

R∗1 (%)

R 2 (%)

R∗3 (%)

R 4 (%)

0.123

0.51

2.60

1.05

1.90

0.128

-

-

2

0.121

0.41

2.50

1.06

1.88

0.127

0.15

1.1

3

-

-

-

-

-

-

-

1.1

1
2
8
9
57
58
64
65
1
2
8
9
57
58
64
65
-

50
55
50
55
35
40
35
40
50
55
50
55
35
40
35
40
-

1.09
1.08
1.09
1.08
1.88
1.41
1.88
1.41
1.09
1.08
1.09
1.08
1.88
1.43
1.88
1.41
-

5
6
12
13
61
62
68
69
5
6
12
13
61
62
68
69
-

40
40
40
40
40
40
40
40
40
40
40
40
40
40
40
40
-

1.53
1.47
1.70
1.69
0.84
0.87
0.58
0.58
1.54
1.54
1.76
1.73
0.94
0.98
0.58
0.58
-

1.34
1.34
1.56
1.54
0.70
0.82
0.58
0.58
1.42
1.41
1.64
1.64
0.82
0.84
0.58
0.58
-

1.53
1.47
1.69
1.69
0.82
0.87
0.58
0.58
1.56
1.54
1.73
1.73
0.94
0.98
0.58
0.58
-

1.40
1.34
1.54
1.54
0.70
0.82
0.58
0.58
1.42
1.41
1.64
1.64
0.82
0.84
0.58
0.58
-

Iter.
1

Table 6: Sectional dimensions and reinforcement ratios of each iteration for Frame A designed by HFD for three
performance levels.

Response Values
𝐼𝐷𝑅 (%)
𝜃𝑝𝑙

NLTH
1.01
0.000

HFD (Frame A) designed for 3 performance levels
FOE (IO level)
DBE (LS level)
Estimation
Limit value
Estimation
Limit value
NLTH
HFD
FEMA
HFD
FEMA
1.00
1.00
1.95
1.81
2.00
0.001
0.010
0.011
0.010
0.020

NLTH
2.65
0.021

MCE (CP level)
Estimation
Limit value
HFD
FEMA
2.53
4.00
0.019
0.025

Table 7: Nonlinear dynamic analysis results of Frame A designed by HFD for three performance levels and
comparison with limit values.

5.2

A WFDS designed for three performance levels

In this section, a four-storey WFDS named Frame C is designed by the proposed method for the
three performance levels of Table 1. The PGA for the FOE (IO level), the DBE (LS level) and the
MCE (CP level), over the PGA of DBE are 0.5, 1 and 1.5, respectively [9], where the PGA at DBE
was selected to be 0.30g. The design is initiated with the LS level. The sectional dimensions,
reinforcement ratios and relative design parameters for Frames C designed for LS level are
summarized in Table 8.
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The q factor under the MCE is easily obtained as (𝑃𝐺𝐴𝑀𝐶𝐸 /𝑃𝐺𝐴𝐷𝐵𝐸 ) ∗ 𝑞𝐷𝐵𝐸 = 1.5 ∗ 3.6 = 5.4,
where q DBE = 3.6 is given in Table 8. With q MCE = 5.4 known, the roof ductility μr,d is found
from Eq. (7) to be equal to 4.18. By substituting this value of μr,d = 4.18 into Eq. (10) and Eq.
(13), the maximum values of IDR and θpl are estimated to be equal to 3.55% and 0.030,
respectively. Thus, the CP level limit value of θpl = 0.025 according to Table 1, is exceeded,
which indicates that the CP level controls the design of Frame C. The design procedure for the CP
level is summarized in Table 9 by assuming the initial sections to be the same as those of the LS
level shown in Table 8. The design with respect to the CP level is finalized within two iterations
and it complies with all three performance levels, i.e., IO, LS and CP.
Iter.
1

ur,y(m)
0.069

γ
0.19

α
3.02

μr,IDR
2.87

μr,θ
3.13

ur(m)
0.198

ag(g)
0.15

q
1.0

Column

Iter.
2

ur,y(m)
0.069

γ
0.16

α
2.42

μr,IDR
2.99

μr,θ
2.98

ur(m)
0.206

ag(g)
0.3

q
3.6

Column

3

1
2
10
11
19
20
28
29
Wall
3
12
21
30
1
2
10
11
19
20
28
29
Wall
3
12
21
30

h(cm)
45
50
45
50
45
50
40
45
h(cm)
120
120
120
120
h(cm)
35
40
35
40
35
40
35
40
h(cm)
120
120
120
120

Rc
1.19%
1.00%
1.02%
1.00%
1.00%
1.00%
1.51%
1.19%
b(cm)
30
30
30
30
Rc
1.16%
1.00%
1.16%
1.17%
1.16%
1.17%
1.49%
1.00%
b(cm)
30
30
30
30

Beam
6
7
15
16
24
25
33
34
𝑅𝑤
3.17%
0.57%
0.65%
0.42%
Beam
6
7
15
16
24
25
33
34
𝑅𝑤
1.20%
0.33%
0.33%
0.33%

h(cm)
40
40
40
40
40
40
40
40

R∗1
1.36%
1.42%
1.51%
1.55%
1.37%
1.42%
0.78%
1.06%

R2
0.81%
0.66%
0.66%
0.72%
0.60%
0.64%
0.37%
0.51%

R∗3
1.39%
1.13%
1.13%
1.24%
1.01%
1.13%
0.84%
0.87%

R4
0.82%
0.86%
0.89%
0.94%
0.82%
0.86%
0.63%
0.72%

h(cm)
40
40
40
40
40
40
40
40

R∗1
0.62%
0.84%
0.75%
0.92%
0.71%
0.81%
0.33%
0.62%

R2
0.44%
0.66%
0.66%
0.72%
0.60%
0.64%
0.37%
0.51%

R∗3
0.82%
1.13%
1.13%
1.24%
1.01%
1.13%
0.84%
0.87%

R4
0.54%
0.59%
0.57%
0.65%
0.54%
0.61%
0.50%
0.50%

3.7

Table 8: Sectional dimensions and reinforcement ratios of each iteration of Frame C designed for LS.
Iter.
2

3

ur,y(m)
0.069

γ
0.23

α
2.62

μr,IDR
5.87

μr,θ
3.65

ur(m)
0.253

ag(g)
0.45

q
4.7

Column
1
2
10
11
19
20
28
29
Wall
3
12
21
30

h(cm)
40
45
40
45
40
45
35
40
h(cm)
120
120
120
120

Rc
1.00%
1.00%
1.02%
1.00%
1.00%
1.00%
1.49%
1.00%
b(cm)
30
30
30
30

Beam
6
7
15
16
24
25
33
34
𝑅𝑤
1.67%
0.33%
0.33%
0.33%

h(cm)
40
40
40
40
40
40
40
40

R∗1
0.81%
0.89%
0.94%
1.01%
0.85%
0.88%
0.44%
0.67%

R2
0.54%
0.66%
0.66%
0.72%
0.60%
0.64%
0.37%
0.51%

R∗3
0.91%
1.13%
1.13%
1.24%
1.01%
1.13%
0.84%
0.87%

R4
0.57%
0.59%
0.63%
0.65%
0.57%
0.59%
0.50%
0.50%

4.8

Table 9: Sectional dimensions and reinforcement of each iteration for Frame C designed for three performance levels

The response results for IDR and θpl and their comparison with the corresponding limit values
from Table 1 and the estimated values by the HFD method are shown in Table 10. From this table,
one can observe that both IDR and θpl are below the corresponding limit values of all three
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performance levels. Besides, the estimated values are almost the same as the “exact” values
obtained from NLTH analyses. Thus, the proposed HFD method can be successfully used for the
performance-based seismic design of WFDSs.
IDR(%)
θpl

NLTH
0.86
0.000

Limit
1
0.01

IO
Estimation
0.92
0.004

Check
OK
OK

NLTH
1.69
0.009

LS
Estimation
1.64
0.015

Limit
2
0.02

Check
OK
OK

NLTH
2.43
0.019

Limit
4
0.025

CP
Estimation
2.49
0.025

Check
OK
OK

Table 10: Nonlinear time history (NLTH) analysis results of Frame C designed by HFD for three performance levels
and comparison with limit values.

5.3

An I-MRFs designed for three performance levels

Next, a four-storey I-MRF Frame D is designed for three performance levels as the WFDS of
the previous section but with the corresponding target IDR values of Table 1 for I-MRFs.
The design is initiated with the LS level. The sectional dimensions, reinforcement ratios and
relative design parameters for Frames D designed for LS level are summarized in Table 11, where
only the final sectional information for the first two and the last two storeys are provided due to
space limitations.
E1 (MPa)
1375

E2 (MPa)
3000

μr,IDR
3.4

ag(g)
0.3

q
3.5

Column
1
2
8
9
15
16
22
23

h(cm)
50
55
50
55
45
50
45
50

Rc
1.64%
1.63%
1.14%
1.44%
1.23%
1.32%
1.10%
1.09%

Beam
5
6
12
13
19
20
26
27

h(cm)
50
50
50
50
45
45
45
45

R∗1
1.48%
1.46%
1.49%
1.46%
1.34%
1.34%
0.67%
0.72%

R∗3
1.49%
1.46%
1.49%
1.46%
1.34%
1.34%
0.77%
0.72%

R2
1.29%
1.27%
1.29%
1.27%
1.13%
1.13%
0.51%
0.58%

R4
1.29%
1.27%
1.29%
1.27%
1.15%
1.13%
0.58%
0.58%

Table 11: Sectional dimensions and reinforcement ratios of Frame D.

For the CP level, the q factor under the MCE is easily obtained as (𝑃𝐺𝐴𝑀𝐶𝐸 /𝑃𝐺𝐴𝐷𝐵𝐸 ) ∗ 𝑞𝐷𝐵𝐸 =
1.5 ∗ 3.5 = 5.25, with q DBE = 3.5 as shown in Table 11. With q MCE = 5.25 known, the roof
ductility μr,d is found from Eq. (8) equal to 5.53. By substituting this value of μr,d = 5.53 into Eq.
(11), the maximum value of IDR = 1.19 is estimated, which satisfies the CP level limit value of
IDR = 1.5% according to Table 1. Thus, here the LS level controls the design of Frame D and the
final sectional dimensions and reinforcement ratios which satisfy all three performance levels are
the same as the ones of the LS level (Table 11).
Finally, the response results from NLTH analyses under the 25 ground motions compatible to
EC8 [1] elastic spectrum for the IO, LS, and CP levels and the response predictions according to
the proposed equations are shown in Table 12. From that table, one can observe that the “exact”
IDRs obtained from NLTH analyses are below the corresponding limit values of all three
performance levels. Besides, the estimated values are almost the same as the realistic ones. Thus,
the proposed HFD method can be successfully used for the performance-based seismic design of
I-MRFs.

IDR(%)

NLTH
0.26

Limit
0.40

IO
Estimation
0.34

Check
OK

NLTH
0.71

Limit
0.80

LS
Estimation
0.80

Check
OK

NLTH
1.12

Limit
1.5

CP
Estimation
1.19

Check
OK

Table 12: Nonlinear time history (NLTH) analysis results of Frame D for three performance levels and comparison
with limit values.
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6
1.

2.

3.

4.

CONCLUSIONS
Based on the results of previous sections, the following conclusions can be stated:
The hybrid force/displacement (HFD) seismic design method for RC structures has been
successfully developed through extensive parametrical studies involving non-linear-timehistory/incremental dynamic analyses of 19 RC-MRFs, 19 I-MRFs and 19 WFDSs under 100
seismic motions.
The HFD appropriately combines advantages of both force-based and displacement-based
seismic design methods. It is a force-based design method working with acceleration
response/design spectra and a deformation-dependent behavior (strength reduction) factor and
it performs design in one step involving only strength checking.
The proposed empirical expressions can estimate the yield roof displacement, the roof
displacement ductility as a function of IDR and 𝜃𝑝𝑙 and the behavior (strength reduction) factor
as a function of the roof displacement ductility.
The HFD method was proven, through numerical examples, to accurately estimate and control
both structural and non-structural damage and hence to be successfully used as a full
performance-based seismic design method, while, at least at the present time, this is not the
case with the EC8 method.
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Abstract
A project named PERSISTAH is being developed to study the seismic vulnerability of primary
schools in Huelva (Spain) and the Algarve (Portugal). This area has a moderate seismicity
but this is affected by a nearby area where earthquakes of large magnitude (Mw≥6) and longreturn periods happen.
The seismic vulnerability of URM (UnReinforced Masonry) buildings has been observed and
analysed in the last decades. The seismic retrofitting of these buildings is required in order to
improve their seismic behaviour. Many retrofitting techniques have been developed for that
purpose, most of them very complicated and expensive. Therefore, these are not appropriate
to retrofit a large number of buildings. This is especially relevant in areas of moderate seismicity where the cost-efficiency ratio must be carefully considered.
The aim of this paper has been to develop a simple, effective and affordable technique to retrofit these buildings. These buildings are characterised by numerous openings which causes a
great weakness in the URM walls. Then, a technique that consists in installing a steel encirclement or a grille in the openings of the walls has been proposed. This is a specific retrofitting technique for URM walls since this technique substantially improves the seismic capacity
of these structures.
To test the technique a case study is proposed. The building under study is a primary school
located in Huelva and built in 1961. Results have shown that the capacity of the building is
notably increased. Also, the performance point and the damage level of the structure are decreased.
Keywords: URM buildings, retrofitting technique, Performance-based method, seismic behaviour, nonlinear analysis.

4955

1

INTRODUCTION

The south of the Iberian Peninsula (IP) has a moderate seismicity. This area is close to the
borders of the Eurasian and African plates where many active faults exist. Specifically, the
southwestern IP is affected by several faults such as the Gibraltar-Azores, the San Vicente
Cape and the Horseshoe faults. These faults have originated in the past some important earthquakes like the Lisbon earthquake in 1755 (Mw=8.5) and the 1969 earthquake (Mw=8) [1][2].
The seismic risk in this area is being assessed in a project named PERSISTAH (Projetos
de Escolas Resilientes aos SISmos no Território do Algarve e de Huelva, in Portuguese). This
project is being developed collaboratively by the University of Algarve and the University of
Seville due to the similar seismic hazard of both regions. The aim of this project is to minimize the disaster risk of school buildings in the regions of Andalucia (Spain) and Algarve
(Portugal). In the PERSISTAH framework, a total amount of 281 schools will be evaluated in
both regions. Most of them were built without any consideration of the seismic actions.
Approximately half of the school building stock have URM structures with load-bearing
walls. URM buildings are especially prone to damage due to seismic actions. Its vulnerability
has been observed and analysed in the last decades by many authors. Some studies have developed different methods to assess the seismic vulnerability of existing buildings. Usually,
methods based on the capacity spectrum are used to characterize the vulnerability and fragility
of the buildings [3]. The seismic performance analysis results show the damage level that a
building would suffer in case of an earthquake. Moreover, it allows to identify the structural
characteristics that reduce the vulnerability of the buildings. In some studies, the damage estimated for a specific structure pertaining to a given typology is considered as representative
for the whole group of structures belonging to the aforementioned structural typology [4], as
is the aim of the PERSISTAH project. These studies have concluded that a seismic retrofitting
of the structure would be required in order to improve their seismic behaviour.
The most common retrofitting strategies used for masonry buildings are (a) reinforcement
of connections (wall to wall, wall to floor or wall to roof), (b) transforming flexible floors into
rigid diaphragms, (c) improving the out-of-plane behaviour through tied rods or ring beams,
and (d) reinforcement of masonry panels. These techniques have been applied in numerous
studies and they have resulted effective [5] [6] [7] [8]. The case study building has good connections and rigid floors, which makes the reinforcement of panels the most suitable reinforcement technique to improve its behaviour. The reinforcement of panels has been
implemented by means of the addition of diverse materials: reinforced concrete, steel, fibre
polymer, polypropylene, mortar renders or injections. These techniques are often complex to
perform, non-reversible and expensive. Since the aim of the PERSISTAH project is to retrofit
a large number of buildings, these techniques are not the best option.
The school buildings are characterised by numerous openings, which cause a substantial
weakness in the URM walls in case of an earthquake. In fact, none of these buildings have
been designed considering seismic loads, since they were built prior to any seismic code or
with emerging and permissive codes. Therefore, they may not be capable of resisting these
actions without being damaged. This work aims to study a simple, effective and inexpensive
technique to retrofit these buildings, which consists in installing steel encirclements in the
openings of the walls.
A recent paper has experimentally studied this technique by means of cyclically testing an
specimen to failure [9]. The authors have concluded that the encirclements led to a significant
increase in strength and in-plane deformation capacity, as well as in cumulative dissipated
energy at collapse. Comparing a retrofitted wall to a solid masonry wall (without openings),
they have stablished that the results were very similar, especially in terms of peak strength.
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To test this reinforcement technique a case study was conducted. The building is a primary
school building located in Huelva (Spain) and built in 1961. It is an E-shaped, two storied
building, with clay brick URM load-bearing walls and ribbed floor slabs.
A seismic performance-based assessment based on the N2 method was carried out (section
2.2). Then, a damage assessment was performed (section 2.3). Next, six different variants of
the reinforcement technique (encirclements) were studied. Three of them consist solely on
adding an L-profile to the window border, and the other three include also different types of
grilles covering the window surface (section 2.4). The results of the retrofitted building assessment are shown in section 3 and analysed in section 4. Finally, the conclusions are outlined in section 5.
2
2.1

METHOD
Case study

The building under study is a two-storied school building located in Huelva (Spain) and
built in 1961. The plan has an E-shape with 45 m by 21 m as larger dimensions. The building
is composed of the intersection of four lineal blocks. One of them is wider, with an entrance
gallery, staircases and two classrooms. The other three blocks are narrower, only equipped
with classrooms.

Figure 1: Architectural plans. Base floor (superior). Façade (inferior).

The structural system of the building consists of URM walls of clay brick and cement mortar. The walls have a thickness of 25 cm and a reinforced concrete ring beam on their top level.
The floor structure is made up of ribbed floor slabs 25 cm thick. The foundation is a concrete
beam on strip footings. The building has a sloping roof with tiles.
The load values used in the analysis were obtained from the Spanish building code [10].
For structural analyses, the dead load assigned to the ground and first floor was 5.3 kN/m2
(including floor slabs, pavement and partition walls), and 6.3 kN/m2 to the roof floor (including floor slab, and construction elements of the gable roof). The live load assigned to the
school floors was 3 kN/m2 (public use), and 1 kN/m2 in case of the roof floor (maintenance).
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The mechanical properties of masonry elements are typically available in the literature
when these pertain to historical buildings. However, the mechanical properties of modern masonry elements are less likely to be found, as is the case of this building.
On one hand, these properties have been calculated using formulations from current codes
as Eurocode 6 [11], and UIC Code 778-3 [12]. On the other hand, the data of the mechanical
properties of brick clay and mortar have been obtained from project documents of similar
construction dates (Table 1).
Mechanical properties
Compressive strength (fm) (MPa)
Shear strength (t0) (MPa)
Young´s modulus (E) (MPa)
Shear modulus (G) (MPa)
Weight density (W) (kN/m3)

Value
5
0.24
3,500
875
15

Table 1: mechanical properties adopted for the brick masonry walls.

2.2

Seismic performance-based assessment

The URM structures have a non-linear behaviour due to their low tensile strength. Consequently, non-linear analyses must be used to evaluate them. [13]. In order to assess the seismic performance of buildings by means of nonlinear static analyses, the European code EC83 [14] recommends the N2 method. This method combines the pushover analysis with the
demand spectrum. The displacement capacity of the structure and the seismic demand displacement must be intersected to obtain the performance point, which is the base parameter of
the global seismic assessment [15]. The pushover analysis is a static non-linear analysis that
consist of applying a horizontal incremental load until the collapse of the structure is reached.
The result of this analysis is a capacity curve that represent the base shear with respect to the
horizontal displacement of the control node, which is located on the top of the structure.
The masonry wall structure was modelled with the Equivalent Frame Model [16], using the
Tremuri software [17]. In this model, the URM walls are divided in macro-elements to form
an equivalent frame. The model is composed of piers and spandrel elements assembled
through rigid nodes. The formulation used to model the elements is defined from the dissipative mechanism observed in real masonry structures affected by seismic actions. This model
considers the possibility of flexural-rocking, shear-sliding and diagonal-cracking shear failure
modes, allowing to simulate the non-linear in-plane behaviour of URM walls with acceptable
accuracy [18].

Figure 2: Three-dimensional view of the case study building model in Tremuri.
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The seismic demand is defined in terms of a response spectrum, obtained from the EC81[19] and the Spanish annex [20]. The seismic action in Huelva is defined by the reference
peak ground acceleration (agR) whose value is 0.12g according to the Spanish update of the
seismic hazard maps [21]. Other parameters used to obtain the response spectrum are the importance factor and the soil coefficient. The importance factor depends on the use of the
building. School buildings have an importance of class III, so the corresponding importance
factor is 1.3. Regarding the soil coefficient, the type of soil has been defined from a geotechnical study performed in a near location. This study established that the soil is composed by a
layer of silt-sand with medium-low compactness. According to the dynamic penetration test
(DPSH) performed, the type of soil was determined as B, thus the corresponding soil coefficient is 1.2.
2.3

Damage assessment

The seismic performance of the reinforced buildings may be compared in terms of fragility
curves. These curves describe the probability of reaching a given state of damage in a defined
seismic scenario. The curves are defined by a lognormal function (Eq. 1) that expresses the
probability of reaching or exceeding a defined damage state, given the spectral displacement.
(1)

Where Sd is the spectral displacement; ds is the damage state; Φ is the standard normal cumulative distribution function; βds is the standard deviation of the natural logarithm of spectral
displacement for damage state ds; and ͞Sd,ds is the median value of spectral displacement at
which a building reaches the threshold of damage state ds.
The damage states considered according to the RISK-EU project (Eq. 2) are: slight damage
(Sd,1), moderate damage (Sd,2), severe damage (Sd,3) and complete damage (Sd,4). The damage
limit states were obtained from the idealised bilinear capacity curves. These states were defined by the yielding and ultimate displacements, as it is proposed in [22].
Sd,1 = 0.7 Sdy
Sd,2 = 1.5 Sdy
Sd,3 = 0.5 (Sdy+ Sdu)
Sd,4 = Sdu

(2)

Then, the damage states probabilities were obtained by intersecting the fragility curves and
the target displacements. Finally, the damage index (DI) or the mean damage value were calculated to represent the global expected damage in the structure with each reinforcement
technique. The DI may be obtained from Eq. 3 [23]:
(3)

where n is the number of damage states, and P(dsi) is the probability that a damage state i occurs. The DI values range between 0 (no structural damage) and 4 (complete damage).
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2.4

Strengthening technique

School buildings are usually characterised by numerous openings in the external walls. The
presence of openings weakens the building under seismic action. Therefore, the reinforcement
strategy chosen consisted in strengthening the openings, installing a steel encirclement in the
building windows. A steel profile was fixed in the outer perimeter of the windows, with the
possibility of adding a grille covering the whole surface of the window. The doors were not
reinforced due to the difficulty of fixing the lower profile under the flooring. In any case,
there are not as many doors as windows in these buildings. The advantages of this technique
are that it is non-intrusive, easy to install (and remove) and cost-effective.
Six types of reinforcement were tested. The first three types consist on the installation of
L-profiles of sizes L100.10, L150.10 and L200.15, respectively, on the windows perimeter
(Figure 4a). The last three types are window grilles. Grille 1 includes an L100.10 profile in
the perimeter and horizontal tubular profiles of 60x40 mm covering the windows surface
(Figure 4b). Grille 2 combines a perimeter steel plate of 45x5 mm, horizontal 12 mm bars and
two diagonal 12 mm bars (Figure 4c). Finally, Grille 3 was designed as the combination of a
perimeter steel plate of 45x5 mm and seven diagonals 10 mm bars in both directions (Figure
4d).

(a)

(b)

(c)

(d)

Figure 4: Reinforcements types: encirclements with L-profile (a), Grille 1 (b), Grille 2 (c) and Grille 3 (d).

The type of steel used in all reinforcements is S275JR steel both for profiles and bars.
Their installation includes removing the windowsill, setting the encirclements or grilles (fixed
with mechanical anchoring), and placing the windowsill back again. All six types of reinforcements integrate well with the architecture of the building.
The encirclements can be modelled in the Tremuri software, just setting this option in the
window definitions. By contrast, the grilles are not included in the reinforcement library, but
they can be simulated using an encirclement with equivalent rigidity. This equivalent encirclement was obtained applying a constant horizontal load to the grille and finding a profile
which provided the same displacements.
3
3.1

RESULTS
Unretrofitted building

The results obtained from the seismic performance-based assessment of the unretrofitted
building are presented hereafter. To obtain the capacity curves, a pushover analysis was performed in the two main orthogonal directions of the building (+X, -X, +Y and –Y), considering two lateral load patterns (uniform and triangular). Moreover, the existence or absence of
an accidental eccentricity of 5% of the maximum size of the building (positive or negative)
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was considered. A total of 24 different analyses were carried out and the worst-case combination for each direction was selected.
In Figure 3, it can be observed that the capacity curves in both directions X and Y are quite
similar in terms of capacity. Regarding the ductility, defined by the ratio between ultimate and
yielding displacements, the building presents a larger ductility in the X direction.

Figure 3: Capacity curves of the reference building in both directions X and Y.

After that, the performance points were calculated according to the N2 method. The main
parameters used in the analysis are defined in the following paragraphs. Their values are
summarized in Table 2.
X direction
Y direction

Г
1.20
1.29

T*(s)
0.24
0.23

μ
3.34
3.28

Fy*/m*(g)
2.47
2.59

q*
1.72
1.64

du*/ dt*
0.99
0.70

Table 2: Parameters and results of the analysis of the reference building.

Г is the transformation factor, required to convert the parameters of the Multi Degree of
Freedom (MDOF) system into an equivalent Single Degree of Freedom (SDOF) system and
vice versa.
T* is the period of the idealized equivalent SDOF system
μ is the ductility, the ratio between ultimate and yielding displacements.
Fy*/m* is the limited structural strength, the ratio between the ultimate strength and the
mass of an equivalent SDOF system.
q* is the ratio between the acceleration of the structure with unlimited elastic behaviour
(Se(T*)) and the limited structural strength (Fy*/m*).
The results of the analysis, in terms of the ratio between ultimate displacement (du*) and
target displacement in the equivalent SDOF system (dt*) are also shown in table 2.
The ultimate limit state (ULS) safety verification according to the EC8-3 consist in checking that the ratio du*/ dt* is higher than 1. It can be observed that this condition is not satisfied
either in X or Y direction, although the results in Y are significantly worse. Non-compliance
of the safety conditions indicated that the building required to be retrofitted.
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3.2

Retrofitted building

Figure 5 shows the results of the pushover analysis in terms of capacity curves in X and Y
directions for the retrofitted building (with all six types of reinforcements) and the unretrofitted building (reference building).

Figure 5: Capacity curves for each reinforcement technique, X direction (left) and Y direction (right).

As mentioned in the previous section, the performance points were obtained intersecting
the capacity curves and the seismic displacement demand, as established in the N2 method. In
Figure 6, the performance points of the reference and the reinforced buildings are shown.

Figure 6: Performance point for each reinforcement technique in X (left) and Y direction (right).

In Table 3, the results of the N2 method are summarized. They are the target displacements
(dt), obtained for the elastic response spectra defined in EC8-1; the yielding (dy) and ultimate
(du) displacements. The ductility (μ) of each reinforcement type was calculated as the ratio
du*/dy*. Finally, the ratio du*/dt*, that allowed to verify the ULS safety according to the EC8-3
was obtained.
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X direction

Y direction

Ref. building
L100.10
L150.10
L200.15
Grille 1
Grille 2
Grille 3
Ref. building
L100.10
L150.10
L200.15
Grille 1
Grille 2
Grille 3

dt*

dy*

1.37
1.00
0.90
0.69
0.92
0.76
0.44
1.19
0.69
0.48
0.34
0.57
0.32
0.32

0.40
0.31
0.34
0.41
0.35
0.42
0.35
0.36
0.28
0.33
0.30
0.30
0.28
0.29

du *

1.36
1.23
1.26
1.35
1.26
1.32
1.34
0.83
0.65
0.67
0.75
0.67
0.79
1.20

μ

3.40
3.97
3.71
3.29
3.60
3.14
3.83
2.31
2.32
2.03
2.50
2.23
2.82
4.14

du*/ dt*
0.99
1.23
1.40
1.96
1.37
1.74
3.05
0.70
0.94
1.40
2.21
1.18
2.47
3.75

Table 3: Results obtained for each reinforced building through the N2 method (displacements in cm).

The fragility curves were derived from the capacity curves. Intersecting the fragility curves
with the target displacements allowed to determine the damage states probabilities (table 4).
Finally, the DI for each reinforcement condition was calculated. The results are shown in Figure 7.

X direction

Y direction

Ref. building
L100.10
L150.10
L200.15
Grille 1
Grille 2
Grille 3
Ref. building
L100.10
L150.10
L200.15
Grille 1
Grille 2
Grille 3

0
No
damage
0
0
0
0.2
0
0.04
12.97
0
0
0.32
13.48
0.12
18.38
49.4

1
2
3
4
Slight Moderate Severe Complete
damage damage damage damage
0.29
9.88
39.56
50.25
0.53
15.37
45.77
38.31
1.65
21.68
45.31
31.37
15.3
34.18
33.91
16.37
1.65
21.07
44.87
32.43
9.26
31.37
38.05
21.26
41.38
23.64
16.02
5.96
0.34
5.83
24.8
69.01
2.391
13.32
29.74
54.01
17.48
20.91
27.9
33.37
41.49
13.84
13.48
14.68
12.97
21.38
30.31
35.2
41.73
13.55
15.09
11.23
30.25
7.82
8.24
4.27

Table 4: Damage states probabilities for each retrofitting technique.
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Figure 7: Damage index for the reference building and with each retrofitting technique.

4

ANALYSIS OF RESULTS

The results in terms of capacity curves show that both the encirclements alone and the
window grilles were effective in both X and Y directions. Observing the curves, it can be noticed that all reinforcements provide a noticeable increase in both strength and rigidity.
For the unretrofitted condition, the building capacity was similar in X and Y directions,
although in X the ultimate displacement of the structure was higher, indicating higher ductility in X. This may be due to the fact that the piers in the X direction walls are slenderer than
those in the Y direction walls. Slenderer piers lead to a predominant flexural response, with
higher values of drift. Otherwise, thick piers (predominant in the Y direction) tend to produce
shear failure and lower values of drift. The same results were obtained experimentally in [24]
and similar conclusions were reported in [6].
Even though all retrofitting techniques improve capacity, the enhancement is greater in Y
than in X in all cases. In X direction, the maximum shear force increased between 11%
(L100.10 encirclements) and 57% (Grille 3). In Y direction, the enhancement ranged between
24% (profile L100.10) and almost 100%, in the case of Grille 3.
Figure 6 shows the performance point of the reference building and the six reinforcement
cases. In all cases, in line with their capacity improvement, the reinforced buildings presented
a great decrease of the displacements as compared to the reference building. This reduction
was from 25% to 69% along the X axis, and from 38% to 69% along the Y axis.
Table 3 presents the results of the N2 analysis in terms of the target dt*, ultimate du* and
yielding displacements dy*. Observing the ductility values, it can be noted that in most cases
the retrofitting produced only a slight improvement in both directions. Even in some cases
(e.g., L150.10 in Y), the ductility decreased when the reinforcement was applied. In general,
the building presented a less ductile behaviour in the Y direction, but here once again the
Grille 3 reinforcement proved very effective, producing an increase of 80% in ductility over
the reference building. Regarding the ULS safety verification, it can be checked that every
retrofitting case except L100.10 (Y direction) satisfied the condition du*/dt*>1. The improvement ranged from 38 to 76% in the X direction. In the Y direction, the gain was in most cases
up to 100% or 200%. A 400% was even reached in case of the Grille 3.
In Figure 7, the DI for the different reinforcement techniques can be compared. On one
hand, it can be observed that adding the L100.10 encirclement produced a minimal decrease
of DI in both axis and did not changed significantly the building´s behaviour. Adding Grille 1
produced a slight improvement in behaviour with a small reduction of the DI, down to severe
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damage. On the other hand, the addition of L150.10 profiles provided a significant reduction
of damage in Y direction, although the gain was minimal in X direction. Furthermore, applying the L200.15 encirclement or the Grille 2 led to significant improvements in both directions, especially in Y, where the DI was reduced below to moderate damage. Finally, the
Grille 3 is the reinforcement that produced the best results. In this last case, the DI was reduced below moderate damage in the X direction and below slight damage in the Y direction.
In terms of DI, the behaviour of the unretrofitted building was slightly better in the X direction. Nevertheless, all reinforcements provided higher enhancements in the Y direction
with the exception of the L100.10 case. This can be explained observing the building geometry. Firstly, there is symmetry in the plan building in the Y axis but not in the X axis. Moreover, despite the fact that there are similar number of openings in both directions, they are
distributed uniformly in the Y direction, but not in the X direction, which increase the lack of
symmetry in this direction. Thus, the vulnerability in the Y direction is mainly caused by the
presence of openings in the walls, and can be substantially reduced with these retrofitting
techniques. On the contrary, in the X direction, the vulnerability of the building is produced
by many factors, including lack of symmetry and the irregular distribution of openings. As a
consequence, the reinforcement of openings in the X walls is not as much effective as in the Y
walls.
5

CONCLUSIONS

This work is framed in the PERSISTAH project, which aims to analyse the seismic vulnerability of primary school buildings located in the region Algarve-Huelva. In the present
paper, the seismic vulnerability of a URM primary school building located in Huelva was assessed. The main goal was to develop a simple, effective and affordable technique to retrofit a
large number of buildings. The seismic performance of the building with different retrofitting
techniques was assessed using the N2 method, as recommended by the EC8-3. Nonlinear static analyses were performed to obtain the capacity curves of the building including the retrofitting techniques. Moreover, the fragility curves were determined to obtain the probability of
reaching or exceeding each damage state. Finally, the DI for each retrofitting technique model
was obtained and compared.
The results showed that the unretrofitted building presented a high seismic vulnerability
and did not satisfy the EC8-3 ULS verification. Therefore, to avoid future damage in the event
of an earthquake, a retrofitting technique based on reinforcing the wall openings was proposed. Six different reinforcement scenarios were tested, three of them with encirclements
and the other three with grilles. The results showed that the seismic behaviour of the building
improved considerably when the reinforcements were applied. In particular, a noticeable increase in capacity and an important decrease in the performance point values were observed.
Regarding the EC8 ULS safety verification, the results showed that all retrofitting techniques
have been effective, except in the case of the encirclement with L100.10 profile.
In terms of damage level reduction, it can be concluded that, in general, all reinforcement
techniques improved the seismic behaviour of the building. On one hand, the encirclements
led to enhance the seismic performance of the building, provided that the profile size is appropriate. As for the grilles, the results have shown that adding grilles composed by horizontal
tubular profiles did not enhance significantly the damage level of the structure. On the contrary, including the diagonal bars has proved much more effective. Furthermore, it was found
that a higher number of diagonal bars produced a higher improvement in the damage level.
Consequently, the Grille 3 reinforcement, in which all bars are placed in a diagonal pattern,
resulted the most suitable design. In this case, the architectural integration is better due to the
use of a plate in the perimeter, instead of an L-profile. Moreover, the reinforcement of Grille 3
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has the best cost-benefit ratio since the plates and bars included require less steel than the encirclements with L profiles. Furthermore, this has resulted to be the most optimal and efficient
retrofitting technique to improve the seismic behaviour of the URM primary school buildings
studied in Huelva and the Algarve.
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Abstract
In recent years, the consideration of earthquake-induced expected annual loss (EAL) has become a topic of great interest within the earthquake engineering community. Since the introduction of performance-based earthquake engineering (PBEE) in the 1990s, the principal
goal of seismic design has been the verification of limit states in addition to the use of meaningful metrics of seismic performance that respond to the diverse needs and objectives of
owner-users and society. However, the need for more focus on the control of earthquakeinduced losses at a design stage is also of importance and interest. One possible solution for
this gap may be to use a conceptual design framework that employs EAL as a design metric,
serving as a first design step to identify suitable typologies and geometrical layouts. The objective of such an approach, which would require very little building information at the design outset, is to identify a number of feasible building typologies, in terms of lateral force
resisting system, and associated structural geometries. This study implemented such a novel
EAL-based design methodology, recently proposed, for a reinforced concrete (RC) frame as a
parametric case study within the European context. A sensitivity study on the use of storey
loss functions was also done to identify their compatibility with and impact on the framework
at different performance limit states. Furthermore, effectively controlling the structure’s ultimate limit state whilst also arriving at practical design solutions was seen to be an issue that
requires further development. An alternative method to control collapse risk during design
whilst also maintaining control on the EAL of the structure was therefore identified. As such,
a conceptual design framework that focuses on both the economic losses and life safety in a
direct and quantifiable manner has been identified to further implement the principles of
PBEE in design practice.

Keywords: Performance-Based Earthquake Engineering; Conceptual Design; Reinforced
Concrete; Expected Annual Loss; Storey Loss Functions.
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1

INTRODUCTION

Current seismic design guidelines have a two-fold performance objective: the protection of
human lives and the limitation of earthquake-induced damage. Hence, it is important to limit
the likelihood of structural collapse, which is obtained by providing sufficient strength and
ductility, in addition to proper detailing and capacity design, ensuring a controlled and stable
ductile mechanism during strong seismic shaking. Additionally, damage limitation can be
controlled during more frequent events. Neglecting damage control at a design stage can have
severe consequences during an earthquake as both structural and non-structural damage, in
conjunction with the interruption of building use, may entail disproportionally high economical losses compared to the costs of the structure itself. These aspects partially form what has
become known as the Pacific Earthquake Engineering Research (PEER) PBEE methodology
initially outlined by Cornell and Krawinkler [1]. This PBEE methodology [2,3] is an approach
to quantify the performance of a given structural system. It utilises a fully probabilistic
framework, employing methodologies with a solid scientific basis to improve seismic risk decision-making and expresses the levels of performance in terms of metrics meaningful to
stakeholders and building owners. New guidelines like FEMA P58 [4] were developed, which
allow the performance of existing buildings to be quantified in terms of metrics like expected
annual loss (EAL) and mean annual frequency of collapse (MAFC). However, due to its iterative and cumbersome nature, more simplified options to take EAL into account have been
sought.
O’Reilly and Calvi [5] recently proposed a novel conceptual seismic design (CSD) framework that employs EAL as a design metric and requires very little building information at the
design onset. The framework encompasses the idea that designers may start with the definition of a required or limiting value of EAL and arrive at a number of feasible structural solutions without the need for any detailed design calculations or numerical analysis. Initially, the
building performance definition is transformed into a design solution space using a number of
simplifying assumptions. Subsequently, with a suitable structural response backbone, a number of feasible building typologies and associated structural geometries are identified. It is
important to note that the methodology forms a stepping stone prior to further member detailing and robust design verifications, such as that outlined in FEMA P58.
This study aims to describe a detailed implementation of the CSD framework [5] and provide further insight by means of a parametric study. Serviceability limit state parameters are
initially varied to see their effect on the design EAL and an alteration of the design solution
space. A study on the use of storey loss functions (SLFs) is then carried out for their modification to overcome their incompatibility with the CSD framework at the ultimate limit state,
in view of it not affecting the EAL. Finally, an approach to consider target collapse safety to
define prospective structure’s dynamic and strength characteristics is discussed, which could
potentially solve the issues identified during the sensitivity study on SLFs.
2

CONCEPTUAL SEISMIC DESIGN

In order to implement the CSD framework shown in Figure 1, some simplifying assumptions are needed initially. First, SLFs are used to convert expected loss ratios (ELRs) to design peak storey drift (PSD) and peak floor acceleration (PFA). Three limit states were
utilised: fully operational limit state (OLS); serviceability limit state (SLS); and ultimate limit
state (ULS). Two limit state intensities, SLS and ULS, are considered to characterise the
structure’s elastic and ductile non-linear behaviour, respectively. The OLS performance point
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describes the point when direct monetary losses begin to accumulate due to building damage,
which can be thought of as an initial threshold akin to the excess amount on an insurance policy. The ULS performance point describes the point of building’s full monetary replacement
cost (Figure 3).
Current codes define the seismic design problem primarily in terms of ensuring life safety
of its occupants. Therefore, mitigation of collapse is of primary importance and ensuring satisfactory performance at frequent levels of shaking is also checked. These are termed as ‘nocollapse requirement’ and ‘damage limitation requirement’ in the current version of Eurocode
8 (EC8) [6] and are suggested to correspond to ground shaking return periods of 475 and 95
years, respectively, with possible modifications to account for building importance class. New
Zealand’s NZS1170 [7] defines two limit states: serviceability and ultimate similar to EC8
and prescribes design return periods of 25 and 500 years, respectively, once again with the
possibility of modification for different importance classes. The recently revised design code
in the US, ASCE 7-16 [8], outlines a slightly modified approach where the building is designed using input as a fraction of the maximum considered event (MCE). The seismic hazard
is determined from a series of maps outlining risk-targeted spectral values, which are found
for a target risk of structural collapse of 1% in 50 years (~5,000 year return period). It uses a
generic structural fragility curve along with some other adjustments following an approach
outlined by Luco et al. [9] but has recently been noted by Vamvatsikos [10] to perhaps not be
the most ideal approach. In this study, these general recommendations provided above for the
definition of limit state return period will be followed for the case study application in Section
3 and parametric studies in Section 4.1.

Figure 1: Overview of CSD framework for RC frames [5].

The CSD framework [5] is separated into two distinct parts: the identification of performance requirements, and the identification of feasible structural solutions. An overview of the
framework for an RC frame is described in Figure 1. The first part includes: a) the site hazard
initially identified with a uniform hazard spectra (UHS) for different return periods; b) performance objectives are set to establish the design loss curve characterised by an expected
loss ratio (ELR, y), and corresponding mean annual frequency of exceedance (MAFE, λ), for
each limit state. The loss curve is then integrated for the definition of design EAL, which has
to be met by the subsequent obtainment of design solutions (Figure 3); c) using the MAFE for
each limit state and the return periods of the UHS to be designed for, design spectra are identified; d) with the identification of design spectra, SLFs are used to relate expected monetary
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losses to design parameters like the maximum PSD, θmax, and maximum PFA, amax, along the
height of the building. The vertical axis in Figure 1(d) represents the ELR, y, contribution
from PSD or PFA sensitive structural or non-structural elements.
The second part includes the following steps: e) minimal building information is needed,
such as the number of storeys, n, seismic mass, mi, and storey heights, hi; f) at SLS, θmax and
amax are converted to spectral displacement and acceleration limits, Δd,SLS and αSLS, respectively. These are then used to identify the feasible initial secant to yield period range, where the
initial period, T1, of the sought structure must lie; g) knowing the design displacement at ULS,
Δd,ULS, and the required ductility, μ, the bilinear backbone curve is identified; h) and finally a
suitable structural geometry from the established yield displacement, Δy, knowing that the
yield displacement is a function of structural geometry and material properties. In the case of
RC frames, the bay width, B, and the beam height, hb, are computed. Overall, the framework
works as an initial screening for suitable design before detailing and verification of the structure.
3

CASE STUDY APPLICATION

The CSD framework summarised in the previous section was used for a case study application herein. The goal of the study was to define certain performance objectives and come up
with a set of design solutions in terms of bilinear backbone behaviour and required structural
dimensions. No detailed verification analysis of these designs was carried out. Reasonable
assumptions were made during the design process, since some information was not readily
available. Minimal building information was necessary to implement the CSD framework.
For the case study building discussed herein, a four-storey building with a floor area of 200m2,
seismic floor loading of 8kPa and roof loading of 7kPa was considered. The storey height was
taken as 3.5m. The target EAL for the case study RC frame was predefined as 0.7%. With the
already identified building performance requirements and minimal global characteristics of
the possible building, a number of feasible design solutions were identified.
3.1

Identify site hazard

For the first step, the site hazard curve, H, was identified. Peak ground acceleration (PGA)
was adopted along with EC8’s type 1 design spectrum and soil type C was assumed. A higher
fidelity second-order hazard model [11] was adopted instead of the first-order model initially
utilised by O’Reilly and Calvi [5] to give a more accurate representation of the hazard, as described by Equation 1:
H  s   k0 exp  k2 ln 2 s  k1 ln s 

(1)

where the coefficients ko, k1 and k2 were found to be 4.61E-05, 2.384 and 0.169, respectively,
via a least-squares regression of the SHARE model [12] for a site in L’Aquila, Italy; and H(s)
is the hazard function representing the MAFE of a certain IM value s equal to PGA (Figure 2).
3.2

Define building performance objectives

Design performance objectives for the case study building are identified in Table 1. The
values of return period, TR, and ELR are decided. Then H=1/ TR is used to determine the
MAFE from Equation 2:
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where 𝑠̂ is the median value of s for a given limit state exceedance. Through the integration of
the refined loss curve of Figure 3 and Equation 3, the EAL is computed and verified against
the target one.

Figure 2: Second-order fit of a hazard curve for PGA at L’Aquila.

y
TR [years]
H
β
λ
EAL
PGA [g]

OLS
1%
10
1.00E-01
0.1
1.00E-01
0.01

SLS
25%
225
4.44E-03
0.2
4.65E-03
0.64%
0.10

ULS
100%
1600
6.25E-04
0.3
7.31E-04
0.28

Source
User choice
User choice
=1/TR
Eurocode 8
Equation 2
Equation 3
Equation 1

Table 1: Design performance objectives defined by an ELR at each limit state, necessary to compute their respective MAFE and the design intensities.

Dispersions, βs, were assumed based on those recommended in Appendix F of the recent
draft of the revised Eurocode 8 [6] and are therefore deemed to be suitable for the present
scope of illustration. In Figure 3, the EAL may be computed as the area beneath the approximate loss curve and is shaded in red. It is important to pay careful consideration since while
the difference in area between the approximate and refined loss curve may appear insignificant, this is a result of the log scale of the vertical axis in Figure 3. However, it is possible to
have an area between the two curves resulting in an EAL overestimation of up to 50% when
compared to the refined curve. This can be overcome by using a closed-form expression with
the same functional form of the refined loss curve as suggested by O’Reilly and Calvi [5]:

  c0 exp  c1 ln y  c2 ln 2 y 
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(3)

where the coefficients c0, c1 and c2 can be fitted to pass through the three limit state points
shown in Figure 3. The EAL was then evaluated as the area beneath this closed-form expression and is expected to be more representative of the actual EAL using more refined analysis.
The ELR’s were taken as yOLS=1%, ySLS=25% and yULS=100%, for the case study building.
The values for the OLS and ULS limit states were based on the same consideration by
O’Reilly and Calvi [5] whereby the OLS point is intended to represent the point at which the
losses begin to accumulate and ULS when the losses reach the value of the building. The SLS
point was chosen here and the sensitivity of the EAL to this value will be discussed in Section
4.1. The design EAL was established as the area under the refined curve, which was obtained
as 0.64%, less than the target EAL (0.7%).
From each of these design limit state return periods, the design PGA was identified by inverting the hazard model in Equation 1 in terms of PGA. In the revised Eurocode 8, the 1600year return period for the ULS corresponds to the significant damage limit state, so it was assumed to represent the complete replacement of the structure. In case of different design
codes being used with differing minimum design requirements, such as NZS1170 or ASCE 716, the design return period of 2500 years is required at ULS, which may need to be accommodated as well.

Figure 3: Approximate and refined loss curves, used to establish the design EAL shaded in red.

3.3

Identify structural design parameters

In order to convert the design loss ratios at both SLS and ULS into structural design parameters, storey loss functions (SLFs) were utilised and adopted from the literature [13]. Office occupancy was assumed and, for simplicity, only the typical SLFs were adopted (Figure
4). Considering the SLFs, the current formulation of CSD is not entirely compatible with their
use when ELR is equal to 100% at ULS, since these functions’ formulations tend to asymptotically increase towards large structural demand values of 15% storey drift (Figure 4), which
are not realistic in design. To address this, a limiting value of 2% for PSD was adopted here,
based on a sensitivity study presented in Section 4.2. Furthermore, some future developments
to address this aspect relating to ULS performance are also envisaged in Section 4.3.
To link the ELR at each limit state to a structural demand parameter via the SLFs, as illustrated in Figure 4, the relative weights or contributions of the different component groups to
expected loss, Y, were required. The ELR at each limit state is described by Equation 4:
yS , PSD  yNS , PSD  yNS , PFA  y
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(a) PSD-sensitive structural elements

(b) PSD-sensitive non-structural elements

(c) PFA-sensitive non-structural elements

Figure 4: SLFs adopted from [13].

which is the sum of all sources of loss resulting from PSD-sensitive structural (yS,PSD) and
non-structural (yNS,PSD) elements and PFA-sensitive non-structural (yNS,PFA) loss contributions
given in Figure 4. From Equation 4, the following expressions in Equation 5 can be written:
yS , PSD  yYS , PSD
yNS , PSD  yYNS , PSD

(5)

yNS , PFA  yYNS , PFA

meaning that the individual values of the damageable element group loss was computed as a
product of the target ELR, y, and its relative weighting, Y, shown in Figure 4. By entering the
vertical axis in Figure 4, these returned two values of θmax and one value of amax not to be exceeded in order to maintain that level of expected loss for that limit state. Taking the more
critical of the two θmax values at SLS, which will almost always be the non-structural-based
value, the design demand parameters were established and are illustrated in Figure 5 and
listed in Table 2.

Figure 5: Illustration of the SLFs, and the identification of the design parameters for the SLS (red) and ULS
(blue).

Structural demand parameter
PSD
PFA

SLS
0.86%
1.12g

ULS
2.00%
-

Table 2: Summary of structural design parameters for both limit states.
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3.4

Compute spectral values

The identified values of θmax and amax at the SLS then needed to be converted to design
spectral accelerations and displacements, Δd,SLS and αSLS, respectively, as per Figure 1 (d). An
equivalent single degree of freedom (SDOF) system is then employed in CSD to characterise
a first-mode dominated multi-degree of freedom (MDOF) system. This is similar to the approach adopted in displacement based design (DDBD) [14] where the displacement of the
equivalent SDOF system is given by Equations 6 and 7:
n

d 

m 
i 1
n

i

2
i

(6)

 mi i
i 1

 4H n  Hi 
 i    max H i 

 4 H n  H1 

(7)

where n is the number of storeys, mi is the mass, ∆i is the displaced shape at storey level i, ωθ
is the higher mode reduction factor and Hi is the ith storey’s elevation above the base. Detailed
calculations are given in [5]. Unlike the PSD profile, PFA cannot be assumed to be first mode
dominated, however, since the process of identifying a spectral acceleration, Sa for various
building solutions assumes that the structure remains in the elastic range of response, some
simplifications can be made. Combining the first few modes using square-root-sum-of-thesquares (SRSS) gives the PFA profile along the height, ai, with a maximum value of amax. For
the case study building of RC frame with 4 storeys, the PFA may be approximated by a single
coefficient γ defined as in Equation 8:

 SLS   amax  0.6amax

(8)

Initial parametric studies on the elastic modal properties of structures suggested that values
of γ for low rise structures of 4 storeys of RC frame typology be around 0.6. Future research
should look to improve this conversion, or at least refine this coefficient for different typologies of different number of storeys. For the purposes of CSD discussed here, they were
deemed reasonable.
Table 3 lists the spectral acceleration and displacement for the case study building.
θmax [%]
0.86

Δd,SLS [m]
0.074

amax [g]
1.12

γ
0.60

αSLS [g]
0.67

Table 3: Conversion of θmax and amax to spectral values at the SLS.

3.5

Quantify feasible initial secant to yield period range for SLS

The range of feasible initial secant to yield periods was identified using the equivalent
SDOF spectral limits as presented in Table 3, which are illustrated in Figure 6, and the upper
period bound, Tupper, for the RC frame in discussion was found to be 1.74 seconds. No lower
period bound, Tlower, was identified, which is due to the fact that 0.67g of spectral acceleration
is too high with respect to the maximum value of the spectrum at SLS (Figure 6). These
bounds basically imply that the structure may be as stiff as needed since the SLS spectrum
does not have enough spectral acceleration to exceed the PFA limits, while its flexibility will
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be limited so that it does not undergo into excessive PSD. Hence, the period range is quite
large, meaning that many potential design solutions could be accommodated. The damping
was assumed as 5% for the case study RC frame.

Figure 6: Identification of permissible initial secant to yield period range based on PFA and PSD limits for the
SLS.

3.6

Establish required system strength and ductility

At the ULS, where the goal is to limit excessive PSD and provide a margin of safety
against collapse during strong shaking, the effects of system non-linearity need to be accounted for. Figure 7 presents the permissible period range identified within the points 1 and 2, the
trialled value of lateral strength capacity and the design solution space shaded in grey. It is
important to note that for the case study building, point 2 is not representative since essentially there is no limit to the lower bound of the period range.

Figure 7: Identification of design solution space shaded in grey considering the permissible period range and the
trialled value of lateral strength capacity (adapted from [5]).

For the given ULS spectrum and target design displacement, Δd,ULS, a suitable SDOF system behaviour needed to be established. As noted by O’Reilly and Calvi [5], one way of doing this for the ULS, whilst still maintaining control over the initial period, is to simply trial a
value of lateral strength. Then, by computing how much spectral reduction capacity would be
required via non-linear behaviour, the structure's required ductility demand could be computed. This approach simply reworks the general DDBD approach, as the design displacement
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and ULS spectrum are known but differs since the lateral strength is trialled and a compatible
structural geometry is found (via the required yield displacement). DDBD, on the other hand,
functions by commencing with a fixed structural geometry (meaning the yield displacement is
known) and for the required ductility with respect to the design displacement and ULS spectrum, the lateral strength is found.
In this example, the approach described in [5] is followed but potential developments are
described in Section 4.3. To account for the amplification in the structure’s spectral capacity
via non-linear behaviour of the structure, the effective period, Te, passing from the origin
through point 3 to point 4 was considered. In other words, the relation between linear and
non-linear behaviour was found via a displacement modification factor (DMF) to the elastic
design spectrum. As stated earlier, the design maximum PSD at ULS was 2.0% which gave a
design displacement at ULS, Δd,ULS, of 0.171m. Given Δd,ULS and the spectral displacement of
the elastic response spectrum at Te, Sd(Te), the required DMF, η, was determined from Equation 9.



 d ,ULS

Sd Te 

(9)

Priestley et al. [14] outlined various expressions for different structural systems characterised by different hysteretic models representative of different structural systems and the one
for RC frames was utilised here. From this relation, the required ductility, μ, was found by
knowing the required spectral modification factor, η.
3.7

Compute structure backbone behaviour

With the knowledge of permissible period range, the design displacement, the lateral
strength and the required structural ductility, the structure’s backbone behaviour that respects
these conditions was defined. The minimum required ductility already identified was then
used to work back to find the yield displacement of the system, Δy, as per Equation 10.

y 

 d ,ULS



(10)

The final bilinear backbone of the structural system was identified and is illustrated in Figure 8, where it was assumed that the second-order geometry effects, or P-Delta effects, were
balanced out by the post-yield hardening of the structure to result in an elastic-perfectly plastic system.
The final values of yield displacement and lateral capacity are listed in Table 4. The base
shear coefficient, C, is reasonable but the required initial period of the RC frame of 4 storeys
is quite high to satisfy the design constraints. However, it is important to note that given a
large range of allowable initial periods as identified earlier, a stiffer structure would have been
obtained and this design scenario presented here was one of the many possibilities. This is a
reflection of the current constraints imposed by the CSD at the ULS, where the advantage of
being able to identify structural layouts is hampered by the fact that it tends to result in very
flexible systems, as was the case in this example. Further consideration of the ULS performance that moves away from a single intensity-based verification of one PSD level (i.e. 2%
PSD at 1600 years) should be pursued to arrive at a more risk-consistent approach to collapse
safety. This would bring both CSD approach to a reasonable point whereby the losses via
EAL and collapse safety are handled in a comprehensive manner. This was a limitation of
CSD noted by O’Reilly and Calvi [5] and will be discussed further in Section 4.3
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Figure 8: Required backbone response for the case study building design solution, where the period limits show
how the design conditions have been respected.

aULS [g]
0.15

Δd,ULS
[cm]
17.1

Te [s]
2.14

Sd(Te)
[cm]
24.0

ηrequired Δy [cm]
0.71

10.7

μprovided
1.60

T1 [s] Vb [kN]
1.69

811

C
0.13

Table 4: Identification of structural system parameters to respect the design constraints, which fall within the
design solution space

3.8

Identify structure layout

The final step of the design process was the identification of required geometry for the RC
frame. In order to make use of the identified backbone leading to an acceptable building performance, defined in terms of expected loss, two parameters were required: the lateral
strength and the yield displacement. As the lateral strength is a function of the member
strengths, it can be easily adjusted by modifying the dissipative zone capacities. Structural
geometry and material properties were required to establish the yield displacement. As the
yield displacement was already known, the final dimensions and material properties of the
structural system were identified as they are independent of the lateral strength [15].
For an RC frame with a ductile beam-sway mechanism, the yield drift, θy, has been shown
by Priestley et al. [14] to be:

y 

0.5 y B
hb

(11)

where B is the bay width of the frame and hb is the beam section height. Assuming a reinforcement of yield strength 350MPa and 200GPa of Young’s modulus and a beam height of
0.5m, a bay width of around 6m would be required. Knowing the lateral load resisting system,
structural geometry and the design base shear for the system, the structure can be detailed by
providing enough capacity to ensure a ductile and stable mechanism. The resulting structural
system would be representative of the backbone identified in Figure 8 and should satisfy the
performance goals initially defined in terms of EAL described in Section 3.2.
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4

DISCUSSION

Using the design framework summarised in Section 2 and implemented in a case study application in Section 3, additional studies on essential characteristics of the CSD framework
were conducted. The goal was to understand whether the methodology could be improved in
relation to the definition of the ULS performance and the sensitivity of the EAL to the SLFs.
As before, the RC bare frame with office occupancy described in Section 3 was the reference
design used for comparison throughout the discussion.
4.1

Influence of SLS parameters

One of the first studies regarding the definition of the performance objectives listed in Table 1 was on the sensitivity of the design EAL to the choices made regarding the return period
of ground shaking, TR, and the level of ELR at the SLS. The same values of y and TR assumed
for the OLS and ULS in Table 1 were maintained and the EAL was computed for numerous
combinations of ySLS and TR,SLS. A summary of these design scenarios is presented in Figure 9.
In essence, the hazard curve relates PGA (right axis) to TR (left axis), and the SLF relates θmax
(top axis) to ELR (bottom axis). By increasing the ySLS and TR,SLS, the EAL, represented in
green shades, will essentially stay constant. While, if the ySLS is increased only or TR,SLS is decreased only, then the EAL will increase. Figure 9 then also shows the design solutions depending on TR,SLS and ySLS. Only the upper bound results are shown, since the design
indicated no lower period bound. The empty solution space represents an area where the solutions are beyond practicality, e.g. having high base shear coefficient, C, or high required bay
width, B.

Figure 9: Impact of varying ySLS and TR,SLS on the design EAL.

The study carried out on the variation of SLS parameters, showed high sensitivity of EAL
to the SLS parameters. Additionally, the lower period range limit will be highly dependent on
the PGA and subsequently TR,SLS, while the upper period range limit will be highly dependent
on the θmax and subsequently ySLS. The curves defining C represent structures with an initial
period equal to the upper period range limit and conditions imposed by each pair of TR,SLS and
ySLS below the curves can be satisfied by a structure with C equal to the curve value. Hence,
the curves depend on an upper period range limit. Higher ySLS and lower TR,SLS imply higher
upper period range limit. For the study, the ySLS was kept constant, while the TR,SLS was in-
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creased sequentially, leading to a decreasing upper period range limit further constraining the
design solution space, which resulted in the curves defining C boundaries.
4.2

Sensitivity study on SLFs

When using the SLFs as per Figure 4, the PSD at ULS for ELR=100% will be in the order
of θmax=10 to 20%. This value of θmax may make sense purely from a monetary loss accumulation point of view, but is clearly unfeasible from a collapse performance perspective. To
implement the CSD with these SLFs, a decision was made to limit θmax to a certain limit similar to what ASCE 7-16 [8] prescribes to provide a level of life safety against collapse in their
designs. This approach of utilising SLFs for the definition of the SLS design parameters but
simply limiting the PSD to 2% at the ULS was adopted in the case study described in Section
3. The goal of the sensitivity study described here is to understand what impact this decision
actually has on the design EAL. The SLF for PFA sensitive non-structural elements was not
modified as the CSD methodology does not utilise the PFA at ULS.
Figure 10 shows the steps of the sensitivity study for the modification of SLFs for the CSD
methodology. Initially, an original EAL was calculated through the employment of the SLF
curves of the PSD-sensitive structural and non-structural elements adopted from Ramirez and
Miranda [13]. Then a cut-off vertical line (in blue) representing a PSD value was gradually
lowered, where the cut-off line describes a value of the PSD above which the ELR is assumed
100% times the respective weight of the element, YPSD. With each version of SLF, a corresponding EAL value was computed and then compared to the original one. The procedure was
repeated until the error, εEAL, increased beyond 0.2% and the final updated SLF with the corresponding PSD cut-off line was used in the CSD presented herein.

Figure 10: Sensitivity study on the modification of SLFs for the CSD methodology by the variation of PSD until
EAL error, εEAL, is beyond 0.2%

The preliminary limit value obtained through the sensitivity study was 2% for PSD. By using the original and updated curves shown in Figure 4, the EAL variation error was found to
be below 0.2%. Hence, the inclusion of such a limitation of PSD when utilising SLFs at ULS
does not significantly impact the design EAL. Therefore, it can be concluded that the limitation of the PSD to 2% at ULS similar to what is done in the US with ASCE 7-16 [8], for example, with the aim for designing for collapse safety does not have any major impact on the
design EAL that has been focused on up until now in CSD. Should the nature of determining
the performance goals in CSD change from utilising EAL solely for the definition of the SLS
limits and establishing an initial period range and then other possible criteria related to
strength or ductility be utilised to protect against collapse, these two performance definitions
will not have any major interaction with other and can be treated quite separately.
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4.3

Consideration of collapse performance in design

As shown in the previous section, SLS and ULS performance can be handled with separate
criteria without any major interference between them. With regards to collapse safety, MAFC,
λc, may be used and a potential procedure to incorporate this in the CSD framework is described in Figure 11. The reasons for this are also illustrated in Figure 11(a) and are as follows.
At ULS, a situation may occur where Δd,ULS is equal, or very close, to Sd(Te), meaning that the
required DMF and consequently the ductility, μ, will be limited or equal to 1 (red point in
Figure 11(a)). This will essentially result in designs with very long periods and limited ductility demand. Consequently, a high bay width will be required to provide a yield displacement equal to the required one. An alternative would be to neglect the condition of DMF
equality, as also briefly discussed in O’Reilly and Calvi [5], and provide the structure with
ductility higher than 1 (in blue in Figure 11(a)), which would then result in a lower bay width.
Alternatively, this could also be achieved by using MAFC to design for collapse safety in a
more risk-consistent manner, as described a follows. An SDOF with period T that falls within
the already identified period range [Tlower, Tupper] and an anticipated ductility capacity μ is considered. Knowing the yield lateral spectral acceleration, Say, the dynamic performance of a
trialled SDOF up to complete collapse can be quantified via SPO2IDA tool [16], as shown in
Figure 11(b). Knowing the collapse fragility and the hazard curve, these may be integrated to
get the MAFC, λc, where the collapse fragility defined in terms of R (Figure 11(b)) is transformed to spectral acceleration Sa by using a transformation factor, Γ, to a collapse fragility
of the actual MDOF system (Figure 11(c)). By setting a target collapse safety to be respected
by the resulting design, the base shear coefficient can be found for a given ductility, μ, and
initial period, T1. By varying T1, a satisfactory base shear coefficient curve can be plotted in
Sa versus Sd and the feasible structural solutions may be found (Figure 11(d)). It is noted that
this approach is not too dissimilar to the yield frequency spectrum method [17] but here just
the collapse behaviour is focused on, in addition to maintaining a degree of control on the
EAL via the initial period range.

Figure 11: Potential development of the CSD framework to incorporate MAFC as a design variable.

The red dots in Figure 11(d) represent several of the numerous feasible design solutions
within the period range that satisfy the collapse safety criterion. This approach would help to
avoid the issue of SLFs identified in the previous section and overcome the difficulties explained in Section 3.6.
5

CONCLUSIONS

A novel CSD framework utilising EAL was used to identify feasible structural solutions
aligning with the conceptual objectives of performance-based design. The general procedure
with a case study application for an RC moment resisting frame was presented herein for its
illustration. A number of assumptions were made: first, SLFs were used to convert ELRs to
design PSD and PFA. At the ULS, where a collapse prevention requirement has to be met, the
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PSD was cut-off at 2% and corresponds to the requirement brought forth by ASCE 7-16 [8].
Two limit state intensities, SLS and ULS, were utilised to characterise the structure’s initial
elastic and ductile non-linear behaviour. At SLS, design PSD and PFA were used to define a
permissible initial secant to yield period range. Subsequently, with the choice of lateral
strength and the knowledge of required system ductility, the yield displacement of the system
was computed. Finally, the design solution space was identified and a potential bilinear backbone identified. Based on the characteristics identified, the required dimensions of the structure were identified as part of the first phase of design.
Moreover, some sensitivity studies were carried out to further investigate some particular
aspects of the CSD framework. Several notes could be made based on these studies:
 High sensitivity of EAL and period range limits to the SLS parameters, as: 1) increasing
ELR or decreasing TR results in an increase of the EAL; and 2) decreasing TR and increasing ELR will lead to an increase of the upper period range limit, meaning that care
must be taken when establishing these points in design;
 Limiting PSD to 2% (similar to what is done in ASCE 7-16 with the aim to design for
collapse safety) and modifying SLFs corresponded to an error in EAL of only 0.2%,
demonstrating that it does not have any major impact on the design EAL;
 To avoid observed difficulties of implementing the CSD framework at ULS, an alternative approach was pondered. This does away with the issue where the required DMF and
the ductility could potentially lead to large bay widths to satisfy the yield displacement
requirement. The alternative approach foresees that the ULS is no longer considered, but
rather a target MAFC, which is satisfied by a system with base shear coefficient, C, for a
given ductility, μ, and an initial period, T, which must lie with the period range identified
for SLS.
Within future developments, the CSD framework will be improved to include the current
approach for SLS, where the elastic properties of the structure are chosen to satisfy the target
EAL, while a simplified collapse analysis is used to satisfy a target MAFC.
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Abstract
Earthquake engineering analyses are unavoidable to obtain response of buildings to earthquakes in order to ensure for structure to withstand a given level of ground shaking and to
maintain a desired level of performance. Main reasons are vagueness and uncertainties related
to the ground motion and structural modeling parameters in the available data such as location,
size and resulting shaking intensity of future earthquakes. The selection of appropriate seismic
input is known to be a critical step while performing this kind of analysis in order to estimate
seismic performance in the basis of the hazard at the site where the structure is located. Selection of recorded ground motions are in most cases based on geophysical parameters, ground
motion intensity measures, and spectral matching. In this paper seismic analysis will be performed for four-story reinforced concrete ISPRA frame structure designed according to Eurocode 8 (EC8) by selecting 30 different earthquake scenario for each EC8 target spectrums in
order to evaluate average maximum inter-story drift ratio. Time history analysis for every
earthquake record was obtained. As a result, Inter-story Drift Ratios (IDR) as a main damage
measure were presented in order to make comparison with defined performance levels of reinforced concrete bare frames.
Keywords: seismic damage assessment, earthquake records, spectral matching
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1

INTRODUCTION

The seismic damage assessment is found to be a very complex problem when analyzing
reinforced concrete structures. Main reasons are vagueness and uncertainties related to the
ground motion and structural modeling parameters in the available data such as location, size
and resulting shaking intensity of future earthquakes [1].
In order to ensure for structure to withstand a given level of ground shaking and to maintain
a desired level of performance, earthquake engineering analyses are unavoidable to obtain response of buildings to earthquakes. Response of buildings stands for complex, three dimensional and nonlinear dynamic problems, thus nonlinear dynamic analysis is unavoidable. It is
also known as the most accurate method to evaluate the behavior of structures during an earthquake in both probabilistic assessment and design [2].
The selection of appropriate seismic input is known to be a critical step while performing
this kind of analysis in order to estimate seismic performance in the basis of the hazard at the
site where the structure is located. The current best practice in record selection is reviewed for
the case of the probabilistic seismic risk analysis and for the code-based design [3]. In order to
quantify former uncertainties and to combine them to produce an explicit description of the
distribution of future shaking that may occur at the site, Probabilistic Seismic Hazard Analysis
(PSHA) needs to be conducted [4]. This seismic analysis combines different magnitudes (M)
and distances (R) with predictions of resulting ground motion intensity, and thus seismic hazard
at the site can be computed [5]. Ground motion selection utilizes probabilistic seismic hazard
disaggregation, as a key tool for all of the following ground motion selection approaches. The
goal of this procedure is to accurately estimate the response of a structure at a specified ground
motion intensity, as measured by spectral acceleration at the first-mode period of the structure,
Sa(T1) [6]. It is also necessary to obtain time series that are representative of the strong shaking
that a particular location may experience in the future during an earthquake. Ground motions
should be selected from a database of previously recorded motions [7].
For probabilistic seismic risk assessment, record selection should be regarded as a reference case. In the case of code-based seismic assessment, there is an issue in selection of the real
recordings set compatible with a code-specified spectrum, whose spectra are generally nonsmooth. The structural response estimates were seen to be highly dependent on the type of
ground motions that can be used for the seismic structural analysis as well on the methods
utilized or selection and scaling of the records. Ground motions can be divided on 1) artificial
waveforms; 2) simulated accelerograms; 3) natural records [8].
Selection of recorded ground motions are in most cases based on 1) geophysical parameters
magnitude (M), source-to-site distance (R), and epsilon (e); 2) ground motion intensity
measures; and 3) spectral matching, which will be the main focus in this paper. Brief review on
selection of recorded ground accelerations based on spectral matching for different target spectrum EC8 spectrum, Uniform Hazard Spectrum (UHS) and Conditional Mean Spectrum (CMS)
will be presented. Further, seismic analysis will be performed for four-story reinforced concrete
frame structure designed according to EC8 – ISPRA frame by selecting 30 different earthquake
scenarios according to spectral matching in order to evaluate average maximum inter-story drift
ratio. The aim is to compare obtained results from seismic analysis for each earthquake scenario
in order to observe the difference of performance levels achieved by EC8 target spectrum.
2

SELECTION OF RECORDED GROUND ACCELERATIONS – A BRIEF REVIEW

Calculating ground motions based on earthquake scenarios is an invaluable tool for evaluating direct and indirect losses from specific credible earthquakes. Hazard evaluation of earthquake ground motion in most cases is done with deterministic or probabilistic approach which
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would be the two representative methods for seismic hazard assessments nowadays. Both approaches need to transform the seismic event to ground motion.
Deterministic Seismic Hazard Analysis (DSHA) is an analysis that considers a worst-case
scenario in terms of earthquake size and location and it is basically governed by the seismic
source that has the highest threat to the site with the largest motion estimated [9]. Contrary to
DSHA, if probabilistic seismic hazard analysis (PSHA) has been used, which was the first formalized by Cornell [10], then the controlling earthquake scenarios need to be obtained by disaggregation [8]. PSHA combines the probabilities of all earthquake scenarios with different
magnitudes (M), source-to-site distances (R) and epsilon (), the number of standard deviations
from the median ground motion as predicted by an attenuation equation with predictions of
resulting ground motion intensity, in order to compute seismic hazard at a site. PSHA also
incorporates uncertainties in ground motion predictions. To quantify ground motion in PSHA,
traditionally peak ground acceleration (PGA) was used. However, today the preferred parameter is Response Spectral Acceleration (Sa) which gives the maximum acceleration experienced
by a damped, single-degree-of-freedom oscillator [11]. To identify the distribution of earthquake scenario that contribute to exceedance of a given spectral acceleration (Sa), current
ground motion selection is utilized by probabilistic seismic hazard disaggregation [5].
Selection of recorded ground motions can be based on 1) geophysical parameters Magnitude (M) and Distance (R); 2) ground motion intensity measures; 3) spectral matching; etc. The
main focus will be on spectral matching which is the most commonly proposed earthquake
record selection method by seismic codes and, as such, can be utilized in the framework of both
force-based and performance based design [12]. Spectrum matched records are artificially generated time histories of ground motion acceleration, or other relevant parameter, whose response spectral shapes are matched to a predetermined target spectrum and used as input to
dynamic analysis [13]. While selecting ground motion records, main aim is to select representative records of the ground motion at the site of interest and at the consistent source-to site distance. Also there will generally be a requirement to ensure that the records of ground motion
conform to some specified level of agreement with the ordinates of the design response spectrum, whether records are selected by performing searches in terms of response spectral ordinates or in terms of seismological and geophysical parameters [8]. If structural response is to
be estimated by selecting ground motions to match a target response spectrum, typical response
spectrum associated with the specified large amplitude Sa value at a single period must be defined [14].
In the part 1 of design code Eurocode 8 [15] following criteria are established for the
selection and scaling of ground motion records in the context of demand-based assessments of
buildings: 1) the mean of the zero period spectral response acceleration values calculated from
the individual time histories should not be smaller than the value of 𝑎𝑔 S for the site under study,
𝑎𝑔 being the design ground acceleration on rock and S the soil parameter; and 2) in the range
of period between 0.2 𝑇1 and 2.0 𝑇1 , where 𝑇1 is the fundamental period of the structure in the
direction where the record will be applied, no value of the mean 5% damping elastic spectrum,
calculated from all time histories, should be less than 90% of the corresponding value of the 5%
damping elastic response spectrum [3], [8].
In Eurocode 8 [15] after the elastic response spectrum, seismic input for the time-history
analysis is defined. Two spectral shapes are defined, Type 1 and Type 2, where the latter applies
if the earthquake contributing most to the seismic hazard has surface waves magnitude not
greater than 5.5. Contrary, the former type should be used. In EC8, for the structural assessment
any form of accelerograms is allowed to be used. Regardless they are natural, artificial or simulated, the main criterion that the set of accelerograms should satisfy is 2) [16].
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For the past two decades, the Uniform Hazard Spectrum (UHS) has been used as the
target spectrum in the design practice. It is computed by PSHA and constructed by selecting a
frequency of exceedance for the hazard, developing the spectral acceleration at each period and
plotting spectral acceleration versus period [14]. It is suggested to select seven records which
are compatible with the dominant earthquake scenario at the site of interest and that scenario is
represented with the magnitude (M) and the distance (R) which are key parameters obtained by
disaggregation analysis [17]. In order to match the design level of the UHS, the selected records
need to be scaled when it is necessary.
Baker and Cornell [6] concluded that the UHS represents nearly impossible earthquake
scenario because the rate of observing a high positive ε in all periods is much lower than the
rate of observing a high ε in any single period. Although the UHS is frequent target spectrum
in structural dynamic analysis, it does not represent a spectrum caused by a single earthquake
at a given site and thus leads to a conservative spectrum in higher hazard levels.
Conditional Mean Spectrum (CMS) has been proposed by Baker [18] as an alternative
to the Uniform Hazard Spectrum (UHS) that can be used as a target spectrum in ground motion
record selection. CMS provides the expected (mean) response spectrum, conditioned on occurrence of a target spectral acceleration value at the period of interest. After it is computed, CMS
can be used for selection of ground motion records. With CMS spectral shape associated with
the target spectral shape Sa(T*) is obtained. Thus ground motions that match Sa(T*) can be
treated as representative of ground motions that naturally have the target Sa(T*) value. The
period ranges over which the CMS should be matched must be identified to find ground motions
matching a target CMS, and this period range may include the periods of higher modes of vibration as well as longer periods that are seen to affect a nonlinear structure whose first-mode
period has effectively lengthened.
3

DESCRIPTION OF EXPERIMENTAL AND NUMERICAL MODEL

3.1
Experimental model
Experimental full scale model presented in Figure 1 on which seismic analysis will be performed, is a four-storey frame structure designed according to previous version of Eurocode 2
[19] and Eurocode 8 [11]. Structure is in total 12.5 m high. Structure has three frames and thus
two bays in both X and Y direction. Raster of bays in X direction are 4 and 6 m, and raster of
both bays in Y direction is 5 m in which direction load was applied. Materials used in construction were concrete C25/30 and the B500 Tempcore reinforcing steel with characteristic yield
strength of 500 MPa.
Columns were reinforced with 8-12 mm bar. The total reinforcement ratio varied from 1%
to 1.9%. Longitudinal reinforcement diameter in columns carried from 16 at upper storeys and
20 or 25 in the bottom and in some cases in the first storey. In the critical regions of columns
were used stirrups 10/10. For the longitudinal reinforcement in beams were used bars 14 in
combination with bar 12. More than half longitudinal reinforcement in the beams is placed at
the bottom of the beam.
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Figure 1: The four-storey reinforced concrete structure [20].
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Since reinforced concrete beams and the slab are usually constructed at the same time, they
act as a monolithic section. Therefore, in the seismic assessment, a contribution of slab to the
D
stiffnessC andb strength
ofb beam has to
be considered. In the Eurocode 8 [15] is prescribed that
C
slab reinforcement parallel to the beam and within the effective flange width should be assumed
in the design
process to contribute to
the beam flexural capacities, if it is anchored beyond
1
1
the beam section at the face of the joint. In the Eurocode 2 [19] the values of effective width of
beams yfor all limit states are suggested and are based on the distance 𝑙0 between points of zero
moments.A It should be
to next equatinos:
B calculated according
A
1

500

2

x

(1)

𝑏𝑒𝑓𝑓 = ∑ 𝑏𝑒𝑓𝑓,𝑖 + 𝑏𝑤 ≤ 𝑏
𝑏𝑒𝑓𝑓,𝑖 = 𝑚𝑖𝑛 {

0.2 ∙ 𝑏𝑖 + 0.1 ∙ 𝑙0
0.2 ∙ 𝑙0

(2)
(3)

𝑏𝑒𝑓𝑓,𝑖 ≤ 𝑏𝑖

where 𝑏𝑒𝑓𝑓 is the beam’s effective width, 𝑏𝑤 is the width of the beam, 𝑏𝑖 is the one half of
the distance between the beams and 𝑙0 is the distance between the zero moment points. In the
seismic analysis the distance 𝑙0 should be taken as 𝑙𝑏 /2. Transversal beam spans should be
taken as 𝑙𝑏 and in Table 1 are given calculated effective widths of beams considered in analysis.
Beam
B1, B3, B4, B6
B2, B5
B7, B11
B8, B12
B9
B10

Shape of
beam
L
T
L
L
T
T

𝒃𝒆𝒇𝒇,𝟏
[𝒄𝒎]
50
50
40
60
40
60

𝒃𝒘
[𝒄𝒎]
30
30
30
30
30
30

𝒃𝒆𝒇𝒇,𝟐
[𝒄𝒎]
50
40
60

𝒃𝒆𝒇𝒇
[𝒄𝒎]
80
130
70
90
110
150

Table 1: The effective width of beams considered in analysis [20]

Except effective width of beams, critical region length, or plastic hinges length were determined according to Eurocode 8 [15]. As structure was designed for ductility class high (DCH)
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and the behavior factor q = 5, the critical region length for beams were determined according
to equation (4), and for columns according to (5):
𝐿𝑝 = 1.5 ℎ𝑤

(4)

1.5 ℎ𝑐
1.5 𝑏𝑐
𝐿𝑝 = 𝑚𝑎𝑥 {
0.6
𝐿𝑐 /6

(5)

Values of concentrated masses were obtained from the self-weight of the structure, the
permanent load of 2 kN/m2 which presented floor finishing and partitions, and the live load also
of 2 kN/m2. In Table 2 are presented concentrated masses as point loads on each column and
for every storey.
Storey 1
m [t]
7.61
11.23
5.80
11.40
19.77
9.59
90.07

Column
1, 7
2, 8
3, 9
4
5
6


Storey 2
m [t]
7.51
11.13
5.70
11.30
19.64
9.49
89.12

Storey 3
m [t]
7.51
11.13
5.70
11.30
19.64
9.49
89.12

Storey 4
m [t]
6.90
10.52
5.09
10.69
18.87
8.88
83.46

Table 2: Values of concentrated load masses

3.1

Numerical model

Nonlinear analysis of the ISPRA numerical model in Figure 2 has been conducted by SeismoStruct (2016) [21] in which the behavior of concrete elements was simulated with forcebased plastic hinge (FBPH) elements with plastic hinges at the ends of the elements using Mander’s model of confined concrete proposed by Mander et al. [22] and the Menegotto-Pinto
model [23] for reinforcing steel.
[20]

Figure 2: Numerical model in Seismostruct 2016 [21]

The accuracy of numerical model compared to the experimental one is firstly obtained by
the comparison of natural periods for experimental and numerical model in Table 3.
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Mode

Experiment
0,560
0,195
0,115

1
2
3

Numerical model
0,592
0,213
0,123

Error (%)
5,7
8,5
6,9

Table 3: Comparison of natural periods for experimental and numerical model

The other check of compatibility of numerical to experimental model are resulted relative
errors and correlation of values obtained from numerical modelling and experimental test for
displacement, and base shear. From the Table 4Table 4, it can be seen that the nonlinear numerical model also gave excellent results in terms of compatibility with hysteretic curves presented
in Figure 3. The mean relative error of the observed variables (displacement, base shear) was
15.92%, while the correlation R was an excellent 0.95. That proves the compliance and applicability of the calibrated numerical nonlinear model for the parametric analysis of a model building with infilled frames according to expected behaviour.
Mean relative error [%]/correlation R
14.94/0.94
11.11/0.95
15.21/0.95
16.11/0.95
17.24/0.95
14.92/0.95

Four-storey building ISPRA

Displacement

1st floor
2nd floor
3rd floor
4th floor

Base shear
Mean values

Table 4: Mean relative error [%] and correlation R
1500

Base shear [kN]

1000
500
0
-8.0000 -6.0000 -4.0000 -2.0000 0.0000
-500

2.0000

4.0000

6.0000

-1000

-1500
-2000
First floor displacement [cm]
Experiment

Numerical model

Figure 3: Comparison of Experimental and Numerical hysteretic curves for ISPRA model

4

SELECTION OF DIFFERENT EARTHQUAKE SCENARIO

Spectral matching is the most commonly proposed earthquake record selection method by
seismic codes and, as such, can be utilized in the framework of both force-based and performance based design [12]. In the past 15 years, the use of spectrum matched records has become
increasingly widespread for the estimation of nonlinear structural response. Spectrum matched
records are artificially generated time histories of ground motion acceleration, or other relevant
parameter, whose response spectral shapes are matched to a predetermined target spectrum and
used as input to dynamic analysis [13].
While selecting the ground motion records, main aim is to select representative records of
the ground motion at the site of interest and at the consistent source-to site distance. Also there
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will generally be a requirement to ensure that the records of ground motion conform to some
specified level of agreement with the ordinates of the design response spectrum, whether records are selected by performing searches in terms of response spectral ordinates or in terms of
seismological and geophysical parameters [8]. If structural response is to be estimated by selecting ground motions to match a target response spectrum, typical response spectrum associated with the specified large amplitude Sa value at a single period must be found [14]. For
graphical explanation of earthquake scenario selection method, flow chart in Figure 4 is presented.

Figure 4: Flow chart of earthquake selection method

4.1 General data of used spectrums
Based on the experimental model, earthquake record from the location Friulli with longitude:
13-103365 and latitude: 46.225918 shown in Figure 5 a) was chosen for obtaining general data
of used spectrum. For definition of Eurocode 8 [15] spectrum, elastic spectrum type 2 was used
with expected PGA as shown in Figure 5 b) according to Hazard map for Italy.
a)
b)

Friulli
0.26 g

Figure 5: Seismic hazard map for Italy [35]; b) EC8 spectrum selected as target spectrums
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4.2 Earthquake records set selection
Set of ground motion records was selected from PEER Ground Motions Database (The new
NGA West 2 database) [25]. On Figure 6 is presented comparison of EC8 target spectrum with
model spectrum obtained from PEER database.
Subfigures on left hand side are showing unscaled model spectrum, while on the right hand
side are scaled model spectrum. In Table 5 are evaluated some of performance measures as
Mean Absolute Error (MAE), Root Mean Squared Error (RMSE), and Mean Absolute Percentage Error (MAPE) from which can be seen that scaling model spectrums to target spectrums
shows better results of performance measures.
a)

b)
1.00

1.00
EC8 Target spectrum
EC8 Model unscaled spectrum

0.80

Sa (g)

0.60

Sa (g)

EC8 Target spectrum
EC8 Model scaled spectrum

0.80

0.40
0.20

0.60
0.40
0.20

0.00

0.00
0

0.5

1

1.5
T (s)

2

2.5

3

0

0.5

1

1.5
T (s)

2

2.5

3

Figure 6: Comparison between spectrum obtained by PEER NGA database [25] for real (unscaled) spectrum and
scaled or matched EC8 spectrum

However, comparing original spectrum obtained from the real accelerogram and target
spectrum obtained from PEER NGA database [25] as shown on subfigures on the left hand side
in Figure 7, great differences were observed and spectrums based on real unscaled earthquake
records could not be used. Thus, real unscaled individual accelerograms were matched to target
spectrum in SeismoMatch 2018 [26] to obtain mean target spectrum. Total of 30 earthquake
records have been chosen (30 spectrums for 30 records). Subfigure on Figure 7 from the right
hand side are presenting original and matched accelerogram.
Spectrum

Type of records
unscaled
scaled
unscaled
scaled
unscaled
scaled

EC8
UHS
CMS

Mean absolute error
(MAE)
0,24
0,04
0,09
0,03
0,03
0,02

Root mean squared error
(RMSE)
0,49
0,16
0,27
0,19
0,15
0,13

Mean absolute percentage
error (MAPE)
55,31
11,38
44,67
25,99
70,84
17,39

Table 5: Evaluation of selection of records based on real and scaled records according to performance
measures
1.4
1

0.2
0.1

0.8
ag (g)

Sa (g)

0.3

original spectrum
target spectrum
matched spectrum

1.2

0.6
0.4

0
-0.1
-0.2

0.2
0

-0.3
0

1

2
Period (s)

3

4

-0.4

0

10

20

30

original accelerogram
matched accelerogram

Figure 7: Example of spectral matching of earthquake records with aEC8 spectrum
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Difference between the target and matched spectrum consequently have caused the change
in values of performance measures Mean Absolute Error (MAE), Root Mean Squared Error
(RMSE), and Mean Absolute Percentage Error (MAPE), and final shapes of evaluated spectrums on Figure 8.New, finally obtained values of performance measures are presented in Table
6.
0.9
EC8 Target spectrum

0.8
0.7

EC8 Matched spectrum

Sa (g)

0.6
0.5
0.4
0.3
0.2
0.1
0
0

0.5

1
T (s)

1.5

2

2.5

3

Figure 8: Example of spectral matching of earthquake records

Spectrum

Type of records

Mean absolute error
(MAE)

Root mean squared error
(RMSE)

Mean absolute percentage
error (MAPE)

EC8

matched

0,03

0,11

9,21

Table 6: Evaluation of performance measures for matched spectrums in respect to target spectrums

5

RESULTS AND DISCUSSION

From seismic analysis are obtained results regarding Inter-storey Drift Ratio (IDR) of fourstorey ISPRA building for all earthquake records and each target spectrum. These results are
presented on Figure 9 and it can be seen that for target spectrum and belonging 30 matched
earthquake records, average IDR is obtained.
Performance levels of structures under the earthquake loads describes the damage condition that must be satisfactory for a given building and a given ground motion. They are presenting the physical damage of buildings that may occur during the earthquake event. Damage for
every structural performance level is defined by value of Inter-storey Drift Ratio (IDR) by
Ghobarah [27] and description of damage condition needed to understand the physical state of
the building for the end user.
a)

Figure 9: IDR profiles for EC8 target spectrum
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Possible performance levels as shown in Table 7 are: slight damage=immediate occupancy; moderate damage=damage control; extensive damage=life safety; near collapse=collapse prevention according to HAZUS [28].
Structural performance level

RC frames IDR(%)

Slight damage

0.20

Moderate damage

1.0

Extensive damage

1.0

Near collapse

3

Table 7: Comparison of IDR (%) according to structural performance levels and structure type [29]

In order to make an evaluation of obtained results in regard to defined performance levels
and possible damage, mean IDR profiles from Figure 9 are summarized in Figure 10 with
damage level limits.

Figure 10: Mean IDR profiles for three spectrum in accordance with performance levels

Experimental results of low level (0.15 g) and high level (0.57 g) test conducted on ISPRA
building [28] considering IDR are shown in Figure 10. In order to be able to compare results
from the experiment and the ones obtained from seimic analysis, IDR is obtained by
interpolation for PGA of 0.26 g, which is the PGA of observed location Friulli and result is
shown in Figure 11. This IDR is further compared on Figure 12 with the ones obtained earlier
from seismic analysis for EC8 target spectrum.

Figure 11: Mean IDR profiles for experimental results of low and high test and approximation of possible damage for 0.26g
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Figure 12: Comparison between approximated results for 0.26g and observed results from EC8 spectrum

6

CONCLUSION

The selection of appropriate seismic records is the one of the most critical steps while
performing the nonlinear dynamic time history analysis in order to estimate the seismic performance in the basis of the hazard at the site where the structure is located. There are different
ways of selecting ground motions, however in this paper 30 ground motion records are selected
based on spectral matching according to EC8 spectrum.
Seismic analysis was performed on numerical model based on the experimentally tested
ISPRA building. Accuracy of numerical model is obtained and approved by performance
measures and comparison of displacements, base shear and hysteretic curve. Time history analysis for 30 earthquake records were obtained. As a result, Inter-story Drift Ratios (IDR) as a
main damage measure were presented in order to make comparison with defined performance
levels of reinforced concrete bare frames. There damage levels are defined with four limiting
values of IDR. According to EC8 this IDR is within the limits that describe extensive damage.
Comparing these results with the ones from interpolation based on low and high test of
ISPRA experimental model, it was concluded that IDR obtained from experimental model is
lower compared to the IDR obtained for EC8 target spectrum. It can be concluded that EC8 is
over conservative that can be good for design reserve, but in that case it is not efficient. However, for better results and comparison it is recommended to do larger number of numerical
analysis including also conditional mean target spectrum and uniform hazard target spectrum.
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Abstract
In the last years an increasing interest has been addressed to the assessment of the expected
mean annual losses of single buildings as well as of building portfolio(s). Field observation of
damage/failure in the aftermath of past earthquakes demonstrates that the losses related to the
non-structural elements could significantly exceed the structural losses. At the same time, it is
worth noting that the damage related to the non-structural elements could affect the functionality of the buildings and critical facilities. Based on these considerations, a detailed assessment of the expected annual losses requires data both on the structural and non-structural
elements. In comparison to structural elements and systems, however, there is much less information and experimental data to undertake the assessment and design of non-structural elements for multiple-performance levels. Shake table testing could thus be very useful to assess
the seismic performance of non-structural elements and to achieve the required information for
loss estimation studies. In this paper, the results of shake table testing of acceleration-sensitive
non-structural elements are presented. Equivalent single degree of freedom numerical models
of the analyzed acceleration-sensitive non-structural element was developed using the results
of the tests and a performance evaluation was carried out.
Keywords: Non-structural elements, shake table testing, loss estimation, fragility analysis,
experimental testing.
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1

INTRODUCTION

In the last years many efforts have been spent to develop advanced or simplified methodologies in order to evaluate the earthquake related losses and to ensure a desired building performance for a given intensity of seismic excitation [1-2]. Figure 1 illustrates the four steps
required to perform the probabilistic seismic assessment according to the Performance-Based
Earthquake Engineering (PBEE) framework [3].

Figure 1: Overview of the four stages of PEER PBEE framework, after [3].

Within the PBEE framework the non-structural elements (NSEs) are of paramount importance, in particular in the damage (step 3) and loss analyses (step 4). During the damage
analysis, the probability that a certain element (structural or non-structural) in the building will
exceed a certain damage state for a given intensity level is established. At this stage, the availability of fragility functions for both structural and non-structural elements is necessary. In the
literature, few experimental investigations are available for non-structural elements [4-7]. For
this reason, many fragility functions are based on expert judgments. In loss estimation frameworks, the influence of non-structural elements is of paramount importance because they represent most of the total investments in typical buildings as well as because the non-structural
elements show damage for low seismic intensities with respect to the structural ones [8-9]. The
influence of non-structural elements has been demonstrated both looking at the damage reported
during past earthquakes [10-11] as well as from loss estimation studies on buildings both at
single and regional scale [12-14].
The lower seismic performance of non-structural elements is often related to the fact that, in
comparison to structural elements, there is much less information and specific guidance available on the seismic design of NSEs for multiple-performance levels. The seismic qualification
of NSEs by means of shake table tests could thus be a very useful tool to characterize the seismic
response of the NSEs and to evaluate the performance parameters required for their seismic
design. In this context, the ASCE 7-16 [15] standard in the US requires that certain critical nonstructural elements must be seismically qualified to demonstrate their functionality after being
subjected to design earthquake motions. The implementation of such seismic qualification procedure in the US resulted in significant benefits in terms of seismic performance of NSEs (i.e.
definition of damage state, improved safety, reduced losses, etc.). According to ASCE 7-16
[15], the seismic qualification testing can be accomplished by either shake table testing, analysis
or experience data.
This paper focuses on the definition of a simple procedure to evaluate the seismic performance of non-structural elements through the results of shake table tests. Shake tables tests
were used both to qualify the case study non-structural element and to develop a simplified
numerical model for the non-structural element of interest such that the outcomes of the testing
could be reproduced and complemented with numerical simulations that in turn propagate the
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effects of uncertainties/variability in the seismic input (and eventually in the non-structural element and the building). For this specific application, the developed numerical model allowed
the authors to verify the performance of the tested non-structural element, when installed in a
case study building. The simplified modeling approach, based on the results of shake table tests,
could significantly help in the assessment of the seismic performance of non-structural elements
and could be applicable to both fragility analysis as well as loss estimation frameworks.
2

CASE STUDY NON-STRUCTURAL ELEMENT

The seismic performance of a coaling machine was investigated in this study (see Figure 2).
Shake table seismic qualification tests according to AC156 [16] and ISO13033 [17] were performed at the EUCENTRE laboratories using a multi-axial shaking table developed to test nonstructural elements. The cooling machine is characterized by the following geometrical properties: length = 1000 mm, width = 890 mm, height = 1980 mm, operating weight = 4.51 kN. The
specimen was connected to the shake table using custom interface plates designed by the staff
of EUCENTRE. Every plate was connected to the shake table using four M30 bolts; threaded
holes were manufactured at the Laboratory to fit the standard base connecting bolts of the tested
unit (4 M10 bolts).

Figure 2: Tested Unit.

3

SEISMIC QUALIFICATION BY SHAKE TABLE TESTING

In this section, the main results of the experimental tests are reported. Only the results related
to the shake table test performed according to ISO13033 [17] are reported. The ISO13033 document is the first document in Europe to provide recommendations about the procedures to be
adopted for the verification of NSEs capacity and to ensure that those capacities exceed the
seismic demands. In this study the original ISO13033 was modified and contextualized to the
force-based formulation included in Eurocode 8 [18] to verify/design the non-structural elements.
3.1 Modal identification
Besides the seismic qualification tests, resonance search tests were also carried out, as specified by both AC156 [16] and ISO 13033 [17] test protocols. The resonance search was performed using white noise as input signal. The white noise consisted of a low-level acceleration
(1.0 m/s2 peak nominal) flat spectrum with frequency content from 0.25 Hz to 50 Hz, with
approximately 60 seconds duration. Each axis (longitudinal and vertical) was tested separately.
The white noise signal was generated using the MTS Systems Corporation Seismic Testing
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Execution (STEX) software. Figure 3 shows an example of the acceleration time-histories used
for the resonant frequencies search along the longitudinal direction.

Figure 3: Time history of the white noise input for the longitudinal dof.

Data was analyzed using a transfer function algorithm with a frequency resolution of 0.0625
Hz. Based on the obtained results, the identified fundamental frequencies in the two main directions are 10.2 Hz (X direction) and 10.7 Hz (Y direction), respectively. The damping ratios
were also estimated; they resulted equal to 7.1% and 6.3% respectively in the X and Y direction.
3.2 Shake table testing
The seismic qualification tests were performed according to a modified ISO13033 protocol
[17] evaluating the Required Response Spectrum (RRS) for different seismic zones in Italy.
Tests were conducted simultaneously in the longitudinal and vertical directions, with each direction excited by an independently (uncorrelated) generated table acceleration profile. The bidirectional testing protocol was conducted twice, in two horizontal testing directions rotated 90°
from one another.
According to ISO 13033, the RRS can be evaluated for generic or specific buildings. The
generic RRS can be evaluated according to the following equations:
𝐴𝑓𝑙𝑒𝑖𝑏𝑙𝑒 = 𝑘𝐼(𝑢 𝑜𝑟 𝑠) ∙ 𝑘𝐻,𝑖 ∙ 𝑘𝑅,𝑝,𝑓𝑙𝑒𝑥𝑖𝑏𝑙𝑒

(1)

𝐴𝑟𝑖𝑔𝑖𝑑 = 𝑘𝐼(𝑢 𝑜𝑟 𝑠) ∙ 𝑘𝐻,𝑖 ∙ 𝑘𝑅,𝑝,𝑟𝑖𝑔𝑖𝑑

(2)

where:
- Aflexible is the design horizontal acceleration at the center of mass of flexible NSEs;
-

Arigid represents the design horizontal acceleration at the center of mass of rigid NSEs;

-

kI(u or s) is the ground motion intensity factor to be provided by regional and national
standards. The subscript u and s are referred to the PGA, modified to account for the
soil conditions, at ultimate and serviceability limit state, respectively;

-

kH,i is the floor response amplification factor. It is equal to:
𝑧

𝑘𝐻,𝑖 = [1 + 𝛼 ( 𝐻𝑖 )]

5000

(3)
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in which  is a parameter function of the type of seismic force-resisting system ( ≤
2.5), zi is the elevation of level i relative to the grade elevation, H is the average roof
elevation of the structure relative to the grade elevation;
-

kR,p,flexible is the NSEs amplification factor for flexible systems. This parameter is related
to the NSEs element period, damping ratio, geometry, method of attachment, and inelastic behaviour. According to ISO 13033, kR,p,flexible can vary between 1 and 2.5 (or
more). See ANNEX D of ISO 13033 for more information about the allowed values;

-

kR,p,rigid is the NSEs amplification factor for rigid systems. It is assumed equal to 1.0.

The approach proposed by ISO13033 to define the RRS has been modified in order to make
it compatible with the design horizontal equivalent static force evaluated according to Eurocode
8 [18]. In Eurocode 8, the spectral acceleration, Sa, used to calculate the horizontal equivalent
static force to be applied to the NSE is given by:
𝑆𝑎 = 𝛼 ∙ 𝑆 ∙ [3 ∙

𝑧
(1+ 𝑖 )

𝐻
𝑇 2
(1+(1− 𝑎 ) )
𝑇1

− 0.5]

(4)

The parameter  in Eq. 4 represents the ratio of the design ground acceleration on soil type
A to the acceleration of gravity g, while S is the soil amplification factor. The term in square
brackets in Eq. 4 is used to replace the product kH,i ·kR,p in Equations 1 and 2. This term accounts
for the amplification of the peak floor acceleration due to the location of the NSEs in the building and for the spectral amplification as a function of the ratio of the fundamental period of the
NSEs (Ta) to the fundamental period of the building (T1). In order to define the spectral acceleration for flexible and rigid NSEs in the RRS, the ratio Ta/T1 is assumed equal to 1 for flexible
NSEs and equal to 0 for rigid NSEs. Based on this assumption, it is possible to reproduce the
RRS by replacing Equations 1 and 2 with the following two equations:
𝑧

𝐴𝑓𝑙𝑒𝑥𝑖𝑏𝑙𝑒 = 𝑘𝑖(𝑢 𝑜𝑟 𝑠) ∙ [3 ∙ (1 + 𝐻𝑖 ) − 0.5]
𝐴𝑟𝑖𝑔𝑖𝑑 = 𝑘𝑖(𝑢 𝑜𝑟 𝑠) ∙ [3 ∙

𝑧
(1+ 𝑖 )
𝐻

2

− 0.5]

(5)
(6)

The vertical RRS is assumed to be 2/3 of the horizontal RRS with z i/H=0, as suggested by
AC156 [16]. The corner frequencies are also defined according to AC156: f0=1.3 Hz, f1=8.3 Hz
and f3=33.3 Hz.
Four seismic intensity levels were considered for the seismic qualification tests. The selected
seismic intensities are representative of the Italian context. The probabilistic seismic hazard
assessment proposed by Stucchi et al. [19], that provides the horizontal peak ground acceleration (PGA) with a 10% probability of exceedance in 50 years, was used to select the seismic
intensities. In particular, seismic sites characterized by the following PGA on firm soil were
taken into account: 0.05g (low intensity), 0.14g (medium intensity), 0.21g (medium-high intensity) and 0.27g (high intensity).
Figure 4 shows the comparison between the RRS and TRS for the vertical and horizontal
testing directions. A good match between the RRS and TRS spectra is observed both for the
horizontal and the vertical directions.
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a) Horizontal component

b) Vertical component

Figure 4: Comparison between RRS according to modified ISO13033 and TRS.

After each test, a visual inspection was undertaken to verify the structural integrity of the
cooling machine as well as the presence of damage in the anchoring system. No evident sign of
damage was observed after the tests for all considered intensities. Figure 5 shows photographs
of the cooling machine after the test in the Y direction for the highest seismic intensity. Only a
small distortion of the covering panels was observed, but the structural integrity was not compromised. A functionality test was also performed after the seismic qualification and the machine functioned perfectly.

a) Deformation panels

b) Deformation panels

Figure 5: Visual inspection after the seismic qualification tests.

4

SEISMIC PERFORMANCE EVALUATION OF THE CASE STUDY NONSTRUCTURAL ELEMENT

The results of the shake table seismic qualification tests were used to derive an easy-to-use
modeling idealization for the investigated cooling machine and to carry out seismic performance evaluation of it, when integrated in a case study structure. In what follows, account is
given of the main characteristics of the studied building archetype along with a description of
the ground motion sets and seismic intensity levels assumed for the assessment. Capacity modeling was then treated, leading to seismic performance evaluation of the selected non-structural
element.
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4.1 Case study structure
A four-story RC moment-resisting frame was designed according to Eurocode 8 [18] assuming a ductility class B (q = 3.75) and a firm soil condition. The frame was supposed to be located
in construction site near Cassino, Italy characterized by a design peak ground acceleration of
0.21g (return period of 475 years). The seismic weight of each floor was defined assuming a
tributary width of 5 m. The strength of the concrete (f’c) was taken equal to 32 MPa, while the
yield strength of the steel was taken equal to 375 MPa. The dimensions of the frame are shown
in Figure 6.

Figure 6: Case study RC frame

The model of the frame was developed using the Opensees software [20]. The numerical
models were developed assuming the fiber force-based approach [21]. Inelastic beam-column
fiber elements were used to model the frame members, explicitly including geometric and material nonlinearities. A distributed plasticity approach was thus adopted to simulate the spreading of inelasticity over the member length and cross section. The uniaxial confinement model
proposed by Chang and Mander [22] was considered to simulate the cyclic behavior of concrete,
the hysteretic rules of which were established based on statistical regression analysis on the
experimental data from cyclic compression tests conducted by a number of researchers. A simple bilinear constitutive model with isotropic strain hardening was assigned to the steel rebars.
4.2 Ground motion selection
A set of 20 horizontal accelerograms at the site of the case-study buildings were selected
from the PEER NGA-West database [23]. Based on a preliminary estimation of the Italian and
European seismicity, the selection of the site was carried out in order to represent a mediumto-high seismicity in Italy. The selected intensity corresponds with the medium-high intensity
used in the seismic qualification tests.
Hazard-consistent record selection was based on spectral compatibility (matching of the geometric mean) with a conditional mean spectrum according to the methodology proposed by
Jayaram et al. [24]. This approach considers the conditional variance given a return period of
spectral acceleration at the selected period. The conditional period, T*, to be used for the nonlinear time history analyses (NLTHAs) of RC frame was selected based on the results of eigenvalue analyses, and it is equal to 0.5 sec. Five return period of the seismic intensity were selected
to perform the NLTHAs (50, 200, 475, 975 and 2475 years). Figure 7 shows the mean response
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spectrum and all individual record response spectra for the 20 considered ground motions for a
return period equal to 475 years.

Figure 7: Mean response spectrum and acceleration response spectra of all considered ground motions for a conditional period, T*, equals to 0.5 sec

In order to perform the time history analyses tangent stiffness proportional Rayleigh damping was introduced to the 1st and 3rd modes of the structure. The inherent damping ratio was
assumed to be 5.0% of the critical.
4.3 Numerical modeling of the case study cooling machine
For the purposes of this study, the non-structural element of interest was modeled as a simple
bilinear idealization, with the initial elastic stiffness being computed according to test data from
modal identification. More in detail, the initial stiffness of the bilinear single degree of freedom
(SDoF) system was calculated as reported by Equation 7:
𝑘 = 𝑚 ∙ (2𝜋 ∙ 𝑓)2

(7)

where m is the mass of the cooling machine and f is its fundamental frequency in the most
critical of the two main directions. By taking Y-direction as reference, f equals 10.7 Hz and,
hence, k equals 2078 kN/m.
Furthermore, the peak capacity of the bilinear model was assumed to correspond to the shear
resistance of the 4 M10 bolts used to anchor the cooling machine to the shake table for the tests.
Equation 8 reports how the total shear yield/ultimate capacity of the bolts (Vy/u) was computed:
𝑉𝑦/𝑢 = 0.6 ∙ 𝐴𝑠 ∙ 𝑛 ∙ 𝑓𝑦/𝑢 = 0.6 ∙ 𝐴𝑠 ∙ 4 ∙ 𝑓𝑦/𝑢

(8)

where As is the cross-section area of the bolt, n is the number of bolts, and fy/u is the yield/ultimate stress of steel. The class of the bolts is 4.6, meaning that fy is equal to 240 MPa. The
bilinear model is presented in the Sa-Sd format in order to easily undertake performance evaluation and compare the results with the absolute acceleration – relative displacement floor response spectra obtained by the NLTHAs. In order to convert Vy/u in the acceleration format, the
maximum shear capacity is simply divided by the seismic mass of the cooling machine.
A simple parametric study was also performed to evaluate the bilinear model varying the
bolts’ diameter. To this end, three diameters were considered: 6, 8 and 10 mm. Figure 8 shows
the Sa-Sd relationship of the calculated bilinear models.
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Figure 8: Bilinear model tested cooling machine

4.4 Seismic demand and assessment of the non-structural element
In order to carry out the performance evaluation, the absolute acceleration – relative displacement floor response spectra for the analyzed case study building were first calculated, for
different return periods of the seismic intensities. Note that the cooling machine is supposed to
be installed at the third floor of the building, and hence Figure 9a reports the median Sa-Sd
response spectra corresponding to this floor. As reported in Figure 9b, all considered bolt’s
diameters satisfy the performance evaluation, for all considered return periods. It is worth to be
noted that high return periods, such as 975 and 2475 years, are generally not considered for
non-structural elements performance evaluation but are reported here as illustrative example.
3
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a) Floor response spectra

b) Performance evaluation

Figure 9: Floor response spectra and performance evaluation

As a closing remark, it is worthy of mention that the adopted assessment methodology could
be also used and extended to perform fragility analysis and develop fragility functions in which
probabilities of exceeding given damage state conditions are expressed in terms of spectral accelerations at the fundamental period of the non-structural elements Sa(T1). The assumption of
Sa(T1) as engineering demand parameter could significantly improve the loss estimation evaluation for acceleration-sensitive non-structural elements, with respect to the peak floor accelerations, because it takes into account the dynamic amplification due to the non-structural element
stiffness.
5

CONCLUSIONS

The damage observed during past earthquakes demonstrated the importance of the non-structural elements in the performance-based seismic design of buildings. However, few experimental data are available to characterize the performance on non-structural elements and to
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carry out seismic performance assessment. Within this context, this paper describes the results
of shake table seismic qualification tests on a cooling machine. The shake table tests were first
presented and then used to define a simple SDoF bilinear model of the investigated cooling
machine. The proposed mechanics-based idealization was used to undertake the performance
evaluation of the case study cooling machine, when installed in a typical four-storey RC frame.
The results of the assessment demonstrated the effectiveness of the proposed approach, which
could be extended and applicable to fragility analysis assuming a new, and more consistent,
engineering demand parameter.
6
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Abstract. Nowadays, traditional construction methods still widespread in developing countries despite the dominance of reinforced concrete structures in urban area. These traditional
methods are generally based on the use of available local materials and old techniques characteristic of each region. Since, this kind of structure is poorly studied in the literature there is a
strong need to better understand their mechanical behaviour in order to optimize their design.In
this paper, the shear behaviour of an adobe wall, made of natural earth materials, is modeled
using a simplified micro-modelling approach in order to investigate its behaviour under cyclic
loading. The concrete damage plasticity model is used for the adobe modelling while interfaces
between adobes are defined using cohesive and frictional elements. Then 2D numerical simulations are performed using Abaqus/Standard. The numerical model is first used to reproduce the
experimental shear cyclic behaviour of a wall.The results show the different damage patterns
while all numerical data were compared with the results of the experimental test.
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1

INTRODUCTION

Adobe structure is known as one of the oldest structures in the world. This type of construction is still widely used in several countries, especially in the developing ones because of its
economical advantages characterized by the low cost of the materials and it’s local availability
since it’s mainly composed of earth and water. In addition, there is no need to high engineering skills where non experienced labour are capable to construct adobe buildings relying on
the traditional construction techniques [1]. Moreover, earth construction has revived in several
developed countries due to the energy and environmental issues that create an urgent need to
re-adopt sustainable construction techniques [2].
However, the adobe buildings are known as fragile structures that cannot withstand earthquakes.
In fact, there is only few studies on the behaviour of these structures whereas nowadays most
of research are concentrating on the developing and the enhancement of the reinforced concrete
constructions. Therefore, there is a strong need to improve the earth construction by analysing
their vulnerability using experimental and numerical techniques.
The paper presents a numerical simulation of adobe wall under cyclic loading that will be compared to a real experimental test in order to validate its efficiency. This model will be used in
the future to simulate masonry walls under dynamic loading.
2

NUMERICAL MODELLING APPROACH

A finite element model was generated in Abaqus/Standard [3] to simulate the wall behaviour
where 2D was chosen over 3D modelling in order to compromise between time consuming and
real wall configuration. Where another decision that must be taken regarding the representation
of masonry walls.
Based on the literature [4], there is different modelling strategies that can be divided into three
types depending on the desired level of accuracy, see figure 1, two of them take into account the
heterogeneous nature of the masonry walls, figure 1 (b) and (c), while (d) neglects the interface
and takes the wall as a one homogeneous material. Among these techniques the simplified micro
modelling was adopted where adobe units are expanded to the half of the mortar thickness
in each direction in order to conserve the original wall dimension. They are represented by
continuum elements while the interface is represented using discontinuous elements.

Figure 1: Modeling strategies for masonry structures: (a) masonry sample; (b) detailed micromodeling; (c) simplified micro-modeling; (d) macro modeling.[4]
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This technique was used by several studies on the masonry modelling [6, 7, 8] and it has
several advantages: it gives accurate results despite of the simplified representation of the joints,
since right before failure the non linear deformation occurs mostly in the joints [5]. It also
allows to study the crack patterns and the shear behaviour. It should be mentioned that the
CPS4R elements were using for adobe modelling in Abaqus.
2.1

Constitutive model of masonry units

The concrete damage plasticity model (CDP) was used to simulate the non-linearity of the
adobes, it’s based on the work of Lubliner [10], Lee and Fenves [11]. It’s a continuum damage
model for concrete or other quasi-brittle material which are subjected to monotonic, cyclic
and /or dynamic loading [9]. It assumes that the uniaxial tension and compression response
of the material is characterized by the damage plasticity where this damage is governed by the
degradation of the stiffness, it’s defined under unixial loading as:
σ = (1 − d)E0 ( − pl )

(1)

where σ, , pl , E0 are respectively, stress, strain, plastic strain, the (undamaged) modulus and
d is the damage variable that can take from zero, for the undamaged material, to one when it’s
fully damaged. The model allows also the stiffness recovery, it’s more evident when the load
changes from tension to compression where the tensile cracks closure occurs resulting the recovery of the compressive stiffness, figure 2.

Figure 2: Response of the CDP material under uniaxial load cycle(tension and compression)[9]

In this work, most of the material properties of the adobe units were calibrated based on the
experimental compression and tension tests [12]. The elastic properties are shown in the table 1
while the table 2 shows the CDP parameters that were calibrated by Agüera & al [13].Moreover,
the compression-tension behaviour was introduced as a stress-strain values where compressive
and tensile strengths are respectively equal to 6.4 and 0.48 MPa. Hence, the damage factor is
identified using the following formula[10]:
σ
d=1−
(2)
f
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f is either the compressive or the tensile strength of the material.
Mass density (Kg/m3 )
200

E modulus (GPa)
4

Poisson coefficient
0.2

Table 1: Elastic characteristics of adobe.

Dilation angle
7

Eccentricity
0.1

fb0/fc0
1.16

k
Viscosity parameter
0.66
0.0005

Table 2: CDP characteristics of abode units

2.2

Surface-based cohesive model for joints

The surface based cohesive model was chosen to create the link between the units in order
simulate the interface response. The interaction is defined based on a traction separation law
[9] that allows to simulate the joint failure caused by normal tensile cracking, in plane and out
of plane shear sliding. This law assumes initially linear traction-separation behaviour which is
defined in terms of an elastic matrix K that relates the nominal shear stresses t and the separation
vectors δ:


 

Knn 0
0  δn 
 tn 
δs
ts
= Kδ
t=
=  0 Kss 0 




0
0 Ktt
tt
δt

(3)

This linear law is followed by a failure mechanism which consists of a damage initiation
criterion that refers to the beginning of the cohesive degradation at the interface contact and
a damage evolution that ended with total joints failure. In this study the maximum stress was
adopted to initiate the degradation of the cohesive bond, it’s when the maximum contact stress
ratio reached the value of one, see equation 4. The cracks propagation in the joints impose a
stiffness degradation that affect the contact stress according to equation 5 where D is the damage
coefficient that starts from 0 and it reaches 1 when the joints failure occurs. D is calculated in
Abaqus based on a linear softening evolution, equation 6, by specifying the maximum value of
max
the effective separation δm
which is attended during loading history.
max

n

h tt0n i; tt0s ; tt0t
n

s

o

t

=1

t = (1 − D)Kδ

D=

f
max
0
δm
(δm
− δm
)
max (δ f − δ 0 )
δm
m
m
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Moreover, the friction between adobes is defined by Coulomb friction model. The sliding
begins after the failure of the cohesive bond and when the shear stress attends the critical sliding
stress which is defined by the coefficient of friction µ and the normal compressive stress. The
following table shows the different linear and non linear properties for joint interfaces, the
rigidities are calculated based on the equations 7 [4] and the other parameters are deduced
experimentally based on Casagrande tests:
µ Knn (N/m3 ) Kss (N/m3 )
0.9
102E9
43E9

Ktt (N/m3 ) tmax
(kPa)
n
43E9
200

C (kPa)
13.9

δ max (mm)
1.56

Table 3: Properties for the joint interfaces.

Eu Em
hm (Eu − Em )
Gu Gm
Kss = Ktt =
hm (Gu − Gm )
Knn =

(7)
(8)

Eu and Em are the Young’s modulus, Gu and Gm are the shear modulus, respectively, for adobe
and mortar and hm is the thickness of the joint.
3

MODEL OUTPUT AND DISCUSSION

The configuration of the FE model in Abaqus/Standard is showed in the figure 3. The model
includes the wall which is composed of the adobe units and the contact is applied at their edges.
The other two parts(base and top) are the metallic supports where they used to impose the
boundary conditions like in real experimental test.

Figure 3: Numerical model of the adobe wall

The base support was fixed and on the surface of the top one a normal pressure loading
P of 88 kN per surface was applied. Finally a cyclic loading (horizontal displacement d) was
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imposed at the edges of the upper support. The wall has been meshed using the CPS4R elements
where the number of elements in each unit vary between 4, 6 or 14 depending of their dimension,
where 1506 is the total number of elements.
The figure 4 shows the damage pattern of the real experiment [12] and the numerical simulation at the end of the loading. In both cases, the cracks begin from the top and go down to
the bottom of the wall in the two directions which is due to the high shear stress triggering the
failure of the joints contact and creating an X shape pattern.

Figure 4: Crack patterns of the experimental and the numerical simulation(lateral displacement
in m) of the wall

In addition, a comparison between numerical and experimental hysteresis loops is represented in the figure 5 where it shows the horizontal force (kN) in function of the displacement
(mm). An asymmetrical loop is obtained from the experimental test where the positives peak
forces attend 45.9 kN while the negative ones are limited at 23 kN. It can be assumed that this
asymmetry is due to the cracks generation and the failure of several joints right from the beginning of the test, it makes the wall less resistant in a direction than the other one where the wall
preserve it’s resistance for several cyclic loading. As it’s shown in the same figure the numerical simulation represents fairly enough the positive side of the experimental results than the
negative one. Moreover, the experimental forces attend high values right from the beginning of
the test which is not the case for the numerical forces. Therefore, the numerical wall withstand
the first cycles where a symmetrical hysteresis loop is obtained.
The maximum numerical force is equal to 48.34 kN which is relatively close to the experimental value mentioned above. The effective stiffness Kef f , eq. 9, is calculated in function of:
Fef f which is the maximum obtained force and dcr its corresponding displacement. Kef f corresponds to the stiffness at the moment of the first cracks creation. The experimental stiffness
is equal to 58.14 kN/mm while the numerical one is 10.35 kN/mm, and it also shows that the
cracks start at an early stage experimentally while it’s not the case for the numerical model.
Kef f =

Fcr
dcr
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The final graph, figure 6, represents the dissipated energy, in Joules, of each cycle. For
the experimental results, the energy starts to dissipate from the first cycles and increases progressively with the increasing of the applied displacement. However, the numerical dissipated
energy is negligible at the beginning, it starts to increase after the ninth cycle.
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Figure 6: Comparison between the experimental and the numerical dissipated energy of each
cycle.

All the results above indicate that the damage of the wall occurs at an early stage in the
experimental test compared to the numerical one.
4

Conclusion

The numerical model is able to describe the adobe walls behaviour under cyclic loading.
The simplified micro modelling is accurate enough to describe and predict the damage pattern

Hala Damerji, Santosh Yadav, Yannick Sieffert, Florent Vieux-Champagne, Yann Malecot

while the comparison of force-displacement curves was done only on the positive part of the
values because of the asymmetrical shape of the experimental hysteresis loop. The forces and
the dissipated energies show that the damage starts earlier in the experimental test than in the
numerical model.
Therefore, additional analysis must be done on the experimental test and their results in order
to specify and implement the exact boundary conditions in the numerical model. Moreover, 3D
modelling will be performed to represent the real configuration of the wall and thus to improve
the numerical results. In future, the model will be used to perform dynamic simulations that
will allow to study more precisely the masonry walls behaviour.
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Abstract
This work aims at the extension of the Probabilistic Theory of Plastic Mechanism Control (PTPMC) for Steel Moment Resisting Frames (MRFs) to other steel grades. P-TPMC is based on
the application of First Order Reliability Method and Ditlevsen Bounds, which represents the
reliability method for series systems, considering as random variable the yield strength of steel
members. As in previous work, only the S275 steel grade has been investigated in this paper
the analyses are extended to a different grade of steel, in particular, S235 and S355, to evaluate
its influence on the failure probability of TPMC. Finally, a simple relationship to computing
the value of the overstrength factor needed to include the importance of random material
variability in the application of TPMC is proposed.

Keywords: Theory of Plastic Mechanism Control, collapse mechanisms, moment resisting
frames, stochastic frames, probability of failure, series systems.
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1

INTRODUCTION

In the seismic design of structures, modern seismic codes [Eurocode 8, AISC] [1],[2] provide
simplified design rules to prevent unsatisfactory collapse mechanisms. In particular, in case of
Moment Resisting Frames (MRFs), the use of the so-called beam-column hierarchy criterion is
suggested, but it is widely demonstrated it is only able to prevent soft storey mechanism not
assuring the development of a collapse mechanism of global type. The Theory of Plastic
Mechanism Control (TPMC) [3]-[5] has been developed to design structures able to show a
collapse mechanism of global type after aseismic events. This design procedure is based on the
extension of the kinematic theorem of plastic collapse to the concept of mechanism equilibrium
curve. Besides, the design conditions to be satisfied to prevent all the undesired collapse
mechanisms, up to an ultimate displacement compatible with the local ductility supply of
structural members, are derived. Up to now, TPMC has been successfully applied to
deterministic structures having different seismic resistant schemes both for steel structures [5][15] and reinforced concrete structures [16]. However, even in the case of structures designed
by TPMC, undesired collapse mechanisms could occur when the effects of random material
variability are taken into account. The Theory of Plastic Mechanism Control has been extended
to the case of stochastic MRFs to account for the influence of random material variability on
the collapse mechanism of steel structures subjected to horizontal seismic forces. The method
proposed evaluates the probability of failure in the attainment of a collapse mechanism of global
type. It constitutes the probabilistic version of the Theory of Plastic Mechanism Control (TPMC)
[17]-[19]. It is important to underline that, within structural reliability analysis and within the
contest of failure mode control, the term “failure” denotes the attainment of a collapse
mechanism different from the global one. In fact, many experimental investigations made by
shaking table test [20]-[22] or Incremental Dynamic Analyses (IDA) [24]-[29] have shown that
different failure mode can occur in structures under destructive earthquakes, and the reliability
of having a collapse mechanism of global type sometimes is very low. Through the probabilistic
procedure, it was possible to define an overstrength factor to apply to the deterministic version
of TPMC with a given success probability, taking account the effects of random material
variability.
In this work, a parametric analysis has been carried out to develop a mathematical relationship
for computing the overstrength factor as a function of the main features of the analysed MRFs
and with a fixed reliability value in the application of the deterministic version of Theory of
Plastic Mechanism Control.
2

THEORY OF PLASTIC MECHANISM CONTROL

It is well known that under earthquake excitation, it is necessary to assure adequate global
ductility and high energy dissipation. In the design of MRFs, it is important to guarantee the
development of a global mechanism, where the dissipative zones are concentrated at beam ends
and at the base of the columns of the first storey, avoiding the development of partial failure
mechanisms, as depicted in Figure 1. For this reason, in the nineties, a theory on the plastic
mechanism control has been proposed by Mazzolani et al. [3]. In particular, this theory is based
on the extension of the kinematic theorem of plastic collapse to the concept of mechanism
equilibrium curve. Therefore, for each collapse mechanism, it is possible to define the
equilibrium curve as follows:
(1)
𝛼 = 𝛼0 − 𝛾𝛿𝑢
where 𝛼 is a collapse multiplier of structures, 𝛼0 represents the first order multiplier, 𝛾 is the
slope of curve depending on the second-order effects, and finally, 𝛿𝑢 is the ultimate
displacement of the structure. Eq. (1) is provided by the equality between the internal work of
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the plastic hinges and the external work of the horizontal forces. Remembering that, in the rigidplastic analysis, the collapse multiplier is the smallest of the kinematically admissible
multipliers, to assure the collapse mechanism of global type, it is necessary to satisfy the
following design condition:
(𝑔)
(𝑡)
(𝑡)
(2)
𝛼 (𝑔) ≤ 𝛼 (𝑡) => 𝛼0 − 𝛾 (𝑔) 𝛿𝑢 ≤ 𝛼0.𝑖𝑚 − 𝛾𝑖𝑚 𝛿𝑢 𝑓𝑜𝑟 𝑡 = 1,2,3 𝑎𝑛𝑑 𝑖𝑚 = 1,2, … 𝑛𝑠
where “𝑔” indicates the global mechanism while “𝑡” represents a generic collapse mechanism
different by the global type and 𝑖𝑚 is the generic storey of the structure. Eq.(2) assures that the
curve of the global mechanism type is located below those corresponding to all the other
undesired mechanisms until the ultimate displacement 𝛿𝑢 , compatible with the ductility supply
of the dissipative zones, as depicted in Figure 2.

Figure 1: Collapse mechanism typologies.

Figure 2: Design Condition of Theory of Plastic Mechanism Control (TPMC).

3

PROBABILISTIC VERSION OF TPMC

An advanced method for designing MRFs showing at collapse an assured probability of
developing a collapse mechanism of global type is herein proposed. It means that the failure in
the attainment of the design goal means the development of an undesired mechanism different
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from the global one. Therefore, as reported in Figure 2, the failure is achieved when the
mechanism equilibrium curve corresponding to any unwanted mechanism is located above the
one corresponding to the global mechanism.
3.1 Definition of the failure events according to TPMC
Seeing the problem from the failure point of view, we can rearrange the design condition
needed to prevent undesired collapse mechanism reported in Eq. (2) representing the occurrence
of any failure event. The failure events, thus identified, are random events constituting a series
system of binary components. Each failure event can be expressed by means of the following
(𝑡)
safety margin parameter 𝐸𝑖𝑚 :
(𝑡)

(𝑔)

(𝑡)
(𝑡)
(3)
𝐸𝑖𝑚 = (𝛼0.𝑖𝑚 − 𝛾𝑖𝑚 𝛿𝑢 ) − (𝛼0 − 𝛾 (𝑔) 𝛿𝑢 ) < 0
The safety margin is negative when “failure” occurs, i.e. an undesired mechanism develops.
The number of the considered inequalities is equal to the whole number of collapse mechanisms
different from the global one. Starting from the above consideration, in order to apply the
reliability series method, some preliminarily assumptions are made:
1. Plastic moments of members are jointly Gaussian random variables because of random
variability of steel yield strength;
2. Second order rigid-plastic analysis is carried out to include the influence of second order
effects;
3. Horizontal seismic forces are deterministically distributed according to the first
vibration mode of the structures evaluated following code provisions;
4. Vertical loads are assumed as deterministic quantities;
5. Plastic moments of columns are independent of the axial load.

3.2 . FORM Method and Ditlevsen Bounds
As mentioned in a previous section, the failure events are events located in series, for this reason,
it is possible to study the problem from the point of view of series system reliability [31],[32].
First Order Reliability Method (FORM) [32] and Ditlevsen Bounds [30] are applied to estimate
the probability of failure. In particular, through FORM method it is possible to define the
probability of failure of the single event, while Ditlevsen Bounds represent the Lower and Upper
bounds of the failure probability of the TPMC, taking into account the correlation of random
variables.
Following, the probabilistic procedure is reported. In particular, the random variables are
collected into a vector x whose expectation and covariance matrix are respectively given by:
(4)
𝝁𝐱 = 𝐸 [𝐱]
𝑇
(5)
𝑪𝐱 = 𝐸 [(𝐱 − 𝝁𝐱 )(𝐱 − 𝝁𝐱 ) ]
When the limit state condition defines a manifold surface G(𝐱) = 0 constituted by n
hyperplanes (being n the number of failure events), it means that any failure event is defined
by a limit state function linear in x. The linearity of the expectation operator E, allows an easy
determination of the first two moments of G as a function of the random vector x:
(6)
𝐆(𝐱) = 𝐚𝟎 + 𝐁 𝑻 𝐱
where 𝐚0 is a vector representing known quantities and 𝐁 is a matrix of deterministic
coefficients. Starting form Eq. (4) it is possible to obtain:
(7)
𝛍𝐆 = 𝑬[𝐆] = 𝐚𝟎 + 𝐁 𝑻 𝑬[𝐱] = 𝐚𝟎 + 𝐁 𝑻 𝛍𝐱
where 𝛍𝐺 is a vector of mean values and 𝛍𝐱 is a vector containing the expected values of
random variables of vector x. From Eq. (5), is possible to obtain the matrix of covariance 𝛔2G as:
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𝛔𝟐𝐆 = 𝑬[(𝐆 − 𝛍𝐆 )𝟐 ] = 𝐁 𝑻 𝑬[(𝐱 − 𝛍𝐱 )(𝐱 − 𝛍𝐱 )𝑻 ]𝐁 = 𝐁 𝑻 𝐂𝐱 𝐁

(8)

where 𝐂𝐱 is the matrix of second-order moments of random variables. Given the above, the
Cornell reliability indexes corresponding to the different failure events are collected in the
vector 𝜷𝐶 [33], which is computed as the ratio between the mean value and the standard
deviation of G.
𝛍𝐆 𝐚𝟎 + 𝐁 𝑻 𝛍𝐱
𝛃𝑪 =
=
(9)
𝛔𝐆
√𝐁 𝑻 𝐂𝐱 𝐁
The theoretical justification of the above-reported index lies in the fact that when the
distribution of x is jointly Gaussian than G is also Gaussian, being a linear combination of
Gaussian variables. In this case, the distribution of G is completely defined by 𝛍G and 𝛔G . For
this reason, the vector collecting the probability of the failure events given by Eq. (3) of the
event 𝒑𝑓 is expressed in this way:
𝛍𝐆
(10)
𝒑𝒇 = 𝚽 (− ) = 𝚽(−𝛃𝑪 )
𝛔𝐆
which establishes a bi-univocal relationship between the Cornell indexes and the failure
probability of the events constituting the series system.
However, because the events, i.e. each row of the B matrix, are correlated, it is needed to
account for the correlation between each couple of events. To this scope the correlation
coefficients 𝜌𝑖𝑗 have to be computed:
𝐛𝑻𝒊 𝑪𝐱 𝐛𝒋
𝝆𝒊𝒋 =
(11)
√(𝐛𝑻𝒊 𝑪𝐱 𝐛𝒊 )(𝐛𝑻𝒋 𝑪𝐱 𝐛𝒋 )
where 𝐛𝑖 and 𝐛𝑗 are the i-th and j-th row of 𝐁 matrix. The values of 𝜌𝑖𝑗 ranges between -1 and
1. Concerning the whole series system identified by the failure events given by Eq.(3), the
failure probability 𝑃𝑓 can be approximated by the individual components failure probabilities
𝑃𝑓𝑖 which are the elements of the vector provided in Eq. (10) and of their intersection up to the
second order using upper and lower bounds, so-called Ditlevsen bounds, which are generally
close enough to provide an acceptable estimate [30],[32].
The failure probability has the following lower bound:
𝑛

𝑖−1

𝑃𝑓 ≥ 𝑝𝑓1 + ∑ 𝑚𝑎𝑥 {𝑝𝑓𝑖 − ∑ 𝑝𝑓.𝑖𝑗 , 0}
𝑖=2

(12)

𝑗=1

and upper bound:
𝑛

𝑛

𝑃𝑓 ≤ ∑ 𝑝𝑓.𝑖 − ∑ max{𝑝𝑓.𝑖𝑗 }
𝑖=1

𝑖=2

𝑗<1

(13)

where 𝑝𝑓.𝑖 is the i-th component of the vector 𝒑𝑓 . However, the bounds require the calculation
of joint probabilities of every pair of elements i and j by means of the following equation by
exploiting the Cornell index and the correlation factors:
(14)
𝑷𝒇.𝒊𝒋 = 𝚽𝟐 (−𝜷𝒊 ; −𝜷𝒋 ; 𝝆𝒊𝒋 )
The joint probabilities can be computed according to the following equation:
𝑦12 + 𝑦22 − 2𝑦1 𝑦2 𝜌2
[−
]
𝑒𝑥𝑝
2
𝜌𝑖𝑗
2(1 − 𝜌𝑖𝑗
)
𝑝𝑓.𝑖𝑗 (𝑦1 ; 𝑦2 ; 𝜌𝑖𝑗 ) = 𝛷 (𝑦1 )𝛷(𝑦2 ) + ∫
𝑑𝜌
2𝜋√1 − 𝜌2
0
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where a change of base is needed according to Cholesky decomposition of covariance matrix
leading to:
1
0
𝑦1
−𝛽
[𝑦 ] = [
(16)
] [ 1]
2
𝜌 √1 − 𝜌 −𝛽2
2
The mathematic procedure to define the Lower and Upper bounds for the failure events given
by in Eq. (3), is provided by Piluso et al. [17].
4

CALIBRATION OF OVERSTRENGTH FACTOR

In a previous section, the procedure to compute the probability of failure of Theory of Plastic
Mechanism Control is provided. Now, a procedure to define the overstrength factor 𝛾𝑜𝑣 to apply
to the deterministic version of TPMC is presented, considering the random material variability.
So, the following design procedure can be suggested, starting from the assumption that the
maximum bending moment which the beams can transmit to the columns is given by 𝛾𝑜𝑣 𝑀𝑏
where 𝑀𝑏 is the nominal plastic moment, while 𝛾𝑜𝑣 is the overstrength factor to be calibrated
according to the step reported in the flowchart (Figure 3).

Figure 3: Design procedure flowchart.
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5

PARAMETRIC ANALYSES

The parametric analyses have been performed to achieve a predefined level of reliability in the
attainment of the design goal, i.e. the development of a collapse mechanism of global type. To
this scope, 27-moment resisting steel frames have been considered by varying the number of
storeys 𝑛𝑠 , of bays 𝑛𝑏 and the steel grade. The plastic moments of beams and columns are
considered Gaussian random variables depending on the randomness of material properties.
Moreover, three values of the coefficient of variation equal to 0.05, 0.10 and 0.15 have been
accounted for. The parametric analysis has been repeated for increasing values of γov aiming
to its calibration. The analyzed moment resisting frames has a bay span equal to 6.00 m and an
interstorey height equal to 3.50 m. The beams are the same for each frame, and they are
designed to withstand distributed gravity loads whose values are 𝐺𝑘 = 15.00 𝑘𝑁/𝑚 and 𝑄𝑘 =
6.00 𝑘𝑁/𝑚 for permanent and live load, respectively. Concerning the non-seismic load
combination, the maximum gravity load acting on the beams is equal to 𝑞𝑣 = 1.3𝐺𝑘 + 1.5𝑄𝑘 =
28.5 𝑘𝑁/𝑚. The selected beam section is IPE 330. As the results of deterministic TPMC are
not influenced by the magnitude of the seismic forces but are only sensitive to their distribution,
a triangular distribution of the horizontal seismic forces has been assumed. Successively, for
each frame, the plastic moments of the columns are defined according to the deterministic
TPMC which is applied for increasing values of the overstrength factor assigned to the beam
plastic moments. The resulting frames are analyzed using the stochastic approach herein
presented, i.e. the corresponding lower and upper bounds of the probability of failure are
computed. The results gained by means of such parametric analyses provide the variation of the
probability of failure as a function of the overstrength factor adopted for the beams in the
deterministic design and of the coefficient of variation, as depicted in Figure 4 to Figure 6.

Figure 4: Upper and Lower bound of the failure probability for steel grade S235.
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Figure 5: Upper and Lower bound of the failure probability for steel grade S275.

Figure 6: Upper and Lower bound of the failure probability for steel grade S355.
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6

DEFINITION OF MATHEMATIC RELATIONSHIP

A mathematical relation can be suggested to compute the overstrength factor to apply the
deterministic version of TPMC for fixed reliability level. Starting from the parametric analysis,
previously described, it was easy to observe:
1. both the upper and lower bounds of the failure probability increase as the coefficient of
variation of the yield strength 𝑐𝑜𝑣 increase, independently of the overstrength factor
adopted in the design.
2. Independently of the coefficient of variation, both the upper bound and the lower bound
of the probability of failure decrease as the overstrength factor adopted in the design is
increased.
3. The value of the overstrength factor γov decreases when the number of bays 𝑛𝑏
increases, for fixed values of the number of storeys 𝑛𝑠 and the failure probability.
4. Finally, for fixed values of the failure probability, the coefficient of variation 𝑐𝑜𝑣 and
the number of bays 𝑛𝑏 , the overstrength factor γov results is not very influenced by
varying the steel grade and the number of storeys 𝑛𝑠 .
For these reasons, a mathematical formula has been developed with reference only Upper
Bound of failure probability and with fixed reliability level 𝑅 (𝑅 = 1 − 𝑃𝑓 ). In Table 1, the
overstrength values are reported for a different number of bays 𝑛𝑏 and coefficient of variation
𝑐𝑜𝑣 for a fixed value of 𝑅 equal to 95%:
Number of bays “ 𝑛𝑏 ”
2
4
6
1.1148
1.1104
1.1096
1.3334
1.3201
1.3152
1.3846
1.3432
1.3200

𝑐𝑜𝑣
0.05
0.10
0.15

Table 1: Values of the overstrength factor for reliability level of 0.95.

In Eq. (17) the mathematical relationship is provided, while the coefficients 𝐶𝑖 are reported in:
γov = [𝐶1 (𝑛𝑏 )𝐶2 ](𝑐𝑜𝑣)2 + [𝐶3 (𝑛𝑏 )𝐶4 ](𝑐𝑜𝑣) + (𝑐5 𝑛𝑏 + 𝑐6 )

(17)

𝐶1

𝐶2

𝐶3

𝐶4

𝐶5

𝐶6

-34.2282

0.0502

9.8668

-0.012

0.0024

0.7075

Table 2: Coefficients of Eq.(17).

The comparison between the overstrength factor resulted by Eq. (17) and the values of γov
obtained by parametric analysis is provided in Figure 7. It is immediate observing that the
accuracy of the mathematical formula proposed by the authors, is very high. The linear
correlation coefficient 𝑅2 is equal to 0.9977, while the standard deviation and the relative
maximum error are equal respectively 0.0016. In the end, the corrective factor of regression has
been computed at the 95% fractile, that is 1.0027.
7

CONCLUSIONS
• This work aims at the extension of the Probabilistic Theory of Plastic Mechanism Control
(P-TPMC) for Steel Moment Resisting Frames (MRFs) to other steel grades
• Parametric analyses have been carried out starting from the Probabilistic version of
Theory of Plastic Mechanism Control.
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• The analyses were performed by varying the steel grade, the number of bays, number of
storeys and the coefficient of variation of the stochastic variable.
• For a specific value of the reliability equal to 95%, a simple mathematical formula is
defined to estimate the overstrength coefficient to apply to the deterministic version of
TPMC, considering the material randomness.

Figure 7: Accuracy of the relationship proposed for evaluating the overstrength factor.
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Abstract
The decision-making process for seismic risk is affected by the assessment/design procedure
adopted and rigorous methodologies have been developed to estimate performance metrics
relevant to stakeholders to take informed decisions. Input data for loss estimations of buildings are typically floor accelerations and inter-storey drift ratios, generally obtained from: 1)
simplified evaluations, based on linear models and static analysis, 2) more accurate nonlinear static analyses, or 3) more complex and time-consuming non-linear history analyses.
Considering that non-linear static analyses are arguably the best compromise between accuracy and simplicity, this paper proposes the application of an analytical non-linear static
procedure, based on the Simplified Lateral Mechanism Analysis (SLaMA) of the NZSEE 2017
Guidelines, for the cost/performance-based evaluation of Reinforced Concrete structures. In
order to validate the accuracy of the method, multi-storey case-study buildings are analyzed
using different structural analysis methods (the proposed SLaMA-based approach vs. numerical Pushover vs. Time-History) and through sophisticated or simplified loss assessment methodologies (FEMA P-58, 2012; D.M. n.65, 2017).
The results in terms of Expected Annual Losses from the SLaMA-based approach are quite
satisfactory - increase of 7-18% or 3-7% compared to numerical Pushover results from probabilistic or simplified loss estimations, increase of 20-40% compared to numerical TimeHistory results - and, in general, more accurate than static analyses results, even though no
numerical modelling is needed. Therefore, the SLaMA-based method can be a promising tool
for a daily use of practicing engineers for a rapid evaluation of economic losses for both the
seismic assessment of existing buildings and the initial feasibility studies of new structures.

Keywords: Cost/performance-based, SLaMA procedure, Pushover analysis, Time-history
analysis, Expected Annual Losses.
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1

INTRODUCTION

Seismic design philosophy is based on controlling the building response under low-to-high
intensity earthquakes, including either structural and non-structural components. Traditionally
the design aimed to prevent the damage of these elements under low-intensity earthquakes, to
reach repairable conditions in medium-intensity shakings and to avoid building collapse under
high-intensity earthquakes. However, past earthquakes (e.g. Northridge 1994 and Kobe 1995,
confirmed by more recent events such as Christchurch earthquake 2010-2011) highlighted
very high economic losses in terms of repair costs and business interruption even for codecompliant buildings, leading in the mid-1990s to the development of the performance-based
earthquake engineering (PBEE) concept [1, 2].
Vision 2000 [3] is one of the first documents where there is evidence of this new philosophy. Different structural and non-structural performance levels at various intensity demands
(frequent, occasional, rare, and very rare) are described and classified as fully operational, operational, life safety, and near collapse, thus design objectives for building typologies are
identified through the combination of performance levels and seismic hazard. Following this
original concept, a series of additional documents were published considering the same design
philosophy and representing the first generation of PBEE [4, 5, 6]
Nevertheless, the initial PBEE procedures were deterministic-based and affected by many
shortcomings, such as the relations between engineering demand and component performance
based on relations measured from laboratory tests or assumed considering engineering judgement [7]. Therefore, a more rigorous and probabilistic methodology was developed by the Pacific Earthquake Engineering Research (PEER) Center and its framework is summarized in
Figure 1.

Figure 1: Performance-Based Earthquake Engineering (PBEE) methodology (modified after [8]).

The PEER methodology allows the direct evaluation (estimation) of performance measures
such as economic losses, downtime and casualties that are relevant to stakeholders to manage
decisions about seismic risk mitigation. The comprehensive framework includes the description, definition and qualification of different variables considering all the inherent uncertainties in the earthquake performance assessment. The process starts with the definition of the
ground motion hazard (Intensity Measure) which affects the structural response, then the
building structural response can be evaluated in terms of accelerations, deformations or other
quantities (Engineering Demand Parameter). Finally, the system response is related to the
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damage of each building component (Damage Measure) and the damage is transformed into
quantities useful for decision-making processes (Decision Variable).
For the practical implementation of the probabilistic procedure, the US Federal Emergency
Management Agency (FEMA) commissioned to the Applied Technology Council (ATC) the
development of an electronic tool to apply this methodology, referred to as Performance Assessment Calculation Tool (PACT) and provided with the publication of the FEMA P-58
Document [9].
The application of the PBEE procedure is primary for the seismic loss evaluation of new
buildings as well as for taking decisions on intervention/retrofit strategies of existing structures, particularly in the initial feasibility studies of the building/intervention. However, the
fully probabilistic procedure can be time-consuming in its implementation, because it also requires the definition of numerical models to evaluate the building response through non-linear
static and dynamic analyses. For this reason, this paper presents the application of an analytical procedure for non-linear static analysis, based on the Simplified Lateral Mechanism Analysis (SLaMA) of the NZSEE 2017 Guidelines, that can be rapidly implemented providing
acceptable results for the loss estimation and can thus be a promising tool for a daily use of
engineers for a rapid yet quite reliable initial evaluation of the post-earthquake losses.
2

EVALUATION OF BUILDING RESPONSE

Structural analysis is conducted to determine the building response to earthquake shaking,
obtaining values for those key parameters that are predictive of structural and non-structural
damage, such as floor accelerations, floor velocities, story drift ratios and residual drift ratios.
Alternative procedures can be used to estimate the peak values of these parameters: 1) simplified procedures, which consider linear models and static analyses to estimate the lateral
yield strength and generate median demand values, thus determining the building response at
each floor through simplified and numerically calibrated formulas; 2) non-linear static analyses, which allow the definition of the building capacity curve from numerical modelling as
well as the performance points for the various seismic intensity (i.e. Capacity Spectrum
Method), giving more accurate predictions than the previous ones; 3) non-linear response
(time) history analysis, that is the most sophisticated method, where the structure is numerically modelled in its full non-linear cyclic and dynamic behavior, sets of demand parameters
are generated from sets of earthquake input motions and are used to develop statistics (median
values and dispersions) for each parameter of interest. Among all the aforementioned analysis
methods, the non-linear static procedures (pushover) are the best compromise between accuracy and simplicity.
In the recently developed New Zealand Seismic Assessment Guidelines [10] an analytical
non-linear static analysis procedure has been proposed for the seismic assessment of reinforced concrete existing buildings, the Simplified Lateral Mechanism Analysis (SLaMA), that
is shown schematically in Figure 2. This assessment method, mandatory for every assessment
prior to carry out any numerical modeling, is able to predict the building capacity curve
(pushover) through an analytical study that, starting from the local section and member analysis and through the hierarchy of strengths evaluation of subassemblies, evaluate the local and
global building mechanisms.
Notwithstanding the SLaMA procedure has been primarily implemented for the assessment
existing structures, in this paper the method is applied, for the sake of simplicity, to rapidly
estimate the seismic response of new reinforced concrete buildings, because it can be very
useful for initial feasibility studies. The proposed simplified loss-assessment method based on
a SLaMA approach, can be however used and properly exploited for either assessing existing
structures and comparing alternative retrofit strategies.
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In the case of a new building, the procedure can be modified and simplified as follows: 1)
in terms of input data, the building characteristics are not already available but obtained from
a preliminary building design that aims to already respect the hierarchy of strengths determining a final beam-sidesway mechanism, as required by the seismic codes; 2) the capacity curve
of such type of building mechanism is analytically determined considering the results from
the section analysis evaluation; 3) finally, introducing the capacity curve into the Acceleration-Displacement Response Spectra and combining it with the demand spectra, the expected
maximum accelerations and displacements at different seismic intensities can be determined.

Figure 2: Framework of the SLaMA assessment procedure for reinforced concrete buildings.

3

RESEARCH MOTIVATION

In the current international seismic codes, the building design aims to guarantee the LifeSafety performance objective. However, as the reliability of design and construction practice
in meeting this goal has improved, there has been an increasing demand for engineers to provide building design capable of reducing both damage and business interruption [11] and new
tools able to determine these parameters in the philosophy of the performance-based earthquake engineering have been developed.
Apart from the seismic assessment process of existing buildings, the need for loss estimation in the common design process is starting to spread, therefore practical and efficient tools
must be developed to be used by engineers. As alternative to more sophisticated procedures
based on non-linear dynamic analyses, as previously described, more rapid estimations of
post-earthquake losses can be determined through non-linear static (pushover) evaluations,
especially as part of an initial feasibility study of the building design features.
This paper proposes the application of an analytical non-linear static analysis procedure,
based on the Simplified Lateral Mechanism Analysis (SLaMA), for a rapid evaluation of postearthquake losses of buildings without the need of more complicated numerical models.
A set of multi-storey case-study buildings is considered to apply and validate the proposed
procedure, as described below.
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4

VALIDATION OF THE SLAMA-BASED ANALYTICAL PROCEDURE

Cost/performance evaluations are implemented for a set of multi-storey buildings considering different approaches: the proposed SLaMA-based analytical procedure and numerical
analyses through both non-linear Push-Over and Time-History analyses.
The numerical investigations are implemented with the aim of validating the analytical approach and confirming whether acceptable results in terms of economic losses can be expected from the SLaMA evaluation when compared to more sophisticated numerical results.
4.1

Description of the case-study buildings

The procedure is implemented considering four 5-storeys monolithic reinforced concrete
buildings located in a high seismic zone in Italy (Soil type C, PGA of 0.35 g at the Life-Safety
Limit State). The benchmark case-study structure has a plan configuration of 32m x 18 m, inter-storey height of 3.8 m; the building has commercial use for the first two floors, residential
use for the other two floors, while the top floor is a roof. Lateral resistance against seismic
action is provided by two seismic resistant four-bay frames in the longitudinal direction and
two shear walls in the transverse direction. The other buildings are derived from the initial
case-study structure (Case1) by varying: the beam span length in both seismic directions
(Case2); the inter-storey height to 4.5 m (Case3); both the beam span length and the interstorey height (Case4). Figure 3 presents the plan view of the benchmark building (Plan1) and
its variation (Plan2), while all the case-study structures are summarized in Figure 4.

Figure 3: Plan view and dimensions of the benchmark building (left) and modified plan (right).
CASE 1 (hint = 3.8 m; Plan1)

CASE 2 (hint = 3.8 m; Plan2)

CASE 3 (hint = 4.5 m; Plan1)

CASE 4 (hint = 4.5 m; Plan2)

Figure 4: Case-study buildings.
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In terms of dimensions of the structural members: the seismic beams and columns have
same dimensions for both building plan (400 x 700 mm and 500 x 700 mm, respectively);
while the wall is 6 m long, but its thickness varies depending on the plan configuration (350
mm for Plan1 and 400 mm for Plan2). Finally, the gravity beams connecting the wall are 300
x 600 mm and 400 x 700 mm, respectively for Plan 1 and Plan 2.
4.2

Building design

Referring to this structural scheme, geometry and related gravity loads, all the buildings
are designed following the Direct Displacement Based Design (DDBD) procedure by [12, 13].
The DDBD procedure has been performed at the ULS limit state (Life-Safety) considering an
appropriate value for the inter-storey drift limit, i.e. 2% for the frame direction and 1.2% for
the wall direction for all case-study structures.
Table 1 shows the DDBD results for all the buildings in terms of yielding displacement
(Δy), design displacement (Δd), effective mass (me), effective height (He), equivalent viscous
damping (ξeq), effective period (Te), effective elastic stiffness (Ke), and base shear (Vb).
Parameter
Δy [mm]
Δd [mm]
me [t]
He [m]
ξeq [%]
Te [s]
Ke [kN/m]
Vb [kN]

Case 1
Frame
62.17
223.80
2760.15
13.24
19.19
2.65
15533.5
3476.42

Wall
50.29
163.19
2627.80
13.60
18.35
1.91
28383.0
4631.94

Case 2
Frame
62.15
223.74
2914.20
13.24
19.19
2.65
16409.6
3671.44

Wall
50.26
163.13
2774.46
13.60
18.35
1.91
29987.5
4891.99

Case 3
Frame
73.38
264.36
2834.12
15.63
19.19
3.13
11429.8
3021.56

Wall
70.14
192.63
2698.27
16.05
16.90
2.22
21705.3
4181.03

Case 4
Frame
73.36
264.28
2991.83
15.62
19.19
3.13
12072.43
3190.55

Wall
70.10
192.56
2848.42
16.05
16.90
2.21
22928.2
4415.01

Table 1: Parameters from the DDBD procedure for all the case-study buildings.

Distributing the base shear obtained by the DDBD throughout each structure, the internal
actions in the structural members are determined, and the required steel reinforcement of each
component can be designed.
4.3

Building seismic response

The building response is initially estimated through the SLaMA procedure described in the
NZSEE 2017 Seismic Assessment Guidelines [10]. The seismic design considers capacity design principles, therefore it is sufficient to evaluate the capacity curves related to the beamsway mechanism. In Figure 5 the so-obtained analytical capacity curves are presented for
each building and structural direction. The ultimate limit state represents the achievement of
the displacement corresponding to the first element reaching the ultimate rotational capacity.
Converting the base shear/displacement relationships into acceleration/displacement responses and considering the demand spectra from the Italian Code [14] of either elastic or ultimate limit states, the building performance points at each intensity level can be identified in
the Acceleration Demand Response Spectrum (ADRS) domain. The demand spectra of the
ultimate limit states (life-safety SLV and near collapse SLC) have been reduced considering
the area-based equivalent viscous damping evaluated through the formulation proposed by
Priestley in 2007 [12].
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Figure 5: SLaMa-based non-linear (analytical) pushover capacity curves for the case-study buildings. Left: frame
direction; Right: wall direction

The SLaMA capacity curves are compared to those obtained from numerical non-linear
static analyses. The numerical models of each building are implemented using Ruaumoko 2D
analysis program [15] through a lamped-plasticity approach. Therefore, the structural members are represented by elastic components where the non-linearity is concentrated within
plastic hinge regions at the end sections (Giberson elements). The plastic hinges are described
using proper moment-curvature relationships and a Takeda stiffness-degrading hysteresis rule.
Applying the Capacity Spectrum Method [16], where the area-based equivalent viscous
structural damping is directly evaluated from push-pull analyses, the performance points can
be also evaluated for this analysis approach.
As example, in Figure 6 can be found a comparison between the push-over curves and performance points obtained from both the analytical and numerical methods.

Figure 6: Analytical and numerical capacity curves in the ADRS domain for the Case2 considering both frame
(left) and wall (right) directions.

It can be observed from the previous graphs that the analytical curves well predict the
building seismic behavior. The two analyses methods produce very similar performance
points for all the case study-buildings in the frame directions, apart from the collapse limit
state because of the increasing slope of the numerical curve and the inherent limit of the analytical curve itself which is not modeling the collapse point. Regarding the wall directions, the
main differences in the performance points are obtained for the lower limit states (fully opera-
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tional and operational) because of the modeling of the wall as equivalent frame which produces a very high initial stiffness when compared to the one from the analytical procedure.
In order to further validate the accuracy of the SLaMA method as a loss-modeling simplified procedure, non-linear time history analyses are also performed using sets of 7 accelerograms obtained from REXEL [17] for each seismic intensity. The accelerograms, extrapolated
from the European Strong Motion database, are, thereby, properly scaled to guarantee the
spectro-compatibility to each demand spectrum. For the Life-Safety intensity level, Figure 7
presents the response spectra related to the 7 accelerograms, the average and target spectra,
the lower and upper tolerances, as well as the range of periods (0.15 s ÷ 2 s) selected for the
spectro-compatibility to be satisfied.

Figure 7: Spectro-compatibility at Life-Safety intensity level.

From time-history analyses a direct estimation of the floor accelerations and inter-storey
drift ratios can be determined. As example, the results are presented for one case-study structure and one seismic intensity level in Figure 8. These key engineering demand parameters
(EDPs) can be used as direct input data for the loss assessment investigations, while for the
analytical and numerical non-linear static assessments they are estimated from the performance points, representing the behavior of the equivalent SDOF system, at each seismic intensity. In fact, considering the effective building height the EDPs at each floor can be
estimated assuming proper displacement and acceleration profiles for the SLaMA procedure
or the exact profiles determined from the numerical Push-Over results.
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Figure 8: Time-history results for the Life-Safety demand level of Case2: peak floor acceleration and inter-storey
drift ratio profiles for both building directions.

4.4

Loss assessment investigations: SLaMA vs numerical Pushover

Loss assessment estimations are performed using the PACT software [9] where all the
case-study buildings are implemented. The input data for the analysis are: 1) the total replacement cost and time, calculated referring to 338 euro/m3 and estimating the proper number of man-days; 2) the population model of the building, provided by the software depending
on the building use; 3) the component fragilities, considering all the structural members, nonstructural components, building services and contents present into the building; 4) the seismic
building response, estimated using the different structural analyses methods; 5) finally, the
seismic hazard, whose function is built referring to the demand intensity levels reported in the
Italian Code [14] (TR=30 years, fully operational; TR=50 years, operational; TR=475 years,
life-safety; TR=975 years, near collapse). Regarding the non-structural systems, it is assumed
that all the structural skeletons are covered by external curtain walls, while interior components include lightweight partitions, suspended ceilings, electrical and mechanical services
and contents. All the structural and non-structural components are defined using the fragility
curves and consequence functions already available in the fragility database.
The results obtained for all the case-study buildings are reported in Figure 9 and Table 2.

Figure 9: EAL values for all the four case-study buildings considering different structural analysis results (left)
and Repair cost/Median Annual Frequency functions (right) for one case-study structure (Case 2).
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EAL SLaMA [%RC]
EAL PO [%RC]
ΔEAL SLaMA/ PO

Case 1
0.759
0.644
15.16

Case 2
0.755
0.621
17.79

Case 3
0.612
0.567
7.31

Case 4
0.614
0.573
6.70

Table 2: EAL values from non-linear static analyses results: SLaMA versus numerical Pushover (PO).

The loss estimations are carried out considering the floor accelerations and inter-storey
drift ratios from: 1) for the SLaMA approach, these parameters are evaluated assuming a
proper displacement profile for the building beam-sway mechanism, as suggested in NZSEE
Guidelines [10], and considering the floor acceleration profile proposed by FEMA P-58 [9]
for simplified procedures, 2) for the numerical analysis, the floor accelerations and interstorey drift ratios are determined from the performance points considering both the displacement and acceleration profiles resulting from the numerical investigation. All the loss estimations have been performed, in this initial validation of the SLaMA procedure, without
including the effects of the building collapse fragility or the residual drift into the results.
It can be observed that the application of SLaMA gives quite satisfactory results in terms
of Expected Annual Losses (EAL) when compared to the results obtained from the numerical
investigations, i.e. approximately 7-18% higher (conservative side).
Estimations of direct economic losses are also developed through the simplified procedure
presented in the 2017 Italian Guidelines for Seismic Risk Classification [18]. This document
describes a simple methodology to determine the expected annual losses, that is generally applied for the seismic assessment of existing buildings to investigate the benefits of retrofit
strategies and regulate financial incentives provided to private owners to improve the
risk/losses of their building. In this research the same approach is applied to new buildings.
The building analytical and numerical capacity curves are the starting points of this procedure,
which requires the determination of the median annual frequencies, MAF, associated to the
achievement of specific limit states in the structure. Particularly, in this study, two limit states
(Damage Control and Life-Safety) are identified taking into account just the structural behaviour (achievement of yielding and ultimate rotations of structural members) and used to estimate other limit states related to the structural and non-structural system, as explained in the
Guidelines [18].
The results from this simplified methodology are presented in Figure 10 and Table 3.

Figure 10: Economic loss/Median Annual Frequency functions estimated following the Italian Guidelines for
Seismic Risk Classification [18] for Case 2 and both building directions referring to the capacity curves obtained
from SLaMA or numerical studies.
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Case 1
X Dir.
EAL SLaMA [%RC] 0.810
EAL PO [%RC]
0.872
ΔEAL PO/SLaMA
7.17

Y Dir.
0.717
0.749
4.22

Case 2
X Dir.
0.892
0.920
2.99

Y Dir.
0.669
0.704
4.94

Case 3
X Dir.
0.789
0.849
7.27

Y Dir.
0.631
0.648
2.68

Case 4
X Dir.
0.865
0.891
2.91

Y Dir.
0.595
0.623
4.49

Table 3: EAL (as a percentage of the Replacement Cost, RC) values from the simplified procedure [18] using the
building capacity curves from analytical (SLaMA) and numerical (PO) Pushover analyses.

As it can be observed from the previous table, the differences between the EAL values
from the SLaMA-based approach and numerical analysis are minor, in the range of 3-7% for
both building directions. It is also noticed that the EALs associated to the numerical Pushover
curves are now higher than those derived from the simplified SLaMA procedure, thus it seems
that the estimation is not on the conservative side. This can be justified considering that the
elastic and ultimate limit state points are identified on the numerical capacity curves respectively for lower and greater accelerations compared to the same points on the simplified elasto-plastic capacity curves. In any case, the differences are relatively low and well acceptable,
thus the SLaMA method can be considered a valuable alterative tool to numerical methods for
an initial cost-based building evaluation.
4.5

Loss assessment investigations: SLaMA vs Pushover vs Time-history

Loss assessment investigations are finally performed using the results from the timehistory non-linear analyses, therefore the peak floor accelerations and inter-storey drift ratios
from all the 7 records of each seismic intensity are directly introduced in the PACT software.
Figure 11 and Table 4 summarize the EAL values obtained from all the structural analysis
procedures (analytical push-over, numerical push-over, time-history).
The percentage difference between the EAL values from SLaMA approach and TimeHistory analysis is in the range of 20-40%, while between numerical Pushover and TimeHistory results a difference of 15-30% is estimated. Notwithstanding the differences between
the EAL values from the simplified SLaMA procedure and the sophisticated Time-History
investigation are in this case not negligible, the SLaMA method still produces acceptable results and, in any case, more accurate than those obtained when application of linear static
analysis suggested within the FEMA P-58 methodology as an alternative simplified investigation compared to the non-linear response history analysis. This statement is based on parallel
work being carried out and to be presented in a future companion research publication.

Figure 11: EAL values for all the four case-study buildings considering different structural analysis results (left)
and Repair cost/Median Annual Frequency functions (right) for one case-study structure (Case 2).
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EAL SLaMA [%RC]
EAL PO [%RC]
EAL TH [%RC]
ΔEAL SLaMA / PO
ΔEAL SLaMA / TH
ΔEAL PO / TH

Case 1
0.759
0.644
0.457
15.16
39.76
28.98

Case 2
0.755
0.621
0.444
17.79
41.18
28.44

Case 3
0.612
0.567
0.447
7.31
26.84
21.07

Case 4
0.614
0.573
0.493
6.70
19.75
14.02

Table 4: EAL values from different non-linear analyses results: SLaMA versus numerical Pushover (PO) versus
Time-History (TH).

5

CONCLUSIONS

In the engineering community the estimation of performance metrics, such as repair costs
or downtime, relevant to management decisions for seismic risk mitigation is becoming more
consolidated not only for the assessment of existing buildings and thus for the evaluation of
optimal retrofit strategy, but also in the seismic design of new buildings.
Probabilistic methodologies have been proposed to implement socio-economic loss estimations, which requires as input data engineering demand parameters, EDPs, such as floor accelerations and inter-storey drift ratios. The latter are usually obtained from simplified linear
or non-linear analyses, requiring the implementation of simple or more-sophisticated numerical building models. The more complex the model the more accurate are typically expected to
be the results in terms of seismic response, although very time-consuming modeling and analyses are required (i.e. Non-linear Time-History analyses).
With the aim of avoiding the implementation of un-necessary complex numerical models
and knowing that non-linear static procedures are a very valuable compromise between accuracy and simplicity, the paper proposes the application of an analytical non-linear static analysis procedure, based on the Simplified Lateral Mechanism Analysis (SLaMA), for the
cost/performance-based evaluation of buildings.
The Expected Annual Losses of four case-study reinforced concrete buildings are estimated referring to different structural analyses (SLaMA, numerical Pushover, Time-Histories)
and loss assessment methodologies [9, 18]. The results highlighted that the SLaMA-based approach can provide satisfactory and acceptable results when compared to more complex numerical procedures. The method can be a promising tool for the daily use of practicing
engineers for a rapid evaluation of the post-earthquake losses and it can be suggested both for
the seismic assessment of existing buildings and retrofit interventions as well as part of the
design feasibility study of new reinforced concrete structures.
Notwithstanding the good results obtained from this initial study, more investigations are
needed to incorporate, for example, the building collapse limit states and the effects of residual drifts, which have been neglected in the loss estimations of this initial work.
6
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Abstract A method for preliminary design of reinforced-concrete frames to satisfy predefined
performance objectives is developed. It is directly based on performance targets and therefore fits in the context of emerging next-generation performance-based engineering. The key
objective of the proposed method is achieving designs that are more reliable in meeting the
targeted performance so that subsequent performance assessment iterations are minimized,
while at the same time maintaining traditional design formats. The procedure is an adaptation of the force-based design where a force-reduction factor is still used; however, its value
is calculated based on displacement parameters that are estimated at the initial design stage.
Extensive parametric studies encompassing the inelastic response of regular momentresisting frames to several ground motion records are performed, employing hundreds of
nonlinear time-history analyses where the seismic records are scaled to different intensities to
drive the structures to different levels of inelastic excursion. By conducting statistical analysis
of the created response databank, a mathematical expression that relates the maximum displacement to some geometrical factors as well as a performance and damage metrics can be
developed, while being independent of the frame section dimensions, such that it can be used
at the initial stage of design. Using this estimate of maximum displacement, designers can
calculate approximate values of force-reduction factors that are well correlated to performance, and then design can proceed in the conventional way.
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1

INTRODUCTION

Seismic design procedures have been in a continuing process of evolution, much more than
design for any other load cases because it is difficult to replicate the complex geological nature of an earthquake in an experiment, and therefore major code changes remains an interminable requisite in response to actual performance of buildings during damaging earthquakes.
Although earthquakes impose deformations on structures rather than forces, almost all current
codes and standards, like Eurocode 8 (EC8) [1], still adopt the force-based design (FBD) approach for seismic design, which uses seismic forces as the primary design parameter. The
main advantages of FBD are that it allows simple combination of all possible load cases being
an extension of the traditional design format and that it involves linear analysis in conjunction
with the familiar acceleration response spectrum. Inelastic behavior is allowed and is implicitly accounted for by dividing the ordinates of the elastic spectrum by a factor, referred to as
response reduction factor (R) in American codes and behavior factor (q) in Eurocode, where
its values are empirically stipulated to reflect the ductility and over-strength of the structural
system [1, 2].
In the past 20 years, there has been an increasing shift in seismic design concept towards
satisfying various levels of structural and nonstructural performance. Based on the increased
demands from stakeholders for better accountability of new and existing designs in order to
be able to make reliable economic and life-safety decisions, performance-based seismic design (PBSD) – a design whose objectives are in terms of multiple performance levels – has
emerged as the future trend of seismic design. The latest approach for PBSD was first liberally described in the FEMA-445 document published by the Federal Emergency Management
Agency of the United States [3], which explains how probabilities of exceeding certain values
of some performance metrics can be converted to real-world losses such as casualties, time
lost without operation, repair and replacement costs. The presented approach consists of three
main steps: (1) defining the performance objectives, (2) performing preliminary building design, and (3) assessing the performance of the designed building; where steps (2) and (3) are
iteratively repeated until the objectives in step (1) are achieved. The performance assessment
stage, step (3), has been extensively studied and its methodology presented in the P-58 report
[4] as a relatively long process that involves advanced structural analysis techniques and
complex probabilistic approaches, however there is still limited research on efficient preliminary building designs, step (2). The FEMA-445 report acknowledges the challenge of developing such efficient design methods that can meet the desired objectives without extensive
iterations and defines this challenge as the major decisive factor of the success of the whole
framework of performance-based design, because otherwise the implementation process will
be inefficient and uneconomical due to the length assessment process. The key requirement is
that this design needs to address the system geometrical attributes as well as proportioning it
in a manner consistent with the defined performance objectives [3].
The current state of knowledge renders two options for preliminary design in the context of
the emerging performance-based methodology: either the aforementioned building code provisions for force-based design (FBD) or alternatively displacement-based design (DBD) that
have been developed along with the growing interest in PBSD, and which use displacement
parameters as the starting point of design; therefore, effectively control damage. Among the
most common DBD procedures are the displacement coefficient method and the equivalentlinearization method [5]. These methods represent real seismic behavior more rationally by
imposing displacement restrictions; however, they lack practicality and acceptance in the design community when compared to conventional FBD methods due to the use of the nonfamiliar displacement response spectrum, as evidenced by results of a recent survey of
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practicing engineers in North America about their current seismic design practice [6]. Moreover, these procedures have other limitations, where they involve many approximations especially in adopting an equivalent single-degree-of-freedom (SDOF) representation of the
structure, which does not recognize the basic differences in response due to different lateral
load resisting systems. More importantly, they require a predesigned structure to get a starting
estimate for the displacement demand, which renders these DBD methods more applicable to
performance evaluation of existing structures for rehabilitation, rather than new designs [7].
On the other hand, concerning the applicability of the FBD method for performance-based
design, it is recognized that most seismic codes (e.g. EC8 [1]) embody two performance levels in FBD: the first is the “life safety” performance level under the design basis earthquake at
which strength requirements are obtained, and the second is the “serviceability or damage
limitation” performance level under the frequently occurring earthquake at which deformation
checks are performed. However, the latter performance level is only a final design check rather than a design criterion, which usually results in an iterative process and additionally include several approximations that can lead to inaccurate estimates of displacement [8].
Therefore, because FBD is likely to remain the mainstream of seismic design practice for
some time, there is a need to adjust FBD to fit into the multi-level performance-based framework, by minimizing iterations required to achieve various performance objectives, and bringing damage and displacement control upfront at the beginning of the design process.
This paper proposes an efficient seismic design approach for reinforced concrete (RC)
moment-resisting frames (MRF) based on the simple FBD scheme that can serve to meet the
rising call for performance-based engineering without sacrificing practicality of application. A
modification to the FBD procedure is envisaged, whereby, based on the structures’ structural
system and geometrical configuration, maximum roof displacement can be estimated according to preselected performance levels, and then the behavior factor (q) can be rationally calculated, so that damage and performance can be incorporated in the initial design stage. The
study focuses on low-to-moderate height concrete frames with limited ductility, which is a
common construction practice in some moderately seismic zones, for example, Egypt and
Turkey, where the level of seismicity does not necessitate more complicated preliminary designs. The scope of this paper is presenting the computational methodology for obtaining the
roof displacement estimates as associated with specific performance levels and other structural geometrical characteristics. More than 1750 nonlinear time history analyses are performed,
employing rigorous models of RC members that captures both material and geometrical inelasticity which are particularly critical in case of RC structures. The results are postprocessed
in order to understand the dependency of the story displacement values on the different variables chosen to be included in the displacement prediction equation for later use in the modified FBD method.
2

MODIFIED FORCE-BASED DESIGN METHOD

The basis of the designated method has been first proposed for steel moment resisting
frame structures by Bazeos and Beskos [9], later developed and validated in detail specifically
for PBD [10-18] and is still under refinement till present. This group of researchers have
termed it the hybrid force/displacement (HFD) method. The main principle of this methodology is that it converts target limiting values of damage metrics associated with predefined performance levels to a target roof displacement that can be used to calculate a more meaningful
behavior factor “q” such that ductility demands are bounded by the estimated target roof displacement ductility, and thus the design can control both strength and drift performance for
several levels of seismic action. In addition to the benefit of using displacement parameters as
input variables for the design process, the HFD method retains the use of conventional elastic
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response spectrum analysis and design in line with current seismic codes. An initiative to apply the same procedure for composite steel/concrete structures was recently proved successful
[19]. The method was also just newly extended to RC structures [20] where Piana and his coresearchers have developed a HFD method for RC structures based on numerical analyses of
structures of varying height only and employing phenomenological models (lumped plasticity)
to represent nonlinear behavior. The present work is an additional effort along the same frontier of applying the HFD design method to RC structures for preliminary PBD but through
employing distributed plasticity fiber-element modeling to represent inelasticity along members cross sections and lengths, which, despite being much more computationally demanding,
is deemed more accurate in accounting for the complex hysteretic behavior of RC structures.
The steps of the envisaged modified force-based method can be summarized as follows:
(1) Selection of performance levels
According to the PBD philosophy, a performance level is defined by a pair of a postearthquake damage and functional state objective and a level of seismic action. For example,
a common multiple performance objective is: Immediate Occupancy (IO) under the frequently
occurring earthquake (FOE), Life Safety (LS) under the design basis earthquake (DBE), and
Collapse Prevention (CP) under the maximum considered earthquake (MCE). The DBE is
given in seismic codes, while the FOE and MCE can be estimated from the DBE based on
hazard studies. Limiting values of a response parameter associated with the damage level are
identified based on performance-based codes for example FEMA-356 [21]. Inter-story Drift
Ratio (IDR) is the chosen response parameter because there is consensus in the literature that
it best correlates to damage at the global level [22-24]. IDR is defined as the relative lateral
displacement between two successive floors normalized by the height between the floors
(2) Definition of building attributes
Some building characteristics such as the number of storeys, nF, and the number of bays, nB,
are identified. The criteria for application of the FBD method as stated in the code are
checked, for example, regularity in plan and elevation.
(3) Estimation of the maximum roof displacement
The maximum roof displacement, r,max, is estimated using a relationship that will be developed as a second stage of this research, given as r,max= f(IDRmax, nF, nB, H), where H is the
total height of the building.
(4) Elastic design under the FOE
Perform an elastic design of the frame with a behavior factor q= 1 only for strength requirement under the FOE. The resulting roof displacement serves as an estimate of the global yield
displacement r,y
(5) Calculation of the behavior (strength reduction) factor, q
Based on the equal displacement rule [25], the behavior factor q is calculated based on the
global displacement parameters by dividing the estimated maximum roof displacement (r,max)
at the desired seismic event by the global yield displacement r,y
(6) Design of the structure
The ordinates of the elastic acceleration response spectrum are divided by the q-factor corresponding to the target deformation, and design proceeds in the conventional way.
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3

DESCRIPTION OF PROTOTYPE BUILDINGS

In order to develop the expression that estimate the maximum roof displacement at the beginning of design, the performance of nine prototype RC structures varying in height (4, 7 and 10
floors) and number of bays (3, 5 and 7 bays) is studied. The structures are assumed to have
the same symmetrical and square plan, as representatives of typical medium-rise RC office
buildings. The floor height and bay width are fixed at 3.0m and 6.0m, respectively. The buildings are assumed to be constructed in a moderate seismic zone (featuring a design peak
ground acceleration (PGA) of 0.3g).
3.1

Design and structural properties

The buildings were designed and detailed to resist combination of gravity and seismic
loads, according to the Egyptian design codes ECP-203 [26], and ECP-201 [27] which are
fundamentally in line with the regulations of EC8 [1]; a typical modern seismic code applicable to many countries. For gravity loading, the dead loads assumed comprise the self-weights
of the concrete structural elements, typical floor finishing of 1.5 kN/m2, and weight of masonry infill panels of 12 and 25cm thickness on interior and exterior beams respectively with a
density of 18 kN/m3. A live load of 3.0 kN/m2 is also included. For seismic design, the lateral
load resisting system is chosen as a space frame, and acceleration elastic response spectrum
for shallow crustal earthquakes in non-Mediterranean areas is adopted known as Type 1 in
ECP-201 [27], and as Type 2 in EC8 [1], for a "Soil Class C", which is soft soil, or dense or
medium-dense sand, gravel or stiff clay as given in ECP-201[27] and EC8 [1]. Based on the
norm and knowledge of reinforcement detailing in Egypt and many other countries with similar low-to-moderate seismicity, limited ductility (ordinary) frames are chosen and thus a FRF
with a value of five is used in the design. Characteristic material properties are utilized, and
they are presented in Table 1 using units consistent with those that will be subsequently used
in the program for nonlinear time-history analysis. Gravity and seismic loading are combined
using the appropriate coefficients from ECP-203 [26]. The only capacity design rule applied
is that resulting from the prescribed reduction in the effective flexural stiffness of members
where the reduction for beams (50%) is higher than that for columns (30%). All floors are assumed to have a solid rigid slab with a constant thickness of 150mm, and columns are selected to have a square cross-section and to be symmetrically reinforced on the four sides, in
order to have equal resistance to the changing direction of earthquake loading. The reinforcement is selected minimally according to the structural analysis and code requirements, to
avoid overstrength and unnecessary margins reflecting personal designers’ choices. Figure 1
summarizes the notations used for the study cases together with their corresponding geometrical characteristics, and member cross-section sizes and reinforcements.

Steel Concrete
(36/52)

Material parameter

Values used

Compressive cube strength, fcu

25 N/mm2

Modulus of elasticity, Ec

22 kN/mm2

Poisson’s ratio

0.2

Yield strength, Fy

360 N/mm2

Ultimate strength, Fu

520 N/mm2

Modulus of elasticity, Es

205.9 kN/mm2

Table 1: Material properties employed in design and time-history analysis

5045

Soha H. Elkassas, Mohamed N. AbdelMooty, Ezzat H. Fahmy and Ezzeldin Y. Ahmed

Figure 1: Prototype buildings’ configurations, members’ cross-sections and reinforcement

3.2

Nonlinear analytical model

Taking advantage of the symmetry of the buildings with the insignificance of torsional effects, a two-dimensional nonlinear model of the structures was developed in order to simplify
the post-processing of results. The simulation platform of the Mid-America Earthquake Center (MAE), called “ZEUS-NL”, is selected for nonlinear Time History Analysis (THA). This
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software was developed at the University of Illinois at Urbana- Champaign [28] specifically
for earthquake engineering applications, based on the older analysis packages ADAPTIC [29]
and INDYAS [30]. The stability and robustness of ZEUS-NL in its present or previous forms
have been extensively tested and validated by many researchers [31-32]. ZEUS-NL uses the
fiber analysis approach in modeling nonlinear behavior. This type of models, usually referred
to as the distributed plasticity models, is considered a middle ground between the computationally efficient lumped plasticity models which represent inelasticity as a zero-length hinge
with hysteretic properties, only at defined locations at ends of elements (for example
SAP2000 and ETABS) and continuum analysis which monitors stress-strain behavior through
every single point of the entire structure (for example ABACUS and ANSYS). The latter is
unquestionably the most accurate and powerful modeling method, however because of its excessive computational demand, the fiber modeling approach is often the method of choice for
research about large displacement analysis of frame structures in the inelastic range.
In distributed plasticity models, cross-sections at specific integration points along the element length are divided into fibers where each fiber is associated with a uniaxial stress-strain
relationship (constitutive model) for one material. The number of section fibers needs to be
defined by the user and they usually range between 100 and 200. During the entire multi-step
analysis, making use of the Euler-Bernoulli assumption that plane sections remain plane after
bending, fiber stresses are calculated from the fiber strains considering the migration of the
position of the section neutral axis during the loading history. Then sectional stress-strain
state in the form of moment-curvature relationship is obtained through the integration of the
nonlinear response of the individual material fibers over the cross-sectional area, thus fully
accounting for the spread of inelasticity across the whole section depth. This is followed by
integrating the moment-curvature relationship of the sections along the length to obtain the
moment-rotation response, and thus simulating the distributed inelasticity along the member
length. This discretization process is illustrated for reinforced concrete frames in Figure 2.

Figure 2: Fiber-element modeling of a reinforced concrete frame (after ATC, 2016 [33])

Some of the advantages of the fiber element method are that: it directly simulates interaction between axial force and bending moment; it does not need any prior moment-curvature
analysis of members; and it automatically accounts for concrete cracking and growth in crack
length, as well as gradual progression of steel yielding through the member cross sections and
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lengths. Also, local buckling of steel reinforcing bars or steel webs and flanges can be reasonably modeled by incorporating it in a steel constitutive model that degrades the structural
properties of the steel elements when they reach a certain critical buckling stress. The model
can also impose equilibrium in the deformed state of the structure and thus represent geometrical nonlinearity and P-delta effects.
3.3

Material models

Concrete is represented using the uniaxial nonlinear concrete model that has a balance of
simplicity and accuracy. This model adopts the constitutive relationship formulated by Mander et al. [34] integrated with the improved cyclic rules proposed by Martinez-Rueda and
Elnashai [35] which can predict the continuing cyclic degradation of strength and stiffness
and helps to achieve better numerical stability in case of large displacements analysis. Two
separate concrete material models are used for the core concrete (confined) and cover concrete (unconfined) to reflect the different confinement factors included. The model assumes
constant active confinement pressure throughout the entire stress-strain range, which is considered as the maximum confining pressure that occurs at yielding of transverse reinforcement.
The steel reinforcing bars (longitudinal bars) are modeled using a bilinear (elasto-plastic)
model with a kinematic strain-hardening rule for the yield surface assumed as 0.5% of the
elastic initial stiffness [36].
3.3.1. Cross-sections
The cross-sections of each element are defined based on their design details and the material models chosen. In order to account for the slab contribution to beam stiffness and strength,
all beam sections are modeled as T-section with effective flange width equals to threefold the
slab thickness on each side, corresponding to the specifications of ECP-203 [27] in case of
seismic loading and amounting to 1.15m. Columns are modeled using square sections. ZEUSNL built-in section models for RC T-section and RC Rectangular section are used to model
beams and columns respectively as shown in Figure 3. Each structural member is modeled
using several elements having different cross sections to reflect the change in reinforcement
detailing along the member length. The cross-section definition covers the actual arrangement
of longitudinal reinforcement while the arrangement of transverse reinforcement is approximated through the confinement factor in the constitutive material model discussed in section
3.2.1. Figure 3 also illustrates the discretization of the cross-section into fibers at the material
level. The accuracy of the model increases as the number of fibers discretization increases;
thus, it was chosen to use 200 monitoring points per section to monitor nonlinear behavior.

Figure 3: Cross sections used in modeling beams and columns
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3.3.2. Elements
A 3-D cubic elasto-plastic element formulation was applied to model the spatial behavior
of both column and beam elements accounting for inelasticity across element depth and length
[37]. As the name implies, this elasto-plastic element utilizes a cubic shape function to provide the transverse displacement. For evaluation of the element forces and displacement, numerical integration of the cubic formulation equation is performed at two Gauss integration
points whose location is depicted in Figure 4. The cross-section at each Gauss point is divided
into a number of monitoring areas as discussed earlier, where the appropriate material constitutive model is applied, and strains and stresses are monitored and then integrated to model
the response of the whole element cross-section and length employing the fiber approach. Geometrical nonlinearity due to second order effects is also accounted for. Since each element
has a displacement-based formulation and just two integration points, several short length elements were used in order to ensure reasonable accuracy in inelastic modeling.

Figure 4: Location of the two Gaussian sections

Rayleigh damping elements were selected to model equivalent viscous damping in the
structure, which can result from friction in concrete opened micro-cracks and interaction of
nonstructural elements. Although, this damping part is very small compared to the more important hysteretic damping due to inelastic behavior and yielding (which is already implicitly
accounted for within the nonlinear material models that allows energy dissipation though cyclic loading), it was chosen to still employ some viscous damping in order to provide numerical stability, where the damping matrix results in stabilizing the system of equations of
motion. For this end, stiffness-proportional Rayleigh damping coefficient is calculated based
on the periods of the structure in the first two modes of significant mass participation [38].
Although the Egyptian code ECP-201 [26] provides the design spectrum based on 5% first
mode critical damping, this percentage also indirectly comprises the effect of inelastic behavior which is covered in the material models in nonlinear analysis. Therefore, 2% critical
damping in the first mode was considered following the code provisions for wind load analysis in which structures are assumed to behave completely elastically. Also 5% of critical
damping was assumed in the second mode.
Masses were represented by lumped 2D mass elements at beam-column intersections in
dynamic analysis, in order to reduce computational demand, since the current work is focused
on estimating structural global responses (like roof drift) rather than local stress state of members. Modeling infill walls was not included in the nonlinear dynamic analysis, except for
their masses considered, because infill walls usually get damaged at low drift values and thus
their contribution to stiffness stops at relatively low seismic action [39] and since the effect of
infill walls is not as critical on the displacement behavior, which is the core of this study, as it
is on the stress behavior.
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4
4.1

IMPLEMENTATION OF NONLINEAR MODEL IN SEISMIC ANALYSIS
Seismic Input and Scaling

In this study, it was selected to use an ensemble of artificial accelerograms (acceleration
time history ground motion records) for earthquake representation, with a single criterion
which is compatibility of their 5% damped elastic spectra with the code spectrum used in the
seismic design of the buildings over the period range of significance. Using artificial records
provided the advantage of best fit to target spectrum as well as limiting the variability in results. It was opted to use a suite of seven ground motion records, and then to average the results pertinent to the provisions of ECP-201 [26] for THA. Accordingly, seven 20-seconds
artificial accelerograms were generated using the program SIMQKE [40] such that their average matches the ECP-201 [26] “Type 1” elastic response spectrum for soft soil class “Type C”
at PGA= 0.3g. The records were selected to have reasonable variability of frequency and energy content to reduce the bias in response. The software SEISMOSIGNAL [41] was used to
evaluate some of the characteristics of the generated records, where maximum acceleration to
maximum velocity (A/V) ratio serves as an energy content indicator, and the earthquake predominant period, Tp, as a frequency content indicator. Characteristics of the records that have
been used with their reference notation are given in Table 2.
Earthquake reference

Predominant period (Tp)

Amax/Vmax

EQ1

0.26

11.2

EQ2

0.12

8.6

EQ3

0.2

13.9

EQ4

0.28

9.4

EQ5

0.18

11.8

EQ6

0.16

14.1

EQ7

0.22

10.5

Table 2: Characteristics of selected artificial ground motion records

For the purpose of scaling the ground motion records, it was chosen to use the peak ground
acceleration (PGA) as the intensity measure (IM) for scaling accelerograms later in the dynamic analysis rather than the most widely used IM, which is the 5%-damped spectral acceleration at the first-mode period of the structure. The latter has a major deficiency when used
in analysis involving high excursion into the inelastic response range, where it does not consider the elongation of the first modal period of vibration as a result of nonlinear behavior.
Additionally, PGA is considered the most important IM from a structural point of view because the resulting inertia forces in a structure are directly proportional to the acceleration,
according to Newton's Second Law. And till present PGA is the key aspect of definition of
seismic hazard in most seismic design standards including the ECP-201 [26], where it represents the first point on the elastic design response spectrum. Also, because relative spectral
matching at all periods is closely achieved during the generation of the spectrum-compatible
records, there is no need to provide separate scaling factors for each different height building
depending on its fundamental period. PGA is measured as the maximum absolute amplitude on
a recorded or synthetic accelerogram. In order to be used for scaling, at each incremental step a
of analysis, each record is simply multiplied by a scale factor Sift = ai / a1, where ai is the PGA
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of ground motion record used in the analysis, and a1 is the PGA of the original unscaled
earthquake record (i.e. PGA =0.3g).
4.2

Performance Criteria

In order to identify the factors that affect the maximum displacement at various levels of
seismic action, certain levels of performance were preselected and defined for studying their
associated response. Three discrete structural performance levels corresponding to three major
damage and functional states were investigated in the present work, following the definition
of the guidelines of FEMA-356 [21]:
• Immediate Occupancy (IO) level, at which the structure is safe to be occupied immediately
after the associated seismic event and repairs are minor, i.e. negligible damage.
• Life Safety (LS) level, at which the structure remains stable and has significant reserve capacity at the associated seismic event, and hazardous nonstructural damage is also controlled to ensure life safety.
• Collapse-Prevention (CP) level, at which the structure is barely standing after the associated seismic event, i.e. most severe damage before collapse.
Limiting values for the chosen response parameter, which is IDR, were assumed, following
the acceptance criteria specified in the FEMA-356 document [21], and presented in Table 3.
Therefore, the upper limits of IDR used to define the IO and LS performance levels were selected as 1% and 2%, respectively, while the limiting IDR for the CP level was chosen as 3%
(less than the 4% specified by FEMA 356) for added conservatism in the global failure criteria as proved by several previous studies [42-42].

Elements
Concrete Frames

Structural Performance Levels and Damage – Vertical Elements
Structural Performance Levels
Type
Collapse PrevenLife Safety
Immediate Occution
pancy
Primary

Secondary

Drift

Extensive cracking
and hinge formation in
ductile elements. Limited cracking and/or
splice failure in some
nonductile columns.
Severe damage in
short columns.
Extensive spalling in
columns (limited
shortening) and
beams. Severe joint
damage. Some reinforcing buckled.

4% transient
or permanent

Extensive damage to
beams. Spalling of
cover and shear cracking (<1/8" width) for
ductile columns. Minor spalling in nonductile columns. Joint
cracks <1/8" wide.
Extensive cracking
and hinge formation in
ductile elements. Limited cracking and/or
splice failure in some
nonductile columns.
Severe damage in
short columns.
2% transient;
1% permanent

Minor hairline cracking. Limited yielding
possible at a few locations. No crushing
(strains below 0.003).

Minor spalling in a
few places in ductile
columns and beams.
Flexural cracking in
beams and columns.
Shear cracking in
joints <1/16" width.
1% transient;
Negligible permanent

Table 3: Definition of structural performance levels for RC frames (after FEMA 356 [21])
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4.3

Incremental Dynamic Analysis

In order to derive maximum displacement expressions for RC frames corresponding to different levels of performance, it is required to study each prototype structure under various
levels of seismic actions to investigate the factors that influence its maximum displacement
pattern. This type of parametric analysis involving the extension of a single nonlinear THA
into an incremental one by progressively scaling the seismic load is generally referred to as
“Incremental Dynamic Analysis” (IDA). The scaling interval and limit is selected to adequately push the structure through the entire range of behavior under study, from elastic to
inelastic and finally to collapse (or close to collapse). Appropriate postprocessing can present
the structural response results as IDA curves, for each ground motion record, of the structural
response parametrized by a seismic intensity level. For the purpose of IDAs performed herein,
the following procedure is undertaken in order to develop IDA curves and create a response
databank with the post-processed results at the study performance levels:
1. Multiply the accelerogram with the initial SF1, which is taken as the reciprocal of the
FRF used in design (FRF =5); therefore SF1= 0.2.
2. Run nonlinear dynamic analysis with the ground motion record acceleration set as ai
= SFi × PGAdesign (0.3g), where i is the run number.
3. Extract all nodal displacements and calculate:
(IDRmax)i = the maximum instantaneous inter-storey drift ratio at run i (the
maximum difference between the lateral displacements of any two consecutive floors at any instance)
(rmax)i = maximum roof displacement at run i (the maximum difference between the lateral displacement of the roof and the base at any instance)
4. A reasonably small increment of 0.2 is chosen for progressively increasing the scale
factors. Therefore, the new scale factor is computed as: SFi+1= SFi + 0.2. This is
equivalent to having a PGA increment of 0.06g (0.2x 0.3g).
5. Repeat steps 2 to 3 until the (IDRmax) is greater than or equal 3%.
6. Plot the SFi versus (IDRmax)i and by linear interpolation, determine the scale factors
SFIO, SFLS, SFCP corresponding to the three following predefined performance levels
(respectively):
IO when IDRmax equals to 1%
LS when IDRmax equals to 2%
CP when IDRmax equals to3%
7. Re-run the model using SFIO, SFLS and SFCP and check that the IDRmax properly corresponds to the selected performance levels. If the target IDRmax is not achieved, interpolation is repeated, and scale factors are corrected until reaching the specified limits
of IDRmax for the three study performance levels. In other words, for each pair of
structure and accelerogram, three scale factors are identified for running the models.
8. For the same prototype structure, repeat steps 1 to 7, for the rest of the 7 artificially
generated ground motion records.
9. Repeat steps 1 to 8 for the rest of the 9 prototype structures.
5

RESULTS AND DISCUSSION

This section discusses some of the results of IDA that are used to identify the factors and
the form of the expression to be used for estimation of maximum roof displacement. The
whole computational volume required to identify the selected performance levels was in the
order of 1750 nonlinear THA runs, however for the presentation of the displacement profiles,
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only the results at the study performance levels are included, after averaging the response of
the seven ground motions for each prototype building.
5.1

Height-wise displacement profiles

Base Shear T=7.53
3.514524
7.384009
9.731224
9.780406

Floor

The maximum displacement profiles for the study cases are presented based on the mean
values of story displacement (average of the response for the seven ground motion records)
that occurs at the seismic intensity identified for each performance level. Based on the results
presented in Figures 5-7, it can be observed that the number of stories (nF) is the main geometrical characteristics that affects the values of storey displacement and the shape of the displacement profile. Taller frames display higher displacement response, and their displacement
profile shapes reflect higher modes of vibration than the fundamental translational mode.
Shorter frames exhibit an almost linear displacement profile. Also, it can be inferred that an
increase in the number of bays (nB) produces a reduction in the maximum floor displacement
due to the increased stiffness. This influence is more prominent in the nonlinear range for the
LS and CP performance levels, with the reduction in displacement as related to the increased
number of bays being more observed in the higher floors, especially for the roof displacement.
.
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Figure
5: Mean values of the maximum floor displacements that represent the drift profile of the 4-story
19.04899
frames associated with the IO level (IDR =1%), LS level (IDR =2%), and CP level (IDR =3%).
Base Shear T=10.04
0.083504
4.955909
8.908959
9.332824

nB=3
nB=5

5053

Soha H. Elkassas, Mohamed N. AbdelMooty, Ezzat H. Fahmy and Ezzeldin Y. Ahmed

7

nB=3
nB=
3

6

nB=5
Nb=5
nB=7
nB=7

Floor

5
4
3

2
1

(mm)
0
0

50

100

150

200

250

300

350

400

Mean value of the maximum floor displacement (IDR = 1%)
7

Nb=3
nB=3

nB=5
n =5

6

B

nb=7
n =7
B

Floor

5
4
3
2

1

(mm)
0
0

50

100

150

200

250

300

350

400

Mean value of the maximum floor displacement (IDR = 2%)
7

nNb=3
B=3

6

nnB=5
B=5

nnb=7
B=7

Floor

5
4
3
2
1

(mm)
0
0

50

100

150

200

250

300

350

400

Mean value of the maximum floor displacement (IDR = 3%)

Figure 6: Mean values of the maximum floor displacements that represent the drift profile of the 7-storey
frames associated with the IO level (IDR =1%), LS level (IDR =2%), and CP level (IDR =3%).

5.2

Parametric study

Three parameters are studied to understand their effects on the value of the maximum roof
displacement, namely the number of floors (nF), the number of bays (nB) and the IDRr,max
damage metric. Two of the parameters are alternatively fixed in order to be able to visualize
the effects of the third parameter. The results of the parametric including all the results of the
nonlinear THA are shown in Figures 8 and 9. By comparing the roof displacement versus IDR
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Figure 7: Mean values of the maximum floor displacements that represent the drift profile of the 10-storey
frames associated with the IO level (IDR =1%), LS level (IDR =2%), and CP level (IDR =3%)
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for the different height and width frames, a general increasing trend is observed with increasing building nF and decreasing nB. The effect of the number of stories is much more substantial, as clear in the plots. Also, there is higher sensitivity to the ground motion characteristics
with increasing number of floors as proven by the higher dispersion of results in Figure 8, especially with higher excursion into inelastic action (higher IDR values). It can be observed
that there is a change in slope with increasing IDR for the different height frames, which
proves the interaction of these two factors in contributing to the estimate of maximum roof
displacement. Figure 9 reiterates the same relationships and displays the range of sensitivity
of the maximum roof displacement to the change in number of bays. The increase in roof displacement with decreasing number of bays is quite negligible for the 4 stories buildings, and
the effect of number of bays becomes more prominent with increasing number of floors and
especially at higher IDR values associated with more damage.

Figure 8: Dependency of the maximum roof displacement on IDR and nF (for a given number of bays)

Figure 9: Dependency of the maximum roof displacement on IDR and nB (for a given number of stories)

6

CONCLUSIONS

In order to incorporate damage in the initial stages of seismic design, a method is proposed
for design of RC frame structures that involves modification of the familiar FBD method,
where the design starts with a displacement variable that is converted into a force parameter,
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and then design can proceed in the conventional way. The use of the proposed modification
can yield designs with higher accuracy and more reliability in achieving the preselected performance targets, where the damage is controlled at every performance level. Additionally,
due to minimizing the amount of iterations, this method can be considered a valid contribution to the stage of “Preliminary Building Design” of the framework of “next-generation performance-based seismic design” nominated by FEMA-445 [3].
This paper presents the modification envisaged which requires development of a mathematical that can estimate maximum roof displacement based on required performance objectives, and independent of the members cross sections, such that it can be used at the start of
design. The computational methodology for development of such expressions are presented
which requires developing rigorous nonlinear models of the RC structures and performing
extensive parametric studies using nonlinear time-history analysis in order to identify the parameters that will be included in the displacement prediction relation. The effect of changing
the number of floors and number of bays together with changing the performance level, on the
displacement behavior is observed, so that they can be later incorporated by the authors in
nonlinear regression to develop the required expressions. It should be noted that the conclusions herein are only valid for the range of structures under study and for areas with similar
seismicity. In the long run, the recommended design scheme can present a promising design
tool that can be implemented in design codes and textbooks, pending verification and validation on a wider range of structural systems and materials.
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Abstract
The 2019-2021 RINTC project is the extension of the 2015-2017 RINTC project that assessed,
explicitly, the seismic risk of code-conforming Italian structures (i.e., designed according to
the seismic code currently enforced). The aim of the new RINTC project is to extend the
methodological framework developed in RINTC to the existing structures (designed and built
before 2008), which constitute the vast majority of Italian building stock. In 2018 some analyses, preliminary with respect to the 2019-2021 project, were carried out; i.e., the 2018
RINCT-e project. In particular, five structural typologies were considered: masonry, reinforced concrete, pre-cast reinforced concrete, steel, and seismically isolated buildings. In the
framework of the 2018 project, several archetype structures for each typology have been designed and/or retrofitted according to standard practices consistent with outdated codes, enforced since the eighties, for five sites across Italy spanning a wide range of seismic hazard
levels (evaluated according to current standards). The seismic vulnerability of the designed
structures was assessed by subjecting three-dimensional nonlinear computer models to multistripe non-linear dynamic analysis. Integration of the probabilistic hazard and probabilistic
vulnerability (i.e., fragility) yields the annual failure rate for each of the designed and modeled structure. In the paper, the 2019-2021 RINTC project is introduced and the preliminary
failure rates of the existing structures are presented.
Keywords: Reliability, Structures, Earthquake Engineering, Failure, Damage.
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1

INTRODUCTION

The 2015-2017 RINTC (Rischio Implicito delle strutture progettate secondo le NTC) project was a large research effort aimed at assessing the seismic structural reliability, expressed
in terms of annual failure rate, of code-conforming structures in Italy [1][3]. For the purposes
of the project three sites exposed to comparatively low- mid- and high-seismic hazard were
considered; i.e., Milan (MI), Naples (NA) and L’Aquila (AQ). At these sites, residential/industrial buildings belonging to five structural typologies were designed according to the
recent Italian seismic code; i.e., un-reinforced masonry (URM), reinforced concrete (RC),
pre-cast reinforced concrete (PRC), steel (S), and base-isolated (BI) structures. All typologies
were designed at all sites with reference to two limit states considered by the code; damage
control and life-safety. Three-dimensional non-linear models were developed for the buildings,
with the aim of running dynamic analysis for performance assessment with respect to two adhoc defined failure conditions: usability-preventing damage (UPD) and global collapse (GC).
Earthquake records for the non-linear dynamic analysis were selected according to the conditional-spectrum (CS) [4] approach. The results mainly indicate that the seismic structural reliability changes by orders of magnitude as the seismic hazard changes from site-to-site, despite
homogeneity of the exceedance return period of the design ground motion and of the other
design and modelling choices. The contribution of uncertainty in modelling assumptions and
soil-structure interaction was also quantified and found of relatively minor importance.
Herein the 2019-2021 RINTC project is introduced. It targets the seismic structural reliability of low- and pre-code structures in Italy. This is because these structures constitute the
vast majority of the Italian building stock. To compare the reliability results to those already
obtained for the code-conforming structures, the modelling and analysis framework is retained from the previous project. Three code levels, previous to the contemporary era, are
broadly identified for the existing structures in Italy: (1) the 80-90s; (2) the 70s; (3) the pre70s era. While (1) and (2) represent ages of evolution of the codes toward modern earthquakeresistant design, (3) is when most of the buildings in Italy were designed basically for gravity
loads.
In this short paper, the workplan, in terms of analyzed structures, is presented together with
the preliminary results from the preparatory activity developed in 2018. In particular the 2018
RINTC-e project is discussed. To this aim, the following is organized such that the case studies of the 2019-2021 RINTC project are illustrated. Subsequently, the structures analyzed in
2018, mostly referring to design or seismic upgrade of structures according to the codes enforced in the 80-90s (some also from the 70s) in Italy, are described along with the representation of the ground motion for reliability assessment via non-linear dynamic analysis. Then,
the failure criteria considered, analogous to the 2015-2017 RINTC project are recalled. Finally, the, very preliminary, results in terms of failure rates are discussed. Final remarks close the
paper.
2

RINTC-E SITES, STRUCTURES AND BUILDING CODES

The RINTC 2019-2021 project deals with existing buildings built, essentially, in the XX century, in which the design in Italy evolved from only gravity-load-design all-over the country
to earthquake-resistant design in most of the country [5]. All the considered codes precede the
contemporary era in which seismic actions are based on probabilistic seismic hazard analysis
and the principle of seismic design (e.g., capacity design) are fully acknowledged by the code.
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Table 1 provides a matrix where the buildings considered in the 2019-2021 project are as-

sociated to the design/construction age and the sites where they are supposed1 to be located. It
is to note that two sites, Rome (RM) and Catania (CT), have been specifically-considered for
the purposes of the RINTC-e project. In particular, Catania has been considered as a site with
relatively high seismic hazard according to the current code, yet characterized by gravity-load
design only since a few decades ago. The addition of Rome downtown allowed to consider
large URM buildings typical of historical downtowns in Italy, similar to Naples, yet exposed
to different seismic hazard. Figure 1 (left), shows the considered sites overlaid on the map of
the peak ground acceleration (PGA) with 475 years exceedance return period on rock, which
is adopted by the current code as a basis to determine the current design actions [6],[7]. Figure
1 (right) shows the PGA on rock hazard curves for the five sites, ad-hoc computed, yet consistent with the probabilistic seismic hazard study at the basis of the current code [8]. The relative seismic design hazard levels can be observed from the figure. MI is the less hazardous
and AQ is the most hazardous.

Annual exceedance rate

10

1

AQ
CT
NA
RM
MI

0.1

0.01

0.001

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
PGA[g]

1

Figure 1: Left – considered sites on the map of peak ground acceleration (PGA) with 475 years exceedance return period on rock, adopted by the current code; right – PGA hazard curves on rock for the five sites.
Table 1: Building/sites matrix for the existing buildings to be studied in the 2019-2021 RINTC project and those
analyzed in the 2018 RINTC-e project (in bold).2
Milan (MI)
RC

URM

G(<20s),
G(20s-40s)

Naples (NA)

Catania (CT)

L’Aquila (AQ)

G(50s-60s),
G(70s),
G(80s-90s),
G(<20s),
SU(NTC)str1,
SU(NTC)str2,
SU(POR)str1,
SU(POR)str2

G(50s-60s),
G(70s),
G(80s-90s)

S(50s-60s),
S(70s),
S(80s-90s)

G(<20s),
G(50s-60s)

G(<20s), SU(80s90s), SU(20082018)

Rome (RM)

G(50s-60s),
G(70s),
G(80s-90s),
G(90s), SU(80s90s), SU(08-18),
SU(NTC)rs1,
SU(NTC)rs2

URM buildings in Rome are actual buildings located in the city’s downtown.
G = gravity-load-design; S = earthquake-resistant design; SU = seismically upgraded (see [9] for RC and [10]
for PRC); NTC = current Italian code [6], POR = analysis method (see [11]), str-1,2= structure type, rs-1,2 =
rehabilitation strategy (see [11]); HP = portal with Hinges, FP= fully constrained portal, SP = sandwich panels,
TS = trapezoidal sheeting (see [12]); BI-G,S= RC structures isolated with high-damping rubber bearing and/or
sliders (HDRB) or double-curvature friction pendulums (DCFP) (see [13]). Numbers in the parentheses represent
reference years for code provisions used for design.
1

2
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PRC

S

G(70s),
G(60s-80s),

G(70s), G(60s80s), G(80s-90s)
FP-SP(80s-90s),
HP-TS(80s-90s),
HP-SP(80s-90s)

BI

S(80s-90s)
FP-SP(80s-90s),
HP-TS(80s-90s),
HP-SP(80s-90s)
BI-G(50s-60s),
BI-G(70s),
G(80s-90s)

G(70s)

S(60s-80s),
S(80s-90s),
S(80s-90s)
FP-SP(80s-90s),
HP-BF(80s-90s),
HP-TS(80s-90s),
HP-SP(80s-90s)
BI-S(50s-60s),
BI-S(70s),
BI-S(80s-90s)

The failure rates of buildings in bold in Table 1 are preliminarily addressed in this paper. The
considered codes, although modern, are not at the contemporary level of seismic design, at
least in terms of definition of design action and resistant mechanism rules such as capacity
design. In most of cases, buildings were designed according to these codes; however, in the
case of unreinforced masonry, older buildings were upgraded according to the considered
code or, in some cases according to the current code, indicated as NTC [6]. In the following,
few details for each typology are given; however, the interested reader should refer to the specific papers cited for a more comprehensive discussion about design, modelling and analysis.
2.1

URM buildings

For what concerns URM buildings, the 2018 RINTC-e plan was to retrofit older buildings.
Retrofit interventions on URM buildings were designed according to the code, issued 1981,
for repair and strengthening of buildings damaged by earthquakes [14], and the associated
guidelines [15]. These documents incorporate the so-called POR method, originally proposed
by Tomazevic [16], for the seismic analysis of retrofitted URM buildings. The relevance of
this code is that it was published after the magnitude (M) 6.5 1976 (Friuli, northern Italy),
M5.8 1979 (Norcia, southern Italy) and M6.9 1980 (Irpinia, southern Italy) earthquakes, and
then extensively used in the reconstruction phases. Interventions were also alternatively designed according to the current code (NTC). Eventually, retrofit interventions were assessed
according to the code update published in 2018 [7]. As an example, Figure 2 reports the upgraded buildings in Naples, about which further details can be found in [11].

Figure 2: the URM building analyzed in Naples.

2.2

RC buildings

In 2018, case-study structures representative of the existing residential RC building stock in
Italy were defined through a simulated design process. These structures were three-storey
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buildings, designed for gravity loads only during the 70s (gravity-load-design, G) or for seismic loads during 80s-90s (seismic-load-design, S). G-buildings were designed according to
[17]. S-buildings were designed according to [18], as technical code, and to [19], for seismic
load provisions. S-buildings were assumed to be located in L’Aquila (second seismic category
at the time of design; i.e., mid seismic loads in a set of three), and thereby they were designed
with a base shear equal to 0.07 times the building weight, adopting a linear static analysis
method. Both for G- and S-buildings, the allowable stress design method was used. In all cases modelling considered infilled structures. Details are given in [9], while Figure 3 provides
an example of a three-storey RC building.

Figure 3: Three-dimensional view of a three-storey S building.

2.3

PRC buildings

Six different single-story PRC buildings were designed according to [17] and [20], enforced
in Italy in the 70s, for three different sites (MI, NA, CT) and for two different heights of the
columns (6 and 9 m).. The considered codes do not take into account seismic loads and the
design follows a deterministic approach according to the allowable stress design. Roof elements and beams are designed only for vertical loads (dead and live loads), whereas the design of columns takes into account the wind load and temperature variations, which are the
only horizontal forces acting on the buildings in the design phase. In fact, single-story PRC
buildings are also designed according to the seismic codes enforced in Italy in 80s and 90s.
Details are given in [10], while Figure 4 provides the front and plan views of the typical PRC
buildings designed and modelled in the project.
2.4

S buildings

The building structures were obtained by simulating a design carried out according to the
code and standards for steel buildings enforced in the years 1980s-1990s [19],[21][22]. In
more detail, [21] contained information regarding variable load values (i.e., wind and snow
loads and variable gravity loads). Instead, [19] contained information about the site seismic
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classification and the consequent calculation of the equivalent static forces, for both horizontal and vertical components. In addition, [22] was a well know guideline for specific design of
steel structures, in terms of resistance, stability and deformability checks. Steel structures design contemplated only hinged-portal (HP) in 2018, while corresponding fully-constrained
portals (FP) will be examined in 2019-2021. Concerning the cladding, both sandwich panels
(SP) and trapezoidal sheeting (TS), were considered. Details are given in [12], while Figure 3
provides a three-dimensional view of the typical steel building designed and modelled in the
project.

Figure 4: Front (left) and plan (right) views of the typical PRC buildings designed and modelled in the project.

Figure 5: Three-dimensional view of the topical steel building designed herein.

2.5

BI buildings

For the case of BI, the objective was not to design the isolation system according to old
codes, yet to protect the existing buildings according to the current code [6],[7]. In particular,
for the existing fixed-base RC building (see Table 2), the base shear associated with the onset
of plastic deformations was first identified by pushover analysis, assuming a uniform distribution of lateral forces. After that, the lowest value of the fundamental period of the base isolated building was derived entering the design spectrum with the spectral acceleration associated
to the occurrence of the first plastic hinge. Next, the maximum displacement of the isolation
system was evaluated using the displacement (code) spectrum at the collapse limit-state.
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Based on the target period and required displacement capacity, suitable devices were selected
from the manufacturers’ catalogues. The verification of the base-isolated building was carried
out through response spectrum analysis of a three-dimensional model of the structure, considering the performance requirements and compliance criteria specified in the current code. See
[13] for details.
3

FAILURE CRITERIA

The failure rates were computed with respect to two performance levels, global collapse
and usability-preventing damage. In general, the GC criterion is based on the deformation capacity corresponding to a certain level of strength deterioration, measured on the nonlinear
static capacity curves of the structural models (Figure 6, left).3 For all the structural models in
any dynamic analysis, the occurrence of GC was checked using the maximum demand-overcapacity ratio in the two directions.
The criteria for UPD are based on a multi-criteria approach (Figure 6, right) that considers
the onset of any of the following three conditions: (a) light damage in 50% of the main nonstructural elements (e.g., infills); (b) at least one of the non-structural elements reached a severe damage level leading to significant interruption of use; (c) attainment of 95% of the maximum base-shear of the structure. Although these are the general criteria, several existing
buildings belonging to the case studies analyzed required ad-hoc adjustments and further considerations about failure. The details on these issues are given in the companion articles for
these specific typologies.

Figure 6: left – general definition for the GC e failure criterion; right – general definition of the UPD failure criterion. (Figure adapted from [3])

4

SEISMIC HAZARD AND RECORDS FOR DYNAMIC ANALYSIS

To compute the failure rates, hazard curves are required (see section 8). The ground motion intensity measures (IMs) considered are pseudo-spectral acceleration Sa at periods (T )
close to the first-mode periods of the developed structural models. Table 2 reports the ground
motion intensity measures the pseudo-spectral accelerations considered at the sites. The table
acknowledges that the soil class for the analysis (and for the design, where applicable), was C
according to the site classification of Eurocode 8 [23].
The hazard curves, expressed in terms of annual exceedance rate, Sa(T ) ( x ) , versus
ground motion intensity, needed for the calculations, were computed as described in [3], that
3

The GC condition for BI buildings was assumed to occur either if the superstructure fails or if the base isolation
system fails.
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is using the seismic zone source model of [8], with the magnitude distribution and rates described in [24], and the ground motion prediction equation of [25] (or that of [26] for the
longer spectral periods not covered by [25]). Hazard calculations have been carried out via the
OPENQUAKE platform [27].
Table 2: periods at which pseudo-spectral acceleration hazard has been computed at each site for record selection
and failure rate computation.

Site

Soil C

MI

T = 0.5s,1.0s, 2.0s

NA

T = 0.25s, 0.5s,1.0s, 2.0s,3.0s

RM

T = 0.15s, 0.5s

CT

T = 0.5s,1.0s, 2.0s

AQ

T = 0.5s,1.0s, 2.0s,3.0s

Hazard curves were discretized in ten IM values corresponding to the following return periods (TR ) in years: TR = 10,50,100, 250,500,1000, 2500,5000,10000,100000 . No IMvalues with exceedance return period longer than TR = 100000 yr were calculated, to avoid
large extrapolations.
To select the ground motion records to be used as input for dynamic analysis, the CS approach has been considered, in analogy to what done in [3]. It accounts for seismic hazard
disaggregation, to fit the scopes of non-linear dynamic multi-stripe analysis (MSA), which
was used to assess seismic structural vulnerability.
The
record
selection
procedure
was
that
available
at
http://web.stanford.edu/~bakerjw/research/conditional_spectrum.html. The selected records
were extracted mainly from the Italian accelerometric archive (http://itaca.mi.ingv.it/; [28])
and only if no records with similar spectra were available there, suitable records in the
NGAwest2 (http://peer.berkeley.edu/ngawest2/) database [29] were selected instead.
The record selection delivered two-hundreds pairs of records for each IM; twenty records
for each one of the ten stripes. Hence, two-hundred records have been employed in the analysis of each individual structural model. To reduce the computational demand from non-linear
dynamic analysis, the selected records have been post processed to remove the parts of the
signal outside t0.05% , t99.95%  range, where D99.90% = t99.95% − t0.05% is the 99.90% significant duration of the record [30], yet keeping synchronization of horizontal components.
5

STRUCTURAL ANALYSIS AND FAILURE RATES
The failure rates (  f

) shown in the following, were evaluated via equation (1):
x

f =

10−5



P  failure Sa (T ) = x   d Sa(T ) ( x ) + 10−5 .

0
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In the equation, d Sa(T ) ( x ) is the derivative of the hazard curve of interests, and
P  failure Sa (T ) = x  is the failure probability of the structure for which the failure rate is

(

)

being evaluated; i.e., the structural fragility. The integral stops at the last IM value x10−5 for
−5

which hazard is computed; i.e., that with 10 annual exceedance rate. Thus, to account for
this truncation 10−5 is added to the integral. This is an approximation that assumes structural
failure, with certainty, for IMs larger than x10−5 .
It has been briefly recounted in the previous section how Sa(T ) (i.e., the seismic hazard)
has been computed. For what concerns P  failure Sa (T ) = x  , it has been evaluated for each
structure via MSA (see [3]). In particular, each (three-dimensional) structural model has been
subjected to 20 records (two horizontal pairs), ad-hoc selected (see section 4) for each of ten
IM values corresponding to the return periods at which probabilistic seismic hazard was computed. The sample of 20 response values collected in this way forms a so-called stripe, because, in a hypothetical plot of response vs IM, they are all aligned. For each stripe, the
fragility was computed via equation (2):

 log ( edp f ) − log EDP Sa T = x

(
) ( ) i
P  failure Sa (T ) = xi  = 1 −  
 log ( EDP ) Sa(T )= xi





 N
col ,Sa (T ) = xi

 1 −
Ntot ,Sa(T )= xi



 N col ,Sa(T )= x
i
(2)
+
 Ntot ,Sa(T )= x
i


where EDP is the engineering demand parameter), representing a structural response measure
(e.g., maximum inter-storey drift ratio) and edp f is the structural capacity for the perfor-



mance of interest. The quantities log ( EDP ) Sa(T )= x , log ( EDP ) Sa (T )= x
i

i

deviation of the logarithms of EDP when Sa (T ) = xi , i = 1,

 are the mean and standard

,10 , while  (

) is the cumu-

lative Gaussian distribution function and N col ,Sa(T )= xi is the number of collapse cases (i.e.,
those reaching global instability according to the terminology in [31]). Finally, N tot ,Sa(T )= xi is
the number of ground-motion records, here 20, with Sa (T ) = xi , i = 1,

,10 .

Although equation (2) is the general framework, in selected cases P  failure Sa (T ) = x 
has been empirically evaluated by counting the number of records for which failure has been
observed, N f ,Sa(T )= xi , as shown in equation (3).

P  failure Sa (T ) = xi  =
5.1

N f ,Sa(T )= xi
Ntot ,Sa(T )= xi

(3)

Preliminary results

Figure 7 provides the preliminary failure rates for the buildings analyzed in 2018. The figure contemplates both the UPD as well as the GC rates for soil C. Data are arranged per increasing design hazard of the sites according to the current code. It can be seen that the trend
observed in [1][3] for current-code-conforming structures, which implied decreasing reliability for increasing design hazard, is less clear for existing buildings, likely due to the large heterogeneity of the buildings analyzed. Moreover, as expected these rates are generally larger
than those of new constructions. Nevertheless, these are very preliminary and are far to be
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considered consolidated yet. For example, rates for UPD and GC for BI structures, needs further deepening.4
0

10

RC-3st-G(70s)
RC-3st-S(80s-90s)
URM-7st-SU(NTC)rs1
URM-7st-SU(NTC)rs2
URM-SU(NTC)str1
URM-SU(POR)str1
URM-SU(NTC)str2
URM-SU(POR)str2
Steel-HP-BF(80s-90s)
Steel-HP-TS(80s-90s)
Steel-HP-SP(80s-90s)
PRC-G(70s)
PRC-S(80s-90s)
BI-HDRB+Sldr-S(80s-90s)
BI-HDRB+Sldr-G(70s)
BI-DCFP-S(80s-90s)
BI-DCFP-G(70s)
BI-HDRB-S(80s-90s)

Annual Rate of Failure

10-1

10-2

-3

10

10-4

Milan

Rome

Naples

Catania

L'Aquila

Milan

Rome

Naples

Catania

L'Aquila

Figure 7: preliminary failure rates from the 2018 RINTC-e project for soil C; left is UPD, right is GC.

6

FINAL REMARKS

In this paper the 2019-2021 RINTC project was introduced. The project deals with the seismic reliability assessment of the existing building designed for earthquake resistance via obsolete codes or for gravity loads only. The project has the ambition to consider a wide range
of Italian codes, following the evolution of construction practice in the XX century. As a preliminary work, some cases were investigated in 2018, in the framework of the RINTC-e project propaedeutic to the 2019-2021. These are mostly buildings designed according to 70s or
80s-90s codes as well as older buildings seismically upgraded according to codes from 80s90s. Finally, base-isolated buildings are existing buildings of the mentioned type seismically
upgraded according to the current code. Failure rates computed for these cases show a less
clear trend with respect to what observed for current-code-conforming structures and generally higher values, as expected. Nevertheless, these results are not yet consolidated and will be
likely revisited during the course of the 2019-2021 RINTC project.
7

ACKNOWLEDGEMENTS

The study was developed between 2017 and 2018 in the framework the ReLUIS-DPC and
EUCENTRE-DPC projects, funded by the Presidenza del Consiglio dei Ministri, Dipartimento della Protezione Civile (DPC).
8

REFERENCES

[1] RINTC Workgroup, Results of the 2015-2016 RINTC project. ReLUIS report, ReLUIS,
Naples, Italy, 2017. Available at https://goo.gl/j8H7MV
4

With regard to BI, also note that the UPD rates presented herein also include the failure of the isolation system,
differently from what discussed in [13], where damage conditions were only referred to the super-structure.

5070

Iunio Iervolino, Andrea Spillatura and Paolo Bazzurro

[2] I. Iervolino, A. Spillatura, and P. Bazzurro, Assessing the (Implicit) Seismic Risk of
Code-Conforming Structures in Italy, in COMPDYN 2017 - 6th ECCOMAS Thematic
Conference on Computational Methods in Structural Dynamics and Earthquake Engineering, Rhodes Island, Greece, 2017.
[3] I. Iervolino, A. Spillatura, P. Bazzurro, Seismic reliability of code-conforming Italian
buildings. J. Earthq. Eng., 22(S2), 5-27, 2018.
[4] T. Lin, C.B. Haselton, J.W. Baker, Conditional spectrum‐based ground motion selection.
Part I: Hazard consistency for risk‐based assessments. Earthq. Eng. Struct. D., 42,
1847-1865, 2013.
[5] I. Iervolino, F. Petruzzelli, NODE v.1.0 beta: attempting to prioritize large-scale seismic
risk of engineering structures on the basis of nominal deficit, in XIV Convegno Nazionale L'Ingegneria Sismica in Italia, Bari, 2011.
[6] CS.LL.PP., Norme tecniche per le costruzioni. Gazzetta Ufficiale della Repubblica Italiana, 29, 2008. (In Italian.)
[7] CS.LL.PP., Aggiornamento delle norme tecniche per le costruzioni. Gazzetta Ufficiale
della Repubblica Italiana, 42, 2018. (In Italian.)
[8] M. Stucchi, C. Meletti, V. Montaldo, H. Crowley, G.M. Calvi, E. Boschi, Seismic hazard assessment (2003–2009) for the Italian building code. B. Seismol. Soc. Am., 101,
1885-1911, 2011.
[9] P. Ricci, V. Manfredi, F. Noto, M. Terrenzi, M.T. De Risi, M. Di Domenico, G. Camata,
P. Franchin, A. Masi, F. Mollaioli, E. Spacone, G.M. Verderame, RINTC-e: Towards
seismic risk assessment of existing residential reinforced concrete buildings in Italy, in
COMPDYN 2019 - 7th ECCOMAS Thematic Conference on Computational Methods in
Structural Dynamics and Earthquake Engineering, Crete, Greece, 2019.
[10] G. Magliulo, D. Bellotti, C. Di Salvatore, F. Cavalieri, RINTC-e project: towards the
seismic risk of low and pre-code single-story r/c precast buildings in Italy, in
COMPDYN 2019 - 7th ECCOMAS Thematic Conference on Computational Methods in
Structural Dynamics and Earthquake Engineering, Crete, Greece, 2019.
[11] S. Bracchi, S. Cattari, S. Degli Abbati, S. Lagomarsino, G. Magenes, M. Mandirola, S.
Marino, A. Penna, M. Rota, RINTC-e project: towards the seismic risk of retrofitted existing Italian URM buildings, in COMPDYN 2019 - 7th ECCOMAS Thematic Conference on Computational Methods in Structural Dynamics and Earthquake Engineering,
Crete, Greece, 2019.
[12] G. Cantisani, G. Della Corte, RINTC-e: Seismic risk of pre-code single-story nonresidential steel buildings in Italy, in COMPDYN 2019 - 7th ECCOMAS Thematic Conference on Computational Methods in Structural Dynamics and Earthquake Engineering, Crete, Greece, 2019.
[13] L. Ragni, D. Cardone, N. Conte, A. Dall'Asta, A. Di Cesare, A. Flora, N. Lamarucciola,
F. Micozzi, F. Ponzo, RINTC-e project: the seismic risk of existing Italian RC buildings
retrofitted with seismic isolation, in COMPDYN 2019 - 7th ECCOMAS Thematic Conference on Computational Methods in Structural Dynamics and Earthquake Engineering, Crete, Greece, 2019.
[14] MIN.LL.PP., Decreto ministeriale 2 luglio 2981. Gazzetta Ufficiale della Repubblica
Italiana, 198, 1981. (In Italian.)

5071

[15] MIN.LL.PP., Circolare 30 luglio 1981, Istruzioni relative alla normativa tecnica per la
riparazione ed il rafforzamento degli edifici in muratura danneggiati dal sisma, Rome,
Italy. (In Italian.)
[16] M. Tomaževič, The computer program POR, Report ZRMK, Institute for Testing and
Research in Materials and Structures, Ljubljiana, Slovenia, 1978. (In Slovenian.)
[17] CS.LL.PP., Norme tecniche per la esecuzione delle opere in cemento armato normale e

precompresso e per le strutture metalliche. Gazzetta Ufficiale della Repubblica Italiana,
198, 1974. (In Italian.)
[18] CS.LL.PP., Norme tecniche per le opere in c.a. normale e precompresso e per le strutture metalliche. Gazzetta Ufficiale della Repubblica Italiana, 65, 1992. (In Italian.)
[19] CS.LL.PP., Norme tecniche relative alle costruzioni antisismiche. Gazzetta Ufficiale
della Repubblica Italiana, 108, 1986. (In Italian.)
[20] C.N.R., UNI 10012-67 – Ipotesi di carico sulle costruzioni. UNI, Milan, Italy, 1967. (in
Italian.)
[21] CS.LL.PP., Istruzioni relative ai carichi, ai sovraccarichi ed ai criteri generali per la verifica di sicurezza delle costruzioni. Gazzetta Ufficiale della Repubblica Italiana, 140,
1982.
[22] C.N.R., UNI 10011-88 – Costruzioni di acciaio: istruzioni per il calcolo, l’esecuzione, il
collaudo e la manutenzione. UNI, Milan, Italy, 1988. (in Italian.)
[23] C.E.N., Eurocode 8: Design of Structures for Earthquake Resistance: Part 1: General
Rules, Seismic Actions and Rules for Buildings, European Committee for Standardization, Bruxelles, Belgium, 2004.
[24] S. Barani, D. Spallarossa, P. Bazzurro, Disaggregation of probabilistic ground-motion
hazard in Italy. B. Seismol. Soc. Am., 99, 2638-2661, 2009.
[25] N.N. Ambraseys, K.U. Simpson, J.J. Bommer, Prediction of horizontal response spectra
in Europe. Earthq. Eng. Struct. D., 25, 371-400, 1996.
[26] S. Akkar, J.J. Bommer, Empirical Equations for the Prediction of PGA, PGV, and Spectral Accelerations in Europe, the Mediterranean Region, and the Middle East. Seismol.
Res. Lett., 81, 195-206, 2010.
[27] D. Monelli, M. Pagani, G. Weatherill, V. Silva, H. Crowley, The hazard component of
OpenQuake: The calculation engine of the Global Earthquake Model, in 15WCEE 15th world conference on earthquake engineering, Lisbon, Portugal, 2012.
[28] L. Luzi, S. Hailemikael, D. Bindi, F. Pacor, F. Mele, F. Sabetta, ITACA (ITalian ACcelerometric Archive): a web portal for the dissemination of Italian strong-motion data,
Seismol. Res. Lett., 79, 716-722, 2008.
[29] T.D. Ancheta, R.B. Darragh, J.P. Stewart, et al., NGA-West2 database. Earthq. Spectra,
30, 989-1005, 2014.
[30] R. Dobry, I.M. Idriss, E. Ng, Duration characteristics of horizontal components of
strongmotion earthquake records. B. Seismol. Soc. Am., 68, 1487-1520, 1978.
[31] N. Shome, C.A. Cornell, Structural seismic demand analysis: Consideration of “Collapse”, in PMC2000 - 8th ASCE Specialty Conference on Probabilistic Mechanics and
Structural Reliability. University of Notre Dame, South Bend, Indiana, 2000.

5072

COMPDYN 2019
7th ECCOMAS Thematic Conference on
Computational Methods in Structural Dynamics and Earthquake Engineering
M. Papadrakakis, M. Fragiadakis (eds.)
Crete, Greece, 24–26 June 2019

ASSESSMENT OF THE RESISTANCE MODEL UNCERTAINTIES IN
PLANE STRESS NLFEA OF CYCLICALLY LOADED REINFORCED
CONCRETE SYSTEMS
D. Gino1, P. Castaldo2, A. Dorato3 and G. Mancini4
2

Department of Structural, Geotechnical and Building Engineering (DISEG), Politecnico di Torino,
Turin, Italy
corso Duca degli Abuzzi 24, 10129 Torino, ITALY
e-mail: diego.gino@polito.it

2

Department of Structural, Geotechnical and Building Engineering (DISEG), Politecnico di Torino,
Turin, Italy
corso Duca degli Abuzzi 24, 10129 Torino, ITALY
e-mail: paolo.castaldo@polito.it

2

Department of Structural, Geotechnical and Building Engineering (DISEG), Politecnico di Torino,
Turin, Italy
corso Duca degli Abuzzi 24, 10129 Torino, ITALY
e-mail: alessandro.dorato@polito.it

2

Department of Structural, Geotechnical and Building Engineering (DISEG), Politecnico di Torino,
Turin, Italy
corso Duca degli Abuzzi 24, 10129 Torino, ITALY
e-mail: giuseppe.mancini@polito.it

Abstract
The present work is devoted to estimate the resistance model uncertainty within plane stress
non-linear finite element analyses (NLFEAs) of reinforced concrete structures subjected to
cyclic loads. Specifically, various shear walls experimentally tested are considered for the
investigation. The comparison between the plane stress NLFE structural model results and
the experimental outcomes is carried out considering the possible modelling hypotheses
available to describe the mechanical behaviour of reinforced concrete members subjected to
cyclic loads. Several NLFE structural models are defined for each experimental test in order
to investigate the resistance model uncertainty.
Keywords: model uncertainties, NLFEAs, reinforced concrete structures, modeling hypotheses, cyclic loads.

5073

D. Gino, P. Castaldo, A. Dorato and G. Mancini

1

INTRODUCTION

In the last decades, non-linear finite element analyses (NLFEAs) have increasingly become
the most common and practical instruments able to model the actual mechanical behaviour of
structural systems, such as reinforced concrete elements, in any loading condition (i.e., service
limit state (SLS) and ultimate limit state (ULS)). In this context, although several guidelines
for NLFEAs have been recommended by [1]-[4] in order to assure an accurate calibration and
definition of the structural FE model, the results from such complex modelling need to be
properly processed in order to satisfy safety and reliability requirements for engineering purposes [5]-[6]. To this aim, Bayesian finite elements have been proposed by [7] to take into
account the model uncertainties for structural analysis. Contextually, different safety formats
for NLFEAs have been proposed and commented in literature by several authors [8]-[13] and
international codes [14]-[15] as well as their applications have been discussed by [16]-[18]. In
these safety formats, uncertainties regarding the material (i.e., aleatory uncertainties) and the
definition of the structural model (i.e., epistemic uncertainties) should be properly addressed
in order to derive reliability-consistent design values of the global structural resistances. With
regard to the material uncertainty, the corresponding randomness is usually well known and
assessed, whereas the model uncertainty (i.e., uncertainty mainly related to the definition of
the resistance model) associated with NLFEAs is not typically simple to be evaluated due to
the different modelling hypotheses for the definition of a non-linear FE structural model. In
fact, the prediction of the actual structural response through NLFEAs is characterized by a
certain level of uncertainty because any numerical model aims to describe the essential characteristics of the overall behaviour neglecting other aspects.
All the research studies evidence the need to assess the model uncertainties by means of a
comparison between simulations and experimental outcomes with the consequence that an indepth characterization of the model uncertainties for NLFEAs of reinforced concrete structures is necessary to incorporate their effects on the global structural resistance assessment
within the safety formats for cyclic loads. However, the assessment of the model uncertainties
for calibration of a partial safety factor should also considers the different modelling hypotheses to run NLFEAs due to the different assumptions regarding the parameters that govern
the equilibrium, kinematic compatibility and constitutive equations in dynamic conditions. In
fact, different choices related to the described above parameters may lead to discordant results
(i.e., epistemic uncertainty [19]).
With this aim, this work compares different experimental tests known from the literature
[20]-[22], concerning different walls having different behaviours and failure modes in terms
of global structural resistance with the numerical outcomes achieved by means of appropriate
two-dimensional non-linear FE structural models (i.e., plane stress configuration). Several
non-linear FE structural models are defined for each experimental test in order to investigate
the influence of the model uncertainties on 2D NLFEAs of reinforced concrete members. Precisely, the assessment of the resistance modelling uncertainties in 2D NLFEAs, that belong to
the group of the epistemic uncertainties, is herein based on the definition of eighteen (18)
plausible structural models using different types of software and different mechanical behaviours for the reinforced concrete elements (i.e., modelling hypotheses [19]) in dynamic conditions.
2

RESISTANCE MODEL UNCERTAINTIES FOR NLFEAS

In general, the uncertainties in structural engineering can be classified in two families:
aleatory and epistemic [19]. The aleatory uncertainties concern the intrinsic randomness of the
variables that governs a specific structural problem, whereas the epistemic uncertainties are
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mainly related to the lack of knowledge in the definition of the structural model [19],[23]-[25]
and sometimes represented also by auxiliary non-physical variables/choices [19]. The safety
assessment of a structural system by means of NLFEAs should account for explicitly both
these sources of uncertainty.
Within the semi-probabilistic limit state method [26]-[28], the safety assessment of a structural system requires a reliable definition and characterization of the structural resistances,
which increasingly often derive from NLFEAs. For this purpose, different safety formats have
been proposed in the literature [8]-[15]. In particular, EN 1992 [14] defines a safety format
based on the definition of the partial safety factors descending from representative values and
design values of the material strengths (i.e., concrete compressive strength and reinforcement
steel yielding strength). While, fib Model Code 2010 [15] provides three different methodologies for the assessment of the structural reliability: the probabilistic method, the global resistance method and the partial factor method. These different safety formats (with the exception
for the partial factor method) allow the estimation of the design structural resistance Rd, that
represents the global structural resistance of a structure with its behaviour and failure mode,
as expressed by Eq.(1):
Rd 

Rrep

 R Rd

(1)

where Rrep denotes the value representative of the global structural resistance estimated by
means of NLFEAs and in compliance with the selected safety format, γR is the partial safety
factor accounting for the randomness of material properties (i.e., aleatory uncertainties) and
γRd represents the partial safety factor related to the modelling uncertainties (i.e., epistemic
uncertainties). Therefore, the aleatory uncertainties are separated from the epistemic uncertainties within fib Model Code 2010 safety formats for NLFEAs [8],[15]. The procedure for
the estimation of the partial factor γR is suggested by the corresponding safety format. Conversely, the value of the partial safety factor for the resistance model uncertainties γRd remains
an object of investigation. More recently, fib Model Code 2010 [15] has suggested to assume
different values of γRd depending on the level of validation of the structural model. The γRd
factor equal to 1 may be adopted for models with no epistemic uncertainties (i.e., presence of
evidences of model validation in the actual design conditions [15]).
However, when NLFEAs have to be performed for dynamic simulations on structures having more complex geometry (that may differ from the simple case of the beam in the failure
mode), the epistemic uncertainties related to the definition of the resistance model may be larger than expected. Therefore, an in-depth characterization of the partial safety factor γRd needs
to be addressed.
3

EVALUATION OF THE RESISTANCE MODEL UNCERTAINTIES

This section describes the methodology adopted in the present work for the assessment of
the partial safety factor related to the resistance model uncertainties in the definition of 2D
NLFEAs under cyclic loads. As discussed by [10],[29]-[30], the following aspects have to be
considered in order to identify the resistance model uncertainties for NLFEAs:
- the database of the experimental data should contain, if possible, all the parameters
necessary for the reproduction of the tests and for the definition of non-linear FE
structural models; note that some information, related to the material properties, is so
often missing and, in the practice, usually is derived from the available data under appropriate assumptions according to the scientific literature with an increase of the
model uncertainty;
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-

the experimental results should be related to different typologies of structures with different failure modes;
- a probabilistic analysis of the observed model uncertainties needs to be carried out in
order to define the most likely probabilistic distribution with the corresponding parameters.
In compliance with [8],[15], the resistance model uncertainty, separated from the aleatory
one (Eq. (1)) and denoted as i , can be expressed by a multiplicative law. This latter relates
the i-th actual global resistance (response) estimated from an experimental test Ri(X,Y) to the
i-th global resistance (or response) estimated by a NLFEA RNLFEA,i(X) and, may be expressed
as follows:
Ri  X , Y   i RNLFEA,i  X 

(2)

where X is a vector of basic variables included into the resistance model, Y is a vector of variables that may affect the resisting mechanism but are neglected in the model. Note that the
unknown effects of Y variables, if present, are indirectly incorporated and covered by i . As
widely explained in the next section, different modelling hypotheses are possible to model a
specific reinforced concrete structure by means of NLFEAs. A comprehensive calibration of
the resistance model uncertainties for 2D NLFEAs requires to account for the different modelling hypotheses which may be selected by engineers for seismic analyses.
4

NON-LINEAR SIMULATIONS: PARAMETRIC ANALYSIS RESULTS

In this section, different experimental tests corresponding to different structural systems
are considered and reproduced by means of NLFEAs. These simulations are performed considering a set of modelling hypotheses in order to estimate the resistance model uncertainties
with the aim to calibrate the corresponding values of the partial safety factor within the safety
formats proposed by [15]. Note that all the numerical simulations have been performed by the
authors after a sensitivity/calibration analysis and this is an important requirement for the proposal of this study because leads to a reduction of the epistemic uncertainties, in other words,
the designers, involved in NLFEAs for the structural verification process, should be confident
with this approach. As known, the structural analysis is based on the fundamental principles
of mechanics such as equilibrium, of displacement compatibility and of constitutive laws [31].
In the field of NLFEAs, these principles are attended by iterative calculation procedures
which inevitably lead to a certain degree of error in the final solution. Moreover, the definition of a specific structural model [31] requires different assumptions about the parameters
describing the equilibrium, kinematic compatibility, constitutive equations leading to different
numerical outcomes, which may be more or less realistic. Therefore, the multiplicity of choices (i.e., epistemic uncertainties) which can be assumed during the definition of a non-linear
FE model leads to have a certain degree of uncertainty in the final solution. It follows that,
consistently with the framework of the safety formats for NLFEAs [14]-[15], the estimation
of the partial safety factor γRd for the resistance modelling uncertainties is necessary. Considering different experimental tests known from the literature [20]-[22], Subsection 4.1 describes the different modelling hypotheses that any engineer may assume during the
computational phase. The numerical results in terms of global structural resistance from the
NLFEAs are described in Subsection 4.2 and also compared to the experimental outcomes.
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4.1

Different modelling hypotheses within NLFEAs

A multitude of modelling hypotheses is available to carry out 2D (plane stress) NLFEAs of
reinforced concrete structures. In this work, two software [32]-[33], identified anonymously
by Software A, and Software B in order to avoid advertising for the different codes, are
adopted in order to reproduce the outcomes of a set of experimental tests. For each software,
several choices about the hypotheses and mechanical parameters related to equilibrium, compatibility and constitutive laws can be performed. Specifically, in each software four-node
quadrilateral iso-parametric plane stress finite elements, based on linear polynomial interpolation and 2x2 Gauss point’s integration scheme, are used for the numerical simulations as well
as the FE meshes are properly defined after a calibration procedure. The non-linear system of
equations is solved by means of the standard Newton-Raphson iterative procedure based on
the hypothesis of linear approximation [1]. Moreover, for each software the following main
characteristics for the FE models are also assumed:
- non-linear behaviour of concrete in compression including softening with a reduction
of the compression strength and shear stiffness (shear retention factor variable from a
minimum value of 0.1 to a maximum value of 0.3) after cracking [34]. In detail, the
mono-axial constitutive model for concrete proposed by EN 1992-1-1 [14], the constitutive model described by Model Code 1990 [15] and the constitutive model described
by Thorenfeldt et al. [35] have been selected in order to fit as much as possible the experimental results with each software [32]-[33];
- smeared cracking with fixed crack direction model [36]-[38];
- tri-linear curve for the reinforcement steel [34];
- discrete and smeared models of the reinforcement, assuming a perfect bond between
the reinforcement and the surrounding concrete [34];
- Young’s modulus and tensile concrete strength, as also explained previously, are the
material properties derived as a function of the experimental compressive strength, according to [27].
The summary of the main hypotheses assumed in the definition of the simulations for 2D
NLFEAs, adopting Software A and B [32]-[33], is listed in Table 1.

Figure 1: Different constitutive laws for concrete tensile behaviour.

In addition to the described above differences inherent to the use of two software, another
important differentiation in the definition of non-linear FE models has been considered with
respect to the concrete tensile mechanical behavior and the shear stiffness in cracked concrete.
As known, concrete is considered as quasi-brittle material in compression and purely brittle in
tension. However, the local interaction between reinforcing bars and concrete between cracks
gives rise to the “tension stiffening effect” [38]. In numerical simulations, this effect may be
taken into account through a modification of the constitutive tensile behavior of the concrete
matrix. In general, this modification refers to the definition of a tension softening law in the
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post peak concrete tensile behavior. In the present paper, three different constitutive laws for
concrete in tension are considered in order to cover different hypotheses accounting for the
tension stiffening effect [34]: elastic-brittle, elastic-plastic and a linear tension softening as
shown in Figure 1. The first two constitutive laws are conceived as upper and lower limit
(non-physical) approaches. While, the constitutive law having a linear tension softening for
the concrete tensile behavior represents the physical modelling hypothesis and has been calibrated by means of an iterative specific process in each software with the aim to best fit each
experimental result. In this iterative process, the ultimate deformation in tensile of concrete
(i.e., εct,LTS in Figure 1) is assumed as a function of the corresponding elastic one (i.e., εct in Figure 1) varying in a range from 2εct to 10εct without highlighting any dependence on the software
and on the compressive strength.
Software A
Equilibrium

Compatibility

Software B

- Standard Newton-Raphson based on the hypothesis of linear approximation [1]
- Convergence criteria based on strain energy
- Load step sizes defined in compliance with the experimental procedure
Finite Elements
- Isoparametric plane stress 4 nodes (2x2
Gauss points integration scheme with
linear interpolation)
- Discrete reinforcements
- Element size defined by means of an
iterative process of numerical accuracy

Finite Elements
- Isoparametric plane stress 4 nodes (2x2 Gauss
points integration scheme with linear interpolation)
- Smeared reinforcements/discrete reinforcements
- Element size defined following an iterative
process of numerical accuracy

CONCRETE
- Fixed crack model, smeared cracking, constant shear retention factor equal to:
1) 0.1
2) Variable
3) 0.3
- Mono-dimensional model extended to biaxial stress state
Constitutive
laws

- Compression: Non-linear with post peak linear softening branch
- Tension (differentiating between 3 modelling hypotheses):
1) Elastic - Brittle (BRITTLE)
2) Elastic with post peak linear tension softening (LTS)
3) Elastic - perfectly plastic (PLASTIC)
REINFORCEMENTS STEEL
- Tri-linear elastic – plastic

Table 1: Summary of the basic hypotheses assumed in the definition of non-linear FE numerical models.

Once the tensile behavior has been established, for each of the three tensile behaviours the
same investigation procedure was used to calibrate the shear retention factor (β) with a value
between 0.1 and 0.3. Specifically, for each software and experimental test, three different
models for the different tensile behaviour are defined and for each one 0.1 and 0.3 are imposed as limits for β, and, in addition, an iterative process is used to define the most appropriate value of β to best fit the experimental tests.
Altogether, 18 different structural models (i.e., modelling hypotheses which belong to the
group of the epistemic uncertainties because a specific choice can lead to a reduction of the
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uncertainty [19]) can be defined combining the three different concrete tensile behaviours
with the three different values of shear retention factor and the two software codes. A scheme
of the modelling hypotheses adopted in this study is summarized in Figure 2. By this way, the
resistance model uncertainties can be identified and computed for the different experimental
tests of the 9 specimens as described in the following subsection, leading to a total number of
NLFEAs equal to 162, as shown in Fig. 2.
Tensile
behaviour
9
specimens

Brittle
LTS
Plastic

Software A
Shear retention factor
0.1
variable
0.3
Model 1
Model 2
Model 3
Model 4
Model 5
Model 6
Model 7
Model 8
Model 9

Software B
Shear retention factor
0.1
variable
0.3
Model 10
Model 11
Model 12
Model 13
Model 14
Model 15
Model 16
Model 17
Model 18

162
simulations

Figure 2: Distinction between the 9 structural models (Mo.1-9 for each software) for the resistance model uncertainty investigation and summary of the benchmark NLFEAs.

4.2

NLFEAs of different experimental tests: results and comparison

In this section, the experimental results presented in the scientific literature [20]-[22] and
related to 9 different r.c. walls are considered and assumed as benchmark test set. All these
experimental tests, have been performed through a cyclic loading process up to failure as discussed by [20]-[22]. The specimens have been realized in laboratory and supported by statically determined configurations. The experimental results, in terms of load vs displacement,
are compared to the outcomes from the different 162 2D NLFEAs carried out taking into account the resistance model uncertainties as previously discussed. It is worthy to specify that
some experimental systematic errors (e.g., modifications in the geometry or in the constraints)
can affect the experimental results and represent another source of uncertainties, as commented below for the comparison with some experimental results [29],[39].
In the following, the experimental and numerical tests are described in details and illustrated in Figures 3-11.
The experimental tests described by Pilakoutas and Elnashai [20], analyzed six reinforced
concrete walls designed in pairs so as to have the same percentage of bending reinforcement
and differing in the percentage of shear reinforcement. For this work, only 3 of the all walls
have been taken into consideration denoted respectively as SW4, SW6, SW8, with the following geometrical properties: 1.20 m high, 0.6 m wide, 0.06 m thick and stiffened by a 0.2 m
thick and 0.25 m high lower beam, and by a 0.2 m thick and 0.15 m high upper beam where
the load is applied. All walls are subjected to the same load history. The test was carried out
in displacement control from 2 mm up to failure, performing two complete cycles with a 2
mm increment. The concrete compressive strength ranges from 36.9 to 45.8 MPa in the different tests, while the flexural reinforcement remains constant in the web and the shear reinforcement and the vertical reinforcement vary in the boundary elements. The numerical
results in terms of global structural resistance of the simulations are listed in Table 2 and 3.
The results from NLFEAs, in Figures 3-5 (a)-(f), are plotted for the same shear hypothesis, for
the different tensile behaviors and for the two software codes. The lowest results in terms of
maximum load are achieved when the brittle constitutive law is adopted for concrete tensile
behavior, while the plastic constitutive law always leads to an overestimation of the maximum
load and of stiffness. It can also be noted that the best results are obtained for a shear retention
factor of 0.1 or in any case close to this value. In general, all the simulations overestimate the
maximum load and then the structural resistance, but underestimate the ductility because a lot
of simulations failure before then experimental tests. Figure 3-5 (a-c) and (d-f) show the in-
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trinsic dependence of the results on the software choice (software A and B, respectively), in
which the simulations (a-c) fail the simulation before the end of the load history, while the
simulations (d-f) reach the end of the analysis but they overestimate the resistance, especially
in the case of the models 12, 15, 18. The failure mode occurs with the progressive yielding of
the tensile reinforcements and concrete crushing in the boundary element compressed on the
opposite side. This failure is in compliance with the experimental results. When the ultimate
deformation for the concrete in compression is reached, all the simulations have been stopped
due to the convergence loss of the numerical procedure.

a)

d)

b)

e)

c)

f)

Figure 3: Load vs displacement diagrams from experimental tests SW4 of Pilakoutas [20] and NLFEA results;
(a-c) Software A, (d-f) Software B.
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a)

d)

b)

e)

c)

f)

Figure 4: Load vs displacement diagrams from experimental tests SW6 of Pilakoutas [20] and NLFEA results;
(a-c) Software A, (d-f) Software B.
RNLFEA,i [kN]

Ref.
[*]

Exp.
test

REXP,i
[kN]

Mo. 1

Mo. 2

Mo. 3

Mo. 4

Mo. 5

Mo. 6

Mo. 7

Mo. 8

Mo. 9

[20]

SW4
SW6
SW8

103.0
108.6
95.1

124.0
100.1
128.5

103.4
120.8
127.3

135.4
122.2
142.2

124.9
117.6
133.0

126.4
121.3
130.9

137.4
134.3
149.1

127.8
123.0
137.7

125.5
124.5
135.2

121.8
136.0
152.8

Table 2: Results in terms of resistance from the experimental tests REXP,i [20] and NLFEAs RNLFEA,i for the different structural models, Software A.
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RNLFEA,i [kN]

Ref.
[*]

Exp.
test

REXP,i
[kN]

Mo. 10

Mo. 11

Mo. 12

Mo. 13

Mo. 14

Mo. 15

Mo. 16

Mo. 17

Mo. 18

[20]

SW4
SW6
SW8

103.0
108.6
95.1

126.3
110.3
128.0

133.5
121.3
139.4

151.6
142.9
159.2

125.8
110.8
127.8

133.1
125.4
137.7

152.8
142.7
160.4

127.8
111.6
131.9

139.1
122.7
140.8

154.3
143.7
160.5

Table 3. Results in terms of resistance from the experimental tests REXP,i [20] and NLFEAs RNLFEA,i for the different structural models, Software B.

a)

d)

b)

e)

c)

f)

Figure 5: Load vs displacement diagrams from experimental tests SW8 of Pilakoutas [20] and NLFEA results;
(a-c) Software A, (d-f) Software B.
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The experimental results of Lefas and Kotsovos [21] are related to four identical walls of
dimensions 1300x650x65mm, that are constrained inferiorly by a beam of section
200x300mm which simulates a rigid foundation. At the top there is a rigid beam to uniformly
transmit the imposed displacement on the top of the wall. The flexural reinforcement is made
up of /100mm in the web, while the distance is reduced to 70mm in the boundary elements.
Similarly, the shear reinforcement is composed of 6.25/260mm over the entire width of the
wall and additional stirrups in the boundary elements with /130mm. The imposed displacement tests present a load history composed of four or five cycles with displacements of a
few millimeters and then an increase of monotonic displacement up to failure. The concrete
compressive strength varies in the range 35-53 MPa in the different tests. The numerical results in terms of global structural resistance of the simulations are listed in Tables 4-5. Figures
6-8 (a)-(f) show that models (3, 6, 9, 12, 15, 18) related to elastic-plastic constitutive law for
the concrete tensile behavior, always lead to an overestimation of the resistance and stiffness,
while models elastic-brittle and with a linear tension softening in tension have more or less
the same behavior, with a stiffness similar to the real one in the cyclic phase, but, in general,
an underestimation of the resistance. It can be also noted that as the shear retention factor increases, the dissipated energy also increases. The failure mode occurs with the progressive
yielding of the tensile flexural reinforcements on the side where the displacement is imposed
and concrete crushing at the bottom of the boundary element in the other side. Some simulations don’t reach the ultimate experimental displacement but fail upon reaching the maximum
load or for a slightly greater displacement than that achieved in the cyclic phase.
Ref.
[*]

Exp.
test

REXP,i
[kN]

[21]

SW31
SW32
SW33

115.9
111.0
111.5

RNLFEA,i [kN]
Mo. 1
111.9
110.3
107.2

Mo. 2
120.8
114.8
111.5

Mo. 3
160.2
142.8
129.8

Mo. 4
121.3
114.9
110.4

Mo. 5
133.3
118.3
114.0

Mo. 6
168.9
142.7
139.4

Mo. 7
127.7
119.1
113.8

Mo. 8
139.3
131.1
117.6

Mo. 9
174.4
144.3
143.8

Table 4. Results in terms of resistance from the experimental tests REXP,i [21] and NLFEAs RNLFEA,i for the different structural models, Software A.

Ref.
[*]

Exp.
test

REXP,i
[kN]

[21]

SW31
SW32
SW33

115.9
111.0
111.5

RNLFEA,i [kN]
Mo. 10
87.8
93.7
94.6

Mo. 11
117.5
101.6
96.0

Mo. 12
139.8
129.4
118.7

Mo. 13
98.0
93.9
95.2

Mo. 14
127.2
101.9
101.1

Mo. 15
147.6
129.5
122.8

Mo. 16
98.9
99.4
95.7

Mo. 17
131.8
102.2
98.8

Mo. 18
151.2
129.7
126.9

Table 5: Results in terms of resistance from the experimental tests REXP,i [21] and NLFEAs RNLFEA,i for the different structural models, Software B.
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a)

d)

b)

e)

c)

f)

Figure 6: Load vs displacement diagrams from experimental tests SW31 of Lefas and Kotsovos [21] and NLFEA
results; (a-c) Software A, (d-f) Software B.
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a)

d)

b)

e)

c)

f)

Figure 7: Load vs displacement diagrams from experimental tests SW32 of Lefas and Kotsovos [21] and NLFEA
results; (a-c) Software A, (d-f) Software B.
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a)

d)

b)

e)

c)

f)

Figure 8: Load vs displacement diagrams from experimental tests SW33 of Lefas and Kotsovos [21] and NLFEA
results; (a-c) Software A, (d-f) Software B.

The experimental results discussed by Zhang and Wang [22], focused on four reinforced
concrete walls, denoted as SW7, SW8 and SW9 being 1.75 m high, 0.7 m wide, 0.1 m thick.
The structural member is fully restrained at the base with a 0.5 m high and 0.4 m wide beam
and loaded by an axial force at the top, that is considered evenly distributed at 25 cm from the
top surface of the wall, while the horizontal imposed displacement is applied at 1.5 m from
the base of the wall. Hence, the effective height of the wall is 1.5 m. The walls SW7 and SW8
have the same reinforcement that consist of ɸ8/150mm as flexural reinforcement in the web,
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while for shear ɸ8/100mm over the total width of the wall and hoops ɸ6/50mm in the boundary elements. The difference is in flexural reinforcement in the boundary elements of the
wall which consists respectively of 4ɸ14 and 4ɸ12 on each side of the wall. The SW9 is more
reinforced, and presents 4ɸ20 on each boundary element, and a greater amount of shear reinforcement than the previous ones with ɸ8/75mm+ ɸ6/150mm over the total width of the wall
and hoops ɸ6/75mm in the boundary elements. The walls also differ in the axial load: SW7
and SW9 have an axial-load ratio of 0.24 while SW8 has a greater axial-load ratio equal to
0.35. The loading histories are quite similar and follow the same procedure: at the first time
the axial load is applied in small incremental steps, after that the wall is subjected to the cyclic
phase with horizontal load divided in two parts. The first consists in 10 cycles until the yielding of flexural reinforcement; in the second phase at each cycle it is proceeded with a displacement increase equal to half that recorded for yielding. The numerical results in terms of
global structural resistance of the simulations are listed in Table 6-7. The NLFEA results,
plotted in Figure 9-11 (a)-(f), show that models related to elastic-plastic constitutive law for
the concrete tensile behavior, always lead to an overestimation of the stiffness. Models elastic-brittle in tension do not always represent the lower bound. Figure 9-11 (a-c) and (d-f)
show the dependence of the results on the software choice (software A and B, respectively), in
which (a-c) reflect the real behavior for small displacement and reach the experimental maximum load, while for bigger displacement there is a progressive reduction of stiffness and resistance and in many cases the simulation fails (especially for models with elastic-plastic
tensile behavior). For Software B instead, in general, all the models overestimate the structural resistance, but reach the end of the loading history by following the real behavior quite well.
RNLFEA,i [kN]

Ref.
[*]

Exp.
test

REXP,i
[kN]

Mo. 1

Mo. 2

Mo. 3

Mo. 4

Mo. 5

Mo. 6

Mo. 7

Mo. 8

Mo. 9

[22]

SW7
SW8
SW9

201.2
224.0
303.5

189.7
223.6
323.6

195.7
220.1
325.0

206.4
236.7
345.0

203.3
227.0
345.7

202.5
223.7
338.1

209.9
239.9
360.4

212.1
239.8
360.4

206.3
234.6
345.3

224.9
254.4
367.4

Table 6. Results in terms of resistance from the experimental tests REXP,i [22] and NLFEAs RNLFEA,i for the different structural models, Software A.
RNLFEA,i [kN]

Ref.
[*]

Exp.
test

REXP,i
[kN]

Mo. 10

Mo. 11

Mo. 12

Mo. 13

Mo. 14

Mo. 15

Mo. 16

Mo. 17

Mo. 18

[22]

SW7
SW8
SW9

201.2
224.0
303.5

226.0
232.3
322.7

223.2
226.9
318.1

241.5
243.8
344.4

240.3
244.6
335.1

236.9
239.8
329.2

255.1
250.4
352.3

252.4
255.9
345.1

249.3
247.8
337.4

264.2
252.2
357.4

Table 7. Results in terms of resistance from the experimental tests REXP,i [22] and NLFEAs RNLFEA,i for the different structural models, Software B.
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a)

d)

b)

e)

c)

f)

Figure 9: Load vs displacement diagrams from experimental tests SW7 of Zhang and Wang [22] and NLFEA
results; (a-c) Software A, (d-f) Software B.
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a)

d)

b)

e)

c)

f)

Figure 10: Load vs displacement diagrams from experimental tests SW8 of Zhang and Wang [22] and NLFEA
results; (a-c) Software A, (d-f) Software B.
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a)

d)

b)

e)

c)

f)

Figure 11: Load vs displacement diagrams from experimental tests SW9 of Zhang and Wang [22] and NLFEA
results; (a-c) Software A, (d-f) Software B.

The results deriving from the abovementioned 162 non-linear FE simulations are useful to
assess the resistance model uncertainties in 2D NLFEAs of reinforced concrete structures
characterised by different failure modes under cyclic loads. These results have also demonstrated the several difficulties, which commonly occur considering different types of software
and constitutive laws, in reproducing the actual failure behaviour of structural members.
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5

CONCLUSIONS

This work evaluates the values of the model uncertainties (i.e., epistemic uncertainties) regarding the global structural resistance for 2D non-linear finite element method analyses of
reinforced concrete systems under cyclic loads. Various experimental tests concerning different walls subject of cyclic shear action, have been numerically simulated by means of appropriate 162 NLFEAs considering two different software codes, three different constitutive laws
for the behaviour of concrete in tension and three different shear behaviour after cracking.
From the comparison with the experimental outcomes, the FE results have demonstrated the
several difficulties, which commonly occur employing different types of software and constitutive laws, in reproducing the actual failure behaviour and the actual failure load of the all
structural members considered. In general, it can be observed that a tensile behavior of the
concrete perfectly plastic always gives a greater overestimation of the structural resistance,
and that the variation of the shear retention factor varies the amplitude of the cycle, and therefore the dissipated energy. However, in terms of resistance, a shear retention factor close to
0.1 is the one that best fits the experimental test.
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Abstract
The knowledge of in-situ material properties is the first step in the assessment process of existing structures and, where needed, in the design of the consequent strengthening interventions. In order to achieve this goal, destructive (DT; e.g., cores) and non-destructive (NDT;
e.g., ultrasonic, rebound) test methods are generally adopted, either alone or combined. Although many literature papers and guidelines propose to minimize the number of cores in the
estimation of the concrete strength in reinforced concrete structures, the European and Italian codes prescribe that the estimation of in-situ strength has to be mainly based on cores
drilled from the structure (DT). In this framework, the paper reports results of an experimental program aimed at evaluating the effects of core tests on RC columns, as well as the
effectiveness of the structural restoration of drilling holes. Specifically, three sets of column
specimens have been considered: (i) drilled columns, (ii) drilled and subsequently restored
columns, and (iii) reference not drilled (as-built) columns. Compression tests have been carried out on each column and the results have been compared with the prediction based on
codes or other literature approaches. This helped to recognize the main phenomena affecting
the column members behavior under axial loads.
At the same time, the authors calibrated detailed finite element models based on the experimental results of the tests carried out on column specimens. An advanced Fem tool was used
to set-up 3D models. Numerical simulations aimed at better understanding the failure mechanism, especially in the presence of the hole related to the core extraction. The role of longitudinal and transverse reinforcement has been evaluated, highlighting that concrete crushing in
the areas around the hole causes the early buckling of rebars, leading to premature failure of
drilled column specimens.
Keywords: Destructive tests, concrete strength, core drilling, finite element model, nonlinear
numerical simulation.
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1

INTRODUCTION

The investigation of structural characteristics (geometry, structural details, materials quality, etc.) is a crucial step in the assessment of existing reinforced concrete (RC) structures [1, 2]
and, where needed, in the design of consequent strengthening interventions [3]. Specifically,
the knowledge of in-situ material properties is the first step in the assessment process of existing structures. In order to achieve this goal, destructive (DT; e.g., cores) and non-destructive
(NDT; e.g., ultrasonic, rebound) test methods are generally adopted, either alone or combined.
Although many literature papers and guidelines propose to minimize the number of cores in
the estimation of the concrete strength in reinforced concrete structures, the European and
Italian codes prescribe that the estimation of in-situ strength has to be mainly based on cores
drilled from the structure (destructive test, DT). Non-destructive tests (NDTs) can only supplement coring, thus permitting a more economical and representative determination of concrete properties throughout the whole structure under examination. In this framework, the
paper reports results of an experimental program aimed at evaluating the effects of core tests
on RC columns, as well as the effectiveness of the structural restoration of drilling holes.
Twenty RC column specimens (dimension 30cm x 30cm x 80cm) have been purposely built
and tested by both non-destructive and destructive tests. Specifically, after the preliminary
campaign of ultrasonic tests performed on all structural members, three sets of column specimens have been considered: (i) drilled columns (3 specimens), (ii) drilled and subsequently
restored columns (4 specimens), and (iii) reference not drilled (as-built) columns (3 specimens). Compression tests have been carried out on extracted cores and, finally, on each column.
After the experimental campaign was concluded, the authors calibrated detailed finite element models based on the experimental results of the tests carried out on specimens. A software package able to fully account for the main nonlinear properties of concrete like, for
instance, cracking and crushing, as well as the reduction of shear and compressive strength
after cracking, has been used in setting up the finite element models made up of 3D tetrahedral elements [4]. The numerical models have been used to carefully evaluate the failure mode,
especially for drilled specimens. This latter, indeed, are characterized by failure mechanisms
different from as-built and restored specimens that causes their premature failure.
2

EXPERIMENTAL PROGRAM

In the framework of the experimental program carried out at the Laboratory of Structures
of the University of Basilicata, totally 10 columns (out of 20 specimens available) have been
subjected to compression test until failure. The program was intended to explore the effects of
core drilling in RC members and the effectiveness of the holes’ restoration. This latter, in
comparison to the capacity of as-built specimens, not subjected to drilling nor restoration. For
this reason, the specimens’ range comprised as-built, drilled and drilled-restored columns, according to table 1. Restoration grout is an anti-shrinkage thixotropic mortar having compressive strength after one day equal to 30 MPa, and 50 MPa after 28 days.
Columns are 80 cm high with a cross-section of 30x30 cm with different longitudinal reinforcement. They were extracted from other specimens, namely full-scale beam-column joints
tested in the same laboratory [7] during a previous experimental campaign. As can be seen in
table 1, specimens are named “NS” or “S”, depending on the beam-column joint they are extracted from, where S specimens are extracted from seismically designed joints and are provided of 8 mm diameter hoops (spaced 20 cm) and six 14mm diameter longitudinal bars. The
only difference for NS specimens is that the number of longitudinal rebars is four instead of
six.
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This has no influence when computing confining effect according to confining models reported in the following, since the additional bars of S specimens are not restrained. Specimens
show typical defects of real constructions, such as the variability of concrete cover thickness
due to movements of the reinforcement during the casting operations.
Type

As-built

Drilled

Drilled-restored

Column ID
NS4
NS7
S4
NS1
S2
S9
NS6
S6
S11
S12

fc

Mean concrete cover

MPa

mm

39.56
34.60
39.80
39.06
34.64
38.85
37.92

35.7
37.5
45.0
36.6
35.0
40.3
39.1
40.3
40.0
44.4

Table 1: List of 10 columns under investigation with concrete strength of extracted cores fc, and detected concrete cover thickness.

In fact, table 1 reports also the concrete cover measured by means of the pacometer survey
before testing. Only for drilled and drilled-restored columns, a concrete cylinder strength is
shown. These values derive from the compression tests carried out on the extracted cores corrected through the method reported in [8]. This method allows taking into account drilling
damage, shape factor of the core and possible presence of reinforcement inside the core specimen. Mean value of concrete strength reported in table 1 is fmed=37.88 MPa while the
standard deviation is MPa. Being the low value of the coefficient of variation
CV=0.055, the mean value can be properly assumed as the concrete strength of as-built specimens.

Figure 1: Loading schema and main instrumentation: a) on the front face and b) on the rear face.
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The compression test machine applies the load moving his bottom plate and contrasting the
top face of the specimen. The machine capacity is 3000 kN and the testing procedure is load
controlled by applying increments of 30 kN/s until the peak load is found. When the load decreasing (after the peak is achieved) reaches 20% of the peak load, the machine unloads the
specimen to start a new loading cycle. Figure 1 describes the loading scheme along with the
instrumentation which consists of four Linear Variable Displacement Transducers (LVDT)
placed on the front face of the specimens, one LVDT to measure the displacement of the bottom plate of the testing machine and additional 3 LVDT on the rear face. Out of these, two are
placed on the concrete surface and one to measure the plate displacement on its opposite corner. Sometimes, an additional horizontal LVDT has been placed on the front face of the specimen like for example in fig. 2a). As examples, figure 2 shows the three types of tested
columns placed on the Universal testing machine used throughout the experimental campaign.
The front face is that where the core, if any, is drilled and possibly restored.

a)

b)

c)

Figure 2: a) as-built b) drilled and c) drilled-restored specimens before testing.

3

TEST RESULTS AND DISCUSSION

Different collapse mechanisms have been observed during the compression tests carried
out on the three typologies of columns. Similar mechanisms have been found in as-built and
drilled-restored in which a progressive deterioration of concrete cover is observed generally
before reaching the peak load. The ultimate condition is, however, represented by the rebars’
buckling which is poorly restrained due to the low amount of hoops. The drilled columns, as
could be expected, are characterized by quite different behaviour especially in the first phases
of compression tests. The first damage appears on the side of the hole in the front face, usually where the rebar is nearest to the hole. Figure 3 shows two stages of the compression test on
S2 specimen. The first vertical crack appears on the left side of the hole (figure 3a) when the
load is approaching the peak. In the following load cycles damage further concentrates in that
region causing the buckling of the left bar (figure 3b). Uneven damage distribution causes eccentricity between load and resisting cross-section, which is an additional source of damage.
Results in terms of ultimate load measured on tested specimens are displayed in figure 4.
The experimental ultimate load is averagely equal to 2293 kN for as-built specimens, 2260 kN
for restored specimens and 1981 kN for drilled ones, respectively. So, drilled columns show a
mean capacity reduction compared to as-built columns equal to about 14%. Restored columns
show a reduction of only 1.4%, meaning that current procedures for restoring interventions
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are effective. This conclusion has been drawn neglecting differences in terms of longitudinal
reinforcement which can be considered small.

a)

b)

Figure 3: S2 column: a) before peak load and b) at the end of the test.

Along with experimental results, also the analytical predictions of ultimate load for each
column is reported. It is related to the gross concrete area times the compressive strength of
each specimen added to the reinforcement contribution, as in expression (1):
(1)
where: Ac is the gross concrete area, As is the total steel area, fys is the steel yielding strength.
For drilled specimens, Ac is obtained subtracting the horizontal projection of the hole which
has 104 mm diameter and 220 mm depth.

Figure 4: Comparison between experimental and analytical ultimate load values (gross section).
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As can be seen, the analytical prediction of the ultimate load Fug provides far higher values
than the experimental ones. The observed scatter between experimental and analytical values
is 52%, 67% and 58% for drilled, drilled-restored and as-built specimens, respectively. This
difference strongly suggests that a much smaller value of the effective resisting cross section
needs to be considered. This is also suggested by observing that in all tests concrete cover was
spalled before reaching the peak load.
As a result, the effective section is assumed equal to the area confined by the steel cage, i.e.
the gross section minus the concrete cover area (dashed area in figure 5). Moreover, in order
to comply with international standards and codes for the design of concrete structures, the role
of confining effect on concrete strength has been considered.

b)

a)

Figure 5: Effective cross section of a) as-built and drilled-restored and b) drilled specimens.

Some confinement models available in the literature [9,10] as well as the model reported in
the Italian seismic code [1] have been considered. In the following, reference only to the
model reported in [9] is made, because it provided the best matching with experimental results,
while, for the sake of brevity, results obtained with the application of the other models are not
discussed in the paper. By applying the confinement model in [9], a 5% increment of concrete
strength is averagely obtained. Taking into account this concrete strength increase and the
modified effective section displayed in figure 5, updated analytical values are computed and
the comparison with the related experimental values is reported in figure 6.

Figure 6: Comparison between experimental and analytical ultimate load values (confining model [9]).
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As can be seen, the difference exp-num values remarkably decreases being averagely equal
to 13%, 11% and 4% for drilled, drilled-restored and as-built specimens, respectively. Larger
difference for drilled and drilled-restored specimens is somehow expected, due to the additional influence of the presence of the hole or the restoration unit on the collapse mechanism.
Further, it is worth noting that, analytical results are always on the safe side for both as-built
and drilled specimens, while, for drilled-restored specimens, they are generally higher thus
unconservative.

Figure 7: Envelope of skeleton curves of NS6, S4 and S9 specimens.

Although it seems inappropriate speaking of ductility for specimens whose failure is characterized by fragile mechanisms (concrete crushing and rebars’ buckling), some differences
have been found among the columns’ typologies. In order to highlight this issue, the skeleton
curves of the load-displacement envelopes have been plotted in figure 7 for three specimens:
S4 (as-built), S9 (drilled) and NS6 (drilled-restored).
Beyond the expected lower failure load of the drilled column, degrading phenomena affecting as-built and drilled restored elements are more gradual. In fact, a 50% load reduction
is found at displacements of 8 and 9 mm for drilled-restored and as-built specimens, respectively, while the drilled one shows the same reduction at around 5 mm. It is important to underline that restoration is able to provide the columns with almost the same ductile capacity
compared with the as-built ones. Instead, more brittle failure is expected in drilled columns.
In addition to the previous discussion, it is worth remembering that specimens subject of
this study belonged to seismically tested beam-column joints, whose concrete cover was
mostly cracked at the moment of compression tests. Therefore, the reported results are particularly meaningful for seismically damaged structures for which residual capacity to carry vertical loads must be carefully evaluated, neglecting the contribution of the concrete cover.
4

FINITE ELEMENT ANALYSES

Nonlinear finite element models using ATENA 3D software package [4] were developed
in order to more deeply investigate the failure mode found in drilled columns. The software is
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based on the nonlinear fracture mechanics [11] and is capable to take into account compression softening as well as crushing and cracking of concrete.
For concrete, the robust smeared crack model “CC3DNonLinCementitious2” was used.
The modelled column is NS1, that is a drilled one. The main properties of concrete are derived from the results of the compression test on the core extracted from the same column,
that is fc = 39.5MPa, ft = 2.89 MPa,  = 0.2, and Ec = 32.5 GPa, being respectively the compressive strength, tensile strength, Poisson ratio, and elastic modulus. Actually, with the
exception of the compressive strength fc, all other mechanical properties are derived from literature expressions based on fc. As previously discussed, in accordance with the confinement
model in [9], the concrete strength has been increased by 5%, assuming fc=41.5 MPa in the
numerical simulations.
A fictitious uniaxial stress-strain law (figure 8-a) with displacement based softening has
been adopted [12].

a)

b)

Figure 8: a) Uniaxial compressive stress-strain law and b) crack opening law for tensile stresses for
concrete.

Under tensile stress, concrete behavior is governed by a crack opening law, as in figure 8-b
defining the fracture energy (GF). The tensile strength presents an exponential degrading law.
The fracture energy was computed by means of Remmel’s law [13].
An elastoplastic law with hardening was chosen for the reinforcing steel stress-strain relationship, with yielding strength fy=480 MPa and failure strength ft=590 MPa. These values
were based on experimental tests carried out on rebars belonging to the same steel supply
used for the specimens’ construction. No bond slip between concrete and steel has been considered since the column is provided of ribbed bars and slip phenomena are not significant to
global behavior under compression loads.
The global finite element model is referred to column NS1 without the concrete cover,
based on the previous considerations, after having verified that the concrete cover is ineffective to increase the maximum load carrying capacity of the members under study. This means
that only the concrete core inside the steel cage has been modeled giving a cross section
260mm x 260 mm.
Due to the presence of the core’s hole, having diameter 104 mm and depth 220 mm, the
mesh could not be structured (i.e. made of an ordinate repetition of elements having the same
size). The mesh, in fact, is made of tetrahedral elements whose mean size near the hole is 10
mm while far from it, is set equal to 25 mm. The final mesh size has been determined by a
sensitivity analysis gradually decreasing the element size. Despite only a short column is under study a huge model has been generated (figure 9-a). As a whole, the model is made up of
264 straight truss elements (i.e. carrying only axial loads) to simulate the steel reinforcement
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(figure 9-b), 40347 tetrahedral elements to simulate concrete and the upper steel plate, and
9009 nodes. Analyzing such a model under cyclic loads is time expensive even using a powerful workstation, thus only monotonic analyses have been made to save time. Loading history was displacement controlled, applying to the top plate 5 mm displacement subdivided into
100 steps which the program can divide into further sub-steps based on numerical solution
needs.

b)

a)

Figure 9: a) Mesh of NS1 FE model, b) steel reinforcement.

Firstly, to evaluate the effectiveness of the FEM model, experimental and numerical loaddisplacement curves are compared. As can be seen from figure 10, the peak load is well predicted by the numerical simulation, while differencence are found in the ascending branch,
mainly ascribable due to the presence of a neoprene layer placed between the top face of column and the machine plate, having the role of uniformly applying the compression load during the test. Descending branches are not coincident due to the fact that numerical analysis is
not cyclic and, then, generates less damage accompanied by a lower strength degradation.

Figure 10: Experimental and numerical load-displacement curves for NS1 specimen.
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4.1

Analysis of the failure mechanism

By studying the model of the drilled column NS1, the failure mode of the specimen due to
presence of the extraction hole can be better understood. Specifically, figure 11a shows the
deformed shape of the specimen by means of an isometric view and a side view. The presence
of the hole determines an eccentricity between the applied load, directed along the column
axis, and the center of the resisting section, not coincident with the column axis. This eccentricity introduces a bending moment around the X-axis with consequent displacements in the
Y direction, especially for the column region around the hole.
Figure 11 shows the deformed shape at the peak load. Although horizontal displacements
in the Y direction are low (below 1.0 mm), this involves an asymmetry of vertical (Z) displacements too.
This latter can be seen in figure 12a, where the relation between vertical displacements
measured during the experimental tests by LVDT no. 4 (on the front face) and no. 8 (on the
rear face) is displayed. As can be seen, there is a remarkable difference, matching the deformed shape obtained by the FEM model (figure 11).
Figures 12b and c display the colormap of Z displacements on the same faces of the specimen. From this colormap, similar differential displacements can be found between the points
where the aforementioned LVDT are anchored.
This latter demonstrates the good calibration of the FEM model and its ability to predict
the column’s behavior.

a)

b)

Figure 11: Colormap of Y displacements as a) isometric view and b) side view.

In order to complete the description of the collapse mechanism, figure 13 shows the rebars’
stresses at peak load. Longitudinal reinforcement (figure 13a) overcomes the yielding stress in
compression (fy=480 MPa), being the minimum value equal to 484 MPa. They are yielded for
most of their length as can be seen by the evolution plotted along the bars’ development. Going beyond the peak load of the specimen, the stress increases to about a maximum value of
500 MPa. This means that the bars do not fail being their tensile strength equal to 590 MPa.
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a)

c)

b)

Figure 12: a) Experimental displacements and numerically evaluated on the front face (b) and on the
rear face (c)

Hoops’ stress is equal to 480 MPa corresponding to the yielding strength of steel. After the
peak load, the hoops reach tensile stress values lower than 485 MPa. The most stressed
branches of hoops are those normal to the core axis according to the deformed shape shown in
figure 11a.

b)

a)

Figure 13: a) Longitudinal reinforcement and b) transverse reinforcement stresses distributions.
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Summarizing, steel strength and ductility is not fully exploited as shown by the stress values achieved by longitudinal and transverse reinforcement. This happens because crushing of
concrete on the core sides leads to the early buckling of reinforcement and consequent failure.
5

CONCLUSIONS

This paper reports a study on the behavior of reinforced concrete columns under axial
compression load previously subjected to a seismic loading history as part of beam-column
joints. By means of compression tests, the behavior of as-built, drilled and drilled-restored
columns is investigated in order to evaluate the effect of core drilling and the effectiveness of
the holes’ restoration according to a standard procedure in the in-situ destructive testing campaign on RC buildings. Further, nonlinear finite element models were developed in order to
better investigate the failure mode found in drilled columns.
The main findings from the experimental and numerical study are:
 Experimental results show that the failure of columns is characterized by early concrete
cover spalling and consequent bar buckling. In particular, concrete cover spalling happens before reaching the peak load. Analytical ultimate load evaluated accounting for the
gross concrete section is far higher than the correspondent experimental value.
 Based on the previous result, analytical prediction of the columns’ strength can be done
by considering only the confined concrete section, accounting also the confining effect.
The most accurate capacity prediction is related to the confinement model reported in [9].
 Drilled specimens show a mean compression load capacity reduction equal to about 14%
compared to as-built specimens. Restored specimens, instead, exhibit a negligible reduction (about 1.4%).
 Also, drilled specimens show a significant ductility reduction which has not been observed in restored specimens. This means that restoration is able to provide the columns
with almost the same capacity of the as-built condition.
 The nonlinear FEM model of a drilled specimen showed a satisfying predictive capacity
proved by the good agreement between experimental and numerical load-displacement
curves.
 The failure behavior of columns is characterized by the eccentricity between the axial
load and the resisting cross-section at the hole’s location. This is clearly shown by the deformed shape of the numerical model that matches the experimental measurements of the
LVDT placed on the front and rear face of the column.
 Finally, the failure of the studied column is characterized by the concrete crushing of regions around the hole. This causes the early spalling of concrete cover and consequent
buckling of longitudinal bars that reach the compression yielding stress but are unable to
exploit their full strength.
The experimental and numerical investigation on column specimens here reported suggests
that the compression load carrying capacity of previously seismically loaded column members
is far lower than that obtained from code-based analytical predictions accounting for the full
cross-section. This is particularly true for weakly reinforced concrete columns as those of the
present study, for which bar buckling can be not effectively restrained by hoops and ties.
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Abstract
The widespread use of damped braces is closely related to the availability of simplified yet
reliable design procedures along with the new generation of seismic codes based on the performance-based design. On the other hand, the seismic retrofitting of a reinforced concrete
(r.c.) framed building goes through a proper evaluation of the structural behaviour before
failure and sensitivity to damage. In fact, lack of knowledge on strength and stiffness degradation may not be compensated for in the following calculation of a passive control system. A
Displacement-Based Design (DBD) procedure to proportion hysteretic damped braces
(HYDBs) is proposed in order to take into account the effects of the seismic degradation of a
structure that needs to be retrofitted. To this end, a hysteretic model based on plastic and
damage mechanisms is adopted to describe the inelastic response of r.c. frame members.
Then, nonlinear seismic analysis of a single-degree-of-freedom system, equivalent to a multidegree-of-freedom model of the structure, is used to generate the capacity boundary curve by
means of the hysteretic model defined starting from the initial backbone curve. Two-, fourand eight-storey r.c. framed structures, representative of low-, mid- and high-rise r.c. framed
buildings, are designed for a medium-risk seismic zone of a former Italian code. These structures are then to be retrofitted by inserting HYDBs to attain performance levels imposed by
current Italian code in a high-risk seismic zone. Different retrofitting solutions are compared,
considering for each retrofitted structure: i) variable damper ductility coupled with constant
frame ductility; ii) variable frame ductility coupled with constant damper ductility. The effects
of different damage levels and different damage evolution laws are also investigated.
Keywords: R.C. Framed Structures, Strength Degradation, Stiffness Degradation, Hysteretic
Damped Braces, Displacement-Based Design Procedure, Seismic Retrofitting.
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1

INTRODUCTION

Thanks to the displacement and velocity dependent mechanisms (e.g. hysteretic and viscous) with in-built amplification (e.g. toggle and scissor jack brace configurations), the effectiveness of supplementary energy dissipation devices inserted on steel braces (i.e. damped
braces) has been widely recognised as reducing the level of seismic energy to building structures [1, 2]. The widespread use of this technology is closely related to the availability of simplified yet reliable design procedures along with the new generation of seismic codes based
on the performance-based design that combines seismic limit levels with hazard levels [3].
The most promising ideas are those in which the estimation of seismic demand and capacity
of the structure is based on Displacement-Based-Design (DBD) and Energy-Based-Design
(EBD) procedures. In particular, in the DBD approaches the design starts from a target deformation, combining the nonlinear static analysis of the multi-degree-of-freedom (MDOF)
model of the actual structure with the response spectrum analysis of an equivalent singledegree-of-freedom (SDOF) system [4-6]. The EBD approaches, on the other hand, explicitly
address cumulative and localized structural damage, assessing the energy absorption and the
dissipation mechanisms that can be made to balance the total seismic energy input, through
use of nonlinear dynamic analysis or optimization procedures [7-9].
Structural behaviour in past earthquakes confirms that reinforced concrete (r.c.) framed
buildings, poorly reinforced with regard to the requirements of the seismic damage control,
may suffer permanent damage from a combination of highly inelastic excursions and severe
cyclic loading [10]. This observation opens up the search for a more realistic estimation of the
deformation capacity through a displacement based approach in which strength and stiffness
degradation of the MDOF system are evaluated starting from the initial backbone curve of the
corresponding SDOF system [11]. Various types of hysteretic models can be used to study the
effects of the deterioration modes of structural components on their hysteretic behaviour under sizeable inelastic deformations [12]. In the present work, to account for the cyclic behaviour, the initial backbone curve is replaced by a sequence of N linear segments defined by a
combination of as many elastic-perfectly plastic (EPP) mechanisms as necessary. Then, cyclic
deterioration is reproduced by introducing N elastic-softening damage (ESD) mechanisms
acting in-parallel with the EPP ones, controlled by a damage variable (ψ) and corresponding
damage index (Ψ).
To evaluate the effectiveness of the proposed Displacement-Based Design (DBD) procedure of hysteretic damped braces (HYDBs), accounting for the cyclic behaviour of r.c. frame
members, two-, four- and eight-storey r.c. framed structures are adopted as test structures.
These are first designed in line with a former Italian code for a medium-risk seismic zone [13]
and then retrofitted to attain performance levels imposed by the current Italian code in a highrisk seismic zone [14]. Six solutions are compared, considering for each retrofitted structure:
three design values of the damper ductility (i.e. µD=10, 15 and 20), coupled with a constant
design value of the frame ductility (i.e. µF=1.5); three design values of the frame ductility (i.e.
µF=1.2, 1.5 and µFu), coupled with a constant design value of the damper ductility (i.e.
µD=15). Moreover, six hysteretic laws, corresponding to different levels of degradation, are
assessed: i.e. low (i.e. Ψ=0.33), medium (i.e. Ψ=0.5) and high (i.e. Ψ=0.83) constant values
of the damage index (Ψ); continuous damage evolution with linear (i.e. ε=1.0) and nonlinear
(i.e. ε=0.5 and 0.2) laws related to the parameter (ε) governing the rate of degradation. Finally,
pushover curves of the original (unbraced) and retrofitted (damped braced) structures are
evaluated, with and without considering degradation of the hysteretic response of r.c. frame
members on the DBD procedure of the HYDBs.
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2

DISPLACEMENT-BASED DESIGN PROCEDURE OF DAMPED BRACES

A multistep iterative DBD procedure, for proportioning HYDBs in order to get a
designated performance level of an existing r.c. regular framed structure for a specific level of
seismic intensity [5], is proposed to take account of the main modes of cyclic deterioration of
r.c. frame members during seismic loads. The main steps of the new procedure are briefly
summarized below, with the main focus on the strength and stiffness degradation of the
SDOF system equivalent to the original MDOF system.
2.1

Nonlinear static analysis of the original multi-degree-of-freedom system

Nonlinear static analysis of the original unbraced frame, under constant gravity loads and
monotonically increasing horizontal loads (Figure 1a), is carried out to obtain the base shear
versus (e.g. roof) displacement (V(F)-d) curve (Figures 1b,c) of the MDOF system, where the
modal participation factor (Γ) controls the transformation to the equivalent SDOF system
(Figure 1d). The lowest capacity curve is selected from those corresponding to constant
lateral-load patterns based on “modal” and “uniform” displacement shapes, in line with
provisions of the European seismic code [15] for regular structures: i.e. a “first-mode” pattern,
obtained by multiplying the first-mode components (φ1, φ2, ...., φn) by the corresponding floor
masses (m1, m2, ...., mn); a “uniform” pattern, only proportional to the floor masses.

(a)

(b)

(c)

d * =d (F) Γ
V * =V (F) Γ

=
Γ

∑(m i ⋅φi ) ∑(m i ⋅φi2 )
m e = ∑( m i ⋅φi ) (φn =1)

(d)

(e)

(f)

Figure 1: Pushover curves of the original (MDOF) and equivalent (SDOF) systems.

Then, the initial backbone curve of the SDOF system, incorporating yielding and positive
(e.g. hardening in Figures 1b and 1e) and negative (e.g. hardening and softening in Figures 1c
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and 1f) stiffness, is fitted by means of a piecewise linear function. By using this piecewise
linear fit and leaving aside damage (i.e. a damage index Ψ=0), it is possible to account for the
cyclic behaviour considering the hysteretic model obtained as a combination of N elasticperfectly plastic (EPP) mechanisms corresponding to a sequence of N linear segments. Moreover, the i-th linear segment is coupled with the corresponding i-th plastic mechanism described by an EPP law expressed as (Figure 2):

(

)

±
*±
V P,i
= K P,i
⋅ d *± − d *y±,i−1 , d *y±,i−1 < d *± ≤ d *y±,i

(

(1)

)

*±
*±
±
V P,i
=V yP,i
=K P,i
⋅ d *y±,i − d *y±,i−1 , d *± > d *y±,i

(2)

V*yP,i and d*y,i being the force and displacement at the i-th yielding point and KP,i the elastic
stiffness. It should be noted that the initial backbone curve can exhibit multi-linear elastic
hardening with a final positive (Figure 2a) or negative (Figure 2b) stiffness segment. In this
case, the last (i.e. N-th) plastic mechanism of the hysteretic model will be represented by an
elastic-linear law. Moreover, the unloading stiffness of the i-th plastic mechanism is assumed
to be the same as the elastic one.

(a)

(b)

Figure 2: Illustration of the plastic mechanisms (Ψ=0).

2.2

Nonlinear dynamic analysis of the equivalent single-degree-of-freedom system

Nonlinear dynamic analysis of the equivalent SDOF system includes the cyclic deterioration by modifying the initial backbone curve, representative of the response for monotonically
increasing loading, as function of the seismic loading history. One way of achieving this is to
overlap N damage mechanisms onto the previously defined N plastic mechanism. In particular,
the i-th damage mechanism presents an elastic-softening law characterized by a first linear
upward branch until the attainment of yield displacement of the corresponding i-th plastic
mechanism (Figure 3)

(

)

*±
±
V D,i
= K D,i
⋅ d *± − d *y±,i−1 , d *y±,i−1 < d *± ≤ d *y±,i

(3)

with an elastic stiffness of
±
K D,i
=
Ψ ± ⋅K i±
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Ψ being a damage index. Since the stiffness of the i-th segment of the backbone curve results
from an in parallel combination of plastic (Figure 2) and damage (Figure 3) mechanisms
±
±
±
K=
K P,i
+ K D,i
i

(5)

the initial plastic stiffnesses can be written as

(

±
K P,i
=−
1Ψ

±

)⋅K

±
i

(a)

(6)

(b)

Figure 3: Illustration of the damage mechanisms (0<Ψ<1).

With regard to the second linear downward branch of the i-th monotonic elastic-softening
damage (ESD) mechanism the following expression can be used (Figure 3)

(

)

*±
*±
±
V D,i
= V yD,i
− K sD,i
⋅ d *± − d *y±,i , d *y±,i < d *± ≤ d u*±

(7)

where the stiffness of the softening branch is equal to
±
±
K sD,i
=α i± ⋅K D,i
=α i± ⋅Ψ ± ⋅K i±

(8)

*±
*±
± d y ,i − d y ,i−1
α i = *± *±
d u − d y ,i

(9)

by placing

The unloading stiffness of the i-th cyclic elastic-softening damage (ESD) mechanism is assumed equal to:
±
K uD,i
=β i± ⋅K D,i =β i± ⋅Ψ ± ⋅K i±

(10)

given

β i± =α i±

d u*± − d ′i *±
d ′i *±

(11)

where d' is the displacement of the softening branch corresponding to the initial point of the
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unloading phase. In so doing, the unloading branch of the i-th ESD mechanism is oriented
towards the origin.
The cyclic deterioration of the plastic and damage mechanisms described above is controlled by damage index Ψ, which involves one or more damage variables ψ (e.g. inelastic
deformation and hysteretic energy) and represents a dimensionless parameter varying between
Ψ=0, when there is no damage, and Ψ=1, when failure occurs [16]. Furthermore, a lower
bound threshold of the damage variable ψ (i.e. ψe) corresponds to a substantially linear elastic
response, while ψ=ψu is the upper bound threshold corresponding to part or all of the ultimate
capacity of the system under a monotonically increasing load (i.e. ψmon). An additional degradation parameter ε needs to be introduced in order to characterize the shape of the everincreasing Ψ-ψ law:

=
Ψ ± 0, for ψ ± ≤ψ e±
ψ ± −ψ ± 
Ψ  ± e± 
=
ψ u −ψ e 

(12)

ε

±

for ψ ± >ψ e± , ε ≥0

(13)

ψ being the current value of the damage variable from nonlinear seismic analysis [17-21].
Moreover, the displacement of the SDOF system is considered as damage variable (ψ=d*)
where ψe=d*y1 and ψu=d*u are assumed as elastic and ultimate thresholds, respectively.
Finally, the force deformation curve that envelopes the hysteretic behaviour of the equivalent SDOF system subjected to seismic loads (i.e. the cyclic envelope V*-d*) can be evaluated (Figure 4a) and idealized as bilinear (Figure 4b), where dy(F) and Vy(F) represent yielding
values of displacement and base shear, respectively. Once the displacement corresponding to
a selected performance level (dp) is fixed, base shear at the performance displacement (Vp(F)),
stiffness hardening ratio (rF) and ductility µF(=dp/dy(F)) can be also evaluated for the frame.

(a)

(b)

Figure 4: Idealization of the cyclic envelope for the equivalent SDOF system.

2.3

Equivalent viscous damping of the frame with damped braces

The equivalent viscous damping of the in-parallel system of framed structure (F) and
damped brace (DB) can be evaluated iteratively by using the following expression, where a
suitable value of the elastic viscous damping for the framed structure is assumed (e.g. ξV= 5%)

ξ e (%)=ξ V +

ξ F(h) ⋅V p(F) +ξ DB ⋅V p(DB)
V p(F) +V p(DB)

being
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ξ F(h) (%)
=

(

)


µ F − 1 ⋅(1− rF ) 
1

63.7

3
µ F ⋅1+rF ⋅ µ F − 1  




(

)

(15)

and
ξ DB (%)= 63.7

( µ DB − 1)⋅(1− rDB )
µ DB 1+rDB ⋅( µ DB − 1)

(16)

A bilinear base shear-displacement curve represents the response of the equivalent hysteretic damped braces (HYDBs) of the actual structure (V(DB)-d), where µDB(=dp/dy(DB), with
dy(DB) displacement corresponding to yielding of the HYDBs) and rDB are ductility demand
and stiffness hardening ratio, respectively.
2.4

Design of the equivalent damped brace

Once the effective period (Te) of the damped braced frame (DBF) is evaluated as the vibration period of the design spectrum corresponding to the equivalent viscous damping (ξe) and
performance displacement (dp), it is possible to calculate the effective stiffness of the equivalent damped brace
K e(DB)=K e − K e(F) =

4⋅π 2 ⋅m e
− K e(F)
2
Te

(17)

and shear contributions at the performance and yielding points (Vp(DB) and Vy(DB), respectively)
V p(DB)=K e(DB) ⋅d p , V y(DB)=

2.5

V p(DB)

1+rDB ⋅( μ DB − 1)

(18a,b)

Design of the hysteretic damped braces for the framed structure

If the structure is assumed to be regular, a proportional stiffness criterion can be used to assess the vertical distribution of the HYDBs, although more refined criteria are available in the
literature [22]. In particular, the same value of stiffness ratio K*DB(=KDB/KF, KDB being the
elastic lateral stiffness of the damped braces and KF that of the unbraced frame) is assumed at
each storey. At a given storey, for a diagonal brace with hysteretic damper inclined at angle α
with respect to the horizontal direction, the elastic stiffness of the damped brace (Ki(DB)) and
the yield-load (Nyi) can be expressed as

K i(DB)=

V yi(DB)

V yi(DB)
1
,
N
=
yi
cosα i
cos 2 α i
(φ i −φ i-1 ) ⋅d (DB)
y

(19a,b)

as function of the shear at that storey
n

j=i

m i ⋅φ i

n

V yi(DB)=∑ F yj(DB) =∑
j=i

n

∑m j ⋅φ j

V y(DB)

(20)

j =1

3

ORIGINAL AND RETROFITTED TEST STRUCTURES

Two- (F2), four- (F4) and eight-storey (F8) r.c. framed structures, with a symmetric plan
with 5m long bays (Figure 5a) and a constant interstorey height of 3 m (Figures 5b,c), are
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considered as test structures. Note that cross sections of the r.c. frame members at the upper
two and four levels of the F8 structure correspond to those of the F2 and F4 structures, respectively. A simulated design of the original (unbraced) buildings is carried out in accordance
with a former Italian code [13], for a medium-risk seismic region (seismic coefficient:
C=0.07) and a medium subsoil class (subsoil parameter: ε =1). The gravity loads are
represented by a dead load of 5.0 kN/m2 on all the floors, and a live load of 1.5 kN/m2 on the
top floor and 2.0 kN/m2 on the other floors. A dead load of 1.9 kN/m2 is also considered for
the masonry infill walls. The cross sections of columns (i.e. corner, perimeter and central) and
beams (i.e. deep and flat) are reported in Figures 5b,c, where for clarity the dimensions of the
r.c. frame members are indicated with reference to Y direction, which will be considered to be
the same as the one for the nonlinear static and dynamic analyses. Concrete cylindrical
compressive strength of 25 MPa and steel yield strength of 375 MPa are assumed. Finally, the
fundamental vibration period (T1Y) and effective mass (me,1Y) of the test structures along Y,
expressed as percentage of the total mass (mtot), are reported in Figure 5a. Further details regarding the design can be found in previous work [23].

(a) Plan.

(b) Perimeter frame.

(c) Interior frame.

Figure 5: Original r.c. test structures (units in cm).

First, the nonlinear static analysis of the framed structures along the Y direction is carried
out, considering horizontal loads applied at the centre of mass (GM) of each storey [23]. A
lumped plasticity model constituted of two parallel elements, one linearly elastic and the other
elastic-perfectly plastic, describes the inelastic behaviour of a r.c. frame member [24]. For a
more accurate estimation of the seismic capacity that takes into account the degradation of the
Fi under cyclic loading, a piecewise linear fit of the initial backbone curve is used when applying the hysteretic model described in Section 2.1 to the equivalent SDOF system. Then,
the nonlinear dynamic analysis of the SDOF systems, equivalent to the corresponding MDOF
ones, is carried out along the Y direction, coupling the elastic perfectly-plastic (EPP) and elastic-softening damage (ESD) mechanisms. To this end, seven recorded accelerograms, reflecting the provisions of the current Italian seismic code [14] for the geographical coordinates
(longitude 16.17° and latitude 39.31°) at the site in question (i.e. subsoil class C), are selected
from the European Strong Motion database [25] and scaled to match, on average, the design
spectrum [26]. Cyclic curves resulting from the proposed hysteretic model are evaluated, with
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reference to constant and variable values of the damage index (Ψ), in terms of base shear
(Vbase) versus top (roof) displacement (dtop). Moreover, monotonic curves that envelope the
hysteretic response of the equivalent SDOF systems (i.e. the capacity boundary curves) are
plotted in Figure 6, together with the monotonic backbone curve resulting from the nonlinear
static analysis (i.e. Ψ=0). In detail, the capacity boundary curves correspond to constant (i.e.
Ψ=0.33, 0.5 and 0.83) and variable (i.e. assuming rate degradation of damage governed by
ε=1.0, 0.5 and 0.2) values of Ψ.

(a)

(b)

(d)

(e)

(c)

(f)

Figure 6: Monotonic and cyclic envelopes for the equivalent SDOF system:
constant (a, b, c) and variable (d, e, f) values of damage index Ψ.

For the purpose of retrofitting the original r.c. framed structures (i.e. Fi, i=2, 4 and 8) to the
performance levels imposed by NTC18 provisions, in a high-risk seismic zone (peak ground
acceleration on rock, ag=0.26g at the life-safety limit state) and medium subsoil class (type B,
site amplification factor S=1.14), diagonal steel braces equipped with hysteretic dampers
(HYDs) are inserted in the perimeter frames. Specifically, the damped braced (retrofitted)
structures (i.e. DBFi, i=2, 4 and 8) are characterized by HYDBs placed in the central bay, in
the X direction, and in both bays, in the Y direction, of the perimeter frames (Figure 7). The
Displacement-Based design (DBD) procedure of HYDBs presented in Section 2 is used to
proportion the HYDBs. In detail, six retrofitting solutions are considered for each structure,
assuming: three design values of the damper ductility (i.e. µD=10, 15 and 20) with a constant
design value of the frame ductility (i.e. µF=1.5); three design values of the frame ductility (i.e.
µF=1.2, 1.5 and µFu) with a constant design value of the damper ductility (i.e. µD=15). Moreover, six design solutions are evaluated for each selection of the design parameters, considering
the capacity boundary curves corresponding to constant (i.e. Ψ=0.33, 0.5 and 0.83) and variable (i.e. ε=1.0, 0.5 and 0.2) values of the damage index. Finally, the monotonic backbone
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curve (i.e. Ψ=0) corresponding to a simplified Displacement-Based Design (DBD) procedure
is also examined to provide a comparison. The design results, omitted for the sake of brevity,
highlight that the effective stiffness Ke(DB) is underestimated in all examined cases when the
force-displacement curve that envelopes the hysteretic behaviour is not considered. As expected, increasing values of effective stiffness of the equivalent HYDB are obtained when
stiffness and strength degradation rules depend on increasing (constant) values of the damage
index. Assuming different rates of degradation, a similar trend is observed when the variability of Ψ with the current value of inelastic deformation is also taken into account. On the other hand, note that the yield-load is less sensitive than effective stiffness to degrading
assumptions. Negligible effects of the µD variability are observed throughout, while significant variations of Vy(DB) are highlighted when µFu is assumed as the design value of frame
ductility.

(a) Plan.

(b) Perimeter frame.

(c) Interior frame.

Figure 7: Retrofitted r.c. test structures (units in cm).

4

NUMERICAL RESULTS

To evaluate how different nonlinear modelling assumptions of the degrading hysteretic behaviour affect the seismic retrofitting with hysteretic damped braces (HYDBs), a new displacement-based-design (DBD) procedure is developed. Different damage levels on the DBD
procedure of HYDBs are investigated based on a damage index (Ψ) on which the capacity
boundary curve depends. Specifically, constant values of Ψ, from no damage up to light and
moderate repairable damage (0≤Ψ≤0.5) and irreparable damage up to partial or total collapse
(0.5<Ψ<1), are compared with different evolution laws of Ψ, referring to linear (ε=1) and
nonlinear (ε<1) degradation rules. Stiffness and strength properties of the HYDBs are
evaluated on the assumption that the deformability of the steel brace is negligible given its
rigidity (i.e. KDB≅KD, where KDB and KD are the lateral stiffnesses of the damped brace and
hysteretic damper, respectively). An analogous assumption is made for the stiffness hardening
ratio of the HYDBs (i.e. rDB≅rD).
To evaluate the effectiveness of the proposed DBD procedure of HYDBs for the seismic
retrofitting of the original two- (F2), four- (F4) and eight-storey (F8) r.c. framed structures,
capacity curves of the DBFi structures are plotted in Figure 8, where dashed lines represent
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results obtained for the corresponding Fi ones. In view of the low impact of the damper ductility on design properties of the HYDBs, only the value µD=15 is assumed in combination
with the hardening ratio rD=3%. Moreover, a frame ductility µF=1.5, limiting the inelastic
demand to the original structures, is selected together with hardening ratio rF=1%. The nonlinear static analysis of the DBFi is terminated once the ultimate value of damper ductility is
attained (i.e. µDu=30). An ultimate ductility check has also been carried out for the r.c. frame
members for both Fi and DBFi. In detail, HYDBs are designed with reference to constant
(Figures 8a,c,e) and variable (Figures 8b,d,f) values of the damage index Ψ.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 8: Pushover curves of retrofitted structures designed with and without considering degrading response of
original r.c. framed structures, assuming constant (a, c, e) and variable (b, d, f) values of Ψ.
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The DBD procedure is shown to be more effective for the low- (i.e. F2) and medium-rise
(i.e. F4) structures than for the high-rise (i.e. F8) ones, where the lowest level of seismic protection is obtained. Capacity curves where the HYDBs are designed with the simplified DBD
procedure, without considering the degrading response (Ψ=0), are also plotted. Significant
variation in the results occurs when constant or variable values of the damage index Ψ are assumed. Moreover, the shear strength capacity of the DBFi structures increases for increasing
values of damage index Ψ (Figures 8a,c,e) and decreasing values of rate parameter ε (Figures
8b,d,f). The opposite is observed for the lateral displacement capacity, for which there is a
significant overestimation when the simplified DBD procedure is applied (i.e. Ψ=0). This behaviour highlights the need for special attention to the degrading cyclic response of r.c. frame
members to ensure a successful retrofit.
Next, local structural damage along the building height of the Fi and DBFi structures is
shown in Figures 9 and 10, in terms of maximum curvature ductility demand at the end
sections of beams and columns.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 9: Local response of beams of retrofitted structures designed with and without degrading seismic response
of original r.c. framed structures.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 10: Local response of columns of the retrofitted structures designed with and without considering a degrading seismic response of original r.c. framed structures.

In particular, perimeter and interior frames in the Y direction are examined, assuming
µF=1.5 combined with µD=15. The DBFi suffer collapse due to the attainment of the ultimate
value on the ductility demand of HYDBs, before reaching inelastic capacity of r.c. frame
members, while the Fi are characterized by a “strong-column weak-beam mechanism”. The
DBD procedure ensures notable reductions in the ductility demand of beams, for both increasing values of Ψ (Figures 9a,c,e) and decreasing values of ε (Figures 9b,d,f). Moreover, brittle
failure phenomena do not occur, with maximum ductility demand of columns (Figure 10)
which is always lower than that of the beams (Figure 9). A slight increase in ductility demand
is observed for increasing values of Ψ, only for columns at lower storeys of the DBF8 (Figures 10e,f). This effect can be explained by observing that the DBFi are characterized by
higher values of the axial load in the columns than the Fi, but the balanced compressive load
is exceeded only at the lower storeys where ductility demand is increased. Finally, all design
parameters being equal, the simplified DBD procedure (Ψ=0) leads to an overestimation of
the ductility demand of r.c. frame members compared to the new DBD (Ψ>0) procedure.
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5

CONCLUSIONS

A Displacement-Based Design (DBD) procedure is developed for retrofitting with
hysteretic damped braces (HYDBs) a given framed structure, also considering the effects of
degrading cyclic response of the r.c. frame members. Specifically, a piecewise linear approximation of the capacity boundary curve instead of initial backbone is adopted to obtain
seismic capacity of the entire structure with reference to an equivalent nonlinear SDOF
system. A combined plastic-damage (CPD) hysteretic model, resulting from an in-parallel
combination of elastic-perfectly plastic (EPP) and elastic-softening damage (ESD) mechanisms, is adopted to describe the degrading hysteretic response represented by the capacity
boundary curve. To verify the reliability of the DBD procedure, two-, four- and eight-storey
r.c. framed buildings are retrofitted by sizing HYDBs in a high-risk seismic zone of the current Italian code. Six structural solutions are compared for each structure, considering: i) variable damper ductility combined with constant frame ductility; ii) variable frame ductility
combined with constant damper ductility. Moreover, six design solutions are compared for
each assortment of the design parameters, considering the cyclic envelopes corresponding to
constant (i.e. Ψ=0.33, 0.5 and 0.83) and variable (i.e. ε=1.0, 0.5 and 0.2) values of the damage
index. As a comparison, the results for the monotonic backbone curve (i.e. Ψ=0) are also examined. The seismic response from the nonlinear static analysis of the retrofitted structures
confirms the effectiveness of the DBD procedure, especially for the low- and medium-rise
framed buildings. Specifically, the shear strength capacity of the DBFi structures increases for
increasing values of damage index Ψ and decreasing values of parameter ε. The opposite is
observed for the lateral displacement capacity, where a significant overestimation is obtained
assuming Ψ=0. Moreover, the DBD procedure makes it possible to obtain notable reductions
of local ductility demand, for both increasing values of Ψ and decreasing values of ε, unlike
the simplified DBD procedure corresponding to Ψ=0, leading to an overestimation of the ductility demand of r.c. frame members. As a final remark, special attention to the degrading cyclic response of r.c. frame members is advisable for a successful retrofit with HYDBs.
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Abstract
Bond related failures still pose a significant threat to the structural integrity of an increasing
number of aging reinforced concrete structures. An accurate theory-based method for determining detailing parameters of a lap splice is not yet available. For this reason, modern
codes are still relying on semi-empirical formulas for describing the bond behavior of bars in
anchorages or splices. The most recent design recommendations are that of Model Code 2010
(MC 2010), which have already been used as the basis for the draft revision of EN 1992 to be
published in 2023. Experience has shown that the application of MC 2010 provisions can
lead to even longer laps compared to those required by EN 1992 (2004). In this paper, a
comparison of the key available design models for determining the tension lap strength will
be presented, focusing mainly on the influence of the internal transverse reinforcement (stirrups) present within the lap length. Conclusions regarding the shortcomings of the available
design models will also be made.

Keywords: Reinforced Concrete, Bond Strength, Lap splices, Design Codes & Models,
Transverse Reinforcement.
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1

INTRODUCTION

Bond is one of the key interaction mechanisms between concrete and reinforcing bars that
ensures proper structural performance of reinforced concrete structures. This has been widely
known since the early stages of reinforced concrete design, as demonstrated by a very rich
scientific research and some relevant design provisions included in the earliest available Design Standards (as early as 1966 by ACI and 1978 by CEB-FIP). The most recent codified design recommendations can be found in Model Code 2010, while the latest background data
and design methods’ development are presented and discussed in ACI 408R-03 and fib Bulletins No 10 (more detailed) and No 72 (more recent).
Two critical steps in the research history of bond were: a) the development of “local” bond
stress–slip (τ-s) relationships (calibrated using experimental data), and b) the recognition and
differentiation of the two possible failure modes, that of splitting (SP) and pull-out (PO), depending on whether or not the concrete cover splits. Bars in unconfined (or passively confined,
by concrete cover and stirrups) concrete usually fail by splitting of the surrounding concrete,
while bars in actively confined concrete fail by being pulled-out of the concrete (concrete is
sheared on the surface defined by the ribbed profile of the bars). Passively confined bars may
also fail with a pull-out failure mode depending on available cover and bar spacing. These
two main assumptions, along with the following generic descriptive equation for bond
strength, have been the subject of the most important scientific research in this field:
fb=(ΔσsAb)/(πdb lb), where fb: average bond stress over lb, Δσs: change of bonded bar stress
over lb , Ab: cross section area of bonded bar, db: bar diameter, and lb (or ld later): bond (development) length.
Structural characteristics
Concrete cover & bar spacing
Development & splice length
Transverse reinforcement
Bar casting position
Percentage of bars lapped in one section
Non-contact lap-splices
Bar properties
Bar size
Bar geometry
Steel stress & yield strength
Bar surface condition (cleanliness, epoxy coated bars, etc.)
Concrete properties
Compressive strength
Aggregate type & quantity
Tensile strength & fracture energy
Ligthweight concrete
Concrete slump & workability admixtures
Mineral admixtures
Fiber reinforcement
Consolidation (vibration, construction related vibrations, revibration, etc.)
Table 1: Parameters affecting bond.
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However, this last expression is a major simplification of the complex engineering problem
of evaluating bond resistance. In reality, and contrary to earlier beliefs, bond strength is affected by many parameters and is not just a concrete material property (as it might be implied
by the previous expression). ACI 408R-03 includes a detailed discussion on the major factors
affecting bond and separates them in three main categories: structural characteristics, bar
properties and concrete properties (see also Table 1). Although there is a general consensus
regarding which parameters affect bond resistance, there have been significantly different scientific approaches and conclusions regarding the quantification of each parameter’s influence.
Over the years, there have been many attempts to capture and explain all key aspects of the
problem, with researchers relying on different type of models. Earliest attempts used simplified force equilibrium models on a plane perpendicular to the axes of the bonded reinforcement. In this way, bond-slip relations could not be applied. Alternatives have been also
proposed based on kinematic relations between longitudinal bar displacements (slip) and radial displacement (dilatancy) of surrounding concrete. Both types of models were semiempirical. Some purely analytical attempts have been made, but their accuracy and applicability is questionable since they are usually based on pull-out failure modes and tend to estimate
bond behaviour only along the axis of the longitudinal reinforcement. More recently, numerical models offering full three-dimensional assessment of the bond mechanism have been developed. However, their calibration has been proved to be too complex and unreliable for
routine design, limiting their applicability.
In most practical applications of lap-splices in columns or beams, splitting is the governing
failure mode. The presence of transverse reinforcement within the lap-splice length can potentially increase the RC member’s bearing capacity by increasing the bond strength and limiting
the splitting crack width. Previous works by the authors (see Chronopoulos et al. 2012,
Chronopoulos & Tassios 2013, Chronopoulos et al. 2016) have shown differences in that relevant design code provisions. In this paper, some key design models will be shortly presented
and compared in terms of their estimation of the transverse reinforcement influence on bond
strength and lap-splice performance in general.
2

INFLUENCE OF TRANSVERSE REINFORCEMENT

Tepfers (1973) and Orangun et al. (1977) has already established that legs of transverse reinforcement crossing the splitting crack can enhance bond behaviour by delaying crack progression and increasing the bar stress required to cause failure. In this sense, transverse
reinforcement acts in a similar way with confining pressure (due to a different source), which
if sufficiently high may lead to a pull-out type of failure (instead of a splitting one). It is rather
obvious, that once pull-out failure is ensured, the effectiveness of additional transverse reinforcement is significantly reduced (or even becomes negligible).
Most of the available design models agree that the additional contribution of confining reinforcement to bond shall be represented in the relevant expressions as summative (except
Esfahani & Kianoush 2005, who represent it as multiplicative). Considering this, a simplified
expression of the total bond force can be written as: Tb=Tc+Ts, where Tc: bond force due to
concrete (without transverse reinforcement) and Ts: bond force due to transverse reinforcement. It is important here to highlight that according to Zuo & Darwin (1998, 2000) Tc is affected by the presence of transverse reinforcement. This study has shown that in order to
achieve better correlation with test data, an effective value of bar clear spacing csi (actually
internal “side cover”, greater that the actual value, see Figure 1) shall be used in the relevant
expression and taken equal to: csi,eff=1.6csi. However, for bars with transverse reinforcement,
better match is achieved by using a reduced value for the effective bar spacing equal to: csi,eff=
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csi+0.25in (csi+6.4mm), still greater that the clear distance between bars (csi). As a general
conclusion, the influence on Tc is small, but measurable.

Figure 1: Bond cracks according to ACI408R-03: (a) csi > cb; and (b) csi < cb.

The two most important parameters that determine the transverse steel contribution to the
total bond force Ts are the area of reinforcement crossing the potential crack planes Ast and
the effective transverse reinforcement stress. Values of Ast can differ even for the same transverse reinforcement arrangement (same number of legs) depending on concrete cover and bar
spacing (which affect splitting crack patterns, see also Chronopoulos et al. 2012). Different
researchers have proposed various expressions that also consider other factors, which amongst
others include concrete strength, bonded bar size and deformation properties (relative rib area),
and yield strength of reinforcement (see also next paragraph). An increase in either bar size or
relative rib area (rib size and spacing) leads to an increase in the wedging action exerted by
the slipping bonded bars to the transverse reinforcement. This effect produces transverse dilatancy and mobilises tension stresses into the confining reinforcements, that causes an increase
to the clamping force acting on the bonded bars.
It is worth noting that contrary to earlier beliefs, it has been observed during a lot of experimental studies that in such cases transverse reinforcements rarely yields. This observation is
clearly stated in ACI408R-03 and is based on the studies of Maeda et al. (1991), Sakurada et
al. (1993), and Azizinamini et al. (1995). The authors are also in support of and have already
offered further justification for this opinion, even in zones with high shear forces. The relevant test results presented in Chronopoulos & Tassios (2013) and Chronopoulos et al. (2016),
including monitoring of internal stirrups and external jacket strains, have shown maximum
values of hoop strains of approx. 1‰ for stirrups. This observation raises some serious concerns about earlier works of e.g. Orangun et al. (1977) and Giuriani et al. (1991, see also Figure 2), which rely on transverse steel yield strength and both have influenced past design code
provisions.
Fib Bulletin No 72 (2013) also highlights one other issue regarding the calibration of some
key available semi-empirical models for estimating bond strength: “all have been calibrated
based on test results of a data base where the majority of the tests were on specimens with no
confining reinforcement (crossing potential splitting planes). The additional contribution from
confining reinforcement was then estimated from the difference between strengths obtained
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from otherwise identical specimens with confining reinforcement”. This observation proves
that at least a verification (if not a new calibration) of these expressions is required based on
tests specifically designed for this purpose.

Figure 2: Splitting crack and confining actions around a ribbed bar according to ACI408R-03.

3

BOND MODELS CONSIDERING TRANSVERSE REINFORCEMENT

As already discussed in previous paragraphs, an accurate theory-based expression for calculating the additional bond resistance offered by the presence of transverse reinforcement is
not yet available. In the following, a comparison of the key available semi-empirical design
models is made, along with a short commentary of the major affecting parameters. This paragraph concludes with a short parametric study of the transverse reinforcement’s influence to
bond strength .
3.1

Orangun et al. (1977)

Orangun et al. developed their model for estimating the total bond force Tb=Tc+Ts (expressed in relation to √fc, see next sub-paragraph) using statistical analyses on a data base
consisting of 62 specimens. Their model assumes that splitting failure governs (see Eq. 2) and
that transverse reinforcement yield strength is mobilised (see relevant discussion in §2).
Ts/√fc = [(πld Atr)/(41.5sn)]fyt

(1)

1/db[cmin+0.4db+(ld Atr)/(10.34sn)]fyt ≤ 2.5

(2)

where: cmin: minimum concrete cover, Atr: area of transverse reinforcement normal to the
plane of splitting, fyt: yield strength of transverse reinforcement, s: spacing of transverse reinforcement, and n: number of bars developed or spliced at the same location. The development
length expression first incorporated in ACI318-95 was based on this study.
3.2

Darwin et al. (1992)

Darwin et al. (1992) reanalysed the data used by Orangun et al. (1997) and incorporated
the effect of the relative maximum and minimum concrete cover (cmax/cmin), which however
didn’t affect the transverse reinforcement’s influence. Eventually they also expanded the relevant database to include 133 specimens without and 166 with confining reinforcement. These
additional data showed that a better for could be achieved by expressing Tb in relation to fc1/4,
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compared to √fc used by Orangun et al. (1977). One new addition was the factors accounting
for the influence of relative rib area and bar size, which can be seen in Eq. 4 and 5, here below:
Ts/fc1/4 = 53.3trtd (NAtr)/n+1019

(3)

tr = 9.6Rr+0.28

(4)

td = 0.028db+0.28

(5)

1/db[(cmin+0.5db )(0.1cmax/cmin+0.9)+(35.3trtd Atr)/(sn)] ≤ 4.0

(6)

where: N: number of transverse stirrups (or ties) within the bond length, tr, td: relative rib area
and bar size (respectively) influence factors, and Rr: relative rib area, equal to: R r = (projected
rib area normal to bar axis) / (nominal bar perimeter x center-to-center rib spacing).
3.3

Zuo and Darwin (2000)

Zuo and Darwin (2000) further increased the data base, adding mainly specimens with
high-strength concrete (fc > 55 MPa). Their data base comprised of 171 specimens without
and 196 with transverse reinforcement. They concluded that fc1/4 indeed offered a better representation of the effect of concrete compressive strength to the bond resistance of bars not confined by transverse reinforcement, as observed by Darwin et al. (1992). However, their
calibration also proved that the use of fc3/4 in estimating Ts offered a much better fit for bars
with confining reinforcement, based on below expressions:

3.4

Ts/fc1/4 = [9trtd(NAtr)/n+744] fc1/2

(7)

tr = 9.6Rr+0.28

(8)

td = 0.03db+0.22

(9)

1/db[(cmin+0.5db )(0.1cmax/cmin+0.9)+(6.26trtd Atr)/(sn)fc1/2] ≤ 4.0

(10)

Eligehausen & Lettow (2006)

Eligehausen and Lettow (2006) proposed an expression to calculate the average bonded bar
stress fstm (Eq. 11). A slightly modified version of this expression was finally included in
Model Code 2010 (Eq. 12), which also followed the format proposed by Canbay & Frosch
(2005). This expression was based on a data base of approx. 850 tests, which was created by
supplementing the database of ACI Committee 408 (used in the previous studies) with additional data from mainly European and a few Asian scientific programs. It is a rather extensive
database, including both anchorages and lap splices, with or without transverse reinforcement.
The first part of this expression (Eq.12) represents the bond strength for some base reference
conditions of confinement: minimum cover equal db, bonded bar spacing equal to 2db, and no
confining reinforcement. The second part of their expression (the one enclosed in the square
brackets) modifies the reference bond strength to account for its enhancement due to concrete
cover and transverse reinforcement.
fstm = 24.2(fc)0.25(20/db )0.20(ld/db)0.55(cmin/db )0.33(cmax/cmin)0.10[1+10Ktr]
fstm = 54(fc/25)

0.25

(20/db)

0.20

Ts = [54(fc/25)

(ld/db)

0.25

0.55

(20/db)

[(cmin/db)

0.20

(ld/db )

0.25

(cmax/cmin)

0.55

2

0.10

kmKtr]πdb /4

+k mKtr]

(11)
(12)
(13)

where: cmin=min{(clear bar spacing)/2, top/bottom or side cover} and cmax=max{(clear bar
spacing)/2, side cover}. The effectiveness factor k m can be equal to 12 or 6 for confinement
by legs of links perpendicular to the splitting plane or by straight bars inside the cover, respec-
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tively, or 0 for other circumstances. Ktr=ntAst/(nbdb st) ≤ 0.05, where nt: number of transverse
reinforcement legs intersecting the potential failure plane, Ast: one transverse reinforcement
leg cross section area, st: longitudinal spacing of transverse reinforcement, and nb: number of
pairs of spliced bars in the failure plane. The relevant expression is valid for: fstm≤fy and fstm
≤(2.5 or 1.25)√fc4(lb/db) for good or bad bond conditions, respectively, 15 MPa<fcm<110
MPa, 0.5<cmin/db<3.5 and 1.0<cmax/cmin<5.0.
3.5

Mancini et al (2018) and Vollum & Goodchild (2019)

Mancini et al. (2018) performed a consistent calibration based on a Monte Carlo method
for the reliability assessment of the semi-empirical model of Eligehausen & Lettow (2006), in
the form that is included in Model Code 2010. The purpose of their study was to formulate
design lap-splice and anchorage length expressions according to a specific level of reliability
(compliant with EN 1990). Their work proved that at Ultimate Limit State (ULS), EN 1992
tends to be unsafe for high values of longitudinal reinforcement stress fstm, while Model Code
2010 is too conservative when low levels of fstm should be transferred (see also Figure 3 here
below).

Mancini et al. (2018)

Figure 3: Comparison of Mancini et al (2018) to EN 1992 and Model Code 2010 provisions,
according to Gino et al. (2018); Note: σsd ≈ 0.67 σsm (or fstm in this paper).

Vollum et al. (2019) expanded on this previous work, statistically investigating further the
relevant Model Code 2010 expression and separating the database into four stress bands based
on the measured bonded bar stress fst,test: fst,test < 300 MPa, 300 < fst,test < 400 MPa, 400 MPa <
fst,test < 500 MPa, 500 MPa < fst,test. Each stress range was analysed separately based on the
same procedure followed by Mancini et al. (2018). Based on this effort, Vollum & Goodchild
were able at the end to calibrate a design expression focused on test results with fst,test values
close to 435 MPa (design yield strength of modern steel reinforcements). This expression
could be used to support a design method less conservative than the one included in Model
Code 2010, but with a suitable reliability level that could be considered for the revision of EN
1992 to be published in 2023 (see also Vollum & Goodchild 2018 for more details on the development of their proposed design method). Based on this separation, they proposed a modified version of Eq. 12 with different probabilistic coefficient ζj for each stress range, which if
expressed in terms of average bond strength fbj (where j=m: mean, j=k: characteristic, or j=d:
design) can be written as:
fbj = 2.44 ζj1.82 (fc/25)0.45(20/db)0.36[(cmin/db) 0.25(cmax/cmin)0.10+k mKtr]
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fbm = 2.8 (fc/25)0.45(20/db)0.36[(cmin/db)0.25(cmax/cmin) 0.10+kmKtr]

(15)

Ts = [2.8(fc/25)0.45(20/db)0.36kmKtr]πdbld

(16)

where for σsd > 435 MPa, the bond strength should be multiplied by (435/σsd)0.82, and or σsd ≤
435 MPa, bond strength is independent of reinforcement stress, which is unlike the expression
used by Mancini et al. (2018) and Eligehausen & Lettow (2006).
4

COMPARISON OF DESIGN MODELS

In Table 2 here below, the parameters affecting the transverse steel contribution to the
transverse steel attributed bond force Ts according to each key design model are summarised.
A first generic comment on the relevant expressions is that over time researchers have tried to
produce more detailed expressions, with individual coefficients and exponents applied to each
parameter (e.g. Eligehausen & Lettow 2006), compared with earlier approaches, where a simple theory-based expression was used along with just a few generic experimental correction
coefficients (e.g. Orangun et al. 1977). There is also a general agreement on the way that the
influence of the transverse reinforcement is estimated, based on the reinforcement area that
crosses the potential splitting crack planes. However, there are two main differentiations: a) In
earlier models (Orangun et al 1977 to Zuo & Darwin 2000), the total reinforcement area within the bond length is considered by using the ratio of ld /s or N (see §§3.1 to 3.3), compared to
Eligehausen & Lettow (2006), where Ktr is calculated based on the number of stirrup legs
within the stirrups’ spacing (s). This may lead to further differentiations between estimations
when the stirrups’ spacing is not constant all along the bond length e.g. lap splices longer that
the critical regions of columns. b) Eligehausen & Lettow (2006) introduced an effectiveness
coefficient k m, which quantified the widely-accepted common knowledge that poorly detailed
and arranged transverse reinforcement may offer no enhancement at all (k m can take values as
low as zero, see §3.4).
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n
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td
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db
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Darwin et al.
(1992)























Zuo and Dar- Eligehausen & Mancini et al
win (2000)
Lettow (2006)
(2018)


































Vollum &
Goodchild
(2019)












Table 2: Parameters affecting transverse reinforcement influence to bond strength
considered by each design model; Note: see §3 for parameters’ description.

In Figures 4 and 5 here below, the results of a short parametric investigation on the influence of the area of transverse reinforcement is presented. These diagrams were produced using the equations presented in §3, which were solved for T s (in kN) under the following
conditions: Rr=0.056 (typical for B500C rebars with db>12mm), db=20mm, fc=25MPa, fyt=
500MPa, and ld=20db or 30db. For this comparison, the Eligehausen & Lettow (2006) design
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model is used in the form included in Model Code 2010. Eq. 1, 3 and 7 where transformed so
that an equivalent parameter to Ktr of Eq. 16 could be incorporated in order to make all these
equations easily comparable. For this transformation it was assumed that [Ktr] Eq.16 =
[Atr/(sndb)]Eq.1,3,7 and N = ld/s. This analysis show that over time the latest scientific evidence
follow a trend in reducing the contribution of passive confinement by transverse reinforcement to bond strength (see e.g. differences between Orangun et al. 1977 and Zuo & Darwin
2000). Contrary to that trend, Eligehausen & Lettow (2006) proposed a model with relatively
increased values of additional bond strength due to stirrups, but later studies by Mancini et al.
(2018) and Vollum et al. (2019) has proven that a more comprehensive reliability analysis of
the same expression, along with a separation of the available database into a stress range closer to modern reinforcement yield strengths (400 to 500 MPa), can lead to less conservative
but adequately safe and reliable design provisions.

Figure 4: Comparison of the influence of Ktr to bond force
due to transverse reinforcement for an available bond length of 20db.

Figure 5: Comparison of the influence of Ktr to bond force
due to transverse reinforcement for an available bond length of 30db.
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5

CONCLUSIONS

Contrary to past scientific knowledge and design codes, nowadays it is widely accepted
that the strength of anchorages and lap-splices can be described by the same expressions. For
example, today we know that lap-splices do not generate twice the splitting (bursting) force
compared to that of an “equivalent” single bar anchorage, as it was predicted by the earlier
“hydraulic pressure” physical models. In the last 30 or 40 years, a lot of relevant research was
performed, with a lap considered as an almost “double” (in the past, see Model Code 1990) to
an almost “single” anchorage (recently, see Model Code 2010), depending on a number of
parameters. This shift of the Codes to a more uniform approach regarding both anchorages
and lap-splices has been discussed, amongst others, by the authors in Chronopoulos et al.
(2012), including a more detailed presentation of design code provisions. One of the conclusions of that study was that almost every 10 years lap-splice related factor values (e.g. the one
for percentage of reinforcement lapped in one section) have been gradually reduced to approx.
1,1 (coming closer to the bond resistance of a single bar anchorage). In the present paper, a
more detailed comparison of the progression of bond strength estimation models over the past
40 years was presented, focused mainly on the influence of the internal transverse reinforcement. Based on the previous discussion and observations, the following conclusions can be
made:
• There is a general consensus that splitting is the governing failure mode in virtually all
practical applications of anchorages or lap-splices without active (external) confinement.
• Most recent approaches suggest that the influence of passive confinement, by concrete
cover and transverse reinforcement (stirrups, ties, secondary reinforcement, etc.), can be
estimated as an enhancement to a basic bond strength corresponding to some minimum
confinement conditions.
• Although theoretically reasonable, influence of rib area is excluded by most recent design
models (Model Code 2010), mainly due to the relative scarcity of comprehensive test data and reliable calibrations. The opinion of Task Group 4.5 that produced Model Code
2010 argues that rib area has only a modest impact in the presence of some minimum
confinement.
• On the other hand, since the early '90s it has been established that both bar size effects
and relative maximum and minimum concrete cover affect passive confinement.
• There is an obvious effort to supplement the available bond strength databases with tests
on specimens with transverse reinforcement crossing the splitting crack plane, as opposed to earlier design code expressions (e.g. Model Code 1990) which were based on
databases that predominantly contained bond strength tests on unconfined bars with short
bond lengths.
• As a general conclusion, the most recent scientific investigations of bond strength have
shown that there is still room for considerable improvement of the available design code
provisions.
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Abstract
The lack of effective connections between sets of perpendicular walls often determines the local
or global failure of heritage structures in case of seismic event. In order to address this
problem, the paper focuses on retrofitting systems for masonry structures undergoing seismic
load. Particularly, it concerns the behavior of two different types of anchoring stabilization
systems that avoid the out-of-plane collapse mechanism of a masonry wall and restore the boxlike behavior. The response of the corner connection between two walls was investigated by
numerical simulations. Initially, the model was tested in its original configuration to determine
the type and the extent of the failure mode when a base acceleration is imposed. Afterwards, a
traditional steel anchoring system was implemented in the corner connection to prevent the
relative detachment of the walls for the same seismic input. Finally, a friction-based dissipative
device was added to the steel ties to provide ductility to the system by allowing for a controlled
relative displacement of the walls and reducing the concentration of stresses. The
computational analysis showed that implementation of a dissipative device integrated with
traditional steel anchors is effective in delaying the complete failure of the anchoring system.
Moreover, it provides energy dissipation capacity through controlled displacement, reducing
the stress in the surrounding material and allowing the model to withstand a larger intensity
input.

Keywords: Dissipative devices, Friction, Masonry, Energy Dissipation
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1

INTRODUCTION

In the last decades, a variety of systems able to dissipate seismic input energy has been
designed, enhancing the global response of structures in earthquake prone areas [1] [2]. Historic
buildings represent a singular case: the implementation of systems based on the modern concept
of ductility and energy dissipation is often in contrast with the limitations promulgated to
protect the aesthetic and structural integrity of architectural assets. Therefore, the common
retrofitting practice still relies on traditional techniques of intervention and historic centres are
still considerably affected by earthquakes [3] [4].
It is recognised that poor-quality connections between orthogonal structural elements greatly
affect the dynamic performance of heritage masonry structures causing the relative detachment
of masonry panels and ultimately the out-of-plane failure of the structure [5]. A way of tackling
this issue is to insert steel cross-ties at the corner of two perpendicular walls in order to restore
the box-like behaviour and distribute the seismic forces through all the resisting elements. This
practice is not exempt from drawbacks, as the increased local stiffness at the corners might lead
to high-stress concentration in case of seismic events and consequently to severe damage to the
valuable parent material in which the cross-ties are embedded [6].
Therefore, in the last decades alternative systems have been developed to provide energy
dissipation capacity to heritage structures, in line with the modern principle of performancebased design. This approach optimizes the structure for different seismic action level,
encouraging the use of devices able to provide ductility by shifting the response of the structure
from the elastic-only range to an elasto-plastic one [7].
These innovative systems are tailored for historic masonry structures as they reflect the
conservation principles enshrined in international and national guidelines such as the
ICOMOS/ISCARSAH principles [8] and the Italian DPCM 2011 [9]. According to these
documents, the benefits of possible upgrade interventions in terms of seismic performance must
be weighed against the impact on the original aesthetic and structural authenticity of the
building. A variety of systems are available [10],[11], [12], but technical codes are vague on
design procedures and their implementation hardly follows.
The present work proposes an innovative dissipative anchoring system to improve the global
response of historic structures to seismic events. The proposed friction-based anchoring system
offers an innovative alternative to traditional systems for the repair and strengthening of
heritage structures, using performance-based design principles, i.e. control of displacements
and reduction of accelerations and concentration of stress. The innovative system comprises a
friction device, shown in Figure 1a, connected to longitudinal stainless steel bars grouted within
the thickness of the walls. The assembly is designed to be inserted at the connection between
perpendicular walls (Figure 1b): the stainless steel profiles improve the box-like behaviour of
the building, while the device allows for a relative displacements between orthogonal sets of
walls and the dissipation of the seismic energy input to the structure. The system aims at
preventing typical failure mechanism of reinforced and unreinforced masonry buildings under
seismic loading, such as punching failure and excessive crack opening.

5136

Victor Melatti, Dina D’Ayala and Erica Modolo

a)

b)

Figure 1: a) Patented design of the dissipative device, b) Insertion of the device at the connection between
perpendicular walls (Paganoni 2015)

In the first part of this work, the experimental and numerical activities that led to the
development and refinement of the dissipative device are presented. The experimental tests
carried out on the device in its isolated configuration allowed for the identification of the
meaningful parameters governing the functioning of the device. The dissipative anchoring
system was then connected to a brickwork masonry specimen and tested under pseudo-static
monotonic loading (pull- out test). The experimental activity demonstrate the beneficial effects
of the dissipative anchoring system with respect to his strength-only counterpart.
Drawing on the experimental results, FE models were implemented using the commercial
software Abaqus. The numerical simulations led to the refinement of the device’s design to
obtain a stable and repeatable behaviour. Moreover, the model allows simulating the response
of the innovative system to a range of simulated inputs and provides information about the
distribution of stresses both in the device and in the masonry wall.
A number of parameters have been analysed to determine which give the best results in terms
of computational expediency and accuracy in respect to the behaviour of the laboratory samples.
In the second part of this work, the identified parameters feed in the model of a structure that
is used to study the effect of standard and dissipative anchors ties on a larger scale. The building
geometry provides a suitable case study as the analyses showed that it could be affected by
local/global overturning damage of the walls in case of a seismic event. The model is used to
predict the structural response in different scenarios, to guide future experimental activities and
to fulfil the computational validation of the dissipative devices with respect to future
applications to real case buildings.
2

THE FRICTION-BASED DISSIPATIVE ANCHORING SYSTEM

2.1

Optimization of the friction-based dissipative device

The design of the friction device draws on the Coulomb equation of friction:
𝐹// = 𝑛 µ 𝐹┴
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Where 𝐹┴ , the perpendicular force, represents the force transferred from the external plates
to the internal slider by tightening two lines of bolts that pass through the assembly as shown
in Figure 2. The friction force resisting the sliding motion is the combination of the
perpendicular force, the friction coefficient, µ, and the number of surfaces in contact, n . The
relative motion between the slider and the plates is initiated when the force acting in their own
plane, 𝐹// , exceeds the static friction force. Finally, a steel pin inserted in the device limits the
sliding run of the internal part. Figure 2 shows in detail the elements composing the final design
and the way the bolt load is transferred.

Figure 2: In friction-based device the force is transferred to the internal slider by tightening two lines of bolts

The validation process of the dissipative anchoring system is carried out through
experimental and computational activities. Starting from the friction-based device developed
by D’Ayala and Paganoni within the partnership between Cintec International and the
University of Bath [13], the design was refined on the basis of experimental results conducted
at University College London under a new collaboration agreement [14]. The fatigue tests
conducted on the initial prototype had shown that the ratio between slip load and applied
perpendicular force (Φ) significantly increases with the number of cycles. This variation is
mainly caused by the wearing of the contact surfaces, which led to cold welding and
interlocking phenomenon. Therefore, a detailed 3D FE model was developed in Abaqus FEA
6 .14 to achieve a more stable and reliable behaviour under cyclic loading. From the analysis
of the stress distribution, it was concluded that a cylindrical shape for the sliding leads to a more
homogeneous distribution of the shear stresses in the contact area. Figure 3 reports this evidence
showing the larger contact area achieved by a cylindrical slider with respect to a squared one
[14].
a)

b)

Figure 3: Numerical model: contact area a) of the initial prototype featuring a squared slider and b) of revised
prototype featuring a cylindrical slider
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2.2

Monotonic pull-out tests – Experimental and numerical analysis

A second experimental campaign aims at evaluating the behaviour of the dissipative device
connected in series to a stainless steel bar grouted into a masonry panel. To this purpose a set
of pull-out tests were performed to analyse the behaviour of a connection between two vertical
elements, i.e. walls, strengthened by the dissipative anchoring system. The focus is on the
performance of the anchor, and the damage caused to the wall perpendicular to the anchoring
direction by the monotonic action of pull-out. The test set-up consists of the portion of stainless
steel anchor embedded in a masonry panel perpendicular to the main seismic action, while the
pulling action of the testing apparatus simulates the reaction of the anchor lying within the wall
parallel to the main shock direction. Finally, the device is installed as add-on element between
the grouted anchor and the pull-out jack as shown in Figure 4.

Figure 4: Description of elements composing the testing set up.

After visual inspection of the masonry panel, it was concluded that the devices can address
some of the drawbacks that are identified for standard anchors, such as the presence of damage
in the substratum, even for small relative displacement between the grouted anchor and the
masonry. Conversely, the friction device improves the response of anchors, considerably
reducing, or eliminating damage to the parent material. The activation load that initiates its
sliding motion can be tuned to the point that almost no relative displacement is detected in the
other elements of the anchor assembly.
A Finite Element model is implemented in Abaqus FEA 6.14 to understand the interaction
between parent material and anchoring system. This is a central task of the validation process
as the bond between the masonry and the grout determines the load at which the failure mode
occurs. A numerical model of the dissipative device connected to a steel bar embedded in a
masonry wall was generated, as shown in Figure 5.

Figure 5: Numerical model – Undeformed shape and components of the model.
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Three-dimensional volume elements were used for the mesh since an accurate stress
distribution is relevant for a clear understanding of the stress field and of the structural
behaviour. The motion of the steel bar is rigidly coupled to the device’s end plate. The mesh
discretization was defined to achieve a compromise between accuracy and efficiency. Brick
elements (C3D8R, eight-node linear brick with hourglass control) are used for the mesh of all
the parts, except for the simulation of the bond between different materials, where tridimensional cohesive elements (COH3D8, eight nodes in each surface) were used. The
generated mesh includes 41309 nodes and 31111 elements.
According to the failure mechanism observed in the experimental activity, interface elements
around the steel bar (inner interface) and between the grout and the masonry (outer interface)
were included. The interfaces aim to simulate the bonding properties among the single
components, i.e. the steel bar, the grout and the masonry. Abaqus FEA allows for the selection
of cohesive elements to which a linear elastic traction-separation law before damage has been
assigned. When the maximum traction resistance is reached, the interface elements display a
progressive degradation, which is driven by a damage process. The numerical parameters
defining the mechanical properties of these cohesive elements were calibrated to replicate the
experimental behaviour of the sample under out-of-plane loading and reproduce the different
failure mechanism.
The shear stiffness of the external interface is defined according to the pull-out tests
performed on the specimens of anchors embedded in the masonry wall.. In order to define the
traction-separation law that describes the behaviour of the cohesive interface, the values of
maximum traction resistance τmax and ultimate dispacement δult need to be provided. On the
basis of the experimental data, a mean value of Fmax= 24 KN was considered to compute the
maximum shear resistance τmax :
𝜏𝑚𝑎𝑥 =

𝐹𝑚𝑎𝑥
𝐴𝑖𝑛𝑡𝑒𝑟𝑓

= 0.29 𝑀𝑃𝑎

(2)

The change in stiffness exhibited by the anchors at a recorded displacement of 0.5mm
determines the end-point of the linear correlation between the shear stress and the shear
deformation. The Shear modulus (G) is therefore equal to:
𝐺=

𝜏𝑚𝑎𝑥
𝛾

0.29

= 0.25 = 1.16 MPa

(3)

The pull-out tests performed on the anchor embedded in the masonry wall highlighted that
the most likely failure was slippage of the bar-socket assembly, caused by the loss of adherence
between the grouted socket and the surrounding material. Therefore, the ultimate displacement
refers to the relative displacement of the grout with respect to the masonry at which the
anchoring system is no longer able to provide any resistance to the pull-out force. According to
the experimental data and crack propagation this value was assumed equal to δult = 5 mm. The
analytical curve implemented in the numerical model shown in Figure 6.
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Figure 6: Comparison between the experimental envelope and the numerical analysis

Regarding the physical and mechanical properties of the grout and the steel, information
from the technical sheet were used. Table 1 provides the mechanical properties adopted for the
materials, as well as the parameters needed to define the traction-separation law for the
interfaces.
Part

E
G1
[Pa]
[Pa]
Wall
1.50E+09
OUT Interface
1.16E+06
INT Interface
2.00E+08
Grout
3.00E+10
Steel bar
2.10E+11

τmax
[Pa]
2.90E+05
5.00E+07

displacement at τmax Ultimate damage
[m]
[m]
5.00E-04
5.00E-04

5.00E-03
5.00E-03

Table 1: mechanical properties of model materials

The stress field attained in various parts of the model can be visualised through an analysis run
setting a maximum displacement of 40 mm to the internal slider of the device. Figure 7 shows
the failure of the outer interface caused by the imposed displacement.

Figure 7: Numerical model – Deformed shape, failure at wall-grout interface.

In conclusion, the FE model of the pull-out test succeeds in replicating the bond failure
between the parent material and the grouted element of the standard anchor, this being the
failure mode that controls the performance of the whole assembly. The definition of a fictitious
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part located between the grouted socket and the parent material and defined by tractionseparation low is suitable for this purpose. The material properties of the fictitious part are
defined on the basis of experimental results, creating an equivalent stress-strain curve
compatible with the chosen failure criterion. Therefore, the numerical model tuned on the
obtained experimental results can be considered good approximation of the physical test and
can be used as a valid tool for the optimization of an upgrade intervention. Drawing on these
conclusions, a second numerical model was developed to investigate the structural behaviour
of a portion of an idealized masonry building under seismic loading.
3

FE MODELS OF AN IDEALIZED CASE-STUDY STRUCTURE

The positive outcome of the model of the pull-outs means that the modelling technique of
fictitious parts and equivalent material curves can be applied to numerically describe the
bonding capacity of a grouted anchor. The parameters identified for the pull-out model are
applied for the model of a structure that is used to study the effect of standard and dissipative
anchoring system on a larger scale. The analysed structure is composed of a front wall
connected to two sidewalls representing an idealized portion of a masonry building with poor
quality connection between adjacent walls. The geometry and dimensions of the subassembly
are shown in Figure 8.

Figure 8: a) Dimensions of the analyzed corner connection

Modelling a smaller portion of the building allows for a more detailed analysis of the
behaviour of the connection both in the unstrengthened and strengthened configuration. Three
FE models are implemented: a first model represents the original structure, where the
connection between the adjacent walls relies on their shear capacity only. A second model
represents the structure when traditional grouted ties are inserted at the corner connection. In a
last model, a friction-based dissipative device is implemented in series with the strength-only
anchors to provide the connection with energy dissipation capacity. The response of the
structure is evaluated imposing a seismic base acceleration in the out of plane direction of the
front wall. The ground acceleration of the 2009 L’Aquila earthquake (Mw 6.3 main shock), as
recorded at the station of L’Aquila – Valle Aterno (station code AQV) is used as input for the
analysis. The walls are defined assuming that the mortar joints and brick units are smeared into
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one isotropic material, with average mechanical properties according to the principle of macromodelling [15].
3.1

The original structure

In the first model, the connection between cross walls relies on the equivalent traction
resistance of a set of interfaces. An equivalent traction capacity is assigned to these interfaces
in the direction of their thickness (T= 0.002m). This allows for the modelling of the shear
resistance that opposes the out-of-plane loading that causes the wall’s separation. If the external
load exceeds the shear force the detachment of the adjacent walls is no longer prevented and
the front wall experiences outward tilting. A traction-separation law is assigned to describe the
mechanical constitutive behaviour of the interface. According to the Mohr-Coulomb criterion,
the linear relationship between the shear strength τ and the normal compressive stress σ is given
by the formula:
𝜏 = 𝑐 + 𝜎 tan(𝜑)

(4)

Where c denotes the cohesion and φ the angle of internal friction. For this study, the average
cohesion and friction angle in the bed joints are respectively 0.35 MPa and 0.5 rad. The
equivalent traction force (Ftraction) is therefore the integral of the shear stress over the interface’s
area:
𝐹traction = ∫ 𝜏 𝑑𝐴 = 𝜏 ∙ 𝐴𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒

𝜎traction =

𝐹traction
𝐴𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒

(5)

= 𝜏

(6)

Therefore for the purpose of this model the traction tress (𝜎) is equivalent to the the shear
stress (𝜏). The shear stress linearly increases with the compressive stress, which means that the
interfaces have higher equivalent traction resistance moving from the top to the bottom of the
wall. The graph Figure 9b shows the values of equivalent traction resistance according to the
location of the interfaces as measured from a control point (CP), referenced in Figure 9. To
consider the damage evolution a post-damage effective separation at failure is defined and a
coefficient of friction (μ) is specified to prevent components’ penetration. Figure 9a shows the
location of the upper cohesive interface with respect to the side and front walls.
a)

b)

Figure 9: Model of unstrengthened walls: a) location of interface part with respect to walls b) Traction resistance
of the cohesive interfaces along with the height of the wall.
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As a result of the applied base acceleration shown in Figure 11a, the orthogonal walls
separate when the strain in the direction of the interfaces’ thickness (T) exceed the maximum
strains defined by the traction-separation low. The strain limits depend on the maximum traction
stress σmax assigned to the interface according to Equation 4. The computation carried out to
determine the ultimate shear resistance for the upper interface are:
𝐹 = 𝐾 ∆𝑢 =
𝜎traction =
𝜀𝑒𝑙𝑎𝑠𝑡𝑖𝑐 =

𝐸
𝑇

∆𝑢 =

𝜎traction
𝐸

𝜀𝑢𝑙𝑡𝑖𝑚𝑎𝑡𝑒 =

∆𝑢𝑚𝑎𝑥
𝑇

𝐸𝐴
𝑇
𝐸

0.002

3.5 106
3.0 106

=
=

∆𝑢

0.005
0.002

(7)

∆𝑢 = 𝐸 𝜀

(8)

= 0.116 = 11%

(9)

= 2.5 = 250 %

(10)

Where E and A are the Young modulus and area of the interface, respectively and the
maximum elastic strain (εelastic) and ultimate strain (εultimate) are expressed as a percentage of the
initial thickness of the interface (T=2 mm). The resulting constitutive laws assigned to the
cohesive interface at z = 0 m (upper interface) and the cohesive interface at z = 15 m (lower
interface) are shown in Figure 10a.

Figure 10: a) Cconstitutive law for the cohesive interface, b) strain and stress field for the upper cohesive
interface

The graph reported in Figure 10b shows that the seismic acceleration applied to the base of
the model produces in the upper interface a strain field equal to 11% and 250% after 0.76 s and
1.25 s respectively. For these values of strain, the interface elements experience the maximum
values of traction stress(0.35 MPa )and the failure. Once the damage is initiated, it propagates
down the height of the wall and the orthogonal walls start oscillating independently. The CP
experiences a maximum relative displacement from the sidewall of 0.35 m at time step 1.25 s
and the height of the separation is 6.8 meters as shown in Figure 11.
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Figure 11: a) Applied base acceleration, b) deformed shape of FE model at time step 1.25 seconds.

These results show that the FE model is able to reproduce the typical failure mechanism
detected on site in the aftermath of a seismic event, when major cracks at the interface between
cross walls are often observed. The analysis shows that the connection capacity simulated by
the interfaces is not sufficient to restrain the walls. The lack of effective lateral constrains
determines the façade detachment form the side walls and it deforms similarly to a cantilever
beam undergoing bending, as shown in Figure 11b. The model is deemed suitable for predicting
the response of the structure in other case scenarios, for instance by inserting the anchors and
dissipative devices characterised in section 2.2.
3.2

The strengthened structure

A second model is implemented to investigate the benefit of introducing a reinforcement
scheme able to improve the connection between the cross walls that experienced mutual
separation. Damage experienced by the structure is accounted for by removing the interfaces
for the extent they failed in the previous analysis.
Material properties are the same as for the undamaged model, as cracking is localised and
does not affect other parts of the structure; thus, it is not necessary to reduce the stiffness of the
parent material. Table 2 provides the mechanical properties adopted for the materials.
Part
Wall
Interface
Steel bar

E
G1
G2
Density Maxs Damage First Damage
[Pa]
[Pa]
[Pa]
normal[Pa]
[m]
1.50E+09
2.14E+03
3.00E+06 3.00E+06 3.00E+06 1.75E+03
3.50E+05
2.33E-04
2.10E+11
8.00E+03

Ultimate damage
[m]
5.00E-03

Table 2: mechanical properties of model’s materials

A first FE analysis is performed on a model including standard stainless steel ties. A common
retrofit practice is to grout the ties within the masonry inside a drilled hole to restore the boxlike behaviour of masonry structures. Therefore, in the numerical model the metallic elements
run along the whole length of the side walls, reconnecting the sets of perpendicular walls.
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Paganoni and D’Ayala [16] used mono-dimensional truss elements to model the ties and a
bonded contact was implemented at the interface between truss and elements representing the
masonry. In the present work the anchors are modelled by means of three-dimensional elements
and an interface part is defined to govern the mutual behaviour between the anchor and the
parent material. The insertion of the grouted steel anchors is modelled through cohesive
interfaces which reproduce the bonding between the ties and the masonry. A traction-separation
law with sub-options governing the post damage behaviour is assigned to the cohesive elements.
The parts representing the front and side walls are rigidly connected for 10 meters from the base
by numerically defining tie constrains which prevent the relative motion of nodes belonging to
the side and front wall. The two parts are disconnected for the remaining 6.8 meters and a
frictionless contact coefficient (μ) is specified to prevent components’ penetration. This means
that, for this portion of the wall, the only link preventing the relative motion of the orthogonal
walls is provided by the anchors running through the two parts representing the walls.
Compared to the model without any strengthening solution, the insertion of metallic ties does
not improve the overall behaviour of the structure. The interface controlling the bonding
capacity between the anchor and the surrounding part reaches the maximum traction capacity
after 0.18 seconds and the anchor is pulled out of the front wall after 0.51 seconds when the
interface experiences the maximum allowable displacement, namely 5 mm. The pull-out failure
does not extend to the whole length of the anchor, but affects instead the portion adjacent to the
disconnection, i.e. the portion bridging the vertical crack between front and side wall. Before
failure, the maximum stress concentrations are registered in the proximity of the anchorage
point on the façade face, as shown in Figure 13. The model shows a punching/pull-out failure
at the head of the anchorage, which is a recurring failure mode for this type of retrofitting system
in case of weak substratum, as shown in Figure 12.

Figure 12: Punching failure of standard metallic ties - FEM

To observe in detail the stress field in the material surrounding the anchorage, the parts
composing the model are sectioned along the x-z plane where the longitudinal axis of the anchor
lies. Figure 13 shows the stress distribution along the length of the interface. As the front wall
tilts outwards, the part representing the grouted bars are bent along their longitudinal axis. This
mechanism determines that the maximum tensions are equal in value but opposite in sign as
shown in Figure 13.Two critical points in the time history are identified, namely the time steps
when the maximum traction and the maximum displacement are reached.
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a) Maximum
traction

b)
Maximum
displacemen
t

Figure 13: Distribution of Shear stresses along the cohesive interface and V. Mises stresses as transferred from
the anchors to the masonry walls

A second model including a friction-based device inserted at the joint between front and side
walls undergoes the same input as the model with standard steel ties. The dissipative device is
modelled with solid elements reproducing all the parts composing the final assembly and is
connected rigidly to the steel bars. The friction force resisting the slider’s motion is induced by
defining a “bolt load” in the element reproducing the bolts of the real devices. Each bolt-part is
loaded with a transversal force equal to 2700 N and the resulting friction force is computed
according to Equation 1:
𝐹// = 𝑛 µ 𝐹┴ = 4 ∙ 0.2 ∙ (4 ∙ 2700) = 8.6 𝐾𝑁

(11)

As for the previous model, one cohesive interface connecting the bars to the surrounding
elements complete the assembly. Figure 14a shows the sliding motion of the device’s slider
along with the acceleration experienced at the anchor’s location, namely at 14 meters from the
base. From the graph, it is clear that the device activates twice depending on the experienced
acceleration: the first time at T = 0.26, when it oscillates between its initial position and 2.5 mm
and the second time at T = 1.16s when it fully exploits the allowable run of 20 mm. Since the
device is tuned to start sliding for a resulting force (8.6 KN) lower than the one that would
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cause the pull-out failure of the assembly (11 KN) the stress distribution in the wall’s part are
lower than the maximum traction capacity.
a)

b)

Figure 14: Sliding motion of the internal part and relative acceleration at anchor’s location, b) Hysteresis loops
of friction-based dissipative device

Figure 14b shows the load-displacement curve experienced by the device. When the sliding
force exceeds the friction resistance force (Point A), the sliding central part starts moving
according to the direction of the applied base acceleration. In particular, the slider completes a
hysteresis loop oscillating between its initial position and 2.5 mm. At T= 1.16s, it slides out for
20 mm, thus reaching the maximum controlled displacement of the device (Point B). Point C
in Figure 14 represents the ultimate traction resistance that the interface around the steel bar
part can provide, after which the interface displays a gradual degradation. The areas between
the force-displacement curve and the x-axis represents the total energy that the system can
provide to resist the applied motion.
Figure 15 shows the stress distribution at the time step corresponding to the maximum
traction and maximum displacement in the interface part. At time T=1.18 s the frictional sliding
occurring in the device is equal to 20 mm and the internal part hits the central pin that controls
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the allowed motion of the slider. At time T= 1.20 s the system, now working as a traditional
strength-only anchor, fails as the interface between the bar and the masonry has reached the
maximum displacement, namely 5 mm. By comparing the stress distribution in the parts
surrounding the anchors, it can be noted that the insertion of the dissipative device reduces the
shear stresses transferred from the anchor to the walls.

a)
Maximum
traction

b)
Maximum
displacemen
t

Figure 15: FE model of a corner connection strengthened by means of dissipative anchoring system. Deformed
shape and stress distribution at maximum traction and maximum displacement

Figure 16a shows the relative acceleration experienced by the orthogonal walls at 14 m from
the base, namely where the strengthening systems are inserted. From the graph, it is clear that
the corner connection strengthened by means of the dissipative device withstands the applied
base acceleration for a longer period. The ultimate failure is reached at T = 1.2 s, whilst it was
reached at T= 0.5 s for the traditional anchor.
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a)

b)

Figure 16: a) Relative acceleration experienced by the strengthening systems, b) base acceleration and
displacement time history of front wall

By comparing the time steps at which the ultimate failure takes place, Figure 16b shows that
the dissipative anchoring system experiences a pull-out failure for a base acceleration equal to
0.3g while the model representing the traditional strengthening system fails for a base
acceleration equal to 0.1g.
4

CONCLUSIONS

The lack of effective connections between perpendicular walls often determines the failure
of a historic masonry structure under seismic loading. To restore the box-like behaviour and
provide these particular buildings with sufficient ductility to withstand shaking, the authors
developed a friction-based dissipative anchoring system.
Such system comprises a device installed in series with standard metallic anchors grouted at
the joint between perpendicular sets of walls of historic structures. The purpose of the
strengthening system is to reconnect structural elements that might have become detached as
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result of seismic events, but also to control relative displacements and reduce accelerations in
case of further earthquakes, so that damage to the precious wall finishes can be reduced.
The device provides ductility to the connection, mitigating the width of the cracks in the
parent material and preventing fragile failures, such as pull-outs. This, of course, entails
allowing a controlled out-of-plane deformation, rather than completely relying on the in-plane
stiffness of side walls.
The paper presents the experimental and computational work carried out to assess the
performance of the dissipative anchoring system and its applicability to an idealized case study.
A series of FE models were implemented using the commercial software Abaqus to refine
the device’s shape and optimize its design in terms of stress distribution, stability and reliability
The pull-out tests performed on the device connected to steel bars and embedded in a
masonry panel confirmed that the innovative system is effective in reducing the damage
propagation to the subtratum in respect to its strength-only counterpart. The experimental
results feed in the calibration of a computational model, which reproduces the experimental set
up in order to understand better the rules that governs the behaviour of the dissipative anchoring
system. A model of a wall panel strengthened by the anchoring devices was created and run
and the FE model succeeds in replicating the bond failure between the parent material and the
grouted element of the standard anchor, this being the failure mode that controls the
performance of the whole assembly. Therefore, the numerical model tuned on the obtained
experimental results was used as a starting point to develop a numerical model of an idealized
case-study building in need of seismic upgrade. The numerical model reproduces the behaviour
of a three-panel corner connection when a seismic base acceleration is applied. The front panel
disconnects from the sidewalls for a hight of 6.8 meters and undergo out-of-plane motion. The
outward tilting of walls is a recurring mode of failure for historic masonry structures, and the
proposed system aims at controlling the opening of cracks and taking advantage of. The model
of the corner connection is therefore “strengthened” by implementing an anchoring system with
and without the addition of the dissipative device. Fictitious interfaces were used to define the
bonding capacity between the parts representing the steel bars and the masonry. This method
allows for the definition of an equivalent stress-strain curve compatible with the available
experimental results. The dissipative anchoring system experiences a pull-out failure for a base
acceleration equal to 0.3g while the model representing the traditional strengthening system
fails for a base acceleration equal to 0.1g.
It should be noted that the applied base acceleration caused the pull-out failure of both
strengthening systems meaning that the full scale signal was too demanding for traction
capacity of the interfaces. Therefore, a future set of analysis will include a parametric study
investigating the strengthening systems for smaller range of accelerations. Moreover, in the
proposed work only one system was inserted in each corner connection, whilst in a real-case
application several devices should be included. Therefore, the reported results will feed into a
more complex model where a number of dissipative anchoring system will restrain
simultaneously the out-of-plane motion of the front wall.
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Abstract
In the last decades Fiber Reinforced Plastic (FRP) have been widely adopted for strengthening
and repair of damaged structures. Design indications about the use of FRP materials as
external strengthening techniques for structures are available in Italy since 2004, while only in
2015 the Italian Ministry of Infrastructure and Transportation published Guidelines for the
qualification of FRP products. This paper summarizes the results of several experimental
activities for the qualification of preformed FRP products. Statistical analyses were carried out
in order to provide indications on variability of FRP’s mechanical properties and assess the
reliability of the classes individuated by the Italian guidelines.
Keywords: Preformed FRP products, tensile strength, Young’s modulus, probabilistic models,
design value.
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1

INTRODUCTION

The demand for structural safety in civil construction in Italy is increasingly more
widespread, especially after recent seismic events. In the last years, huge progress has been
made in understanding the structural behaviour of concrete and masonry structures strengthened
by means of innovative materials and techniques. In particular, ever-increasing resources have
been used for both the retrofit and the strengthening of existing concrete and masonry structures
with externally bonded composite materials, i.e. Fiber Reinforced Plastic (FRP) materials. Such
a strengthening technique has been emerging for just over two decades becoming a system
widely adopted by professionals and construction companies. Consequently, the Italian
Ministry of Infrastructure and Transportation published Guidelines on the qualification of such
products in 2015 [3], which were enforced by the end of 2016. These Guidelines add up to
previous guidelines specific for the design of structural reinforcement through FRP materials
(CNR DT 200/R1, 2013, [2]), with reference to both pre-formed and cured-in-situ (or wet-layup) systems.
Currently, any FRP manufacturer interested in the Italian market had to apply to the Ministry
for the corresponding qualification, demonstrating the outcomes of the needed testing activity.
According to the recent Italian Guidelines [3], the results of the qualification tests in terms of
mean value of the Young’s modulus E and of characteristic value (5th percentile) of the tensile
strength ftk place a given product in a certain class. The nominal classes provided in [3] are
listed in Table 1.
E

ftk

[GPa]

[MPa]

Glass/Basalt

17

170

E23

Glass/Basalt

23

240

G38/600

Glass/Basalt

38

600

G38/800

Glass/Basalt

38

800

G45

Glass/Basalt

45

1000

C120

Carbon

120

1800

C150/1800

Carbon

150

1800

C150/2300

Carbon

150

2300

C190/1800

Carbon

190

1800

C200/1800

Carbon

200

1800

A55

Aramid

55

1200

Class

Type of fibres

E17

Table 1: Classes for pre-formed FRP systems given by Italian Guidelines [3].

Moreover, the FRP systems’ environmental durability should also be checked. In particular,
strength to freeze/thaw cycles, humidity, salt water and alkaline environment needs to be
investigated with further tensile tests.
In this paper, the results of tensile tests on several pre-formed FRP materials are analysed
according to a statistical approach. The main aims of the analysis are: a) check the reliability of
the classes suggested by the Italian Guidelines [3], b) assess the best fitting probabilistic model
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able to describe the experimental distributions, c) estimate the average and characteristic values,
and d) evaluate the safety factors according to Eurocode 0 [9].
The experimental data come from several laboratories, many of which are located in Italian
universities, and were collected by the Construction Technologies Institute (ITC) of the Italian
National Research Council (CNR).
2

TESTING ACTIVITY

Pre-formed FRP materials are made of fibres pre-impregnated with resins in the form of a
sheet, characterized by initial axial rigidity and a mono-directional behaviour. They can be
produced by pultrusion or lamination processes according to different shapes and thicknesses
and are generally glued to the structural elements through an epoxy adhesive.
The number of pre-formed FRP products collected are listed in Table 2. They are all made
of carbon fibres. According to the Italian Guidelines [3], the number of single tensile tests
required for the qualification of each product is 15, thus obtaining the total number of individual
tests shown in Table 2. The specimens have width variable in the range 25-70 mm and length
from 250 to 350 mm. The recommended range of speed for tensile tests is 0.5-2.0 mm/min.
Since the classes C150/1800, C190/1800, and C200/1800 are little populated (1, 2 or 3 products,
respectively), the only experimental data belonging to the more populated class, i.e. the class
C150/2300 having 5 pre-formed products, have been analysed in detail in this paper.
FRP Mechanical characterization
Class

N° products

N° of single tests

C150/1800

1

15

C150/2300

5

75

C190/1800

2

30

C200/1800

3

45

Total

11

165

Table 2: Pre-formed FRP products and number of single tests.

2.1 Analysis of experimental data of class C150/2300
According to [3], the qualification tests have to be carried out on 15 specimens in order to
evaluate the mean value of the Young’s modulus, E, and the characteristic value of the tensile
strength, ftk. Thus, there are a total of 75 experimental pairs of values of E and ft for the 5 types
of products belonging to class C150/2300.
The experimental data were used to construct normalized recurrence histograms, in which
the bins have width of 5 GPa for E and 100 MPa for ft (see Figures 1a and 2a, respectively).
Therefore, the Empirical Cumulative Density Function (ECDF) was calculated and plotted for
both E and ft in Figures 1b and 2b, respectively.
The empirical histograms show that the experimental data are more concentrated around
values greater than the threshold values provided by [3] for the reference class, i.e. 150 GPa for
E and 2300 MPa for ft, and certainly produce some non-symmetric distributions of experimental
data. This would mean that the definition of the threshold values of the classes for FRP preformed systems should be reviewed, since all the products exceed them, especially in terms of
tensile strength.
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Figure 1 – Distribution of E for pre-formed FRP systems (class C150/2300) - Comparison between: a) empirical
histograms and theoretical PDF; b) empirical and theoretical CDF.
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Figure 2 – Distribution of ft for pre-formed FRP systems (class C150/2300) - Comparison between: a) empirical
histograms and theoretical PDF; b) empirical and theoretical CDF.

Therefore, the experimental data were compared with four theoretical probabilistic
distributions: normal, lognormal, 2-parameters Weibull [4, 5] and 3-parameters Weibull [4, 5].
In Table 3, the Probability Density Functions (PDF) and the identifying parameters associated
to these distributions are listed. In particular, the normal and lognormal distribution require the
calculation of the parameters µ (average value) and σ (standard deviation). Whereas, the
Weibull distribution is described by the shape (κ) and scale (λ) parameters, with the addition of
a third parameter ‘ϑ’ for the 3-p Weibull distribution.
The software “SPC for Excel” [6] was used to calculate the parameters associated with the
probability law from the experimental data. This software estimates the optimal parameters
using the Maximum Likelyhood Estimate (MLE) method. In Table 4, the final values of the
parameters adopted for data adaptation are listed.
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Probability distributions

PDF

Normal

𝑦 = 𝑓(𝑥 | μ, σ) =

Lognormal

𝑦 = 𝑓(𝑥 | μ, σ) =

𝑦 = 𝑓(𝑥 | λ, κ) =

Weibull

𝑦 = 𝑓(𝑥 | λ, κ, ϑ) =

3-p Weibull

Parameters
(

1
𝑥 ∙ σ√2π

𝑥 ∙ σ√2π

κ 𝑥−𝜗
λ
λ
0

)

μ, σ

∙

(

1

κ 𝑥
λ λ
0

e

e

e

)

μ, σ

∙

𝑥≥0

k, λ

𝑥<0
𝑒

𝑥≥0

k, λ, ϑ

𝑥<0

Table 3: Probability models - systems falling in class C150/2300.
Probability
distributions
Normal

Lognormal

Weibull

3-p Weibull

Variable

Values of fitting parameters

E

 = 160.1

 = 10.1

ft

 = 3085.5

 = 179.7

E

 = 5.07

 = 0.06

ft

 = 8.03

 = 0.06

E

 = 164.7

k = 18.9

ft

 = 3171.0

k = 17.6

E

 = 60.1

k = 6.7

ϑ = 104.2

ft

 = 488.9

k = 2.6

ϑ = 2651.2

Table 4: Parameters of probability models – pre-formed FRP systems (class C150/2300)

The PDFs and the associated CDFs are plotted in Figure 1a-2a and 1b-2b, respectively, for
comparison with experimental data. In order to have a quantitative estimate of the fitting
goodness, the Kolmogorov-Smirnov (KS) test was used for comparing the different
distributions and choose the most suitable model fitting the experimental data. The test is based
on the comparison between the maximum absolute difference between the experimental CDF
and the CDF associated with each theoretical probability distribution. Such a difference is
calculated as follows:
𝐷

= max{|𝐹(x) − φ(x)|}

(1)

where F(x) is the ECDF and φ(x) is the CDF of each theoretical probability distribution.
The hypothesis regarding the distributional form is rejected if DMAX is greater than a certain
critical value, which depends on the specimen size, N, and the level of significance, α, of the
test. There are several values available in the literature for the level of significance; some of
them (Massey, 1951; Lilliefors, 1967) [7, 8] are reported in Table 5. Typically, the
Kolmogorov-Smirnov test has a level of significance of 0.05, which means that in 5% of cases
the null hypothesis (the estimation of the difference between the empirical and the theoretical
CDF is based solely on chance) is rejected.
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The Kolmogorov-Smirnov test was, thus, conducted for both the distribution of tensile
strength (see Table 6) and Young’s modulus (see Table 7) by comparing the maximum
differences with the critical values suggested by (Massey, 1951; Lilliefors, 1967) [7, 8]. The
results reported in Table 6 and Table 7 show that for both E and ft the values of DMAX allow do
not reject the null hypothesis for the four selected probability distributions and for all significant
levels and critical values provided by (Massey, 1951, [7]) and (Lilliefors, 1967, [8]). Note that
in (Lilliefors, 1967, [8]) lower critical values are provided. The Normal distribution appears to
be the best fitting distribution of the experimental data, since it has the lowest value of DMAX in
all cases. However, any of the considered distributions appears to be fairly adequate to describe
the experimental data.

Sample size (N)
Massey,
1951 [7]

Over 35

Lilliefors,
1967 [8]

Over 30

Level of significance ()
0.20

0.15

0.10

0.05

0.01

1.07

1.14

1.22

1.36

1.63

√𝑁

√𝑁

√𝑁

√𝑁

√𝑁

0.20

0.15

0.10

0.05

0.01

0.736

0.768

0.805

0.886

1.031

√𝑁

√𝑁

√𝑁

√𝑁

√𝑁

Table 5: Critical values for K-S test.

Distribution

DMAX

Normal

Critical values Massey, 1951

Critical values Lilliefors, 1967

 = 0.10

=0.05

=0.01

 = 0.10

=0.05

=0.01

0.076

0.141

0.157

0.188

0.093

0.102

0.119

Lognormal

0.088

0.141

0.157

0.188

0.093

0.102

0.119

Weibull

0.082

0.141

0.157

0.188

0.093

0.102

0.119

3-p Weibull

0.08

0.141

0.157

0.188

0.093

0.102

0.119

Table 6: K-S test for elastic modulus E of pre-formed FRP product (class C150/2300).

Distribution

DMAX

Normal

Critical values Massey, 1951

Critical values Lilliefors, 1967

 = 0.10

=0.05

=0.01

 = 0.10

=0.05

=0.01

0.043

0.141

0.157

0.188

0.093

0.102

0.119

Lognormal

0.050

0.141

0.157

0.188

0.093

0.102

0.119

Weibull

0.078

0.141

0.157

0.188

0.093

0.102

0.119

3-p Weibull

0.049

0.141

0.157

0.188

0.093

0.102

0.119

Table 7: K-S test for tensile strength ft of pre-formed FRP product (class C150/2300).

3

EFFECT OF ARTIFICIAL AGEING

According to Italian Guidelines [3], the FRP systems’ environmental durability should also
be checked. In particular, strength to freeze/thaw cycles, humidity, saltwater and alkaline
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environment needs to be investigated with further tensile tests.
In order to verify the strength to freeze/thaw cycles, the conditioning procedure requires
specimens to be placed in environments characterized by Relative Humidity (RH) ≥ 90% and
Temperature T = 38 ± 2°C for 7 days, then 20 freeze/thaw cycles are performed. Each cycle
consists of 4 hours at a -18 ± 1°C, followed by 12 hours at RH ≥ 90% and T = 38 ± 2°C.
For the other artificial ageing, the conditioning procedures are the following ones:
a) Strength to wet environment: curing at RH ≥ 90% and T = 38 ± 2°C for 1000 or 3000
hours (ASTM D 2247-11 [10] and ASTM E 104-02 [11]);
b) Strength to saltwater environment: immersion in saltwater at 23 ± 2 °C for 1000 or 3000
hours (ASTM D 1141-98 [12] and ASTM C 581-03 [13]);
c) Strength to alkaline environment: immersion in aqueous solution with pH = 12 and T=
23 ± 2 °C for 1000 or 3000 hours (ASTM D7705/D7705M [14]).
After each conditioning process, samples are visually examined in order to describe eventual
surface changes and, then, the tensile tests are carried out. If the average values of E and ft
obtained by the tensile tests on the conditioned samples are not lower than 85% of the average
values of the not conditioned samples in case of 1000 hours of exposure (80% in case of 3000
hours), the check is considered positive.
Table 8 reports a summary of the results of the unconditioned and conditioned specimens
and shows that all the examined products passed the check on the environmental durability. It
is worth to note that for each conditioning procedure, 4 conditioned and 4 unconditioned
specimens are involved; the unconditioned specimens are extracted from the same batch, but
do not correspond to the ones used for the mechanical characterization previously carried out
under standard environmental conditions. However, it was verified that the results of such a
second series of unconditioned specimens do not significantly differ from the ones of the first
series used for the mechanical characterization (see Fig. 1a and 2a).
Artificial ageing effects are summarized in the following sections. In all cases, bins with
width of 5 GPa E and 100 MPa for ft have been adopted. The only Normal, Lognormal and
Weibull probabilistic laws were considered, since the 3-p Weibull distribution was not always
applicable.
Conditioning
Type

Elastic Modulus E[GPa]
Mean value 85% mean value
unconditioned unconditioned

Tensile Strength ft [MPa]

Mean value
conditioned

Mean value 85% mean value
unconditioned Unconditioned

Mean value
conditioned

Freeze/Thaw

160.0

136.0

161.0

3120

2652

3087

Humidity

160.4

136.3

161.5

3098

2634

3099

Saltwater

157.7

134.0

162.0

3121

2652

3084

Alkaline

162.4

138.0

162.4

3106

2640

3115

Table 8: Parameters of probability models – C150/2300 class - exposure to freeze/thaw cycles.

3.1

Exposure to freeze/thaw

Figure 3 and Figure 4 show the experimental data and the analytical interpretation for the
specimens exposed to freeze/thaw cycles. Table 9 shows the parameters adopted for the data
fitting of the conditioned sets of specimens, while Table 10 shows the results of the
corresponding K-S tests.
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Probability
distributions

Variable

Experimental/ Normal

Lognormal

Weibull

Values of fitting parameters

E

 = 161.0

 = 7.1

ft

 = 3087.3

 = 207.9

E

 = 5.1

 = 0.04

ft

 = 8.0

 = 0.07

E

 = 164.2

k = 25.2

ft

 = 3172.7

k = 22.6

Table 9: Parameters of probability models – C150/2300 class - exposure to freeze/thaw cycles.

Variable

Elastic
modulus E

Tensile
strength ft

Distribution

DMAX

Normal

Critical values Massey, 1951

Critical values Lilliefors, 1967

 = 0.10

=0.05

=0.01

 = 0.10

=0.05

=0.01

0.088

0.273

0.304

0.364

0.180

0.198

0.231

Lognormal

0.086

0.273

0.304

0.364

0.180

0.198

0.231

Weibull

0.119

0.273

0.304

0.364

0.180

0.198

0.231

Normal

0.208

0.273

0.304

0.364

0.180

0.198

0.231

Lognormal

0.213

0.273

0.304

0.364

0.180

0.198

0.231

Weibull

0.180

0.273

0.304

0.364

0.180

0.198

0.231

Table 10: K-S test for elastic modulus E and tensile strength ft - exposure to freeze/thaw cycles
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Figure 3 – Distribution fitting for E in pre-formed FRP systems (class C150/2300) exposed to freeze/thaw
cycles: comparison between: a) empirical histograms and PDF, and b) empirical and theoretical CDF.
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Figure 4 – Distribution fitting for ft in pre-formed FRP systems (class C150/2300) exposed to freeze/thaw
cycles: comparison between: a) empirical histograms and PDF, and b) empirical and theoretical CDF.

3.2

Exposure to humidity

Figure 5 and Figure 6 show the experimental data and the analytical interpretation for the 20
specimens exposed to humidity for 1000 hours. Table 11 shows the parameters adopted for the data
fitting of the conditioned sets of specimens, while Table 12 shows the corresponding K-S tests.
Probability
distributions

Variable

Experimental/
Normal
Lognormal
Weibull

Values of fitting parameters

E

 = 161.5

 = 7.2

ft

 = 3098.6

 = 233.9

E

 = 5.1

 = 0.04

ft

 = 8.0

 = 0.08

E

 = 164.9

k = 26.1

ft

 = 3205.7

k = 14.5

Table 11: Parameters of probability models – C150/2300 class – exposure to humidity.

Variable

Elastic
modulus E

Tensile
strength ft

Distribution

DMAX

Normal

Critical values Massey, 1951

Critical values Lilliefors, 1967

 = 0.10

=0.05

=0.01

 = 0.10

=0.05

=0.01

0.088

0.273

0.304

0.364

0.180

0.198

0.231

Lognormal

0.086

0.273

0.304

0.364

0.180

0.198

0.231

Weibull

0.142

0.273

0.304

0.364

0.180

0.198

0.231

Normal

0.090

0.273

0.304

0.364

0.180

0.198

0.231

Lognormal

0.090

0.273

0.304

0.364

0.180

0.198

0.231

Weibull

0.097

0.273

0.304

0.364

0.180

0.198

0.231

Table 12: K-S test for elastic modulus E and tensile strength ft - exposure to humidity.
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Figure 5 – Distribution fitting for E in pre-formed FRP systems (class C150/2300) exposed to humidity:
comparison between: a) empirical histograms and PDF, and b) empirical and theoretical CDF.
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Figure 6 – Distribution fitting for ft in pre-formed FRP systems (class C150/2300) exposed to humidity:
comparison between: a) empirical histograms and PDF, and b) empirical and theoretical CDF.

3.3

Exposure to saltwater

Figure 7 and Figure 8 show the experimental data and the analytical interpretation of the
specimens exposed to saltwater for 1000 hours. Table 13 shows parameters adopted for the data
fitting of the conditioned sets of specimens and Table 14 shows the corresponding K-S tests.
Probability
distributions
Experimental/
Normal
Lognormal
Weibull

Variable

Values of fitting parameters

E

 = 162.0

 = 8.4

ft

 = 3083.7

 = 191.8

E





ft





E

 = 165.8

k = 23.5

ft

 = 3176.6

k = 14.7

Table 13: Parameters of probability models – C150/2300 class – exposure to saltwater.
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Variable

Elastic
modulus E

Tensile
strength ft

Distribution

DMAX

Normal

Critical values Massey, 1951

Critical values Lilliefors, 1967

 = 0.10

=0.05

=0.01

 = 0.10

=0.05

=0.01

0.155

0.273

0.304

0.364

0.180

0.198

0.231

Lognormal

0.145

0.273

0.304

0.364

0.180

0.198

0.231

Weibull

0.207

0.273

0.304

0.364

0.180

0.198

0.231

Normal

0.167

0.273

0.304

0.364

0.180

0.198

0.231

Lognormal

0.156

0.273

0.304

0.364

0.180

0.198

0.231

Weibull

0.221

0.273

0.304

0.364

0.180

0.198

0.231

Table 14: K-S test for elastic modulus E and tensile strength ft - exposure to humidity.
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Figure 7 – Distribution fitting for E in pre-formed FRP systems (class C150/2300) exposed to saltwater:
comparison between: a) empirical histograms and PDF, and b) empirical and theoretical CDF.
0.5

Experimental data,
Normal
Lognormal
Weibull

0.45
0.4

=100 MPa

Probability

0.35
0.3
0.25
0.2
0.15
0.1
0.05
0
2600

2700

2800

2900

3000

3100

3200

3300

3400

3500

3600

f t [MPa]

(a)

(b)

Figure 8 – Distribution fitting for ft in pre-formed FRP systems (class C150/2300) exposed to saltwater:
comparison between: a) empirical histograms and PDF, and b) empirical and theoretical CDF.

3.4

Exposure to alkaline environment

Figure 9 and Figure 10 show the experimental data and the analytical interpretation of the
specimens exposed to alkaline environment for 1000 hours. Table 15 shows the parameters adopted
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for the data fitting of the conditioned sets of specimens, while Table 16 shows the corresponding
K-S tests.
Probability
distributions

Variable

Experimental/
Normal
Lognormal

Weibull

Values of fitting parameters

E

 = 162.4

 = 8.1

ft

 = 3115.2

 = 170.3

E





ft





E

 = 166.3

k = 19.2

ft

 = 3191.0

k = 23.3

Table 15: Parameters of probability models – C150/2300 class – exposure to alkaline environment.

Variable

Elastic
modulus E

Tensile
strength ft

Distribution

DMAX

Normal

Critical values Massey, 1951

Critical values Lilliefors, 1967

 = 0.10

=0.05

=0.01  = 0.10 =0.05

=0.01

0.128

0.273

0.304

0.364

0.18

0.198

0.231

Lognormal

0.122

0.273

0.304

0.364

0.18

0.198

0.231

Weibull

0.156

0.273

0.304

0.364

0.18

0.198

0.231

Normal

0.121

0.273

0.304

0.364

0.18

0.198

0.231

Lognormal

0.127

0.273

0.304

0.364

0.18

0.198

0.231

Weibull

0.155

0.273

0.304

0.364

0.18

0.198

0.231

Probability

Normalized frequency

Table 16: K-S test for elastic modulus E and tensile strength ft - exposure to alkaline environment.

(b)

(a)

Figure 9 – Distribution fitting for E in pre-formed FRP systems (class C150/2300) exposed to alkaline
environment: comparison between: a) empirical histograms and PDF, and b) empirical and theoretical CDF.
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0.5
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Figure 10 – Distribution fitting for ft in pre-formed FRP systems (class C150/2300) exposed to alkaline
environment: comparison between: a) empirical histograms and PDF, and b) empirical and theoretical CDF.

3.5

Discussion on artificial ageing effects

Table 17 and Table 18 summarize the values of DMAX for the theoretical distributions related
to the different effects of artificial aging. It is worth to note that for the Young’s modulus, E,
the minimum values of DMAX occurs for the lognormal distribution for whatever aging
procedure. Conversely, for the tensile strength ft, the minimum values of DMAX occurs again for
the lognormal distribution for exposure to humidity and saltwater, while for exposure to
freeze/thaw cycles and to alkaline environment the best fitting distributions are the Weibull and
the Normal ones, respectively.

Distribution

Freeze/thaw

Humidity

Saltwater

Alkaline enviroment

Normal

0.088

0.088

0.155

0.128

Lognormal

0.086

0.086

0.145

0.122

Weibull

0.119

0.142

0.207

0.156

Table 17: Minimum values of DMAX for the best fitting distributions of E.

Distribution

Freeze/thaw

Humidity

Saltwater

Alkaline enviroment

Normal

0.208

0.090

0.167

0.121

Lognormal

0.213

0.090

0.156

0.127

Weibull

0.180

0.097

0.221

0.155

Table 18: Minimum values of DMAX for the best fitting distributions of ft.

Consequently, the 5th percentile, ft5, of the tensile strength was calculated with reference to
the best distribution for each condition of artificial aging, in particular by adopting the Weibull
probability model for Freeze/Thaw effect, the Lognormal probability model for Humidity and
Saltwater effects, the Normal probability model for Alkaline environment effect. In Table 19
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the experimental and theoretical mean value of the Young’s modulus E and the 5th percentile,
ft5, and the mean value, ftm, of the tensile strength are listed for the reference unconditioned
samples and the variously conditioned ones. The experimental and analytical percentual
differences between unconditioned and conditioned samples are listed in brackets too.
Unconditioned
E
[GPa]
ftm
[MPa]
ft5
[MPa]

Freeze/Thaw

Humidity

Saltwater

Alkaline

empirical

160

161

(+0.5%)

162

(+0.9%)

162

(+1.2%)

162

(+1.4%)

analytical

160
Normal

161

(+0.4%)
Lognormal

162

(+0.9%)
Lognormal

162

(+1.2%)
Lognormal

162

(+1.4%)
Lognormal

empirical

3086

analytical

3086
Normal

empirical

2803

analytical

2790
Normal

3087 (+0.1%)
3098

(+0.4%)
Weibull

2692 (-4.0%)
2782

(-0.3%)
Weibull

3099 (+0.4%)
3099

3115 (+1.0%)

(+0.4%)
(-0.1%)
(+1.0%)
3084
3115
Lognormal
Lognormal
Normal

2740 (-2.3%)
2730

3084 (-0.1%)

2771 (-1.2%)

2815 (+0.4%)

(-2.2%)
(-0.2%)
(+1.6%)
2785
2835
Lognormal
Lognormal
Normal

Table 19: Mechanical parameters of C150/2300 products – unconditioned and variously conditioned.

Table 19 shows no substantial variation of the mean value of Young’s modulus after all the
considered artificial ageing procedures. For both empirical and analytical data, the values vary,
indeed, from 0.4% (Freeze/Thaw) to 1.4% (Alkaline environment).
Analogously, no variations were observed for the mean tensile strength (0.1-1%), while a
light reduction of the 5th percentile of the tensile strength, i.e. ranging from -4.0% to -1.2%, was
attained for all aging procedures, with exception of exposure to alkaline environment which
induced a negligible increase (+0.4%).
In conclusion, ageing effects on the mean value of the Young’s modulus and tensile strength
of the tested products are negligible, whereas a slight reduction (maximum 4%) of the 5th
percentile of the tensile strength is attained, especially in case of freeze/thaw cycles and
exposure to humidity.
The Italian Guidelines [1] prescribes environmental conversion factors equal to 0.95, 0.85
and 0.85 for, respectively, indoor, outdoor and aggressive environments in the case of carbon
fibres. The obtained experimental results show that for the most aggressive ageing effect
(freeze/thaw cycles), the 5th percentile values of tensile strength reduces of only 4%. Such a
reduction is slightly lower than the one induced when the highest value of the conversion factor
(0.95) is assumed, confirming, thus, that the conversional factors suggested by [1] are safe for
preformed carbon FRP products.
4

ASSESSEMENT OF DESIGN VALUE

According to the Eurocode 0 [9], the design value of a product property can be expressed as:

Xk
m

(2)

m =Xk / Xd

(3)

Xd  

where Xd is the design value, Xk is the characteristic value (herein the 5th percentile of the
probability distribution), η is a conversion factor associated to environmental conditions, and
γm is the material partial factor. By neglecting in a first stage the conversion factor (i.e.,
assuming η=1), the material partial factor can be calculated as:
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For the Normal probability law, the characteristic value of the tensile strength of the tested
products is ft5=2790 MPa and the mean value is ftm=3086 MPa (see Table 19). Since the Normal
law is the best fitting distribution for the experimental results, the theoretical 5th percentile value
is calculated as follows:
ft5= ftm – 1.647·= 3086 – 1.647·180 =2790 MPa

(4)

being ftm and  the mean value and the standard deviation of the distribution of the tensile
strength. The experimental value of the 5th percentile of the tensile strength is 2803 MPa, which
is practically equal to the theoretical value. The acceptance criteria described in the Italian
Guidelines [3] assume the characteristic tensile strength equal to the mean value minus 2 times
the standard deviation, as suggested by Eurocode 0 [9]. This procedure leads to ft5=2726 MPa,
which, thus, lightly underestimates (-3%) the real 5th percentile of the tensile strength.
Since under ordinary environmental conditions, the Normal probability model resulted the
most suitable distribution law for the tensile strength, the corresponding design value, ftd, can
be expressed as follows:
ftd= ftm – R··

(5)

being 𝛼 the FORM (First Order Reliability Method) sensitivity factor and β the target
reliability index. By assuming 𝛼 = 0.8 and β = 3.8 (Consequences Class CC2, Reliability Class
RC2, 50 years return period according to EN 1990 [9]), the design value results ftd=2450 MPa
and, thus, the material partial factor of the tested population can be calculated as:

m = ft5 / ftd = 2790/2450 = 1.10



(6)

The partial factor suggested by the Italian Guidelines [1] for the strength of reinforcing
material is 1.10 for composite kits fully certified, as the preformed ones are, whereas 1.25 is
suggested for composites where only materials, not the installation, is certified. The lowest
value, 1.10, exactly coincides with the strength partial factor related to the experimental data
presented before, while the highest one, 1.25, leads to a more conservative design in order to
take into account uncertainties related to operations on the construction site.
5

CONCLUSIONS

The analysis of experimental data related to the qualification of several preformed FRP
products allowed to define a global perspective of the main mechanical parameters, i.e. tensile
strength and Young’s modulus.
Qualification procedures, as well as the values of design parameters, are prescribed in recent
Italian guidelines [3]. The analysis of a discrete database, which could certainly be further
expanded, allowed to carry out several statistical inquires. The analyses proved that the Normal
probabilistic law is able to adequately describe the distribution of tensile strength and Young’s
modulus, mainly under standard environmental conditions.
Under the artificial ageing procedures prescribed by the Italian Guidelines [3] (exposure to
freeze/thaw cycles, humidity, salt water, and alkali environment), the study fails to determine a
single distribution law able to interpolate to the best the analysed specimens. This is mainly due
to the low number of samples tested and to the higher scattering that affects the conditioned
specimens in comparison with the unconditioned ones.
However, the experimental results showed that the ageing procedures did not affect sensibly
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both the average and the 5th percentile values of the mechanical properties of the examined FRP
products, confirming the reliability of the environmental factors suggested in the Italian
guidelines for the design of strengthening interventions with FRP materials [1, 2].
Finally, it was also verified that the safety factors suggested by the Italian Guidelines [1, 2]
in case of tensile failure of the FRP materials are safe.
The reliability of the results presented in this paper can be further checked, if more numerous
experimental data will be available.
6
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Abstract
Anchoring devices for external strengthening systems made of Fiber Reinforced Plastic (FRP)
materials represent a solution to avoid or delay debonding phenomena in concrete and masonry strengthened elements. Several types of anchoring devices were tested by researchers
and used in real applications in the last years, but clear design indication for estimating the
effectiveness of each anchoring type are still not available.
Basing on the examination of the available experimental results of bond tests in concrete and
masonry specimens externally bonded with FRP materials, this paper is aimed to furnish design indications for calculating the effectiveness of two types of common end anchoring systems in term of theoretical debonding load increase: 1) transversal FRP strips and 2) FRP
spike anchors.
Keywords: FRP materials, externally bonded reinforcement, concrete, masonry, debonding
load, anchoring devices.
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1

INTRODUCTION

Anchoring devices for external strengthening systems made of Fiber Reinforced Plastic
(FRP) materials represent a solution to avoid or delay debonding phenomena in concrete and
masonry strengthened elements. The increase of failure loads may be, thus, attained by placing anchoring devices at the end of flexural or shear externally bonded FRP reinforcements.
Moreover, anchoring devices may be useful also for increasing the ductility of the strengthened elements, since debonding is usually a very brittle failure mode, which often does not
allow exploiting the full tensile strength of fibres (CNR DT 200/R1, 2013, [12]; fib bulletin
90, 2019, [15]).
Several types of anchoring devices were tested by researchers and used in real applications,
but clear design indication for estimating the effectiveness of each anchoring type are still not
available. Effectiveness of anchoring into increase strength and ductility of the strengthened
elements depends on strengthening configuration (flexural, shear, confinement), type and geometry of the anchoring devices, mechanical properties of the substrate.
Design indications for predicting end debonding load in concrete and masonry elements
externally bonded with FRP materials are now well consolidated, since the amount of available experimental tests are very relevant and allowed reliable statistical analysis and ‘design by
testing’ calibrations used in code indications (CNR DT200/R1, 2013, [12]; fib bulletin 90,
2019, [15]).
Basing on the examination of the available experimental results of bond tests in concrete
and masonry specimens externally bonded with FRP materials, this paper is aimed to furnish
design indications for calculating the effectiveness of two types of common end anchoring
systems in term of theoretical debonding load increase: transversal FRP strips and FRP spike
anchors. Predictions are separately furnished for concrete and masonry elements.
2

LITERATURE REVIEW ON EFFICIENCY OF ANCHORING SYSTEMS

For flexural and shear strengthening configurations the most common anchorage system is
given by a FRP sheet or a FRP or steel laminate glued transversally to the strengthening direction (Fig.1). This may be a reliable solution when the FRP-to-concrete width ratio, bf/b, is
lower than 1, because the transversal strip allows extending the width of concrete covered by
the FRP strengthening (Ceroni and Pecce, 2010, [9], Ceroni et al., 2008, [10]; Al-Mahaidi and
Kalfat, 2011, [2]). Conversely, when the ratio bf/b increases, the effectiveness of the transversal strip reduces and becomes unhelpful when it approaches to 1. In these cases, U-shaped fiber sheets might be successfully used (Ceroni 2010, [6]; Khan and Fareed, 2014, [18]; AlAmery and Al-Mahaidi, 2006, [1]; Buyle-Bodin and David, 2004, [4]; Orton et al., 2008,
[25]; Spadea et al., 1998, [30]). For such an application, sharp edges of the section are recommended to be mechanically rounded with a minimum radius of 30 mm.
An alternative solution is represented by fiber spike systems, which are becoming a very
diffuse anchoring system for wet-lay-up FRP reinforcements bonded to concrete and masonry
elements (Ceroni and Pecce, 2010, [9]; Niemitz et al., 2010, [24]; Eshwar et al., 2008, [13];
Zhang and Smith, 2012, [31]; Zhang et al., 2012, [32]; Caggegi et al., 2014, [5]; Fagone et al.,
2014, [14]; Ceroni, 2017, [7]) for several strengthening configurations, i.e. flexural reinforcement (Orton et al., 2008, [25]; Smith et al., 2011, [28]; Smith et al., 2013, [29]), confinement (Karantzikis et al., 2005, [17]), and shear reinforcement (Kim et al., 2011, [19];
Koutas and Triantafillou, 2013, [22]; Jinno et al. 2001, [16]; Kobayshi et al., 2001, [21]).
Fiber spike systems are usually made of a dry fiber cord or by a rolled dry fiber sheet
(Fig.2a); carbon or glass fibers are usually adopted, even if some applications with steel cords
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are also available (Prota et al., 2005, [27]). One end of the spike is impregnated by epoxy resin order to form a dowel. A hole is drilled in the substrate on the same plane of the strengthening and the dowel is forced through the FRP reinforcement into the predrilled hole (Fig.2b).
The fibers of the not impregnated end are splayed outwards over the reinforcement in order to
form a fan with variable angle of splaying ( in Fig. 2b) and, then, fixed with epoxy resin.
Fibers of the fan may be splayed parallel to the loading direction, in the opposite direction or
along both of them (bow-tie configurations, Zhang and Smith, 2012, [31]). Other geometrical
parameters of the spike anchor influencing its effectiveness are: the diameter, , of the cord,
the embedded length of the dowel, lemb, and the splaying radius, r, of the fibers.
The great advantage of such a system is the possibility to be applied also when bf/b=1 or
tends to 1, since it is a punctual anchoring system applied orthogonally to the reinforced surface. The effectiveness of the spike anchors may be influenced by details and accuracy of application procedures too.
Transversal sheet
FRP reinforcement

Figure 1: Transversal strip as anchoring device.

Fibres

Opposite loading
direction

Loading direction
FRP reinforcement


dowel
b)
a)
Figure 2: a) example of carbon fibers cord for spike anchors; b) geometry of spike anchor.

2.1

Effectiveness of end anchoring in concrete elements

2.1.1. Transversal and U-shape strips
The good performance of transversal strips as end anchoring system was proved by bond
tests on concrete elements externally bonded with CFRP sheets (Ceroni and Pecce, 2010, [9],
Ceroni et al., 2008, [10]; Al-Mahaidi and Kalfat, 2011, [2]). In all these tests, the bonded
length was comparable with the effective one as defined in (Chen and Teng, [11]; CNR DT
200/R1, 2013, [12]) or higher.
In particular, in the bond tests carried out by (Ceroni and Pecce, 2010, [9]) for specimens
with bf/b = 0.67, the increase of maximum load of the anchored specimens ranged in 10-20%,
while for bf/b = 0.33, the strength increase was even higher (+52-57%). Analogously, in (Ce-
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roni et al., 2008) for specimens with bf/b = 0.33, a load increase of 55% was observed for the
anchored specimens in comparison with the not anchored ones.
Also in the bond tests of (Al-Mahaidi and Kalfat, 2011, [2]), for specimens with bf/b=0.4, a
relevant load increase was attained in presence of transversal strips (+39-43%).
As the experimental results evidenced, when the FRP-to-concrete width ratio increases, the
effectiveness of the transversal strip reduced and becomes unhelpful when it approaches to 1;
in these cases U-shaped fiber sheets might be used. In (Ceroni, 2010, [6]) the use of U-shaped
strip at the end of RC beams strengthened in bending with carbon FRP sheets led to an increase of the ultimate load of 5-10% depending on the steel reinforcement percentage (1% or
1.5%). In case of U-shaped strips distributed along the beam, a higher increase of ultimate
load was attained, i.e. 10-20% for the same values of steel percentage. Nevertheless such a
limited load increase, the use of end and especially of distributed U-shaped strips allowed increase ductility even greater than 50% at failure compared with the not anchored strengthened
beam.
Also, in (Khan and Fareed, 2014, [18]) the effect of U-shaped fiber sheets to strengthen RC
beams in bending was studied. The beams were characterized by different value of the spanto-depth ratio (a/d) and the end anchorages was wrapped all along the cross-section of the
beam. It was observed a load increase of 6% and 15% for the anchored beams compared with
the reference ones for the ratio a/d=3.4 and 2.5, respectively.
Further research conducted by (Al-Amery and Al-Mahaidi, 2006, [1]) evidenced that the
use of the CFRP U-jackets, 200 mm spaced along the length of the beam, reduced the interfacial slip between the CFRP reinforcement and the concrete by up to only 1/10 of the values
attained without anchoring devices. Moreover, the U-jackets allowed the full utilization of the
CFRP flexural tensile capacity with an increase of the flexural strength up to 95% compared
with the unstrengthened beam and up to 15% compared with the strengthened beam without
the U-jackets.
In (Spadea et al., 1998, [30]), flexural tests on CFRP-strengthened RC beams with Ushaped steel anchors were carried out. The anchoring devices were installed both at the plate
ends and distributed throughout the span, aimed to improve especially the ductility. In presence of anchoring devices, the experimental strains in the fibers at failure reached the 80% of
their maximum strain with an enhancement of 67% compared with the not-anchored beam.
Moreover, in the strengthened beams without anchorage the ductility reduced by 70–80% in
comparison with the unstrengthened beams, whereas, in presence of anchoring devices, the
loss of ductility ranged in 45–70%.
In (Mofidi et al., 2012, [23]), externally bonded CFRP strip and mechanically fixed double-aluminum-plates were used as end anchoring systems for concrete beams strengthened in
shear by means of externally bonded CFRP sheets. The load increase attained in the anchored
beams respect to the not anchored strengthened beam was 18% and 14%, respectively, for the
two systems.
2.1.2. Spike anchors
Several pull-out tests aimed to check the effectiveness of spike anchors in concrete elements were carried out by (Özdemir, 2005, [26]). Basing on the experimental results, the following suggestions were provided: 1) anchors have to be inserted at least 50 mm into the core
of the concrete (depth of 130–150 mm); 2) the cross-sectional area of anchor has to be at least
two times greater than the cross-sectional area of the longitudinal sheet; 3) splitting the anchor
into as many smaller anchors at about a 40 mm spacing as possible.
In (Ceroni and Pecce, 2010, [9]), bond tests on concrete specimens bonded with CFRP
sheets with bf = 100 mm (bf/b = 0.67), provided that 1 spike anchor made of carbon fibesr

5172

F. Ceroni

(=10mm, r=50 mm, =90°, lemb=50 mm) allowed a debonding load increase of 28% in
comparison with equal not anchored specimens.
The bond tests of (Eshwar et al., 2008, [13]) evidenced similar bond strength increase; in
particular, the increase was 25% in case of 1 spike anchor made of glass fibers (=10 mm,
r=50 mm, =360°) with lemb=50 mm or 75 mm. A more significant load improvement
(+230%) was attained in case of two adjacent glass anchors with the same geometry and
lemb=75 mm.
In the bond tests of (Niemitz et al., 2010, [24]), several configurations for two spike anchors made of carbon fibers were tested. When the two anchors (=13 mm, r=25mm, =360°,
lemb=150 mm) were positioned side by side along the reinforcement width (Fig. 3a), the load
increase was about +70%, while, when they were placed along a row (Fig. 3b), the efficiency
was lower (+47%). The efficiency of the row configuration resulted improved (load increase
+61%), if the diameter of the cord and the splaying radius were both increased (i.e., =19
mm, r=30mm).
L0

L0

P

P

b)
a)
Figure 3: Spike anchor configurations in the test of (Niemitz et al., 2010 [24]): a) side by side configurations; b)
row configuration (Lo is an unbonded length).

In the bond tests of (Zhang and Smith, 2012, [31]; Zhang et al., 2012, [32]) on concrete
specimens bonded with CFRP sheets with bf = 50 mm, a load increase ranging in 73-100%
was attained when a single spike anchor made of carbon fibers (=12 mm, r=50 mm, =60°,
lemb=40 mm), with the fibers splayed in the direction of load, was applied. Conversely, for the
same anchor geometry, when the fibers were splayed in the reverse direction of the load, the
increase was only 60%. Moreover, when a bow-tie configuration for the same anchor geometry was used, the load increase was again 100%, but, clearly, the fiber content was twice in
this case. In case of single spike anchor made of glass fibers (=12 mm, r= 50 mm, a=60°,
lemb=40 mm) splayed in the direction of load, the load increase was 53%.
In the tests carried out by (Zhang and Smith, 2012 [31]), the influence of the dowel angle
respect to the load direction was also investigated by ranging it in 45° - 157°. As the angle of
the anchor dowel was increased, the failure load increased more relevantly. In particular, the
highest effectiveness (+160% of load increase in comparison with the not anchored specimen)
was attained for an angle of 157° (Figure 4a) and the lowest (+24%) for an angle of 45° (Figure 4b). However, it was observed that the ductility of the joint decreased when the dowel angle increased, as observed from the brittle anchor failure and the lack of a post-peak behavior.
When the anchor dowel angle exceeded 90°, indeed, the anchor tended to rupture simultaneously with complete debonding of the reinforcement, the strength of the joint was increased,
but at the expense of ductility loss. Conversely, for dowel angles less than 90°, the anchor remained intact and was able to accommodate large slippage with a lower strength increase.
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45°

=158°

b)
a)
Figure 4: Inclination of spike dowel in the tests of (Zhang and Smith, 2012, [31]): a)=157°; b)  =45°.

In (Orton et al., 2008, [25]), attention was focused on the constructive detailing for warrant
the best efficiency of spike anchor systems. In particular, bending tests on concrete beams
strengthened with CFRP were conducted to evaluate the size, number, and spacing of spike
anchors and to compare the performance of not anchored beams with beams provided of spike
anchors or U-wraps. The experimental results showed that, without additional anchorage, the
CFRP sheets debonded at about 37% of the tensile strength of fibers. Two single layer Uwraps placed at both ends of the strengthened beam allowed to increase the tension in the
CFRP sheet up to 70% of its capacity, induced debonding of the flexural reinforcement and
shear failure of the U-wraps, and led to a load increase of 75% in comparison with the not anchored beam. Two double layer U-wraps allowed a load increase of 150%, while two rows of
three spike anchors (10 mm diameter) allowed developing the CFRP sheet’s full tensile capacity with a final load increase of 170%. In addition, it was found that a greater number of
smaller anchors and reduced spacing were more effective than larger spacing, which did not
anchor the entire width of the FRPs and did not allow avoiding a partial debonding.
The bending tests conducted by (Smith et al., 2011, [28]) investigated the strategic use of
different types and positions of spike anchors made of carbon fibers with bow-tie configuration to increase both strength and deflection capacity of strengthened slabs. A load increase
variable between 24-30% in comparison with the reference not-anchored strengthened specimen was attained by using several spike anchors (r= 50 or 100 mm, =60°, lemb=50 mm) distributed along the span length with different spacing. The anchors allowed a relevant increase
of ductility, which increased until 110 % in comparison with that of the unanchored strengthened slab.
Smith et al., 2013, [29] carried out further bending tests on concrete slabs in order to check
the efficiency of single and bow-tie spike anchors located at the end or distributed along the
reinforcement into increase strength and ductility. As in (Smith et al., 2011, [28]), the spike
were made of carbon fibers with r = 50 mm, = 60°, lemb=50 mm and a suitable configuration
of the anchors allowed to attained a load increase of 44%.
Spike anchors were used also in shear strengthening according to several configurations by
(Jinno et al., 2001, [16]; Kobayshi et al., 2001, [21]) to solve the problem of passing fibers of
reinforcement through the web of a ‘T-section’ and anchor the fibers of the shear reinforcement in the compressive zone of the section.
Analogously, in (Kim et al., 2011, [20]) ‘T-section’ beams were reinforced in shear by applying ‘U-shaped’ CFRP strips anchored using spike anchors made of carbon fibers just below the flange. A 40-45% increase in shear strength was observed.
In (Koutas and Triantafillou, 2013, [22]), a wide experimental investigation was carried
out in order to check the effectiveness of various types of spike anchors into increase the capacity of concrete beams strengthened in shear by ‘U-shaped’ FRP sheets. Orientation of the
cord, number and spacing of anchors, type of fibers constituent the anchors (carbon or glass)
were the investigated parameters. With refer to the beam strengthened in shear without any
anchors, the use of different lay-out of spike anchors led to the following load increase: +8%
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for three horizontal anchors, +46% and +53% for three or five inclined anchors (angle of inclination approximately 25° with respect to the vertical). In case of five anchors, the increase
in effectiveness of the jacket was only 53% because the anchors placed not above the shear
cracks were not activated.
For confinement of columns where walls physically obstacle the complete wrapping of the
elements, application of spike anchors (Jinno et al.2001, [16]; Kobayshi et al. 2001, [21]) can
be used for giving continuity to the reinforcement.
Spike anchors provide a low cost solution also to anchor the confinement jacket to the existing structure, especially for the attachment of FRP jackets at the reentrant corners of Lshaped cross section columns, as tested in (Karantzikis et al., 2005, [17]). Experimental tests
evidenced, indeed, that in FRP jacked specimens without anchors the strength increase respect
to the reference specimen ranged in 32%-48% when the jacket was made of lightweight or
heavyweight FRP sheets. In case of partial depth spike anchors, the strength increase respect
to the not-anchored specimens ranged in 59-72%, and, in case of full depth anchors, the
strength increased by 97% in both case of lightweight or heavyweight jacketing sheets.
2.2

Effectiveness of end anchoring in masonry elements

For masonry elements externally bonded with FRP materials, the efficiency of endanchoring systems into improving the failure load may depend on the substrate typology.
Several bond tests were carried out by (Caggegi et al., 2014, [5]) and (Fagone et al., 2014,
[14]) in order to analyze the performance of spike anchors applied to a brick substrate reinforced with CFRP sheets, as well as the influence of different test apparatus implementing the
same test set-up. Different configuration for the spike anchors, made of carbon fibers, were
considered varying the splaying angle of the fan (=75° or 360°), the number of fan (1, 2 or
3), the diameter of fan radius splayed over the reinforcement (r = 25 or 40 mm). In all cases,
the embedded length was lemb=50 mm.
In the tests of (Caggegi et al. 2014, [5]), the load increase ranged between 26-87% respect
to the not anchored specimen, with the higher increase (+87%) attained for the specimens
with three anchors with r=25 mm and =75°; such a configuration allows covering the whole
width of the FRP reinforcement. A lower efficiency (+66%) was attained when two anchors
with r=40 mm and =75° were applied, even if also this configuration allowed entirely covering the FRP reinforcement. Conversely, similar load increases (26-31%) were attained when a
single anchor was applied either with r=25 mm or 40 mm and =75° and with r=40 mm and
=360°. In case of r=40 mm and =75°, the use of two anchors allowed doubling the efficiency compared to the case of only one (+66% vs. +31%).
In (Fagone et al., 2014, [14]) the same specimens and testing configuration used by
(Caggegi et al., 2014, [5]) were adopted. The same operators prepared the specimens. Nevertheless, the maximum loads attained in the tests of (Fagone et al., 2014, [14]) resulted higher
than those obtained in the tests of (Caggegi et al., 2014, [5]) with differences ranging from
10% to 30%. Such differences were due the different deformability of the test set-up used by
(Caggegi et al., 2014, [5]). In particular, for the same anchor configurations previously described, the load increases ranged in 34-116% instead of 26-87%, in the case of three anchors,
while were variable in 34-48% instead of 26-31% in case of single spike anchor.
In (Ceroni, 2017, [7]), the effectiveness of spike anchors made of carbon fibers (=10 mm)
was tested by means of bond tests on both single tuff stones and clay brick prisms. Tuff is a
volcanic stone very used for buildings in the Southern Italy. For specimens made of single
tuff stone, a similar effectiveness in terms of failure load increase (about +18%) was registered when a single anchor with =360° and r=50 mm or two anchors with =75° and r=40
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mm, both having an embedded length of lemb=80 mm, were applied. Conversely, in case of
longer embedded length of the cord (i.e., 180 mm), the effectiveness of two anchors with
=75° was higher compared with a single fan with =180° (i.e., +25% vs. 17%). It is worth
to note that the effectiveness of the spike anchors in tuff stones was, however, limited by the
very low tensile strength of the tuff, which make it sensible to shear/tensile failures in the
blocks (Figure 5).

Figure 5: Failure surface at the end of anchored specimens made of tuff stone (Ceroni, 2017, [7]).

In (Ceroni, 2017, [7]), the efficiency of spike anchors was tested also on prisms made by
clay bricks externally strengthened with carbon fibers. For these specimens, a similar effectiveness was experimentally observed when two spike anchors made of carbon fibers
withmm=75° and r=40 mm or when a single anchor withmm= 360° and
r=50 mm, both with lemb=80 mm, were used (the load increase ranged, indeed, in 37-40%).
The experimental load increase observed for such specimens (+40%) was higher than the
one observed in the specimens made of tuff stones (+25%) for similar anchoring configurations, showing again the sensibility of the failure load to the mechanical properties of the masonry support also when the anchoring devices are present. For both types of specimens, a
squared quadriaxial sheet made of carbon fibers (side 100 mm) was applied over the anchors
in order to improve their correct placement during the curing of the epoxy adhesive.
3

DESIGN INDICATIONS

Basing on the literature review previously discussed, some proposals of design indications
are furnished for two types of anchoring systems for wet-lay-up FRP externally reinforcements, i.e. transversal strips and spike anchors, which are two of the most common used in
practical applications.
For strengthening of concrete elements, both use of transversal strips and spike anchors are
suggested, while for masonry elements, only design indications for spike anchors are proposed due the higher experimental data available for such an anchoring system. Since the effectiveness of spikes in terms of failure load increase depends strongly both on the anchor
geometry and on the mechanical properties of the substrate, different strengthening configurations and design indications are suggested for concrete and masonry substrates.
For each selected anchoring configuration, with refer to common existing bond strength
models (i.e., CNR DT200/R1, 2013, [12] or fib bulletin 90, 2019, [15]), an increasing of the
theoretical debonding load is suggested basing on the experimental outcomes previously discussed.
A typical strength model for calculating the maximum stress in the FRP reinforcement in
case of end debonding is the well-know one adopted by several authors and codes (Chen and
Teng, 2001, [11]; CNR DT200/R1, 2013, [12]; fib bulletin 90, 2019, [15]):
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f fb   l

where

2E f  G f

(1)

tf

is a factor that depends on the bond length lb, (i.e., it is lower than 1, if lb is lower

than the effective length), Ef and tf are Young’s modulus and thickness of the external
reinforcement, Gf is the fracture energy associated to the reinforcement/substrate interface
failure.
Starting from the general approach given by Eq. (1), most design formulations provide
numerical coefficients derived from statistical regression analysis of experimental results of
bond tests. In the new version of fib bulletin for external strengthening of concrete elements
with FRP materials (fib bulletin 90, 2019, [15]), the following expression is suggested for calculating the mean debonding strength, fdeb,m, in the FRP reinforcement in case of debonding at
the end anchorage zone:
f deb, m  km  kb   l

2E f
tf

 f cm2 / 3

kb 

[N, mm]

2  bf / b
1  bf / b

(2)

where fcm is mean compressive strength of concrete. The coefficient km= 0.25 was calibrated by (Bilotta et al., 2011, [3]) according to a statistical procedure as the least-square coefficient minimizing the difference between theoretical values and experimental results.
A similar approach is adopted also by (CNR DT200/R1, 2013) for predicting the enddebonding stress for strengthening of both concrete and masonry elements according to the
following expression:

f deb, m 

2 Ef
tf

 t f  kb  kG , m 

f cm  ftm

kb 

3  bf / b
1  bf / b

(3)

where the coefficient kG,m was differently calibrated according to the substrate (concrete or
different types of masonry, i.e. tuff stones, limestone, calcarenite, clay bricks). An upgraded
calibration of such a coefficient is provided in (Ceroni et al., 2017 [33]) for different masonry
substrates, taking into account also the effects of the mortar joints on the bond strength.
The increased bond strength provided by each anchoring system can be used for calculating the global capacity of concrete or masonry strengthened elements in case of reinforcement
configurations based on bond behavior and, thus, affected by end-debonding failure (i.e.,
mainly flexural and shear reinforcement). For both shear and flexural strengthening, the load
increase provided by the anchoring system depends, indeed, not only on its type and geometry,
but also on the original capacity of the not-strengthened element and the amount of external
reinforcement. Thus, it is not simple to generalize the efficiency of an anchoring system, since
it depends on the strengthening configuration. Conversely, with refer to the only bond behavior and, thus, to the end-debonding load, it is simpler to provide a generalized methodology
for calculating the efficiency of the anchoring system into increase the bond strength for end
debonding.
3.1

Design indications for concrete elements

3.1.1 Transversal strips
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For transversal strips having the same width of the element, b, or U-shaped strips, the following increase of the theoretical end debonding load can be considered:
- +40% for strengthening configuration with bf/b = 0.33;
- +20% for strengthening configuration with bf/b = 0.67;
- linearly interpolated values between 20% and 40% for 0.33 < bf/b < 0.67.
For strengthening configurations with bf/b > 0.67, the use of a transversal strip is not suggested as end anchoring system, but other configurations should be used.
3.1.2 Spike anchors
Basing on the experimental outcomes previously described, the following anchoring configurations can be considered:
1) for strengthening made of FRP sheets with bf=100mm:
1a) single spike anchor made of carbon fibers with =10mm, r=50mm, =360° and
lemb=100mm (Fig. 3a). For this configuration, an increase of the theoretical failure load of
25% can be assumed, safely based on the results of (Ceroni and Pecce, 2010, [9]; Eshwar et
al., 2008, [13]);
1b) two adjacent spike anchors made of carbon fibers with =12mm, r=25mm,
=360° and lemb=100mm (Fig. 3b). The two anchors have to be spaced of 50 mm in order to
cover all the reinforcement width, bf. For such a configuration, an increase of the theoretical
failure load of 50% can be assumed, safely based on the results of (Niemitz et al., 2010, [24]);
2) for strengthening made of FRP sheets with bf=50mm:
- 1 spike anchor made of carbon fibers with =12mm, r=50mm, =60° and lemb=100mm
(Fig. 3c). For such a configuration, an increase of the theoretical failure load of 50% can be
assumed, safely based on the results of (Zhang et al., 2012, [32]; Zhang and Smith, 2012,
[31]).

a)

b)

c)
Figure 6: Recommended geometrical configurations for spike anchors in concrete elements: for bf=100 mm a) 1
spike anchor with lemb =100 mm,  = 360°, r = 50mm, and b) 2 spike anchors with lemb =100 mm,  = 360°, r =
25 mm; for bf=50mm c) 1 spike anchor with lemb =100 mm,  = 60° e r =50 mm (dimensions in mm).

As further detail, for whatever spike anchor configuration, it is suggested to:
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- apply a square quadriaxial FRP sheet (side 100 mm) over the splayed fibers in order to
improve their correct placement during the curing of the epoxy adhesive;
- smooth the hole contour in order to avoid local failure of the splayed fibers.
3.2

Design indications for masonry elements

Bond behaviour of FRP strengthening systems applied on masonry substrates depends on
masonry typology (Ceroni et al., 2014, [8]) with refer to both their mechanical and physical
properties. Due to the variability of these properties, univocal design indications for whatever
masonry substrate cannot be provided. Moreover, due to the wide variability of masonry substrates, especially in case of natural stones, which can be very variable depending on the geographical area, a consistent number of experimental results is not always available for each
masonry substrate. Thus, basing on the most numerous experimental results now available,
attention will be focussed on only two masonry substrates: clay bricks and tuff stone.
Clay bricks represent a very common building material all over the world, while tuff is a
volcanic stone typical of the Southern Italy and very used in that area for realizing buildings,
mainly because of its lightness and workability. These two materials are rather different both
for the physical (unit weight, porosity) and mechanical properties (Young’s modulus, compressive and tensile strength). Different indications will be provided for these two types of
substrates basing on the outcomes of the experimental results described in section 2.2.
For masonry elements made of tuff stones and strengthened with FRP sheet having width
bf=100 mm, the following anchor configuration is suggested (see Figure 7a):
- 2 spike anchors made of carbon fibers with diameter of cord = 10 mm, embedded
length lemb = 150 mm, angle of splaying =75°, and radius r = 40 mm.
The two spikes have to be applied at a distance of 50 mm in order to do not overlay each other
and cover the reinforcement width as larger as possible. For such configuration, an increase of
the theoretical debonding load of 25% can be considered, basing on the results of (Ceroni,
2017).
For masonry elements made of clay bricks and strengthened with FRP sheet having width
bf=100 mm, the following anchor configurations are suggested:
- 1 spike anchor made of carbon fibers with diameter of cord = 10 mm, embedded
length lemb = 80 mm, angle of splaying =75°, and radius r = 40 mm (Figure 7b);
- 2 spike anchors made of carbon fibers with diameter of cord = 10 mm, embedded
length lemb = 80 mm, angle of splaying =75°, and radius r = 40 mm. The two anchors
have to be applied with a spacing of 50 mm in order to not overlap each other and to
cover most part of the reinforcement width (Figure 7c).
For these two configurations, the increase of the theoretical failure load may be safely estimated in 30% and 50%, respectively, basing on the results of (Ceroni, 2017, [7]; Fagone et al.,
2014, [14]; Caggegi et al., 2104, [5]).
As previously indicated for concrete elements, for both types of masonry substrates and for
whatever spike anchor configuration, it is suggested to apply a squared quadriaxial FRP sheet
(side 100 mm) over the splayed fibers and smooth the hole contour.
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100

40
75°

a)

100

100

50

50

60°

60°

b)
c)
Figure 7: Recommended geometrical configurations for spike anchors in masonry elements for bf=100 mm: a) 2
spike anchors for tuff stones with lemb = 150 mm,  = 75°, r = 40 mm; b) 1 spike anchor for clay bricks with lemb
=80 mm,  = 60° e r =50 mm; c) 2 spike anchors for clay bricks with lemb =80 mm,  = 60° e r =50 mm (dimensions in mm).

4

CONCLUSIONS

The paper presents a detailed state-of-art of the knowledge about the effectiveness of different types of anchoring systems for externally bonded FRP materials applied to concrete and
masonry substrates.
The analysis of technical literature evidenced that the efficiency of anchoring systems varies sensibly according to both the strengthening configuration (flexural, shear, confinement)
and type and geometry of the anchoring systems. Also detailing can influence the efficiency
of each anchoring system.
The design indications proposed in this paper represent suggestions for calculating an increase of the theoretical end-debonding load provided by two common anchoring systems, i.e.
transversal strips and spike anchors, since for these two devices more homogeneous and numerous experimental data are now available. The theoretical end-debonding load can be calculated with refer to existing well-established bond strength models for end-debonding failure.
The increased bond strength in presence of anchoring devices can be, indeed, used for calculating the global capacity of concrete or masonry elements strengthened with FRP materials
in shear or bending, i.e. for strengthening configurations governed by the bond behavior at the
FRP-substrate interface and eventually affected by end-debonding failure.
Extension of similar design indications to other types of anchoring devices request, clearly,
availability of homogeneous experimental results.
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Abstract
This paper presents the results of the work carried out in an ongoing Research Project, funded by the Italian Civil Protection Department, aimed at computing the risk of collapse of existing masonry buildings. Other papers submitted to this conference describe the overall
Research Project [1], its different areas of application ([2][3][4][5][6]), the overall seismic
risk calculation procedure, the seismic hazard assessment and the ground motion selection
process followed to identify the recorded ground motions used for nonlinear dynamic analyses. Several unreinforced masonry buildings were considered, characterized by stone and
clay masonry, regular and irregular geometries and number of storeys varying from two to
seven. These buildings were retrofitted according to the prescriptions of different Italian
seismic codes, applying commonly adopted retrofit techniques (e.g. floor stiffening, injection
of masonry, addition of tie beams, etc). The paper presents the results for a single case study
building. Equivalent frame models are used to simulate the in-plane response, whereas outof-plane failure modes are prevented by the selected strengthening interventions. Pushover
analyses are performed to estimate the capacity in terms of a properly selected engineering
demand parameter, whereas the demand is obtained by multi-stripe nonlinear dynamic analyses for ten different earthquake’s return periods. The results allow to understand the different level of risk implicit in buildings retrofitted according to various codes and strategies.
Keywords: Unreinforced masonry, Nonlinear static and dynamic analysis, Equivalent frame
models, Multi-stripe analysis, Seismic retrofit.
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1

INTRODUCTION

RINTC-e is an ongoing research project, funded by the Italian Civil Protection Department,
aimed at computing the risk of collapse of existing buildings. As a continuation of the previous work, which concerned new buildings [7], [8], [9], this paper focuses on understanding
the different level of risk implicit in existing unreinforced masonry (URM) buildings retrofitted according to the prescriptions of different Italian seismic codes.
Several building configurations, realised with stone and clay masonry, with regular and irregular geometries, a number of storeys ranging from two to seven, and located in three different towns (L’Aquila, Naples and Rome) were analysed within the project. These buildings
were retrofitted adopting common retrofit techniques aiming at improving wall-to-wall and
wall-to-diaphragm connections, at increasing the in-plane stiffness of diaphragms and, in
some cases, enhancing the strength of masonry by grout injections or other techniques.
The risk assessment in terms of global failure was performed by multi-stripe nonlinear dynamic analyses for ten different earthquake’s return periods. The equivalent frame model implemented in the Tremuri program [10] was adopted, using the available macroelement
models ([11], [12]). Pushover analyses were performed to estimate the capacity in terms of
maximum wall inter-storey drift. Out-of-plane failure modes were not considered, as strengthening interventions are supposed to be appropriately designed to prevent their activation.
The results shown in this paper refer to one of the case study structures analysed, located in
Naples and representative of a typical typology of the late nineteenth century.
2

IDENTIFICATION OF THE SELECTED CASE STUDY

The case study discussed in this paper consists of a 5-storey unreinforced yellow tuff masonry structure, with flexible wooden floors and different wall thicknesses and inter-storey
heights (Table 1).
Figure 1 (a) shows two photos of the existing building and the corresponding plans of the
ground and upper floors (Figure 1b), whereas Figure 2 shows the elevations views, obtained
from a slight simplification of the real situation.

(a)

(b)

Figure 1: Photos of the considered existing building prototype (a) and corresponding plans (b), obtained from a
simplification of the real building. X and Y indicate the directions of analysis.
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Figure 2: Elevations of the considered building, obtained from a simplification of the real building.

Wall thickness [m]
Inter-storey height [m]
Total Length [m]
Total Height [m]
Total Width [m]

Ground Floor
0.8
4.5

1st - 2nd Floor
0.6
2.7
15.2
15.6
16.4

3rd Floor
0.4
2.7

4th Floor
0.4
3

Table 1: Main geometrical properties of the different floors of the considered case study building

3

DESIGN OF RETROFIT SOLUTIONS USING DIFFERENT CODES

The retrofit interventions on the considered URM buildings were designed according to the
“Code for repair and strengthening of buildings damaged by earthquakes,” issued by the Ministry of Public Works in 1981 (D.M. 1981, [13]), and the associated guidelines [14], incorporating the POR method, originally proposed by Tomaževic [15] for the seismic analysis of
retrofitted URM buildings. Such documents were published after the 1976 (Friuli), 1979
(Norcia) and 1980 (Irpinia) earthquakes and extensively used in the reconstruction phase. The
procedures presented in this code were then included, with minor modifications, in the national seismic codes and largely implemented in the retrofit interventions designed in the last two
decades of the 20th century.
Interventions were also alternatively designed according to the Italian building code issued
in 2008 (NTC08, [17]) and its guidelines [18], which came into force after the 2009 L’Aquila
earthquake. Eventually, retrofit interventions were assessed according to the code update published in 2018 (NTC18, [19]) and its guidelines [20].
3.1

D.M. 1981 (POR method)

The POR approach is an equivalent static, simplified nonlinear assessment method, proposed and developed by Tomaževič [15]. The method, which has undergone several refinements in the subsequent years, is based on the so-called “storey-mechanism” approach, which
assumes that failure occurs only in the piers (shear failure), without any damage in the spandrels. Each masonry pier is modelled by a linear elastic-perfectly plastic shear spring, with
limited ductility and effective height equal to the net height of the openings, as indicated in
[14]. Alternative definitions of the effective height aiming at accounting for the orientation of
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cracks at the pier edges and for the deformability of spandrels were proposed for example by
Dolce [16].
Applying the POR method, according to the guidelines in force at the time of construction
of the building [14], the effects of the following seismic retrofit strategies were investigated
and verified:
- realisation of a reinforced concrete ring beam at the storey levels;
- stiffening of the floors by casting collaborating reinforced concrete rigid slabs.
Figure 3 shows the definition of the equivalent frame mesh of two significant walls of the
numerical model adopted for the analyses according to the POR method.

Figure 3: Equivalent frame mesh for two significant walls of the numerical model adopted in the analyses according to the POR method for the selected building.

The mechanical properties of masonry were assumed based on the values proposed in the
guidelines [14] for tuff masonry. The adopted values are summarized in Table 2, in which fm
is the mean compressive strength of masonry, τ0 is the mean shear strength of masonry, E and
G the mean values of the elastic and shear moduli of elasticity and w is the masonry specific
weight.
fm
τ0
[MPa] [MPa]
2.5

E
[MPa]

0.1

660

G
w
[MPa] [kN/m3]
110

16

Table 2: Adopted mechanical properties of tuff masonry, assumed according to [14].

To be consistent with the assumptions of the POR method, the maximum shear strength of
the structure was calculated under the hypothesis of fixed floor rotations, performing nonlinear static analysis (pushover), with a force distribution proportional to the first vibration mode.
The seismic demand was computed as a percentage of the building weight, depending on the
degree of seismicity of the considered area (Table 3).
Seismic Zone
3

Building weight,
Wtot [kN]

Seismic Force,
Ft [kN]

Ft / Wtot
[-]

11489

1838

0.16

Table 3: Seismic forces computed according to [14].

Figure 4 shows the results of the analyses, in terms of shear strength normalized with respect to the weight of the structure (V/Wtot) versus top displacement. Since the strength in both
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the directions of analysis clearly exceeds the seismic demand (dashed red line), the adopted
retrofit strategies satisfy the code requirements of the period.

Figure 4: Results of the POR method, in terms of shear strength normalized to the weight of the structure versus
top displacement: comparison between the strength of the structure in both the directions of analysis (longitudinal (left) and transversal (right)) and the seismic demand (dashed red line).

3.2

NTC08

For the same building prototype, different retrofit solutions were designed and analysed to
fulfil the prescriptions of NTC08.
In particular, the effects of the following seismic retrofit strategies were investigated:
- stiffening of the floor diaphragm by adding a reinforced concrete collaborating slab,
with lightweight concrete;
- improvement of the masonry quality by grout injections;
- enhancement of the wall-to-diaphragm connections by means of L-shaped steel ring
beams at each floor level, except for reinforced concrete ring beams at the roof level;
- steel framing of all the openings of the longitudinal wall at the back (Figure 1b) by
S275 HEB100 profiles.
These retrofit strategies were verified by applying the adopted equivalent-frame modelling
strategy implemented in the 3Muri program and based on an elastic-perfectly plastic constitutive law of the structural element [10]. Figure 5 shows the 3D views of the numerical model
of the retrofitted building.

Figure 5: 3D views of the numerical models of the structures retrofitted according to NTC08.

The mechanical properties of masonry were defined based on the values proposed by the
guidelines for NTC08 [18] for tuff masonry, assuming a confidence factor of 1.2 (knowledge
level 2). The selected building was analysed in Naples, soil type A and C (topographic category T1). Figure 6 reports the pushover curve and damage pattern of one significant wall, ob-
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tained in one of the critical analyses (minimum capacity over demand ratio) carried out according to NTC08 (soil type C). A damage concentration at the ground storey can be observed,
with shear failure and flexural damage of the masonry piers of the longitudinal wall at the
back (the one with steel profiles around all the openings).

Figure 6: Results obtained for the critical analysis in the X direction (Figure 1), soil type C, for the building retrofitted according to NTC08: damage pattern of one significant wall (bottom) and pushover curve with indication of the demand (Ddem) and capacity (Dcap) displacement thresholds (top).

The retrofitted model was checked to fulfil also the prescriptions of NTC18 for both soil
type A and C, for the two ultimate limit states of life safety and collapse. In particular, for the
analyses carried out for soil type C, the maximum ratio between the maximum seismic capacity of the structure and the maximum seismic demand used for the design of new buildings (ζE)
resulted equal to 90%, satisfying the requirements of the code (ζE ≥ 80%).
4
4.1

SEISMIC PERFORMANCE OF RETROFITTED BUILDINGS
D.M. 1981

The seismic vulnerability of the retrofitted building was assessed by means of nonlinear
static (pushover) and dynamic analyses, using the equivalent frame macroelement approach
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implemented in the computer program Tremuri [10] and adopting for the piers an improved
version [21] of the macroelement proposed by Penna et al. [11].
The mechanical properties of the macroelement model were calibrated starting from experimental tests on masonry of similar characteristics [22], consisting of in-plane cyclic shearcompression tests carried out on specimens made of cement mortar and tuff units obtained
from demolished buildings erected in Naples in the last two centuries.
Figure 7 reports the comparison between the experimental results (black curve) and the
numerical simulation (red curve), obtained for two of the unreinforced masonry piers tested.

Figure 7: Comparison between the experimental results (black curve) and the numerical simulation (red curve),
obtained for two of the unreinforced masonry piers tested by [22]: specimen T1-1 (left) and T1-3 (right).

Based on the comparison with experimental results, it was possible to calibrate only the parameters related to shear failure modes, since all experimental specimens failed in shear. The
missing flexural parameters were derived from indications reported in the literature [24].
The seismic vulnerability was assessed in terms of frequency of exceedance of given
thresholds of a selected Engineering Demand Parameter (EDP). As in [9], the maximum interstorey drift (among all walls and all stories), accounting for the average rotations of the nodes
of the storey, was selected as EDP. The EDP thresholds were computed by pushover analyses
with an inverse triangular load pattern, considering the different behaviour of the building in
the two directions of analysis, X and Y (positive and negative). The maximum inter-storey
drift was evaluated separately for each direction and the EDP was calculated as the minimum
value between the positive and negative direction for X and Y separately.
Two different limit states were considered: usability-preventing damage, UPD, evaluated
according to the multi-criteria approach discussed in [1], and global collapse, GC, corresponding to a total base shear loss equal to 50% of the maximum base shear.
Figure 8 shows the pushover curves in the two directions of analysis, with the identification of the thresholds for the considered limit states (Table 4).

5189

S. Bracchi et al.

Figure 8: Pushover curves in the two directions of analysis for the building retrofitted according to D.M. 1981,
with the identification of the thresholds for the considered limit states.

UPD threshold [%]
X direction
Y direction
0.125
0.193

GC threshold [%]
X direction Y direction
0.525
0.516

Table 4: Values of EDP thresholds corresponding to usability-preventing damage (UPD) and global collapse
(GC) limit states, for the building retrofitted according to D.M. 1981.

The criterion governing the UPD limit state was the one associated with the attainment of
95% of the building lateral strength, corresponding to a condition in which the structure is still
fully capable of withstanding horizontal forces. Figure 9 shows the damage in the structural
elements at the end of analyses (GC limit state).
By means of nonlinear dynamic analyses, it was possible to calculate the percentage of exceedance of the two considered limit states, for increasing values of the return period. The
time history analyses were carried out with a set of accelerograms (representative of the seismicity of Naples) selected for buildings with a fundamental period close to 0.25s, since the
building fundamental vibration periods in undamaged conditions is about 0.28s in one direction and 0.2s in the other. A set of 20 ground motions was selected for each of the 10 return
periods considered. The results in terms of frequency of exceedance of the two limit states are
reported in Figure 10.

Figure 9: Damage in meaningful structural walls of the building retrofitted according to D.M. 1981 at the end of
the pushover analyses carried out in the two directions of loading.
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Figure 10: Frequency of occurrence (%) of UPD and GC limit states, as a function of the return period, for the
building retrofitted according to D.M. 1981 (soil type C).

4.2

NTC08

The same approach described before was followed to assess the seismic performance of the
building retrofitted according to NTC08. The mechanical properties of the macroelement
were calibrated starting from the experimental campaign already considered for D.M. 1981,
considering only the specimens strengthened by grout injections [22].
Figure 11 reports the comparison between the experimental results (black curve) and the
numerical simulation (red curve), obtained for two of the considered walls.

Figure 11: Comparison between the experimental results (black curve) and the numerical simulation (red curve),
obtained for two of the retrofitted masonry piers tested by [22]: specimen T3-7 (left) and T3-9 (right).

The in-plane and out-of-plane stiffness of the floors was modelled assuming equivalent
mechanical properties, calibrated on experimental shaking table tests on full scale stone masonry buildings with floor diaphragms and ring beams of similar characteristics [25].
Figure 12 shows the pushover curves obtained in the two directions of analysis, with the
identification of the thresholds for the considered limit states (Table 5). The higher displacement capacity exhibited, with respect to the building retrofitted according to D.M. 1981 (Figure 8), is mostly due to the development of a global behaviour and failure mechanism
different from what observed with the retrofit strategies designed in that case.
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Figure 12: Pushover curves in the two directions of analysis, for the building retrofitted according to NTC08,
with the identification of the thresholds of the considered limit states.

UPD threshold [%]
X direction
Y direction
0.153
0.135

GC threshold [%]
X direction Y direction
1.125
0.943

Table 5: Values of EDP threshold corresponding to the considered limit states for the building retrofitted according to NTC08

Also in this case, the dominant criterion identifying the attainment of UPD was associated
with the attainment of 95% of the peak shear strength. The damage occurred in the structural
elements at the end of the analyses (GC limit state) is reported in Figure 13.

Figure 13: Damage observed in significant structural walls of the building retrofitted according to NTC08 at the
end of the pushover analyses carried out in the two directions of loading.

Nonlinear time history analyses were then performed using the same two sets of ground
motions of D.M. 1981, to obtain the percentage of exceedance of the two considered limit
states (UPD and GC), for increasing values of the return period. Figure 14 shows the results
for a reference period of 0.25 s and soil type C.
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Figure 14: Frequency of occurrence (%) of UPD and GC limit states, as a function of the return period, for the
building retrofitted according to NTC08.

5

DISCUSSION AND CONCLUSIONS

The assessment of the seismic performance of the building retrofitted according to the prescriptions of the two considered codes and associated hazard, allows to conclude that, for the
considered case study, the vulnerability at the global collapse (GC) limit state is lower in the
case of retrofit strategies designed according to NTC08, with respect to D.M. 1981. On the
contrary, similar performances were obtained at the usability-preventing damage (UPD) limit
state. This difference could be in part explained by the different global behaviour and failure
mechanisms exhibited by the structure: a global rocking behaviour with failure of most of the
spandrels occurred in case of NTC08, whereas the activation of an evident soft-storey mechanism, with shear failure of the piers, was observed in case of D.M. 1981. Observation of the
global displacement capacity of the pushover curves confirms these results, showing in the
two cases similar EDP thresholds for the usability preventing damage limit state and different
thresholds for the global collapse limit state.
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Abstract
Base-isolation technique has long been used worldwide but seismic codes generally do not
take into account ageing and environmental effects on the evolution and extent of the deterioration of elastomeric (e.g. high-damping-rubber bearings, HDRBs) and friction (e.g. flat sliding bearings, FSBs) isolators during their lifetime and on their impact on the nonlinear
seismic behaviour of the superstructure. The aim of the present work is to investigate the effects of variability of the mechanical properties of elastomeric and sliding bearings on the
nonlinear dynamic response of base-isolated reinforced concrete (r.c.) framed structures, focusing the attention on ageing and air temperature effects. First, six-storey base-isolated r.c.
framed structures are designed in accordance with the current Italian code in a high-risk
seismic zone, considering nominal values of mechanical properties of the isolation system.
Specifically, nine structural configurations are examined, considering two alternative arrangements: i) elastomeric base-isolation (EBI) systems, with three different elastomer compounds for the HDRBs (i.e. soft, normal and hard); ii) hybrid elastomeric-sliding baseisolation (ESBI) systems, with the aforementioned elastomer compounds of the HDRBs and
two friction coefficients (i.e. low and medium) of the FSBs. Then, based on experimental results from accelerated ageing tests at high temperature, mathematical models are implemented to account for oxidation of elastomers and friction changes. The variability of mechanical
properties at different mean temperatures, due to seasonal thermal variations, are also considered. The results of nonlinear time-history analysis are used to build fragility curves based
on simple regression in the logarithmic space of structural response versus seismic intensity.
Keywords: Ageing Effects, Air Temperature Effects, Elastomeric Bearings, Sliding Bearings,
Nonlinear Seismic Analysis, Fragility Curves.
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1

INTRODUCTION

During the lifetime of the elastomeric (e.g. high-damping-rubber bearings, HDRBs) and
sliding (e.g. flat sliding bearings, FSBs) bearings, representing some of the most widely used
types of isolation systems, ageing and air temperature are important factors that affect the
degradation of rubber and friction coefficient of the sliding surface, respectively. The introduction of the property modification factor approach to bound the likely seismic response of
isolators has first been applied in the American code for new buildings [1], while a similar
approach is implemented in the European code for bridges [2]. In detail, maximum or minimum factors for each type of event (e.g. ageing, air temperature and variations observed during testing) and an adjustment factor, taking into account the reduced probability of
cumulative effects during an earthquake, are multiplied in order to define upper- and lowerbound force-displacement laws. However, other codes (e.g. the Italian code, [3]) are limited to
establish the maximum variation of the mechanical properties of the isolators, vis-à-vis the
corresponding nominal values, only for the purpose of qualification tests.
The mechanical properties of the HDRBs change uniformly along the radial direction of
the isolator in a relatively short time, until a stable equilibrium state is reached in the inner
region bounded by an external critical depth [4], the latter being an exponential function of
the temperature [5]. The outer region is also affected by an oxidation process, related to time
and depending on the amount of oxygen, which produces a degradation of properties whose
effects diminish moving towards the critical depth. Moreover, the HDRBs considerably increase their horizontal and vertical stiffnesses for decreasing values of the air temperature
through rubber crystallization due to prolonged exposure to cold weather, while their cyclic
behaviour does not change significantly at high air temperatures [6]. Finally, it should be noted that ageing [7, 8] and air temperature [9] do not affect the equivalent viscous damping ratio
of the HDRBs significantly. On the other hand, the friction coefficient of the FSBs presents
an age-related increase that can be considered because of changes in the adhesive properties
depending on creep of materials and subsequent increase in the contact area between the sliding pad and sliding plate [10]. In particular, creep affects the static friction coefficient during
lifetime of the isolator while at the onset the dynamic friction coefficient remains almost unchanged. The significant frictional heating during seismic loading moderates the effects of
low temperatures at the sliding interface that combined with isolators placed in normal environment obviates the air temperature effects on the friction coefficient [11].
While the analytical and experimental studies above-mentioned have provided considerable insight into how to predict the long-term behaviour of elastomeric and sliding bearings
when subjected to aging and air temperature effects, more investigation is required to evaluate
the effects of these phenomena on the nonlinear seismic analysis of base-isolated buildings.
This study is also devoted to investigate the level of reliability of the property modification
factor approach adopted in ASCE 7-2016 [1] predicting, conservatively, the nonlinear seismic
response of base-isolation system and superstructure. First, six-storey r.c. framed structures,
base-isolated with HDRBs acting alone or in combination with FSBs, are designed in accordance with the current Italian code [2] in a high-risk seismic zone, considering nominal values
of mechanical properties of the isolation system. Specifically, nine structural configurations
are examined, combining three elastomer compounds of HDRBs (i.e. soft, normal and hard)
and two sliding friction coefficients of FSBs (i.e. low and medium). The results of nonlinear
time-history analysis are used to build fragility curves based on simple regression in the logarithmic space of structural response versus seismic intensity [12], considering ground motions
selected from the Pacific Earthquake Engineering Research center database [13] and scaled in
line with the design hypotheses adopted.
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AGEING EFFECTS ON THE ISOLATION SYSTEM

Mechanical properties of the HDRBs inevitably change over time and tend to cause an increase of the horizontal and vertical stiffnesses, with a reduction of the fundamental vibration
periods that may affect the seismic response of a base-isolated structure. Ageing is dependent
on the rubber compound and improper vulcanization and substantially increases for either
very high damping or very low shear modulus [14]. Assuming linear material behaviour, the
nominal horizontal (KH0) and vertical (KV0) stiffnesses of an HDRB can be evaluated as function of the initial (unaged) shear (G0) and axial (E0) moduli

KH 0

G0 ⋅ A G0 ⋅ π ⋅ D 2
E0 ⋅ A E0 ⋅ π ⋅ D 2
=
=
; KV 0 =
=
tr
4 ⋅ tr
tr
4 ⋅ tr

(1a,b)

A and D being the cross-sectional area and the diameter of a circular bearing, respectively,
and tr the total thickness of the rubber. The ageing depends on chemical reactions and diffusion rate of oxygen and is characterized by a fast stage during which the mechanical properties change almost uniformly over the whole area and a slow stage governed by oxidation of
the external part until a critical depth [4]

d * = α ⋅ eβ T

(2)

increasing for lower values of air temperature [15], where coefficients α(=1.2x10-4 mm) and
β(=3.82x103 K-1) can be evaluated with thermal oxidation tests [7]. That is why the aged
shear modulus (G(t)) depends on the position inside the bearing and the horizontal stiffness
can be expressed as
K H (t ) =

QH (t )
tr

(3)

having
QH (t ) = ∫ Gaged ⋅ dA = G0 ⋅

2π D / 2

∫ ∫ f (r ,θ )⋅ dr ⋅ dθ

(4)

0 0

where f(r,θ) is a function describing the spatial variability of the shear modulus because of
ageing. More specifically, Equation (4) can be divided in internal
Q Hi (t ) = 2 ⋅ π ⋅ G0 ⋅

R −d *

∫ (1 + ∆f fast ) ⋅ r ⋅ dr

(5a)

0

and external
Q He (t ) = 2 ⋅ π ⋅ G0 ⋅

∫ [1 + ∆f fast + w(r ) ⋅ ∆f slow ]⋅ r ⋅ dr
R

(5b)

R −d *

contributions calculated on the corresponding reduced circular areas. In detail, fast and slow
increases of the initial shear modulus are governed by the following expressions [7]

∆ f fast =
88.4⋅e−1887.2 T , ∆ fslow =
9.3×10−4 ⋅tref

(6a,b)

where tref is the equivalent ageing time (expressed in days) at the reference temperature Tref
(expressed in degree Kelvin) of accelerated ageing tests while T represent the temperature under the service condition. It should be noted that constant parameters of Equations 6a and 6b
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are assumed equal to the values proposed by [7] on the basis of investigation on different rubber compounds. Moreover, a parabolic law describes the spatial variation of ∆fslow in the external part of a circular bearing with radius R. Finally, an equivalent aged shear modulus can
be evaluated for each elastomer compound as
G (t ) =

K H (t )
⋅ G0
KH 0

(7)

by which an equivalent aged axial modulus can be assessed

1
4 

E (t ) = 
+
2

3
E
⋅
(
)
G
t
S
6
⋅
⋅
b 
1


−1

(8)

where Eb represents the volumetric compression modulus of the rubber (e.g. Eb=2000 MPa),
whose variation over time is neglected, and S1=D/(4t) is the primary shape factor, t being the
thickness of the single layer of elastomer. Finally, the corresponding vertical stiffness is
K V (t ) = E (t ) ⋅ A t r

(9)

On the other hand, time variation of the static friction coefficient during the stick-slip
phases has been experimentally studied through durability tests [10], highlighting an increase
attributed primarily to creep of the materials and a corresponding increase in the contact area
between sliding pad and sliding plate; moreover, negligible changes of the dynamic friction
coefficient have been observed. Specifically, the following expression has been proposed to
represent variability of the static friction coefficient over time:

µ s (t ) = µ s 0 + 0.016 ⋅ t 0.1

(10)

µs0 being the initial (unaged) value of the static friction while t is the age, measured in years.
In line with International codes (e.g. [16]), the accelerated ageing process of elastomeric
and sliding bearings are based on exposure of specimens to high temperatures Tref (typically
in the range 60°-80°) in a vacuum for known (generally relatively short) periods of time tref.
However, the age of the treated specimens represented in these laboratory tests is not specified, confirming that this approach can be useful in the comparison of various rubber compounds but is unsuitable for the prediction of life expectancy of the elastomeric bearings [17].
For just that purpose, in the present work the Arrhenius methodology is adopted to correlate
the accelerated ageing results with the ageing under service conditions [18, 19]:

(

(

)

−1
ln t ref t = Ea Rg ⋅ Tref
− T −1

)

(11)

t being the real time; Ea(=9.04x104 J/mol) the activation energy of the rubber; Rg(=8.31
J/mol/K) the gaseous constant.
Curves representing variability of the mechanical properties with time of accelerated ageing (tref), at the controlled temperature Tref=80°C and service mean temperature T=20°C, are
plotted in Figure 1. Specifically, shear modulus of the HDRBs (i.e. G(t) in Figure 1a), for
three elastomer compounds (i.e. soft, S, normal, N, and hard, H) and static friction coefficient
of the FSBs (i.e. µs(t) in Figure 1b), for low- (L) and medium (M) friction, are represented
starting from the nominal (unaged) value. As a comparison, an additional axis of abscissa is
reported in order to represent the equivalent time of ageing obtained with the Arrhenius method. It is worth noting that heat ageing tests after an expected time of 17, 33, 50 and 67 days
correspond to 25, 50, 75 and 100 years when Tref=80°C is considered, but an unrealistically
high value of the reference time should be considered for the prediction of the life expectancy
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when Tref=60°C or Tref=70°C are assumed. As expected, an increase of stiffness (Figure 1a)
and friction threshold (Figure 1b) is observed for increasing values of tref.

(a) HDRBs.

(b) FSBs.

Figure 1: Effects of ageing on mechanical properties of the isolation system.

3

AIR TEMPERATURE EFFECTS ON THE ISOLATION SYSTEM

Mechanical properties of the HDRBs can also change significantly due to weather conditions: i.e. variations in the environmental temperature over long periods of time, such as wide
variations in air temperature between winter (e.g. with a mean value of 10°C) and summer
(e.g. with a mean value of 25°C). Specifically, experimental tests carried out on the HDRBs
show that both the stress level and the area encompassed by the hysteresis loop increase more
than linearly while air temperature is decreasing, especially when the temperature drops below zero [6]. Moreover, at a given temperature, these effects increase from soft-to-normal and
from normal-to-hard elastomer compounds [9]. Furthermore, undetectable sensitivity of the
cyclic behaviour to the thermal history of the specimen is observed, while the equivalent viscous damping remains practically unchanged over the whole range of air temperature. The
results also indicate that the lateral stiffness increases more than linear when the air temperature falls significantly compared to the mean working condition (i.e. T=20°C); at the same
time, rising temperatures do not lead to abrupt variations in lateral stiffness. Based on the experimental curves at 100% of shear strain [9], the secant shear modulus variability with air
temperature (T) can be expressed by the following polynomial laws, distinguishing soft (SC)

GSC = 0.508 −9.779⋅10−3 ⋅T + 3.603⋅10−4 ⋅T 2 −8.843⋅10−6 ⋅T 3 + 8.967 ⋅10−8 ⋅T 4 [MPa]

(12)

normal (NC)

GNC = 1.039 −1.468⋅10−2 ⋅T + 4.204⋅10−4 ⋅T 2 − 2.275⋅10−5 ⋅T 3 + 4.29⋅10−7 ⋅T 4 [MPa]

(13)

and hard (HC)

GHC =1.752 − 2.493⋅10−2 ⋅T + 4.704⋅10−4 ⋅T 2 −7.452⋅10−6 ⋅T 3 +1.147 ⋅10−7 ⋅T 4 [MPa]

(14)

elastomer compounds. It should be noted that the selected compounds (i.e. SC, NC and HC)
present the nominal values of the shear modulus (i.e. 0.4 MPa, 0.8 MPa and 1.4 MPa) provided by FIP [20] when the selected temperature corresponds to the mean working temperature
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(i.e. T=20°C). The corresponding axial moduli are evaluated through an expression similar to
Equation 8

1
4 

E.. (T ) = 
+
2

 6 ⋅ G.. (T ) ⋅ S1 3 ⋅ Eb 

−1

(15)

Curves representing variability of mechanical properties of HDRBs with air temperature are
plotted in Figure 2. Specifically, shear (Figure 2a) and axial (Figure 2b) moduli of the HDRBs
for SC, NC and HC elastomer compounds are represented in the range of temperatures from 20°C to 40°C. Vertical lines corresponding to winter and summer mean seasonal temperatures
are also reported as threshold values considered in the numerical study. As can observed, the
rate of reduction of the axial modulus with temperature (Figure 2b) is less evident than that
observed for the shear modulus (Figure 2a) as a result of Equation 10 where G..(T) only concerns the first part of E..(T).

(a) Shear modulus.

(b) Axial modulus.

Figure 2: Effects of air temperature on the mechanical properties of the HDRBs.

Finally, experimental results corresponding to different pressure-velocity couples of values
highlight the fact that the dynamic friction coefficient decreases for increasing values of the
air temperature [21]. Specifically, the rate of reduction is greater at low-to-medium (i.e. -10°C
to 20°C) than from medium-to-high (i.e. 20°C to 50°C) temperatures, highlighting a decrease
of about 2.5 times in the rate when the dynamic fast (µfast) instead of dynamic low (µlow) friction coefficient is considered. Moreover, the dynamic friction coefficient is practically independent of the contact pressure. However, variation of the dynamic friction coefficient with
temperature is significantly reduced in the range from 10°C to 25°C and therefore will not be
considered in the present study.
4

TEST STRUCTURES

Six-storey residential buildings with a reinforced concrete (r.c.) framed structure isolated at
the base by twenty identical HDRBs (i.e. elastomeric isolation system) or fourteen HDRBs
combined with six FSBs (i.e. hybrid isolation system) are considered for the numerical investigation (Figure 3). In view of the symmetric plan of the building, only the plane frames orientated along the horizontal ground motion direction (Y), perpendicular to the floor slab
direction (X), are considered as reference.
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(a)

(b)

(c)
(d)
Figure 3: 3D view and plans and of the base-isolated structures (units in cm).

The design vertical loads are divided in structural dead loads and non-structural live loads
equal, respectively, to 3.5 kN/m2 and 2 kN/m2 at all floors. Non-structural dead-loads are also
applied, assuming: 1.67 kN/m2, for the sixth floor; 3.47 kN/m2, for the zero floor, and 3.07
kN/m2, for the other floors. Non-structural masonry infills are taken into account through an
additional dead load of 2.70 kN/m2 along the perimeter. A cylindrical compressive strength of
25 N/mm2 for the concrete and a yield strength of 450 N/mm2 for the steel are assumed for the
r.c. frame members. Horizontal and vertical seismic loads are evaluated in line with the current Italian code [3], assuming: high risk seismic zone; elastic response of the superstructure
(i.e. behaviour factors for the horizontal and vertical seismic loads, qH=qV=1.0); medium subsoil type (i.e. subsoil class B); flat terrain (i.e. topographic class T1). The fundamental
vibration period of the base-isolated structures is assumed equal to 2.1 s in the horizontal
direction. The dimensions of the cross sections assumed for the beams and columns are reported in Table 1 where masses at the floor levels (i.e. mi) are also presented. The design of
the superstructure is carried out at the LS limit state so as to satisfy minimum conditions for
the r.c. frame members in line with the provisions imposed by NTC18 [3].
Storey
6
5
4
3
2
1
0

Corner column
30x30
30x35
30x40
30x40
30x50
30x50
-

Lateral column
30x30
30x40
30x50
30x50
30x60
30x60
-

Central column
30x30
40x40
50x50
50x50
60x60
60x60
-

Deep beam
30x45
30x45
30x50
30x55
40x60
40x70
50x100

Flat beam
40x25
40x25
50x25
50x25
60x25
60x25
50x100

Table 1: Geometrical properties of the superstructure (units in cm and ton).
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mi
2.600
2.846
2.989
3.123
3.458
3.671
4.418
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The elastomeric base-isolation (EBI) systems consist of three elastomer compounds for the
twenty identical HDRBs and comply with the CP limit state, assuming a seismic design
displacement equal to 28.9 cm and a nominal stiffness ratio αK0(=KV0/KH0) equal to 800. Specifically, soft (S.EBs, Figure 4a), normal (N.EBs, Figure 4b) and hard (H.EBs, Figure 4c)
compounds are characterized by an unaged shear modulus (G0) equal to 0.4 MPa, 0.8 MPa
and 1.4 MPa, respectively, and a volumetric compression modulus of the rubber (Eb) equal to
2000 MPa. All three compounds ensure the same values of the equivalent viscous damping
ratio for the EBI systems: i.e. ξH=10%, in the horizontal direction; ξV=5%, in the vertical direction. The following geometrical properties of the HDRBs are reported in Table 2: diameter
of the steel layer (Ds) and that of the elastomer (De); total thickness (te) and thickness of the
single layer (ti) of elastomer; number (nsi) and thickness (tsi) of the interior steel shims; thickness of the exterior steel plates (tse); total height of the bearing (h).

(a)

(b)

(c)

Figure 4: Elastomeric isolation systems with different elastomer compounds for the HDRBs.
Compound
Soft (S)
Normal (N)
Hard (H)

Ds
68
50
46

De
68
50
46

te
14.1
18.3
22.4

ti
1.3
0.9
0.5

nsi
11
19
45

tsi
0.21
0.28
0.40

tse
3
3
3

h
22.1
29.7
45.9

Table 2: Geometrical properties of the HDRBs for the elastomeric isolation systems (units in cm).

Six hybrid elastomeric-sliding base-isolation (ESBI) systems are designed at the CP limit
state, given fourteen identical HDRBs, with three elastomer compounds (i.e. S.EBs, N.EBs
and H.EBs), acting in parallel with six FSBs (four internally placed and two along the perimeter) and characterized by low- (i.e. L.SBs in Figures 5a-5c) and medium-type (i.e. M.SBs in
Figures 5d-5f) friction properties. This arrangement corresponds to a value 0.37 for the nominal sliding ratio αS0(=FS0/FS0,max) of the FSBs under gravity loads, defined as the sliding force
(FS0) of the entire sliding system divided by the maximum sliding force (FS0,max) corresponding to a sliding bearing below each column of the test structure. The nominal stiffness ratio
adopted for the ESBI systems is the same as the EBI ones (i.e. αK0=800). The set of static (µs)
and dynamic (µslow and µfast) friction parameters of the FSBs assumed in the analyses are
reported in Table 3, where axial loads in the quasi-permanent combination (Psd) are also
shown. It should be noted that for FSBs with medium-type friction the coefficients are twice
those for low-type friction. Damping properties of the ESBI systems are shown in Table 4,
where: Ws,HDRBs and Ws,FSBs represent the strain energies at the secant stiffness corresponding
to the design displacement; Wh,HDRBs and Wh,SBs represent the hysteretic energies in a cycle of
motion at the same displacement. Finally, Table 5 summarises the geometrical properties for
HDRBs of the ESBI systems with reference to low- and medium-type friction of the FSBs.
Further details about the design of the test structures can be found in a previous work by the
author [22].
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5: Hybrid elastomeric-sliding isolation systems with different elastomer compounds for the HDRBs
and friction threshold for the FSBs.
µst
5%
10%

Friction type
Low (L)
Medium (M)

µslow
1%
2.5%

µfast
2.5%
5%

PSd (lateral)
905
905

PSd (central)
1243
1243

Table 3: Mechanical properties of the FSBs (units in kN).
Friction type
Low (L)
Medium (M)

Wh,HDRBs
88992
69399

Ws,HDRBs
83960
81511

Wh,FSBs
19593
39186

Ws,FSBs
2449
4898

ξH,HDRBs
8
7

ξH,FSBs
2
3

ξV,HDRBs
5
5

ξV,FSBs
-

Table 4: Damping properties of the hybrid isolation systems (units in kN and cm).
Friction type
Low (L)

Medium (M)

Compound
Soft (S)
Normal (N)
Hard (H)
Soft (S)
Normal (N)
Hard (H)

Ds
81
61
46
80
61
46

De
81
61
46
80
61
46

te
14.5
16.3
16.1
14.5
16.8
16.6

ti
1.6
1.0
0.5
1.5
1.0
0.5

ns
9
16
32
9
17
33

tsi
0.21
0.28
0.4
0.21
0.28
0.4

tse
3
3
3
3
3
3

h
22.2
26.5
34.6
22.2
27.2
35.5

Table 5: Geometrical properties of the HDRBs for the hybrid isolation systems (units in cm).

4. NUMERICAL RESULTS
A numerical study is carried out to investigate the effects produced by the variability of the
mechanical properties of elastomeric (EBI systems) and hybrid elastomeric-sliding (ESBI systems) bearings due to ageing and air temperature. In order to reflect the increase of both stiffness of the HDRBs and static friction coefficient of the FSBs over their lifetime, different
ageing times (i.e. tref=17, 33, 50 and 67 days) are taken into account in the accelerated thermal
oxidation test at reference temperature of Tref=80°C. Moreover, the sensitivity of the HDRBs
to air temperature variations is evaluated by referring to mean seasonal (i.e. T=10°C in the
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winter and T=25°C in the summer) and annual (i.e. T=20°C) values. For comparison, system
properties modification factors proposed by the American code for new buildings [1] are also
considered. Specifically, all the maximum or minimum λ factors for each event are multiplied
together [11]

λmin = [1 − f a (λae,min − 1)]⋅ λtest ,min ⋅ λspec,min

(16a)

λmax = [1 − f a (λae,max − 1)]⋅ λtest ,max ⋅ λspec,max

(16b)

where factors λae, λtest and λspec encompass, respectively, ageing and environmental effects,
variation observed during tests and specification tolerances, while adjustment factor fa provides for the reduced probability that several additive effects occur simultaneously. In the present work, different modification factors are applied to the HDRBs (i.e. λmin,HDRBs=1 and
λmax,HDRBs=1.225) and FSBs (i.e. λmin,FSBs=1 and λmax,FSBs=1.42), on the assumption that
λtest=λspec=1.0 and with reference to ordinary buildings (i.e. fa=0.75).
A lumped plasticity model based on the Haar-Kàrmàn principle is used to describe the inelastic behaviour of r.c. frame members of the superstructure [23], assuming a bilinear moment-curvature law with hardening ratio equal to 3%. Plastic conditions are checked at the
potential critical sections of beams (i.e. end, quarter-span and mid-span sections of the subelements in which a beam is discretized) and columns (i.e. end sections). With a view to
studying the effects of advanced nonlinear modelling of the EBI and ESBI isolation systems,
the formulations of the HDRBs and FSBs described in a previous paper [22] are implemented
through a computer code already proposed [23]. In the Rayleigh hypothesis, the damping matrix of the superstructure is assumed as a linear combination of the mass and stiffness matrices,
assuming horizontal and vertical viscous damping ratios (i.e. ξH,S and ξV,S) equal to 2% with
reference to the corresponding fundamental vibration periods (i.e. T1H and T1V). Nonlinear
dynamic analyses of the EBI and ESBI structural systems, subjected to the horizontal and vertical components of near-fault earthquakes, are terminated once the ultimate state of the superstructure (in terms of curvature ductility of beams and columns) and ultimate shear
deformations (i.e. γtot,u=1.5x5=7.5 and γs,u=1.5x2=3) and ultimate axial loads (i.e. Pcr and Ptu)
of the HDRBs are attained.
The twenty near-fault ground motion records selected for this numerical investigation are
selected from the Pacific Earthquake Engineering Research center database [13] and are classified as pulse-type in accordance with a pulse indicator [24]. Specifically, the two-sided (i.e.
forward-directivity) long-period horizontal velocity pulses are characterized by shear-wave
velocity of the subsoil in the top 30 m, generally within the range corresponding to the subsoil
type at the site in question (i.e. subsoil class B, 360m/s ≤ Vs,30 ≤ 800m/s). The Modified Acceleration Spectrum Intensity (MASI) measure is evaluated for both the horizontal components, integrating spectral values of acceleration in the range of vibration periods between a
lower limit (i.e. 0.5·TBI=1.05s), accounting for the contribution of higher modes to structural
response, and an upper limit (i.e. 1.25·TBI=2.63s), including the lengthening of vibration period due to the nonlinear structural behaviour [25]. This structure-specific integral seimic
intensity measure can be considered efficient for predicting engineering demand parameters
[26]. Note that only the horizontal component with the highest value of MASI is considered in
the nonlinear dynamic analyses. In Table 6 the main data of the selected near-fault motions
are shown: i.e. earthquake location, date, recording station, magnitude (Mw), closest distance
to the fault (∆), peak ground acceleration (PGAH) and MASIH of the selected horizontal component.
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Earthquake

Date

Station

Mw

Coyote Lake
Tabas
Mammoth Lak06
Superstition Hills
Loma Prieta
Erzincan
Cape Mendocino
Landers
Northridge
Kobe
Kocaeli
Chi-Chi
Chi-Chi
Chi-Chi
Chi-Chi
Parkfield
Parkfield
Parkfield
Chuetsu-oki
L'Aquila

06/08/1974
16/09/1978
27/05/1980
24/11/1987
18/10/1989
13/03/1992
25/04/1992
28/06/1992
17/01/1994
16/01/1995
17/08/1999
20/09/1999
20/09/1999
20/09/1999
20/09/1999
28/09/2004
28/09/2004
28/09/2004
16/07/2007
06/04/2009

Gilroy Array #6
Tabas
Long Valley Dam
Parachute Test Site
Gilroy - Gavilan Coll.
Erzincan
Petrolia
Barstow
Rinaldi Receiving Station
Takatori
Arcelik
TCU068
TCU076
TCU079
TCU102
Cholame 2E
Cholame 3E
Cholame 4W
Oguni Nagaoka
V. Aterno - Centro Valle

5.7
7.4
5.9
6.5
6.9
6.7
7.0
7.3
6.7
6.9
7.5
7.6
7.6
7.6
7.6
6.0
6.0
6.0
6.8
6.3

Δ
[km]
3.11
2.05
16.03
0.95
9.96
4.38
8.18
34.86
6.50
1.47
13.49
0.32
2.70
10.70
1.49
4.08
5.55
4.23
20.0
6.27

VS,30
[m/s]
663.3
766.8
537.2
348.7
729.7
352.1
422.2
370.1
282.3
256.0
523.0
487.3
615.0
364.0
714.3
522.7
397.4
410.4
561.6
475.0

PGAH
[g]
0.422
0.854
0.414
0.432
0.359
0.496
0.591
0.135
0.874
0.618
0.134
0.512
0.428
0.592
0.304
0.477
0.800
0.575
0.625
0.664

MASIH
[m/s]
3.16
8.29
2.80
12.89
6.71
5.70
5.19
3.04
12.01
18.27
5.53
10.68
1.42
5.76
8.27
1.15
0.83
1.39
2.64
4.24

Table 6: Main data of the selected ground motions.

First, the nonlinear dynamic analysis of the EBI and ESBI structural systems subjected to
the set of twenty unscaled ground motion histories is performed. For each record, the final
instant of simulation is assumed as that corresponding to the attainment of an ultimate condition of r.c. frame members of the superstructure and/or HDRBs of the base-isolation system in
the conventional design configuration (i.e. t=0 days and T=20°C). Afterwards, in order to
make the results comparable, the analyses are repeated assuming this value as the final instant
of simulation for each ground motion and base-isolated system. The cloud method is adopted
for the fragility analysis [12], based on fitting a linear regression model in the logarithmic
scale to the pairs of an engineering demand parameter (EDP), representative of the structural
response, versus an intensity measure (IM) for a suite of unscaled ground motions. In Figures
6 and 7 are reported cloud data of the EBI and ESBI structures, respectively, obtained by
combining a scalar demand to capacity ratio of the EDP, that is equal to unity at the onset of
the ultimate limit state, with an IM [27]. In particular, maximum values of ductility demand at
the end sections of the beams (Figures 6a,b,c and 7a,b,c) and total shear strain of the HDRBs
(Figures 6d,e,f and 7d,e,f) are plotted against the MASI values corresponding to the elastic
response spectra of acceleration of the interrupted records. Plots refer to three elastomer compounds of the HDRBs (i.e. the EBI.S, EBI.N and EBI.H structures) which may be combined
with low friction of the FSBs (i.e. the ESBI.SL, ESBI.NL and ESBI.HL structures). The dependence of mechanical properties of the HDRBs on air temperature variations is taken into
account by considering winter (T=10°C) and summer (T=25°C) mean values of temperature,
in the aged state corresponding to tref=33days and Tref=80°C. Results for the lower (λmin) and
upper (λmax) bound limit values of the ASCE modification factor are also presented for comparison.
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(a)

(b)

(c)

(d)
(e)
(f)
Figure 6: Cloud data of the structural systems with elastomeric base-isolation system:
(a, b, c) ductility demand of beams; (d, e, f) total shear strain of HDRBs.

(a)

(b)

(c)

(d)
(e)
(f)
Figure 7: Cloud data of the structural systems with hybrid elastomeric-friction base-isolation system:
(a, b, c) ductility demand of beams; (d, e, f) total shear strain of HDRBs.
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As can be observed, the significant dispersion in the MASI values of the selected ground
motions and the occurrence of a number of demand to capacity EDP ratios greater than unity
leads to reasonable fragility estimates. Specifically, the maximum ductility demand of beams
at the lower storeys of the test structures is always responsible for the conventional structural
failure at t=0 days and T=20°C, (i.e. λmin). The decrease in temperature leads to an increase of
the ductility demand (see blue points in Figures 6a,b,c and 7a,b,c), while the opposite happens
for the total shear strain when air temperature rises (see red points in Figures 6d,e,f and 7d,e,f).
In order to estimate the probability that a given level of damage will occur in the EBI and
ESBI structures, undergoing a given ageing time at different air temperatures, fragility analysis needs to be developed. To this end, a robust fragility software based on the cloud data
above described, is adopted for an efficient fragility assessment [27]. Fragility curves of the
EBI and ESBI structures are reported in Figures 8 and 9, respectively, with reference to the
superstructure and base-isolation system. Namely, the fragility curves plotted in Figures
8a,b,c and 9a,b,c provide information about the probability of exceeding a particular state of
damage of the superstructure conditioned on ductility demand, while total shear strain-based
fragility functions return a similar result for the base-isolation system (Figures 8d,e,f and
9d,e,f). It is noted that fragility curves referring to the minimum (λmin) and maximum (λmax)
values of ASCE modification factors almost always envelope curves which are the effects of
the long-term behaviour of the superstructure (i.e. blue and red lines in Figures 8a,b,c and
9a,b,c), unlike base isolation systems of the EBI (Figures 8d,e,f) and ESBI (Figures 9d,e,f)
structures whose fragility curves for T=10°C exceed those related to λmin. Furthermore, the
selection of different elastomer compounds produces a significant variability of fragility
curves of the HDRBs while less pronounced effects are observed for the superstructure.

(a)

(b)

(c)

(d)
(e)
(f)
Figure 8: Fragility curves of the structural systems with elastomeric base-isolation system:
(a, b, c) ductility demand of beams; (d, e, f) total shear strain of HDRBs.

5208

Fabio Mazza

(a)

(b)

(c)

(d)
(e)
(f)
Figure 9: Fragility curves of the structural systems with hybrid elastomeric-friction base-isolation system:
(a, b, c) ductility demand of beams; (d, e, f) total shear strain of HDRBs.

5

CONCLUSIONS

With the aim of quantifying the effects of mechanical property variability in elastomeric
and sliding bearings on the nonlinear seismic response of base-isolated r.c. framed structures,
a numerical model is proposed based on experimental results available in literature. Specifically, the influence of ageing and air temperature on the horizontal and vertical stiffnesses of
the HDRBs and friction coefficient of the FSBs are investigated, while the equivalent viscous
damping ratio of the HDRBs was found non-sensitive to these effects. First, nine structural
solutions for the base-isolation system of six-storey r.c. framed structures are designed assuming nominal values of mechanical properties and considering two alternative arrangements: i)
elastomeric base-isolation (EBI) systems, with three different elastomer compounds for the
HDRBs (soft, normal and hard); ii) hybrid elastomeric-sliding base-isolation (ESBI) systems,
with the aforementioned elastomer compounds of the HDRBs and two friction coefficients
(low and medium) of the FSBs. Finally, fragility analysis of the test structures subjected to the
horizontal components of unscaled earthquakes is carried out together with nonlinear dynamic
analysis under the horizontal and vertical components of earthquakes scaled at the ultimate
limit state. The results for the lower and upper bound property modification factors proposed
by ASCE provide a comparison. The following conclusions can be drawn from the results
presented in this study. Curves representing effects of accelerated ageing confirm that an increase of the horizontal stiffness of the HDRBs, and to a lesser extent vertical stiffness, and
static friction coefficient of the FSBs is obtained for increasing values of the reference time.
The equivalent time of ageing obtained with the Arrhenius method highlights that 25, 50, 75
and 100 years correspond to 17, 33, 50 and 67 days, respectively, when accelerated heat ageing tests at Tref=80°C are considered, but an unrealistically high value of tref should be as-
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sumed for the prediction of life expectancy when Tref=60°C or Tref=70°C is assumed. Variability of shear and axial moduli of the HDRBs is observed for mean seasonal and annual temperatures, with an increase moving from summer to winter values. However, variation of the
dynamic friction coefficient of the FSBs with temperature can be neglected. Fragility curves
referring to the minimum (λmin) and maximum (λmax) ASCE values almost always envelope
curves representing effects of the long-term behaviour of the superstructure, unlike for the
base isolation systems of the EBI and ESBI structures whose fragility curves for T=10°C
exceed those related to λmin. The selection of different elastomer compounds produces a
significant variability of fragility curves of the HDRBs while less pronounced effects are
observed for the superstructure.
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Abstract
This study presents an application of tuned vibration absorbers (TVAs) to reduce dynamic
response of tall buildings under multiple excitations such as wind and earthquake ground motion. A finite element model of a typical tall building is prepared with rotational degrees of
freedom reduced by static condensation. Mechanical models of TVAs are incorporated in the
model. The coupled equations of motion are formulated and solved using numerical methods.
The uncontrolled building (NC) and the controlled building are subjected to a number of near
fault earthquake ground motions and wind forces (mass excitations). The effectiveness of using multiple TVAs as opposed to a single TVA (STVA) is investigated. The design parameters
affecting the effectiveness of the TVA arrangements are chosen to investigate optimal setups.
It is observed that STVA are more effective for wind response mitigation than seismic response mitigation of tall buildings. Multiple TVAs are, however, found to be effective for controlling both wind and earthquake induced vibrations. It is concluded that optimally designed
TVAs are effective in controlling vibration of buildings subjected to action of wind and earthquake loads.

Keywords: Buildings, Earthquake, Multi-Hazard, Tuned Vibration Absorbers (TVAs), Wind
Loads.
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1

INTRODUCTION

Wind response control of structures using passive tuned vibration absorbers (TVAs) were
extensively investigated in last few decades. Commonly, it was reported by the researchers
that the optimum devices achieved significant improvement in the performance to increase the
response reduction as compared to the conventional design of the devices. Recently, a detailed
review is presented by Elias and Matsagar [1] for development of the passive vibration control of structures. Lu et al. [2] reported that the particle TVAs are more effective than the optimal TVAs. The researchers presented the multi-mode response control of tall structure by
different TVA schemes [3-10]. They concluded that the distribution of the multiple TVAs (dMTVAs) as per modal properties of the structures caused maximum responses reduction.
However, in all the studies the devices were designed for consideration of single hazard either
wind or earthquake excitations. Only few studies are exist that the researchers checked the
performance of the controllers for wind and earthquake excitations [11, 12]. Based on detailed
literature survey conducted no such study is seen that the effect of multi-hazard on the performance of the tall building without control (NC) and controlled by different passive TVAs
were taken into account. Therefore, it is deemed important to investigate the performance tall
buildings equipped by TVAs subjected to wind and earthquake. In this study the proper TVA
scheme is designed to be effective while subjected to wind and earthquakes. The device which
designed for wind vibration control of tall building may not be as effective for seismic vibration mitigation. Therefore, a robust multi-mode response control of tall buildings is presented
using multiple TVAs. Initially, based on modal properties of the NC building, the TVAs’ optimal locations are anticipated. Then, the effects of the addition of masses are taken into consideration for selection of the optimal placement for multi-hazard assessment of tall buildings.
The basic assumption is to design a device for one hazard to be effective for both hazards or
at least not to amplify the responses of the building while subject to the second hazard.
2

GENERAL THEORY

In this study the benchmark building is considered which was reported by many researchers to be wind sensitive. However, Aly and Abburu, [11] concluded that the tall building subjected to earthquake excitation could exhibit large floor acceleration due to higher modal
contribution and higher drift ratio while subjected to wind forces. They recommended proper
device controller needs to be installed to control the responses of the building under both
wind and earthquake excitations. Therefore, it is important to investigate the effectiveness of
adding TVA schemes for mitigation of the responses of the benchmark building subjected to
wind and or earthquake excitations. The benchmark building equipped with the single TVA
(STVA) shown in Figure 1(a), with multiple TVAs all installed at top floor (MTVAs-all.top)
is shown in Figure 1(b). MATLAB code is prepared to conduct the numerical simulation of
the uncontrolled and controlled buildings subjected to wind or earthquake excitations. The
complete information of the building can be seen in the study presented by Elias et al. [10].
The three TVA schemes designed for the wind sensitive building and then subjected to the
earthquake excitations. Then, the schemes designed to control the seismic response of the
building and then subjected to the wind forces. In this procedure the optimal scheme is identified to be robust under both wind and earthquake excitations. To be noted that the cross wind
forces are applied on the N degrees of freedom (DOFs) of the structure with zero forces on n
{Ft } N1 
DOFs of the TVAs ( {Ft }  
 ). For the system under consideration, the governing eq 0n1 
uations of motion for the benchmark building installed with the TVA schemes are obtained by
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considering the equilibrium of forces at the location of each degree of freedom during the
wind or earthquake excitation as

M s (N  n)( N  n) X s (N 1)1  C s (N  n)( N  n) X s (N 1)1  K s (N  n)( N  n) X s (N 1)1  Ft (N  n)1 (1)
where [ M s ] , [C s ] , and [ K s ] are the mass, damping, and stiffness matrices of the building,
respectively; { X s } , { X s } , and { X s } are the unknown relative floor displacement, velocity,
and acceleration vectors, respectively; and {Ft } is the load vector. In case of earthquake excitations, {Ft }  [M s ]{I }xg where {I} is the influence vector and xg is the earthquake ground
acceleration.
x1

x1
c1

xn
cn

c1
c2

k1

4.5 m
4.5 m

kn
m2

k1

34 floors @
3.9 m/ floor = 132.6 m

34 floors @
3.9 m/ floor = 132.6 m

4.5 m
4.5 m

4.5 m
4.5 m

35 floors @
3.9 m/ floor = 136.5 m

4.5 m
4.5 m

35 floors @
3.9 m/ floor = 136.5 m

306.1 m

mn

m1
m1

4.5 m
4.5 m
10 m

4.5 m
4.5 m
10 m
42 m

42 m

(a)

(b)

Figure 1: Model of benchmark building (a) installed with STMD, and (b) installed with MTVAs-all.top

3

NUMERICAL STUDY

The benchmark building is having height of more than 300 m and it is classified as a wind
sensitive structure. However, if such structure is located at earthquake prone area, the question arises if the safety of the structure is underestimated. Similarly, different methodologies
were proposed by the researchers to mitigate the wind response of the same building. Again it
is not clear if those devices will be effective during the earthquakes. In this study the comparative analysis are conducted to find out a proper answer to the un-cleared questions. In Fig-
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ures 2 and 3 show respectively the time variation of top floor displacement and acceleration
for 76-storey benchmark building installed with the STVA, MTVAs-all.top under wind forces
or Kobe, 1995 earthquake excitation. The figure shows that both the displacement and acceleration of the building are quite high while subjected to the earthquake ground excitation.
Therefore, it is underestimated to design high-rise buildings only for a single hazard especially if the structure is located in seismic prone area. For such situation a multi-hazard scheme is
required to design a robust structure to be safe under multiple hazards. The optimal STVA
designed as per the parameters suggested by Patil and Jangid [13]. The optimal parameters of
the STVA are 0.94, 0.06 respectively for frequency tuning ratio and damping ratio for total
mass of 1250 ton.
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Figure 2: Time variation of top floor displacement for 76-storey benchmark building installed with the STVA,
MTVAs-all.top under wind forces or Kobe, 1995 earthquake excitation.
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Figure 3: Time variation of top floor acceleration for 76-storey benchmark building installed with the STVA,
MTVAs-all.top under wind forces or Kobe, 1995 earthquake excitation.

The STVA is designed for control of the building subjected to the wind forces. In the figure it is clearly shown that the STVA is quite effective for response reduction of the building
while subjected to wind forces. However, it is noticed that the STVA designed for the reduction of wind response of the structure may not be as effective for earthquake response reduction. Even the scheme is not effective to reduce the peak displacement response of the
benchmark building under Kobe earthquake. Having same mass (1250 ton) into consideration,
the MTVAs are designed as per the optimal parameters suggested by Patil and Jangid [13].
The optimal parameters for MTVAs having five TVAs are 0.1, 0.94, and 0.05 for the frequency bandwidth, frequency tuning ratio, and damping ratio respectively. The MTVAs shows
similar response reduction, which quite effective under wind forces but not much effective
under earthquake ground excitation.
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The STVA and MTVAs designed as per the closed formulation proposed by Sadeck et al.
[14] for seismic response reduction of the buildings are presented in Figures 4 and 5. The system designed for earthquake response mitigation is subjected to wind forces. From the figures
it is observed that the overall root mean square (RMS) of the responses are reduced significantly but not the peak responses while subjected to Kobe earthquake excitation.
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Figure 4: Time variation of top floor displacement for 76-storey benchmark building installed with the STVA,
MTVAs-all.top under wind forces or Kobe, 1995 earthquake excitation.

The STVA and MTVAs perform good while the system subjected to wind forces. Although, the performances were not the same as the optimal devices designed for wind excitation. But the devices are not amplifying the responses of the benchmark building. Therefore, it
is concluded that the optimal designed TVA schemes designed for wind sensitive situation
would be vulnerable while subjected to the earthquakes, but the TVA schemes designed for
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earthquake sensitive situation can still be effective for response reduction of structure subjected to wind forces.
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Figure 5: Time variation of top floor acceleration for 76-storey benchmark building installed with the STVA,
MTVAs-all.top under wind forces or Kobe, 1995 earthquake excitation.

Multi-mode control is reported to be effective procedure for both wind and earthquake vibration mitigations. Elias et al. [7, 8] presented the detailed procedure for seismic response
control of buildings considering multi-mode control. Very recently Elias et al. [9, 10] showed
the effectiveness of the multi-mode control of the structures subjected to wind forces. In both
methods the designed parameters showed to be quite different for earthquake vibration control
the devices were designed having equal masses but for wind vibration control the devices designed considering equal stiffness. In this study for response mitigation of the benchmark
building subjected to wind and earthquake excitations, both the designs applied to compare
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the performance of the devices under multi-hazards. The MTVAs designed as per the procedure defined by Elias et al. [7, 8] named as e-MTVAs and the MTVAs designed as per the
procedure defined by Elias et al. [9, 10] named as w-MTVAs. In Figures 6 and 7 the comparisons of the performances of the w-MTVAs and e-MTVAs for vibration control of benchmark
structure are presented.
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Figure 6: Time variation of top floor displacement for 76-storey benchmark building installed with the wMTVAs, e-MTVAs under wind forces or Kobe, 1995 earthquake excitation.

It is observed that multi-mode control is quite effective procedure under both wind and
earthquake excitations. The peak and RMS responses of the building are controlled significantly each subjected to earthquake or wind forces. It is to be noted that still the multi-mode
control scheme designed for earth response mitigation is more effective as compared to the
system designed for wind response mitigation (while subjected to Kobe earthquake). For wind
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response mitigation still both the schemes are effective. It is found that the recent advancement proposed by Elias et al. [7-10] were the most effective solution for the benchmark building under multiple loading condition.
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Figure 7: Time variation of top floor acceleration for 76-storey benchmark building installed with the w-MTVAs,
e-MTVAs under wind forces or Kobe, 1995 earthquake excitation.

The effect of the mean wind speed at top of the building is also studied by having the speed
of 40 m/sec, 50 m/sec, and 60 m/sec (see Table 1). It was found that by increasing the mean
wind speed at the top of the building the responses increased by about 50%. But the increase
the speed did not reduce the performance of the TVA schemes and same response reduction is
achieved. The w-MTVAs reduced the top floor displacement by about 35% and e-MTVAs
reduced about 30%. The top floor acceleration of the building is reduced by about 54% and
42% for w-MTVAs and e-MTVAS respectively while subjected to wind forces. While the
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schemes subjected to different earthquake ground motion, still both performed. Generally for
acceleration response reduction the e-MTVAs performed significantly better than the wMTVAs while subjected to earthquakes. By accepting 12% less acceleration response reduction of the building while subjected to wind forces, therefore the e-MTVAs is the best solution among the schemes investigated in this study. However, for displacement response
reduction there is not much difference in both devices while subjected to wind forces.

Scheme

Response

Top Floor
Displacement
(m)
NC
Top Floor
Acceleration
(g)
Top Floor
Displacement
w(m)
MTVAs
Top Floor
Acceleration
(g)
Top Floor
Displacement
(m)
eMTVAs
Top Floor
Acceleration
(g)

Wind Forces with Different
Velocities at Top of the Building (m/sec)

Earthquakes
Imperial Mexico
Duzce,
Valley
City,
1999
1940
1995

40

50

60

0.2507

0.3917

0.5640

0.9089

0.8784

0.2084

0.0233

0.0364

0.0524

1.6523

0.6529

4.5354

0.1629

0.2545

0.3664

0.4750

0.6421

0.2086

0.0108

0.0169

0.0244

1.6504

0.6031

4.5164

0.1782

0.2784

0.4010

0.6570

0.7423

0.1758

0.0136

0.0212

0.0306

1.5292

0.5084

3.4534

Table 1: Peak responses of the schemes under different loading conditions.

4

CONCLUSIONS
Tuned vibration absorbers (TVAs) for control of tall buildings under wind and earthquake loads are investigated. The comparison of different TVA schemes such as single
TVA (STVA), multiple TVAs (MTVAs) are presented. Based on the results presented
the following conclusions can be drawn:
 The tall buildings designed for wind are not safe under strong earthquake loads. Nevertheless, it is important to mention that nonstructural systems may represent a high percentage of loss exposure of buildings to earthquakes due to high floor acceleration.
Therefore, suitable vibration control techniques are recommended for response reduction
of the buildings under wind and earthquake loads.
 The optimal devices designed only for wind sensitive structures may not be effective
while subjected to earthquakes, but the device designed for earthquake sensitive structures may still be less effective under the wind forces.

5221

S. Elias, R. Rupakhety and S. Olafsson

 The multi-modal response control is a robust technique for vibration mitigation of the
structures under multiple hazard situations.
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Abstract
Contemporary seismic isolation systems for building structures provide drastic reduction to
the structure’s interstorey drifts and absolute accelerations. However, their major drawback
is the large increase of the base displacement. Due to the high equivalent damping ratio, the
novel KDamper passive vibration isolation and damping concept can provide an alternative
approach for seismic protection. The KDamper is based on the optimal combination of appropriate stiffness elements, which include a negative stiffness element. The main advantage
of the KDamper over other similar concepts including negative stiffness elements, is that no
reduction in the overall stiffness of the system is required.
This paper considers the application of a KDamper system to 3 storey concrete building
structure. A dynamic system consisting from a simplified flexible structure model and
KDamper devices is considered and is subjected to artificial accelerograms designed to
match the EC response spectra. The KDamper is designed to higher frequencies compared to
the isolated system with seismic isolation bearings, exploiting the extraordinary damping
properties it offers.
A comparison with a base isolated structure using Lead Rubber Bearings designed to greatly
increase the fundamental period of the system (2.0-2.5 sec), confirms that KDamper base
seismic absorption designs can provide great reduction to the interstorey drifts and absolute
accelerations reducing at the same time the base displacement.
Keywords: Seismic isolation, negative stiffness, KDamper, damping.

5223

K. A. Kapasakalis, I. A. Antoniadis and E. J. Sapountzakis

1

INTRODUCTION

Throughout the last decades, the need for updated seismic design codes, incorporating advanced techniques and technologies, has been intensified, due to the damages of major earthquake events occurring in densely populated areas. Especially, considering structures whose
functionality needs to be preserved even after a seismic event, such as hospitals, bridges etc.,
numerous novel methods have been developed, promising to improve each structure’s dynamic behavior. Focusing on bridge structures, numerous devices have already been implemented,
under the scope of seismic isolation, whose main principle is reducing the earthquake forces
induced on a structure instead of increasing the structure’s capacity. Devices of this kind enable the decoupling of the superstructure – in this case the bridge’s deck – from the substructure – in this case the bridge’s piers and abutments. As a result, the system gains in flexibility
and lower forces are imposed to the superstructure (the isolated system’s fundamental period
leads to a design acceleration value that is obtained from the descending branch of the response spectrum).
Recently, scientific interest focuses on the use of innovative devices and configurations
based on the introduction of an additional mass to the structure, namely the Tuned Mass
Dampers (TMDs). Since their first application by Frahm [5], TMDs have been frequently
used to absorb vibrations of skyscrapers under earthquake and/or wind loading (Luft [10]),
(McNamara [11]), (Qin et al. [15]), with the Taipei 101 Tower (101 stories, 54 m) in Taiwan
(Haskett et al. [6]) being one of the most characteristic examples. The implementation of
TMDs on bridge structures, in order to mitigate the effects of seismic or other types of vibrations, has been, lately, included in many research studies (Debnath et al. [3]). The optimal design theory proposed by Den Hartog [4] is usually employed when designing a system with
TMDs. Their salient performance feature is the tuning of the TMD’s natural frequency in resonance with the fundamental frequency of the primary structure. This way, a large amount of
the structural vibrating energy is transferred for the superstructure to the TMD and then dissipated through damping. Besides their effectiveness, TMDs demonstrate two basic drawbacks:
a) their performance is vulnerable to even slight changes of external and environmental factors that cause detuning phenomena (Weber & Feltrin [20]) and b) a large oscillating mass is
required in order for the device to be effective and the resulting isolated system to exhibit an
improved dynamic behavior.
Furthermore, the use of negative stiffness elements as parts of vibration absorption configurations becomes more and more popular. True negative stiffness is defined as a force that
assists motion instead of opposing it. The use of negative stiffness elements was first introduced in the pioneer publication of Molyneaux [12], as well as in the milestone developments
of Platus [14]. Specifically, many researchers have demonstrated the effectiveness of “Quasi
Zero Stiffness” (QZS) oscillators, aiming to reduce the system’s stiffness and, by extent, its
natural frequency to almost zero levels (Carella et al. [2]), regarding the seismic protection of
structures through the alleviation of dynamic forces (Ibrahim [7]), (Nagarajaiah et al. [13]).
Negative stiffness behavior is achieved by special mechanical designs involving conventional
positive stiffness pre-stressed elastic mechanical elements (e.g. post-buckled beams, plates,
shells and pre-compressed springs), arranged in appropriate geometric configurations (Winterflood et al. [21]), (Virgin et al. [19]). Interesting applications of QZS oscillators in seismic
isolation are described in Iemura and Pradono [8] and Sarlis et al. [17]. However, the drastic
reduction of the total structural stiffness to almost negligible levels, namely, the main feature
of QZS oscillators, is, also, its fundamental drawback, as it is accompanied by a decrease of
the structure’s static load capacity.
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Inspired by the two aforementioned technologies (TMDs and QZS oscillators), a novel
passive vibration absorption and damping concept is proposed, the KDamper concept. A detailed presentation of this concept can be found in Antoniadis et al. [1]. The KDamper devices
comprise of both negative and positive stiffness elements, as well as an additional mass and
an artificial damper, properly arranged, in order to exhibit an extraordinary damping behavior.
Even though negative stiffness elements usually demonstrate an unstable behavior, the
KDamper is designed to be both statically and dynamically stable, presenting the same overall
(static) stiffness as a traditional reference oscillator. Thus, the proposed concept overcomes
the previously mentioned disadvantages of TMDs and QZS oscillators. The salient feature of
the KDamper concept is the transfer of the vibrating structural energy from the primary structure to the additional mass, which is then dissipated through damping. The resulting isolated
system exhibits an improved dynamic behavior. A first approach to the implementation of the
KDamper concept for base isolation of structures can be found in Kapasakalis et al [9].
In this paper, the implementation of the KDamper concept to a 3 storey concrete building
structure for base isolation, is considered. The Structure is subjected to 10 Artificial Accelerograms designed to match the EC8 response spectra. A comparison with a highly damped
conventional seismic isolation system (Lead Rubber Bearings), designed to greatly increase
the fundamental period of the structure (2.0 sec), confirms that KDamper base seismic absorption designs can provide great reduction to the interstorey drifts and absolute accelerations,
reducing at the same time the base displacement, offering high damping properties.
2

OVERVIEW OF BASE ISOLATION AND THE KDAMPER CONCEPT

The principle on which seismic isolation is based on, is that increasing the structure’s fundamental period leads to the transition branch of the response accelerations spectrum, as presented in Figure 1a. However, it should be mentioned here, that excessively high values of the
fundamental period could result in an undesirable increase of the structure’s displacements as
it can be observed in Figure 1b. It is also observed, that further increase of the base’s damping
ratio ζ (20%) does not improve the dynamic behavior of the system.

(a)

(b)

Figure 1. Indicative examples of response spectra of (a) accelerations and (b) displacements and their variation over damping.

Even though the implication of dampers seems a rather effective choice to overcome this
problem, it is not always a feasible solution, because relatively high values of damping are
usually required. An optimum compromise between accelerations and displacements, within
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an acceptable range of structural fundamental periods, results in a region of feasible solutions.
This region is referred to as design window and its lower and upper bounds are shown in Figure 2.

Figure 2. Conceptual illustration of the design window for isolation systems.

More specifically, the left boundary of the design window is imposed by the necessity to
reduce accelerations. Its value generally depends on the soil of the structure’s foundation (soil
properties define the margin between the branch of constant accelerations and the descending
one) and it is roughly estimated to be equal to 2 seconds. On the contrary, the right boundary
cannot be defined as easily as the left one, as it is relevant to the displacement performance
requirements of each structure. Consequently, the upper limit of the design window depends
on each structure’s functionality, security and implementation demands. In light of the above,
the need to employ an optimization procedure, in order to efficiently design a seismic isolation system, is inherently apparent.
Figure 3 presents the basic layout of the proposed vibration isolation and damping concept,
the KDamper concept, where kN denotes the algebraic value of the negative stiffness element.
An initial SDoF system is considered (Figure 3.a), consisting of a mass mS and static stiffness
ko, which may be undamped or have a low damping ratio. As it can be observed from Figure
3.b, the additional mass, mD inside the device creates a second degree of freedom. Thus, the
resulting isolated system is a 2-DoF system.
The device’s performance is controlled by three parameters, μ, κ and ζD designated by the
following equations:

=

kN
mD
,  =−
, D =
ke + k N
ms
2

cD

( ke + k N ) mD

(1)

Where ζD represents the equivalent damping ratio of the additional artificial damper with
constant cD.
Further information including a detailed description of the proposed device’s optimized
performance, the equations of motion of the isolated system, the realization and treatment of
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the negative stiffness element and a possible implementation of such a device can be found in
Antoniadis et al. [1].

(a)

(b)

Figure 3. (a) Undamped SDoF system and (b) schematic representation of the considered vibration absorption
and damping concept, the KDamper.

The effect of the mass ratio on the Transfer Function of the system is presented in Figure 4
and the variation of the KDamper basic parameters are presented in Figure 5.

(a)

(b)

Figure 4. Effect of the mass ratio μ on the Transfer Function TXK of the KDamper for (a) κ=0.5 and (b) κ=1.0.

(a)

(b)

Figure 5. Variation of KDamper parameters. (a) Effect of the mass ratio μ on the maximum value κMAX of κ
and (b) effect of κ and μ over the static stability margin ε.
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Based on these three parameters (Eq.1), all the other constants (regarding either stiffness or
damping) of the KDamper elements are defined. Certain limitations are imposed to the values
of the three parameters in order for the device to be economical and easy to place, regarding
each structure’s safety and functionality requirements and demands. Restrictions concerning
the maximum allowable displacement (stroke) of both DoFs (internal and external) have to be
also taken into consideration. More specifically, the maximum allowable value of the internal
DoF depends on the mechanical equipment used to realize the negative stiffness element at
each specific case/structure. For all these reasons, proposing an accurate optimization procedure is of paramount importance to facilitate the selection of the device’s basic parameters
and, by extent, the implementation of the KDamper concept.
3

IMPLEMENTATION ON 3-STOREY CONCRETE BUILDING STRUCTURE

A 3-storey concrete building structure as shown in Figure 6 (C20/25, Hfloor=3.1 m, gtot=3.5
kN/m2, q=2.5 kN/m2), is examined. The structure is idealized as a three storey shear type
building as shown in Figure 6.b. The building is modeled as a 3-DoF system for fixed base, as
a 4-DoF system for base isolated condition, using Lead Rubber Bearings, and as a 5-DoF system for base isolation using KDamper devices. The structure is modeled using one lateral degree of freedom at each floor. The damping of the superstructure is assumed as Rayleigh’s
mass and stiffness proportional damping, for that critical damping is considered as ξ=5% in
all modes.

(a)

(b)

Figure 6. (a) Ground floor plan of a typical floor of the structure and (b) schematic presentation of a 3-Dof
system mounted on a fixed base.

The various assumptions made for the modeling of the structure are:
a) The system is subjected to a single horizontal component of the earthquake ground motion.
b) The total mass of the structure is concentrated at the levels of the floors.
c) The slabs ad grinders on the floors are rigid as compared to the columns.
d) The columns are inextensible and weightless providing the lateral stiffness.
e) The effect of soil-structure-interaction is not taken into consideration.
In addition to this for base isolated buildings we assume that the superstructure is considered to remain within the elastic limit during the seismic excitation. This is a reasonable assumption as the isolation attempts to reduce the earthquake response in such a way that the
structure remains within the elastic range.
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The system is subjected to Artificial Accelerograms designed to match the EC8 response
spectra, as in Figure 7. The Artificial Accelerograms are generated using the SeismoArtif
Software [18], for spectral acceleration 0.36 g, ground type C, spectrum type I, importance
class II, calculation method Artificial Accelerogram Generation and Adjustment using an envelope shape by Saragoni & Hart [16]. In Figure 7b, it is observed that the acceleration response spectrum of an Artificial Acclerogram, calculated as described above, is matched very
accurately with the EC8 response spectrum, with characteristics: spectral acceleration 0.36 g,
ground type C, spectrum type I, importance class II.

(a)

(b)

Figure 7. (a) Artificial ground excitation and (b) Artificial Acceleration response spectra vs EC8 response
spectra.

Figure 8 presents the seismic isolation concepts considered in this paper. The SDoF system
with mass mS, stiffness kS and damping coefficient cS represents the superstructure, which in
this case is the 3 storey building structure. It must be noted here that the presentation of the
structure as a superstructure, in Figure 8, is made only for comprehensibility reasons.

(a)

(b)

Figure 8. (a) Flexible structure on a conventional seismic isolation base and (b) possible implementation of
the KDamper concept on a seismic isolation base.

The base isolated system with Lead Rubber Bearings (Figure 8.a) is designed to provide an
increased fundamental period of the structure of T=2.0 sec and an equivalent base’s damping
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ratio 20% of critical. The hysteresis loop is modelled as bilinear, as presented in Figure 9. The
parameters d1, F1, d2 and F2 define the bilinear curve and are given for a standard LRB.

Figure 9. Bilinear hysteresis loop of an LRB.

The hysteretic behavior of an LRB can also be modelled as linear, by means of the effective stiffness Ke and the equivalent viscous damping coefficient ξe, which depend on the maximum displacement d2, and on the corresponding force F2 to which they refer:
K e = F2 / d 2 , e =

2  F1 d1 
−
  F2 d 2 

(2)

The system controlled with KDamper devices (Figure 8.b) is designed to increase the fundamental period of the structure to 1 sec. The additional mass ratio μD is 5% of the total superstructures mass. The stiffness elements are obtained through an optimization procedure
with an objective function the base’s displacement and proper constraints concerning the
floor’s accelerations and displacements. The KDamper elements are presented in Table1.
mD (tn)
17

kN (kN/m)
-14389

kP (kN/m)
18858

kR (kN/m)
74146

cD (kNs/m)
405.7

Table 1. Dimensional KDamper parameters.

4

RESULTS

Fig.10 presents the Transfer Functions of the main system responses. As it can be observed,
the effect of the conventional seismic isolation system is to shift the natural period of the
structure from 0.45 sec to 2.0 sec, well below the main frequency content of the earthquakes.
The effect of the KDamper, implemented to the base isolation system, leads to a significant
reduction of the initial Transfer Function HUS of the Structure’s displacement. However, the
Transfer Function HAS of the Structure’s acceleration retains a significant frequency content.
The Transfer Function of the base’s displacement is dramatically improved with the
KDamper compared with the conventional seismic isolation base, in all the frequency range,
except very high frequencies (5-6 Hz or 0.15-0.2 sec).
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(a)

(b)

(c)

(d)

Figure 10. Transfer Functions of the initial system and the isolated system with a conventional seismic isolation base and with a KDamper (a) structure’s relative displacement, (b) structure’s absolute acceleration, (c)
base’s displacement and (d) KDamper’s displacement.

(a)

(b)

5231

K. A. Kapasakalis, I. A. Antoniadis and E. J. Sapountzakis

(c)

(d)

Figure 11. Dynamic response of the structure under the base isolation concepts considered (a) Structure relative displacements, (b) Structure absolute accelerations, (c) Base relative displacements and (d) KDamper relative displacement

The system is solved using the Newmark-β method with linear acceleration. The responses
of the structure to an Artificial Acceleration (Art. Acc. No1), are presented in Figure 11. Figure 11a and 11b confirms that the proposed implementation of the KDamper to the base isolation system, results to a drastic reduction of the structure’s dynamic response in both terms of
relative displacement and absolute acceleration, at acceptable levels compared to the highly
damped conventional base isolation system (LRB). The base’s displacement is dramatically
improved with the KDamper system than the LRB system (~70% reduction), as presented in
Figure 11.c.
The responses of the structure are presented in Table2 and 3, for 10 Artificial Accelerograms for the initial system as well as the base isolated system using conventional seismic
isolation bearings (LRB) and KDamper.
st

Artificial_1
Artificial_2
Artificial_3
Artificial_4
Artificial_5
Artificial_6
Artificial_7
Artificial_8
Artificial_9
Artificial_10
Average
STDEV

1 floors
drift (m)
0,0040
0,0046
0,0042
0,0045
0,0037
0,0047
0,0058
0,0047
0,0044
0,0058
0,0046
0,0007

LRB - System
3 floors as Base’s displace(m/sec2)
ment (m)
1,7132
0,1188
2,0803
0,1358
1,7209
0,1297
1,8279
0,1318
1,6126
0,1091
2,1782
0,1372
2,3536
0,1694
1,8687
0,1359
1,8221
0,1268
2,3536
0,1694
1,9531
0,1364
0,2698
0,0194
rd

Initial - System
1 floors
3rd floors as
drift (m)
(m/sec)
0,0288
12,0015
0,0242
11,0234
0,0262
13,6332
0,0301
13,7464
0,0257
12,7395
0,0258
11,3612
0,0303
13,6703
0,0276
11,8371
0,0313
13,3713
0,0303
13,6703
0,0280
12,7054
0,0025
1,0613
st

Table 2. Dynamic responses of the initial structure and the base isolated structure using conventional seismic
isolation bearings (LRB), for 10 Artificial Accelerograms.

5232

K. A. Kapasakalis, I. A. Antoniadis and E. J. Sapountzakis

st

Artificial_1
Artificial_2
Artificial_3
Artificial_4
Artificial_5
Artificial_6
Artificial_7
Artificial_8
Artificial_9
Artificial_10
Average
STDEV

1 floors
drift (m)
0,0119
0,0110
0,0112
0,0108
0,0115
0,0104
0,0121
0,0118
0,0107
0,0121
0,0113
0,0006

KDamper - System
3 floors as Base’s displace(m/sec2)
ment (m)
4,6647
0,0387
4,9931
0,0396
4,9598
0,0286
4,8125
0,0348
5,8799
0,0364
4,7467
0,0365
4,6694
0,0504
5,4170
0,0417
4,7444
0,0442
4,6694
0,0504
4,9557
0,0401
0,3980
0,0068
rd

KDamper’s displacement (m)
0,1575
0,1603
0,1178
0,1414
0,1413
0,1452
0,2047
0,1612
0,1797
0,2047
0,1614
0,0280

Table 3. Dynamic responses of the base isolated structure using KDamper, for 10 Artificial Accelerograms.

5

CONCLUSIONS

The implementation of the KDamper concept for base isolation of a 3 storey concrete
building structure subjected to Artificial Accelerogramms designed to match the EC8 response spectra for ground type C, reveals that the KDamper concept can provide a realistic
alternative approach to the existing base isolation schemes.
The application of the KDamper leads to reductions of more than 50% for the structure’s
maximum relative displacements and absolute accelerations, while retaining the base’s relative displacement to acceptable levels more that 70% lower than that of the high damped conventional seismic isolation systems (LRB), designed to shift the natural period of the structure
to 2.0 sec.
Provided that efficient technological realizations of the negative stiffness element can result, the KDamper can offer further advantages in terms of complexity and reliability, compared to a conventional highly damped base isolation system. Moreover, the inherit non-linear
nature of the negative stiffness force can be exploited to offer further advantages of the
KDamper concept, such as robustness, broadband response and energy sinks.
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Abstract. Healthcare facilities symbolize the principal lifeline activity whose operability
should be assured after a natural calamity. However, hospital post-disaster functionality is
closely related to both structural and nonstructural response, highlighting how facilities can
lose their operability just for medium intensity earthquakes. Accordingly, this work aims to focus on a novel pseudoelastic isolation prototype when adopted to damp floor systems, therefore
potentially relevant to isolate and retrofit, respectively, new and existing hospitals.
Initially, based on tests accomplished at the Italian National Research Council (CNR), dedicated numerical simulations are performed to interpret the tensile response of the proposed
shape-memory alloy (SMA) passive damper. In this regard, static and dynamic, as well as hint
of coupled thermo-mechanic analyses are performed to clarify and predict the physical phenomena underpinning the complex SMA-based damper response.
Finally, focusing on the concept of hospital resilience, the paper demonstrates and updates
reasons behind floor isolation systems, underlining structural and non-structural enhanced capabilities when applied to multistory moment resisting frame (MRF) healthcare facilities.
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1

INTRODUCTION

In seismic areas a higher level of structural performance is desired for hospital systems than
for residential buildings: on one hand, working continuity of such systems depend on the proper
functioning of technical installations; on the other hand, medical facilities need to sustain lifeline activities in post-emergency healthcare [1].
Although it is generally possible to make medical structures able to remain in function,
even after severe seismic events, conspicuous financial losses are related to poorly planned
hospital evacuation procedures and lack in operability [2]. Moreover, California is the only
country having a specific code for hospital seismic retrofitting [3]. However, according to [4],
meet these code requirements approximately consists in retrofit an equivalent 50% of medical
facilities (or close them over the next 28 years), and therefore renovate 75% of non-structural
components over the same period, for a total cost of $41.7 billion. Numerous guidelines on
the hospital seismic assessment have been developed by the World Health Organization (WHO)
within the ’Safe Hospitals’ campaign, better known as the Hyogo Framework [5]; nonetheless,
it is recognized that these guidelines are more practical policies than ad-hoc technical standards.
Resilience is described as the capacity of the system to reduce chances, to absorb and recover
after a shock [6]. Especially, hospital resilience intimately depends both on structural and nonstructural components, as well as on strategical vulnerabilities (such as emergency planning)
toward a performance key indicator that describes the serviceability state of the system [7,
8, 9]. For instance, to prevent and minimize medical record losses, modern complementary
techniques implement strategies that protect data in a double perspective, i.e., safeguarding
non-structural hardware contents and formulating both Business Continuity (BCP) and Disaster
Recovery plans (DRP) [10, 11].
As a result, our study pursues three main goals: (i) numerically model innovative dampers to
be adopted as floor isolation systems (indicated as ’FIS’, according to [12]) in a novel retrofitting
perspective; (ii) highlight local and global isolation performance when dampers are equipped
in multistory hospitals; (iii) face main non-structural vulnerabilities, protecting delicate human
processes as ones conducted in laboratories, computer and operating rooms.
Therefore, the work is organized as follows: in Section 2 we discuss the novel passive damper
developed by Nespoli et al. [13], composed by a parallel system of shape-memory alloy wires
(indicated as ’SMA device’). Initially, we focus on the device dynamics, both empirically
(through experimental tests performed by Nespoli et al. [14]) and numerically (by means of
3D finite element models developed using the software Abaqus [15], in Section 2.1). Afterwards, we display the effectiveness of the SMA device both in modifying the hospital structural
dynamics and in reducing the non-structural vulnerability, when floor passive dampers are considered as a retrofitting procedure (Section 3). In detail, most relevant structural modeling
stages (Section 3.1) and the device equivalent 1D model reduction (Section 3.2) are presented.
Subsequently, local and global effects of FIS in structural response are discussed, highlighting
attenuation in non-structural response and safeguarding human sensitive healthcare procedures
(Section 4). Concluding remarks are presented in Section 5.
2

MATERIAL AND METHODS
The main stages fulfilled in this section can be outlined as follows:
• to summarize experimental tests previously performed by Nespoli et al. [14];
• to numerically reproduce the experimental tests;
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• to establish the physical and mechanical effects on the response of the SMA damper;
• to re-design the device for floor isolation system applications;
To describe these stages, the consistency of modeling assumptions is discussed.
2.1

Shape-memory alloy (SMA) device

The scope is to study the mechanical response of the damper described in [14], investigating on shape-memory alloy physical peculiarities such as high strain recovery (known as shape
memory effect) and recentering capabilities (due to pseudoelasticity) [16, 17]. In detail, pseudoelasticity is a recoverable deformative process induced by a thermo-elastic transformation between two different solid phases, martensite and austenite. This process is the base mechanism
for the damper behavior, of which we concisely recapitulate the functioning in the following.

SMA Wires
Internal Shaft
External Cage
Y

Z

X

ZX

(a)

Y

(b)

Figure 1: Shape-memory alloy device, components (a) & assembly (b).
The device is constituted by two groups of SMA wires with the same diameter (1.2 mm)
and different length (210 and 132 mm), organized in a specular parallel disposition (Figs. 1(a),
yellow). According to Indirli et al [18] and Ren et al [19], this wire disposition tunes the
stress-strain response of different length wire groups, composing multi-plateau force levels and
improving the overall damping capacity. Externally, a steel cage protects the wires and support
an internal steel sliding shaft: the shaft puts in tension the SMA wires through three fixed disks
(Fig. 1(a), blue), providing bi-directionality to the damper.
Quasi-static and dynamic cyclic tests have been performed by Nespoli et al. [13, 14] to assess
the mechanical behavior, initially on single SMA wires, subsequently on pseudoelastic systems
(composed by groups of two wires), and finally on the global device (Fig. 1(b)). Tests have been
fulfilled by means of a servo-hydraulic thermo-mechanical MTS equipment and temperatures
have been measured by thin thermocouples. Quasi-static tests have been executed at controlled
deformation rate (1% min−1 ), while dynamic tests have been performed at 0.5-1 Hz for 1000
working cycles, stretching wires up to 6.4% strain.
Therefore, we develop 3D finite element (FE) models by means of the software ABAQUS
[15], employing 8-node brick-based models in an isoparametric framework, in accordance with
[20]. Geometrical and material non-linearities are considered. In order to reduce numerical analyses, we model the external cage rigidly, while we assume the rate-independent Von
Mises yielding principle to reproduce the metal plasticity of shaft components [21]. The shapememory alloy constitutive model is derived by Auricchio et al. [16].
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Figure 2: Model calibration, tests on one- (a) & two-wire (b) pseudoelastic system.
At first, based on quasi-static experimental tests, we calibrate a single wire model capable
to reproduce the one- and the two-wire experimental system, stretching such system up to 4%
strain. Fig. 2 display the correlation between experimental and numerical results.
Afterwards, to numerically interpret the dynamic behavior of the whole damper, and therefore to characterize material property variations due to the exothermic transition from austenite
to stress-induced martensite, single wire dynamic stress-strain response is expressed by functions of temperature in a coupled thermo-mechanical problem. Even if the simulated problem
has an uniaxial nature, the response is explored in a three-dimensional domain. Specifically,
dynamic analyses are performed in ABAQUS [15] by means of full-scale coupled temperaturedisplacement models, accounting for transient heat transfer: the external stagnant air is simulated applying a convective film coefficient to each free surface, while conduction is considered
negligible. According to [22], although it is known that the expansion coefficient and the thermal conductivity may depend on the solid phase of SMA (whether alloy is austenite or martensite), these coefficients are considered to be independent from strain or temperature, as well as
the specific heat and the film coefficient [15].
As a result, numerical tests are performed in a tensile/compressive fashion loading the wires
for 1000 working cycles toward a 6.4% strain for the short wire (132 mm) and 4% strain for the
long one (210 mm). Fig. 3 displays the heat radiation, moving from the center to the external
surface in short- and long-wire sections.
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Figure 3: Model calibration, thermo-mechanical tests on short- (a) & long-wire (b) sections.
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Figure 4: Coupled thermo-mechanical simulation, 0.5Hz - short wire (a) & 0.5Hz - long wire
(b) & 1Hz - short wire (c) & 1Hz - long wire (d), numerical and experimental results.
Fig. 4 compares the experimental [14] and numerical temperature variation for the short and
the long wire during the first 100 working cycles. The sinusoidal trend is due to the exothermic
phase transition. Finally, we assemble the damper global model with tested wires: Fig. 5 depicts
force-displacement diagrams during the first working cycle, registered at 0.5 and 1Hz.
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Figure 5: Numerical and experimental tests on the global device: 0.5Hz (a) & 1 Hz (b).
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Figure 6: Model of hospital facility, the hazard color code.
2.2

SMA devices for hospital floor isolation systems

As illustrated in Fig. 6, several key activities are daily performed in hospitals: these activities
can be conceptually gather according to an hazard color code. As a sample, in yellow we
highlight delicate procedures, such as procedures executed in laboratories or operating rooms; in
pink we depict recovery rooms and in green the waiting rooms. Interruption of yellow activities
may affect life-saving operations or result in safety and economic losses. As a result, we decide
to adopt floor isolation techniques to seismically protect non-structural elements, equipment and
fragile building contents of yellow areas. Particularly, the isolation is achieved by decoupling
secondary floor systems form the motion of structural frame by means of horizontally flexible
links called isolators (Fig. 7(a)). However, despite preserving the content of critical facilities
might produce the greatest cost-benefit ratio, floor isolation systems have not been codified
yet; additionally, distinctions from conventional base isolation systems arise on the supported
weight and on the seismic input, generally making floor isolation technique laborious. By
contrast, thanks to SMA devices we propose an intuitive floor isolation scheme (Fig. 7(b)).

COLUMN

Inter-story
Drift

SECONDARY FLOOR

Disp
SMA
DEVICE

SLIDER

CURTAIN
WALL

TRUSS

Floor Isolation System
(a)

(b)

Figure 7: Floor isolation system, conceptual model (a) & application scheme (b).
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In this scheme, the secondary floor system is supported by a low friction slider, while laterally the motion is damped by SMA devices. Successively, we perform a parametric numerical
campaign, iterating numerical simulations presented in Section 2.1 in order to re-design a SMAbased damper, capable to support a 50mm inter-story drift in displacement and a 6kN lateral
load in force. In Fig. 8 we depict the new damper geometries (8(a)) and the force-displacement
dynamic response (8(b)).
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Figure 8: Shape-memory alloy device, geometries (a) & dynamic response (b).

3

NONLINEAR TIME HISTORY ANALYSES

The main objective of this work is to highlight the potentiality of SMA devices as a retrofitting
tool, in order to isolate hospital floors safeguarding lifeline activities during extreme events,
throughout these main stages:
• to reproduce, by means of fiber-based models, the seismic response of four multistory
hospital facilities introduced in Section 3.1;
• to reduce 3D device numerical simulations (introduced in Section 2.1) in equivalent 1D
fiber-based link elements;
• to assess the potential impact obtained by implementing SMA-based floor isolation techniques, correlating structural and non-structural seismic response attenuation demonstrated by means of nonlinear time history analyses.
In this regard, the main conceptual simplifications will be discussed.
3.1

Description of the case-study buildings

We design four hospital prototypes (Fig. 9) according to Eurocode 8 [23], consisting in 6 x
6-bay buildings extrapolated from reference 5-,10-,15- and 30-storey three-dimensional structures. We consider high seismicity areas (i.e. PGA = 0.40 g) with soil class C (180 m/s ≤ Vs
≤ 360 m/s) and a medium ductility class (DCM). Fig. 9 displays the lateral force resisting system (LFRS): internally, a braced core redistributes vertical loads and guarantee stability against
horizontal forces; externally, outriggers arranged every 15 floors impede lateral displacements
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Figure 9: Reference hospital structures.
and inter-story drifts. As specified in 6.3 of EC8, we conservatively assume the behaviour factor (q) equal to 2, considering V bracing systems. Moreover, we hypothesize 2 and 4 kN/m2 ,
respectively, for dead and live loads; additional 3.5 kN/m2 are assumed to consider medical
equipment and permanent non-structural weights in laboratories and operating rooms (yellow
areas according to the hazard color code introduced in Fig.6), 2 kN/m2 otherwise. Furthermore, in areas susceptible to overcrowding (green code according to Fig.6) we combine vertical
permanents with 60% of live loads. In order to explore the dynamic response of reference hospital prototypes, we perform nonlinear time history analyses (NLTHAs), symbolizing an efficient
technique to evaluate global and local seismic performances. In detail, we develop inelastic
force-based fiber element models through the open source platform OpenSees [24], efficient
in predict distributed plasticity and geometric nonlinearities in a classical corotational transformation framework: the plastic propagation in key structural elements is simulated through the
bilinear stress-strain relationship by Menegotto-Pinto [25]. Gusset plate connection is specified
in Fig. 10, along with the main modeling assumptions. Structures are subjected to a set of 10
natural records [26], scaled in displacement to match the design response spectrum defined by
EC8. For additional information on the fiber-based modeling the reader may refer to [27].
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Figure 10: Designed gusset-plate connection with modeling assumptions.
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3.2

SMA device equivalent 1D model reduction

Finite element approaches acquire efficiency when the computational cost decreases; however, model veracity tends to be deeply sensitive to the numerical simplifications [28]. By contrast, particularized three-dimensional simulations may become excessively onerous in terms of
computational time [29]. According to [30], we calibrate equivalent mono-dimensional links
capable to extensively describe the dynamic response of the SMA damper, legitimized by the
need in developing predictive models that reduce the demand of expensive experimental tests.
Fig. 11 depicts the 3D global model and the schematic of the mono-dimensional spring model,
achieved by calibrating and combining non-linear links that individually represent one out of
six lumped plasticity constitutive curve.
The proposed scheme is flexible and adaptable to secondary floor system geometry changes
and mass variability. As a result, input parameters are deduced by means of iterative numerical
calibration of Section 2.2.
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Figure 11: Shape-memory alloy device, 3D (a) & equivalent 1D model (b).

4

RESULTS AND COMPARISONS

This work explores the employment of shape-memory alloy dampers in original floor isolation applications: specifically, we wish to study modifications in hospital structural dynamics
associated to reductions in non-structural vulnerability. Therefore, in this section we highlight
main results, provided in terms of global and local performance of four reference medical structures. Accordingly, each diagram display the comparison between NLTHA average response
achieved by the retrofitted structure (SMA) and the correspondent bare moment resisting frame
(MRF), along with individual earthquake (MRF EQs) acceleration result.
4.1

Global performance

We equip floor isolation systems in hospital frames in order to limit absolute displacement
and acceleration demands on sensitive medical equipment. Thereafter, we wish to highlight the
dual effect of FIS in limiting the maximum instantaneous seismic demand on such equipment:
on one hand, reducing the structural response; on the other hand, decoupling non-structural
elements.
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Figure 12: NLTHA Avg peak values for SMA & MRF, inter-storey drift.
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Figure 13: NLTHA Avg peak values for SMA & MRF, displacement.
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Figure 14: NLTHA Avg peak values for SMA & MRF, acceleration.
Accordingly, a series of nonlinear time history analyses are performed to validate the damper
design: we analyze the global performance of four hospital frames (introduced in Section 3.1) in
terms of maximum inter-storey drift, peak displacement and acceleration peak profiles, together
with their average values. Specifically, Fig. 12 compares inter-storey drifts in bare moment
resisting frames and in SMA-based isolated structures. SMA-based results deviate from MRF
average at approximately mid-height: the drift appears clearly reduced when the floor isolation
system is considered, up to an attenuation of 37.77%, 31.84%, 20.70%, 18.23%, showing a
inversely proportional trend along the height. These values remain under the threshold of 0.5%
for deformation sensitive equipment [31, 32].
In Fig. 13 we summarize peak displacements: the response assumes a rough cantilevered
shape with maximum values on top. The percentage attenuation is respectively 38.28%, 31.79%,
Performance

5 Storey

SMA
Inter-storey Drift [%]
0.039
Displacement [mm]
5.5
2
Acceleration [m/s ]
5.72
Drift Attenuation [%]
37.77
Disp. Attenuation [%] 38.28
Accel. Attenuation [%] 39.94

10 Storey

MRF SMA
0.054 0.13
7.6
35.7
8.00
8.10
31.84
31.79
32.98

15 Storey

MRF SMA
0.17
0.22
47.1
84.2
11.77 7.29
20.70
20.69
20.20

30 Storey

MRF SMA
0.27
0.42
101.6 356.4
8.76
5.54
18.23
17.04
6.09

MRF
0.50
417.1
5.88
-

Table 1: NLTHA Avg peak values for SMA & MRF, global performance.
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20.69% and 17.04%, once again displaying more pronounced percentage attenuation in lowrise respect to medium-rise structures. Significant top accelerations are experienced in dynamic
simulations, i.e. 0.82g, 1.10g, 0.89g and 0.60g, underlining the stiffest behavior of lower structures. Moreover, the performance survey suggest that floor isolation efficiently reduces absolute
structural acceleration demands recorded at the base of acceleration sensitive equipment: results
are illustrated in Fig. 14, where peak percentage attenuation of 39.94%, 32.98%, 20.20% and
6.09% are reached.
We wish to recall that global performance values (inter-storey drift, displacement and acceleration summarized in Tab. 1) are recorded at structural level. Therefore, these results suggest
that the use of FIS is an efficient technique for protecting sensitive equipment, reducing the
overall structural response. However, in a control strategy perspective, either passive or semiactive, non-structural demand can be limited even modulating the decoupling effects provided
by FIS. In detail, equipment displacements and accelerations might be effectively damped by
the isolation system, establishing a response modification factor that scales the structural global
performance, obtaining the corresponding non-structural local demand [33, 34]. Qualitatively,
in Fig. 15 we represent the isolation scheme with the correlated stress-strain response: accordingly, from such response it is possible to specify the stiffness and damping properties of the
floor isolation system, evaluating the transmissible primary floor level demand.
Acceleration
sensitive
equipment

Mr

Force
Secondary
Floor Level
(Rigid beam)

kr

Primary
Floor Level

TRUSS

keff
Displacement

SMA devices
(1D element)
COLUMN

COLUMN

Figure 15: Secondary floor isolation scheme.

4.2

Local performance

According to Casagrande et al. [27], key components that support the seismic action in
MRFs are internal core columns: the reader may refer to Fig. 16 where we display the extent of
seismic overburden in such columns. Thereafter, the response in terms of axial load, bending
and shear peak profiles in critical members is displayed. In addition, the percentage attenuation
between MRF and SMA-based isolated structure results is illustrated.
Specifically, in Fig. 17 compressive peak forces of most critical columns are depicted, along
with their average. The obtained peaks reach a maximum in 30-storey frame with 19823kN,
reduced up to 9.33% with the SMA-based isolation. A proportional demand is obtained in
5, 10 and 15 storey buildings, as a consequence of the structural weight increment, where is
demonstrated that modeling the structure without FIS conduce to overestimate NLTHAs results
up to 32.22%. In Figs. 18-19 we summarize the seismic peak bending moments and shear forces
in columns: diagrams depict a comparison between forces observed considering the moment
resisting frame with the external floor isolation and the supporting structure alone: values are
almost stable along the height, reaching a maximum at the base.
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Figure 16: NLTHA Avg peak values and static loads, axial forces.
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Figure 17: NLTHA Avg peak values for SMA & MRF, axial forces in columns.
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Figure 18: NLTHA Avg peak values for SMA & MRF, bending moments in columns.
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Figure 19: NLTHA Avg peak values for SMA & MRF, shear forces in columns.
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Performance
Col.
Col.
Col.
Col.
Col.
Col.

Axial Force [kN]
Bending [kNm]
Shear [kN]
Axial Attenuation [%]
Bend. Attenuation [%]
Shear Attenuation [%]

5 Storey

10 Storey

SMA MRF SMA
1640 2168
6955
38.78 51.13 160.66
22.83 30.19 78.13
32.22
30.59
31.85
29.45
32.23
30.68

15 Storey

30 Storey

MRF
SMA
MRF
SMA
MRF
9082
11245 13237 18132 19823
207.97 208.38 248.87 375.21 426.91
102.10 102.21 122.28 214.98 262.00
17.72
9.33
19.43
13.78
19.64
21.87
-

Table 2: NLTHA Avg peak values for SMA & MRF, local performance.
Even if similar percentage attenuation are achieved between bending moments and shear
forces, a larger mismatch is determined for the 5-storey structure, up to approximately 32%.
This discrepancy reflects that particular care has to be paid in evaluating the earthquake-induced
demand, expressly during the design phase of low rise structures with FIS. Results are summarized in Tab.2, where peak responses are collected together with their percentage attenuation.
5

CONCLUSIONS

The work presented investigates on some critical challenges of interest for the seismic isolation of hospitals. Initially, shape-memory alloy devices have been explored, experimentally
and numerically, to be adopted as a novel isolation device. Afterwards, we have focused on
the advantageous features related to floor isolation systems (FISs) when equipped in multistory
medical structures exposed to nonlinear time history analyses. Finally, analogies and contrasts
between SMA-based floor isolated structures and traditional moment resisting frames have been
discussed. The main conclusions may be summarized as follows.
Shape-memory alloy floor isolation systems:
• suggest attenuation in inter-storey drifts, displacements and accelerations, up to 40%,
38% and 37%, respectively. As a result, SMA-based dampers globally decrease seismic
demand on non-structural contents;
• reveal a beneficial increment in energy dissipation capacity, resulting in local force attenuation (up to 32% in columns, the most seismically overloaded element);
• may be designed to remain elastic, locally decoupling accelerations and displacements
directed to non-structural elements;
• result to be more effective in low-rise frames (5-storey). Dampers also decrease the structural period when increasing the structural eight.
• reasonably boost the reliability of sensitive equipment located in secondary floor systems;
• may be adopted in existing buildings as a retrofitting technique.
Additional applications under assessment, compatible with this results, regard either extending the survey to other damper typologies or deeply investigating the thermo-mechanically
coupled SMA device response.
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Abstract
The seismic monitoring of buildings is important for two fundamental reasons:
- evaluate the possible dynamic behavior of these structures during earthquakes;
- gain experience on the general seismic behavior of the structures so that the experience and
the database can be used in the future for design and analysis.
The results of previous efforts in seismic monitoring of the structures have facilitated the development of a database, which in turn was used in the creation of new formulas and reference
values for the estimation of the fundamental periods of the structures and the percentage of
critical damping from use during dynamic analyzes. The database is very well supplied with
data on traditional buildings, but there is still not enough data for buildings isolated at the
base. Some different structures with seismic base isolation have been monitored during recent
strong earthquakes in Italy, namely Amatrice earthquake (2016/08/24, Mw=6.0) and Norcia
earthquake (2016/10/30, Mw=6.5).
For the structure under examination, amplification phenomena have been noticed, up to about
twice the accelerations on the superstructure, for very low energy value inputs. In these cases,
however, it is noted that the amplified accelerations are extremely small, and very far from
being able to damage the structure. Records from the ENEA permanent accelerometric network, installed on the structure under examination, and the tests carried out on the same isolators used for the qualification tests of the devices mounted below the analyzed structure,
permit to describe the behavior of the isolators in terms of force and displacement defining two
non-linear laws, derived from experimental data.

Keywords: Seismic isolation, monitoring.
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1

INTRODUCTION

It’s well known that seismic isolation of a structure in order to uncouple the ground motion
from the one of the super-structure represents the better solution to prevent seismic damage to
buildings, by introducing a disconnection in the structure which is then divided into two parts:
the substructure, rigidly connected to the ground, and the superstructure.
Seismic isolation, instead of increasing the capacity of the structure, use RID's strategy, drastically reducing the energy transmitted from the ground to the building. The substructure, generally very rigid, has roughly the same acceleration of the ground and must be designed in
elastic field, while the superstructure benefits from the increased deformability resulting from
the introduction of isolating devices.
Typically, response spectra in terms of accelerations of most earthquakes have a strong amplification in the range 0.1÷ 0.8 sec, where the main vibration period of many traditional buildings stands. Assuming, for simplicity's sake, that the isolators have an elastic or comparable
behaviour, the increase of deformability consequent to their installation brings the own period
of the structural system (Substructure-isolating system-superstructure) in a zone of spectral
lower acceleration. As a result, the earthquake-generated accelerations on the isolated structure
are drastically lower than those produced in the fixed-base configuration, to such an extent that
the structure can be easily designed to withstand violent earthquakes without suffering damage
both in structural and in non-structural components. Of course, increase in period also produces
an increase in displacement, but they are concentrated in the devices, where most of the energy
of the earthquake is low-pass filtered and also, in part, dissipated.
From analysis of experimental data on isolated structures, performed in the present study,
however, it has been noticed that for low acceleration values the system has vibration periods
not suited to those of an isolated structure but closer to the ones of a fixed base traditional
structure, as can be observed from recordings of low energy seismic events carried out by the
authors in the structure under examination.
2.5
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Figure 1 Base energy/frequencies

In figure 1 Arias intensity versus frequency of the system is shown. The Arias intensity (1)
is an integral parameter, obtained as cumulative measure of seismic motion during its duration,
and it represents the energy at the base of the structure.
𝑡
𝜋
IA = 2𝑔 ∙ ∫0 𝑎𝑥2 + 𝑎𝑦2 + 𝑎𝑧2 𝑑𝑡
(1)
Corresponding to low input energies at the base of the structure the frequency of the structure
itself leads to frequency values different from those for which it was designed (< 0.5 Hz). The
reduction of the vibration period increases the acceleration more than the case of higher period.
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These accelerations are higher than those evaluated in the design with consequent possible
damage to the superstructure. In figure you can see the accelerations recorded on the structure
at levels 0 (structure solidary to the ground), 1 (at the first level) and 2 (in correspondence of
the cover).
2.E+02
amax2
amax1

a (cm/s/s)

amax0
1.E+02

5.E+01

0.E+00
0

10

20
Event

30

40

Figure 2 Base acceleration/number of events

For events characterized by small base acceleration there is an amplification of the acceleration from the bottom upwards. The two accelerations peaks are related respectively to the
earthquake of Amatrice (2016/24/08, Mw 6.0) and Norcia (2016/30/10, Mw 6.5).
2

THE MONITORED STRUCTURE: REGIONAL CIVIL PROTECTION CENTER
(UMBRIA REGION, ITALY)

The regional civil Protection center of the Umbria region (highlighted in red in the following
figure), is located in Foligno. The Regional Center is composed by a building (operative room,
analyzed in detail in the present work), a regional building (emergency and training) where the
Special Office for Reconstruction (Umbria Region) is currently located and a third building
(Amphitheatre – Plants building). The first two buildings are seismically isolated and the third
is a traditional one.
The structure under consideration has three floors above ground and a basement for a total
area of about 1532.25 m2 above ground, and a volume equal to 8,630.00 m3; it has built with
reinforced concrete and it is seismically isolated by ten high damping elastomeric isolators,
located externally on the ground floor. The isolated superstructure has a dome supported by ten
half arches with cross section 40 x 120 cm, converging towards a single ring from which two
concentric cylinders of 16 cm thickness are suspended, with a prestressed reinforced concrete.
The size of the dome is 22 meters in height and 31 meters in diameter base.
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Figure 3 Monitored isolated building location

Figure 4 Operation Room

The two concentric cylinders have inside a spiral staircase and an elevator placed inside the
innermost cylinder. The outermost cylinder stops at the height of the first floor while the innermost cylinder continues to the basement, at a height of -4.00 m.
The foundation system consists of plinths based on four piles each, linked together by a
reinforced concrete beam with cross section 80 x 80 cm, and by radial beams converging in a
ring beam with cross section 50 x 140 cm and diameter, measured on the longitudinal axis,
equal to 7.20 m inside which descends, until the basement, the elevator core. There is no
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connection between the elevator core and the ring beam above.
Above the beams connecting the plinths there is a 20 cm thick slab which is also the base of
the dome. The pedestrian access to the structure is possible by means of a slab (18 cm thick)
that extends as a cantilever from the core elevator suspended on the base of the dome. There is
no connection between the slab for pedestrian access and the base of the structure. Above the
foundation plinths, there are 10 concrete supports on which the elastomeric isolation devices
are fixed. The floors, with a radial dimension descending from the bottom towards the top of
the structure, are supported by circular and radial beams that connect the half arches to the outer
vertical cylinder.

Figure 5 base for pedestrian access

Figure 6 Support of an isolator during the construction and after its completion

In the innermost cylinder are also contained the plants of the various levels down to the
basement level which remains separate, and therefore suspended, by the foundations.
The two upper floors are used as offices for the Civil protection operative room and more
precisely:
- The first floor consists of 14 offices, in addition to the services and organized through furniture-equipped walls;
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- The second floor is divided into a meeting room of about 145.50 m2, a direction hall of
about 60.00 m2, a meeting hall of about 136.60 m2 and services.
- The third floor contains other offices and a room for air conditioning systems.
3

SEISMIC ISOLATOR USED IN STRUCTURE

The isolators are elastomeric one with soft-type rubber, namely SI-S 1000/240. Their mechanical characteristics are shown in table 1.
.

Figure 7 SI-S 1000/240 elastomeric isolator installed

External diameter

Dg

1000

mm

Total high without anchorage plates

H

392

mm

Total high with anchorage plate

H

472

mm

Volume of the nucleus

Vol

307.88

dm3

Total weight without anchorage

W

1834

kg

Maximum horizontal force with maximum seismic displacement

Fxy

497

kN

Maximum seismic uniform pression = V / A’

v s,max

3.98

Mpa

Mimimun sesismic uniform pressure = Vmin / A’

v s,min

0.00

Mpa

Vertical stiffness = Ec · A’ / te

Kv

2310

kN/mm

Horizontal equivalent stiffness = Gdin · A · te

Ke

1.31

kN/mm

Kv/Ke

1764

Stiffness ratio

Table 1 – Mechanical properties of seismic isolators

Type test were performed for the determination and control of the isolator characteristics. In
this case was evidenced an increasing cyclical stress at constant frequency and the corresponding strength of resistance of the isolator.
Being the test carried out on isolators of dimensions equal to half of the installed ones, their
mechanical properties are then related to the real dimension of installed isolators.
The results reported the following values for the shear resistance module and damping:
the devices have an increase in the damping and in the shear stiffness modulus with the decrease
in the deformation.
In particular, for a deformation values from 30% to 5%, there is a sharp increase in stiffness
and damping values.
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Figure 8 Increase in damping and shear modulus as strain varies.

4

MONITORING SYSTEM INSTALLED ON THE STRUCTURE

In order to monitor the structure a control equipment was installed in August 2014, with:
- Acquirer Kinemetrics K2, absolute timing using GPS, equipped with 24-bit A/D converter
(digital analogue), 12 acquisition channels, 3 of which are connected to the sensor triad inside
the acquirer and 9 connected to the external sensors;
- 12 Sensors Kinemetrics Type Force Balance with dynamic > 120 DB and full scale 2 G, three
of which, orthogonal each other, are contained in the acquirer; the remaining 9 are arranged at
the level of the first deck, below the floating floor (also used for cable passage).
The instrumentation is arranged on the structure according to the diagram shown in the following figure, where the arrows indicate direction and positive sensors and the point corresponds
to the arrowhead, so the sensors for the channels A02, A04, A05 and A06 are vertical.
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Figure 9 Provision in section of the instrument and fixes installed

Figure 10 Plant arrangement of installed equipment

The sensor group inside the acquirer, A01, A02 and A03, is positioned below the isolating
plane, in the lowest attainable position, near the terminal part of the Elevator Core. The positioning of sensors on the structure, the accelerometers relative to the channels from A04 to A10
are located to the share of the first deck, immediately above the isolating plane, while the sensors related to channels A11 and A12 are positioned at the top of the inner core.
The recognition of seismic events is carried out in STA/LTA logic (Short Term Average/Long Term average), i.e. by comparing the mean signal measured by each sensor, filtered
pass 0.1-10 Hz band, in a short time interval, in this case 0.6 s, (STA) and the mean signal rate
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detected by the same sensor, band pass filtered 0.1-10 Hz, in a long time interval, in this case
60 s, (LTA).
If the STA/LTA value exceeds a preset value, in this case equal to 4, the signal from the
channel generates a trigger command.

Figure 11 GPS antenna and accelerometers (A04 and A07) below the floating floor.

Figure 12 Accelerometers A11 and A12 (internal core top)

To reduce the amount of recorded spurian signals, the trigger condition for a single channel
is not sufficient to initiate the recording. To start the recording a determined number of sensors
must exceed simultaneously trigger conditions. In this case were delegated to this task the sensors at the base and the two sensors at the top, clearly less affected by local disturbances. If 2
Sensors exceeds at the same time the trigger condition starts recording on a card of memory
PCMCIA internal to the acquirer.
To record the entire signal the acquirer adds to the head of the recording the portion of the
signal prior to the trigger for a preset duration, in this case 30 s. The detected event is considered
terminated when the selected sensors check the condition of detrigger, i.e. the signal amplitudes
fall below a preset value, in this case the 40% of the trigger conditions. Starting from the time
of detrigger, the acquirer still continues the recording for a preset time, post event, in this case
30 s
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5

EVENTS RECORDED BY THE ACCELEROMETRIC NETWORK

In table 2 are reported all the seismic event recordings with MW or ML ≥ 4.0 relative to the
seismic sequence started on August 24, 2016 (with an event of magnitude M W= 6.0) until 31
December 2017. The table lists the events defined from time source, localization (latitude, longitude, depth), the source of the data (Seismic Bulletin INGV), the name of the registration
(ENEA internal code for the archiving of events), the epicentral distance and eventual notes.
SOURCE Time [Utc]

Latit.

Longit.

24/08/2016 01:36:32
24/08/2016 01:56:01
24/08/2016 02:33:29
24/08/2016 03:40:11
24/08/2016 04:06:51
24/08/2016 11:50:31
24/08/2016 17:46:09
24/08/2016 23:22:06
25/08/2016 03:17:17
25/08/2016 12:36:05
26/08/2016 04:28:26
27/08/2016 02:50:59
28/08/2016 15:55:35
03/09/2016 01:34:12
03/09/2016 10:18:51
16/10/2016 09:32:35
26/10/2016 17:10:36
26/10/2016 19:18:06
26/10/2016 21:42:02
27/10/2016 03:19:27
27/10/2016 03:50:24
27/10/2016 08:21:46
27/10/2016 17:22:23
29/10/2016 16:24:33
30/10/2016 06:40:17
30/10/2016 07:34:48
30/10/2016 11:58:17
30/10/2016 12:07:00
30/10/2016 13:34:54
30/10/2016 18:21:09
31/10/2016 03:27:40
31/10/2016 07:05:45
01/11/2016 07:56:40
03/11/2016 00:35:01
12/11/2016 14:43:34
14/11/2016 01:33:44
29/11/2016 16:14:03
11/12/2016 12:54:53

42,698
42,601
42,792
42,614
42,771
42.82
42,659
42,654
42,745
42.6
42,605
42,843
42,823
42.77
42,861
42,748
42.88
42,909
42,863
42,843
42,984
42,873
42,839
42,811
42,832
42,922
42.84
42,845
42,803
42.79
42,766
42,841
43
43,029
42,723
42.86
42,529
42.9

13,234
13,276
13,151
13,244
13,124
13.16
13,215
13.21
13,193
13,282
13,292
13,238
13,232
13,132
13,217
13,176
13,128
13,129
13,121
13,143
13.12
13,097
13,099
13,095
13,111
13,129
13,056
13,078
13,165
13,152
13,085
13,129
13,158
13,049
13,209
13,158
13.28
13,113

Depth
[km]
8.1
7.7
8.0
10.7
6.2
9.8
10.3
11.8
9.0
7.5
8.7
7.8
8.7
8.9
8.3
9.2
8.7
7.5
9.9
9.2
8.7
9.4
9.0
10.9
9.2
9.9
10.2
9.7
9.2
9.6
10.6
10.0
9.9
8.4
10.1
11.0
11.1
8.3

Magnitude

Source

6.0-Mw
4.3-Mw
5.4-Mw
4.1-Mw
4.4-Mw
4.5-Mw
4.2-Mw
4.0-Mw
4.3-Mw
4.4-Mw
4.8-Mw
4.0-Mw
4.2-Mw
4.2-Mw
4.3-Mw
4.0-Mw
5.4-Mw
5.9-Mw
4.5-Mw
4.0-Mw
4.1-Mw
4.3-Mw
4.2-Mw
4.1-Mw
6.5-Mw
4.0--ML
4.0-Mw
4.5-Mw
4.1-Mw
4.0-Mw
4.0-Mw
4.0-Mw
4.8-Mw
4.7-Mw
4.1-Mw
4.0--ML
4.4-Mw
4.3--ML

BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
BULLETIN
Survey
Survey
Survey
Survey
Survey
Survey
Survey
Survey
Survey
Survey
Survey
BULLETIN
Survey

Name
Record.
TN015
TN018
TN032
TN045
TN047
TN066
TN074
TN078
TN080
TN083
TN086
TN093
TN102
TO015
TO017
TP016
TP021
TP026
TP053
TP071
TP073
TP086
TP103
TP144
TP151
TP170
TP235
TP237
TP251
TP275
TP310
TP322
TP354
N.R.
TQ077
TQ092
TQ171
TR018

DEpi
[Miles]
53
62
41
59
41
41
54
54
47
63
63
46
46
41
43
47
36
35
36
38
34
34
35
36
36
35
32
33
42
42
38
37
37
29
49
39
68
34

Table 2 – Recorded events

The process of processing the recorded data requires that the following processing be carried
out for each registration:
- Transformation of data from acquirer units, Volt, into CM/s/s units.
- Calculation and graphical representation of Fourier transforms to select the filtering frequencies.
- Instrumental correction for the characteristics of each sensor, natural frequency and damping,
with a change of direction for sensors related to ch03 and ch10, frequency filtering and dual
integration to obtain the temporal histories corrected in terms of acceleration, speed and displacement.
- For magnitude ≥ 5.0, the calculation of the Accelerometric Group response spectra at the base
was also carried out.
- For all recordings, the maximum, in acceleration and displacement, for each channel was
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calculated, the maximum for each recording and the channel on which that value was obtained.
The following table shows the maximum acceleration values expressed in cm/s2.
Rec
TN015
TN018
TN032
TN045
TN047
TN066
TN074
TN078
TN080
TN083
TN086
TN093
TN102
TO015
TO017
TP016
TP021
TP026
TP053
TP071
TP073
TP086
TP103
TP144
TP151
TP170
TP235
TP237
TP251
TP275
TP310
TP322
TP354
TQ077
TQ092
TQ171
TR018

CH01
59.9
0.9
16.9
1.1
3.3
7.3
2.5
0.3
6.6
0.9
2.0
1.3
4.5
5.1
4.5
2.6
67.6
36.3
7.7
1.5
1.8
3.2
1.0
12.4
74.8
1.4
1.4
6.3
7.4
0.5
2.6
3.3
4.1
1.7
1.7
6.2
3.6

CH02
27.2
0.5
9.0
0.7
2.1
5.2
1.8
0.2
2.7
0.5
1.1
0.5
2.1
3.4
1.5
1.3
26.2
21.5
2.7
1.0
1.7
1.7
1.0
6.8
61.6
1.3
1.2
6.4
4.4
0.4
1.5
3.4
2.9
0.8
1.0
2.0
2.2

CH03
43.4
0.7
14.9
1.3
4.4
8.7
2.4
0.3
9.3
1.3
1.9
0.8
4.2
5.8
2.1
2.8
51.4
37.3
7.2
0.9
3.0
3.3
1.2
8.9
118.4
2.0
1.2
10.9
4.4
0.7
2.7
3.9
4.1
2.7
1.4
5.5
5.6

CH04
42.3
0.9
16.2
1.2
4.9
6.6
2.1
0.4
5.2
0.9
2.0
0.7
3.7
3.3
2.2
2.3
27.3
35.4
4.9
1.6
2.4
3.3
1.5
8.3
67.0
2.0
2.1
8.2
4.2
0.6
2.2
4.3
5.9
1.3
1.5
3.2
2.6

CH05
37.7
0.7
12.8
1.2
3.9
7.4
2.0
0.4
6.7
0.8
1.4
0.7
2.8
2.9
2.3
2.0
24.6
28.2
4.4
1.3
2.2
2.4
1.2
8.2
70.7
1.1
1.8
8.6
3.4
0.5
1.8
4.0
4.7
1.3
1.6
3.6
2.6

CH06
40.1
0.7
13.7
1.0
4.4
7.0
1.7
0.4
4.9
0.8
1.6
0.7
2.9
4.8
2.0
2.0
21.7
30.4
4.3
1.9
2.3
2.3
1.4
7.1
67.6
1.2
1.8
7.1
3.5
0.4
2.1
3.8
5.5
1.3
1.5
3.4
2.4

CH07
40.4
1.6
10.9
1.2
3.9
7.5
3.4
0.5
7.9
1.3
2.2
0.6
3.0
9.1
2.7
1.4
44.3
44.8
8.1
1.3
3.3
5.2
2.4
4.1
60.0
3.0
1.7
11.3
3.3
1.2
2.1
4.5
6.2
1.7
2.2
4.2
11.6

CH08
36.1
1.0
14.1
1.3
3.0
9.8
2.5
0.2
4.8
1.1
1.5
0.8
2.6
4.8
5.3
1.2
22.7
36.1
6.0
1.1
3.9
5.0
1.8
7.6
42.4
1.5
1.0
5.5
2.9
0.8
2.8
1.8
8.5
1.9
2.9
8.0
4.7

CH09
33.5
1.4
12.3
1.3
3.7
8.0
3.3
0.5
8.9
1.2
1.7
0.7
3.4
7.7
2.7
1.6
48.2
42.4
9.3
1.7
3.5
4.6
2.1
3.4
60.4
3.0
1.3
11.6
3.6
1.3
2.2
4.8
6.2
1.9
2.6
3.2
11.6

CH10
35.9
1.2
14.5
1.2
3.5
7.7
2.1
0.3
5.8
1.0
1.6
0.6
2.4
5.3
4.7
1.5
23.6
32.1
6.1
1.1
3.1
4.8
1.4
7.0
46.6
1.5
0.8
5.6
3.1
0.7
2.7
1.9
8.1
2.1
2.9
7.6
4.5

CH11
51.0
2.0
22.2
2.1
7.1
10.5
4.6
0.8
13.3
1.6
2.9
1.1
4.6
10.8
3.7
2.4
62.1
51.1
10.7
2.3
4.3
5.9
2.7
7.3
96.0
3.5
2.8
16.4
5.6
1.7
3.3
5.7
8.6
3.1
3.7
6.1
14.2

CH12
46.5
1.3
18.5
1.4
4.0
11.2
2.8
0.3
8.5
1.5
2.0
1.0
3.3
6.0
6.3
1.9
37.9
36.3
7.6
1.3
4.3
5.8
2.0
9.3
61.6
1.9
1.4
7.6
5.8
0.8
3.6
3.0
9.4
2.4
3.5
9.8
5.4

Max
59.9
2.0
22.2
2.1
7.1
11.2
4.6
0.8
13.3
1.6
2.9
1.3
4.6
10.8
6.3
2.8
67.6
51.1
10.7
2.3
4.3
5.9
2.7
12.4
118.4
3.5
2.8
16.4
7.4
1.7
3.6
5.7
9.4
3.1
3.7
9.8
14.2

Ch
CH01
CH11
CH11
CH11
CH11
CH12
CH11
CH11
CH11
CH11
CH11
CH01
CH11
CH11
CH12
CH03
CH01
CH11
CH11
CH11
CH11
CH11
CH11
CH01
CH03
CH11
CH11
CH11
CH01
CH11
CH12
CH11
CH12
CH11
CH11
CH12
CH11

Table 3 – Maximum acceleration values of recorded events

In the table below, the maximum in terms of displacement expressed in cm is shown.
Rec

CH01

CH02

CH03

CH04

CH06

CH07

CH08

CH09

CH10

CH11

CH12

Max

Ch

0.91

CH0
5
0.91

TN015

1.48

0.92

0.70

TN018

0.01

0.01

0.01

0.92

1.05

1.75

1.02

1.70

1.08

1.77

1.77

CH12

0.01

0.01

0.01

0.01

0.02

0.01

0.02

0.01

0.02

0.02

TN032

0.11

0.07

CH08

0.10

0.07

0.07

0.07

0.16

0.19

0.15

0.18

0.15

0.20

0.20

TN045

0.00

CH12

0.00

0.00

0.00

0.00

0.00

0.01

0.01

0.01

0.01

0.01

0.01

0.01

TN047

CH12

0.02

0.01

0.01

0.01

0.01

0.01

0.02

0.03

0.02

0.03

0.02

0.03

0.03

CH08

TN066

0.03

0.02

0.04

0.02

0.02

0.02

0.07

0.09

0.07

0.09

0.07

0.09

0.09

CH12

TN074

0.01

0.00

0.01

0.00

0.00

0.00

0.02

0.02

0.02

0.02

0.02

0.02

0.02

CH11

TN078

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

CH11

TN080

0.02

0.01

0.02

0.01

0.01

0.01

0.06

0.04

0.06

0.04

0.07

0.04

0.07

CH11

TN083

0.01

0.01

0.01

0.01

0.01

0.01

0.01

0.01

0.01

0.01

0.01

0.01

0.01

CH08

TN086

0.02

0.01

0.02

0.01

0.01

0.01

0.02

0.03

0.02

0.03

0.02

0.03

0.03

CH12

TN093

0.01

0.00

0.00

0.00

0.00

0.00

0.01

0.01

0.01

0.01

0.01

0.01

0.01

CH11

TN102

0.01

0.01

0.02

0.01

0.01

0.01

0.03

0.03

0.03

0.03

0.03

0.03

0.03

CH11

TO015

0.03

0.02

0.02

0.02

0.02

0.02

0.08

0.06

0.08

0.06

0.09

0.07

0.09

CH11

TO017

0.03

0.01

0.01

0.01

0.01

0.01

0.02

0.05

0.02

0.05

0.03

0.05

0.05

CH12

TP016

0.01

0.00

0.01

0.00

0.00

0.00

0.01

0.01

0.01

0.01

0.01

0.01

0.01

CH12

TP021

0.30

0.22

0.29

0.21

0.22

0.22

0.70

0.44

0.68

0.44

0.72

0.47

0.72

CH11

TP026

0.86

0.69

0.95

0.68

0.70

0.69

1.41

1.38

1.39

1.32

1.45

1.28

1.45

CH11

TP053

0.03

0.02

0.04

0.02

0.02

0.02

0.08

0.05

0.08

0.05

0.09

0.06

0.09

CH11

TP071

0.00

0.00

0.01

0.00

0.00

0.00

0.01

0.01

0.01

0.01

0.01

0.01

0.01

CH11

TP073

0.02

0.02

0.03

0.02

0.02

0.02

0.04

0.04

0.04

0.04

0.04

0.04

0.04

CH07

TP086

0.02

0.02

0.03

0.02

0.02

0.02

0.05

0.05

0.05

0.05

0.05

0.05

0.05

CH11

TP103

0.01

0.01

0.01

0.01

0.01

0.01

0.03

0.02

0.02

0.02

0.03

0.02

0.03

CH11

TP144

0.02

0.01

0.01

0.01

0.01

0.01

0.02

0.05

0.01

0.05

0.01

0.05

0.05

CH12

TP151

2.59

1.74

1.79

1.72

1.72

1.72

2.60

2.89

2.35

2.92

2.20

3.13

3.13

CH12

TP170

0.00

0.00

0.01

0.00

0.00

0.00

0.02

0.01

0.02

0.01

0.03

0.01

0.03

CH11

TP235

0.00

0.00

0.00

0.00

0.00

0.00

0.01

0.01

0.01

0.01

0.01

0.01

0.01

CH11

TP237

0.02

0.01

0.02

0.01

0.02

0.02

0.07

0.06

0.07

0.05

0.08

0.06

0.08

CH11

TP251

0.01

0.00

0.01

0.01

0.01

0.01

0.01

0.03

0.01

0.02

0.01

0.03

0.03

CH12

TP275

0.02

0.01

0.01

0.01

0.01

0.01

0.01

0.02

0.01

0.02

0.01

0.02

0.02

CH12
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TP310

0.01

0.00

0.01

0.01

0.00

0.01

0.02

0.02

0.02

0.02

0.02

0.03

0.03

CH12

TP322

0.01

0.01

0.01

0.01

0.01

0.01

0.04

0.02

0.04

0.02

0.04

0.02

0.04

CH11

TP354

0.04

0.02

0.03

0.02

0.02

0.02

0.07

0.09

0.07

0.08

0.08

0.09

0.09

CH12

TQ077

0.00

0.00

0.00

0.00

0.00

0.00

0.01

0.01

0.01

0.01

0.01

0.01

0.01

CH08

TQ092

0.01

0.00

0.00

0.00

0.00

0.00

0.01

0.02

0.01

0.02

0.01

0.02

0.02

CH12

TQ171

0.01

0.00

0.01

0.00

0.00

0.00

0.02

0.04

0.01

0.04

0.02

0.05

0.05

CH12

TR018

0.02

0.02

0.04

0.02

0.02

0.02

0.09

0.04

0.09

0.04

0.10

0.05

0.10

CH11

Table 4 – Maximum displacement values of recorded events

The event which gave the major values had magnitude M = 6.5, registered under the name
TP151 (Norcia earthquake PG of 30/10/2016). This event is discussed in more detail.
To test the finite element model implemented and the isolator characteristics, the event recordings were also used with the name TN015, relative to the effects of the event of 24/08/2016
with magnitude Mw= 6.0 with epicentral zone near Amatrice (RI).
W

5.1 RECORDING ANALYSIS TP151
The comparison between the temporal histories of the accelerations at the three monitored levels and for the two directions, shown below, shows that seismic actions are different in both
directions.
Moving from the ground motion to the motion above the isolator plane, there is a decrease in
the amplitude of the accelerations and a noticeable lowering of the frequency content.
Moving from the level above the isolator plane there is an increase in accelerations, which are
still lower than those of the ground.
The dominant frequency appears to be still the same but it is evident, more in the direction of
CH11, the presence of higher frequencies.

Figure 13 TP151 comparison of the time history signals
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The analogous comparison between the Fourier spectra, shown below, shows that the frequency
content in the two measuring points above the isolator plane, CH08 and CH12 in one Direction
and CH07 and CH11 in the other direction, is substantially identical, for each direction, below
2 Hz. In the direction of Ch07 and Ch11 A significant frequency content is manifested between
7 and 9 Hz, even dominant for Ch11. Such frequency content is not justified in a structure with
seismic isolation at the base.

Figure 14 TP151 comparison of the Fourier spectra of accelerations

Cross-spectral analysis, Ch08 Ch12 and Ch07 Ch11, stresses that the motion of the structure
above the isolator plane increases very little by proceeding upwards in the range in frequency
less than 2 Hz, and it is also consistent and in phase.
This frequency range can be considered representative of the motion of the isolated structure.
The frequency content between 7 and 9 Hz has much greater amplitudes on the top of the structure and in the direction of Ch11, which decrease by going downwards; Consistency is high and
the motion of the two points of measurement is in opposition to phase. It can be stressed that
the motion at these frequencies is originated within the isolated superstructure.
To explain the presence of several frequency peaks in the recordings examined, a time-frequency analysis was carried out for the CH11 and CH12 channels. From these it is evident that
the dominant frequency varies during the seismic action as it is expected for a structure with
seismic isolation at the base [Bongiovanni et al, 2017].
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Figure 15 Cross-Spectral analysis

6

EXPERIMENTAL TEST ON SEISMIC ISOLATOR

In order to know the actual characteristics of the isolator for deformations less than 5% was
performed a test on the same isolators used for the Type Test of the isolators mounted on the
structure under examination using as input data the relative displacements between the isolated
structure and the ground, deriving from the double integration of the accelerations recorded by
the "CH03" accelerometer located at the base of structure under examination and integral to the
ground and the barycentric displacement of the structure, calculated by mediating the movements deriving from the recordings of the accelerometers "CH07" and "CH09" placed in correspondence of the first scaffold, in diametrically position Opposite, just above the elastomeric
isolators.
The registrations for the TP151 event were used for the test. The event TP151 is the recording,
of the accelerometers installed on the structure, of the event of the day 30/10/2016 06:40:17 of
magnitude Moment (Mw) of 6.5, with an epicenter at a distance of about 36 Km, near Norcia
(PG).
The deformation of the test is below 5% deformation of the isolator, the height of the isolator
is equal to 240 mm. The results obtained from the test are shown in the following shift-force
graph: in blue are shown the curves related to the test with the time history obtained from the
data of the event TP151 while the curves in red are those related to a test of type Type-Test for
a 5% deformation performed at constant frequency.
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Figure 16 curves related to the test with the time history obtained from the data of the event TP151

7

NON LINEAR ANALYSIS WITH TIME HISTORIES AND NON LINEAR
ISOLATOR’S LAW

To verify the validity of the law and analyze the structure's behaviour, a finite element model
of the structure was analyzed. The definition of a model that is correct and adherent to that
which is the real situation is a very delicate operation, also through the model you have to
recreate, in the most likely way possible, the condition of load present on the structure at the
time when you are verified recorded events.

Figure 17 Set view of the Realized calculation model

On the model a nonlinear dynamic modal analysis was conducted, (considering the first 50
modes of vibration of the structure), using as input the time histories in terms of acceleration
recorded directly on the structure, optimizing the model by inserting the nonlinear behavior of
the elastomeric isolator by using the laws obtained from the results of the test, performed on
the isolator based on the displacement recordings of the TP151 event.
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Figure 18 Local and global isolator non linear curves

The laws have been appropriately discretized in a number of points with step 1 mm and have
been inserted inside the model. The results were then extrapolated in terms of displacement and
acceleration of the same points where the accelerometers used in the monitoring are compared
with the actual recordings of accelerations and displacement recorded during the analyzed
events.
It is known that the orientation of the accelerometers with respect to the structure is the same
even within the model and in particular:
- The CH03 is oriented in the model according to the X-axis
- The CH01 is oriented in the model according to the Y-axis
- The CH02 is oriented in the model according to the Z-axis
The results of the various analyses carried out below are shown below. It was inserted into the
finite element model, as input data, the time history of the recording at the base, in terms of
acceleration, of the event named TP151.
The input accelerations are as follows:

Figure 19 Nonlinear input acceleration TP151 CH01
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Figure 20 Nonlinear input acceleration TP151 CH02

Figure 21 Nonlinear input acceleration TP151 CH03

Some of the results obtained for displacement, compared with the recordings made on the structure, are shown below:
NUMERIC

RECORDED

Figure 22 Comparison of recorded displacement with numeric ones

NUMERIC

RECORDED

Figure 23 Comparison of recorded displacement with numeric ones
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Below are the results in terms of acceleration compared, as in the previous case, with the recordings made on the structure:

RECORDED

NUMERIC

Figure 24 Comparison of recorded acceleration with numeric ones

RECORDED

NUMERIC

Figure 25 Comparison of recorded acceleration with numeric ones

It can be seen that the model, equipped with the non-linear law of the isolator, has an excellent
correspondence with the recorded data. Note above all how, in acceleration terms, present a
frequency, in most cases, almost equal to the one recorded, but with slightly lower values. As
in the previous case, even the model implemented with the global law turns out to have a good
correspondence with the recordings.
It is worthwhile to point out the effectiveness of the model and the implementation of the latter
with the non-linear characteristics of the isolator, to conduct a linear analysis using the equivalent horizontal stiffness of isolators Ke = 1.31 KN/mm, by using acceleration recordings of the
TP151 event in the three main directions as input data.
The results on two channels at the level of the first deck, one in the X-direction (CH09) and
another in the Y-direction (CH08) are shown below, both as displacement and as acceleration.
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COMPARISON DISPLACEMENT
RECORDED

LINEAR KE

COMPARISON DISPLACEMENT
RECORDED

LINEAR KE

Figure 26 Comparison of displacement between linear analysis and recorded data
COMPARISON ACCELERATION
RECORDED

LINEAR KE

COMPARISON ACCELERATION
RECORDED

LINEAR KE

Figure 27 Comparison of acceleration between linear analysis and recorded data
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The differences between linear analysis with Ke and the analysis with the non-linear characteristics of the isolator are very pronounced. As for displacement, the highest recorded peak is
more or less reached, but the trend does not align with the movements recorded. As for acceleration, however, it is noticed that the numerical solution obtained by conducting the linear
analysis heavily underestimates the acceleration of the structure, and the time sequence of the
accelerations does not respect the recorded law.
There is also a preponderant frequency within the accelerations of the model, certainly different
from that recorded on the actual structure.
8

CONCLUSIONS

For the structure under examination, amplification phenomena have been noticed, up to about
twice the acceleration on the superstructure, for very low input energy values. In these cases,
however, it is noticed that the amplified accelerations are extremely small entities, and very far
from damaging the structure. This is because, as seen, isolation systems with high-damping
elastomeric isolators have a stiffness that increases as the deformation decreases (as required to
avoid disturbing vibrations even under weak horizontal loads such as wind, etc.), with nonlinear
performance; in the case of low-energy seismic input, the insulation system is more rigid even
than the equivalent horizontal stiffness Ke.
However, the isolation devices have been shown to function also in low stress conditions, with
frequencies higher than those for which they were designed, but still carrying out a filter function, in fact, less than extremely low acceleration, there is no upward acceleration amplification.
It can be observed, from the recordings, the presence of a content in frequency different from
that of the fixed-base structure. At the same time, it was also verified that the stresses on the
structure were less than those of design.
Thanks to the recordings of ENEA permanent accelerometric network, installed on the test
structure, and to the tests carried out on the same isolators used for the qualification, it was
possible to describe the behavior of isolators in terms of force and displacement by defining
two non-linear laws, derived from experimental data. Obviously, while the first local law seems
more suitable to describe the behavior of the isolator for deformations below 5%, the global
law is also suitable for uses that for which the isolator is deformed even beyond that value.
The developed finite element model is very faithful to what is the actual behavior of the structure and, accompanied by the non-linear laws of the isolator, has a very good feedback with the
experimental measurements of seismic events. Consider however that we cannot expect that the
results of the numerical model match exactly to the recording ones, because, of course, there
are many other variables to consider in a calculation model.
By performing linear analyses using the equivalent horizontal stiffness modulus and comparing
the results with the recordings of low energy seismic events, there are major differences, especially in terms of accelerations that are considerably undervalued (75% less than about).
The differences between the two analyses decrease in the case of higher-entity input accelerations, as could be seen by repeating the linear analysis in the case of the Norcia earthquake,
considering the structure in the epicentral zone. The structure also lends itself very well to this
type of analysis, both for a geometric factor being essentially a half sphere, and because it appears to have an extremely rigid superstructure.
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Abstract
This paper describes a preliminary experimental study aimed at investigating the force-displacement behavior of Variable Friction base isolation Systems (VFSs). Full-scale VFS prototypes were tested under cyclic loading conditions. A series of dynamic hybrid tests simulating
the response of a full-scale single-story structure isolated with VFS devices and subjected to
ground motions with different intensities, was also performed.
The results of the experiments are presented and used to provide some preliminary validation
of a previously developed numerical model. Overall, the results of the experiments were in good
agreement with the predictions provided by the numerical analyses.
Keywords: Friction Pendulum bearing, variable friction, bearing testing, dynamic hybrid testing.
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1

INTRODUCTION

In the context of developing innovative, high-performance seismic isolation devices, Variable Friction base isolation Systems (VFSs) were recently proposed [1, 2]. Preliminary numerical studies have indicated that VFSs may represent promising solutions because of their
capability of providing adaptive response for increasing displacement demands [3].
This paper summarizes some recent experimental results achieved as part of an ongoing
international research project focused on the development of VFSs. Two full-scale Variable
Friction prototypes were tested under cyclic loading conditions, considering realistic values of
vertical load and peak horizontal velocities. Numerical simulations were run alongside the experiments to verify the reliability of a recently proposed numerical model [4] implemented in
OpenSees [5].
A series of dynamic hybrid tests of a full-scale single-story structure isolated with a VFS
prototype was also performed. A natural ground motion time history was used as the acceleration input and different acceleration scale factors were implemented throughout the tests. Horizontal displacement, forces, velocities, and accelerations of the base isolation system and of
the numerical superstructure were evaluated throughout the tests.
The results of the bearing tests were generally in good agreement with the numerical predictions. However, during the experiments some technological limitations emerged pertaining to
the properties of the low friction materials employed to fabricate the Variable Friction prototypes that were addressed over the course of the project. The first refurbished VFS prototype
(tested in the context of the dynamic hybrid simulations) showed improved force-displacement
behavior, and its response matched well with the numerical predictions.
2

EXPERIMENTAL SETUP AND OVERVIEW

Full-scale experiments were conducted on a total of three VFS prototypes at the experimental
facilities of EUCENTRE (European Centre for Training and Research in Earthquake Engineering) in Pavia (Italy) using the Bearing Tester System (BTS) shown in Figure 1. The Bearing
Tester System, consists of a prestressed reinforced concrete frame equipped with a series of
servohydraulic actuators providing five degrees of freedom to the testing device: vertical load,
horizontal load and rotation about three axes (roll, pitch and jaw). Both horizontal and vertical
actuators can be used to apply static and dynamic loads, with a peak velocity of 2,200 mm/s in
the horizontal direction and 250mm/s in the vertical direction. The Vertical load capacity of the
Bearing Testing System is 50,000 kN (40,000 kN static and ± 10,000 kN dynamic) with displacement capacity of ±60 mm, and the Horizontal load capacity is 2,100 kN, with ±580 mm
of displacement. The BTS controller is a real-time, digital controller that provides PID closed
loop control with a delta-p feedback signal, which enables the BTS to perform real-time dynamic hybrid testing. More details can be found in [6].
2.1 Test specimens
Each prototype bearing consisted of a conventional single friction pendulum system with
rigid slider, but the concave stainless steel sliding surface was treated using different polishing
techniques to achieve spatially varying frictional properties. Namely, two areas with different
surface roughness were obtained: an inner circular area of radius r1 with smooth surface finish
(“low friction area”), and an outer ring area of external radius r2 with rough finish (“high friction
area”). A schematic drawing and a plan view of the full-scale prototype VFS bearing are shown
in Figure 2.
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Figure 1. (a) The EUCENTRE BTS; (b) Elevation view of the bearing test setup.

Figure 2. (a) Schematic drawing of a two-ring VFS bearing; (b) Plan view of the concave sliding surface and
the slider of the prototype VFS bearing.

The main properties of the tested VFS prototypes are summarized in Table 1. The parameters
reported in the table represent the radius of the sliding pad (r0), the radius of the low friction
area (r1), the external radius of the high friction area (r2), the coefficient of friction between the
sliding pad and the low friction area (μ1), the coefficient of friction between the sliding pad and
the high friction area (μ2), and the radius of curvature of the sliding surface (R).
Group #
1
2

Prototype #
1
2
1

r0 (m)
0.125
0.125
0.100

r1 (m)
0.150
0.225
0.150

r2 (m)
0.450
0.450
0.450

μ1 (%)
7.0
7.0
7.0

μ2 (%)
9.2
9.2
9.2

R
4.5
4.5
4.5

Table 1. Properties of the tested VFS prototypes

The dynamic coefficients of friction between the sliding pad and the sliding surface were
equal to 7.0% and 9.2% for the smooth and the rough areas, respectively. These values were
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provided by the bearing manufacturer and were confirmed through friction characterization
tests performed in the laboratory.
2.2 Testing program
Following the friction characterization tests, the Group 1 VFS prototypes were subjected to
the testing program recommended by the European standard EN 15129 [7]. The program comprised a series of unidirectional harmonic displacement histories, with different displacement
amplitudes and frequencies. A list of the tests conducted is summarized in Table 2. For brevity,
only the results pertaining to one test for each prototype are presented in this paper. For the
presented tests, the displacement amplitude of the harmonic motion was 0.3 m, and the peak
velocities were 500 mm/sec and 200 mm/sec, for prototype 1 and prototype 2, respectively.
Test name
Frictional resistance
Service
Benchmark
Dynamic 1
Dynamic 2
Dynamic 3
Seismic
Seismic
Bidirectional
Property verification

Ampl.
[m]
±0.006
±0.060
±0.300
±0.075
±0.150
±0.300
±0.300
±0.300
±0.300
±0.300

Max.vel.
[m/s]
0.0001
0.005
0.050
0.500
0.500
0.500
0.500
0.500
0.500
0.500

load
shape
triangle
sine
sine
sine
sine
sine
sine
sine
sine
sine

Vert.load
[kN]
2000
2000
2000
2000
2000
2000
1000
2500
2000
2000

cycles
1
20
3
3
3
3
3
3
3
3

Table 2. Testing program on Group 1 VFS prototypes

The Group 2 prototype was subjected to hybrid tests, simulating the response of a singlestory structure isolated with VFS devices. The stiffness of the superstructure (treated as a linearelastic single-degree of freedom system) was selected to achieve a natural period of vibration
of 0.4 seconds, considering a seismic weight of 785 kN. A 785 kN vertical load was also
adopted in the hybrid simulations, which resulted in an average pressure on the sliding pad of
25 MPa. The tests were performed under the application of recorded ground motions with different intensities. The peak velocity recorded during these tests reported was approximately 950
mm/sec.
3

PRELIMINARY RESULTS AND NUMERICAL COMPARISON

3.1 Bearing testing
The horizontal force-displacement response characterizing the Group 1 VFS prototypes [8]
is reported in Figure 3. The black lines represent the first-cycle response, while the grey lines
refer to the second and third loading cycles. It can be seen that the first-cycle response differs
quite significantly from that of the subsequent cycles [9]. In particular, the effects of the variable
friction are clearly visible in the first cycle, but they tend to disappear in later loops. This undesirable discrepancy was ascribed to the creation of a transfer film of the sliding material on
the mating surface, which smoothed the surface and made the sliding behavior more uniform
over the two areas with different roughness [10]. At the current stage, this still represents a
major challenge and one of the main constraints limiting the possible frictional properties that
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can be selected for a VFS. Additionally, μ1 and μ2 are only marginally different in their initial
values, thus the variability of the friction coefficient is low.
However, Figure 3 shows that the numerical predictions based on the VFS model developed
by [4] and briefly described in Section 3.3, successfully predicts the first-cycle experimental
response of the systems tested.

Figure 3. Comparison between the hysteretic curves from numerical model and experimental data for Group
1 VFS prototypes

3.2 Dynamic hybrid testing
The horizontal force-displacement responses characterizing the Group 2 VFS prototype undergoing a realistic ground motion in the context of hybrid testing is shown in Figure 4. The
black dashed lines represent the experimental results, while the grey solid lines represent the
numerical predictions. The numerical predictions are in good agreement with the experimental
results. These preliminary results are very promising and suggest that the numerical element
developed by the Authors [4] can adequately capture the mechanics of the VFSs tested, in the
context of time history analyses. However, more experimental evidence is needed (including 3D testing) before definitive conclusions can be drawn.

Figure 4. Comparison between the hysteretic curves from numerical model and experimental data for Group 2
VFS prototype.
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3.3 Numerical modeling
The response predictions outlined in Figure 3 and Figure 4 were obtained using a newly
developed numerical model that was recently implemented in OpenSees [4]. The numerical
model was developed based on the bi-directional plasticity model proposed by [11]. The model
accounts for complex aspects of the bearing response, such as simultaneous influence of velocity and axial force on the coefficient of friction, and vertical-horizontal coupling effect due to
the geometric radius of curvature.
For this project, a velocity-dependent friction model was used while pressure-dependency
was neglected because the axial force remained approximately constant throughout the tests.
The relationship between the sliding velocity and the coefficient of friction can be described by
the exponential function proposed in [12], shown in Equation 1:
𝜇(𝑣) = 𝜇𝑚𝑎𝑥 × (1 − (1 − 𝜇̃𝑣 )𝑒 −𝑎𝑣 )

(1)

where μ(v) represents the coefficient of friction as a function of sliding velocity, μ max is the
coefficient of friction at high sliding velocity, 𝜇̃𝑣 is the ratio between the coefficient of friction
at slow sliding velocity and 𝜇𝑚𝑎𝑥 , and 𝑎 is a constant describing the transition rate from low to
high sliding velocity regimes. Past studies suggest that the value of the coefficient 𝑎 can range
from 20 sec/m to over 100 sec/m depending on the sliding material utilized [13]. In the present
work, it was found that setting 𝑎 equal to 20 sec/m provided the best match between the experimental results and the numerical predictions. The parameter 𝜇̃𝑣 was set equal to 0.5, which is
consistent with past studies [14].
4

CONCLUSIONS AND FUTURE WORK

Preliminary experimental evaluation of three VFS prototypes are presented in this paper.
The experimental results from both the bearing testing and the dynamic hybrid testing were in
good agreement with the analytical results obtained using the numerical model presented in [4].
The results of the dynamic hybrid testing collected with respect to the behavior of the superstructure will be analyzed and discussed as part of future work. Further 2-D and 3-D bearing
tests will also be performed in the future to further validate and improve the numerical model.
In addition, the development of more suitable sliding materials to be used in the context of
implementing high-performance VFSs, persists as one of the key objectives of the ongoing
research investigation.
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Abstract
The usage of seismic protective devices in the electric power industry for improving seismic
resiliency of high-voltage substation equipment is increasing worldwide. Friction or viscous
dampers represent the most common devices used by the industry to reduce the seismic demand by incorporating supplemental damping and thus increasing the equivalent viscous
damping of the system. Although viscous dampers are quite common in the building industry,
an application of friction dampers is gaining traction as an efficient alternative for seismic
protection of high-voltage equipment. To study the performance, friction dampers of a typical
design were selected and studied. This paper summarizes the results of a research program
that includes full-scale component testing and numerical modelling. A special test setup was
created for component testing of the damper. A numerical model of a substation high-voltage
equipment protected by friction dampers was developed. A numerical model of the damper
was calibrated based on the results of component tests. A newly developed time history
matched to the IEEE693 spectrum for use in seismic qualification of substation equipment by
analysis/testing were used as excitation input motion. In the research program, the performance of the well-calibrated numerical model of the seismically protected high-voltage
equipment was analyzed. The conclusions of the study demonstrate the benefits of using
dampers for improving seismic resiliency of the electric power grid.
Keywords: Seismic Qualification Testing, IEEE693, Nonlinear System, Shaking Table Tests,
Friction Dampers, Seismic Protection, Component Testing.
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1

INTRODUCTION

The usage of seismic protective devices in the electric power industry for improving seismic resiliency of high-voltage substation equipment is increasing worldwide. Friction or viscous dampers represent the most common devices used by the industry to reduce the seismic
demand by incorporating supplemental damping and thus increasing the equivalent viscous
damping of the system. Although viscous dampers are quite common in the building industry,
an application of friction dampers is gaining traction as an efficient alternative for seismic
protection of high-voltage equipment. To study the performance, friction dampers of a typical
design were selected and studied. This paper summarizes the results of a research program
that includes full-scale component testing and numerical modelling.
2

COMPONENT TESTING OF FRICTION DAMPERS

A special test setup was created for component testing of the dampers. It is presented in
Figure 1 and it simulates loading of the friction damper in a typical installation when the
damper is installed as a stiffness and damping component of the anchoring system. Friction
dampers from Ringfeder [1] were used in this study. Since the friction dampers work in compression only, there are several ways of using friction dampers as seismic protection devices.
For example, if only one friction damper is used in the so-called single-acting configuration,
the force will be developed in compression only as presented in the left side image of Figure 2.
In this case, another spring or friction damper needs to be used on the tension side that corresponds to positive force and displacement to resist tension forces. When there is one damper
on each side of the loading point, they create the so-called double-acting configuration. The
force versus displacement curve is more symmetric in this case as presented in the right image
of Figure 2.

Figure 1: Component testing setup for Ringfeder friction dampers: sketch (left) and photo (right).

Figure 2: Force vs. displacement from component testing in single-acting with no preload (left) and doubleacting with preload (right) configurations.
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In addition to that, one of the dampers can be preloaded in compression, which is very
common when the dampers are installed in a vertical configuration and the bottom damper is
compressed under the dead weight of the equipment. The case with a preload of -0.97 kips is
presented in the right image of Figure 2.
The dampers used in this study were installed in a double-acting configuration, when there
is a dumper on each side of the loading point. The latter results in symmetric behavior in tension and compression. A testing protocol followed recommendations of the upcoming version
of the IEEE693 document [3], which is presented in Figure 3 on the left. The displacement
DPL corresponds to the maximum displacement of the device to be achieved at High Performance Level [4]. A typical result for cyclic tests with increasing amplitude is presented in the
right image of Figure 3.
It is worth noting, that for structural applications, the friction dampers are studied in many
publications (see [2] as an example).

Figure 3: Component testing: protocol (left) and sample test results (right).

As presented in the left image of Figure 4, the equivalent viscous damping of the damper is
estimated from a single cycle based on the well-known expression (see, for example, [5] – the
graphical representation of which is shown in the right image of Figure 4):
ζeq =ED/ES0/(4π),

(1)

where ED is the energy dissipated over the cycle, ES0 is the strain energy, which is calculated
from equivalent stiffness, k, and the cycle’s amplitude, uo:
ES0 = kuo2/2.

Figure 4: Estimation of equivalent viscous damping (left) based on [5] - right.
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(2)

The equivalent viscous damping of the double-acting friction damper with a preload of 0.97-kips was estimated at 37.7% as presented in the left image of Figure 4.
3

HIGH-VOLTAGE EQUIPMENT AND FE MODEL

In this study, a typical model of high voltage equipment consisting of a 230-kV porcelain
insulator with a terminal pad assembled on top of a steel support structure was studied. It is
presented in Figure 5. A similar model was studied earlier [6] when it was isolated by Wire
Ropes. The fixed based configuration was also previously tested on the shaking table [7]. In
both cases studied earlier, the support structure was supported by eight anchors. In this study,
only four anchors were considered at the bottom of the support structure as shown in Figure
5c. The modelling is conducted in SAP2000 [8]. The results of numerical simulations are reduced in the Matlab environment [9].

a)

Fixed base configuration on
shaking table

b) FE model

c)

Number of anchors is limited to four

Figure 5: High-voltage equipment on a support structure.

Several finite element (FE) models were created. The first model (Model A) was simulating a fixed base configuration. The second model (Model B) was isolated by utilizing a model
of the friction damper [8] without a preload. There were several models simulating HV
equipment isolated by friction dampers with different values of preload as presented in Table
1. The resonant frequency of the fixed based model was close to that measured by a snap-back
test of a real specimen [7] as shown in Table 1. The latter means that the dynamic properties
of the equipment’s model were closely correlated to that of real equipment.
To ensure that the resonant frequency for each model is captured correctly in nonlinear
numerical analysis, all models were subjected to a sine sweep excitation in the X axis. The
level of excitation was the same and high enough to cause about the same axial force in the
friction damper. In other words, the demand of sine sweep excitation on the models was about
the same at the resonant frequency of the system.
The normalized transfer functions of top accelerations from numerical simulations with the
sine sweep excitation are presented in Figure 6. The transfer function plot of models with a
preload steadily widens while the preload is increasing. It means that the damping of the
model is increasing. The damping based on the half-power bandwidth method (see [5], for
example) is estimated in the same figure. Since the half-power bandwidth method works for
relatively low values of critical damping, only few damping estimations for some models are
presented in this plot. Two major conclusions can be made from these results. First, the force
versus displacement curve of the friction dampers with a preload is much wider than that
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without a preload. Second, the resonant frequency of the isolated equipment steadily increases
while the preload increases.
In the next step, all models were subjected to a seismic excitation by using a strong motion
time history matched to the IEEE693 spectrum at 5% damping, TestQke4IEEE5-4 [10]. The
excitation was only applied in the X direction.

Figure 6: Normalized transfer functions from sine sweep runs were used in the damping estimates based on halfpower bandwidth method [5].

Configuration
Snap-back test of actual specimen
Model A: fixed base
Model B: friction damper
Model C1: friction damper
Model C2: friction damper
Model C3: friction damper
Model C4: friction damper

Resonant frequency (X), Hz
4.9
5.0
2.2
2.3
2.4
2.9
3.5

Damping, %
NA!
5.0
8.0
10.7
14.3
NA&
NA&

Preload, in
NA
NA
0.0
-0.05
-0.07
-0.10
-0.15

– damping was not estimated in the test; & - damping is too high to be estimated by means of half-power bandwidth method

!

Table 1: Resonant frequencies and damping values of actual specimen and FE models.

The friction damper model [8] was based on the stiffnesses of the Ringfeder damper experimentally measured in the component testing. The resultant hysteresis loops of the friction
dampers for Model B and Model C4 are presented in Figure 7.

Figure 7: Force vs. displacement without (left) and with (right) preload: Model B vs. Model C4.
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For all models, the peak maximum acceleration and displacement on top and moment at
the bottom of the insulator is investigated. All these results are normalized to corresponding
peak values for Model A. The normalized values are summarized in Table 2.
Normalized peak value
Acceleration on top
Moment at bottom of
insulator
Displacement on top

Model A Model B Model C1 Model C2 Model C3 Model C4
100%
90%
86%
78%
70%
55%
100%
100%

96%
448%

88%
381%

85%
352%

79%
302%

61%
186%

Table 2: Normalized peak values of seismic performance.

As shown in Table 2, the peak acceleration on top and moment at the bottom of the insulator is less than that of the non-isolated model (Model A). Preloading improves the performance of the isolated equipment and the highest reduction of peak acceleration and moment
resulted in Model C4. In the case of the latter model, the peak acceleration was reduced by
about 45% and the moment at the bottom by about 39%. Since excessive moments can lead to
failure of the porcelain insulators, this parameter is very important for acceptable seismic performance of the HV equipment.
This reduction of moments is closely correlated to the reduction in peak accelerations as
presented in Figure 8. This serves as evidence that the first mode vibrations are dominating
and that they control the seismic performance of the HV equipment.
The IEEE693 spectrum decreases when the damping is increasing as presented in Figure 8.
The latter figure presents all other spectral plots normalized to the plateau of the IEEE693
spectrum with damping of 5%. As it can be seen from Figure 8, the reduction factors are
somewhat consistent with the reduction estimated by the IEEE693 spectral plots [4]. In the
figure, all lines correspond to the IEEE693 spectra for different damping values, the points
correspond to the normalized peak values at the system frequency.

a)

Peak acceleration responses

b) Peak moment responses

Figure 8: Normalized peak responses vs. normalized spectra.

The peak relative displacement on top of the isolated equipment with no preload (Model B)
increased about 4.5 times in respect to the fixed base model (Model A) as presented in Table
2. This increase is expected due to increased flexibility of the base support dampers. Preloading increases the effective damping of the system and as such the peak displacement decreases and for Model C4 is it just 1.86 time greater than the fixed based model. The relative
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displacements at the insulator’s terminal location are very important for estimating the cable
length when the HV equipment is connected to other substation equipment by flexible bus
power cables.
The results of this study demonstrate that even simple models of the friction damper shows
its efficiency. In the next phase of the study, the friction dampers will be installed at the bottom of the HV equipment and the system will be tested on a long stroke 1D shaking table and
6D shaking table. A more accurate model of the friction damper will be utilized and a nonlinear time history will be conducted on a FE model isolated by friction dampers. The results of
the shaking table tests will be compared to the numerical predictions of this simplified model
and to that with more sophisticated model of friction damper. This phase of the project is ongoing.
4

CONCLUSIONS
 This paper highlights results of component tests conducted on friction dampers. The test
results show that the effective viscous damping of the friction dampers can be as high as
37.7%.
 Based on a simplified model of the friction damper [8], the efficiency of the seismic isolation is demonstrated. It was shown that the peak moments and accelerations can be reduced by about 39% and 45%, respectively. The peak displacements on top of the
equipment will increase in respect to the fixed base model, that can be reduced by increasing preload.
 There is a need for a study with a more sophisticated model of friction dampers to be investigated in a nonlinear time history numerical simulation. The sophisticated model of
the HV equipment needs to be calibrated based on the system level tests on a shaking table. A study on these issues is ongoing.
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Keywords: Sliding Bearing, Hysteretic Behavior, Phenomenological Model.
Abstract. This paper presents a uniaxial phenomenological model for the simulation of the
hysteretic behavior typically exhibited by sliding bearings deforming along one of their transverse directions under the effect of an axial compressive load. The proposed hysteretic model is
able to take into account the dependency of the device restoring force on the velocity of sliding,
on the bearing pressure, and on the condition of the sliding interface. Furthermore, it allows
for a considerable reduction of the computational effort of nonlinear dynamic analyses since
the model hysteretic variable is evaluated by solving an algebraic equation. The numerical accuracy and computational efficiency of the proposed model are assessed by means of numerical
simulations.
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1

INTRODUCTION

Base isolation represents one of the most effective techniques for the seismic protection of
buildings and bridges [1, 2, 3]. Such a technique requires the use of special devices, called seismic isolation bearings, having flexibility and energy dissipation capacity along their transverse
directions and a large axial stiffness [4, 5].
Seismic isolation bearings can be divided into two main categories, that is, elastomeric and
sliding bearings. The latter, of particular interest in this work, are devices made up of rigid
plates that can slide with respect to each other. Looking at the type of sliding surface, it is
possible to distinguish between flat surface sliding bearings and curved surface sliding bearings
[6].
Sliding bearings deforming along one of their transverse directions under the effect of an
axial compressive load display a hysteretic behavior due to the friction occurring at the sliding
interface. Experimental tests results available in the literature show that the device restoring
force depends not only on the device transverse displacement but also on the device transverse
velocity. In particular, the dependency of the device restoring force on the velocity of sliding is
due to the variation of the kinetic friction coefficient with the sliding velocity [7, 8].
Several hysteretic models have been proposed in the literature for simulating the complex
behavior occurring in sliding bearings [9]. Among existing models, the one proposed by Mokha
et al. [10] seems to be the most suitable one since it allows for an accurate prediction of the
hysteretic response of both flat and curved surface sliding bearings by using a relatively small
number of parameters. In particular, such a model is able to take into account the dependency
of the restoring force on the velocity of sliding, on the bearing pressure, and on the condition of
the sliding interface. Unfortunately, this model is not computationally efficient since it requires
the numerical solution of a first-order nonlinear ordinary differential equation for the evaluation
of the hysteretic variable at each time step of a nonlinear dynamic analysis.
This paper presents a uniaxial phenomenological model able to predict the hysteretic behavior generally displayed by sliding bearings. Compared to the model formulated by Mokha et
al. [10], the proposed one not only offers the important advantage of accurately simulating the
response of such devices, but it also allows for a considerable reduction of the computational
effort required by nonlinear dynamic analyses since the model hysteretic variable is evaluated
by solving an algebraic equation. Furthermore, it is based on a smaller set of parameters and
can be easily implemented in a computer program.
2

SLIDING BEARINGS

Sliding bearings are seismic isolation devices consisting of a slider that moves on a sliding
surface. Such devices, having an axial stiffness that is very much greater than the transverse
one, display an energy dissipation capacity due to the friction damping occurring at the sliding
interface [4].
According to the type of sliding surface, sliding bearings can be classified into two main
categories, namely, Flat Surface Sliding Bearings (FSSBs) and Curved Surface Sliding Bearings
(CSSBs) [6].
In this section, the main characteristics of the two above-mentioned types of sliding bearings are illustrated with particular emphasis on the brief description of the hysteretic behavior
displayed along their transverse directions under the effect of an axial compressive load.
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2.1

Flat Surface Sliding Bearings

Figure 1a shows the sectional view of a typical FSSB in deformed configuration. Such a device has a slider generally made up of an upper sliding plate and a lower polished stainless steel
plate. The flat sliding surface is typically overlain by unfilled or filled Polytetrafluoroethylene,
referred to as PTFE or Teflon.
FSSBs deforming along one of their transverse directions under the effect an axial compressive load display both rate-dependent and rate-independent hysteretic behaviors. Indeed,
experimental test results available in the literature [7, 8] show that the device restoring force
f depends not only on the device transverse displacement u but also on the device transverse
velocity u̇. Figure 1b shows the typical hysteresis loop shape displayed by FSSBs.

(a)

(b)

Figure 1: Typical FSSB: sectional view in deformed configuration (a) and hysteresis loop shape (b).

2.2

Curved Surface Sliding Bearings

Figure 2a shows the sectional view of a typical CSSB in deformed configuration. Such
a device, denominated Friction Pendulum Bearing (FPB), has an articulated slider generally
coated with a low-friction and high-pressure capacity composite material, typically PTFE. The
curved sliding surface, having radius of curvature R, is generally overlain by polished stainless
steel.
FPBs deforming along one of their transverse directions under the effect an axial compressive
load display both rate-dependent and rate-independent hysteretic behaviors. Figure 2b shows
the typical hysteresis loop shape displayed by FPBs.

(a)

(b)

Figure 2: Typical FPB: sectional view in deformed configuration (a) and hysteresis loop shape (b).
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3

PROPOSED HYSTERETIC MODEL

In this section, we first present the proposed hysteretic model formulation; subsequently, we
illustrate a schematic flowchart of the model to allow for an easy computer implementation.
3.1

Model Formulation

The restoring force of a sliding bearing may be evaluated as [10]:
f (u, u̇) =

N
u + µ (u̇) N z (u) ,
R

(1)

where N is the axial compressive force acting on the bearing, R is the radius of curvature of
the sliding surface, µ (u̇) is the kinetic coefficient of friction, z(u) is a dimensionless hysteretic
variable, whereas u and u̇ are the bearing transverse displacement and velocity, respectively.
The kinetic friction coefficient µ (u̇) may be computed as [8]:
µ (u̇) = µmax − (µmax − µmin ) e−a|u̇| ,

(2)

where µmax (µmin ) is the value of the kinetic friction coefficient at large (low) bearing transverse
velocity, and a is a parameter, having units of time per unit length, that rules the velocity of
transition of µ (u̇) from µmin to µmax . Note that the values of µmax , µmin , and a depend on the
bearing pressure, temperature, as well as condition of the sliding surface.
The dimensionless hysteretic variable z(u) is a function of u and has a unit maximum absolute value, that is, max {|z(u)|} = 1; in particular, if u cycles between two values, z(u) traces
a hysteresis loop bounded by two parallel horizontal straight lines.
In the model proposed by Mokha et al. [10], such a variable is evaluated by solving the
following differential equation, typical of the celebrated Bouc-Wen model [11, 12]:
Y ż + γ |u̇| z |z|n−1 + β u̇ |z|n − Au̇ = 0,

(3)

where Y > 0 is a parameter having dimension of displacement, whereas A, β, γ, and n are
dimensionless parameters. Unfortunately, the numerical solution of Equation (3) for each time
step of a nonlinear dynamic analysis may significantly increase the overall computational effort.
To decrease the computational burden of the analyses without decreasing the accuracy of the
numerical results, we propose to evaluate z(u) by employing a specific instance of the general
class of uniaxial phenomenological models formulated by Vaiana et al. [13, 14].
According to such a general formulation, a generic hysteresis loop, in the z-u plane, can be
described by means of four types of curves, that is, the upper cu and the lower cl limiting curves
and the generic loading c+ and unloading c− curves.
As shown in Figure 3, the upper (lower) limiting curve cu (cl ) intercepts the vertical axis at
z = f¯ (z = −f¯). Furthermore, the generic loading (unloading) curve has a starting point, lying
−
on the lower (upper) limiting curve, having abscissa u+
i (ui ) and an ending point, lying on the
−
+
+
−
−
upper (lower) limiting curve, having abscissa u+
j (uj ), with ui = uj − 2u0 (ui = uj + 2u0 ).
+
+
In the generic loading case, z = c+ when u+
i ≤ u < uj , and z = cu when u > uj , whereas,
−
−
−
−
in the generic unloading case, z = c when uj < u ≤ ui , and z = cl when u < uj .
Specifically, in this work, the expressions of the upper cu and lower cl limiting curves are:
cu = f¯,

(4)

cl = −f¯,

(5)
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f
c+

2f

u +j

u −j

u +i

u −i

c−

−f

Figure 3: Curves cu , cl , c+ , and c− defining the dimensionless hysteretic variable z(u).

whereas, the ones of the generic loading c+ and unloading c− curves are:










c+ u, u+
j

+
 1 + u − uj + 2u0
= ka 
1−α



c− u, u−
j

−
 1 − u + uj + 2u0
= ka 
α−1

(1−α)

(1−α)

−
(1−α)

(1 + 2u0 )
1−α

(1−α)

−

(1 + 2u0 )
α−1



 + f¯,

(6)



 − f¯,

(7)

where ka and α are model parameters to be calibrated from experimental tests, whereas u0 and f¯
are two internal model parameters that can be expressed as a function of ka and α. In particular,
ka > 0, α > 0, α 6= 1, u0 > 0, and f¯ > 0.
The internal model parameters u0 and f¯ can be evaluated as follows:


1
ka
u0 = 
2
δk

!1

α





− 1 ,

(8)


ka  (1 + 2u0 )(1−α) − 1 
¯
f=
,
2
1−α

(9)

where δk may be set equal to 10−20 , as explained in [13, 14].
Finally, for the generic loading case, the expression of the history variable is:
u+
j



 1
(1−α) ( 1−α )
1 − α
(1
+
2u
)
0
fP − f¯ + ka

= 1 + uP + 2u0 −
,
 ka

1−α

(10)

whereas, for the generic unloading case, it becomes:
u−
j



 1
(1−α) ( 1−α )
α − 1
(1
+
2u
)
0
fP + f¯ + ka

= −1 + uP − 2u0 +
,
 ka

α−1

(11)

where (uP ,fP ) are the coordinates of the initial point P of the generic loading or unloading
curve.
Note that, in order to have max {|z(u)|} = 1, the parameters ka and α need to be selected
so that Equation (9) gives a unit value of f¯.
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1. Initial settings.
1.1
1.2

Set the model parameters: N , R, µmax , µmin , a, ka , and α.
Compute the internal model parameters:
u0 =

1
2



ka
δk

1

α



− 1 and f¯ =

ka
2



(1+2u0 )(1−α) −1
1−α



, with δk = 10−20 .

2. Calculations at each time step.
2.1

If st st−∆t < 0, update the history variable:
uj = ut−∆t + st (1 + 2u0 ) − st

2.2

2.4

st (1−α)
ka



(1−α)
0)
zt−∆t − st f¯ + ka (1+2u
st (1−α)

(

1
1−α

)
.

Evaluate the dimensionless hysteretic variable at time t:
if uj st − 2u0 ≤ ut st < uj st :

(1+st ut −st uj +2u0 )(1−α)
(1+2u0 )(1−α)
−
zt = ka
+ st f¯,
st (1−α)

2.3



st (1−α)

otherwise:
zt = st f¯.
Compute the kinetic friction coefficient at time t:
µt = µmax − (µmax − µmin ) e−a|u̇t | .
Evaluate the restoring force of the sliding bearing at time t:
ft = N
u + µt N z t .
R t
Table 1: Proposed hysteretic model algorithm.

3.2

Computer Implementation

To allow for an easy computer implementation, Table 1 presents a schematic flowchart of
the proposed hysteretic model. To this end, we suppose that a sliding bearing is subjected to a
given transverse displacement history and that a displacement-driven solution scheme has been
adopted. Because of these assumptions, the displacements ut−∆t and ut , the velocities u̇t−∆t
and u̇t , as well as the restoring force ft−∆t are known over a time step ∆t, and the restoring
force ft has to be evaluated.
The implementation scheme of the proposed hysteretic model, summarized in Table 1, is
composed of two parts. In the first one, called Initial settings, the model parameters, that is, N ,
R, µmax , µmin , a, ka , and α are assigned and the internal ones, namely, u0 and f¯, are evaluated.
In the second one, called Calculations at each time step, the history variable uj is updated if
the sign of the transverse velocity at time t, that is, st = sgn(u̇t ), changes with respect to the
one at time t − ∆t, that is, st−∆t = sgn(u̇t−∆t ); then, the dimensionless hysteretic variable zt
is computed by using the expression of the generic loading/unloading curve if uj st − 2u0 ≤
ut st < uj st ; otherwise, it is computed by adopting the expression of the upper/lower limiting
curve. Finally, after updating the value of the kinetic friction coefficient µt , the restoring force
of the sliding bearing ft is evaluated.
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4

VERIFICATION OF THE PROPOSED MODEL

This section presents the validation of the Proposed Hysteretic Model (PHM), described in
Section 3. Specifically, numerical accuracy and computational efficiency of the proposed model
are assessed by performing Nonlinear Time History Analyses (NLTHAs) on a base-isolated
rigid block and comparing the results obtained by modeling the restoring force of each sliding
bearing on the basis of the PHM with those obtained by using the model developed by Mokha
et al. [10], given by Equations (1)-(3) and referred to as the Mokha Hysteretic Model (MHM)
for simplicity.
4.1

Analyzed Mechanical System

Figure 4 illustrates the analyzed mechanical system that consists of a rigid block isolated by
two FPBs placed between a shaking table and the rigid block.

Figure 4: Mechanical system adopted for the numerical verification.

The motion of such a system is described by the following equation:
mü + 2cu̇ + 2f (u, u̇) = p(t),

(12)

where m denotes the rigid block mass, c the viscous damping coefficient of each bearing, u,
u̇, and ü the mechanical system displacement, velocity, and acceleration relative to the ground,
respectively, f the restoring force of each FPB, and p the external force depending upon time t.
If the mechanical system is subjected to an earthquake excitation, p represents the effective
earthquake force, that is, a force acting opposite to the acceleration and equal to mass m times
the ground acceleration üg . Thus, Equation (12) is replaced by:
mü + 2cu̇ + 2f (u, u̇) = −müg (t).

(13)

The rigid block has a mass of 11685.94 Ns2 m−1 , whereas the two FPBs, characterized by
negligible mass and viscous damping coefficient, have the same properties as the one tested
by Mokha et al. [10]. Their nonlinear behavior is simulated by using the hysteretic models
parameters listed in Table 2.
4.2

Applied External Forces

The nonlinear dynamic response of the mechanical system is evaluated for two different
external forces, namely, a harmonic force and an earthquake force.
The harmonic force, shown in Figure 5a, is a sinusoidal force characterized by an amplitude
p0 that increases linearly with time from 0 to 104 N, a forcing frequency ωp = 2π rad/s, and a
time duration td = 10 s.
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MHM

PHM

N [N]

R [m]

µmax

µmin

a [s/m]

Y [m]

A

β

γ

n

57300

0.247

0.075

0.040

43.30

0.0001

1

0.1

0.9

1.1

N [N]

R [m]

µmax

µmin

a [s/m]

ka [m−1 ]

α

57300

0.247

0.075

0.040

43.30

15500

7750

Table 2: Hysteretic models parameters.
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Figure 5: Applied external forces: harmonic (a) and earthquake force (b).

The earthquake force, shown in Figure 5b, is evaluated by adopting the SN component of
horizontal ground acceleration recorded at the Jensen Filter Plant station during the Northridge
earthquake of January 17, 1994. The original ground acceleration record, having time step
equal to 0.005 s, has been scaled by a factor of 1/3 in order to reach a peak mechanical system
displacement, relative to the ground, that is close to the maximum displacement attained by the
FPB during the experimental tests conducted by Mokha et al. [10].
4.3

Results of the Nonlinear Time History Analyses

In this subsection, the results of some numerical simulations are presented to assess the
numerical accuracy and the computational efficiency of the PHM.
The equation of motion, given by Equation (12) or (13), according to the type of applied
external force, has been numerically solved by employing a widely used explicit time integration method, that is, the central difference method [15, 16], and adopting a time step of
0.005 s. In addition, the first-order nonlinear ordinary differential equation characterizing the
MHM has been numerically solved by adopting the unconditionally stable semi-implicit RungeKutta method [17] and using 50 steps. The numerical time integration algorithm as well as
the hysteretic models have been implemented in MATLAB and run on a computer having an
Intel R CoreTM i7-4700MQ processor and a CPU at 2.40 GHz with 16 GB of RAM.
Tables 3 and 4 present the NLTHAs results obtained for the harmonic and earthquake forces,
respectively.
The numerical results confirm the accuracy of the PHM since the maximum and minimum
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u̇ [ms−1 ]

u [m]

MHM
PHM

ü [ms−2 ]

tct [s]

tctp

max

min

max

min

max

min

9.55
0.07

0.73%

0.0350
0.0350

-0.0321
-0.0320

0.2078
0.2077

-0.2255
-0.2253

1.4296
1.4286

-1.5581
-1.5573

Table 3: NLTHAs results obtained by applying the harmonic force.

u̇ [ms−1 ]

u [m]

MHM
PHM

ü [ms−2 ]

tct [s]

tctp

max

min

max

min

max

min

27.00
0.22

0.81%

0.0218
0.0218

-0.0345
-0.0346

0.1392
0.1391

-0.1406
-0.1408

1.6221
1.6227

-1.1974
-1.1896

Table 4: NLTHAs results obtained by applying the earthquake force.

values of the relative displacement, velocity, and acceleration of the mechanical system, evaluated by employing the proposed model, are quite close to those predicted by the MHM.
Furthermore, the numerical results also show that the computational burden of the PHM,
expressed by the total computational time tct, is significantly smaller than the one characterizing
the MHM. Since the parameter tct depends upon the amount of the back-ground process running
on the computer, the relevant memory, as well as the CPU speed, a fully objective measure of
the computational benefits, associated with the use of the PHM with respect to the MHM, is
obtained by normalizing such a parameter as follows:
PHM tctp [%] =

PHM tct
· 100 .
MHM tct

(14)

Figures 6, 7, and 8 illustrate, respectively, the time histories of the relative displacement, velocity, and acceleration of the mechanical system, whereas Figure 9 shows the restoring forcedisplacement hysteresis loops displayed by each FPB. Generally speaking, the comparison between the responses simulated with the PHM and the MHM shows a very good agreement.
5

CONCLUSIONS

We have presented a uniaxial phenomenological model able to simulate the complex hysteretic behavior typically displayed by sliding bearings deforming along one of their transverse
directions under the effect of an axial compressive load.
The proposed model allows for the evaluation of the device restoring force taking into account its dependency on the sliding velocity, bearing pressure, and sliding surface conditions.
Furthermore, such a model requires the solution of an algebraic equation for the evaluation of
the hysteretic variable and can be easily implemented in a computer program.
The numerical accuracy and the computational efficiency of the proposed model have been
assessed by performing nonlinear time history analyses on a single degree of freedom mechanical system, for two different external forces, that is, a harmonic force and an earthquake force,
and comparing the results of the PHM with those associated with the MHM. Specifically, the
following conclusions can be drawn:
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Figure 6: Relative displacement time history obtained by applying the harmonic (a) and the earthquake force (b).
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Figure 7: Relative velocity time history obtained by applying the harmonic (a) and the earthquake force (b).

- the numerical results of the PHM closely match those predicted by the MHM, for both
types of external force;
- the total computational time required by the PHM is equal to 0.73% (0.81%), for the
harmonic (earthquake) force case, of the one associated with the MHM.
Current research is focusing on the extension of the proposed model to the two-dimensional
case through the definition of an interaction domain involving restoring forces. Furthermore, in
forthcoming papers, the presented model will be combined with recent strategies to address the
nonlinear behavior of framed [18] or shear wall structures [19] in order to analyze base-isolated
buildings by exploiting the concept of seismic response envelopes [20].
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Abstract
This paper presents the results of a numerical and experimental study aiming to define the
vertical and horizontal stiffness of Fiber-Reinforced Elastomeric Isolators (FREIs). In FREIs,
the conventional steel shims of laminated rubber bearings are replaced by flexible fiber reinforcements. The axial and lateral response of these bearings is influenced by the flexibility of
these layers. This study describes results of an analytical model capable of providing an accurate estimation of the vertical and horizontal stiffness of the bearings under static and dynamic loads. Results of this analytical model are compared to output of finite element
analysis (FEM) available in literature. The influence of the geometry of the isolator (i.e., strip
and circular shape), its shape factor and type of reinforcement on the vertical and horizontal
stiffness are discussed. Considerations are also given on the effects of the compressibility of
the rubber on the axial and lateral response of the devices.
Keywords: FREI, Unbounded Isolators, Analytical Modeling, FEM modeling, Low cost Isolators.
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1

INTRODUCTION

The fiber-reinforced elastomeric isolators (FREIs) have been developed in the last years as
alternative to the conventional steel reinforced elastomeric isolators (SREIs) [1] in the attempt
of reducing the weight, manufacturing time and cost of rubber based devices [2]–[4], and with
this to permit their application to all type of structures, including low-cost residential buildings.The main characteristics of the FREIs are: traditional steel plates are replaced with fabric
reinforcement layers of different kind [5]–[9]; and the bearings are not bonded to the structure. This latter feature together with the lack of flexural rigidity of the fiber-reinforcements
allow the bearings to roll-of the supports when deformed in shear, eliminating the high tensile
stresses developed in a bonded isolator when it is displaced horizontally [10], [11].
Studies have been conducted to determine the vertical and horizontal behaviour, under cyclic
and monotonic loads, of FREIs based on the behaviour of the SREIs, leading to a better understanding of their performance. These investigations have considered the influence of the
variation of the reinforcement and matrix materials as well as the influence of the vertical
pressure by comparing experimental investigations and finite element analyses [6], [12]–[17].
However, the lack of a complete analytical solution that combines the lateral and vertical response of FREIs has limited the possibility ofpredicting their response under large levels of
deformation (i.e., strain up to 100%) [16].
The aim of this paper is to compare the vertical and horizontal behavior of FREIs with different
reinforcement, shape and geometry under cyclic and monotonic loads. This comparison will be
based on the results of analytical model proposed by the authors in a previous investigation [18]
and results of finite element analysis (FEM) available in literature [15].
2

ANALYTICAL MODEL

Based on experimental outcomes, the authors confirmed that the vertical stiffness obtained
by Eq. 1 proposed by Konstantinidis and Kelly [19] can satisfactorily estimate the vertical
stiffness,
, of FREIs :
(1)

Figure 1: Dimensionless ratio of fiber-reinforced and steel-reinforced compression moduli as a function of parameter α [20].

where
is the compression modulus of the confined elastomeric compound, when fiber reinforcements are used [20]. For circular bearings, this equivalent compression modulus can be
(
)
determined from Figure 1, where
(
) and
, with as the Poisson’s ratio of the fiber,
is the shear modulus at a strain level of
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20%, is the radius of the isolator, is elastic modulus of the fiber, is the thickness of the
fiber reinforcement and is the bulk modulus of the rubber [18].
is the compression modulus for steel reinforced isolators defined as
, where the shape factor is
( ), with as the diameter of the device and
the thickness of each rubber layer.
In a previous work [18], the authors developed an accurate analytical model capable of predicting both the horizontal and the vertical stiffness of U-FREIs. The main steps required to
estimate the horizontal stiffness of FRBs are summarized below. The method adopts an formulation in which the horizontal stiffness
is function of both the effective
shear modulus of the rubber and the contact area of the bearings. This procedure also takes
into account the axial load on the bearings. The method can be divided into four steps:
Step 1: In the first step, the effective shear modulus (
) is obtained from the rubber
characterization curve for the expected deformation levels. This curve is usually supplied by
the rubber manufacturer.
Step 2: In the second step, the height of the compressed isolator ( ), defined as
, is estimated analytically once a compression test on a prototype isolator has been performed. The authors derived an expression that considers the vertical displacement under the
design load ( ) as the summation of the displacement of the unconfined ( ) and confined
rubber ( ) (Eq. 2):
(2)
The first part, , is calculated as the product of the initial height and the deformation at
the stiffness change limit point (
). This deformation is obtained from the compression test results carried out on the pure rubber once the stiffness change limit point is known
from the isolator under study. The second part,
, is calculated using the expression
, where
is the maximum applied load ( ) minus the load in the stiffness
change limit ( ). The theoretical vertical stiffness
is obtained from Eq. 1. Further investigations will be devoted to studying the stiffness change point depending on the reinforcement type.
Step 3: The effective area is calculated according to the strain level. For this purpose, the
Russo et al. [6] method was applied. As a result, the isolator’s portion in contact with the support and subjected to pure shear (
) will be equal to the total area ( ) minus the area of the
detached semicircle ( ) (Figure 2a). In the case of circular isolator, the detached area is cal(
) , with
((
).
culated as
(
) and the length
)
The detachment point ( ) and the detached portion length ( ) are calculated as
and
, respectively.
is calculated as in Eq. 3 based on and the displacement
level ( ):
{

(3)

In the case of rectangular or strip isolator, the effective area is equal to the product of the isolator side length in the direction perpendicular to the applied load, , and the side length, ,
minus the detached portion, , in the direction parallel to the applied load [6] (Eq. 4, Figure
2b).
(
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a)

b)

Figure 2. Effective area for isolators (

): a) circular [18], and b) strip [12].

Step 4: In the final step, is calculated at different levels with the obtained values of
and
. Two important aspects of this method should be highlighted. First, it is possible to
assume that all the lateral surface will be in contact with the top support when
.
This means that the total rollover displacement is
. The method could be applied until that point with good accuracy, i.e. until the rollover is completed. Based on the
proposed equations, it can be stated that isolators experiencing higher vertical displacement
under the design load are expected to be stiffer in the horizontal direction, because the detachment process will take longer to start, thus ensuring a full contact area.
The above mentioned formulation has been applied for a comparison to a numerical model
available in literature [15].
3

NUMERICAL FINITE ELEMENT ANALYSIS

In a previous study, Kelly and Calabrese [15] studied the mechanics of FREIs comparing
linear elastic theory and the outputs of finite element (FEM) analyses. The former had been
previously developed by Kelly and Takirov [20] by pressure solution.
The authors of [15] developed an accurate FEM model accounting for rubber incompressibility and flexibility of the fiber layers.
The rubber is modeled by a single Mooney-Rivlin material (i.e., Neo-Hookean) with strain
energy function that is the constant shear modulus
and a bulk modulus
. The reinforcement is modeled as a rebar element, i.e. a tension element of a linear
elastic isotropic material with Young’s modulus
and thickness
(SET1) or
(SET2).
Two analysis cases are considered in the following for the sake of comparison:
Infinitely long strip isolator under lateral loading: different shape factors are obtained by
increasing the values of the base of the device ( =250; 300; 350; 400; 450; 500 mm), to
which the following shape factors correspond (
( ); = 19,6; 23,5; 27,5; 31,4; 35,3;
39,2 for SET1; and = 20,3; 24,3; 28,4; 32,4; 36,5; 40,5 for SET2 by a
and
for SET1 and SET2, respectively. Each device is made of 29 fiber layers with
28 interleaf rubber sheets (
1. Figure 3). The total height of isolators is 180.4mm for SET1 and 180.0mm for SET2.
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Figure 3: Strip type bearing showing reinforcements and dimensions [15].

( ); = 10,1;
2. Circular bearings under vertical loading: different shape factors (
12,2; 14,2; 16,2; 18,2; 20,3) are obtained by increasing the values of the diameter of the
device ( =250; 300; 350; 400; 450; 500 mm). Each device is made of 29 fiber layers
with 28 interleaf rubber sheets. Each rubber layer is
(Figure 4).

Figure 4: Circular type bearing showing reinforcements and dimensions [15].

4

COMPARISON BETWEEN MODELS

4.1 Vertical behavior
In Figure 5, the graphic comparison between the different formulations is given:
a)

b)

c)

d)
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f)

Figure 5: Vertical test results (authors vs. authors solution) for isolator with diameter of: a) 500mm, b)
450mm, c) 400mm, d) 350mm, e) 300mm, and f) 250mm.

The main difference between the models lies in the different assumption at the initial load
phase. In particular, the analytical model provided a bilinear behavior in order to take into account the initial unconfined behavior with the pure rubber carrying the load ( ). This phenomenon has been mentioned for other authors, also [6]. Once the internal fibers have been
preloaded, the tangent stiffness is practically the same according to pressure solution and
FEM estimate. The stiffness change limit point is calculated assuming a rubber deformation
of 3,5 % according to experimental results from a previous investigation [18]. With the bilinear model, the vertical displacement under design load is approximately two times higher than
with linear model. This difference also affected the estimation of the horizontal stiffness and
as a result the selected design period of the structure [18]. The secant vertical stiffness at the
design load of 3,45MPa has been calculated and is plotted in the following Figure 6:

Figure 6: Secant vertical stiffness results

It can be noted that authors’ formulation falls between FEM and elastic theory provision, the
latter obtained according to the pressure solution also assuming compressibility of rubber
(PS+C).
4.2 Horizontal behavior
In Figure 7, the graphic comparison between the authors’ and FEM results is given for the
strip isolators of
Figure 3:
a)

b)
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c)

d)

e)

f)

Figure 7: Horizontal stiffness vs deformation (authors vs. authors solution) for isolator with base of: a)
500mm, b) 450mm, c) 400mm, d) 350mm, e) 300mm, and f) 250mm.

It can be noted that analytical formulation provides a higher value of lateral stiffness, due
to initial contribution of rubber compressibility to vertical displacement under design load.
This was also confirmed by experimental observations [18], [21]. It can be noted that displacements where roll-over begins and is complete change for all geometries. This is due to
the following: in order to determine the total vertical displacement ( ), while
remains
constant ( is almost constant for all prototypes),
changes according to the characteristics
of the fiber and the geometrical dimensions of the isolator. Numerical provision is only given
up to a limited value of the shear strain
(
), according to stability limit found by the
authors as corresponding to horizontal tangent stiffness of the force-displacement curve. As
far as the influence of the fiber reinforcement is concerned, it can be said that according to
analytical model, for a constant value of the total rubber height, SET1 was expected to be
stiffer in the horizontal direction due to higher settlement under design load. In reality, SET 1
was lightly more flexible in horizontal direction due to lower total rubber height than SET2
thus determining a lower contribution of ur. No difference arises in terms of FEM provision.
For the analytical model, a different value of was assumed for each strain level, according
to experimental results from a previous investigation, where a value of 0.6 MPa for large
strain levels (up100%) was obtained, which is similar to the value used in the FEM analysis
(0.7 MPa) [21].
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5

CONCLUSIONS

The paper presented an interesting comparison between analytical formulations and numerical FEM results available from literature. The following conclusions can be drawn:
-

-

-

The analytical model provided a bilinear constitutive behavior for the vertical stiffness of FREIs, considering a first part where the pure rubber is carrying the load and
a second part with the fiber becoming effective in confining the rubber.
The horizontal stiffness assessment by analytical formulation permits to account for
both contact area and modulus reduction whereas FEM analysis are usually stable
under particular model assumptions;
The horizontal behavior can be investigated by analytical formulations even at larger
displacements up to a complete rollover of the bearing;
The analytical model can be applied with excellent accuracy for different geometries
(square, strip or circular), materials, and dimensions of the isolators by implementing
the suggested formula and steps in a simple spreadsheet.
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Abstract
This paper presents the results of an investigation on full-scale innovative low-cost unbounded polyester-fiber reinforced high-damping elastomeric isolators (UPFREIs) to be used for
seismic protection of residential buildings in Colombia, South America. In order to characterize the mechanical behavior of the UPFREIs, two full-scale prototypes were manufactured
and tested at the Structures Laboratory of the Universidad del Valle. The experimental results were compared with results from the same test performed with two traditional connected
steel reinforced isolators (SREIs). Both isolation systems were designed for a residential 5story building with a target period of 2,5s located in a medium-high seismicity region. A dedicated set-up was designed and built specifically for the experimental tests. Results from
shear tests up to 100% shear strain with sustained axial load exhibited very satisfactory behavior of the UPFREIs versus the SREIs with no residual deformation after unloading. An
enhanced damping mechanism with damping ratio between 10 and 15 % was provided by the
frictional fiber interface. Lower horizontal stiffness of the UPFREIs was obtained at higher
deformation levels due to the typical rollover deformation. Despite the higher axial flexibility
with respect to SREIs, UPFREIs also provided an adequate vertical to horizontal stiffness ratio. The results show that the developed UPFREIs have great potential to be implemented as
a low-cost seismic isolation system of residential buildings.
Keywords: UPFREIs, SREIs, High Damping Rubber, Unbounded Isolators, Polyester Fiber
Reinforcement, Seismic Isolation.
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1

INTRODUCTION

Base isolation is a technique through which the structure is uncoupled from the ground by
installing flexible bearings at the foundation's level. This reduces the potentially damaging
motion that earthquakes transmit to the structure and decreases the economic and human life
losses after the event [1]. The isolation system has been widely studied [2]–[5] and implemented in developed countries with more than 12000 projects [6], and its effectivity has been
proved during different seismic events worldwide [7], [8]. An important number of developing countries are considered as high seismic activity regions, with the most devastating earthquake records in the last decades; however, the isolation system is rarely implemented in their
infrastructure. Colombia is a distinct example of this, with seismic events like Armenia (January 1992, magnitude 6.6) earthquakes, which caused more than 2500 human losses, 6000
wounded, 43000 houses damaged and 50000 destroyed, in total. However, until 2016, only
three buildings were isolated for a special use (education and health). The limited implementation is related to two main aspects. First, the most common type of isolation device is the
steel-reinforced multilayer elastomeric isolator (SREI) [9], which is generally large, heavy
and expensive due to the highly labor-intensive manufacturing process [10]. Second, the absence of manufacturing companies in Colombia requires the devices be imported which considerably increases the final cost of the isolator. For these reasons, their application has been
only justified for large and expensive buildings, and they have not been accepted for typical
residential buildings [11]. The production of low-cost seismic isolation systems, using a
relatively simple manufacturing process, could encourage the applications of this type of
earthquake-resistant strategy to ordinary housing and commercial low-rise buildings (three to
five stories), which represent more than 80% of the constructions projects in the urban areas
of the country.
Reducing an isolators’ cost and weight can be achieved by replacing the traditional steel
plates with fabric reinforcement [12]. This type of device is known as fiber-reinforced elastomeric isolator (FREI), which can be manufactured using conventional fiber, such as carbon
(bi-directional or quadri-directional fabrics), glass or nylon [13]–[17]; and non-conventional
fibers, such as carbon-fiber-reinforced plastic meshes, polyamide and engineering plastic
sheets [18]–[21]. The type of connection used between the FREIs and the structure is another
aspect that can be modified [22] by selecting between fully anchored (bonded condition) or
unanchored (unbonded condition). In the first case, the isolator is bonded to two steel end
plates that are mechanically fastened to the supports; in the second case, these plates are eliminated and the isolator is placed between the upper and lower supports with no mechanical
restraints [23]. This option results in less weight, lower cost and easier installation of the isolator. Regarding the behavior, during horizontal displacements the corners of unbonded
FREIs roll off the supports due to the unbonded condition and the lack of flexural rigidity of
the fiber reinforcement. This eliminates the high tensile stress regions developed in a bonded
isolator when it is displaced horizontally [24], [25].
The aim of this paper is to evaluate a novel unbounded polyester-fiber reinforced highdamping elastomeric isolators UP-FREIs, proposed for low-rise residential buildings, which
are the most common type of projects in the principal cities of Colombia. The full-scale devices were manufactured with materials and technology commercially available in Colombia,
in an unbonded condition, without lead core and with a high damping rubber (HDR) matrix.
As a reinforcement material, a polyester fiber mesh was proposed and compared with the tra-
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ditional SREIs. The specimens were tested under shear and compression loads applied
simultaneously, to determine mechanical properties, such as stiffness and damping.
2

DESIGN AND MANUFACTURING OF THE PROTOTYPES

The prototypes were designed for a five-story structure whose dimensions are shown
in Fig. 1, and represents a typical building in the city of Santiago de Cali, Colombia. The
structure has a total self-weigh of 21310kN with a natural period of 0.5s in the fixed base
configuration and 2.5s in the base isolated one. The assumed location of the structure was
the seismic Zone 2 of the city, which has a design acceleration of SM1=0.50g corresponding to a 950-year return period event. The prototypes were design according to FEMA450
requirements [26], adopting the formulations developed by Naeim and Kelly [27], the
characteristics of the ground motion at the site and the properties of the materials used for
manufacturing. The maximum design displacement (
320mm) was calculated according to the maximum acceleration at the site, assuming an equivalent damping ratio of
6%. The building is considered to be supported by 20 isolators, each one designed for an
ultimate vertical load of 2000kN and a target stiffness of 681N/mm. Assuming a design
shear strain of 114% and a vertical pressure of 6.8 MPa, an isolator with 277.4 mm total
rubber height and 620 mm diameter is defined. According to these characteristics, the
building was modelled in SAP2000 for an assessment of the expected behavior. In particular, the maximum base shear, story drift and accelerations reduce by 60 to 70% in the
isolated configuration with respect to the fixed base one, thus confirming the capacity of
the isolation system to reduce most relevant response parameters.
With the aim of selecting an efficient reinforcement and connection system for the
isolators, from both economical and functional point of view, a different configuration
was investigated using a high damping rubber compound developed by the authors [22].
Instead of the classical steel reinforcement, polyester fibers were considered. SREIs were
only tested in bolted configuration in order to define a benchmark for FREIs. SREIs were
not considered in unbolted configuration since this alternative is not deemed satisfactory
in terms of both mechanical behaviour, due to flexural rigidity of internal steel shims, and
higher cost and weight with respect to FREIs. Konstantinidis and Kelly [23] demonstrated
that the usual thick and inflexible steel plates can be replaced by thin and flexible reinforcements to produce low-cost rubber isolators one order of magnitude cheaper. Considering the influence of the internal reinforcement cost (fiber layers versus steel plates) and
different manufacturing process, the cost of UP-FREIs is estimated in the order of 30%
less than the SREIs. Additionally, UP-FREIs have lower weight and provide additional
benefits in terms of handling and installation process.
a)

b)

Fig. 1. Dimensions of the design structure a) plan view and b) front view.
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Two different sets of isolators were manufactured with a different reinforcement and the
same number of layers
: i) (SREI) type 1 (T1), 1.9mm A-36 steel plates with yield
stress of 254MPa and ultimate stress of 408MPa (Fig. 2a); and ii) (UP-FREI) type 2 (T2),
1.1mm bidirectional polyester fiber fabric with an elastic modulus of 1.176MPa (Fig. 2b).
For all prototypes, the same diameter (exterior
mm and interior
mm), rubber thickness
mm and number of layers
were assumed, with a secondary
shape factor (external diameter/total rubber height) of 2.2. Steel top and bottom plates
mm with six fixed bolts of 22mm diameter were provided for the connection system of the SREIs. In total, four specimens were tested, two for each type (Table 1).
a)

b)

Fig. 2. Cross section of the prototypes: a) type T1, and b) type T2.

Type

Sample
Reinforcement
Connection
a
Steel plates
Bolted
1
b
a
Polyester fiber
Unbolted
2
b
Table 1. Types of isolators for experimental campaign.

3

SHEAR TEST SETUP AND PROTOCOL

The prototypes were tested under simultaneous shear and compression loads. In the vertical direction, a 2000kN load was used and the corresponding vertical displacement was
measured. A displacement protocol, considering the testing program in FEMA450 [26], was
applied horizontally, which should be carried out on the isolators prior to installation by using
the design displacement as the maximum deformation (114%). The protocol was composed
by three parts: part 1, consisted of three fully reversed cycles of loading at each increment of
displacement (
,
,
,
); in part 2 three fully reversed cycles of loading at the maximum displacement (
) were applied; in part 3 ten continuous fully reversed cycles of loading at 0.75 times the total maximum displacement (
) were used
(Fig. 3a) [26]. Due to the characteristics of the setup and the rollover process of the T2 prototypes, the third part of the protocol was applied up to
(102% strain) (Fig. 3b); and for
both cases, according to the control system of the setup a period of
was possible
used. The correspondence between the percentage of
and is presented in Table 2.
a)

b)

Fig. 3. Displacement protocols for the shear tests for: a) T1, and b) T2.
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%DM

γs
[%]

0.25

29

80

0.50

57

160

0.67

77

214

0.75

86

240

0.90

105

290

Displacement
[mm]

1.00
114
320
Table 2. Equivalence between percentage of

and

.

For the shear test program an experimental platform was designed and built at the
Laboratorio de Pruebas para Homologaciones (MaP-H) of the Universidad del Valle. The
setup was made by steel frames with a dedicated reaction framework. The setup allows to
apply a total cyclic horizontal load up to 1000kN to two isolators in double shear configuration under a constant vertical load of 2000kN. The vertical load was applied through
two hydraulic actuators with a capacity of 1000kN each and 100 mm stroke. For the horizontal load a hydraulic actuator with a stroke of ±500mm and a force capacity of 1000kN
was used. Finally, instruments to measure the sliding guides position, the vertical load
and the lateral load time-histories were employed (Fig. 4).

Fig. 4. Shear test setup.

4

SHEAR TESTS RESULTS

Through the shear tests, the hysteresis loops shown in Fig. 5 were obtained. In all
cases, a stiffness reduction with respect to the first cycles was observed for each deformation levels, due to the rupture of the bonds among the polymer chains and the reinforcement particles (Mullins effect) [28]. Secant stiffness and equivalent damping ratios
parameters [29] were calculated for each step of the applied protocol (Fig. 6 and Fig. 7).
The T2 prototypes showed lower stiffness than T1 (50% less for the design level) due to
the reduction of the contact area, when top and bottom faces roll off the contact supports,
as a result of their unbonded conditions (rollover deformation) [14]. However, these prototypes showed a stable rollover and returned to their initial position after each test without residual deformation. Regarding the target horizontal stiffness (680N/mm), with T1 a
lower period in the building will be obtained (2.3s); however, due to the minimum difference (8%), an acceptable behavior in the isolated building could be expected. Meanwhile,
with T2 a period higher than the design one will be achieved (3.2s) because, for compari-
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son purpose, the same dimensions of T1 was used without taking account the detachment of
the area during the roll over process.
a)

b)

Fig. 5. Hysteresis loops isolators: a) T1, and b) T2.

Fig. 6. Horizontal stiffness

versus shear deformation

.

As expected, in all cases the damping ratio was higher than the one obtained for the pure rubber (Fig. 7) [15], due to interaction with the reinforcement, being this effect more significant
in prototypes T2. However, for both cases the damping ratio was higher than the required value for the design process (6%). It can be noticed that, for all deformation levels, the damping
ratios of the unbonded isolators tends to be larger than those of the corresponding bolted one.
Specifically, for T2 damping ratios higher than 10% were always attained, which are expected
values for FREIs with high damping rubber [14]–[16], [30], [31]. Even though the secant
stiffness of UP-FREIs was lower than steel reinforced one (T1) (Fig. 6), higher values of
damping ratios can ensure a superior hysterical behavior of UP-FREIs with respect to SREIs
(Fig. 7). With respect to the design target stiffness, UP-FREIs exhibited a 37% lower value
despite to SREIs having 22% higher stiffness.

Fig. 7. Damping ratio

versus shear deformation
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In T2, the flexibility of the reinforcement allowed the unbonded surfaces to roll off
the loading surfaces and relieving the tensile stresses [12], achieving the design deformation without damage (Fig. 8b). In one of prototypes T1, the failure occurred due to the
delamination of some layers. This detachment may be produced by a deficient impregnation process when the adherence material was applied to the steel plates and by the high
tensile stress regions developed in this bonded device (Fig. 8a). In Table 3, the results for
the tested deformation levels are summarized.
a)

b)

Fig. 8. Deformation of the isolators during the shear test: a) T1, and b) T2.

Type

γs=29%
KHex
β
[N/mm]
[%]

γs=57%
KHex
β
[N/mm]
[%]

γs=77%
KHex
β
[N/mm]
[%]

γs=105%
KHex
β
[N/mm]
[%]

γs=114%
KHex
β
[N/mm]
[%]

T1

1023

8

891

7

867

7

-

-

835

7

T2

893

12

671

11

552

12

429

13

-

-

Table 3. Isolator’s properties for

.

Regarding the vertical behavior, displacements during initial axial loading were
measured in order to estimate a secant vertical stiffness (
of the devices (Table 4) to
be compared with the horizontal one at the design displacement level. The lower vertical
stiffness of FREIs compared with classical SREIs has been commonly acknowledged
[23]. This aspect can be seen in Table 4, where, as expected, UP-FREIs are more flexible
than SREIs in the vertical direction due to lower stiffness of fiber layers [13]. Since the
horizontal to vertical stiffness ratio is one order of magnitude lower in the case of UPFREIs, at the current state of development these isolators could be mainly devoted to low
rise buildings that would produce lower settlements under self-weight. (Table 4). Results
on UP-FREIs confirmed that analytical models for stiffness evaluation have to take into
account both contact area and shear modulus reduction [32]. A deeper investigation is ongoing on stability issues and vertical stiffness of FREIs, as well as different fiber reinforcing layers.
Type

Kvs
[kN/mm]

KH
[kN/mm]

Kvs/ KH

T1

2500

0.84

2976

T2
100
0.43
233
Table 4. Isolator’s vertical stiffness and vertical and horizontal stiffness ratio.
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5

CONCLUSIONS


This paper presents a preliminary investigation of novel FREIs reinforced with
polyester fiber, whose mechanical properties were obtained through a full-scale
experimental program, according to the requirements of FEMA450.



Compared to SREIs, the UP-FREIs showed a satisfactory behavior with a lower
horizontal stiffness due to the rollover deformation and higher damping ratio. In
order to obtain a target horizontal stiffness in unbounded applications, the variation of the contact area and the shear modulus should be considered simultaneously.



A satisfactory behavior of UP-FREIs was obtained in the horizontal direction,
thanks to lower stress at the interface between different layers, achieving the design strain without failure. They showed a positive tangent stiffness and stable roll
over. Also, the UP-FREIs provided an adequate vertical to horizontal stiffness ratio, which could ensure a stable behavior of the isolators under vertical and horizontal loads.



The results highlight an interesting comparison between UP-FREIs and SFREIs,
with both satisfying required design values. Nevertheless, taking into account the
fact that the price of polyester fiber is less than steel plates and that manufacturing
process of the UP-FREIs is cheaper, this seems to be a very promising option,
with greater potential to be implemented as a lighter and lower-cost seismic isolation system for developing countries.
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ON THE USE OF META-FOUNDATIONS FOR SEISMIC ISOLATION: A
PRACTICAL APPLICATION FOR CONVENTIONAL BUILDINGS
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Abstract. This paper presents an attempt to evaluate the feasibility and the effectiveness of an
innovative foundation, which relies on the concept of local resonance, from a practical point
of view. The proposed composite foundation integrates the well-established isolation system
of lead rubber bearings in a layered structure form with reinforced concrete slabs, in order to
tackle the inherent drawbacks of the bearing isolation. The novel foundation concept is implemented in a realistic structural geometry, designed according to the current standards, and
the seismic performance is evaluated and compared against the corresponding typical base
isolated and conventional stiff designed buildings. The results show that the proposed foundation concept achieves superior seismic performance in comparison to standard base isolation,
providing an applicable and cost efficient solution in the framework of metafoundations.
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1

Introduction

The often catastrophic consequences of earthquakes have stimulated research in the field
of seismic isolation (SI) since more than 100 years. Many works summarize the state of the
art in SI ( [1], [2]). As stated by [1] “achieving the level of performance provided by seismic isolation is virtually impossible through conventional construction”. From the designer’s
point of view, SI systems are displacement- rather than force-sensitive and better comply to
displacement-based design methods as these are more physically consistent [3]. Furthermore,
the nonlinear response of SI systems is concentrated in the isolator and damping devices with
known force-displacement relations, thereby facilitating the realistic modelling of the behavior of the system in the nonlinear range. The idea to decouple the structure from the ground
motion, though conceptually simple, fails to prevail conventional fixed-based designs in the
majority of the implementations. The failure of SI to establish itself as a broadly applicable
design solution stems from the inherent weaknesses of the existing seismic isolation solutions,
namely the large deformations at the isolation level during ground motions and the resulting
displacements. These problems are usually tackled with additional costly damping devices that,
however, rarely reach an equivalent global viscous damping above 20%, setting questions on
the efficiency of the displacement reduction through energy dissipation [3], [4]. Therefore,
it becomes essential to further optimize the base isolation concepts, in order to extend their
applicability to conventional structures.
The aforementioned limitations of typical base isolation systems led numerous researchers
to the possibility of employing new anisotropic materials to develop innovative earthquake protection systems. Several studies present applications of such materials on foundations, introducing the term periodic foundations or metafoundations [5, 6]. The potential advantage of
metafoundations against conventional base isolation is in reducing the large displacement demand by reflecting the incoming energy on the interfaces and/or by dissipating energy through
local resonance. Since the pioneering works on phononic crystals and metamaterials [7, 8, 9],
a lot of recent interesting studies in the framework of metafoundations have been published
[5, 6, 10, 11, 12, 13, 14, 15, 16]. The crucial challenge is the realisation of a sufficient band
gap, targeting the main frequency content of the earthquake excitation and the characteristic
frequencies of the isolated structure (normally between 0.5-10 Hz), while maintaining the dimensions of the foundation in a realistic range. Dertimanis et al. [17], [18] analytically
investigated the feasibility of reaching a frequency band gap focusing in the range of [0.5, 5] Hz
by implementing locally resonant structures. Recently, Casablanca et al. [19] designed a composite foundation comprising four reinforced concrete slabs, each vertically disconnected from
the others through a combination of steel and Teflon layers. The foundation was tested experimentally under harmonic excitation, without considering the coupling between foundation and
superstructure, the effect of realistic vertical loads and the lateral stiffness against minor horizontal loads. Although recent works provide optimistic results, the proposed concepts are far
from applicable to engineering practice. The disproportional large dimensions of the proposed
unit cells cannot be justified even for special structures, while there are still plenty of unresolved
issues, for instance the reach of an effective band gap, the transmission of the vertical loads to
the ground and the reach of sufficient lateral stiffness against minor horizontal loads. To this
end, a novel local resonant foundation, tailored to an example realistic structure, is designed to
fulfil the codal requirements and its performance is numerically tested and compared against
the current state of the art.
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(a) Fixed base (FX)

(b) Base isolation (BI)

(c) Local resonance (LR)

Figure 1: Overview of the foundation concepts
2

Conceptual design of the novel foundation

In this study, we present an innovative foundation concept, namely local resonant foundation (LR), based on the combination of alternating lead rubber bearings (LRB) and reinforced
concrete slabs (Figure 1c). The substantial vertical stiffness and bearing capacity pertaining to
the LRBs guarantee the safe transfer of the vertical loads to the ground, while the lead core and
the high damping coefficient provide increased initial stiffness and suppress the oscillations due
to wind and ambient excitations. The concrete slabs provide masses that introduce additional
degrees of freedom to the system in the horizontal direction. The additional modes act as a
filter on the induced seismic motion through local resonance of the concrete slabs. With proper
tuning, the filter range can target the frequency of the oscillating superstructure and essentially
reduce the induced seismic response. In order to further optimize the foundation geometry,
the metafoundation blocks are placed directly below the stiffening elements of the structure.
The novel foundation concept is implemented in a realistic structural geometry and the seismic performance is evaluated and compared with the corresponding typical base isolated and
conventional stiff-designed buildings (Figure 1). The performance of a proper designed local
resonant foundation, tailored to the specific structure, proves to be remarkably superior and
more robust in comparison to the equivalent base isolated structure, while keeping the costs in
approximately the same range.
3

Application on the seismic design of a conventional building

In order to evaluate the performance of the novel foundation in a realistic framework, a simplified, though realistic, structural geometry was selected. A six-storey, shear wall building was
designed according to the current standards for three different foundation cases: conventional
fixed base structure (FX), base isolated structure (BI) and local resonant isolated structure (LR).
An overview of the building geometry and the different foundation concepts is given in Figure
1. In order to focus on the effect of the foundation, the structural geometry is selected to be
symmetric and to conform with the simplicity criteria prescribed in Eurocode 8 (EC8). The
seismic design was conducted according to EC8 for a region of high seismicity (PGA = 0.36g).
The target spectrum, illustrated in Figure 2, corresponds to soil conditions C and equivalent
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(a) Non scaled motions

(b) Scaled motions

Figure 2: Target spectrum and ground motions
Magnitude [R]
6−9

Epicentric distance [km]
20 − 100

Soil class (EC8)
C

Table 1: Preliminary criteria for the selection of ground motions
viscous damping ζ = 5%. The vertical loads were considered based on realistic assumptions
from the practice: dead load 4 kN
and live load 3 kN
.
m2
m2
Waveform ID
4343
0600
7200
0333
7097
0335
1230

Station ID
ST2574
ST223
ST184
ST121
ST856
ST121
ST576

Earthquake name
Izmit
Umbria Marche
Avej
Alkion
Ishakli
Alkion
Izmit

Date Scale factor (x/y)
1999
3.77/3.63
1997
2.41/3.90
2002
10.71/5.59
1981
1.80/1.34
2002
3.67/4.45
1981
3.55/3.45
1999
4.52/3.21

Table 2: Selected ground motions
For the comparison of the different foundation configurations nonlinear time-history analyses
were conducted. A group of seven ground motion records, combatable with preliminary criteria
summarized in Table 1, was selected from the European Strong-motion Database (ESD). Both
horizontal components of each record were simultaneously applied on the 3D numerical models, according to EC8. The selected ground motions were properly scaled to match the target
spectrum. The selection and scaling of the ground motions was conducted with the software
packet REXEL [21]. Information regarding the selected ground motions are summarized in
Table 2, while the corresponding frequency spectra are depicted in Figure 2.
The conventional fixed-base design yields tension forces on the foundation level due to the
high bending moment. A pile foundation is designed in order to transfer these forces to the
ground. It is well understood that in order to eliminate or reduce the tension forces, it could
be possible to optimize the dimensions of the shear walls. For comparison reasons, however,
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(a) schematic cross-section

(b) bilinear modelling of LRBs

Figure 3: Lead rubber bearings
the structural system is considered identical for all different foundation cases. The BI case was
designed based on the current standards. The nonlinear modelling of the isolators is based on
the bilinear approximation, as suggested by [20] (Figure 3). The properties of the isolators are
summarized in the Tables 3 and 4. A total of 28 isolators was implemented for the design of
the base isolated building (Figure 1b).
Ørubber [mm] Ølead [mm]
600
150

htotal [mm]
350

hrubber [mm]
176

Table 3: Geometry of the lead rubber bearings

G [kPa]
600

Dd [mm]
206

Kef f [kN/m] K2 [kN/m] K1 /K2 [-] Q [kN]
964
729
10
48

Table 4: Material and structural properties of the lead rubber bearings
The LR foundation is designed to support the vertical loads according to the current standards. The performance against horizontal excitation is studied through nonlinear time-history
analysis. To further optimize the material and the geometry, the novel foundation is designed
for placement directly beneath the stiff elements of the structure. In the present case, the shear
walls form the horizontal resisting system that transfers the seismic energy to the upper floors.
The columns are supported directly to the ground with pinned joints, in order to allow for minor
displacements and rotations due to horizontal loads. For a direct comparison, the same isolator configurations, as for the BI case, were used for the design of the LR foundation. For the
proposed configuration a total amount of 48 isolators was implemented. The novel foundation
concept is presented in Figure 1c.
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Figure 4: Top - bottom drift
Waveform ID
0333
1230

FX
BI LR
16.4 5.8 2.6
22.2 10.6 2.8

Table 5: Maximum top-bottom drift [cm]
4
4.1

RESULTS
Modal characteristics

This section overviews the dominant modal shapes that primarily contribute to the response
of each system. The fundamental period of the fixed-base structure (FX) is 0.88 sec and corresponds to the bending mode of the building. The BI structure initially responds as a rigid body,
with a fundamental period of 2.67 sec. The second characteristic period is equal to 0.56 sec and
refers to the bending mode of the building. The LR foundation system also mainly responds as
a rigid body with a period of 5.65 sec. The second modal shape describes the rotation around
the central vertical axis of the building (1.18 sec). In the third mode (0.53 sec) the bending response of the building is activated. Finally, the fourth mode describes the local resonance of the
foundation layers (0.4 sec). It is important to mention that the local-resonance mode is tuned
to result close to the characteristic mode that expresses the bending response of the building.
As a result, the seismic energy in this frequency range is significantly dissipated already at the
level of the foundation, before reaching the structure, leading to a remarkable reduction of the
internal demand (Figure 4).
4.2

Displacement response

This section discusses the response of the systems, in terms of displacements. For reasons of
clarity, only the results of two representative time history analyses are examined. The Waveform
0333 is requires the lowest scale factor to match the target spectrum, providing more realistic
results, while the Waveform 1230 comprises a broad frequency content in the vicinity of the
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Figure 5: Bottom displacements
Waveform ID
0333
1230

BI
LR
17 16.6
66.2 24.2

Table 6: Maximum bottom displacements [cm]
structural bending mode (Figure 2b). Considering that the structural stiffness is uniformly
distributed both in plane and in height, the top-bottom drift comprises a reliable indicator of
the structural demand. Figure 4 contrasts the top-bottom drift response of the three different
systems. The absolute maximum drift-displacements are summarized in Table 5. As it would
be expected, the BI structure yields 50 − 65% reduced drift-displacements in comparison to the
fixed-base structure. The LR foundation provides a further reduction of 74% in comparison to
the drift of the BI structure. In other words, the LR foundation reduces the elastic structural
demand up to 85% compared to the FX structure.
In order to obtain an overview of the global response of the novel foundation, it is of interest
to examine the base displacements of the two isolated systems. Figure 5 illustrates the base
displacements due to the examined ground motions. The absolute maximum base displacements are summarized in Table 6. For the waveform 0333 both systems yield displacements of
approximately similar amplitude, lower than the design displacement of the LRBs (20.6 cm).
For Waveform 1230, however, the BI structure yields displacements up to 66 cm corresponding to more than three times the design displacement of the isolators. For a regular BI design
this would require the application of external dampers to the system, in order to reduce the
displacements to the acceptable range. For the same excitation, the LR foundation experiences
displacements in the range of the design displacement, 63% lower than the BI system. Overall,
the performance of the LR foundation proves to be superior to the performance of regular base
isolation. By filtering out the frequency content in the vicinity of the structural bending mode,
the LR foundation manages to reduce the structural demand without compromising the stability
of the structure.
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4.3

Cost considerations

Taking into account the applicability and the cost efficiency of an engineering solution is
crucial even at the very beginning of the conceptual design. For this reason, the proposed
novel foundation concept is designed according to the current standards, while the structural
details are formed as simple as possible. Since the LR foundation is actually a composite
structure, consisting of precast concrete slabs and LRBs, the application should not remarkably
affect the overall costs. Considering that the LR foundations are placed locally beneath the
structural walls, the extent of the application is limited, compared to base isolation, which
extends to the whole ground floor area. According to the actual market prices, the designed
isolators would cost ca. 50 000 Euro/piece. The BI was designed with a total amount of 28 LRBs,
while for the LR foundation the amount of the isolators increases to 48. This translates to an
additional investment of approximate 1000 000 Euro for this specific example. According to the
analyses, the BI system requires additional damping units to provide acceptable performance,
the application and the material costs of which are expected to exceed this amount. Finally,
regarding the FX structure, the installation and application costs for a pile foundation is certainly
the most expensive solution. One should also consider the additional time for the necessary
installations and the execution of the pile driving. Once again it is mentioned that in such a case
it would be more reasonable to adjust the structural system in order to reduce or even eliminate
the need for a pile foundation. For comparison reasons, however, the structural system is here
considered the same for all foundation concepts.
5

CONCLUSIONS

The application of metamaterials for the development of a new generation of seismic isolation is currently a very attractive field for interdisciplinary research. Scientists combine knowledge from different domains in order to build a new line of defence against the destructive force
of earthquakes. So far, however, no practical configurations, of reasonable dimensions, that
could provide desirable performance against vertical and horizontal loads exist. In the present
study, a novel foundation concept, consisting of LRBs and precast concrete slabs is designed to
fulfill the normative requirements for the support of vertical and minor horizontal loads. The
seismic performance proves to be remarkably superior to the equivalent base-isolated and fixedbase structures, for an example realistic geometry of a conventional building. The promising
results of this preliminary study set the basis for the further investigation on the use of composite local resonant foundations to filter out the seismic energy content in the frequencies of
interest.
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Abstract
High-voltage equipment representing a tall and slender system is quite common. Capacitor
racks and valve towers are common examples of such equipment. A representative example of
such equipment is analyzed in this paper. Due to electrical isolation purposes, this type of
equipment is usually comprised of brittle porcelain insulators or polymer insulators with low
damping. The insulators are used as columns, main load carrying elements. The system is
relatively tall and slender. Because of the large masses installed at various elevations of the
system and the narrow footprint in one of the horizontal directions, the system has a relatively
low resonant frequency. Seismic protection of such systems with a potentially large overturning moment and low resonant frequency is quite challenging. For example, a regular seismic
isolation has limited use. To improve the seismic performance of the system, friction dampers
are introduced into the system. The friction dampers are studied extensively in full-scale component tests, as it is required by the current draft of the IEEE693 document. The results of
component tests are used in the development of a numerical finite element model, which is
subjected to an IEEE693-spectrum compatible strong motion to evaluate the seismic performance of the seismically protected system.
Keywords: Seismic Qualification Testing, IEEE693, Nonlinear Time History Analysis,
SAP2000, Nastran, Friction Damper, Seismic Protection, Component Testing.
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1

INTRODUCTION

High-voltage equipment representing a tall and slender system is quite common. Capacitor
racks and valve towers are common examples of such equipment. A representative example
of such equipment is analyzed in this paper. Due to electrical isolation purposes, this type of
equipment is usually comprised of brittle porcelain insulators or polymer insulators with low
damping. The insulators are used as columns, main load carrying elements. The fully assembled system is relatively tall and slender. Because of the large masses installed at various elevations of the system and the narrow footprint in one of the horizontal directions, the system
has a relatively low resonant frequency. Seismic protection of such systems with a potentially
large overturning moment and low resonant frequency is quite challenging. For example, a
regular seismic isolation has limited use. To improve the seismic performance of the system,
friction dampers are introduced into the system at its base. Performances of fixed base and
isolated base equipment are discussed in this paper.
2

ELASTIC FINITE ELEMENT MODEL OF UNPROTECTED EQUIPMENT

A detailed finite element model of the equipment was generated in Nastran [1] as presented
in the left image of Figure 1. It represented a five-story structure without any bracing system.
The footprint of the system is very narrow in the Y direction of the global coordinate system.
The shelving system is loaded with concentrated masses as presented in the left image of Figure 1. To increase the capacity in the Y direction, five insulators are installed in each row
along the Y direction at the first two levels.
The first mode of vibration is presented in the right image of Figure 1. The second and the
third modes of vibration are presented in Figure 2.

Figure 1: FE model (left) and first mode of vibration (right).

Figure 2: Second (left) and third (right) modes of vibration.
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The first mode is a bending vibration mode in the X direction, the second mode is a bending vibration mode in the Y direction, and the third mode is related to the torsional vibrations
of the model.
The Nastran model was used to perform an elastic spectral analysis. The IEEE693 spectra
at 3% damping anchored at 0.5g was used in this analysis [2], which is presented in Figure 3.
As required by the IEEE693 document [2], the same scaling factor of unity was used for spectral demands in the X and Y axes, whereas the spectral demand in the Z direction was at 80%
of the one presented in Figure 3.

Figure 3: IEEE693 high required response spectrum (RRS) at 3% damping [2].

The spectral analysis revealed that the peak displacement on the top of the shelving system
is 315.8 mm. Due to clearance issues, it is anticipated that the peak displacement on the top of
the shelving system will remain under 200 mm. More importantly, the stresses in the insulator’s polymer tubing were exceeding allowable stresses. The allowable stresses were estimated for a polymer tubing with cantilever load on the top at the half of Specified Mechanical
Load (SML) value [2]. The capacity of polymer insulator controls acceptancy of the system’s
seismic performance, whereas the clearance limitations can be addressed by creating more
separation from the neighboring equipment. A summary of the spectral analysis results is presented in Table 1.
Peak value
Displacement at the top
Stress at the bottom of polymer tubing

Results of spectral analysis
315.8 mm

Clearance requirements
or capacity
200 mm

147 MPa

95 MPa§

Demand to
capacity ratio
158%&
155%

Note: §-corresponds to 50% of SML stress in cantilever loading; &-not critical and can be addressed by increasing clearance

Table 1: Results of spectral analysis compared to clearance requirements or capacity.

Since the equipment could not meet both the clearance requirements and the tensile stress
capacity of the polymer insulator, there was a need to use a protection device to improve its
seismic performance. Based on previous successful applications (see [3], as an example), it
was decided to introduce friction dampers [4] at the bottom of the shelving system and study
the feasibility of using friction dampers in improving seismic performance of the system.
To follow the requirements of the upcoming version of the IEEE693 document [5], the
friction dampers were tested in a component test setup to quantify their properties and performance.
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3

COMPONENT TESTING OF FRICTION DAMPERS

The friction dampers were tested in a special test setup that was created for component
testing of the dampers. As presented in Figure 4, the test setup simulates loading of the friction damper in a typical installation when the damper is installed as a stiffness and damping
component of the anchoring system. Since the friction dampers work in compression only,
there are several ways of using friction dampers as seismic protection devices. For example, if
only one friction damper is used in the so-called single-acting configuration, the force will be
developed in compression only as presented in the left side image of Figure 5. In this case,
another spring or friction damper needs to be used on the tension side that corresponds to positive force and displacement to resist tension forces. When there is a damper on each side of
the loading point, they create the so-called double-acting configuration. The force versus displacement curve is more symmetric in this case as presented in the right image of Figure 5.

Figure 4: Component testing setup for Ringfeder friction dampers: sketch (left) and photo (right).

Figure 5: Force vs. displacement from component testing in single-acting with no preload (left) and doubleacting with preload (right) configurations.

In addition to that, one of the dampers can be preloaded in compression, which is very
common when the dampers are installed in a vertical configuration and the bottom damper is
compressed under the dead weight of the equipment. The case with a preload of -4.3 kN is
presented in the right image of Figure 5.
The dampers used in this study were installed in a double-acting configuration, where there
is a damper on each side of the loading point. The latter results in symmetric behavior in tension and compression. A testing protocol followed recommendations of the upcoming version
of the IEEE693 document [5], which is presented in Figure 6 on the left. The displacement
DPL corresponds to the maximum displacement of the device to be achieved at High Perfor-
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mance Level [2]. A typical result for cyclic tests with increasing amplitude is presented in the
right image of Figure 6.
More details on the numerical analysis of a high-voltage system with a double-acting friction damper can be found in [6].

Figure 6: Component testing: protocol (left) and sample test results (right).

4

NONLINEAR FINITE ELEMENT MODEL OF PROTECTED EQUIPMENT

Another model of the equipment was generated in SAP2000 to utilize the friction damper
model of this finite element software package [7].
The resonant frequencies are summarized in Table 2. The first three modes of vibration are
the same as for the Nastran model as shown in Figure 7. The frequencies of the model generated in SAP2000 are slightly lower than that of the Nastran model as presented in Table 2,
which is considered acceptable.

a)

First mode

b) Second mode

c)

Third mode

Figure 7: Elastic modes of SAP2000 model.

Model
Nastran
SAP2000

Frequency of mode 1, Hz
1.35
1.28

Frequency of mode 2, Hz
1.88
1.87

Frequency of mode 3, Hz
2.46
2.41

Table 2: Resonant frequencies of two elastic models.

In the next step of the study, the model generated in SAP2000 was subjected to tri-axial
seismic excitation by utilizing TestQke4IEEE2, the IEEE693-spectrum compatible time histo-
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ry [8]. This three-component time history was matched in a time domain to the IEEE693
spectra at 2% damping. Since the latter damping was closer to the critical damping of 3% estimated for this equipment shelving system, the newly generated IEEE693-spectrum compatible time histories matched to 5% spectra were not used [9]. The response spectra of each
component of the input time history are presented in Figure 8. All results of experiments and
numerical simulations presented herein are reduced in the Matlab environment [10].

Figure 8: Response spectra of TestQke4IEEE2 [8] versus IEEE693 spectra.

Several finite element (FE) models were created. The first model, Case A, was simulating
a fixed base configuration. All other FE models were generated by introducing friction dampers at the anchor locations attaching the bottom channels to the foundation as presented in
Figure 9.

Figure 9: Friction dampers were introduced at anchor locations attaching bottom channels to foundation.

Depending on the presence of a preload, a finite element model of the friction damper [7]
yields two typical force versus displacement diagrams as presented in Figure 10. It is worth
noting that a simplified model of a friction damper [8] was utilized in this study. It was considered acceptable to investigate the feasibility of the system’s performance improvement, if
any.
The next model, Case B, was isolated by utilizing a model of the friction damper without a
preload. There were several models simulating HV equipment isolated by friction dampers
with different stiffness variations while keeping the preload the same as presented in Table 2.
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All other models (Cases C1 through C4) were utilizing a model of a friction damper with
the same preload. The stiffnesses K1 and K2 (shown in Figure 10a) varied from model to model as presented in Table 3. The stiffnesses were scaled up from the corresponding values
measured in the test, which are shown in the left image of Figure 5.

Figure 10: Typical force vs. displacement for double-acting configurations without (left) and with (right) preload:
Case B vs. Case C1.

FE model
K1/K10 K2/K20 Preload, mm 1st frequency, Hz
Case A: fixed base
1.0
1.0
NA
1.28
Case B: friction damper
1.0
1.0
0.0
0.90
Case C1: friction damper
1.0
1.0
-3.81
0.90
Case C2: friction damper
2.0
2.0
-3.81
0.95
Case C3: friction damper
5.0
5.0
-3.81
1.01
Case C4: friction damper 10.0 10.0
-3.81
1.04
Table 3: SAP2000 FE models studied.

As it shown in Table 3, the low stiffness of the friction damper results in low frequency of
the system, which is expected. The system with the lowest resonant frequency corresponds to
the friction dampers tested in the component testing with no preload (Case B). The bending
stress in the insulator is the smallest in this case as presented in Figure 11. However, the maximum displacement on the top of the system is very large (0.480 m in X direction and 0.243 m
in Y direction). This is related to the fact that this system is much more flexible than the original system with a fixed base. The situation can be improved by pre-loading the friction
dampers. In this case (Case C1), the maximum bending stress is still much lower than that of
the fixed base system and peak displacements are reduced to 0.468 m. The bending stress is a
little better for Case C1, but the system is still too flexible. Further optimization of the system
performance leads to the Case C2 system, where maximum bending stress of which is slightly
lower than the capacity of the polymer insulator. The maximum displacements go down to
0.424 m, which still requires a relatively large clearance around the system. All other FE
models resulted in the bending stress that does not provide enough reduction in respect to the
original system with a fixed base. A summary of the results is presented in Table 3. It worth
noting that all systems with friction dampers have resonant frequencies below 1.1 Hz which is
a corner frequency of the IEEE693 spectral plateau [2]. In other words, the demand on the
systems is also reduced because the frequencies are located on the descending side of the
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spectrum. Hence, the reduction of bending stress can be explained by both reduction of spectral demand and increase in overall damping of the system.
The following conclusion was made from the analysis of numerical models. The most optimal seismic performance is achieved for the Case C2 model. The results of nonlinear time
history numerical simulations of the latter model show that the bending stress is right under
the capacity of the polymer insulator. The peak displacement is still relatively high at 0.424 m,
which is difficult to avoid due to increased flexibility of the system. The stiffnesses of the corresponding friction damper model are two times greater than those of the friction dampers
tested in the component testing. The damper is used in the double-acting configuration with a
preload.
More numerical simulations are planned for the future. A more sophisticated model closely
replicating the actual performance of the friction damper depicted in the right image of Figure 5 will be utilized in the future study. Based on the results of this and future studies, the
manufacturer of the friction damper will be approached with a request to provide this type of
friction damper.
Bending stress at bottom of polymer insulator to capacity, %
Displacement in X direction, mm
Displacement in Y direction, mm

Case A

Case B

Case C1

Case C2

Case C3

Case C4

155.0%

77.2%

82.9%

99.8%

124.7%

133.7%

334
154

480
243

468
233

424
217

427
194

457
169

Table 3: Summary of bending stress at the bottom of insulator divided by capacity at 50% of SML and peak displacements.

Figure 11: Variation of bending stress of the polymer insulator in respect to its capacity

5

CONCLUSIONS
 Based on a simplified model of the friction damper [7], the efficiency of the seismic isolation is demonstrated. It was shown that the peak moments can be reduced to remain
under or meet the capacity. The peak displacements on top of the equipment will increase
in respect to the fixed base mode. The peak displacement can be reduced by increasing
the preload, but this reduction is limited.
 The most optimal seismic performance is achieved for the Case C2 model. The results of
nonlinear numerical simulations show that the bending moment is right under the capaci-
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ty of the polymer insulator. The stiffnesses of the corresponding friction damper model
are two times greater than those of the friction dampers tested in the component testing.
 There is a need for a study with a more sophisticated model of friction dampers to be investigated in a nonlinear time history numerical simulation. A study on these issues is
ongoing.
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Abstract
Over the past decades the shift towards performance-based design and assessment of structures
has led to the consideration of additional measures of structural performance other than just
the structural response. Among these measures of performance, the expected economic losses
after an earthquake event have attracted the attention of the research community because of
their direct link with seismic risk and utility for post-earthquake emergency planning. The main
objective of this study is to assess the accuracy and suitability of Nonlinear Static Procedures
(NSP) for the computation of seismic fragility curves, which are then employed in the quantification of seismic risk, through annual rates of collapse exceedance and expected annual losses
(EAL), for reinforced concrete (RC) bridges. The relative accuracy of different NSPs, when
applied to a bridge population, is compared with estimations obtained implementing Nonlinear
Time History Analysis (NTHA), considered as the benchmark prediction. Seven NSP approaches, from single-mode conventional pushover-based methods to multi-mode conventional
or adaptive pushover-based procedures are implemented. Results indicate that when bridges
can be classified as higher-mode sensitive, the performance of multi-mode procedures is marginally superior, whereas for first mode dominated bridges, although the latter still present
advantages, the relative performance of single-mode procedures justifies its implementation.

Keywords: Bridges, multi-mode pushover, non-classical first mode, fragility assessment, loss
assessment.
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1

INTRODUCTION

Over the past decades, bridges have been identified as one of the most seismically vulnerable
components within transportation networks [1, 2]. It is therefore necessary, for proper risk assessment and development of earthquake loss models in a certain region of interest, to reliably
characterise of the seismic response of such structures. Several steps are key for the development of earthquake loss models at the regional (or individual) level and, in general, they encompass: the characterization of the seismic hazard, the assessment of the structural response
and the development of measures of seismic vulnerability, and the implementation of tools for
the calculation of economic losses (direct and indirect) based on the assessed seismic hazard
and seismic vulnerability. Such framework has been implemented in the past in tools such as
HAZUS [3, 4]. HAZUS manages the vulnerability assessment of a bridge stock with the use of
fragility curves, which relate the expected intensity level of an earthquake event with the expected level of damage in the structure(s). Furthermore, HAZUS proposes fragility curves for
typical bridge configurations, although it is allowed (and expected) that the user will input casespecific fragility curves for any type of configuration [4].
Seismic vulnerability assessment methods have been extensively studied during past decades
[5, 6], from these, analytical fragility curves emerge a suitable and reliable tool to this end.
Analytical fragility curves are constructed from results of structural analysis, which can be implemented with Linear Elastic, Nonlinear Static, or Nonlinear Dynamic approaches. Analytical
fragility curves are often preferred over other approaches because they overcome the perceived
subjectivity and/or scarce post-earthquake damage information that other methodologies require. Regarding RC bridges specifically, past studies have implemented analytical fragility
curves for the seismic vulnerability assessment of individual bridges, bridge classes and bridge
populations, Linear Elastic (e.g. [7]), Nonlinear Static (e.g. [8-10]) and Nonlinear Dynamic (e.g.
[12-14]) analyses have been implemented for the structural response estimation.
Studies that have implemented Nonlinear Dynamic analyses for the estimation of the structural response have the advantage of working with “exact” predictions for the construction of
fragility curves; however, when developing them for large portfolios of structures, this analysis
approach becomes seldom practical, in terms of computational effort and time demand. Furthermore, past research for the development of fragility curves using alternative structural analysis procedures (i.e. Linear Elastic and Nonlinear Static analyses) have been limited in a number
of ways, e.g., considering a unique or few similar structural configurations, evaluating the performance of a single or few Nonlinear Static Procedures (NSP), or comparing the response in
terms of engineering demand parameters only, without extending it to the computation of expected economic losses. It is thus clear that additional research for identifying a more efficient,
yet accurate alternative, for the computation of seismic risk in bridge populations is necessary.
The main goal of this study, in view of the above discussion, is to assess the suitability of
NSPs for the computation of seismic risk of multi-span reinforced concrete (RC) bridges. For
this purpose, a portfolio of 50 bridges is constructed using data from existing bridges. Structural
response estimations are computed and fragility curves are developed using results from Nonlinear Time History Analysis (NTHA), was well as seven NSPs, namely, the N2 Method (N2),
Capacity Spectrum Method (CSM), Extended N2 Method (Ext-N2), Modal Pushover Analysis
(MPA), Generalized Pushover Analysis (GPA), Improved Modal Pushover Analysis (IMPA),
and Adaptive Capacity Spectrum Method (ACSM). These fragility curves are then used to develop loss curves and then perform the computation of Expected Annual Losses (EAL) implementing the HAZUS approach, considering only direct losses due to physical damage, which
serves as a measure of seismic risk. The assessment of the accuracy of the different NSPs is
made by direct comparison of EAL results with those coming from NTHA.
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2

CASE-STUDY PORTFOLIO

The case-study portfolio is composed of 50 RC bridges taken from a previous study [1].
These bridges are part of the Italian bridge stock, all belonging to the same typology, namely,
multi-span with continuous, non-monotonically connected deck with circular section piers. The
case-study portfolio features bridges with the number of spans ranging from 3 to 56 and with
total length from approximately 95m to 2000m. The span length is rather uniform within the
portfolio with a mean value of approximately 31m. The piers cross section diameter varies from
1m to 4.8m. With respect to piers reinforcement layouts and materials, the longitudinal reinforcement ratio varies from 0.5% to 1% with mean yield strength of 440MPa. Furthermore, the
cover concrete compressive strength accumulates around 40 MPa, whereas the core concrete
compressive strength varies between 42MPa and 52MPa. Pier heights are highly variable
among bridges and sometimes within the same bridge, which indicates that the case-study portfolio contains both regular and irregular layouts.
2.1 Preliminary classification
For the expedite assessment of irregular behaviour in bridges, previous research has proposed several indexes that relate the stiffness of the structure and/or its geometrical configuration. Among these, the Relative Stiffness Index [15] and the Irregularity Index [16] were
implemented in this study. However, no clear trends could be identified in using these indexes,
particularly because the bridge configurations used in this study seem to be outside the scope
for which they were originally tested. Since this study makes use of NSPs, single-mode and
multi-mode based, it is rather significant to determine the sensitivity to higher modes in the
bridges of the case-study portfolio. Such preliminary classification allows for the division of
the case-study based on the expected behaviour, i.e., first-mode dominated or higher mode sensitive, and also defines the expectations for the performance of NSP approaches, i.e., singlemode based procedures are expected to perform similarly to multi-mode based approaches in
first dominated bridges, whereas the use of multi-mode based procedures should be encouraging in higher-mode sensitive structures.
A critical evaluation of modal analysis results allows for identification of bridges where a
classical dominant first mode (defined as the fundamental mode where all piers displace in the
same direction) develops and bridges where a classical first mode does not develop or does not
strictly exists. A sample of these results is shown in Figure 1. Building on these observations,
respectively, 23 bridges were classified as “Classical” whereas 27 bridges were classified as
“Non-Classical”. Generally, “Classical” type bridges have a number of spans less than or equal
to six and modal mass participating the first mode of no less than 65%, pointing out that this
type of bridge can be seen as first mode dominated. “Non-Classical” type bridges are always
higher mode sensitive with a modal mass participating in the first mode less than 70%. Observations of this nature seem to indicate that inspection of modal shapes is more efficient than
previously proposed indexes for identifying sensitivity to higher modes in bridge structures.
2.2 Structural Modelling Approach
All the bridges were modelled considering the following general characteristics: the deck
was modelled as a linear elastic element, the piers were modelled with force-based fibre elements, the Kent-Park model was implemented for concrete whereas a bilinear hysteresis with a
post-yield hardening ratio of 0.002 was employed for the reinforcement fibres. The mechanical
behaviour of the abutments was considered via a simplified bilinear model, with an initial stiffness of 1400kN/mm, yield force of 4800kN and post-yield hardening ratio of 0.005. Shear keys
were employed in the deck-to-pier connection to transfer horizontal forces but not moments.
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With this modelling strategy, support devices were not modelled and shear keys are considered
(implicitly) with a shear strength always larger than de shear developed in the piers. The foundation was considered as fully fixed, as has been suggested by other studies for bridges belonging to the Italian stock [14]. The structural mass is computed as that contributing from the deck
and 1/3 of the piers [17]. Nonlinear geometry was considered via incorporation of P-Delta effects. All structural models were developed in the software OpenSees [18], which allows for
the integration of the structural analysis results (either static or dynamic) with the construction
of fragility curves and the assessment of economic losses. Furthermore, since not all sources of
energy dissipation were considered in the modelling, an inherent tangent stiffness proportional
viscous damping ratio [19] of 2% at the predominant period was adopted for NTHA.

Figure 1: First Mode Shapes, ‘Classical’ and ‘Non-Classical’.

2.3 Nonlinear Static Procedures
Seven NSPs were implemented to assess their capability of computation of EAL in the casestudy portfolio. While the reader is referred to specific literature for a complete presentation of
the methods, a brief description of their main features as implemented in this study is presented.
 N2 Method (N2) [20]: Capacity curves are constructed with a first-mode proportional lateral load vector; performance points are computed using an inelastic spectrum formulation. If the modal mass participating in the first mode is less than 55%
of the total seismic mass, a mass proportional lateral load vector is implemented.
 Capacity Spectrum Method (CSM) [21]: It is implemented in the same fashion as
the N2, however, performance points are computed implemented an overdamped
spectrum formulation as presented in FEMA-440 [20].
 Extended N2 Method (Ext-N2) [22]: Results from a first mode proportional N2
assessment are updated via correction factors computed using Response Spectrum
Analysis (RSA).
 Modal Pushover Analysis (MPA) [23]: Capacity curves are computed for each ith
mode proportional lateral load vector and corresponding performance points are
computed via NTHA on the ith equivalent Single-Degree-of-Freedom-System
(SDOF). ‘Modal’ responses are combined using the Squared-Root-of-the-Sum-ofthe-Squares (SRSS) rule.
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Generalized Pushover Analysis (GPA) [24]: Generalized Force Vectors and target
displacement demand are computed according to Perdomo et al. [25]. The envelope
of the response for each Generalized Force Vector is taken as the total seismic demand.
Improved Modal Pushover Analysis (IMPA) [26]: A GPA analysis is first carried
out to determine updated ‘modal shapes’, these updated ‘modal shapes’ are used to
determine the updated displaced state of the structure per each mode. ‘Updated modal’
responses are combined using the SRSS rule.
Adaptive Capacity Spectrum Method (ACSM) [27]: An adaptive equivalent
SDOF is constructed with results from a Force-Based Adaptive Pushover Analysis
(FAP) and the tools from Direct Displacement-Based Assessment (DBA). Performance points are computed using an overdamped spectrum formulation following
the recommendation from Casarotti et al. [28].

GROUND MOTION SELECTION AND SCENARIO EARTHQUAKES

The ground motion record selection method implemented in study is the Conditional Spectrum (CS) Method [29]. For its implementation the method requires input from Probabilistic
Seismic Hazard Analysis (PSHA), disaggregation of the PSHA and Ground Motion Models
(GMM) information. At each bridge location, the PSHA and its disaggregation was carried out
with the software OpenQuake [30] along with a simplified version of the 2013 Harmonized
European Seismic Hazard Model (SHARE) [31], for which only the GMM from Akkar and
Bommer [32] is required. The Intensity Measure (IM) chosen to characterize the expected
ground motion input at the site was the spectral acceleration at the first mode period (Sa(T1)),
according the results of a recent study [33] that shows that, despite not being always optimal
(in terms of efficiency and sufficiency) in general it presents better performance that the commonly used Peak Ground Acceleration (PGA). The first mode period (T1) was estimated for
each bridge through a bilinear fitting to a first-mode proportional capacity curve. Twelve return
periods were considered for the characterization of the structural response, construction of loss
curves and computation of EAL: 19975, 9975, 4975, 975, 475, 225, 141, 98, 73, 55, 32 and 22
years (probabilities of exceedance of 0.0025, 0.005, 0.01, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.8
and 0.9 in 50 years, respectively).
Once the PSHA and its disaggregation were carried out, the CS was computed for each determined IM level at each particular site and 25 records were selected per IM level in order to
match the CS mean and variance. Real earthquake records were scaled and selected from a
databank of approximately 11500 waveforms (one direction) obtained from the European
Strong Motion Database, K-Net Japanese database and the PEER NGA West2 database. Sample results for two bridges, three IM levels each, are presented in Figure 2, which includes the
CS (target mean and standard deviation), the selected records spectra with their corresponding
mean and standard deviation and the conditioning period and the limits for matching (from
0.2T1 to 2.5T1 in all cases), shown with vertical lines. It can be seen in Figure 2 that within the
limits for matching the agreement between the target mean and standard deviation and the records’ mean and standard deviation is very good, this observation can be extended to all target
CS computed and records selected.
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Figure 2: Sample results for CS and selected records.

4

DAMAGE LIMIT STATES AND FRAGILITY CURVES

A structure level criterion, in which an element damage evaluation serves for the quantification of the damage state for the whole structure, was adopted in this study. Keeping in mind the
characteristics of the case-study portfolio and based on the work presented on HAZUS [3] and
Nielson [34], further developed in Monteiro et al. [35], pier displacement ductility () was
adopted as Engineering Demand Parameter (EDP) and the maximum ductility among the different piers was used for the characterization of the damage state of the entire bridge. Accordingly, four discrete Damage Limit States (DLS) were identified: Slight, Moderate, Extensive
and Collapse. The thresholds for the identification of the damage state of any particular pier in
terms of displacement ductility are presented in Table 1. The EDP associated with the DLS
requires the computation of the piers’ top displacement and their yield displacement; the former
was obtained directly from the structural analysis results.
DLS
Slight
Moderate
Extensive
Collapse


1.00
1.20
1.76
3.00

Table 1: DLS in terms of displacement ductility.

Extensive experimental and analytical evidence, summarized in Priestley et al. [36], indicates that the yield displacement of columns is essentially independent from the amount of
longitudinal reinforcement, transverse reinforcement and external axial load. Following their
recommendations, the yield displacement of a cantilever column (behaviour presented in all
piers of the case-study portfolio) can be computed adequately using Equation 1, wherein ∆ is
the yield displacement,
is the pier height,
is the yield curvature, given in Equation 2, and
is the strain penetration length, given in Equation 3.
∆ =

+
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In Equation 2, is the longitudinal reinforcement yield strain whilst is the pier diameter.
is the
Additionally, in Equation 3, is the longitudinal reinforcement yield strength and
longitudinal reinforcement bar diameter.
= 2.25 ⁄

(2)

= 0.022

(3)

Consequently, the displacement ductility at any given pier can be computed according to
Equation 4, in which ∆
is the maximum displacement in absolute value found in the
structural analysis and μ∆ is the corresponding displacement ductility.
⁄∆

μ∆ = ∆

(4)

The largest value of μ∆ among the different piers of the bridge was taken as representative
of the system and used for the evaluation of the exceedance of the predefined DLS.
Demand estimations from NTHA and all the tested NSP, IM levels, and bridges within the
case-study portfolio were then obtained and fragility curves for each individual bridge and
structural analysis approach were generated. Multiple Stripes Analysis (MSA) [37] was selected for the development of the fragility curves for two reasons: it allows the use of different
records in different IM levels, and it is not necessary for all records to reach the IM level that
leads to reaching the DLS under consideration, which is its main advantage. With respect to the
fitting, Maximum Likelihood Method (MLE) was preferred for their computation, as it has
proven successful in previous research [37]. Moreover, following current practice, a log-normal
Cumulative Distribution Function (CDF) was chosen for the description of vulnerability for
each structural analysis approach, DLS and individual bridge within the case-study portfolio.
5

EXPECTED ANNUAL LOSSES COMPUTATION

In this study, the simplified HAZUS [3] approach was used for the computation of scenario
earthquake losses, loss curves, and finally, Expected Annual Losses (EAL), considering only
direct losses due to physical damage. Several past studies [38-41] have used the same approach
for the computation of direct losses for bridges at the regional level. Scenario losses were computed based on the compound damage ratio ( ), as shown in Equation 5, where
is the
damage ratio for DLS j and [
] is the probability of being in DLS j.
=∑

(5)

Damage ratios,
, for each DLS were taken the same as in previous studies [40, 41], which
match the recommendations contained in HAZUS [3], as shown in Table 2. Furthermore, for a
scenario earthquake with a given IM level, the probabilities of being at each DLS are given by
Equation 6.
=

=

( ) −
=

=
=

( )

( )

= 1, 2, 3

(6)

=4

In Equation 6,
= ( ) is the probability of exceedance for DLS j read from
the fragility function for a scenario with
= ( ) as determined in the PSHA. Direct mean
economic losses for the scenario earthquake were computed according to Equation 7, where
is the bridge’s replacement cost, computed with Equation 8. In Equation 8, the unit re-
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placement cost (
) was taken constant with a value of 2306 €/m2 according to the recommendations of Dong & Frangopol [38]. The deck width ( ) was also taken constant with a
value of 10m whereas the length ( ) was retrieved for each bridge.
DLS
Slight
Moderate
Extensive
Collapse

j
1
2
3
4

DRj
0.03
0.08
0.25
1.00

Table 2: Damage ratios per DLS.

=

≤
=

(7)
(8)

Mean direct losses were computed for each of the twelve earthquake scenarios determined
in the PSHA, using fragility curves corresponding to each individual bridge developed with
NTHA and each tested NSP. Loss curves were produced by plotting together the mean rate of
exceedance of each earthquake scenario (as indicated in Section 3) with their corresponding
mean direct losses, therefore, for each individual bridge and structural analysis approach. Finally, the area under each generated loss curve was assessed and EAL (as percentage of the
replacement cost) were computed with results from NTHA and each tested NSP.
6

EXPECTED ANNUAL LOSS RESULTS

Fragility curves, loss curves and ELA were computed using structural response estimations
from NTHA and each of the NSP presented in Section 2, for the scenario earthquakes and selected records presented in Section 3, following the guidelines presented in Sections 4 to 6.
Sample results for a “Classical” type configuration and a “Non-Classical” type configuration
are presented in Figures 3 and 4, respectively.

Figure 3: Sample results for fragility curves, loss curves and MLA. “Classical” type configuration.

Figure 3 shows that for this specific “Classical” Type configuration fragility curves computed with NSPs do not present a good agreement with NTHA estimations, except for ACSM
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in DLS-3 and DLS-4 where it is the closest. It is also seen that in this case most NSPs yielded
similar results in terms of fragility for DLS-3 and DLS-4. This observation clearly translates to
the computed loss curves where all NSP tend to cluster in the same shape, except for GPA, that
gets closer to NTHA for higher probability of exceedance events, and ACSM which is the closest across all evaluated scenarios. EAL results follow quite clearly this behaviour with N2, CSM,
Ext-N2, MPA, and IMPA presenting a similar performance in prediction and ACSM being the
closest to NTHA followed only by GPA.

Figure 4: Sample results for fragility curves, loss curves and MLA. “Non-Classical” type configuration.

Figure 4, in turn, shows that for the specific “Non-Classical” type configuration the fragility
curves computed with NSPs diverge greatly among them, for all considered DLSs, with different levels of agreement with NTHA. Remarkably, in this case, Ext-N2 and GPA computed
slightly less vulnerable behaviour for all DLSs whereas the rest of NSP present opposite results,
predicting a more vulnerable system with respect to NTHA. These observations are again
clearly sustained by the loss curves and EAL values, where Ext-N2 and GPA curves are below
the NTHA curve for low probability of exceedance events, the MPA curve is close to NTHA
for some of the low probability of exceedance events, but it is always higher for more frequent
events. It is also seen that despite computing different fragility functions, loss curves for other
NSPs tend to cluster with a similar shape, higher than NTHA results. EAL values, again, capture
this behaviour perfectly, with N2, CSM, MPA, IMPA and ACSM leading to higher losses and
Ext-N2 and GPA to lower losses with respect to NTHA. Comparatively, the latter two present
the best match to the benchmark results, although their predictions would be non-conservative.
The results presented in Figures 3 and 4 are not fully representative of the behaviour of the
case-study portfolio hence the results for EAL values are further scrutinized and analysed statistically. In order to compare NSP results with respect to NTHA predictions, the error in the
EAL estimation is computed for each bridge according to Equation 9. In Equation 9,
is the EAL estimated with NTHA,
is the EAL estimated with a given NSP (e.g. N2)
and
is the associated error in the prediction.
=(

−
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Moreover,
values are grouped according to the behaviour typology (i.e., “Classical”
results are presented in boxand “Non-Classical”) and their results are treated separately.
th
th
plots in Figure 5. These boxplots present the 25 and 75 percentiles enclosed by the blue box
whereas the horizontal red line marks the median of the results and two horizontal green lines
are also presented in the plots which mark 30% difference with respect to NTHA predictions.

Figure 5: MAL values. “Classical” and “Non-Classical” type configuration.

Figure 5 shows, in terms of median EAL values for “Classical” type configurations, that
CSM performs the worst among the tested NSP alternatives, whereas N2 performs better, being
within the 30% accuracy with respect to NTHA. Ext-N2, MPA and IMPA perform similarly,
however their median EAL values are slightly less accurate than that obtained with the N2.
GPA presents itself as the second best alternative with a median EAL value slightly more accurate than N2, whilst ACSM is the best performing method, with a median EAL value essentially matching NTHA predictions. When the dispersion in EAL values is taken into account,
ACSM and GPA are still the first and second best performing methods, Ext-N2, MPA and
IMPA present similar values of dispersion, larger than other approaches. N2 presents a larger
dispersion than CSM nevertheless it is overall more accurate than the latter. In view of the
simplicity in implementation of the N2 method, it is seen a viable alternative for the assessment
of “Classical” type configurations within the case-study population.
For what concerns the “Non-Classical” type configurations, the median EAL values for N2
and CSM are similar and both outside the 30% accuracy threshold, with respect to NTHA, overpredicting EAL and generally losing accuracy with respect to the “Classical” configurations,
especially N2. IMPA and ACSM also lose performance with respect to the “Classical” configurations, with the ACSM median EAL value being just slightly more accurate than N2. ExtN2 ad GPA have very similar median EAL values, being just on the boundary with the 30%
accuracy with respect to NTHA. MPA presents the closest match with respect to NTHA in
terms of median EAL value. When considering the dispersion, MPA loses performance with
respect to GPA and Ext-N2, with the former having a dispersion quite larger than the latter two,
which have similar levels. ACSM would present almost identical performance to N2 and CSM,
however it seems just slightly superior. IMPA presented the largest level of dispersion on EAL
values among the tested NSP for “Non-Classical” configurations. It is seen that for “Non-Classical” type configurations the use of multi-mode based NSP is encouraging in terms of improved accuracy. Results for the tested case-study portfolio tend to favour Ext-N2 and GPA,
with the downside of underpredicting median ELAs. MPA and ACSM present overall a marginally better performance than N2 and CSM.
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7

SUMMARY AND CONCLUSIONS

This work studied the accuracy of Nonlinear Static Procedures (NSP) in the prediction of
seismic risk levels of reinforced concrete (RC) bridges, using Expected Annual Losses (EAL)
as metric. For this purpose, a case-study portfolio of 50 multi-span bridges with continuous but
non-monotonically connected deck has been selected from the Italian bridge stock. The bridges
were divided in two typologies, “Classical”, where a classical first mode shape develops, and
“Non-Classical” where a classical first mode shape does not develop or does not exist. Twelve
earthquake scenarios have been defined using Probabilistic Seismic Hazard Analysis (PSHA)
for chosen mean return periods. The measure of earthquake intensity for each scenario was
characterized via the spectral acceleration at the first mode period, allowing for the computation
and selection of records using the Conditional Spectrum (CS) method. Furthermore, for the
characterization of the structural response at each intensity measure level, 25 real earthquake
recordings were scaled and matched in order to fit the CS mean and variance. Structural response estimations were obtained for each record and intensity measure level using Nonlinear
Time History Analysis, considered the benchmark results, and seven NSPs, namely, N2 Method
(N2), Capacity Spectrum Method (CSM), Extended N2 Method (Ext-N2), Modal Pushover
Analysis (MPA), Generalized Pushover Analysis (GPA), Improved Modal Pushover Analysis
(IMPA) and Adaptive Capacity Spectrum Method (ACSM). Four discrete damage limit states
were defined and fragility curves were developed for each bridge within the case-study portfolio,
for each DLS using structural response estimations from NTHA and each of the tested NSPs.
The developed fragility curves were then used to compute Expected Annual Losses (EAL) for
each of the earthquake scenarios defined previously, implementing the HAZUS approach. The
accuracy of each tested NSP for EAL computation was assessed with direct comparison with
NTHA predictions using an error measure. For the case-study portfolio investigated in this
study, the findings suggest that the following conclusions can be drawn.
When the bridges can be classified as “Classical”, the results favour ACSM as the best performing alternative, followed by GPA. At the same time, N2 presents a good performance and
in view of its simplicity could be considered as viable alternative for the risk assessment of the
“Classical” type configurations of the case-study portfolio. When bridges can be classified as
“Non-Classical”, results tend to favour multi-mode based NSP, in particular Ext-N2 and GPA,
with the downside of yielding slightly non-conservative predictions. MPA and ACSM present
only a marginally superior performance than N2 or CSM. Single-mode based NSPs, especially
N2, lose performance when compared to the “Classical” type configurations.
Considering the results obtained for the overall portfolio, multi-mode NSPs that consider
higher mode effects offer an improvement in the prediction of EAL. With generally similar
median prediction estimates and dispersion levels for different types of structures, the choice
would likely be made between GPA and ACSM. On the other hand, other aspects, such as
computational demand or ease of implementation, should be considered. In such a case, N2
would be confirmed as a viable alternative for what concerns first mode dominated structures
or structures where a classical first mode develops.
Overall, these results support the idea that NSPs can be used for large scale seismic assessment of bridge portfolios, while keeping in mind some limitations and improvements for future
research. In particular, more research for higher mode sensitive bridges is required to improve
the accuracy of alternative structural analysis approaches. It is also emphasized that the simplified approach implemented in this study for the calculation of EAL, i.e. structure level fragility
curves along with compounded damage ratios, could conceal further deficiencies (or capabilities) of NSP approaches. As such, studies at the element level, as those currently implemented
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for earthquake loss assessment in buildings, are necessary for the loss estimation in bridge
structures. Efforts in these directions are expected in the near future.
8
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Abstract
The increasing momentum for Natural Gas exploitation in Europe and worldwide constitutes
Liquified Gas terminals indispensable links of energy supply network. Infrastructures of this
kind should be resilient against the earthquake hazard and thus designed accounting for as
much as possible sources of uncertainty such as modelling issues, analysis methods, seismic
input selection, soil effects and others. To date, research efforts have not assessed the response
of pipe racks sufficiently, let alone the interaction between the rack and piping system and
analysis methods of the past have proved to be neither adequate nor efficient towards evaluating the earthquake hazard potentiality. Further, soil-structure-interaction has not been incorporated into a fragility analysis framework; albeit it is considered as a critical parameter since
midstream and downstream facilities are usually rested on alluvial deposits.
In the present work, a supporting RC rack is analysed through a 3D finite element model in the
nonlinear regime both as coupled and decoupled vis-à-vis a piping system. The fragility functions are evaluated for structural components and limit states in the global and meso-scale,
through the Incremental Dynamic Analysis (IDA) considering far-field conditions. In the end,
the SSI is encountered accounting for linear and nonlinear soil, and soil effects are demonstrated by the fragility curves. It is inferred that the fragility of the rack soars considerably by
the piping system boundary conditions in the coupled case and the SSI has detrimental impact,
and thus should be accounted, particularly, for industrial structures that are located at coastal
sites.
Keywords: RC pipe rack, pipelines, dynamic interaction, fragility assessment, far-field, soilstructure-interaction.
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1

INTRODUCTION

The strategic role of Liquified Natural Gas (LNG) terminals all over the world and particularly in Europe due to the high energy demands, which have been increasing recently, makes
these infrastructures focal points of energy world network. Climate changes due to global
warming was, is and will be high on the agenda of societies, and thus the consumption of more
environmental friendly fuels e.g. LNG will be prioritized in the future. There are currently 28
LNG terminals (24 ground and 4 floating) along European coastline some of which are planned
or being expanded and the number is going to increase considerably in the Mediterranean Sea
by the first half of the next decade since the LNG imports are expected to soar by almost 20%
by 2040 compared to 2016 levels [1]. Furthermore, ongoing European projects, e.g. EastMed
or future exploitation of natural resources in the East Mediterranean regions, will probably support exports to global markets and Europe via LNG or pipelines increasing even more the need
for constructing LNG terminals in the region. The terminals play an essential part since their
purpose is to store, process and distribute natural gas mainly by freight and pipelines at regional
or supra-regional level. There are two types of terminals, namely liquefaction and regasification
(or off-loading facility); in the first type, the gas is liquified by compression and cooling to low
temperature, whereas in the second case, the LNG is converted to its gaseous form for further
distribution to the market (Figure 1a). The natural gas is liquified because it takes up approximately 1/600 less volume compared to gaseous form. In this view, LNG terminals are made of
a port, storage tanks and the main process area (Figure 1b) that includes pipe racks, knock-out
drum (or vapor-liquid separator) and other process equipment.

Figure 1: a. LNG process pathway and b. an LNG liquefaction plant ([2])

Many of LNG terminals could impose high risk to human and countries financial state considering that they might be vulnerable against natural hazards such as inundations, fire, earthquake and others. The earthquake hazard potentiality, which the present study intends to
examine, is high in Central and East Mediterranean basin in which countries e.g. Italy, Greece
and Turkey have experienced severe seismic events during the last decades. The seismic hazard
is a key one to be addressed in the analysis of major accident hazards within a well-completed
risk assessment of industrial facilities as clearly proved in [3]. A literature review that was
conducted at the time showed that 14 seismic events caused damages to 182 equipment items
and the 70% of that damage led to Loss of Containment (LOC) events. The number of nonbuilding structures e.g. pipe rack and nonstructural components e.g. pipelines that an LNG or
oil refinery encompasses are numerous. To adjudicate what the most vulnerable structures in a
process plant are in order to account for their fragility during a quantitative risk assessment
process (this kind of risk assessment is out of the scope of the present work), we should examine
the seismic behaviour during past seismic events. In particular for oil refinery pipe racks, it has
been found that are not the most vulnerable structures themselves against seismic hazard,
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however, they could be due to the differential displacement of pipe supports that are not compatible with the pipelines ([4]). Supporting structures or pipe racks carry complex systems of
nonbuilding structures and nonstructural components that transfer hazardous substances from
one unit to another and thus their seismic integrity is critical.
To-date, the seismic research has focused on the decoupled case by investigating the seismic
response of critical components such as elbows, t-joints or bolted flange joints without analyzing the rack and piping system in unison (coupled case) ([5], [6]). This engineering practice of
decoupling the response of structural and nonstructural components has been adopted not only
for research purposes but also in industrial sector in virtue of simplifying the design process
due to the lack of code provisions or due to possible limitation of structural analysis software
in the market that causes engineers to overlook important design aspects and overestimate or
underestimate the seismic response. These limitations along with the ones that refer to modelling of pipes, the soil deformability or the selection of seismic input increase considerably the
number of uncertainties (epistemic and aleatory since they are based both on the lack of
knowledge e.g. modelling as well as inherent/unavoidable randomness e.g. soil properties or
seismic excitation characteristics) that comes in stark contrast with the magnitude of process
plants cruciality. Additionally, the Limit States (LSs) of common building structures are not
applicable e.g. for pipe racks considering the exceptional high human, environmental or financial risk that a failure of structural or nonstructural component may induce [7]. That being said,
it is essential to assess in a detailed fashion the dynamic interaction of pipe racks vis-à-vis
pipelines or other supported components considering also that testing campaigns on this research topic cannot be found in the literature.
Another important aspect that may increase the seismic vulnerability particularly of midand down-stream facilities is the soil deformability. The soil beneath LNG terminals and oil
refineries that are located at the seaside is rather weak, and thus strengthening measures are
undertaken e.g. pile foundation so as to decrease possible settlement by dead loads or enhance
the lateral capacity against earthquake loading. As it has been investigated up to a point for
common buildings, the soil deformability affects mainly squat and heavy structures by increasing the lateral deformation and lessening the force demand ([8]). Steel and concrete pipe racks
come in many sizes and layouts and it is definitely impossible for someone to deduce whether
the soil should be considered or not in the final design. This is the reason that seismic code
provisions encourage the incorporation of Soil-Structure Interaction (SSI) in the design, however, European ones in particular fail to form a practical way so as the SSI to be considered in
the modelling of common buildings let alone for pipe racks that differentiate in many ways e.g.
irregularity along the height and in plan. Furthermore, the decision could be even more complex
by considering that pipelines are supported flexibly on racks and may be affected by the soilinduced higher displacements. To the best of our knowledge, there is no a probabilistic approach
that undertake the seismic vulnerability of mid- or down-stream pipe racks – pipelines systems
accounting for SSI, even though the demand for acquiring a better insight of the seismic vulnerability of existing or under design process plants is rather essential.
The present paper is organized as follows: first, the peculiarities of analysis methodologies
of nonbuilding structures and nonstructural components as can be found in the current literature
and codes of practice are presented in Section 2. Furthermore, it follows a brief review of soilstructure interaction effects and two models for linear and nonlinear soil that are adopted for
the case-study (Section 3). In the last section, an LNG RC pipe rack is considered as a representative case study and the vulnerability at global- and meso-scale accounting for the coupled
case is evaluated. The objective of the work herein is twofold: i) evaluation of the importance
of dynamic interaction between an LNG RC rack and steel pipelines and ii) investigation of
soil-deformability effects on structural components by means of Fragility Functions (FFs).
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2

ANALYSIS METHODOLOGIES FOR PIPE RACKS

Petrochemical plant pipe racks are usually made by steel to avoid corrosion due to harsh
environmental conditions that process plants are exposed to, however, concrete modular frames
could be found as more preferable option due to the lower cost of the material, the high uncertainty in the welding process and time constraints relating to the long installation period of steel
frames. They are complex systems since numerous nonbuilding structures and nonstructural
components are supported on them (Figure 2). The detailed analysis methods of supported components specifically are excluded in this section; however, some references will be made to the
point that are related to the connection with the supporting structure.
2.1 Code provisions
The main European (EN) contribution for seismic-resistant design of structures [9] do not
make reference to oil refinery pipe racks yet to irregular building structures that, of course,
differentiate in many ways e.g. different types of loading due to the supported nonbuilding and
nonstructural components or importance class definition compared to nonbuilding structures.
Even though EN regulations deal with other type of structures included in process plants such
as tanks, silos, towers and pipelines ([10], [11]), the important design aspects of pipe racks
along with the pipelines that are outfitted by are not mentioned. On the other hand, the American
(AM) code [12] or the petrochemical plant structures guideline [13] encompass a few regulations for the design and analysis of pipe racks. Oil refinery pipe racks are called nonbuilding
structures similar to buildings in the codes since they are designed and constructed in a manner
similar to buildings, respond to strong ground motion in a fashion similar to buildings and constitute moment, braced or dual systems. Building-like structures share many design parameters
and expected behaviour with regard to common building structures but there are also considerable differences.

Figure 2: An oil refinery complex with pipe racks and supported components (source: www.rainbow941.fm)

According to the AM code [12], several parameters should be considered for determining
the analysis methodology of nonbuilding structures similar to buildings, viz the vertical and
horizontal irregularities, the configuration of nonbuilding structures e.g. heat exchanger or
tower vessels mass, the relative rigidity of beams that should not be confused with the rigid or
flexible way of supporting e.g. a piping system on a nonbuilding structure, the Seismic Design
Category (the SDS in the AM code is defined as a function of importance class, seismicity and
site class) and the fundamental period, T. In contrast with the EN codes that are not dealt with
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pipe racks, AM ones specify several analysis methodologies and give high latitude to the engineer in selecting the most suitable. Petrochemical pipe racks are usually subjected to vertical
irregularities in comparison with horizontal ones (the last are defined in the code based upon
the differential drift between perimetrical points when there is diaphragmatic behaviour but
pipe racks most commonly have no diaphragms). The vertical irregularity could be due to the
inequality of stiffness, strength, geometry and/or weight of adjacent storeys. For instance, it is
rather common when a unique floor supports significant mass, whereas other adjacent carry
inconsiderable nonstructural components, the equivalent lateral force analysis method may be
applied since the response is dominated by the first mode; however, it is also common dissimilarities in stiffnesses and strength to exist due to the distinct vibration of concentrated masses
on upper floors as well as geometry e.g. side overhang cantilevers that are necessary to support
nonstructural components that run out of the main frame. The fact that pipe racks or other building-like structures present similar skeleton to buildings does not mean necessarily that behave
like them. The resulting pendulum modes that come from the support of suspended vessels and
other equipment may have strong impact on pipe rack response depending on the clearance and
make the use of dynamic analysis inevitable. Another reason that necessitates the use of response spectrum or time history analysis is the higher local modes that come from the weakness
of beams compared to columns or braces and may contribute substantially to the total response.
This is a common behaviour of nonbuilding structures with absence of floor slab.
Nonbuilding similar to building
Nonbuilding not similar to building
Nonstructural component

Wp (=W1+2·W2), Tp

W2

W1
a.

Ws, Ts

b.

Figure 3: a. A steel nonbuilding structure, b. the piping system considering the towers that is support

To assess further what the AM code proposes regarding the interaction between supported
nonbuilding structures and/or nonstructural components and supporting structure, a nonbuilding steel rack is demonstrated in Figure 3a consisting of a unique pipeline that runs across the
third floor and connects two horizontal pressure vessels. When the weight of nonbuilding structure similar to building Ws (Figure 3a) and nonbuilding structures not similar to buildings as
well as nonstructural components Wp (Figure 3b) is less than the 25% of the Wt (Ws+Wp), the
decoupled case (no interaction) between them should be considered according to the code requirements. This is a very rough rule that relies on the low influence the supported components
will have on the system response and intents some nonlinearity to be appeared on the nonbuilding structure to avoid resonance response and lessen the interaction. Also, the supporting structure and nonstructural components design parameters e.g. behaviour factor or component
amplification factor ap (this factor multiplies the design force and takes value between 1 and
2.5 for rigid and flexible supported components) are defined separately. Should this not be the
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case, the dynamic interactιon is accounted for; however, if nonbuilding structures and/or nonstructural components (the AM code states only the nonbuilding structure but implies the nonstructural components e.g. pipes) are rigidly attached to the supporting structure (Tp<0.06s, the
value is estimated by considering the flexibility of beams that the components is attached to e.g.
the towers in Figure 3b), they should be analysed as rigid elements considering only the behaviour factor of the rack, otherwise both the supporting and nonbuilding structure should be modelled together in a combined model (Figure 3a) adopting the lesser behaviour factor between
them. Finally, the two predominant dynamic analyses proposed by the code is the response
spectrum and dynamic linear analysis probably due to safety reasons since nonlinearity increases the number of uncertainties in modelling and interpretation of results, however, the code
implicitly recommends the use of nonlinear time-history to be used with caution.
2.2 Previous studies
According to [14], the most commonly causes of industrial accidents are the human factor
(commission or omission errors), the organization/management errors e.g. design deficiencies
or lack of maintenance and equipment/mechanical failure e.g. material failure or malfunctioning of equipment. The investigation of 284 case studies that referred solely to chemical process
plants accidents by [15] was in unison with the previous statement, but it yielded additionally
that the majority of accidents (25%) was related to piping system. That conclusion indicates
that the piping network is one of the most prone parts within a process plant and due consideration should be given to technical human errors e.g. defective design by positioning unjustifiably the pipes on the rack or incorrect pipe bents configuration for increasing the flexibility of
the system due to thermal pressure.
To-date, it still remains to be examined the dynamic interaction between a supporting structure and a piping system towards highlighting the most critical design challenges and preventing
accidents in the future that put human lives and environment at risk. To the best of our
knowledge, the research is rather limited on this topic; the majority of research has focused on
the analysis of piping system or critical components individually ([5] &[16] among others),
whereas the analysis of the combined models (supporting structure and piping) is rather obscure.
An interesting research upon the effects of dynamic interaction on pipe-way and piping system
response by considering different weight ratio, diameters and end-condition of pipes as well as
thickness of U-ring elements (they are used to capture the pipes along the perimeter restraining
only the movement in vertical and transverse direction) was conducted in [17]. The governing
result of the case-study referred to the significant role the end-conditions and the stiffness of Ubolt rings played in the seismic response; the last two parameters may sensationally affect the
whole system more than the weight ratio. The outcomes of the research showed that in case of
multi-secondary structures e.g. pipelines that are multiply supported on a supporting structure,
the relative stiffness of connection and the end-conditions except for the weight ratio should be
examined; however, these parameters are missing from the codes which deal with singe secondary systems that are rigidly or flexibly supported on a nonbuilding structure.
3

SOIL-STRUCTURE INTERACTION

This section is devoted in the review of SSI models and effects on buildings and similar to
building structures. More attention will be given to former structural type due to the higher
research interest depicted in the literature. The limited research on soil deformability influence
on the latter structural type demands a better insight to be acquired that can assist during the
design process both of structural and nonstructural components. The fact that oil refineries are
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located close to seaside where the soil is rather weak makes the examination of SSI phenomenon a sine qua non for the seismic integrity.
3.1 State-of-the-art
Except for the well-known effects of SSI on system response, namely period elongation and
damping increase, the SSI has been found to affect mostly heavy and stiff structures. The longer
period as well as the added damping in the system reduce the seismic demand forces (lower
response spectrum) and thus SSI could be beneficial from this point of view. On the other hand,
the higher displacement demand due to the soil deformation could be strictly necessary within
the displacement-based design particularly for pipe racks that are outfitted by sensitive to highdeformation pipelines. According to [8], the ratio of h/(Vs·T) (h is the effective height, Vs is the
shear velocity and T is the natural period) could be a reliable indicator of the degree of period
elongation and damping increase.
Depending on the structural type under investigation, different parameters are of interest to
evaluate the effects of SSI. For instance, foundation settlement or sliding and change in dynamic
properties could be of interest for common building structures. However, when it comes to
nonbuilding structures such as bridges, pipe racks or nuclear power plant reactors, the seismic
demand on piles as well as the peak floor acceleration for checking the response of nonstructural
components are of importance. Usually, pile foundations are adopted for pipe racks due to the
liquefiable alluvial deposits existing at coastal sites and the high area that oil refineries cover
making the replacement of soil practically or financially infeasible.
Except for the identification of changes in the response of structures, which is still a challenging task particularly when soil nonlinearity is accounted for, the researchers have been trying during the last decade to evaluate the effects of SSI in a probabilistic manner by estimating
fragility functions that constitute an essential tool for assessing the response of existing or under
design structures for further loss estimation and risk management. Even though this attempt has
been partially completed for common building structures and bridges ([18]–[20]), the research
lacks clearly of a probabilistic methodology that investigates the damage of pipe racks in a
probabilistic manner accounting for dynamic and soil-structure interaction. The influence of
SSI has been examined mostly for storage tanks and nuclear containment structures ([21], [22]),
although process plant pipe racks could be stiff due to the vertical and horizontal bracing that
intend to keep low the ductility as well as heavy since other nonbuilding structures and components are usually supported on them [7].
3.2 SSI models
This section is the forerunner for the case-study that follows, thus SSI models will be examined in connection with the ones that have been adopted afterwards. The literature abounds with
models that are used to describe the soil-foundation-structure interaction. These models can be
categorized into three main categories, namely ‘domain type models’ that refer to local scale
since the soil is examined by constitutive laws, macroelements (intermediate-scale) where the
soil-foundation-structure interface is described by a link element and finally soil springs which
is the simpler type of model that is mostly used by practitioners and is based on impedance
functions by considering mostly only for the fundamental frequency of the superstructure
(global scale). The last type of model could be computationally efficient accounting for soil
nonlinearity response and is suggested by code-of-practice provisions as a practically acceptable method [8]. Having said that, this latter type of model will be described hereafter and used
for the fragility analysis in the following case study.
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Lumped springs that represent the soil compliance are used mainly for shallow foundations
making the assumption that the superstructure is underneath by a homogeneous, elastic and
semi-infinite medium [23]. The assumption of linear behaviour in the vicinity of foundation
could be an acceptable approximation when the foundation is rigid and the seismic excitation
is not enough to develop soil inelasticity. The energy dissipation of soil due to radiation and
hysteretic damping is represented by dampers. Although the stiffness and damping of soil is
frequency-dependent, usually, they are modelled as frequency independent at the fundamental
frequency of the structure since the analysis is conducted in time domain.

a.

b.

Figure 4: a. Idealisation of soil and foundation as a spring, dashpot and mass system, b. general shaped foundation (L>B) for the calculation of impedance functions
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I & Jt area and polar moment of inertia of the soil-foundation surface around the pertinent axis , c̅ a
damping factor with c̅= c̅(L/B, ao), χ= Ab/(4L2), G the soil shear modulus, Ab foundation area

Table 1: Static stiffness K and radiation damping coefficient C for arbitrary shaped foundations ([24])

The dynamic impedance function of the system shown in Figure 4a is given by:
𝐾 (𝜔) = 𝐾 + 𝑖 ∙ 𝜔 ∙ 𝐶

(1)

where both K̅ and C are functions of frequency ω. In particular, K̅ is called dynamic stiffness
and represents the soil stiffness and inertia being frequency independent up to a good approximation for soil properties. The dynamic stiffness is given by:
𝐾 = 𝐾 ∙ 𝑘(𝜔)
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The static soil stiffness Ki in the three modes of vibration for a general shaped foundation (Figure 4b) rested on homogenous half-space is given in Table 1. The dynamic stiffness coefficient
(k) is a function of L/B, the soil Poisson ratio ν and the dimensionless parameter a o (=ω·B/Vs,
ω is the fundamental angular frequency of the superstructure and Vs is the average soil shear
wave velocity commonly estimated at the upper 30 m of a soil deposit). The coefficient k can
be found by plots existing in the literature as a function of the aforementioned parameters. Furthermore, the total damping is represented by the product ω·C where C is the radiation damping
(hysteretic damping is zero for linear soil) coefficient that for a general shaper foundation are
given also Table 1, where ρ is the soil density, VLa is the Lysmer’s analog wave velocity
(=3.4Vs/(π·(1-ν))) and ci is a factor that is given by plots being a function of the dimensionless
ratio αo and the ratio L/B. The interested reader may find more information about the methodology for the soil springs configuration and the forms of rotational modes of vibration in [24].
The soil behaves in the nonlinear regime under strong-ground motion and in the vicinity of
foundation interface (near-field) even at low strain levels. The hysteretic behaviour is described
by the inclination (that refers to soil stiffness) and the size of the loop (the larger the loop the
higher the energy dissipation, Figure 5a). Usually, the secant stiffness (Gsec=τc/γc) is used to
describe the average stiffness of soil along an entire loop instead of the tangent Gtan and the
damping ξ for the dissipation of energy due to the material nonlinearity. The Gsec and ξ constitute the equivalent linear soil properties; the increase of shear strain amplitude decreases the
secant modulus and increases the energy dissipation due to the hysteresis phenomenon. The
change in shear modulus and damping are usually depicted through the G-γ-D curve ([25])
(Figure 5b).

a.

b.

Figure 5: a. hysteresis loop of soil element subjected to symmetric cyclic loafing ([25]), and b. typical G-γ-D
curves of a soil deposit

The simplest way to estimate the soil nonlinearity is the equivalent linear method that accounts for the modification of secant and damping during an iterative analysis procedure by
considering a percentage (roughly 65%) of the peak strain from the previous step. More information about this method can be found in [26]. The equivalent nonlinear method is a straightforward and simple to be implemented procedure, however, it still remains an approximation
of the actual soil behaviour. Thus, plentiful nonlinear constitutive models of different rigorousness and complexity exists in the literature. Soil models with hysteretic behaviour can be rather
difficult to be calibrated since they require a lot of parameters. In this regard, a simplified model
will be used in the sequel to account for the nonlinear behaviour of soil underneath an LNG RC

5365

rack. That model relies on the Ramberg-Osgood (RO) curve [27], which is described by the
following equation:
𝛾
𝜏
=
𝛾
𝜏

1+𝑎

𝜏
𝜏

(3)

where γy and τy are the yield strain and stress (Gmax=ty/γy) and the parameters α and r are positive
constants (r≥1 and a≥0). When the strain is very small (γ0 and τ0 given that r>1), the eq.
7 can be rewritten according to Masing’s rule as follows:
𝛾
=
𝛾
𝐺

𝜏
∙𝛾

1+𝑎∙

𝜏
𝐺

∙𝛾

(4)

Also, the hysteretic damping according to RO model is defined as:
𝐺
𝐺

= 1−

𝐷 ∙ 𝜋 ∙ (𝑟 + 1)
2(𝑟 − 1)

(5)

The parameters a, r and γy are to be determined by using a code that tries repetitively to estimate
the best fit given a soil type with Gmax. This code has been developed in MATLAB and the
results are presented in the following section. Once the parameters are known, D-γ curve can
be determined as well.
To represent the soil properties of the following case study by using the G-γ-D curves shown
in Figure 5b and calibrate the pertinent curves of RO model, afterwards, the empirical formulae
by [28] have used that refer to alluvium deposit of sandy clay to clayey sand with plasticity Ip.
The quotation of those formulae is omitted herein for brevity.
4

FRAGILITY ANALYSIS OF A RC PIPE RACK

The seismic fragility of a RC pipe rack is examined herein considering a 3D model in dynamic nonlinear analysis of framed structures software Seismostruct ([27]). Towards achieving
robustness in the assessment methodology, a particular number of steps were followed for that
purpose: i) material and frame element modelling, ii) modal analysis for identifying the fundamental modes in horizontal and vertical direction, iii) pushover analysis of the rack for determining the weakest direction, iv) selection of 7 spectrum compatible seismic records
considering the predefined fundamental period, v) definition of the acceptance criteria for the
assessment of structural components and, vi) time-history analyses and results compilation and
representation via probabilistic functions. All the following steps are explained in more details
in the sequel.
4.1 Model Description
The pipe rack that is examined comes from an existing LNG terminal plant (Figure 6a) and
is shown in Figure 6b. Although the LNG terminal is originally placed and designed in a lowseismicity region, the pipe rack is replaced to Priolo Gargalo, a high seismicity area in southeast
Sicily, in order to acquire a better insight of the seismic performance. The pipe rack under
assessment consists of 2 sub-racks; a 6x9x8.3 m short rack that supports the pipelines that come
immediately from the LNG storage tank and a 102x6x7.3 long rack that transfer LNG to nearby
units (Figure 6c). All the intermediate spans by the beams are 3 m long. The structural components are made by concrete class C40/50, whereas the 7 pipelines that run along the rack by
steel grade ASTM A312/TP304L with yield and ultimate strength 370 MPa and 461 MPa, respectively. More information about the mechanical properties of the rack and pipelines can be
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found in [29] and [30]. The concrete material is described by the Mander model, which accounts
for transverse reinforcement, and the Menegotto-Pitto one is used for the ribbed reinforcement.
The inelasticity of beams and columns is described by force-based frame elements that rely on
nonlinear fibre section method [27]. A five-element non-uniform subdivision is adopted for the
members.
Storage Tank

Horizontal Pipe Rack 1

Platform on Tank
Horizontal Pipe rack 1
Know-out-drum area
Process area
Horizontal Pipe rack 2

a.

b.
Side view x-z

Side view y-z

c.
Figure 6: a. LGN terminal layout ([30]), b. RC pipe rack under assessment and c. dimension of the rack

Since the modelling of the entire terminal is not practically feasible due to the excessive
computational cost, the assumption of pinned connections at the edges of the pipes that run
beyond the pipe rack main frame is made. This decision is an approximation and states on the
safe side since pipes that present relative flexibility -mostly bend downwards or upwards after
the main frame of the rack- are considered more rigidly restrained. Furthermore, another type
of modelling constraint refers to pipe modelling. Although EN and AM codes of pipelines design do not make reference of shell elements yet only to beam ones, the last type of element
may be incapable of capturing the exact strain-stress response [7]. In view of the large model
under investigation and the availabilities of the analysis software [27] for pipe modelling, stick
models both for straight and curved pipe have been used and calibrated according to [32]. It is
worth mentioning that the internal operating pipe pressure is low (Pmax=1.63 MPa) as quoted in
[30] and thus neglected in order to remain on the safe side since the pressure increases at low
operating levels the bending stiffness of pipe bends ([32]). The pipelines are supported mainly
in a flexible way on the rack by keeping free the displacement in the axial direction of the pipe
as well as all the degrees of freedom.
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Finally, to account for the SSI effects, an elastic footing and strip beams foundation system
is designed according to [33] for the new site. A coastal sandy clay to clayey sand soil profile
with Vs=210 m/s and Gmax=105 GPa (STC according to [9]) has been adopted and the linear
soil springs for the 6 modes of vibration are estimated according to [24] and placed both under
the footings and strip beams as shown in Figure 7.

Figure 7: The soil-foundation, pipe rack and pipelines in the same model on Seismostruct ([27])

The original G-γ-D curves of the soil type, which rely on the formulae of [28] are shown in
Figure 5. As mentioned in the section 3, the soil nonlinearity is described by calibrating the RO
model included in the toolset of [27] for the STC. For that purpose, the unknown parameters of
the model are estimated by building up a code in MATLAB ([34]) and the yielded G-γ-D curves
are shown in Figure 8a&b for two fitting methods, namely the Root Mean Square Error (RMSE)
and the coefficient of determination (R²). The former was found to calibrate better the G-γ curve
and thus the parameters of that fitting are adopted.

a.

b.
Figure 8: Calibration of RO model for the STC using a. the RMSE and b. R² fitting methods

4.2 Seismic assessment
Initially, a modal analysis is conducted for the pipe rack shown in Figure 7 with (W/) and
without (W/O) SSI to identify the fundamental modes, which are quoted in Table 2. The maximum increase of the period fluctuated between 17 and 20% for the two modes. To select the
seismic records for the fragility assessment of the rack, it is necessary to identify the fundamental period along the weakest direction. This is achieved by means of pushover analysis both for
uniform and 1st mode load distribution as well as for the two modes shown in Table 2. The
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capacity curves are illustrated in Figure 9 where it is obvious that the principal mode in the Y
direction (T3=0.276 sec) is the weakest one.

Mode 3(Y)
Mode 5 (X)

TW/O

TW/

(sec)

(sec)

0.269
0.230

0.315
0.276

ΔΤ
(%)
17
20

MW/O
(%)
43
87

MW/
(%)
34
55

Table 2: The two fundamental modes of the pipe rack

Figure 9: The capacity curves of the first mode and uniform load pattern distribution

Furthermore, 7 compatible records are selected through REXEL software ([35]) in the [0.2
T3, 2T3] period range. The spectrum that the compatibility is achieved for refers to SLV limit
state, STC and Usage Class III ([36]), although three LSs, namely Serviceability (SLS), Safe
Life Limit State (SLLS) and Collapse (CLS) are accounted for the assessment in the following.
This topic is under investigation by the Authors since the best option could be records compatibility for each LS. It is also noteworthy that the compatibility of records is difficult to be attained both for the two horizontal and one vertical component, thus, the records shown in Figure
8 have compatibility for the two horizontal ones at least (the vertical component is used in all
cases). The epicentral distance of the seismic records is greater than 15 kms (far-field, [37]) and
the duration of the records selected for the analysis is bracketed with a g>0.05 g.

Figure 10: The spectrum-compatible seismic records in far-field conditions for the a. X and b. Y component

4.3 Derivation of fragility functions
Numerous methodologies exist in the literature for the evaluation of fragility functions. A
common methodology that proposes the successive scaling of records till structural collapse
onset, viz Incremental Dynamic Analysis (IDA, [38]), is adopted in the framework of this study.
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The method has the competitive edge against other methodologies such as Multi-Stripes Analysis (MSA) or Cloud Analysis that it can be used even if a limited number of spectrum compatible records can be found for a particular site accounting also for the constraint in the
epicentral distance, whereas other methodologies need a considerably greater number ([39]).
The constraint of limited number of records is also in connection with the model scale. Before
assessing the structural damage, the LSs should be determined. Only the structural members
are assessed herein, whereas the nonstructural components will be presented in future publications.
Accounting for the fact that an LNG pipe rack is a critical structure that carries nonstructural
components, a multi-scale approach should be considered by discriminating the collapse in local scale e.g. pipelines, meso-scale (structural members) and global scale in order to be utilized
in the future within a quantitative risk framework. In particular, the Engineering Demand Parameter (EDP) that is adopted for the meso-scale is the shear force VE, since it is related to the
response of individual macroelement whilst the chord rotation θE or IDR can describe the global
collapse (joint of more than one element, Table 3). More information about the EDPs of structural components can be found in [40].
Serviceability
LS (SLS)
Flexure (rad)
θE≤ θy

Safe Life
LS (SLLS)
θE≤ θy

Mechanism

Shear (kN)

VE≤ VRd.EC2

Collapse
LS (CLS)
θE≤ θu, m-σ

VE≤ 0.75·VRd.EC8 VE≤ VRd.EC8

Table 3: Limit states of concrete members in meso- and global-scale ([40])

The fragility functions of columns and beams are shown in Figures 11&12 only for the mesoscale investigation since the failure under bending was not found to be predominant. The SSI
affects detrimentally the response of structural components both in linear and nonlinear case.
An interesting result pertains to the dispersion of damage when the two cases are compared.
The soil nonlinearity yields much lower dispersion (Table 4) and that might be due to the independence of structural damage vis-à-vis the modelling parameters caused by the energy dissipation of soil. We mention that the probability of exceedance of columns CLS for PGA=0.6g
in the decoupled case W/ and W/O SSI soars by 43% and 81% for the linear and nonlinear soil,
respectively. The pertinent values for the beams are equal to 55% and 270%.
When it comes to decoupled and coupled case, it is shown that the vulnerability of the pipe
rack goes up further, however, the tendency is much higher for the beams since they become
considerably fragile. The comparison of beams and columns response W/O SSI deduces that
the beams fail earlier for SLS, however, the columns get more fragile for the two consecutive
LSs. However, this is not the case for the coupled case for which the beams fail in advance of
columns for all LSs. The fragility of beams for the CLS W/O SSI and PGA=0.6g increases by
455% from the decoupled to coupled case. The pertinent raise for the columns is only 40%.
This response is justified due to the immediate dynamic interaction of beams with the pipelines.
Also, noteworthy is that the pipe rack was initially designed for a low-seismicity area and that
make the support of pipes totally inappropriate for the seismicity of the new placement. Also,
this proves our statement in the introduction that the type of BCs is considerable in the design
of the racks and should be taken into account by the codes in a clear manner considering that
only the weight and the rigidity of supported equipment is presently prescribed to be accounted
for the analysis.
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Figure 11: Fragility function for columns

Figure 12: Fragility function for beams

Decoupled

W/O SSI

W/ SSI - Linear

W/ SSI - Nonlinear

SLS

SLLS

CLS

SLS

SLLS

CLS

SLS

SLLS

CLS

Columns

0.26

0.26

0.24

0.29

0.30

0.34

0.10

0.07

0.09

Beams

0.31

0.31

0.41

0.37

0.38

0.32

0.12

0.13

0.09

Table 4: Dispersion of damages for columns in decoupled case

5

CONCLUSIONS

In the present analytical paper, a two-fold purpose was addressed; first the investigation of
dynamic interaction between a number of pipelines with the supporting structure, and secondly,
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the effects of soil-structure interaction on structural components response. The initial review of
codes and technical literature showed that there is a gap of information of code provisions upon
the parameters to be considered for the analysis methodology selection. The lack of code prescriptions was confirmed by the case-study, since it was shown by means of fragility curves the
tremendous impact the pipeline might have on structural components and beams specifically.
The rise on beams fragility was greater than 400% for the ultimate limit state without considering the effects of soil-structure interaction. When the last interaction is considered as well,
the fragility of pipe rack increases further over than 50% and 250% for linear and nonlinear soil,
respectively. It was also demonstrated that the soil nonlinearity or the higher energy dissipation
might constitute the response of the rack independent of modelling and therefore reduce the
dispersion of damage. Finally, both beams and columns failure was observed due to shear
(meso-scale).
The investigation of pipes fragility and correlation of stress-strain values with LSs of the
structural components is considered essential in order to confirm that common LSs cannot apply
for nonbuilding structures like the present LNG rack. Also, another important parameter in the
design process will be the evaluation of peak floor acceleration that is usually proposed by the
codes when nonstructural components exist. Finally, records in near-field conditions as well as
compatibility for the vertical component should be considered as well to examine possible variations of the pipe rack-pipes damage. The research on the aforementioned topics is still under
investigation by the Authors.
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Abstract
Malawi is located within the southern branch of the active East African Rift System, where
earthquakes of Mw 7.0 (or greater) can occur along major faults. In Malawi, the majority of
dwellings in both formal and informal settlements are non-engineered unreinforced masonry
constructions, built by local artisans with little input from engineers. These constructions are
highly vulnerable to seismic events due to poor materials and lack of construction detailing.
This study develops analytical vulnerability functions that enable the assessment of seismic
capacity of typical buildings in Malawi. Since the seismic vulnerability greatly depends on
building characteristics, geometrical and structural data are collected by conducting semirapid surveys of 300 houses located in urban and rural areas of Central and Southern regions
of Malawi. Mechanical properties of the local materials are also obtained from an experimental campaign. In this work, a mechanical method FaMIVE (Failure Mechanism Identification and Vulnerability Evaluation) is adopted and the effects of both in-plane and out-ofplane behaviour of the masonry structures are taken into consideration to derive capacity
curves for seismic vulnerability assessment. Special attention is given to 1) the Malawian
building typologies as described in the Word Housing Encyclopedia and 2) failure mode classes for the Malawian constructions as calculated by FaMIVE. Hence, the derived vulnerability functions can serve as a benchmark for typical buildings in Malawi. The results and
conclusions are also relevant for other East African countries, where similar construction
techniques are adopted.
Keywords: non-engineered masonry constructions, mechanical approach, seismic vulnerability, capacity curves, East African Rift System
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1. INTRODUCTION
Malawi is located in Sub-Saharan Africa and shares borders with Mozambique, Zambia,
and Tanzania. The country is ranked as the third poorest country in the world [1, 2]; where the
main economic sector is agriculture, which is often negatively affected by adverse environmental disturbances and hazards (e.g. drought, poor health, heavy rains, windstorms, and
floods).
Malawi is also a seismic-prone country within the southern branch of the active East African Rift System, where Mw 7.0 (or greater) earthquakes can occur near major geological
faults [3, 4]. In recent years, the most significant earthquake in the country occurred in 1989
with Mw 5.7 in Central Malawi, making 50,000 people homeless [5].
In Malawi, residential buildings are made of unreinforced masonry and are regarded as
non-engineered constructions, since they are built by local artisans with little input from qualified engineers. These dwellings are built informally, using poor-quality materials and inadequate structural detailing. Issues related to seismic vulnerability of non-engineered masonry
structures need to be investigated through methods for building performance assessment by
taking into account geometry and strengths/weakness of local structures. In fact, such an undesirable situation is prevalent across many countries in East Africa and most developing
countries around the world.
During the first preliminary investigation carried out in Malawi by the authors to identify
the prevalent building features and understand local construction practice, information was
gathered from the Malawi Housing and Population Census [6] and World Housing Encyclopedia [7], and the Malawian Safer Housing Construction Guidelines [8]. As discussed in [9],
collected data underlined high inconsistencies between datasets, highlighted by different criteria adopted to identify building typologies and distributions and non-compliance with design
standards and guidelines.
To overcome discrepancies identified in the available data, in this work on-site investigations on local constructions are carried out with the aim at investigating the real distribution
of the local buildings and identify parameters affecting the seismic vulnerability of the selected regions. Based on the collected data, seismic performance of the inspected houses is estimated by using a viable mechanical approach FaMIVE (Failure Mechanism Identification and
Vulnerability Evaluation; [10, 11]), which evaluates failure modes and capacity curves by taking into account geometrical/structural features observed on site and mechanical parameters
derived experimentally. Results will provide useful data for the development of structural
vulnerability evaluation tools for masonry structures in Malawi, and for the implementation of
risk assessment frameworks for East African countries [12].
2. METHODOLOGY
In order to enhance the data on building features of the Malawian buildings available from
local/global datasets and guidelines [6, 7, 8], on-site structural surveys were carried out on
300 buildings. Data collected during the on-site inspections characterize urban and rural settlements of the Central-Southern Malawi, selected as a representative country in the East African Rift region, where rapid expansion of informal settlements is occurring. Recorded
information includes geometry in plan and elevation, structural condition related to connections between walls, roof structures, masonry type and fabric quality, as discussed in Section
3. With reference to the collected data, in Section 4 inspected buildings are classified in building typologies. The adopted classification for the Malawian constructions was proposed by
the authors in a World Housing Encyclopedia report [13], where three typologies were identified to classify buildings according to their expected seismic vulnerability.
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Seismic performance and actual vulnerability of the three identified building typologies are
evaluated in Section 5 using the mechanical approach FaMIVE [10, 11]. The proposed approach was adopted to capture failure modes and derive capacity curves as a function of the
geometrical/structural data collected on site. Furthermore, since the major factors influencing
the building performance are correlated the strength properties of masonry materials commonly used for housing construction in Malawi, these are also defined following an experimental
campaign, carried out on local materials [14]. Results obtained from the laboratory testing and
their correlation with different types of materials observed on site are discussed in Section
5.1.
The building performances derived from the urban settlements of Balaka and in the rural
settlements in Lifidzi are focused upon. The seismic vulnerability of these buildings is discussed in Section 5.2 where failure mode distributions are illustrated and in Section 5.3,
where capacity curves are presented. The results for the two different sites highlight how
buildings with the same material types and roof structures, within the same (broad) building
class, behave differently and have, consequently, dissimilar vulnerability. This is due to a
high variety of construction details (e.g. different fabric quality and connection levels between
walls observed for each identified typology) between rural and urban settlements which is extremely dependent on material and resource availability of a specific area.
3. ON-SITE STRUCTURAL SURVEYS
On-site structural surveys were carried out on 300 non-engineered buildings located in
formal and informal settlements in the urban areas of Salima and Balaka and in the informal
settlements of the rural villages Lifidzi and Golomoti (see Figure 1(a) and 1(b)). For each
building, data were collected only for two orthogonal façades, since parallel walls of the inspected buildings had similar opening layouts. Data collection consisted of taking a few geometrical measurements as the ones illustrated in Figure 1 (c) (i.e. plan geometry,
building/gable height, and opening dimensions and layout). Information related to structural
features, such as masonry and mortar types, roof structure, connection levels between walls,
and between walls and roof, were also collected.
Furthermore, since the inspected houses were constructed using locally-sourced materials
with poor quality control, and construction materials differ considerably in shape, homogeneity, consistency, density, and brittleness, the fabric quality of the observed construction materials was recorded and defined as:
(1) good fabric quality: bricks have regular shapes and regular mortar layers. The clay has
a homogeneous texture. Overlapping of bricks is regular. The bricks might have hairline cracks or cracks are apparently absent.
(2) medium fabric quality: bricks have uneven shapes and partially regular mortar layers.
The clay has a medium porosity. Overlapping of bricks is partially regular. The bricks
might have light cracks or small holes.
(3) poor fabric quality: bricks have irregular shapes and mortar layers. The clay has high
porosity. Overlapping of bricks is irregular. The bricks have deep cracks or are partially lost.
Deficiencies derived from poor structural detailing, presence of damage, material loss and
lack of maintenance were also investigated during the structural survey to take into account
how existing structural weakness impacts on the performance of the investigated buildings.
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Figure 1: a) Building survey locations, Balaka, Golomoti, Lifidzi, and Salima; b) number of façades collected for
each site c) geometrical measurments collected for each inspected façade

4. BUILDIGN CLASSIFICATION
Data collected on site were used to classify the inspected buildings in typologies, which are
adopted in Section 5 to derive the vulnerability of the Malawian constructions. In Table 1, the
inspected buildings are classified according to material type (a: unfired bricks, b: unfired
bricks), fabric quality (1: good, 2: medium; 3: poor), and roof type (thatched/metallic sheet
roof). Main features of the inspected constructions are reported in Figure 2.

Figure 2: a1) and b1) good; a2) and b2) medium and a3) and b3) poor fabric quality of unfired and fired bricks,
respectively c) thrached roof and d) metallic sheet roof

Most of the observed buildings (82%) were made of fired bricks, since these are affordable
materials to be sourced on-site, and they do not require high construction skills. Mud mortar
was identified for 76% of the inspected buildings, while cement mortar, observed for the remaining inspected houses, is gradually being adopted. Fabric quality varies considerably from
poor to good and underlines the need of assessing the building performance by defining mechanical properties which reflect the actual masonry strength according to the different fabric
quality identified on site (see Section 5.1).
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The majority of the inspected houses (55%) were built with single-skin walls with thickness varying from 100 mm to 160 mm. For these constructions, the connections between adjacent walls were assumed poor, while for the remaining inspected houses with double-skin
walls and thickness varying from 210 mm to 260 mm, the connections between walls were
assumed stronger only if cement mortar was employed. Regarding building roofs, these were
made of timber rafters supporting thatch for 21% of the inspected buildings or light metallic
corrugated sheets for the remaining ones. Both roof types were inspected on site and classified
as light systems, as they are not rigid along the entire plane do not act as rigid diaphragm.
According to the collected data described above, inspected buildings, as illustrated in Table
1, are classified in three typologies: A, B, and C (shown in Figure 3) introduced in the World
Housing Encyclopedia by the authors [9, 13] Typology A is representative for 20% of the inspected buildings, characterized by low seismic vulnerability (Figure 3 (a)). These buildings
were made of mud mortar combined with fired bricks of poor fabric quality (see Figure 2(b3))
and unfired bricks from poor to high fabric quality (see Figure 2(a1), (a2), and (a3)). Generally, these houses have smaller building footprints than the typical floor plan of 8 m × 6 m.
Most of these houses (17%) have thatch supported by light timber elements, while the remaining are made with metallic sheet roof. Roof structures are characterized by a poor structural
detailing (e.g. lack of connection between walls and between the walls and roof).

Table 1: Building distribution with reference to material type (a: unfired brick, b: fired brick), fabric quality (1:
good; 2: medium and 3: poor), and roof type (thatched or metallic sheet roof).

The most common typology observed in Malawi, B, representing 52 % of the buildings, is
rated as medium seismic vulnerability (see Figure 3(b)). These buildings were made of fired
bricks characterized from poor to a good quality fabric (Figure 2(b1), (b2), and (b3)). Due to
the presence of mud mortar in these houses, the bonding between bricks is considered poor,
therefore connections between walls were assumed weak. The construction details varied significantly, as well as maintenance levels.

Figure 3: Typical one-story masonry building in Malawi. a) typology A; b) typology B; c) typology C

Typology C covers 28% of the inspected houses (see Figure 3(c)). These were made of
fired bricks from poor to good quality fabric (Figure 2(b1), (b2), and (b3)) and cement mortar.
Generally, these houses had a larger floor plan than the typical plan. Due to the extended plan
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size, irregularities were likely to occur (e.g. portico and re-entrant corner). Most of these
houses had corrugated metallic sheets supported by timber elements or truss, and good structural detailing (e.g. adjacent walls and walls/roof are connected). The good structural quality
of these houses can be also attributed to the presence of strengthening elements (e.g. ring
beams).
5. DERIVATION OF SEISMIC PERFORMANCE FOR BUILDING TYPOLOGIES
In this work, results are shown for two locations: Lifidzi and Balaka, classified as a rural
and an urban area, respectively. These sites are adopted in this study with the scope of illustrating that buildings with the same construction material types and roof structures, classified
in the same typologies (i.e. A, B and C), they may have a different seismic response. This is
stated because, during the on-site survey, it was observed that buildings of the same typology
are often characterized by a different geometry (i.e. plan size, height, and opening layouts) or
a different fabric quality (dimensions of the bricks, bonding between brick-mortar in terms of
friction and cohesion) or a different level of structural conditions (connections between orthogonal walls, and between the walls and roof). Therefore, there is a high possibility that the
different observed parameters could impact on the behaviour of the individual building and
consequently, on the vulnerability of the specific typology.

Figure 4: a) and c) Building typology distribution (A, B and C) identified in Lifidzi and Balaka; b) and c) each
identified building typology is associated to inspected material type and fabric quality, where a1 and b1 is good;
a2 and b2 is medium and a3 and b3 poor fabric quality for unfired and fired bricks.

Before discussing the results obtained for the two different sites, Figure 4(a) and 4(c) are
presented to illustrate the building distributions identified for building typologies A, B and C
for Lifidzi and Balaka, respectively. As expected, the weakest typologies A, built with unfired
bricks and low low-quality of fired bricks, has a higher concentration in Lifidzi, where houses
are constructed in rural communities by local builders/artisans in absence of technical guidance. Building typologies B and C are more concentrated in Balaka, where houses are built
using materials with better mechanical properties than the ones in rural areas. Figure 4(b) and
4(d) present the fabric quality observed in the three typologies, underlining, as expected, that
materials adopted in Balaka have better fabric quality than the ones observed in Lifidzi. This
can be underlined by typology A, where 79% of the houses belonging to this class for Lifidzi
are made of unfired bricks of medium/poor fabric quality against the 4% in Balaka, where
houses are mainly made of fired bricks of poor fabric quality. For typology B, 16% of the
houses in Balaka are made with bricks of high fabric quality compared to 6% identified in
Lifidzi, while the remaining houses for both sites are made of bricks with medium fabric quality. For typology C, houses belonging to this class, cover only 4% of the inspected houses in
Lifidzi, whereas 20% observed in Balaka. Mechanical properties defined for the different material types are indicated in Section 5.1. As discussed in Section 4, roofs are made in thatch or
metallic corrugated sheets supported by timber elements, therefore in both cases it is assumed
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that the roof structures behave as flexible horizontal systems. Furthermore, for the classes A
and B, it is assumed that the roof structure is completely detached from the walls, in order to
be consistent with the observations on site. As for the connections between walls, they are assumed absent for houses constructed with single-skin walls, features belonging to 63% of the
inspected houses in Lifidzi and Balaka.
5.1 Strength of local masonry in Malawi
Strength properties of masonry materials commonly used for housing construction in formal and informal settlements in Malawi, were investigated by means of laboratory testing,
conducted on masonry prisms and panels [14]. The tests were conducted with the scope at reproducing actual field conditions and construction practices in the country. Based on the observations from the on-site structural surveys, specimens were prepared by local artisans using
local commercial production of brick batch and mortar types in mud and cement, which were
cured in uncontrolled conditions. The results revealed that the behaviour of the masonry in
compression is governed by the low compressive strength of the brick units. It was also found
that the quality of the brick-mortar bonding governs the in-plane shear and out-of-plane flexural behaviour, which are the critical parameters of the resistance to horizontal loading, such
as earthquake action. These are directly related to the quality of the brick-mortar interface
bonding and the thickness of the walls. Values for interface cohesion, measured by means of
standard triplet shear testing, vary between 0.01-0.02 MPa for mud mortar and between 0.20.25 MPa for cement mortar configurations. Friction angles were measured at around 32 degrees.
With reference to these measured values, they are used to define the mechanical properties
of the observed fired bricks with mud and cement mortar with a good fabric quality. In evaluating seismic vulnerability of the houses based on FaMIVE, typologies with poor/medium
structural features are penalized by considering that their fabric quality and brick-mortar
bonding are inferior compared to the ones derived from the tested materials [11].
5.2 Estimation of load factor multipliers and failure mode distribution
The seismic performance of the buildings inspected in Lifidzi and Balaka is assessed using
FaMIVE [10, 11, 15, 16]. The approach is based on a mechanical procedure, relying on the
assumption that buildings behave as an assemblage of macro elements, held together by compressive forces. Analyses are performed using equilibrium equations, where earthquake actions are simulated as a horizontal static force, proportional to the mass of the single inspected
façade. The analysis is static equivalent and aims to predict the horizontal static actions, quantified by means of collapse load factor multipliers (λ), corresponding to a percentage of gravity acceleration, g [10, 11]. The factor λ is calculated for each of the failure modes, which are
defined as all possible collapse mechanisms that can occur for a masonry building subjected
to earthquake shaking. The estimated values of λ indicate the lower bounds of the level of
shaking which trigger the identified failure modes. Among the computed collapse load factor
multipliers, the failure mode with the smallest multiplier is considered to occur on a façade
(as the weak link). In implementing the FaMIVE method, geometrical/structural features described in Sections 3 and 4 for the inspected houses in Malawi are used as input of the proposed approach. Furthermore, since masonry type, fabric quality, and connection level
between walls have a considerable impact on the building responses, both angle of friction
and cohesion taken from Section 5.1, and relative dimensions of bricks and walls taken from
the survey carried on site were adopted to assess the capacity of the inspected buildings.
The occurrence of λ, evaluated for the selected building stocks in Lifidzi and Balaka are illustrated in Figure 5(a). The median of λ, being 0.24g and 0.38g for Lifidzi and Balaka re-
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spectively, underlines that the buildings inspected in Lifidzi are weaker than the ones inspected in Balaka, as they fail for lower values of λ. This is also highlighted by the slope of the
cumulative curve: the one derived for Lifidzi has a higher slope than the one derived for Balaka (i.e. for λ = 0.35g, 72% and 35% of the inspected buildings fail in Lifidzi and Balaka,
respectively).

Figure 5: a) Collapse load factor multiplier distribution in the selected building stocks in Lifidzi (L) and Balaka
(B); b) failure modes distribution; c) collapse load factor multiplier distribution for the failure modes identified
in Lifidzi (L) and d) collapse load factor multiplier distribution for failure modes identified in Balaka (B)

The failure modes associated with the identified collapse load factor multipliers are illustrated in Figure 5(b). These are classified into four categories: 1) Gable: predominantly occurs
on walls with gables which are not connected to roofs, and therefore fail in overturning; 2)
Oop: Out of plane, predominantly occurs on single-skin walls with a low-quality material and
poor connection with orthogonal walls and roof, causing overturning of a single façade; 3)
Strip: predominantly occurs on single-/double-skin walls with a medium-quality material and
a good connection with orthogonal walls and roof; causing overturning of a strip of piers and
spandrels; and 4) Ip: In-plane, predominantly occurs on single/double-skin walls with a medium-quality material and a good-quality connection with orthogonal walls and roof; causing
shear failure of a single façade.
As expected from the on-site surveys, since a lack of connections between the walls and
roof and low-quality construction materials were frequently observed in the inspected buildings in Lifidzi, Oop is the most likely failure mode with a percentage of 69%. By contrast in
Balaka, there is a smaller percentage of buildings failing in Oop (37%), and a higher percentage of buildings failing for Strip (29%), where the latest occurs on buildings with stronger
connections, belonging to typologies B or C. Only a small percentage of the inspected buildings fail for Ip (16%), emphasizing that even buildings of typology C, built with double-skin
walls, fired bricks of better quality and cement mortar, mostly fail due to overturning of ga-
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bles, walls, and spandrels and piers, due to use of poor construction materials and construction practice details.
Figure 5(c) and 5(d) show the distribution of collapse load factor multipliers for the failure
modes identified in Lifidzi and Balaka, respectively. Gable failure modes occur for the lowest
values of λ (smaller than 0.3g) for inspected buildings with tall gables, resulting in separation
of their roofs. Buildings in classes B and C, classified in a medium high-quality class, mostly
fail for Strip and Ip failure modes with the highest values λ, (greater than 0.3g). Regarding
Oop, λ varies from a minimum value of 0.1, values identified for buildings belonging to typology A, to 0.4, values identified for buildings belonging to typologies B and C.
5.3 Derivation of capacity curves
In this section, capacity curves are derived for the building typologies identified in Lifidzi
and Balaka with reference to [10, 11, 16, 17, 18]. Derived capacities strictly correspond to the
parameters defining the geometry, structural conditions, connection level between walls, material types and fabric quality of the inspected buildings in the case study. Multiple capacity
curves, one for each analysed façade, are derived for a single building. This is because capacity curves are directly developed from the load factor multipliers, which are also calculated for
each inspected façade, as illustrated in Section 5.2.

Figure 6: Median capacity curves for a) the building typologies: A, B and C for Lifidzi and Balaka, respectively

The maximum strength or maximum acceleration (g) in a capacity curve is taken equal to
the minimum collapse load factor estimated by FaMIVE for each inspected façade. The elastic limit displacement of each façade is calculated as a function of the elastic stiffness and the
mass of the façade, involved in the identified failure mode. The ultimate displacement is defined as the displacement identifying the geometrical instability of the façade and hence its
collapse. Computed these displacements, these are divided by the height of the single inspected façade to derive the drift.
Figure 6 shows the different capacity curves derived for the building typologies A, B, and
C identified in Lifidzi and Balaka, respectively. As expected from the definition of the three
typologies, it is noticeable that the building typology A (class of buildings characterized by
low-quality materials and construction details) has the lowest values of acceleration and drift
compared to B and C. Clearly, the derived capacity curves are capable of capturing the different performances for the single typology. Furthermore, they underline that classifying
buildings according to structural conditions and differentiating mechanical properties with
respect to the fabric quality improve the reliability of the vulnerability obtained for the single
typology. This can be observed particularly for the different values of acceleration obtained
for typologies B (maximum acceleration is 0.29g, and 0.35g for Lifidzi and Balaka, respectively), and C (maximum acceleration is 0.38g, and 0.43g for Lifidzi and Balaka, respectively)
which point out that buildings of the same typology (same construction materials and roof
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types) located at different sites and subjected to different levels of quality control are likely to
behave differently under seismic events. Conversely for the typology A, the values of maximum acceleration are the same (0.21g), underlining that the two classes in the two sites have
same vulnerability, as they are constructed using poor materials with same mechanical properties.
6. CONCLUSIONS
This paper has shown the results derived from a seismic vulnerability study carried out for
representative non-engineered masonry buildings in Central-Southern Malawi. The presented
work integrates an effective methodology for collecting data, classifying non-engineered masonry buildings in main typologies, correlating observed masonry types to their strength
measured experimentally, and assessing vulnerability. The data collected during the structural
investigations and presented in this paper have enhanced the available information related to
building distribution and typologies compared with local/global datasets that were previously
available for the Malawian constructions (Ngoma & Sassu, 2002; National Statistical Office
of Malawi, 2008; Bureau TNM, 2016). Furthermore, this work illustrates the importance of
gathering detailed structural information, including masonry type, fabric quality, bonding between masonry and mortar, and connection levels between walls. Moreover, the vulnerability
calculated for this work can offer notable advantages to identify failure modes and derive capacity curves for non-engineered masonry buildings which could be further implemented in a
risk assessment tool together with enhanced local data.
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Abstract
In nuclear applications, fragility curves are an essential element of the seismic probabilistic
safety assessment that is performed at the level of the power plant. They are required to account for the aleatory randomness and the epistemic uncertainty generated by various
sources of variability, such as the representation of the seismic input by intensity measures,
the assumptions in the structural model (e.g., mechanical or geometrical parameters) and the
confidence in the statistical estimation of the fragility parameters (i.e., related to number of
data points used). Therefore, this study investigates the relative contributions of such variables to the dispersion of the resulting fragility functions, while ensuring the separation between aleatory and epistemic uncertainty sources, as advocated by the standards in effect in
the nuclear industry. To this end, vector-valued fragility functions, based on two intensity
measures, are also investigated: it appears that they allow for a partial transfer from the record-to-record variability to an epistemic uncertainty component that is related to the description of the seismic loading given the hazard at the studied site.
The proposed uncertainty decomposition is applied to the fragility assessment of the main
steam line of a nuclear reactor: the total dispersion of the resulting fragility models is then
decomposed into different aleatory and epistemic components. Although it is found that vector-valued intensity measures contribute to a significant part of the total dispersion, the uncertainty due to the variability of mechanical and geometrical parameters appears to be even
larger.
Keywords: Fragility curves, intensity measures, dynamic analysis, epistemic uncertainty.
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1

INTRODUCTION

The quantification of the vulnerability of structures and equipment constitute a crucial step
of the seismic Probability Safety Assessment (PSA) of a Nuclear Power Plant (NPP). To this
end, fragility curves are common tools developed in the nuclear industry. The vulnerability of
a component may then be represented by the so-called High Confidence Probability of Failure
(HCLPF) capacity, which corresponds to the value of the intensity measure (IM) leading to a
failure probability of 5% on the 95% confidence interval of the fragility curve (EPRI, 2003).
Therefore a rigorous distinction between aleatory and epistemic uncertainty sources is required, following for instance the decomposition proposed by Kennedy et al. (1980): the total
dispersion β of the fragility curve is decomposed into a term βR representing aleatory randomness (i.e., the “slope” of the curve) and a term βU representing epistemic uncertainty (i.e., the
width of the confidence interval).
(1)
where Pf is the conditional probability of reaching or exceeding a given damage state, Φ is the
normal cumulative distribution function, α is the median of the fragility function, and Q is the
confidence level
Due to the complexity of a ground-motion time history, the description of the seismic loading through a single IM is acknowledged as a significant source of uncertainty, usually referred to as the record-to-record variability. Several studies have addressed this issue, either
by searching for adequate IMs (Luco & Cornell, 2007; Padgett et al., 2008) or by deriving
vector-IM fragility functions or surfaces (Baker & Cornell, 2005; Seyedi et al., 2010; Modica
& Stafford, 2014). Generally, a decrease in the dispersion of the fragility functions is observed, however its interpretation in terms of uncertainty transfer remains to be clarified.
Therefore, the aim of this study is to quantify the various uncertainty sources that may contribute the total dispersion of the derived fragility models. In particular, the comparison between single-IM fragility curves and vector-IM fragility functions should offer insight on the
treatment of record-to-record variability and on its impact on the aleatory uncertainty component.
The proposed analysis will be demonstrated on the fragility assessment of the main steam
line of a pressurizer water reactor (Rahni et al., 2017), using a set of nonlinear time-history
analyses (Section 2). Then, several criteria for the selection of IMs will be investigated (Section 3), before deriving vector-IM fragility functions with multivariate regression models
(Section 4). Finally, in Section 5, three main types of uncertainty will be compared thanks to
different fragility formulations: (i) the aleatory uncertainty due to the record-to-record variability, (ii) the epistemic uncertainty due to the number of simulations (data points) used, and
(iii) the epistemic uncertainty due to the variability of mechanical and geometrical parameters.
As a result, this work will allow to decompose the total dispersion into several components,
thus identifying the terms that deserve the most attention when computing the HCPLF.
2

NUMERICAL MODEL AND ANALYSES

This section details the modelling assumptions for the main steam line of the reactor, as
well as the design of experiment for the dynamic analyses.
2.1

Modelling assumptions

The coupled model of a supporting structure and a secondary system is considered here,
corresponding to the main steam line of a pressurised water reactor. The model, built and
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computed with the CAST3M finite-element software (Combescure et al., 1982), is taken from
Rahni et al. (2017). Structural elements, representing the containment building, are modelled
with multi-degree-of-freedom stick formulations. The containment building has a double-wall
structure, with an inner reinforced prestressed concrete wall and an outer reinforced concrete
wall (see Figure 1). The steel steam line is modelled by means of beam elements, representing
pipe segments and elbows, as well as several valves, supporting devices and stops at different
elevations of the supporting structure. The stick models, which have the benefit of enabling
fast computations, have been calibrated from detailed finite-element 3D models of the containment building (Rahni et al., 2017).

Figure 1:Left: stick model of the containment building (inner wall, outer wall and internal structures); Right:
steam line beam model, where the red circle points to the location of the vertical stop.

Dynamic analyses are performed in two successive steps: first, the seismic loading is applied at the base of the building; and the resulting time history of structural displacements is
then applied to the steam line model in order to estimate the induced strains and stresses on
the beam elements. Rahni et al. (2017) have proposed several mechanical failure criteria for
the verification of the steam pipe line integrity, such as the equivalent stress at any point of
the pipe line (conservative assumption), the total plastic deformation at the pipe location corresponding to the containment penetration (i.e., accounting for the non-linear behaviour of the
steel material), and the effort calculated at the beam model’s node corresponding to a vertical
stop (see Figure 1). For simplicity purposes, the latter failure criterion is considered here for
the fragility analysis. The threshold for the occurrence of the damage state considered (i.e.,
failure at the vertical stop) is arbitrarily set at EDPth = 400 kN for the maximum transient effort: this choice is made in order to obtain a relatively good balance between data points corresponding to intact or damaged states, for demonstration purposes.
As a preliminary to the non-linear time-history analyses, a modal analysis of the supporting
structure is carried out, in order to identify the main vibration modes (see Table 1).
Mode #
1
2
3
4

Period [s]
0.38
0.38
0.15
0.14

3D mass participation factor [%]
61
65
35
97
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5

0.14

31

Table 1: Modal analysis of the model of the containment building.

Modes #1 and #2 correspond to the excitation of the structure in the Y- and X-direction, respectively: due the almost symmetrical properties of the building, they are almost identical.
Therefore, the fundamental period of the structure is taken as T1 = 0.38s, while the second one
is taken as T2 = 0.15s (i.e., cluster of modes #3, #4 and #5).
In order to integrate the epistemic uncertainties due to the identification of some mechanical and geometrical parameters, ten variables are sampled within a Latin Hypercube Sampling
design (see Table 2), following the values provided by Rahni et al. (2017).
Variable
EIC
ξRPC
ξRC
e1
e2
e3
e4
e5
e6
ξSL

Description
Young’s Modulus – Inner containment
Damping ratio – reinforced prestressed concrete
Damping ratio – reinforced concrete
Pipe thickness – Segment #1
Pipe thickness – Segment #2
Pipe thickness – Segment #3
Pipe thickness – Segment #4
Pipe thickness – Segment #5
Pipe thickness – Segment #6
Damping ratio – steam line

Uniform distribution interval
[27700 – 45556] MPa
[4 – 6] %
[6 – 8] %
[29.8 – 38.3] mm
[33.3 – 42.8] mm
[34.1 – 43.9] mm
[33.3 – 42.8] mm
[53.4 – 68.6] mm
[34.1 – 43.9] mm
[1 – 4] %

Table 2: Range of variation of the ten uncertain parameters considered, based on Rahni et al. (2017). A uniform
distribution is assumed.

2.2

Selection of input ground-motion records

The conditional spectrum method (Lin et al., 2013) is used here for the selection of the input ground motions, for subsequent dynamic analyses. This approach has the benefit of enabling a light scaling of a set of natural records, while saving the consistency of the associated
response spectra. Therefore, it is especially suited for the use of spectral values, such as SA
(spectral acceleration) at various periods. The main steps of this procedure are the following:
• Probabilistic hazard assessment of the studied site: here, an arbitrary location in
Southern Europe is selected. Hazard curves are generated with the OpenQuake platform
(www.globalquakemodel.org), accounting for 13 seismogenic areas which have been characterized in the SHARE project (Woessner et al., 2013).
• Selection of a period of interest and of scaling levels: here, the response spectrum is
chosen to be conditioned on SA(T1=0.38s), with 6 scaling levels ranging from 0.185g to
3.882g, corresponding to return periods from 20 years to 20 000 years.
• Identification of reference earthquakes: for the studied site, the OpenQuake software
performs a hazard disaggregation for each scaling level in order to identify a reference earthquake scenario.
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• Generation of the target response spectrum and selection of spectrum-compatible
ground-motion records (Jayaram et al., 2011). The final selection from the PEER database
(PEER, 2013) consists of 30 records for each of the 6 scaling levels (i.e., 180 ground-motion
records in total), as shown in Figure 2.
The ground-motion selection using conditional spectrum implies the evaluation of the
seismic hazard at a given site, along with the identification of reference earthquakes at various
return periods: as a result, this approach leads to site-specific fragility functions, which are
well suited to the context of NPPs.

Figure 2: Left: conditional mean spectra and uniform hazard spectra for the 6 scaling levels; Right: conditional
spectrum for scaling level #4 and corresponding set of 30 selected ground-motion records.

2.3

Non-linear time-history analyses

The 180 ground-motion records are applied to the base of the 3D model of the containment
building, in the form of a 3-component loading. In total, 360 models of the PWR structure are
built in the CAST3M environment, so that each ground-motion record may be applied to two
different models, with the objective of generating enough data points. As an example, some
simulation outcomes are presented in Figure 3, with PGA and SA(0.5s).

Figure 3: IM-EDP data points, with respect to PGA (left) and SA(0.5s) (right).
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3

SELECTION OF SCALAR IMS

From Figure 3, it may be observed that a linear fit between the logarithms of IM and EDP
is not justified for this specific case study: it is proposed here to apply the maximum estimation approach (MLE – cf. Shinozuka et al., 2000) approach, which only requires a separation
between the intact and damaged states (i.e., respectively blue and red points in Figure 3). To
this end, a large number of ground-motion parameters is evaluated as potential IMs:









Spectral acceleration at various periods: SA(T)
Peak parameters (acceleration, velocity and displacement): PGA, PGV, PGD
Arias Intensity parameters: AI (Arias Intensity), A951, SL75-952
Spectral intensities: SI (Housner Intensity), ASI (Acceleration Spectral Intensity)
Duration parameters: RSD75-953
Cyclic parameters: NCy (number of effective cycles), DCy (cyclic damage parameter)
Energy-related parameters: NED (Normalised Energy Density)
Parameters related to time-integrated acceleration: CAV (Cumulative Absolute Velocity), ARMS (Root-Mean-Square Acceleration)

The adequacy of IMs for the derivation of fragility curves has been addressed by many
studies, using efficiency and sufficiency indicators (Luco & Cornell, 2007), statistical classifiers (Lancieri et al., 2015) or the concept of hazard compatibility (Hariri-Ardebili & Saouma,
2016). Based on these previous works, it is proposed to use three performance metrics in order to estimate the adequacy of the considered IMs:
1. Standard-deviation β of the fragility curve: although the MLE approach is used
here, the estimated dispersion parameter β may be interpreted as the quantity described
by Padgett et al. (2008) as the proficiency measure (i.e. combination of efficiency and
practicability measures).
2. Akaike Information Criterion (AIC): this criterion quantitatively assesses the goodness-of-fit of a given model. The AIC accounts for the number of parameters used in a
model through the variable k, in order to penalize the over-parametrization of some
models. In the case of scalar-IM fragility curves, k = 2 (i.e., parameters α and β). The
AIC is then expressed as follows:
(2)
where L is the likelihood function of the fragility model, which is computed as a product of the 360 conditional probabilities corresponding to the 360 simulation outputs.
Therefore, a small AIC value implies a great statistical fit given the data.
3. Area under the ROC curve (AUC): the ROC curve is a possible representation of a
ROC analysis, where the ability of a given model to be both specific and sensitive is
evaluated by plotting the true positive rate versus the false positive rate. This approach
has been applied by Gehl et al. (2013) to the evaluation of fragility curves (i.e. ability
of the model to accurately predict the damage state or not, given an IM taken as a predictor). Therefore, the AUC provides a quantification of how well the fragility model

1

Level of acceleration that contains 95% of the Arias Intensity
Slope of the Husid plot (cumulative AI over time) between 5% and 75% (or 95%) of the total AI
3
Relative Significant Duration: length of time interval between when AI first exceeds 5% of total value and when AI first
exceeds 75% (or 95%) of total value

2
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works as a classifier: a large AUC value (i.e., area close to 1) implies a model that
works significantly better than a random classifier (i.e., the 1:1 diagonal).
These three criteria are first estimated for SA at various periods, ranging from 0.05s to 2s
(see Figure 4). The curves reveal an optimum at T = 0.29s, whatever the metric considered.
Local optima are also found at periods equal to 0.14s and 0.50s. The three identified periods
are close to the periods that corresponding to the first two vibration modes (i.e., T1 = 0.38s
and T2 = 0.15s). However, they are not exactly identical, and these differences may be explained by two factors, i.e. (i) the combination of superior modes that may be excited by some
ground motions and (ii) the lengthening of the fundamental period due to the loss of elasticity
of the structural components.

Figure 4: Evolution of the three performance metrics considered, with SA at different periods.

As a result, SA at the three identified periods (0.14s, 0.29s and 0.50s) are considered as potential IMs; and their performance is compared to other ground-motion parameters (see Table
3).
IM
SA(0.14s)
SA(0.29s)
SA(0.50s)
PGA
PGV
PGD

β
0.5415
0.3898
0.5144
0.4403
0.4928
1.2622
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229.91
175.82
206.12
198.45
205.73
308.93

AUC
0.9166
0.9547
0.9363
0.9399
0.9381
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AI
A95
SL75
SL95
SI
ASI
RSD75
RSD95
NCy
DCy
NED
CAV
ARMS

0.7674
0.4041
0.9471
0.7681
0.5293
0.3775
0.8123
1.4284
0.6012
0.5728

182.13
192.88
206.91
176.59
213.94
176.23
191.58
259.27
247.15
240.45

0.9485
0.9389
0.9325
0.9508
0.9347
0.9519
0.9412
0.8968
0.8951
0.9073

Table 3: Estimated values of the three performance metrics, for different potential IMs. The gray cells indicate
the five best performing IMs, for each metric.

It is found that the parameters SA(0.29s) and ASI are the most consistent, since they show a
satisfying performance across the three metrics. Other well performing parameters are PGA,
PGV, AI, A95, SL95 and DCy. However, it should be noted that DCy, SL95 and A95 may not
be easily computed from current GMPEs (see Erreur ! Source du renvoi introuvable.). The
metrics cannot be evaluated for some parameters (RSD75, RSD95, NCy) because the fragility
estimation has not converged due the poor IM-EDP correlation: these parameters may still be
used as secondary IMs when deriving fragility surfaces, if the right IM combination is found.
4

DERIVATION OF VECTOR-IM FRAGILITY FUNCTIONS

In order to improve the predictive power of the fragility curves and to reduce the dispersion due to the record-to-record variability, it is proposed to combine two IMs and to use this
vector-valued predictor for the derivation of the fragility functions. To this end, the following
functional form for the damage probability is assumed:
(3)
where erf is the error function and c1, c2 and c3 are the coefficients to be estimated (i.e., fragility parameters).
A composite variable imV may then be introduced as follows:
(4)
Using imV as the IM, the functional form in Eq. 3 is expressed as:
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(5)

where αV and βV are the “fragility parameters” of the composite IM imV, which are finally
identified as follows:
(6)
The coefficients c1, c2 and c3 are estimated with a MLE approach, using the same likelihood function as for scalar-IM fragility curves (expect that there are now three parameters to
find, instead of two).
Thanks to the identification of the “composite” dispersion parameter βV, it is possible to
compute the same three of types of performance metrics, as for the case of scalar-IM fragility
curves. More than sixty combinations of vector-valued IMs are tested, and the results for the
most promising couples of IMs are detailed in Table 4.
IM1
SA(0.14s)
SA(0.14s)
SA(0.29s)
SA(0.29s)
SA(0.29s)
SA(0.29s)
SA(0.29s)
SA(0.29s)
SA(0.50s)
PGA
PGA
PGA
PGA
PGV

IM2
SA(0.29s)
SI
SA(0.50s)
PGA
PGV
AI
SI
RSD95
PGA
PGV
AI
SI
ASI
ASI

βV
0.3724
0.3464
0.3834
0.3370
0.3718
0.4687
0.3659
0.4371
0.3348
0.3389
0.5027
0.3225
0.3447
0.3668

AIC
173.71
167.19
173.74
161.33
171.22
171.69
167.43
174.11
158.25
166.18
170.79
155.43
169.06
173.61

AUC
0.9568
0.9508
0.9571
0.9424
0.9591
0.9530
0.9610
0.9559
0.9439
0.9532
0.9468
0.9339
0.9416
0.9526

Table 4: Estimation values of the three performance metrics, for different vector-valued IMs. The gray cells indicate the three best performing couples of IMs, for each metric.

It is found that the vector-valued IMs tend to perform slightly better than the scalar IMs,
judging from the values of the three metrics. Some scalar IMs that were not identified as ade-
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quate (e.g., RSD95) become much more efficient when combined together. Some examples of
vector-valued fragility functions are displayed in Figure 5, for selected combinations of IMs.

Figure 5: Iso-probability lines corresponding to some examples of vector-valued fragility function (i.e., probabilities of 0.05, 0.16, 0.5 0.84 and 0.95). The dots represent the outcomes of the NLTHAs in the vector-IM space.

5

COMPARATIVE ANALYSIS OF UNCERTAINTY SOURCES

This section discusses a set of procedures for the quantitative estimation of some uncertain
components, namely the record-to-record variability, the uncertainty due to the number of data points, and the in-situ variability due to the variability of mechanical and geometrical parameters
5.1

Decomposition of the record-to-record variability

The contribution of the record-to-record variability to the global uncertainty structure may
be estimated thanks to the comparison between scalar-IM fragility curves and vector-IM fragility surfaces. To this end, as an example, it is proposed to reduce the fragility surface w.r.t.
[PGA ; SA(0.29s)] (see top left plot in Figure 5) into a fragility curve w.r.t. SA(0.29s) only.
This operation should consider the correlation between the two IMs, in order to preserve the
hazard consistency of the applied loading. Therefore, a first step consists in estimating the distribution of the secondary IM (i.e, PGA) w.r.t. SA(0.29s), using the dataset of the input
ground-motion records: a median line and its 16%-84% confidence intervals are then plotted
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(see Figure 6, left). The space delimited by this interval provides also practical guidance on
the validity domain of the fragility surface, in the sense that it identifies the IM combinations
that are very unlikely.

Figure 6: Left: fragility surface w.r.t. PGA and SA(0.29s), the solid blue line represents the median of the PGASA(0.29s) distribution and the dashed blue lines the 16%-84% confidence intervals; Right: equivalent fragility
curves w.r.t. SA(0.29s).

It is then proposed to generate “slices” of the fragility surfaces by following the distribution of PGA as a function of SA(0.29s) (i.e., solid and dashed lines in Figure 6, left). As a result, the “slices”, now represented as a function of the single IM SA(0.29s), may be compared
to the original scalar-IM fragility curve. The fragility curves in Figure 6, right, are identified
as follows:


Solid red line: “mean” fragility curve corresponding to the scalar-IM fragility curve,
derived w.r.t. SA(0.29s) only;



Solid blue line: median fragility curve corresponding to the “median” slice of the
fragility surface;



Dashed blue lines: 16%-84% confidence intervals around the median fragility, corresponding to the lower and upper bounds of the slices of the fragility surfaces.

Finally, this family of fragility functions corresponds to the probabilistic framework by
Kennedy et al. (1980), where the identification of aleatory and epistemic uncertainties (βR and
βU, respectively), as introduced in Eq. 1. The mean fragility curve, w.r.t. to SA(0.29s), has a
total standard deviation βtot = (βR2 + βU2)1/2 = 0.390. Meanwhile, the median fragility curve,
obtained from the fragility surface w.r.t. PGA and SA(0.29s), has a standard deviation of
0.349, which actually corresponds to the aleatory randomness term only (i.e., βR). The confidence intervals obtained from the graphical construction in Figure 6 are then used to estimate
the epistemic uncertainty term, i.e. βU ≈ 0.174.
It may be concluded that the vector-IM fragility functions lead to the transfer of a part of
the record-to-record variability into a form of epistemic uncertainty, which is related to the
description of the seismic loading given the hazard at the specific site.
5.2

Uncertainty due to the number of data points

The epistemic uncertainty due to the number of data points in the simulations, i.e. related
to the quality of the statistical estimation of the fragility parameters, may also be evaluated in
the case of vector-IM fragility functions. To this end, a bootstrap sampling approach is ap-
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plied to the fragility surface w.r.t. of PGA and SA(0.29s). The outcomes of the bootstrap sampling are displayed in Figure 7, in the case of 16%-84% confidence intervals.

Figure 7: Left: fragility surface w.r.t. PGA and SA(0.29s), with the 16%-84% confidence intervals (dashed lines)
due to the statistical estimation; Right: equivalent fragility curves w.r.t. SA(0.29s) and related 16%-84% confidence intervals due to the statistical estimation.

In order to compare these confidence intervals with the ones estimated for the corresponding scalar-IM fragility curves, the fragility surface is reduced to a scalar case w.r.t. SA(0.29s)
only, following the same approach as before (i.e., use of a “median” slice of the fragility surface). The curves in Figure 7, right, reveal a similar order of magnitude for the confidence intervals due to the amount of data points, both for the single-IM fragility curve (βU = 0.043)
and for the vector-IM fragility function (βU = 0.048).
5.3

Uncertainty due to the variability of mechanical and geometrical parameters

Based on the 360 randomly generated structures, a new vector-IM fragility curve is derived
by incorporating the effect of the epistemic uncertainties related to the p = 10 mechanical and
geometrical parameters (described in Table 2). This is done by adding linear terms in Eq. 3 as:

(7)
where xi is the ith uncertain parameter and the corresponding regression coefficient.
When the ten parameters are considered at the same time, it is found that the MLE-based
regression cannot converge, due to the limited number of data points. Therefore, partial combinations of parameters are tested until the most influent parameters are identified. As a result,
the MLE regression on Eq. 7 has been carried out with three geometrical parameters, namely
the thicknesses e2, e4 and e6 (see Table 5). The analysis by the p-value of the Wald test has
been used to decide whether the corresponding parameter is significant or not, using a significance threshold at 5%. Interestingly, the mechanical parameters barely affect the mean of the
vector-IM fragility function (at 5% significance).
Parameter
c1 - Intercept
c2 - SA(0.29s)

Regression coefficient
-22.008
1.991
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0.359

p-value (Wald statistic)
4.73e-8
2.98e-8

P. Gehl, M. Marcilhac-Fradin, J. Rohmer, Y. Guigueno, N. Rahni and J. Clément

c3 - PGA
c4 - Thickness e2
c5 - Thickness e4
c6 - Thickness e6

1.284
95.504
135.553
98.819

0.342
46.303
46.184
44.217

1.75e-4
0.0392
0.0033
0.0254

Table 5: Regression coefficients, standard error and p-value of the Wald statistic of the vector-IM fragility function.

On this basis, a new vector-IM fragility function is plotted in Figure 8, left, by incorporating only the significant geometrical parameters. The median surface is obtained by setting the
thickness parameters at the median of their uniform distribution interval (cf. Table 2), while
its 16%-84% confidence bounds account for the corresponding variations of these parameters.
The same approach is applied to the construction of the single-IM fragility curve, enabling the
comparison between the two approaches (see Figure 8, right).

Figure 8: Left: fragility surface w.r.t. PGA and SA(0.29s) with the 16%-84% confidence intervals (dashed lines)
due to variability in the parameters; Right: equivalent fragility curves w.r.t. SA(0.29s) and related 16%-84%
confidence intervals due to variability in the parameters.

These fragility models, based on the disaggregation of the variability of some mechanical
or geometrical, show a significantly reduced dispersion, when compared to the ones that do
not use these parameters as input variables (i.e., models in Figures 6 and 7). However, it
should be noted that some regression coefficients have been estimated with a significant
standard error (see Table 5), which implies that much more data points from simulations
should be necessary in order to get stable estimates.
5.4

Discussion on the respective contribution of uncertainty sources

The previous statistical analyses have helped identifying the uncertainty sources at play in
different fragility modelling strategies (see Figure 9):


Single-IM fragility curve: the aleatory dispersion βR includes most of the variability,
with a very small contribution of the epistemic uncertainty due to the number of data points.

5398

P. Gehl, M. Marcilhac-Fradin, J. Rohmer, Y. Guigueno, N. Rahni and J. Clément



Vector-IM fragility function: a part of the record-to-record variability may be interpreted as an epistemic uncertainty term. The uncertainty term due to the number of
data points is slightly larger, without becoming significant.



Vector-IM fragility function accounting for mechanical and geometrical parameters: a multivariate MLE-based regression has allowed to explicitly account for the
most influent mechanical and geometrical, further reducing the aleatory dispersion.

Figure 9: Decomposition of the uncertainty sources in terms βR (aleatory) and βU (epistemic), depending on the
modelling strategy used.

It may be noted that, for the considered application, the use of vector-IMs contributes to a
significant part of the total dispersion, although the uncertainty due to the variability of mechanical and geometrical parameters appears to be much larger. When computing the HCLPF,
the uncertainty decomposition from Figure 9 is preserved, according to the following equation
derived from Eq. 1:
(8)
Therefore, when assessing a given element from an NPP, its HPCLPF may be gradually
reduced if the following measures are taken to lower the epistemic uncertainty term:

6



Reduction of βU due to the number of data points, by performing more simulations
(i.e., increased confidence in the statistical estimation);



Reduction of βU due to the description of the seismic loading, by performing a vector probabilistic hazard assessment of the considered site (i.e., more accurate
knowledge of the excepted vector-IM distribution);



Reduction of βU due to the variability of mechanical and geometrical parameters, by
testing or qualifying the materials used (i.e., increase of knowledge).

CONCLUSIONS

This study has confronted the concept of vector-IM fragility functions to the probabilistic
framework commonly employed in nuclear applications. This exercise has then allowed for a
systematic analysis of various sources of aleatory or epistemic uncertainty.
Regarding the selection of IMs, carefully selected vector-IMs make excellent candidates in
terms of IM sufficiency and efficiency, when compared to scalar IMs. As a result, vector-IM
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fragility functions tend to generate less dispersion (i.e., aleatory uncertainty due to record-torecord variability) than single-IM fragility curves: this difference may be interpreted as a partial transfer from the record-to-record variability to an epistemic uncertainty component that
is related to the description of the seismic loading given the hazard at the studied site. However, in the present example, it appears that the epistemic uncertainty due to the variability of
mechanical and geometrical parameters is still much larger.
Although a wide range of statistical tools are available for the quantification and propagation of sources of uncertainties, it appears that all the epistemic uncertainties usually cannot
be adequately covered and accounted for (e.g., much more simulations would be required in
order to accurately model the variability of the mechanical and geometrical parameters). In
most cases, expert judgment would be necessary in order to constrain the assumptions and to
interpret the simulation results.
Finally, the present study has followed the lognormal assumption for the functional form of
the fragility functions. This constraint, while convenient for the combination of nested uncertainty terms, is bound to introduce significant biases in the statistical estimates (i.e., the outcomes of the MLE-based regression). A similar analysis based on undefined functional forms
would also be able to deliver valuable lessons.
7

ACKNOWLEDGEMENT

This study has been carried out within the NARSIS project, which has received funding
from the European Union’s H2020-Euratom Program under grant agreement N° 755439. The
Pacific Earthquake Engineering Research Center is gratefully acknowledged for providing
access to their database of ground-motion records.

REFERENCES
[1] EPRI, Seismic Probabilistic Risk Assessment Implementation Guide. EPRI Report TR1002989, Palo Alto, CA, 2003.
[2] R.P. Kennedy, C.A. Cornell, R.D. Campbell, S. Kaplan, H.F. Perla, Probabilistic seismic safety study of an existing nuclear power plant. Nuclear Engineering and Design,
59(2), 305-338, 1980.
[3] N. Luco, C.A. Cornell, Structure-specific scalar intensity measures for near-source and
ordinary earthquake ground motions. Earthquake Spectra, 23(2), 357-392, 2007.
[4] J.E. Padgett, B.G. Nielson, R. DesRoches, Selection of optimal intensity measures in
probabilistic seismic demand models of highway bridge portfolios. Earthquake Engineering & Structural Dynamics, 37(5), 711-725, 2008.
[5] J.W. Baker, C.A. Cornell, A vector-valued ground motion intensity measure consisting
of spectral acceleration and epsilon. Earthquake Engineering & Structural Dynamics,
34, 1193-1217, 2005.
[6] D.M. Seyedi, P. Gehl, J. Douglas, L. Davenne, N. Mezher, S. Ghavamian, Development
of seismic fragility surfaces for reinforced concrete buildings by means of nonlinear
time‐history analysis. Earthquake Engineering & Structural Dynamics, 39(1), 91-108,
2010.
[7] A. Modica, P.J. Stafford, Vector fragility surfaces for reinforced concrete frames in Europe. Bulletin of Earthquake Engineering, 12, 1725-1753, 2014.

5400

P. Gehl, M. Marcilhac-Fradin, J. Rohmer, Y. Guigueno, N. Rahni and J. Clément

[8] N. Rahni., M. Lancieri, C. Clement, G. Nahas, J. Clement, L. Vivan, Y. Guigueno, E.
Raimond, An original approach to derived seismic fragility curves – Application to a
PWR main steam line. Proceedings of the International Topical Meeting on Probabilistic Safety Assessment and Analysis (PSA2017), Pittsburgh, PA, 2017.
[9] A. Combescure, A. Hoffmann, P. Pasquet, The CASTEM finite element system. Brebbia C.A. eds. Finite Element Systems, Springer, Berlin, Heidelberg, 1982.
[10] T. Lin, C.B. Haselton, J.W. Baker, Conditional spectrum‐based ground motion selection.
Part I: hazard consistency for risk‐based assessments. Earthquake Engineering & Structural Dynamics, 42(12), 1847-1865, 2013.
[11] J. Woessner, L. Danciu, P. Kaestli, D. Monelli, Database of seismogenic zones, Mmax,
earthquake activity rates, ground motion attenuation relations and associated logic
trees. FP7 SHARE Deliverable Report D6.6, 2013.
[12] N. Jayaram, T. Lin, J.W. Baker, A computationally efficient ground-motion selection
algorithm for matching a target response spectrum mean and variance. Earthquake
Spectra, 27(3), 797-815, 2011.
[13] PEER, PEER NGA-West2 Database. Pacific Earthquake Engineering Research Center,
https://ngawest2.berkeley.edu, 2013.
[14] M. Shinozuka, M. Feng, J. Lee, T. Naganuma, Statistical analysis of fragility curves.
Journal of Engineering Mechanics, 126(12), 1224-1231, 2000.
[15] M. Lancieri, M. Renault, C. Berge-Thierry, P. Gueguen, D. Baumont, M. Perrault,
Strategy for the selection of input ground motion for inelastic structural response analysis based on naïve Bayesian classifier. Bulletin of Earthquake Engineering, 13(9), 25172546, 2015.
[16] M.A. Hariri-Ardebili, V.E. Saouma, Probabilistic seismic demand model and optimal
intensity measure for concrete dams. Structural Safety, 59, 67-85, 2016.
[17] P. Gehl, D.M. Seyedi, J. Douglas, Vector-valued fragility functions for seismic risk
evaluation. Bulletin of Earthquake Engineering, 11(2), 365-384, 2013.

5401

COMPDYN 2019
7th ECCOMAS Thematic Conference on
Computational Methods in Structural Dynamics and Earthquake Engineering
M. Papadrakakis, M. Fragiadakis (eds.)
Crete, Greece, 24–26 June 2019

SEISMIC VULNERABILITY OF THE RESIDENTIAL BUILDINGS OF
FLORENCE
V. Cardinali1, S. Viti2, and M. Tanganelli2
1

2

Department of Architecture (DiDA), University of Florence,
Via della Mattonaia 14, 50121 Firenze, Italy
e-mail: vieri.cardinali@unifi.it

Department of Architecture (DiDA), University of Florence, Sezione Materiali e Strutture
Piazza Brunelleschi 6, 50121 Firenze, Italy
e-mail: stefania.viti@unifi.it
e-mail: marco.tanganelli@unifi.it

Abstract
The city of Florence, famous all over the world for its historical and artistic heritage, experienced public housing interventions since the XIX century. They consist both in RC and masonry constructions developed during several interventions in the external areas around the
historical centre. Florence has been classified “seismic zone” just in 1982 so, most part of
the considered population of buildings have been built without seismic criteria. Masonry
buildings represent the most significant part of public housing population, characterized by
the oldest constructions. This work deals with the vulnerability assessment of masonry public
housing interventions at urban scale in Florence. A meaningful database with a large number
of selected buildings has been made. Every construction has been investigated adopting an
empirical approach based on geometrical and mechanical parameters; houses have been divided into typological classes in function of geometrical and architectonical features. This
information has been collected on a GIS platform into a geo-referred system. This allowed a
ranking of the public housing population that defines a vulnerability index for different classes of buildings. Further studies will be developed to mix vulnerability features with seismic
microzonations of soils and to combine the proposed empirical approach to numerical one in
order to investigate representative case-studies adopting mechanical models.
Keywords: Urban Scale, Public Housing Intervention, Pre-normative Buildings, Masonry
Buildings, Seismic Assessment.
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1

INTRODUCTION

The seismic assessment of existing buildings plays a crucial role in the evaluation - and
mitigation - of the seismic risk. Italy joints a high seismic hazard to rich and complex monumental goods and constructive tradition. A huge number of historical buildings, in Italy, needs
to be preserved, retrofitted and improved in order to assure the required safety standards, and
to preserve the National and local history and traditions.
The earthquakes occurred during the last century (L’Aquila, Emilia Romagna, Central Italy)
remarked the vulnerability of stocks where people live [1-3]; the majority of existing buildings has been realized before the introduction of seismic codes and without anti-seismic criteria. This vulnerability affects all types of buildings; masonry buildings, however, for their
number and age, deserve a special attention. Nowadays, indeed, masonry structures still represent a large percentage of urban fabric.
The most studied masonry structures consist of monumental historical buildings; indeed,
they have a special value for their cultural and architectural importance and collected the most
part of the research efforts and contributions. However, most part of masonry buildings is represented by residential ones; the assessment of these buildings is usually left to the will of the
single owners, since they are too many to be faced by the Government. For this reason, the
researchers are facing their assessment at the urban scale, in order to provide some general
and useful benchmark for the assessment of single cases [4-6].
Since the last century, many different studies (empirical, analytical and hybrid methods)
have been carried on for a vulnerability assessment of urban stocks at urban scale [7-10]. Empirical methods are the most basic ones; they reduce computational costs analyzing the vulnerability based on statistic damage examinations of past earthquakes, achieving a consequent
typological classification. They use macroseismic scales (MSK and MCS scales are the most
used); even if these methodologies cannot be considered as advanced approaches they are important to connect vulnerability assessment with historic seismology of places since historical
documentaries are based on damage testimonies [11]. Analytical methods assess the damage
with numerical analysis performing mechanical computational models; they demand an adequate knowledge of the structure and usually they refer to individual structural units or specific building classes. They are based on simplified tuning of the Capacity Spectrum Method
[12-13] and they lead to acceleration-displacement response spectra evaluated in terms of
damage limit states [14]. Finally, hybrid methods start from the definition of buildings-types
which are representative of different constructions, combining empirical and analytical techniques for an implementation of the empirical typological classifications with specific mechanical analysis. Computational costs of the assessment at urban scale are then limited to the
evaluation of selected case-studies [15].
The research project deals with the vulnerability assessment of the residential buildings of
Florence. In this work the empirical approach is applied to a relevant database, consisting of
almost 300 buildings. In this area of interest, different studies have been carried out during the
last years [16-17] combining typological features of buildings with the soil specification investigated such as amplification factors or period ground motions. In this paper, seismic assessment of part of the Florentine residential stock has been evaluated in a systematic way.
Public Housing Interventions have been selected as a scattered homogeneous database, more
trackable. For a relevant database of buildings referred into a GIS system the GNDT second
level approach has been used. Buildings have been divided according to their architectonical
and typological features into nine classes. Vulnerability indices have been then expressed in
terms of macroseismic intensities and related to the historical seismology of the city. Finally,
the expected damage of the nine classes of buildings have been defined.
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2
2.1

FLORENCE: RESIDENTIAL VULNERABILITY AND SEISMIC RISK
The residential stock of Florence

The city of Florence is characterized by important architectures and monuments famous all
over the world. Since December 1982 the centre is considered UNESCO World Heritage Centre and it concerns both the copious number of Medieval and Renaissance buildings, and the
historic urban pattern of the districts. However, external areas of the city centre have grown
just in a recent period. Starting with the demolition of the city walls in the XIX century and
the support at the urbanization of a multitude of different new districts and areas, the contemporary face of the city has been defined. Perimetral zones of Florence are mainly composed
by residential buildings which have been designed according to the zoning theories of the last
centuries; they were settled far from the other functions and supported by urbanistic regulations [18]. The most significant part of this residential stock (and the most ancient) has been
realized through masonry buildings.
Nowadays, in the city of Florence, 24308 residential buildings of the total residential stock
(31070 buildings) are composed by masonry structures (78,2%), while just 4840 are composed by RC (15,5%) and 1110 with different technologies (6,3%). From a legislative point of
view, the city is classified as “seismic zone” just since 1982 so, most part of the residential
heritage has been made without anti-seismic criteria. Furthermore, the last important Florentine earthquake is dated 1895, before the main development of satellite stocks; seismic performance of most part of pre-modern buildings has never been checked by relevant ground
motions, and their vulnerability never been assessed.
Together with the grow of the city, many Public Housing Interventions have been promoted. Starting from the XIX century different institutions built several buildings. These houses
are characterized both for masonry and RC structures. During more than a century, according
to Pierini [19], more than 20000 apartments have been realized. In this paper, Public Interventions have been selected to assess the seismic vulnerability of a relevant percentage of the residential buildings of Florence. Social houses interventions have been made by few institutions,
which provide private archives with technical information and, if still of public domain, they
are accessible to in-depth studies and more specific analysis.
2.2

History of Public Housing Intervention in Florence

Public housing interventions in Florence started in 1848 with the institution of SAE (Società Anonima Edificatrice). The society dealt with the construction of houses for the working
class in the external areas of the historical centre. In the years between 1885 and 1911, the
“Comitato per le Case ad uso degli indigenti", built 342 houses for needy people divided into
14 different interventions. Since 1912, Railway Society built other new residential buildings
for their workers. The “Istituto Autonomo per le Case Popolari” (IACP) was established in
1909. It represented the main promoter of the last century. Starting from the oldest interventions, IACP adopted different architectonical typologies, realizing both “ring” large buildings
with internal courtyards and line-type having different spatial configurations. Many different
interventions were constructed from 20’s by IACP and ENCEP (“Ente Nazionale Combattenti
Edilizia Popolare”) during the fascist period. It concerned small urban villages like the stock
in via Carlo del Prete, modern architectures like the residential buildings of via Erbosa or
public housing interventions for middle classes like the district of Romito. Constructions arrested during the Second World War; as a consequence of its destructions, many reconstruction projects were planned in Florence and in the entire peninsula. The “INA-Casa” plan,
financed by state fundings, represents the most meaningful project. In the 50s it supported dif-
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ferent large interventions of which the Isolotto district, projected by important architects or
Italian modernism (such as Michelucci, Tiezzi, Pastorini, Pellegrini, Fagnoni, Gamberini) is
the most important one. In 1956 a further important public housing intervention, Sorgane, had
been built in reinforce concrete buildings. After INA-Casa and its continuation with “Gescal”
(Gestione Case per Lavoratori), in the 60s the residential building constructions got slower,
while, from 70s they had been mostly characterized by RC structures. During the last decays
most part of these public housing interventions has been privatized with hire-purchase procedures, so nowadays social houses heritage follows private regulations and is not fully available to the will of institutions.
This research, besides regarding a large number of residential buildings in Florence, could
present an higher effectiveness, since many further interventions have been made even in other cities according to the INA-Casa standards.
2.3

Technological information of the investigated stock

A meaningful archive research has been made. It concerned different catalogues in
Florence (Archivio Ater/Casa SPA, Archivio Storico del Comune di Firenze, Archivio
delle Ferrovie dello Stato) and has found a relevant number of projects of residential
buildings. For each project has been founded the final design and the related technical
specifications and quantity surveying of materials. The detail level of the achieved information is not always the same, depending on the catalogue, the contractor society, the
years of constructions, the researched intervention. Ferrovie dello Stato records represent
the most precious source of information for the quantity and the quality of specifications
and details.

Fig. 1. From left to right: Details of masonry structures; particular of slabs in hollow bricks and RC joists.

The collected database allowed a technical characterisation of residential modern buildings in Florence. They are composed by bearing walls in coursed rubble stone m asonry
and plain bricks. The coursed rubble masonry is generally made of irregular stones of various dimensions subdivided by horizontal courses, 1 meter spaced, made of clay bricks. It
is usually adopted in the largest walls of the perimeter at the lower floors. The plain brick
masonries, instead, are made with lime mortar.
The floors are made of RC joists alternated to hollow bricks, topped by a 4-cm concrete
slab, and they have a thickness of 20 cm. The hollow bricks can have different shapes that
can lead at different distances between the joists. The top storey floors, used for crawl
spaces where there are not live loads, in some cases have the same technology but lower
(12/16 cm) depths, while in other examples are composed by steel beams alternated to

5405

V. Cardinali, S. Viti and M. Tanganelli

hollow tiles generally without concrete slab. Roofs are generally made with wooden
beams covered by wooden planks and roof tiles; otherwise, they are composed by prefabricated RC joists, hollow tiles and finally hollow roof tiles. Generally, the crawl space has
the concrete kerb over the perimeter of the building and it is joined with the level floor,
while the roof structure is not linked with the concrete ring.
2.4

Seismic history of Florence

During the last years many studies on the soil stratigraphy and the consequent classification have been conducted. Florentine area has a sedimentary base originated by the Late
Pliocene activities [20]. According to the geological history, deposits can be divided into
three typologies: the Synthem of the Basin, the Ancient Arno River Deposits and Recent
Arno River Deposits [21].
The area is characterized by a moderate telluric activity; historical earthquakes has been
estimated at 5 ML and their epicenter were located around Florence (Mugello 1542 and 1919,
Impruneta 1456 and 1895, Valdarno 1770). Historical seismology is the main source of information to define the hazard of a place. Historical records show that the most severe earthquakes were occurred in 09/28/1453 and 05/18/1895, both estimated at VII-VIII MCS level.
During the last years more than 2000 drillings of the soil have been made, implemented
by 52 downhole tests. These works have permitted the definition of a mapped grid with
the main subsoil information such as Fundamental Period of the soil, Amplification Factor,
bedrock depth and its stratigraphy.
3

VULNERABILITY ASSESSMENT OF THE RESIDENTIAL STOCK

3.1

GIS Database

A GIS database of public housing interventions in Florence has been made. It concerns
a large number of selected buildings. Preliminarily they have been distinguished in three
categories, depending on their structure: masonry buildings, RC buildings and mixed typologies. Masonry interventions have been amply recorded. Each single project has been
identified with an ID number and geo-referred; using the archive drawings, they have
been re-drawn in CAD and related to the GIS identification number. Actually, the main
part of the masonry database consists of 286 buildings.
3.2

The GNDT 2nd level approach

The collected interventions have been classified according to the GNDT second level vulnerability assessment method, and a vulnerability index, Iv, for every building has been found.
The assessment is composed of 11 parameters, which are listed in Table 1. They concern
many different types of information, and they are “weighted” through proper coefficients,
ranging from 0.25 to 1.5, on the basis of their importance and influence. The Vulnerability
Index, Iv, can be found on the basis of the assumed classification, through the following expression:
Iv =∑ Pi x wi

(1)

Finally, the vulnerability index is normalized between 0 and 100.
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Parameter

Pi
A
0
0
0
0
0
0
0
0
0
0
0

P1 Type of resisting system
P2 Quality of resisting system
P3 Conventional strength
P4 Location and soil condition
P5 Horizontal diaphragms
P6 Planimetric configuration
P7 Regularity in height
P8 Maximum distance between masonries
P9 Roofing system
P10 Non-structural elements
P11 conservation state

B
5
5
5
5
5
5
5
5
15
0
5

wi
C
20
25
25
25
15
25
25
25
25
25
25

D
45
45
45
45
45
45
45
45
45
45
45

1,5
0,25
1,5
0,75
variable
0,5
variable
0,25
variable
0,25
1

Table 1: GNDT Vulnerability Index.

3.3

The data-base classification

Each building of the database has been classified according to the GNDT criteria, and a
Vulnerability Index ranging between 13% and 39% has been found, with a mean value equal
to 29%. Figure 2 and Table 2 show the database classification. As can be noted, some parameters do not seem to be sensitive to the database features, since almost all buildings present the
same classification. In particular, the parameters most sensitive to the database features are
parameters #3, #6, #7, #8 and #9.

Fig. 2. Distribution of GNDT parameters applied to the database.

Parameter P3 is based on geometrical and mechanical data like: the resistant area along x
and y directions, the total area, the number of storeys and some non-investigated mechanical
features, like density of materials ρ and tangential resistance τk as well live loads. Because of
the lack of detailed studies for this type of buildings, mechanical characteristics have been
chosen following normative guidelines considering their values constant, so, variability of parameter P3 is given mainly by geometrical features such as height, number of storeys, plan
area and resistant areas. Resistant area varies in a range from 8 to 22 % of the total area of
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buildings. It is usually not equi-distributed between x and y directions depending on typological and architectonical features.
P1
P2
P3
P4
P7
P8
P9
P10
P11

A
0%
100%
0%
0%
76%
7%
2%
86%
91%

B
100%
0%
2%
3%
8%
20%
0%
13%
9%

C
0%
0%
8%
45%
6%
35%
98%
0%
0%

D
0%
0%
90%
52%
11%
39%
0%
1%
0%

Table 2: GNDT Vulnerability Index.

P7 is one of the most sensible parameters to the quality of considered drawings projects. It
is referred to “elevated configuration of buildings” and concerns the percentage decrease of
resistant area along the height of the fabric. Masonries setback are typical of historic masonry
buildings in which flexible wooden slabs are wedge into bearing walls; anyway, modern prenormative buildings are characterized by clear-cut interruptions of masonry due to the presence of the perimetral RC kerb. In the database of buildings, there is some variability of results; it is mainly given by the change of material in the making of the walls. If the lowest
levels of the buildings are composed by rubble stone masonries with larger depths, while upper level are generally made with hollow bricks and lower thicknesses. In some case the top
floors are composed by perforated bricks with the drillings along the horizontal set.
P8 parameter provides better scores to buildings with bearing walls disposed along two directions, while it penalizes houses with walls along one direction. Each building of the database can be considered to have a box-behavior with concrete rings and rigid slabs. However,
when the distance between two consecutive bearing walls is excessive, undesirable torsional
effects can occur.
Finally, parameter P9 concerns the roof type of buildings through a quality assessment;
most part of the considered buildings resulted to have the same classification.
3.4

Macroseismic methodology assessment

In order to find the damage level which the building could experience at the occurring of a
ground motion, the GNDT vulnerability index Iv presented in § 3.3 has been transformed in a
macroseismic vulnerability index, V, assuming different levels of seismic intensity according
with the EMS-98 [22].
Macroseismic methodology allows to determine the expected damage μD for different levels of intensity, I. For each building, vulnerability curves have been found with the following
expression:
(2)
where Q is the ductility factor. Recent studies have provided different values for Q; in this
work Q has been assumed equal to 3, according to the Sandi and Floricel [23] suggestion. The
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macroseismic vulnerability index V has been determined through the relationship proposed by
Vicente et al. [7]:
V = 0.58 + 0.0064 Iv

(3)

Seismic intensity can be related to the historical seismology of Florence. The definition of
EMS-98 intensity applied in a specific area is related to the vulnerability of buildings that suffered earthquakes in past centuries; so, the comparison of this parameter with “more recent”
buildings that never experienced seismic shocks can be not so proper. Seismic intensity of
Florence can be estimated between grade VI and grade VIII MCS scale; for each expected
measure it is possible to define the respective damage level. The definition of damage according the EMS-98 defines five levels of increasing damage, from D0 (No damage) to D5 (Collapse). The damage distribution has been evaluated according to the macroseismic approach
through a binomial function based on the damage collection of Italian earthquakes [24]. The
probability to have a certain level of damage corresponding to a specific intensity has been
assessed according to the probability mass function of the binomial distribution:
(4)
where pk ranges between 0 and 1 and it expresses, in terms of percentage, the continuous
damage level for each value of μD. Finally, expected damage of the database for different levels of macroseismic intensity can be defined.
In the technical literature there are many formulas to convert the macroseismic intensity
measure in PGA. In this work the correlation defined by Giovinazzi and Lagomarsino [24]
has been used:
(5)
where C1 is the value of the vulnerability curve for macroseismic intensity I, and C2 represents the slope of the correlation curve. In this work correlation factors C1 and C2 have been
estimated respectively equal to 0.03 and 2.05 according to Margottini et al. [25] and traced
back on MCS macroseismic scale by Bernardini et al. [26]. PGA of Florence is equal to 0.131
g [27]. Considering the latest soil information about the area of Florence, the amplification
factor induced by the soil stratigraphy can vary between 0.7 and 1.7. In this paper only amplification factors greater than 1 have been considered, generating a range of g between 0.131 g
and 0.223 g. Fig. 3 shows the minimum, mean and maximum values presented in the database
and correlated to the seismic action expressed in terms of macroseismic intensity and PGA.
3.5

Building classification

Building database has been classified in order to determine more specific analyses on
buildings. In this work buildings have been divided from a typological point of view into nine
building-types, depending on the global shape of their plans. Buildings with a rectangular
plan are named “stairs-building-type”, and they are further distinguished on the basis of the
number of stairs (i.e. their slenderness in plan) in: one-stairs-building-type (1SBT), two-stairsbuilding-type (2SBT), three-stairs-building-type (3SBT), four/five-stairs-building-type
(4SBT). Moreover, there are buildings with a different plan shape: L-buildings (LBT), Cbuildings (CBT), T-buildings (TBT), and two further classes: terraced-houses (TH) and irregular buildings (XBT). SBT-types are characterized by central stairwells that serve two apartments for each story. Terraced houses are low buildings aggregated one after the other in a
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continuous structural unit. Their vulnerability is most estimable from the length of the construction and the number of unities repetitions than for other parameters. Finally, XBT includes all the interventions not clearly identifiable in the previous classification.

VULNERABILITY CURVE

VULNERABILITY CURVE
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4
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2
2

1

1
0

0
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8, 0

9, 0

10, 0

11, 0

0

12, 0

0, 2

0, 4

0, 6

0, 8

1

1, 2

1, 4

PGA

INTENSITY (EMS-98)

Fig. 3. Vulnerability curves of the database expressed in terms of macroseismic scale (EMS-98) and in PGA (g).

The proposed classification (presented in Table 4) can be finally assessed for the expected
level of damage for the assumed seismic intensities. According with (4) for each buildingtype the probability to achieve a certain level of damage for intensities VI, VII and VIII has
been assessed. Fig. 4 shows, for each building typology, some examples of real buildings belonging to the database.
Damage distributions of building-types according to the probability mass function of the
binomial distribution are finally presented in Fig. 5. Results are very similar from each other
because of the lack of variability in terms of Vulnerability Index and, consequently, of macroseismic intensity I.
Type
1SBT
2SBT
3SBT
4SBT
TH
LBT
TBT
XBT
CBT

n.
131
58
22
8
30
28
12
15
3

%
43%
19%
7%
3%
10%
9%
4%
5%
1%

Iv range
21-38
12-37
20-32
29-32
22-33
22-32
22-33
20-34
28

Iv mean
29,72
28,23
28,07
28,13
29,14
29,83
29,14
30,03
28,99

dev. St.
0,0430
0,0634
0,0344
0,0432
0,0451
0,0209
0,0300
0,0347
0

Table 4: The proposed classification of buildings.

For seismic intensity equal to VI the probability to have a damage between D0 and D1
holds the 80% of the full sample, almost equally distributed. Percentages descend significantly for the other damage levels. Intensity VII leads more scattered results, with the peak of
probability (mean value 37%) for D1. D2 value settles at 29%, while D0 obtains 20% of the
total. Finally, for the most severe intensity expected in the area, VIII, D2 is the most possible
damage configuration of the database (34%), with D3 at 26% and D1 at 2 % of probability.
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1SBT

2SBT

3SBT

4SBT

TH

LBT

TBT

XBT

CBT

Fig. 4: Examples of buildings selected by the database and classified according the proposed specifications.
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Fig. 5: Probability damage distributions for the three levels of seismic intensity expected in the considered area.

4

CONCLUSIONS

In this paper a systematic assessment of the residential buildings of Florence has been
made. Public Housing Interventions have been chosen like representative of the residential
stock because of their numerosity and scattered localization. Information about buildings have
been collected through an extensive archive research. Finally, each building has been gathered
into a geo-referred system. The GNDT second level method has been applied and a vulnerability index Iv for each building has been found. Through expressions presented in literature
and based on statistical seismic damage observations, the seismic vulnerability has then been
converted in terms of vulnerability curves. The database has been then expressed in terms of
macroseismic intensity and peak ground accelerations. The building database has been divided into nine classes, as a function of typological parameters. Finally, the probability of damage for different levels of seismic intensity has been defined for each different class. Seismic
scenarios for the residential stock are not dramatic; for Intensity VIII the most expected damage levels is D2 with the 34% of probability of occurrence and D3 with the 26% of probability
of occurrence.
The results are sensitive to the quality of the vulnerability assessment. Since the database is
related to modern homogeneous buildings, the GNDT second level approach, is probably too
much broad to catch the database variability. Previous works [28] have shown through analytical analyses the sensitivity of the seismic performance of one-stairwell-building-type to dif-
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ferent parameters. A calibration of the presented empirical methodology is expected, to quantify the effects related to single parameters through hybrid approaches, such as analytical
models based on performance-based assessments and mechanical characteristics by in-situ
tests and dynamic identifications.
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Abstract
The Garisenda Tower, built in the XI century in Bologna (Italy) is a tilted Tower of 48 m high,
with a square cross section, that represent the cultural symbol of the city. From the date of its
construction, the tower was subjected to various accidents (such as fires, lightings and earthquakes) and interventions of consolidation. Nevertheless its structural configuration and the
natural decay of the materials during the years, makes the tower inherently vulnerable to static and seismic actions, thus requiring a constant evolution of its structural health. The purpose of the study is to evaluate the current structural health of the Garisenda tower, through
the development of a number of Finite Element models, in order to account for the influence
of the geometrical configuration (actual inclination, cross section variability), peculiar construction techniques (“a sacco” masonry) and potential material degradation. To this aim, it
has been of fundamental importance to integrate information related to both the actual geometrical configuration from data provided through static and dynamic monitoring and masonry texture, quality and material mechanical properties. In particular, to evaluate the
effects caused by an eventual reduction in the material properties at the base, composed by
selenitic stones, on the structural behavior, Three Dimensional Finite Element models with
brick elements have been developed. The results of the FE analyses indicate that a material
degradation at the base of the Tower could lead to local increase of stress levels close to material strength. Moreover, the analyses results also allow to better interpret some trends of
behavior as resulted from the monitoring data.
Keywords: Masonry tower, Structural Health Monitoring, Three Dimensional Finite Element
Methods
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1

INTRODUCTION

The correct management of the historical buildings is a matter of crucial importance that
passes through a deep knowledge of their present state and its eventual evolutions during the
centuries. The availability of only partial information regarding the original project and the
construction techniques, together with strong limitations in the number and extent of in-situ
tests for materials characterizations (related to preservation issues), make the assessment of
the actual safety level of a monumental building of extreme difficulty [1]. For this reason, data acquired from a structural health monitoring system become of fundamental importance
since their proper interpretation may help in increasing the knowledge and better understanding the structural behavior of the monument. The aim of the present study is the analysis of
the current structural health of the Garisenda tower. The Garisenda tower is a masonry tilt
tower built in the XI century in Bologna (Italy). Although several studies and strengthening
interventions have been carried out in the last decades, a continuous attention should be payed
on the evaluation of the structural health and on the consequences of the natural decay of material properties in terms of safety and stability [2]. In the present work, the assessment of the
current structural behavior of the Garisenda tower is conducted through different Finite Element (FE) models able to take into account the actual geometrical state and variation of inclination as detected from the monitoring system as well potential material degradation at the
base. First, the available knowledges related to the tower geometrical configuration and material properties are illustrated and correlated/integrated with the information obtained from the
static and dynamic monitoring. Then, the results of structural analysis carried out by mean of
FE models with different levels of complexity and accuracy are presented. In particular, to
evaluate the effects caused by a material degradation at the base on the structural behavior,
Three Dimensional Elements models were performed.
2

GARISENDA TOWER

The Garisenda tower, built in the heart of the city of Bologna in the 11th century, together
with its nearby Asinelli tower, is known as one of the “The Two Towers”, that are the main
cultural symbol of the city (Fig.1a)[3]. It has a height of 48 m and with an overhang of 3.4 m
towards South-East. It is one of the most leaning Tower in Italy.

a)
b)
Figure 1-a) The Two Towers of Bologna (Asinelli and Garisenda towers). b) The Garisenda tower
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2.1

Geometrical configuration and material proprieties

The cross section of the tower, approximately square, is composed by two external skins
and an internal infill. Its thickness decreases with the height as shown in Figure 2a. Starting
from the foundation, the first few meters of the tower are composed by an external and internal perimeter of selenitic stones (thickness of around 50-60 cm). In 1889, another external
selenitic layer was added to cover the heterogeneous and unsightly portion of the wall in the
first 3.5 m (Figure 2b) [4].The properties of the material, summarized in Table 1, have been
characterized through in situ tests (both destructive and non-destructive) [5].

(a)

(b)

(c)

Figure 2-a) Tower cross section at two different heights (b) Foundation (c) External selenitic stones

Material

Masonry bricks
Selenitic stone
infill

Specific
Weight


[KN/m3]
18
24
17



Elastic
Modulus
Em

Compressive
strength
fm

Shear
strength
fv,m

0.2
0.2
0.2

[MPa]
3000
5000
2500

[MPa]
4
7
4

[MPa]
0.5
0.7
0.5

Table 1: Material properties

2.2

The Static Structural Health Monitoring (SHM) results

A static SHM system was installed on the Garisenda tower at the beginning of 2011. This
system allows monitoring: movements of the main cracks, deformations of critical portions of
masonry, inclination, strains along the steel ties (installed on the height of the tower to provide a lateral confinement to the masonry) and environmental parameter (such as temperature,
wind speed). Additional details on the monitoring system are available in previous work developed by some of the authors [6], [7]. The results obtained from the analyses of the data
recorded by the SHM system highlighted a slight evolutionary trend especially in relation to
the inclination. Six inclinometers are installed in the East and South fronts at different levels
(13.20 m, 30.65m and 43.3m). The data recorded show an increase in the Tower inclination
toward East of around 1.3 mm/year and also a slight inclination northwards.
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Figure 3-(a) Inclination detected toward East from the X-component of the inclinometers. (b)Inclination detected
towards North Y-component of the inclinometers

2.3

Actual state of degradation

Over the last year, some surveys and visual inspections revealed that small portions of the
selenitic layer are degrading and becoming chalk, with a significant reduction of the mechanical characteristics of the original stone. This phenomenon is observed at the base in the corner
under slope, both on the outside and in the inner side (Figure 4a). Externally the selenitic
blocks, that cover the first meters of the tower, have suffered relative displacements mainly
concentrated on the East front (Figure 4b). The internal selenitic stones, on the other hand,
show the presence of a deterioration process underway due to chemical processes linked to
humidity. This phenomenon is particularly pronounced in the South-East corner (Figure 4c).

(a)

(b)

(c)

Figure 4-(a) Corner mainly affected by the degradation phenomenon. (b) Displacements of the selenitic blocks of
the East front (c) Degradation of the internal selenite basement

3

NUMERICAL ANALYSES

Structural analyses have been carried out on 3D FE models of the tower in order to assess
(i) the effect of static loads and wind accounting for the tower inclination and thermal variations, (ii) the dynamic properties through comparisons with data from SHM, (iii) behavior
under earthquake loadings, (iv) the influence of the material degradation at the basement on
the structural behavior, (v) possible cause of specific trend detected through the SHM [2]. In
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this section, for sake of conciseness, the attention is focused only on the study of the variation
of the stress levels due to the material degradation at the base of the tower by means of a
Three-Dimensional Finite Element Model (Figure 5a). In detail, the following models/limit
cases have been considered:
1) UNDmodel: model with materials having full strengths and elastic moduli according to
values provided in Table1,
2) DEGmodel_1: model with a portion of the external and internal selenitic stones having
reduced values of elastic moduli (Figure 6a);
3) DEGmodel_2: model with a portion of the entire wall (including the internal infill) with
reduced elastic moduli,
4) DEGmodel_3: model with the entire East side with the external selenitic stones having
reduced values of elastic moduli.
First, the stress levels as obtained from UNDmodel are reported in figure 5b. It can be noted
that the maximum compressive stresses accumulates on the external selenitic blocks concentrated on the South-East corner (around 2 MPa), while the internal infill achieves compressive
stresses of the order of 1 MPa.

(a)
(b)
Figure 5-(a) Three-Dimensional Finite Element Model of the Garisenda Tower. (b)Stress levels at the base of
the tower considering the material not degraded.

In model DEGmodel_1, the degradation detected in the external and internal perimeter
constituted by blocks of selenite has been simulated progressively decreasing the elastic modulus of the material in the South-East corner, evidenced in green in Figure 6a (in particular
several analyses have been carried out reducing the elastic moduli from 2500 to 250 MPa).
The analyses have been conducted considering only the self-weight. The results obtained in
terms of contour maps, considering an elastic modulus of the corner equal to 250 MPa, are
presented in figure 6b. It can be noticed that the maximum value of the compressive stress in
selenitic blocks remains of the same order of magnitude whilst increase in the infill (reaching
values of the order of 2.6 MPa).
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(a)
(b)
Figure 6-(a) Identification of the areas interested by the reduction of the Elastic modulus. (b) Contour maps,
considering an elastic modulus of the corner equal to 250 MPa

DEGmodel_2 includes the effect of a possible deterioration in the infill material through 2
reductions in the elastic moduli: (i) from 3000 MPa (initial value) to 1500 MPa, (ii) from
3000 MPa (initial value) to 300 MPa. Figure 7 displays the contour maps of the stresses levels
in the selenitic stones and infill for the two cases. It can be noticed that the degradation of the
infill causes a redistribution of the tension moving the maximum stresses in the selenitic
stones close to the deteriorate corner (peaks of the order of 3.2 MPa and 5.7 MPa).

(a)
(b)
Figure 7-(a) Contour maps of the stress level at the base section obtained reducing the infill Elastic modulus
by: (a) 50% and (b) 90%

DEGmodel_3 investigates the possible cause of the inclination detected by the inclinometers in the North direction of the tower. In this model, the properties of the selenic stone for all
the external portion of the East side were reduced to 250 MPa. This phenomenon could be
related to the results obtained by recent investigations that detect a small cavity on the Eastern
front towards the edge opposite to the one actually under slope, causing a weakening of the
section. From this latter case, it can be inferred that if all the side under slope as well as the
internal infill would become completely deteriorated, there would be peaks of tension in the
infill of the order of 3.5 MPa and close to material strength. Analysing the displacements in
the Y-direction of this model (corresponding to North direction of the tower), it has been possible noticed that the presence of a degradation in all the side under slope actually provokes a
displacement, although of the order of tenths of millimetres, in North direction.
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4

CONCLUSIONS

The main conclusion of the present work can be summarized as follows:
 The structural health of the Garisenda tower has been investigated with a particular attention to the effects of the potential material degradation detected at the base of the tower.
First, the present state of the tower has been studied through survey and non-destructive
tests correlated to the data obtained by a static and dynamic monitoring system.
 The effects caused by a reduction in the material properties at the base, composed by selenitic stones, on the structural behavior, has been investigated by means of Three Dimensional Finite Element models with brick elements.
 Considering the degradation only in the selenitic stone and with a concentration in the
South-East front, the results obtained reveal that the maximum compression value in the
selenite blocks remains substantially unchanged but creates a sort of arc effect that leads
to the loading of the first blocks alongside the deteriorated ones.
 A deterioration of the infill material would cause tensions that could reach the limit of
the material strength with a considerable reduction of the safety levels of the building.
 In addition, it has been confirmed that the tower is undergoing a slight displacement
northwards due to a deterioration of the coating portion on the North-East front.
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Abstract
The impreciseness (uncertainty) of the experimentally obtained data can be described using
fuzzy sets theory. It is proposed the fuzzy set method for the correct and concise evaluation of
various geometrical and mechanical properties or final failure load. The variability (understood as the fuzziness) of the fiber and matrix properties is described by a membership function. Based on experimental results it is possible to determine the effect of the fuzziness of the
mechanical properties. The fuzzy sets theory allows to build the lower and upper bounds of
the failure envelopes for the Tsai-Wu criterion. The linear qualifier function is applied to analyze the composite structure subjected to the load.

Keywords: Composite Materials, Fuzzy Set, Fuzzy Logic, Material Uncertainty.
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1

INTRODUCTION

The use of fiber-reinforced composite materials in modern engineering structural design
has become a common practice. However, since more design variables typically exist when
composite materials are employed and the manufacturing processes for producing composites
are more complex, more variability can exist in a design procedures with composites compared to conventional (isotropic) materials [1]. Thus, the variability of properties that occurs
in composite structures leads directly to a random field of variables describing constructions.
A scatter of properties has a different origin including geometrical and mechanical properties,
environmental effects and the influence of the applied technology or existence of the internal
defects of flaws, see e.g. papers [2-5]. Therefore, there is a fundamental question: how many
and which of the above factors can (or should) be incorporated in the design process and how
can we manage to take into account the existing variability of parameters. A broader discussion of those problems can be found in reference [6].
The majority of available references in literature discussing design problems of composite
structures is devoted to the analysis conducted in a pure deterministic way. However, the random field of parameters describing composites may be taken into account by the standard use
of different variants of the statistical analysis or by the application of non-stochastic methods
– a fuzzy set approach.
Referring to composite materials the origin and the source of imprecision (or uncertainty)
lies mainly in the lack of information dealing with their microstructure, mechanical properties,
behavior and the number of factors responsible for gradual degradation of their properties and
final failure. Commonly, the theoretical (deterministic) analysis of composites is based on the
homogenization theories that may include an increasing number of different parameters [7, 8].
However, it is unknown in advance what number of parameters is sufficient to describe satisfactorily the problem considered. On the other hand, the material parameters are evaluated in
the experimental way being the source of randomness in the traditional (deterministic) analysis or impreciseness or vagueness in the fuzzy set approach. The imprecise, vague, qualitative,
linguistic or incomplete information may be present in geometry, material properties, degradation of properties, applied loads or boundary conditions.
Different kinds of methods are investigated for different types of uncertainties. Oskay and
Fish [9] calibrated material properties in a deterministic fashion with the aid of genetic algorithms and gradient-based techniques. Jiang et al. [10] proposed the deterministic model to
identify the uncertain elastic modulus of braided composites using modal data. Mustafa et al.
[11] presented a probabilistic model for estimating the fatigue life of composite laminates using a high fidelity, multi-scale approach called M-LaF (Micromechanics based approach for
Fatigue Life Failure). They developed a unified framework for the representation and quantification of uncertainty present in the fiber and matrix properties with the use of the Bayesian
inference approach in order to calculate probabilistic composite fatigue failure. Chandrashekhar and Ganguli [12] performed probabilistic analysis using the Monte Carlo Simulation on a
refined composite plate finite element model to calculate the statistical properties of the variation in modal parameters of a cantilever composite plate due to structural damage and material uncertainty.
If the system parameters are described in imprecise or linguistic terms the fuzzy theory can
be implemented to predict the structural response in the sense of evaluation of its upper and
lower bounds, respectively. Various problems connected with fundamentals and concepts
used in the fuzzy set theory are presented in a few representative monographs: McNeill and
Thro [13], Cox [14], Tsoukalas and Uhrig [15], Dubois and Prade [16], Zadeh et al. [17],
Kosko [18].
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Fuzzy concepts are used in various areas of mechanics. Moens and Hanss [19] presented
an overview of the research activities on non-probabilistic finite element analysis and its application in the representation of parametric uncertainty in applied mechanics. Sodoke et al.
[20] used a fuzzy logic model to obtain a simplified view of linguistic variables representing
the modulus of elasticity and to reconcile different modules by including the uncertainty inherent to the different measuring techniques. Altmann et al. [21] introduced a fuzzyprobabilistic approach to assess the durability of strain-hardening cement-based composites.
Karbhari and Stein [22] described the application of a fuzzy probabilistic approach to reflect
the impact of the inherent uncertainty in determining the reinforcing fibers of polymer jackets
for the seismic retrofit of columns. Bohlooli et al. [23] presented a suitable model based on
fuzzy logic to predict the compressive strength of inorganic polymers with seeded fly ash and
rice husk bark ash. Syamsiah et al. [24] proposed the role of input selection using a neurofuzzy approach to predict the physical properties of degradable composites, namely the melt
flow index and density. Rassbach and Lehnert [25] developed a model based on the mathematical methods of fuzzy-logic which can describe the plasto-mechanical behavior of functionally gradient materials during the deformation process. Muc and Kędziora [26] employed
a fuzzy-set based approach in conjunction with a finite element analysis and fracture mechanics. In the numerical analysis four parameters were considered to be fuzzy, namely, three mechanical parameters (Young’s moduli, Kirchhoff’s modulus) and one geometrical parameter
describing the position of the crack center. Kędziora and Muc [27-29] proposed the fuzzy set
analysis in order to estimate the uncertainty in the evaluation of critical number of cycles corresponding to the final fatigue damage. Experimental data obtained during fatigue tests conducted for tension and compression were represented by the lower and upper bounds of the
stiffness degradation, i.e., as stiffness versus the number of cycles relationships [28, 29].
Therefore, in this way the impreciseness (uncertainty) of the experimentally obtained data
can be described using fuzzy sets theory. In this paper, it is proposed the fuzzy set method for
the correct and concise evaluation of various mechanical properties or final failure load. The
variability (understood as the fuzziness) of the fiber and matrix properties is described by a
membership function. Based on experimental results it is possible to determine the effect of
the fuzziness of the mechanical properties. The fuzzy sets theory allows to build the lower and
upper bounds of the failure envelopes for the Tsai-Wu criterion. The linear qualifier function
is applied to analyze the composite structure subjected to the load.
2
2.1

FUNDAMENTAL DEFINITIONS
Representations of Fuzzy Sets

The data “integer less than 10” is the definition of characteristic function ΠA and is represented in the following way:

Π A : IN → { 0 ,1 }
1, if less than 10
0 , otherwise

Π A( η ) = 

(1)

that yields a value 1 for each element of space IN that belongs to set A and a value 0 for each
element that does not. The above representation is commonly called a crisp set. However, this
concept cannot be used directly as we intend to characterize the typical property for composite materials, e.g. the failure of carbon fiber reinforced polymer under tension occurring as
tensile strain εx is equal to the ultimate value of 0.015. The characteristic function of this set is
depicted in Figure 1a. For the three-dimensional analysis, all the components of the strain ten-
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sor can be evaluated in a similar manner. A problem arises if the linguistic term “failure under
tension” has to be described. The value of a failure strain in composites depends on various
parameters such as the fiber and matrix materials, loading conditions, porosity, environmental
effects, etc. It is well-known that from the micromechanical point of view that failure starts
from microcracks in the matrix for strain values much lower than the value 0.015. In addition,
the value 0.015 is usually an average value characterizing rather a scatter of a random values
of macrocracks appearing at the strain level 0.015. Therefore, for some specimens one can
observe the final (macroscale) failure as εx is equal to 0.0159 or to 0.0141. A possible solution
to this problem is to generalize the definition of the characteristic function in a way that it
yields values from interval [0, 1] and not just the two values of the {0, 1}. This leads to the
notion of a fuzzy set.

Figure 1: Representation of term “failure under tension”: (a) crisp set; (b) fuzzy set.

Fuzzy set µ of X is a function that maps space X into the unit interval, i.e.:
µ : X → [0,1]

(2)

Value µ(x) denotes the membership function of x to fuzzy set µ. Figure 1b shows (subjectively defined) a membership function of fuzzy set µ describing the linguistic meaning of the
term “failure under tension”. The use of fuzzy sets to formally represent vague data is often
done in an intuitive way because in many applications there is no model that provides a clear
interpretation of the membership degrees, though we want or we try to base it on various experimental data.
The application of fuzzy methodologies requires the knowledge of the membership functions of fuzzy quantities. In general, fuzzy numbers are sets that represent numeric quantity. It
can be done in a variety of ways. Of course, there are different possibilities to determine and
represent membership functions characterizing a fuzzy set. If subspace S contains only a finite
number of elements, a fuzzy set µ of X will be defined by specifying for each element x∈X its
membership degree µ(x). If the number of elements is very large or a continuum is chosen for
X, then µ(x) can be better defined by a function that can use parameters which are adapted to
the actual modeling problem. For instance, if we want to represent the term “Young’s modulus is equal to 200 GPa” in the sense of a fuzzy set having a finite amount of experimental data, we can select one of the different representations given in Figure 2.
The determination of the membership functions is difficult. There are different forms of
them and in the description of the fuzzy numbers the triangular, trapezoidal, Π, B, Gaussian or
Weibull curves are commonly used, whereas in the case of fuzzy qualifiers – the sigmodal or
linear curves – see reference [3]. However, the first attempt or trial in building the membership functions can be based on the statistical data – see e.g. the description of failure.
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Figure 2: The used descriptions of uncertainty.

One of the possible fuzzy set representations was presented there. Another approach is the
so-called horizontal representation of fuzzy sets. This is introduced by using their α-cuts instead of membership functions µ(x) which are called vertical representations.
Let µ∈F(x) and α∈[0, 1]. The set is called the α-cuts of µ:

[µ]α = {x ∈ X µ(x ) ≥ α}

(3)

Let µ be the triangular function on IR given in Figure 3. The α-cuts of µ are in this case defined as follows:
[a + α ⋅ ( m − a ), b − a ⋅ (b − m)] if 0 < α ≤ 1
[µ]α = 
IR
if α = 0


(4)

µ (x)
1

α
[µ]α
0
a

m

b

x

Figure 3: Definition of α-cuts.

There are, generally, two kinds of fuzzy sets:
• numbers that represent an approximate numeric quantity; those values can represent uncertainty (impreciseness, fuzziness) of Young’s (see Figure 2) or Kirchhoff’s moduli, geometric properties of structures (dimensions, fiber orientations) or allowable
strengths/strains in appropriate directions;
• qualifiers that characterize open-ended concepts; these sets provide the framework for
describing unbounded concepts (or concepts that are theoretically unbounded), e.g. qualifiers of failure or constraints in various optimization problems – see e.g. Rao [30].
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2.2

Vertex Method

Let us introduce N fuzzy parameters describing the material or geometric parameters of the
considered composite structure. The membership functions are discretized using several αcuts – Equation (4). Considering the left and right end points of the α-cut s intervals [µ]α (see
Figure 3) for all the fuzzy parameters, one can find the total number of combinations Nc/α per
α-cut in the following form:
2 N
Nc/α = 
1

for 0 ≤ α < 1
for α = 1

(5)

An output response denoted by p is an unknown function of input fuzzy parameters xi (i=1,
2, …, N), so that:
p = f ( x ,..., x )
1
N

(6)

Using the α-cut concept combined with binary representation (5) of fuzzy parameters xi
(i=1,2,…,N) relation (6) can be rewritten in the abbreviated form:
p = f (Cλ, j );

j = 1, 2, ..., N c/α

(7)

Since output response p as a function of fuzzy parameters is a fuzzy set, the corresponding
interval in p is obtained from relation (6):
R
[ p αL , p α
] = [ min f (C λ , j ), max f (C λ , j ); λ ≥ α, j = 1, 2, ..., N c/α
λ, j

λ, j

(8)

As may be seen, relation (8) allows one to obtain a scatter of the output parameters and
then to build the appropriate probability distributions and reliability functions by a sweep of
α-cut at different possibility levels.
In order to conduct the computations and to evaluate the upper and lower boundaries of
output response (8), it is necessary to outline the deterministic method of the definition of
function f given in Equation (6). It can be defined in a purely analytical way or alternatively
in a purely numerical way. As may be noticed, the vertex method resembles here the Monte
Carlo simulation method where the output response also has a deterministic, and therefore
unique form.
Function f existing in Equation (6) may describe an arbitrary failure criterion for composites, e.g. buckling, delamination, first-ply-failure (FPF) etc., whereas symbol p denotes the
corresponding value of the failure load.
3

FUZZY SET ANALYSIS

The origin and source of imprecision (or uncertainty) can result from the lack of information dealing with their microstructure, mechanical properties, behavior and the number of
factors responsible for gradual degradation of their properties and final failure of composite
materials.
3.1

Mechanical Properties

Commonly, the theoretical (deterministic) analysis of composites is based on homogenization theories. In the micromechanics analysis the development of the model of repeating unit
cells is based on the assumption that the unidirectional composite is represented by fibers
which are aligned in the x1–direction and distributed regularly in the matrix and finally the
components form a doubly periodic array in the x2 and x3 directions – see Figure 4. In Figure
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4 the fibers have a circular cross-section and the same diameter d and are arranged at distances h, l apart. The unit cell is showed in Figure 4b.

Figure 4: Micromechanics unit cell geometry: (a) periodic array of circular fibers extending in the x1 direction;
(b) representative cell.

At the micromechanics level, the transversely isotropic material is expressed in terms of
the five engineering constants. They are functions of the material variables, i.e. of the fiber
and the matrix properties Ef1, Ef2, Gf12, νf12, νf13, Em, νm, Vf, where f denotes fiber property, m
– a matrix property, E – the Young's modulus, G – the Kirchhoff's modulus, ν – Poisson's ratio and Vf is the fiber volume fraction (assuming Vf + Vm = 1, where Vm is the matrix volume
fraction).
The impreciseness in the modeling is obvious: the ideal forms of the constituents and of
representative cells, an influence of the interface is completely eliminated – there are two
components in the model fibers and matrices, the matrix and fibers have constant values
(there is no defects inside them) etc.
Now, let us assume that the variables characterizing the fiber and matrix properties are
fuzzy variables and their fuzziness is described by a triangular membership function – see
Figure 3. It is assumed that the variability (understood as the fuzziness) of material parameters
is taken to be equal to ±10 %. The nominal (average) values correspond to α=1 (see Figure 3)
whereas the parameters of the triangular membership function given by Equation (4) are following :
m=

a+b
, a = 0 .9 ⋅ m b = 1 .1 ⋅ m
2

(9)

Having the Halpin–Tsai model equations of the relation (6) and using the procedure proposed in the Section 2 for a given α-cut one can evaluate the upper (the right end point of the
interval (8)) and lower bounds (the left end point of the interval (8)) of the effective longitudinal and transverse Young moduli. The results are evaluated for the unidirectional long glass
fibers/epoxy resin, i.e. the nominal properties (denoted by m in relation (10) and Figure 3)
Ef1=73GPa, Em=3.5GPa from [31]. The results of computations are plotted in Figure 5. As it
may be seen, the nominal curve denoted by the value α=1 (the solid red line in Figure 5) is
obtained for nominal values of Ef1 and Em. The lower and upper bounds of the curves denoted
by the value α=0 plotted in Figure 5 (denoted by the superscripts L and R), are evaluated with
the use of Equation (8). As it may be observed the biggest effect of fuzziness is for the maximal values of the fiber volume fraction.
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Figure 5: Distributions of the effective longitudinal E1 (a) and transverse E2 (b) Young moduli at α= 0 and 1 (L –
lower bound, R – upper bound).

3.2

First-ply-failure

One of failure criterion in order to consider these uncertain material properties is applied to
the calculation. For example, uncertainties in elastic moduli of laminates are due to several
factors, such as e.g. the misalignment of fibers or imperfect bonding between fibers and matrix.
The classical first-ply-failure (FPF) envelopes (e.g. the Tsai-Wu criterion) are described
with the aid of variety of material constants characterizing different modes of failures (tension,
compression etc.). Those values may be treated as fuzzy ones and in this way the fuzzy set
theory allows us to build the lower and upper bounds of the failure envelopes for each fiber
orientations of plies in the laminate. Assuming that five strength constants are fuzzy parameters such envelopes have been built and the plot is presented in Figure 6. For compressive deformations the uncertainty of failure locations (at plies having fibers oriented at 0° or 45°) is
the characteristic feature of the resulting curves.

Figure 6: Upper and lower bounds of FPF envelopes – the Tsai-Wu criterion (plies having fibers oriented at 0° or
45°; L – lower bound, R – upper bound).
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The results demonstrate evidently that the classical deterministic approach to the FPF analysis can lead to the inconsistency and incorrectness with experimental data. For compression
in both directions it is possible to obtain experimentally the FPF initiation at plies oriented
both at 0° and 45°. They show simply the limitations of the classical global elastic approach
since the matrix cracking associated with the FPF is connected with inelastic deformations (in
the global sense), especially for fibers oriented at 45° or with the appearance of intralaminar
cracks (a micromechanical approach).
3.3

Fuzzy Constrains

The deformation of composite structure subjected to in-plane and/or bending loads can be
considered using fuzzy maximum strain criteria. Fuzzy constrains are defined by maximum
strain criteria in the following way:
±
ult
ε1ult
c − ∆ε1c ≤ ε1 (θ k ) ≤ ε1t + ∆ε1t
±
ult
ε ult
2c − ∆ε 2 c ≤ ε 2 (θ k ) ≤ ε 2 t + ∆ε 2 t

ε 6±

(θ k ) ≤

ε 6ultt

(10)

+ ∆ε 6 t

where ± denotes upper and lower surface of k-th layer, respectively. t designates tension and c
– compression. θ denotes fiber orientation. Ultimate strain strengths (maximum) εult are dealt
with as fuzzy numbers by using ∆ε and β in the following manner:
∆ε ij = β ⋅ ε ijult

i = 1,2,6

j = t, c

(11)

The value of the parameter β denotes the level of fuzziness in the problem. When β is
equal to 0% it denotes a crisp optimization problem. The degree of satisfaction of constraint is
determined using the membership functions µε(ε(θ)) (see reference [3]) which are represented
by linear qualifier function in the form of asymmetrically trapezium. For the positive value of
strain ε(θ), the membership functions µε(ε(θ)) is given by
1

µ ε t (ε(θ k ) ) = α t

0


where
αt =1−

ε(θ k ) < ε ult
t − ∆ε t
ult
ε ult
t − ∆ε t ≤ ε(θ k ) ≤ ε t + ∆ε t

(12)

ε(θ k ) > ε ult
t + ∆ε t

(

ε(θ k ) − ε ult
t − ∆ε t

(

)

ult
ε ult
t + ∆ε t − ε t − ∆ε t

)∈ [0,1]

(13)

and presented in Figure 7a. For the negative value of strain ε(θ), the membership functions
µε(ε(θ)) is showed in Figure 7b.
The maximum stress criterion has a similar form. Then, in Equations (10)-(13), the notation σ is used in place of ε.
CONCLUSIONS
The present study is a practical tool for engineering activities dealing with evaluating the
degradation of real material structure. As it remains an open problem, it is connected with the
total number of uncertain parameters that should be considered in order to describe the real
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behavior of engineering structures with an acceptable accuracy. However, it can be solved for
each individual problem only.

Figure 7: The membership functions for: (a) the positive value of strain; (b) the negative value of strain.

The presented method allows one to build the appropriate membership functions for the
evaluated values of the Young moduli.
The fuzzy set theory allows us to build the lower and upper bounds of the failure envelopes
for FPF and the linear qualifier function (in the form of asymmetrically trapezium for maximum strains criteria). Fuzziness of failure strain has a great influence on a surface of limit
load values. The above conclusions depend on structural geometry and load parameters.
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Abstract. The implementation of methods which belong to the field of Artificial Intelligence
such as the Artificial Neural Networks (ANN) based methods is continuously increased in
many scientific and technological applications. As regards the civil engineering applications,
the investigation for the utilization of these methods has led to very promising results. More
specifically, the experimental application of ANN-based methods for the seismic vulnerability
assessment of structures has proved that they can be utilized as alternative methods in parallel of the well-documented existing methods. However, despite their promising results there is
no wide acceptance of ANNs as computational tools for the prediction of the seismic damage
level of structures. This can possibly be attributed mainly to the fact that the vast majority of
civil engineers who investigate methods for structures’ seismic vulnerability assessment has
no the minimum required background about the abilities and the utilization of the ANN-based
methods. The current paper attempts to present a different point of view of the ANN-based
methods and to prove that the research for their further implementation can be approachable
by civil engineers provided that the corresponding formulation is defined in certain stages. In
the framework of the current paper it is also proved that by the utilization of ANNs the definition of relatively simple equations for the preliminary estimation of the seismic damage level
of R/C buildings in near-real time is possible.
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1

INTRODUCTION

The utilization of the Artificial Neural Networks (ANNs) for the solution of civil engineering problems was examined for the first time at the end of eighties [1, 2]. Their alternative
approach to these problems’ solution as well as their very promising results led to a further
study of them. More specifically, in the field of earthquake engineering the corresponding
studies are enough but less than the studies which are focused on other scientific fields of civil
engineering (see e.g. [3-9]). Thus, for the seismic vulnerability assessment of existing buildings at urban scale or at regional state, methods such as the seismic vulnerability curves were
developed and widely used (e.g. [10, 11]). It must be noticed that, besides the fact that significant efforts have been done globally for the utilization of ANNs in the seismic vulnerability
assessment of existing buildings, the correspondence of the civil engineering research community and the amount of the corresponding research was not sufficient. Among the possible
reasons which led to this situation, perhaps the most significant according to the authors’
opinion concerns the fact that the utilization of ANNs requires not only specialized software
for their configuration (e.g. [12, 13]), training and evaluation, but also the corresponding
knowledge. This knowledge is not given in the framework of the civil engineers’ mandatory
education. Thus, either the cooperation with scientists specialized on the ANNs or the post
graduate education of civil engineers on the basic principles of ANNs is required. In order to
fulfill this demand, the ANN based methods must be performed through specific stages:
(a) The stage of the problems’ definition and the generation of the ANNs’ training data-set. At
this stage the civil engineer describes the computational problem to the ANN expert and collects the required data for its solution. Thus, significant problems such as the number and the
types of ANNs’ input and output parameters as well as the quality of the training data-set are
initially detected and partly solved at this preliminary stage. The final solution of these issues
is achieved in the following stage (b).
(b) The stage of the selection of problem’s formulation in terms of ANNs’ structure as well as
the type, the configuration, the training and the optimization of ANNs’ parameters. The available options for these selections are suggested by the ANN expert. In stage (b) final decisions
about the selection of the input and output parameters of ANNs are made, perhaps through
sensitivity analyses. This stage also includes the evaluation of the trained ANNs using data
which were not used for their training (generalization tests).
(c) The final stage in which the most efficient trained networks must be encoded by the ANN
expert in order to be produced a computer code ready for use by the civil engineer. It must be
noted that it is possible to extract closed-form expressions which can be directly used for the
problem’s solution if specific conditions (e.g. small number of input parameters and small
number of neurons) are valid.
The current paper attempts to prove that the ANN-based methods can have practical applications in a way which is more approachable to civil engineers, if the results which are extracted
by them are appropriately processed. Thus, the present paper focuses on the detailed description of the stages of the r/c buildings’ seismic vulnerability assessment using ANN-based procedures, and mainly on the final stage. It must me stressed that only Multilayer Feedforward
Perceptron Networks (MFPN) are utilized. The problem is separated in the configuration and
the training stage for which only a general description is presented, and the stage after the
training for which a detailed formulation is given. Finally, closed-form equations which relate
the seismic damage index MIDR (Maximum Interstorey Drift Ratio) with various seismic parameters (e.g. PGA, Arias Intensity, etc.) are developed. Thus, it is proved that the utilization
of ANNs for the r/c buildings’ seismic vulnerability assessment can lead to expressions which
can be easily used by engineers.
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2 THE STAGES FOR THE FORMULATION AND SOLUTION OF R/C BUILDINGS’
SEISMIC VULNERABILITY ASSESSEMENT PROBLEM USING ANNS
The formulation and solution of the problem of R/C buildings’ seismic vulnerability assessment using ANNs consists of three distinct stages. These stages are briefly presented in
Figure 1. More detailed description of them will be given in the following subsections.

FIRST STAGE
DEFINITION OF THE COMPUTATIONAL PROBLEM
FIRST APPROACH TO THE DEFINITION/SELECTION OF THE PROBLEM'S DATA
GENERATION OF THE ANNS' TRAINING DATA SET

SECOND STAGE
SELECTION OF THE PROBLEM'S FORMULATION IN TERMS COMPATIBLE TO ANNs
Function Approximation (FA) problem

Pattern Recognition (PR) problem

SELECTION OF THE SHAPE OF THE OUTPUT VECTORS
FA problem
The values of the selected Damage Index

PR problem
The classification of the Damage Index values

SELECTION OF TYPE OF ANNs
OPTIMIZATION OF ANNs CONFIGURATION and FINAL SELECTION OF INPUTS

THIRD STAGE
INSERTION OF THE OPTIMUM CONFIGURED AND TRAINED ANNs IN
VULNERABILITY ASSESSEMENT SOFTWARE
Figure 1: The three stages of problem’s formulation and solution using ANNs

2.1 The first stage of problem’s formulation
The first stage requires the cooperation between the civil engineer and the ANN expert.
This stage consists of three individual steps as shown in Figure 1. These steps are explicitly
described in Figure 2. In the first step the civil engineer describes the mathematical formulation of the problem to the ANN expert. This description contains the detailed presentation of
the models and the methods which are used for the simulation of R/C buildings, earthquakes
as well as their interaction. Thus, in this step the ANN expert receives the required knowledge
about the problem’s parameters in order to give instructions for the next step (Figure 2). In the
framework of the next step (step two) the parameters which are considered as more suitable to
be used as input and output parameters of ANNs are suggested. This suggestion is the result
of the combination of the expertise of civil engineer and of the ANN expert. In particular, the
civil engineer indicates the input parameters (structural, seismic and soil parameters) which
widely used for the modeling of the seismic response of R/C buildings. It must be stressed
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that this indication must be accompanied by the information about the type of input parameters (i.e. integers or real numbers) as well as the range in which they fluctuate. This information can be deployed by the ANN expert in order to give certain instructions about the
effective composition of the input vectors at this (first) stage. Thus, combinations of input parameters which will cause problems to the efficient training of ANNs can be excluded at this
early stage of the overall procedure.
DEFINITION OF THE COMPUTATIONAL PROBLEM
Description of the mathematical formulation of R/C buildings' seismic response problem:
Models which simulate the R/C buildings and their seismic damage level (inelastic response)
Parameters which are used for the evaluation of the impact of earthquakes on structrures
Computational methods which are used for R/C buildings' seismic damage assessment
FIRST APPROACH TO THE DEFINITION/SELECTION OF THE PROBLEM'S DATA
Initial selection of the parameters which will be utilized for the definition and solution of the
problem of R/C buildings' damage assessment using Artificial Neural Networks:
INPUT PARAMETERS: Generally are classified to structural, seismic and soil parameters
OUTPUT PARAMETER: Describes the seismic damage state [Damage Index (DI)]

GENERATION OF THE ANNS' TRAINING DATA SET
Formation of the set of input and target vectors on the basis of the initially selected input and
output parameters conducting the following steps:
Selection of characteristic types of R/C buildings ("actual" buildings) and ground motions
Criterion: Coverage of a wide range for the values of the selected structural, seismic, soil parameters
Analysis and design of the selected buildings (following the provisions of pre-selected seismic codes)
Calculation of the seismic Damage Index of the selected buildings due to the selected ground motions
(Performing static or dynamic nonlinear analyses)
Calculation of the seismic Damage Index of the selected buildings due to the selected ground motions
(Performing static or dynamic nonlinear analyses)
Formation of the set of input and target vectors
Post-prossesing of the extracted results
Figure 2: Detailed description of the steps of the first stage of problem’s formulation

The third step of the first stage concerns the generation of the data-set (i.e. a set of samples)
which is required for the training of ANNs (see e.g. [14]). The procedure of this generation
for the problem of R/C buildings’ vulnerability assessment is explicitly presented in [9, 15].
Having already available the information about the permissible choices for the input and the
output parameters, the selection of the R/C buildings and the ground motions must correspond
to a wide range of values of these parameters [for example in case of generation of training
data-set which correspond to R/C buildings in Greece the height of the selected buildings
must fluctuates between 3 meters (one storey buildings) and 30 meters (ten storey buildings)].
Finally, as regards the software packages which must be utilized for the accomplishment of
the first stage it must be noted that only computer programs for the linear and the non-linear
analysis and design of R/C buildings are required. The application of these software packages
appertains to the scientific field of civil engineers. Thus, the role of the ANN expert in the
first stage is limited to the instructions about the initial selection of the input and output parameters i.e. the parameters which will not cause significant malfunction to ANNs.
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2.2 The second stage of problem’s formulation
The second stage is mainly performed by the ANN expert. This stage consists of four individual steps as shown in Figure 1. First of all, a decision about the formulation of the problem
in terms compatible to the ANNs function must be made. This decision is mainly based on the
required application of the trained ANNs.
The formulation as a Function Approximation (FA) problem is intended if the prediction of
the numerical value of the selected R/C buildings’ Damage Index (DI) is required [9]. In the
framework of this formulation, the DI is considered a (initially unknown) function of the selected structural, seismic and soil parameters:
DI = F ( strP1 ,..., strPi ,...., strPn , seP1,..., sePj ,..., sePm , soP1,..., soPk ,..., soPl )

(1)

Where: strPi are the n selected structural parameters, sePj are the m selected seismic parameters and soPk are the l selected soil parameters. The Eq. (1) can be expressed in matrix form
especially when a large number of input parameters is considered:
DI = F ( StrP ,  SeP ,  SoP)

(2)

n
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....
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Where: [StrP], [SeP] and [SoP] are the vectors which include the selected structural, seismic
and soil parameters respectively.
The solution of the FA problem using ANNs leads to an approximation of the unknown
function F by means of a combination of elementary linear or non-linear functions [14]. More
specifically the approximate function F is also depended on a number of real numbers which
are called synaptic weights and biases [14]. The calculation of these numbers is the object of
the ANNs’ training. The procedure for the development of function F by using the Eqs. (1), (2)
as well as basic principles of the function of the trained Multilayer Feedforward Perceptron
Networks (MFPN) will be explicitly presented in Section 3.
The formulation as a Pattern Recognition (PR) problem is intended if the prediction of the
classification of R/C buildings to pre-defined seismic damage categories on the basis of the
value of the selected DI is required (see e.g. [9, 16]). In this case, first of all the decision about
the number of these categories is necessary. This is a decision which must be taken by the civil engineer. However, independently of this decision a significant difference between the FA
and PR problems is the number of ANNs’ outputs. In the solution of the FA problem the required output is a real number, i.e. the value of the selected DI. On the contrary, in the solution of the PR problem a mapping between the DI values and the pre-defined seismic damage
classes is needed. Thus, in case of the formulation of the PR problem the required output is a
vector. The dimension of this vector is (nx1), where n is the number of the pre-defined seismic damage classes. The description of the required mapping between the DI values and the
seismic damage classes is presented in Figure 3.

on

0

Figure 3: The mapping between the DI values and the pre-defined damage classes in case of PR formulation
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The next step of the second stage is the selection of the type of ANNs’ (Figure 1). This selection is based on the experience of the ANN expert. However, although several types of
ANNs have been proposed (see e.g. [14, 17, 18]) the problem of R/C buildings’ seismic vulnerability assessment is mainly approached using MFPN. This conclusion is based on the investigation of the relevant literature (see e.g. [3-9, 15]). More specifically, the choice of
MFPN in the framework of the FA problem’s formulation and solution is based on the fact
that this type of networks can approach continuous functions with any desirable level of accuracy (e.g. [19, 20]). As regards the solution of the PR problem the MFPN are also a reliable
option as it was presented in many references (see e.g. [8, 9, 21, 22, 23]).
The final (fourth) step of the second stage concerns the optimization of the networks’ performance. This optimization consists of a parametric investigation with two components,
namely the parametric investigation for the optimum configuration of networks as well as the
parametric investigation for the optimum combination of their input parameters which were
initially selected in the framework of the first stage (Figure 2). The target of the two aforementioned parametric investigations is the maximization of generalization ability of them.
The generalization ability of the trained ANNs concerns their ability to extract reliable solutions for problems with data which are unknown to them. It must be stressed that in this step
the contribution of the ANN expert is very critical because, as it was proved, a great danger
during the ANNs’ training is the so-called “overfitting” (see e.g. [24, 25]). The “overfitting”
concerns the phenomenon of high performance of ANNs in problems with data which were
used for their training and in parallel their poor performance in cases in which the data are
unknown to them. Several techniques for the avoidance of the overfitting are available (for
example the early stopping of the training procedure, the utilization of a part of the training
data set for the generalization testing, the multiple trainings using different parts of the available training data set see etc., e.g. [12, 25]). In any case, the ANN expert is the most efficient
to suggest the most proper technique to overcome this weakness.
The procedure for the above described parametric investigations is schematically presented
in Figure 4. However, it must be stressed that this procedure is based on specific assumptions.
The main assumption is the utilization of the Forward Stepwise Method (see e.g. [8, 15, 26])
for the parametric investigation for the optimum combination of input parameters. Thus, the
procedure of Figure 4 is not a unique option for the accomplishment of the optimum performance of the utilized networks.
In the procedure which is described in Figure 4, the two components of the parametric investigation are not independent. The investigation for the optimum configuration of utilized
MFPNs is included in the procedure for the investigation of the optimum combination of input parameters. Thus, in every step of the investigation of the optimum combination of input
parameters a complete investigation procedure for the optimum configuration of the utilized
networks is included. An additional comment which arises from the study of Figure 4 is the
extremely big number of the required trainings in particular in cases of big number of initially
selected input parameters and networks with more than one hidden layer. To overcome this
problem – which can lead to time consuming procedures – the expertise of the civil engineer
as well as of the ANN expert must be deployed. More specifically, the civil engineer can give
advices about the input parameters which have significant influence on the seismic response
of R/C buildings thus reducing the number of the initially selected input parameters and, as a
result, the number of their different combinations. On the other hand, the ANN expert can
give specific advices as regards the choices for parameters which must be defined for the
MFPNs’ configuration, thus reducing the number of the different configurations which must
be evaluated (i.e. the restriction of the number of hidden layers, the exclusion of specific types
of the activation functions, the optimum choice of training algorithms etc.).
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STEP 1: Configuration of n MFPN [Each MFPN has as input one of the n examined parameters]
INDIVIDUAL STEPS: (For each one of the n MFPN)
(a) Parametric investigation for the optimum configured MFPN *
(a1) Configuration of m MFPN with different configuration parameters **
(a2) Multiple trainings of the m MFPN (using the selected training algorithms) ***
(a3) Detection of the optimum configured MFPN (between the m configured networks) i.e. the
network which exports the optimum results (i.e. the results with the smallest error) ****

(b) Ranking of the n MFPN on the basis of the error of their results
(This ranking leads to the network which exports results with the smallest error. This network
indicates the most significant input parameter i.e. the input parameter which leads to the
optimum performance between the examined input parameters)

STEP 2: Configuration of n-1 MFPN
[Each MFPN has as input 2 of the n examined input parameters: The most significant parameter of
the former step and one of the remaining n-1 examined parameters]

INDIVIDUAL STEPS: (For each one of the n-1 MFPN)
(a) Parametric investigation for the optimum configured MFPN * [Sub-steps (a1)-(a3)]
(b) Ranking of the n-1 MFPN on the basis of the error of their results
(This ranking leads to the network which exports results with the smallest error. This network
indicates the combination of 2 input parameters which leads to the optimum performance
between the examined input combinations of 2 parameters)

.......................................................................................................................................................................
STEP j: Configuration of n-(j-1) MFPN
[Each MFPN has as input j of the n examined input parameters: The most significant combination of
the (j-1) parameters of the former step and one of the remaining n-(j-1) examined parameters]

INDIVIDUAL STEPS: (For each one of the n-(j-1) MFPN)
(a) Parametric investigation for the optimum configured MFPN * [Sub-steps (a1)-(a3)]
(b) Ranking of the n-(j-1) MFPN on the basis of the error of their results
(This ranking leads to the network which exports results with the smallest error. This network
indicates the combination of j input parameters which leads to the optimum performance
between the examined input combinations of j parameters)

......................................................................................................................................................................
STEP n: Configuration of 1 MFPN
[This MFPN has as input all the n examined input parameters]

INDIVIDUAL STEPS:
(a) Parametric investigation for the optimum configured MFPN * [Sub-steps (a1)-(a3)]
STEP n+1: Comparison of values of the performance parameter of the n optimum MFPN which are
exported from the n steps. The minimum of these values indicates the most significant
(or optimum) combination of the examined parameters and the corresponding network

Notes
* After the completion of the individual step (a) networks with the same number of input parameters
but with different combination of them are exported.
**These networks have the same number and the same combination of input parameters but different:
number of hidden layers, number of neurons in hidden layers, types of activation functions
partitioning ratios of the total training data set to training, validation and testing subsets.
*** Each one of the configured MFPN is trained several times using different part of the
total training data set. The training which leads to the optimum results is selected.
**** The error is measured using ANNs' performance parameters such as the Mean Square Error (MSE)

Figure 4: Procedure for the detection of the optimum configured MFPN and the corresponding optimum combination of the input parameters by means of Forward Stepwise Method in case of a problem with n initially selected input parameters
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Closing the description of the second stage, a special mention about the meaning of the
term “training of MFPNs” must be given, because this is essential for the better understanding
of the potential of separation of the second and third stage. In order to specify the MFPNs’
training procedure using a simple and widely known terminology, we can describe it as an
iterative procedure for the optimum definition of the values of the synaptic weights and biases
of the neurons which are the structural units of MFPNs (Figure 5). The synaptic weights and
the biases can be characterized as generalized “degrees of freedom” of networks in the sense
that they give to networks the ability for the adaptation of their function to the problem’s requirements. This optimum definition of the values of the synaptic weights and biases is the
subject of the training algorithms which are complicated mathematical procedures (e.g. [14,
17, 24]). The criterion which is utilized for the optimum definition of the values of the synaptic weights and biases is the minimization of the error between the networks’ outputs and the
expected (known) outputs for a set of samples (i.e. a set of input vectors and output-target
vectors) which comprise the training data set. Thus, after the completion of the training procedure the set of the values of the synaptic weights and biases which optimizes the generalization ability of the network on the basis of the available training data set is available. In other
words, the training procedure leads to the calibration of the values of the synaptic weights and
biases using the available input data having as target the optimum performance of the networks. Thus, the difference between a trained network and an untrained network with the
same configuration parameters is only the set of the values of their synaptic weights and biases. Therefore, after the completion of the second stage is available (in matrix form) the optimum set of values of the synaptic weights and biases and the next challenge (in the
framework of the third stage) is the simulation of the trained NFPN as it will be described in
the next subsection. Furthermore (as it also can be extracted from the study of Figure 5) the
process of the NFPNs leads to the expression of the Damage Index not only as a function of
the input parameters (see Eq. 2) but also as a function of the matrices of values of the synaptic
weights [W] and biases [B]. Thus the Eq. 2 can be rewritten as follows:
DI =

{  StrP ,  SeP ,  SoP , W  ,  B }
Input Parameters

Weights and
Biases

Figure 5: Description of the function of a MFPN and of the function of an artificial neuron as a unit
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2.3 The third stage of problem’s formulation
The third stage concerns the implementation of optimum configured and trained MFPN. In
other words, in this stage the optimum configuration of the selected MFPN (i.e. number of
hidden layers, number of neurons in the hidden layers, activation functions of neurons, number and combination of the input parameters), as well as the matrices with the values of synaptic weights and biases (Figure 5) which are best adapted to the utilized training data set
(after the training procedure) are available. Thus, in this stage the unique target is the utilization of the optimum configured and trained MFPN in practical applications. This means that
the MFPN will be implemented for the prediction of the seismic vulnerability of (known or
unknown) R/C buildings which are subjected to (known or unknown) earthquakes. It must be
stressed that the terms “known” and “unknown” in present case mean that the R/C buildings
(or/and the earthquakes) have parameters which belong or not to the training data set’s samples respectively. For example, the trained MFPN can be used for the prediction of the seismic damage state of a “known” R/C building (i.e. a building whose structural parameters have
values which have been utilized as parts of at least one training vector) which is subjected to
an “unknown” earthquake (i.e. an earthquake whose seismic parameters have values which
have not been utilized as parts of at least one training vector).
The implementation of trained MFPNs for the solution of problems with unknown some or
all of their data is called “network’s simulation”. The “network’s simulation” requires the fully understanding of the MFPNs’ function. This function can be formulated in matrix form.
More specifically, it can be shown that the function of MFPNs is based on a matrix transformation of the input vector to the output vector with the aim of a sequence of matrices’ operations. This sequence can be presented using a MFPN with n input parameters, p=1 output
parameter and 1 hidden layer with m neurons (Figure 6).

Figure 6: Indicative presentation of the MFPNs’ function for the solution of the FA problem

On the basis of the configuration of the MFPN which is presented in Figure 6, the matrix
operations for the transformation of the input vector [x] to the output vector [o] (which is in
the present case a scalar parameter and not a vector) can be separated in 3 steps. In the first
step the matrix [A1] which contains the arguments of the activation functions fact-1 of hidden
layer’s neurons is calculated. This matrix arises from the multiplication of the input vector [x]
by the matrix [W1] which contains the synaptic weights of synapses that connect the neurons
of input layer with neurons of the hidden layer, and the addition of the corresponding product
to the vector which contains the biases of hidden layer’s neurons:
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The Eq. 4 can be written in a symbolic form as follows:
[A1 ] =  W1    x + B1 

(5)

In the framework of the second step the selected activation function of the hidden layer’s
neurons is applied to all elements of the matrix [A1]. Thus, the matrix [A2] arises:
 Α12  f ( Α11 ) 
 Α  f Α 
 22   ( 21 ) 

.....  .....


=
 Α i2  f ( Α i1 ) 

.....  .....


 
 A m2  f ( A m1 ) 

(6)

The Eq. 6 can be written in a symbolic form as follows:
[A 2 ] =

f

[A1 ]

act −1

(7)

The third step concerns the manipulation of the matrix [A2] by the vector [W2] (which contains the synaptic weights of synapses that connect the neurons of the hidden layer with neuron of the output layer), and the addition of the corresponding product to the bias of output
layer’s neuron. The result of these operations A3 is the argument of the activation function fact2 of the output layer’s neuron:

2
( 2)
( 2)
Α 3 =  w11
w12
.... w1i( )

 Α12 
Α 
 22 
( 2 )  ..... 
.... w1m
   Α  + b12
 i2 
..... 


 A m2 

(8)

The Eq. 8 can be written in a symbolic form as follows:

Α3 = [W2 ]  [A2 ] + b12

(9)

Thus, the output o of the MFPN is:
ο = f act-2 ( Α3 ) = f act-2 ([W2 ]  [A2 ] + b12 )
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The combination of Eqs. (5), (7) and (10) leads to an equation which relates the input vector
[x] with the output o:



ο = f act-2 [W2 ]  


f  W   x + B  + b
act −1

1

1

12



(11)

The combined study of Eq. 3 and Eq. 11, leads to the conclusion that the Eq. 11 is a specific expression of the Eq. 3. Thus, we can write the following MFPN-based expression for the
seismic Damage Index:



DI = f act-2 [W2 ]  


f  W   StrP SeP SoP + B  + b
T

act −1

1

1

12



(12)

The above described procedure concerns the calculation of MFPNs’ output in case of solution of the FA problem in which the outputs are scalar parameters (i.e. the real value of the
DI). However, in case of the problem’s formulation as a PR problem the MFPNs’ outputs are
vectors which include the information about the classification of DI to the pre-defined seismic
damage classes (Figure 3). In Figure 7 a MFPN with one hidden layer which is used for the
solution of the PR problem with three pre-defined seismic damage classes is presented.

Figure 7: Indicative presentation of the MFPNs’ function for the solution of the PR problem (3 damage classes)

Following the procedure which is based on Eqs. (4)-(11) it can be proved that in case of solution of the PR problem using a MFPN with one hidden layer with m neurons, n input parameters and p output parameters (i.e. p seismic damage classes), the (px1) output vector (in
form which is presented in Figure 3) is:

ο = fact-2


[W ]  f W StrP SeP SoP + B  + B 
T

2

act −1

1

1

2

(13)

Where:

B2 



= b12 b22 ... b t2 ... bp2 

is the vector of the biases of the output layer’s neurons.
Equations similar to Eqs. 12 and 13 arise in case of MFPNs with more than one hidden
layer. Certainly, the complexity of these equations is increased as long as the number of hidden layers is also increased. However, even in cases of equations with high complexity the
corresponding coding is straightforward provided that the matrices of values of synaptic
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weights and biases are available (after the completion of the second stage of the problem’s
formulation). Thus, no specialized software is required for the performance of the third stage.
For this reason, the insertion of a trained MFPN in a system (e.g. [27]) which collects data
from earthquakes in near-real time after the event is an easy procedure provided that the stages 1 and 2 have successfully completed at a pro- or a post-seismic period.
Finally, it must be stressed that the dependence of the value of the seismic DI on the values
of the synaptic weights and biases of a trained MFPN has as a consequence the dependence of
the corresponding equation on the composition of the training data set. For this reason, the
form of the MFPN-based equations of DI can be altered if new data for the training of the
MFPN are available. This is the case of re-training which gives to MFPN-based equations of
DI the versality to improve their prediction ability if new data about the structures’ seismic
damage are collected.
3 PRACTICAL APPLICATIONS: CLOSED-FORM EQUATIONS FOR THE
PREDICTION OF THE SEISMIC DAMAGE OF R/C BUILDINGS
In the current section the procedure that was presented in the section 2.3 for the formulation of closed-form equations which can be used in practice for the seismic vulnerability assessment of R/C buildings is applied. This formulation is based on optimum configured and
trained MFPNs which are presented in research works of Morfidis and Kostinakis [8, 15].
More specifically, closed-form expressions which correspond to the solution of the FA and
the PR problem will be developed.
3.1 Formulation of closed-form equations for the solution of the FA problem
In case of solution of the FA problem the MFPNs’ output is the value of the DI. Thus, the
Eq. 12 is valid if MFPNs’ with one hidden layer are used. In the reference [15] this type of
networks was used for the prediction of R/C buildings’ DI, and the parametric investigation
which is described in Figure 4 was applied. As DI the Maximum Interstorey Drift Ratio
(MIDR) was selected. The utilized input vector [x] was comprised of 4 structural parameters
[the total height of building Htot, the structural eccentricity e o, and the ratio of the base shear
that is received by r/c walls (if they exist) along two perpendicular directions (axes x and y):
nvx and nvy], whereas the number of seismic parameters was mutable. More specifically, the
number of the utilized seismic parameters was fluctuated between 1 and 14 in order to detect
the optimum configuration of the seismic parameters which led to the most reliable prediction
of DI’s (MIDR) value. Soil parameters were neglected. A training data-set which was comprised of 1950 samples (extracted by nonlinear time history dynamic analyses of 30 R/C
buildings subjected to 65 seismic excitations) was created for the MFPNs’ training.
The performance of the parametric investigation (Figure 4) led to the conclusion that the
most reliable predictions about the MIDR values for a set of 293 samples (unknown to the
trained MFPNs) arise from networks which have as input parameters at least 6 seismic parameters. Furthermore, from the parametric investigation the conclusion that the activation
functions logsig and tansig (Figure 5) for the neurons of the hidden layer lead to similar results (i.e. predictions of similar reliability as regards the MIDR values) was extracted. Regarding the activation function of the neuron of the output layer it must be stressed that a linear
(lin) function (Figure 5) was used, because this function exports real and not restricted values
just as the MIDR values. Thus, the network with the configuration and the input parameters
which is presented in Figure 8a is the most efficient between the networks with 6 seismic input parameters (these parameters are: the Housner Intensity (HI), the Peak Ground Acceleration (PGA), the ratio of Peak Ground Velocity to Peak Ground Acceleration (PGV/PGA), the
Acceleration Spectrum Intensity (ASI), the Significant Duration (SD) of earthquake and the
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Bracketed Duration (BD) of earthquake). This network was selected in the present paper for
the presentation of a more specific shape of Eq. 12. Furthermore, for the same reason the network which is presented in Figure 8b with one seismic input parameter (the parameter HI)
was selected. This network led to the most reliable predictions of the MIDR value between
the networks with one seismic input parameter [15].

Figure 8: Parameters of optimum configured MFPNs which are utilized for the prediction of MIDR values

Introducing the data of networks of Figures 8a and 8b to Eq. 12 the following expressions for
the calculation of MIDR values arise respectively:
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For the application of the two above equations, the matrices of the synaptic weights and biases of the neurons of the hidden and the output layer are required. These matrices are extracted from the networks’ training procedure. Thus, while the shape of Eqs. 14a and 14b is
independent of the utilized training data set, the values of the constants which are introduced
to them (i.e. the values of the elements of the matrices of the synaptic weights and biases of
the neurons of the hidden and the output layer) are depended on the training data set. In the
Appendix A the values of these constants (i.e. the matrices of the synaptic weights and biases
of the neurons of the hidden and the output layer) that arise from the parametric investigation
which was conducted in the framework of the reference [15] are presented.
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3.2 Formulation of closed-form equations for the solution of the PR problem
In case of solution of the PR problem the MFPNs’ output is the classification of R/C buildings to pre-defined seismic damage classes on the basis of the selected expression of DI. Thus,
in this case the Eq. 13 leads to the problem’s solution if MFPNs’ with one hidden layer are
used. Following the procedure of the parametric investigation which is presented in Figure 4
the optimum configuration of MFPNs with one hidden layer as well as the optimum combination of their seismic input parameters (using also the 4 structural parameters which are referred in subsection 3.1) was extracted by Morfidis and Kostinakis in [8]. In this research
work the DI was expressed by means of the MIDR, and five seismic damage classes were predefined. The configuration parameters as well as the optimum combination of the seismic input parameters of the most efficient MFPN are presented in Figure 9a. This network led to the
most reliable predictions about the correct classification of 293 samples (unknown to the
trained MFPNs) to the five pre-defined seismic damage classes. The network of Figure 9a was
selected in the current paper for the presentation of a more specific shape of Eq. 13. Additionally, for the same reason the network which is presented in Figure 9b with one seismic input
parameter (the parameter HI) was selected. This network led to the most reliable predictions
for the classification of the 293 samples to the correct damage classes, between the networks
with one seismic input parameter [8].

Figure 9: Parameters of optimum configured MFPNs which are used for prediction of the seismic damage class

Introducing the data of MFPNs of Figures 9a, 9b to Eq. 13 the following vectors which give
the classification of R/C buildings to 5 damage classes (Figure 3) arise respectively:

 e 2u1 -1
e 2u t -1
e 2u5 -1 
ο5  =  2u1
....... 2u t
........ 2u5 
e +1
e +1 
 e +1
 2bi1 +4 (SePj w (ij1) )+ 8 (StrPj w ij(1) )



j=1
j=5
20 


− 1 ( 2) 
e
u t = b t2 +    4
 w ti 
8

i=1  2 bi1 +  ( SePj w (ij1) ) +  ( StrPj w ij(1) ) 



j=5

 e  j=1

+1

[ο]Τ =  ο1 ο 2

ο3

ο4

5448

(15a)

Konstantinos E. Morfidis and Konstantinos G. Kostinakis
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+
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w

) j=2 ( j ij )

 e 
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(15b)

For the application of the two above equations, the matrices of the synaptic weights and biases of the neurons of the hidden and the output layer are required. These matrices are extracted from the networks’ training procedure. Thus, while the shape of Eqs. 15a and 15b is
independent of the utilized training data set, the values of the constants which are introduced
to them (i.e. the values of the elements of the matrices of the synaptic weights and biases of
the neurons of the hidden and the output layer) are depended on the training data set. In the
Appendix B the values of these constants (i.e. the matrices of the synaptic weights and biases
of the neurons of the hidden and the output layer) that arise from the parametric investigation
which was conducted in the framework of the reference [8] are presented.
4

CONCLUSIONS

In the current paper the procedure of implementation of Artificial Neural Networks (ANN)
for the solution of the problem of R/C buildings’ seismic vulnerability assessment is presented. For the scope of this presentation Multilayer Feedforward Perceptron Networks (MFPN)
were utilized because their ability in the successful approach to solution of the studied problem has been proven in many relevant research studies. More specifically, the present paper is
focused on the presentation of the practical point of view of MFPNs’ implementation i.e. on
the presentation of the procedure for the generation of the required data which are used for
their training (pre-training stage) and their function after the training (simulation of MFPNs).
The procedure for R/C buildings’ seismic vulnerability assessment using ANNs is comprised of three stages. At the first stage a preliminary selection of the parameters which describe the mathematical formulation of the problem is made. These parameters are the input
parameters (i.e. the parameters that affect the R/C buildings’ seismic response) and the output
parameters (i.e. the parameters which quantitative the R/C buildings’ seismic damage). This
preliminary selection of the input and output parameters must be made taking into consideration the ANNs’ features. Thus, at the first stage the collaboration between a civil engineer
(which is expert in earthquake engineering) and an ANN expert can lead to parameters’ selection which will ensure against possible malfunctions of ANNs. In the framework of the first
stage the data-set for the ANNs’ training is also generated. This generation must be compatible to the preliminary selection of the problems’ parameters. At the second stage decisions
must be made as regards the type of the ANNs and the formulation of the problem in terms
compatible to the ANNs’ function. The most common selection for the solution of the problem of R/C buildings’ seismic vulnerability assessment is the MFPNs, whereas as regards the
formulation of the problem the two possible options are the formulation as Function Approximation (FA) problem and the formulation as Pattern Recognition (PR) problem. Finally, at
the second stage the training procedure and the parametric investigations for the optimum
configuration of the selected ANNs, as well as for the optimum combination of their input
parameters, must be performed. The target of these investigations is the optimization of the
ANNs’ generalization ability (i.e. the ability of ANNs to extract reliable results in case in
which the values of the input parameters were no utilized for their training). At the second
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stage the ANN expert possesses central role because the deep knowledge of the networks’
function aids to the avoidance of problems which are related to low generalization ability
(overfitting). The third stage concerns the implementation of the optimum configured and
trained networks for the prediction of the seismic damage of R/C buildings in near-real time
after a seismic event. This implementation is based on a mathematical procedure which is familiar to the civil engineers since it consists of matrix operations.
In the framework of the current paper the mathematical formulation of the third stage (i.e.
the function of the trained MFPNs) is presented in details. This presentation leads to the conclusion that the utilization of the trained networks is based on a procedure which can be separated from their training procedure. Thus, the implementation of MFPNs in the research for
the improvement of the R/C buildings’ seismic vulnerability assessment methods is a very
promising option provided that the civil engineers will gain knowledge about the basic principles of ANNs’ function. This knowledge is a kind of a “common language” which can be
used by civil engineers in order to efficiently collaborate with ANN experts for the implementation of neural networks in the earthquake engineering research field. In this sense, the present paper attempts to give a description not only of the overall procedure for the solution of
the problem of R/C buildings’ seismic vulnerability assessment, but also to describe the mathematical framework of the trained MFPNs’ function.
Finally, in the present paper was proven that in case of implementation of MFPNs with one
hidden layer it is possible to develop closed-form expressions which lead to the problem’s
solution either it is formulated as FA problem or it is formulated as PR problem. This ability
results from the matrix formulation of the trained MFPNs’ function. Furthermore, this ability
is a proof of the fact that the algorithm which simulates the function of trained MFPNs can be
inserted (independently of the procedure which was performed for their training and the computational tools which were used for this procedure) to systems which are dedicated to the recording and processing of data that arise from strong seismic motions in near-real time after
the seismic events. Thus, the expansion of the services of these systems in the extraction of
data for the seismic damage of a large amount of R/C buildings is possible. The aforementioned conclusion illustrates once again the great importance of understanding of the need for
separation of procedure for the solution of the problem of R/C buildings’ seismic vulnerability assessment in three stages, since the first two must be integrated in pre- or post-seismic
periods (because they are time consuming) while the third can be performed instantly after the
seismic event. Another one (but not insignificant) contribution of the present paper is the notation that the simulation of the trained MFPN (and consequently the matrix equations which
are used for this purpose) is depended on the utilized training data set. This means that the
ability of ANNs to predict reliably the damage state of R/C buildings can be improved if new
data are available for their re-training.
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APPENDIX A: Matrices with values of the synaptic weights and the biases of MFPNs in
case of problem’s solution by means of the FA problem
A.1 Matrices of the network of Figure 8a

[W1]=

0.800
0.239
-2.755
0.337
1.150
2.526
0.218
-2.259
-0.109
-2.158
-2.526
1.197
-1.716
1.264
-2.048
-1.449
-0.440
0.447

1.175
-2.045
-0.262
-1.711
0.865
1.613
-0.465
-0.319
2.536
1.631
2.774
1.042
2.416
-0.005
1.832
-1.431
0.076
-1.076

2.939
1.708
1.108
-0.365
-2.014
1.491
-0.555
-1.812
-1.184
1.771
-1.885
-0.279
0.245
-1.296
-1.037
1.601
-0.184
-1.711

0.114
-0.014
1.864
1.897
-1.217
1.303
0.917
1.896
-0.467
1.990
-0.305
-1.951
-0.163
-2.627
-3.341
-0.855
-0.640
1.600

1.959
0.584
-0.077
0.051
-0.745
1.204
-1.449
0.642
-0.436
0.568
0.716
-0.424
1.604
0.738
-0.313
1.127
0.997
-0.970

0.350
1.479
-0.384
0.657
0.108
-0.652
2.342
0.903
-0.459
-0.034
0.746
0.523
-2.115
-0.463
0.572
0.021
-0.094
1.066

0.649
2.046
1.207
2.240
0.510
0.068
0.626
1.336
0.635
-0.901
0.986
1.196
1.053
0.337
0.681
0.822
1.004
-0.345

0.121
0.224
0.382
-0.637
-0.307
0.054
0.102
-0.043
-0.275
-0.239
-0.144
-1.161
-0.364
-1.730
0.666
0.249
-0.495
-1.158

-1.059
-0.767
1.581
-2.313
0.214
-0.370
-0.345
-0.790
-0.137
0.240
-0.670
-1.923
-2.167
0.944
-0.286
1.472
-2.999
1.365

1.112
-0.988
-0.083
1.027
0.791
0.081
-0.247
-0.137
1.194
-0.320
-0.078
1.110
0.102
-0.457
0.085
-1.863
-0.901
0.889

Table A.1: Matrix of the synaptic weights of the synapses between the input and the hidden layer’s neurons

[B 1]T= -4.19 -4.35 4.62 -2.42 -1.58 -1.16 0.90 0.27 -0.94 1.90 0.52 0.86 -3.10 0.62 -3.05 -2.68 -3.64 4.05
Table A.2: Matrix of the biases of hidden layer’s neurons

[W2]T= 0.39 0.21 -0.99 -0.23 -1.06 0.48 0.47 -0.88 0.68 -0.97 0.81 -0.16 0.27 -0.03 -0.66 -0.05 -0.23 -0.2
Table A.3: Matrix of the synaptic weights of the synapses between the hidden and the output layer’s neurons

Bias of the output layer’s neuron: b12=1.1265
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A.2 Matrices of the network of Figure 8b
-18.811
-0.316
-12.095
1.686
3.029
[W1]=
-6.922
-1.418
1.342
-0.333
1.873

1.426
-2.592
1.232
-1.073
1.922
2.634
-5.935
-0.096
-0.314
-3.287

-0.569
1.066
-0.354
-5.817
0.371
-1.670
3.106
-0.673
-6.342
-5.756

-0.807
-3.779
-0.492
-3.798
-0.029
2.486
0.402
0.468
0.994
-1.474

0.502
-5.590
0.366
-1.615
0.405
-3.515
3.301
0.322
1.404
-3.511

Table A.4: Matrix of the synaptic weights of the synapses between the input and the hidden layer’s neurons

[B 1]T= 12.62 6.99 7.92 -3.53 -0.43 -0.15 -2.14 1.69 -3.41 -17.42
Table A.5: Matrix of the biases of hidden layer’s neurons

[W2]T= 2.16 0.02 -2.37 0.14 0.16 -0.10 -0.06 1.02 -0.30 5.96
Table A.6: Matrix of the synaptic weights of the synapses between the hidden and the output layer’s neurons

Bias of the output layer’s neuron: b12=-1.2272

APPENDIX B: Matrices with values of synaptic weights and biases of MFPNs in case of
problem’s solution by means of the PR problem
B.1 Matrices of the network of Figure 9a
0.406
4.159
0.629
2.544
0.755
-11.401
-0.780
0.414
-0.462
[W1]=
-0.395
0.427
-1.099
0.168
0.885
-0.583
-0.477
0.147
-1.080
1.618
1.127

-0.728
0.508
-0.699
0.230
-1.532
1.742
-0.599
-0.175
-0.650
-1.000
1.487
-0.971
-0.494
-0.630
-0.271
0.118
0.250
0.053
-0.303
0.187

-0.315
-3.191
-1.161
-0.249
-0.246
-0.232
0.363
-0.887
0.360
1.328
1.459
-0.918
1.318
-0.167
3.279
-0.263
-0.943
-1.650
1.282
-0.180

0.520
4.894
-0.602
3.381
0.964
-4.292
1.443
-1.064
0.816
2.526
0.507
0.457
3.008
0.097
-2.731
8.522
0.471
-4.243
0.053
1.351

-0.548
0.682
-0.212
-1.142
-0.133
0.182
-0.183
-0.094
0.329
0.098
0.138
-0.095
0.035
0.659
0.120
1.581
-0.077
2.373
-0.693
-0.142

-0.511
2.150
-0.146
0.523
-0.735
-0.886
0.386
0.645
-0.240
0.380
-1.162
0.295
0.540
0.635
0.813
0.964
-0.796
0.272
0.206
-0.143

-1.233
-0.959
-0.163
-1.506
0.045
0.929
-0.170
0.117
-0.071
-0.100
0.314
-0.309
-0.259
-0.095
0.122
-0.509
0.314
0.126
-0.287
0.678

0.629
-0.246
0.307
-0.459
0.425
0.012
-0.320
-0.564
-0.677
-0.218
0.057
0.730
-0.222
0.745
-0.215
-0.312
0.569
1.556
-0.120
1.232

Table B.1: Matrix of the synaptic weights of the synapses between the input and the hidden layer’s neurons
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[B 1]T= -2.06 0.59 -1.66 -2.08 1.62 -1.30 0.70 -0.94 2.45 1.82
0.19 -0.70 1.90 0.71 1.27 1.20 1.58 2.43 1.73 1.93
Table B.2: Matrix of the biases of hidden layer’s neurons

-0.022
0.478
2.330
0.061
-0.383
-0.005
-3.992
3.188
-0.615
-1.984
T
[W2] =
-0.082
1.133
-0.165
-0.929
-0.750
-0.195
0.026
-0.725
-0.586
-0.690

0.419
0.290
-0.845
0.262
-0.237
0.325
-0.707
0.208
-0.760
1.177
-0.348
0.156
-2.547
0.276
-0.750
-0.204
-0.488
-0.681
0.624
-0.071

0.443
-0.304
0.085
0.247
-1.029
0.906
-0.297
-0.029
-0.414
1.508
0.830
-0.162
-0.471
0.040
0.317
-0.792
-0.324
0.309
0.100
0.024

-0.145
-0.814
-0.172
-0.417
-0.624
0.056
0.313
0.172
-0.493
0.258
0.100
0.264
1.144
0.185
-0.173
0.168
-0.200
-0.045
-0.162
-0.151

0.618
0.775
-0.396
0.550
-0.235
-0.870
0.426
-0.478
-0.519
0.289
-1.090
-0.204
0.133
-0.208
-0.988
0.344
-0.060
-0.174
-0.599
0.562

Table B.3: Matrix of the synaptic weights of the synapses between the hidden and the output layer’s neurons

[B 2]T= 1.227 0.525 -0.294 -0.840 1.241
Table B.4: Matrix of the biases of output layer’s neurons

B.2 Matrices of the network of Figure 9b
-2.401
3.734
0.042
4.021
3.699
0.134
1.560
1.565
0.393
[W1]=
0.209
2.098
6.303
4.579
-4.873
3.367
-2.076
0.274
-1.034

-0.666
1.627
0.530
0.006
0.127
-1.811
-0.670
1.482
0.513
-0.370
0.437
0.370
1.202
-0.448
0.070
-0.058
3.540
-0.961

0.929
-1.330
-0.247
0.045
0.180
1.337
0.180
0.099
1.509
0.764
-0.620
1.631
2.087
-0.786
0.235
-0.664
3.114
-2.340

-0.827
-0.898
1.132
-0.505
-0.705
-0.678
-0.532
0.134
-0.185
-0.267
0.515
-0.896
-1.395
0.456
-0.139
0.182
2.543
0.456

-1.517
-0.102
-1.229
-0.022
0.095
0.058
-1.716
-0.157
-1.350
0.911
-0.123
-0.403
0.597
0.185
-0.139
0.234
0.688
0.077

Table B.5: Matrix of the synaptic weights of the synapses between the input and the hidden layer’s neurons
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[B 1]T= 3.126 -2.327 3.321 -1.581 -1.681 -0.827 -0.770 -0.484 0.362
-1.845 0.923 0.820 -1.399 -1.618 2.445 -2.055 2.048 -1.183
Table B.6: Matrix of the biases of hidden layer’s neurons

0.584
-0.169
0.195
0.128
0.513
0.077
-0.149
-0.087
0.948
[W2]T=
-0.152
-1.378
-0.227
0.073
-0.040
-1.299
3.695
0.134
-0.213

3.1E-04
0.078
-0.387
-0.329
0.532
-0.113
0.172
0.113
-0.030
0.317
0.157
0.018
-0.287
1.365
-0.163
0.011
0.061
-0.158

-0.315
-0.306
-0.250
0.012
0.475
-0.086
0.300
0.216
-0.202
0.839
0.336
-0.765
-0.085
1.212
1.189
-0.255
0.050
-0.332

-0.443
0.221
-0.599
-0.389
-0.612
0.388
0.009
0.456
0.010
-0.072
-0.182
-0.816
-0.247
-0.947
0.424
-0.087
-0.352
-0.254

0.496
-0.657
-0.657
1.209
0.463
0.393
0.151
0.478
-0.254
-0.028
0.115
0.428
0.603
-0.522
0.174
-0.334
0.250
0.248

Table B.7: Matrix of the synaptic weights of the synapses between the hidden and the output layer’s neurons

[B 2]T= -1.69 -0.831 -0.485 -0.854 0.992
Table B.8: Matrix of the biases of output layer’s neurons
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Abstract
The success of the urban regeneration of an entire district, where the total or partial replacement of the building is planned because it is obsolete in terms of energy, seismic and social
aspects, involves the balance between different requests. The process involves the demolition
of old buildings still occupied and their replacement with a new sustainable building in turn
supported by the construction of new equipped public spaces. The cost of these interventions
should be covered by private capital. It is therefore essential the initiative of entrepreneurs who
find economic convenience in the operation. Revenues are those expected from the sale of tradable surfaces (residences or other uses) obtained as volume premiums compared to the existing
or as residual with respect to the amount returned to the old residents. In fact, the latter will
have to accept a new equivalent residential surface lower than the existing property. The relationship between these two surfaces for each resident owner, the new one and the old one,
should at least reflect the ratio of the corresponding market values. Another actor who can play
a fundamental role in the success of the regeneration intervention is the public administration.
The latter in view of the collective benefits deriving from urban regeneration on the entire district and on those adjacent to it (in which no intervention is planned), should implement a series
of actions aimed at favoring the process. These include the aforementioned volumetric premiums, incentives for investors and residents in terms of tax exemption. This work aims, also
through an application example, to implement a model able to define the balance between the
different instances in order to manage the fundamental parameters that characterize the regeneration intervention and guarantee its success.
Keywords: Urban Regeneration, Sustainability, Housing Market, Cost Effectiveness, Social
Benefit.
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1

INTRODUCTION

In Italy, the construction industry market has long been in a heavy crisis partly produced by
external contingencies and partly also generated by the inefficiency of the administration. In
particular, the absence or lack of urban planning requirements suitable for rational development
has played an important role in limiting investments. This theme is combined with that of the
poor condition of the building heritage of many cities, built in the post-war period and often
today characterized by a high socioeconomic degradation. In turn, this condition of degradation
discourages investments, thus making the spontaneous renewal of these areas much more difficult and thus contributing to strengthening social exclusion [1].
It is known, both in Italy and in Europe, the existence of a considerable percentage of residential buildings that has now exceeded the performance efficiency limit, both due to the widespread obsolescence and the lack of maintenance interventions. It is therefore necessary to
identify new intervention strategies that give concrete possibilities for re-launching the sector.
Sustainable urban regeneration, due to the depletion of energy resources and the poor condition
of the building stock, is the priority issue in the development policies of the coming years.
The new approaches to sustainable development should favor actions aimed at limiting urban
sprawl, reducing environmental impacts, curbing the consumption of new territory, by concentrating volumes in some areas against clearing out of other urbanized areas, to be transformed
into services and places of aggregation, thus also relaunching a socio-economic redevelopment
[2].
On the one hand, the demand from users who are now aware of the environmental problems
linked to energy waste, oriented towards buildings characterized by higher quality and new
technological energy standards, located in areas with adequate services, shops, meeting places,
green areas and parking lots ; on the other hand, the need to limit the consumption of soil leads
to thinking of regenerating already urbanized but degraded areas.
The redevelopment of real estate assets is a forced choice to guarantee citizens the quality
and safety of living and to improve the social and environmental quality of degraded suburbs.
It is also a great opportunity to promote local entrepreneurship employment. We therefore need
policies that involve the legislative, institutional and financial framework capable of activating
private capital more than the volumetric incentives done so far [3].
We need to put in place solutions capable of identifying, supporting and developing sustainability policies that balance social, environmental and economic interests.
Social sustainability, on the other hand, can be fostered through social inclusion, the coexistence of social classes with different economic capacities, through a mix of housing that has
been ceded in ownership and leased with economic contributions to families.
Environmental sustainability must be pursued by means of strategies capable of acting on
the transformation of urban spaces, reducing the consumption of new soil, increasing the resilience of the existing area or reducing their vulnerability to possible natural events or environmental changes.
Finally, economic sustainability can be achieved through the planning and execution of urban regeneration based on concerted and partnership forms [4]. The dissemination of negotiation practices involving private investors in the construction of social housing and in the
renewal / redevelopment of the existing real estate and the use of specific financial and fiscal
instruments can guarantee the success of urban regeneration processes.
This work focuses on the development of a model capable of defining a fair compromise
between the different needs of the actors of an urban redevelopment program. It therefore constitutes a useful tool for defining urban planning and economic parameters capable of guaranteeing the success of the operation within a given regulatory and territorial constraints.
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2

LITERATURE REVIEW AND MODEL BASES

Urban regeneration policies must address the issue taking care of the multiple dimensions
involved. The definition of urban regeneration provided by Roberts and Sykes [5] emphasizes
this interaction of the physical, economic and social dimensions of urban problems: “Comprehensive and integrated vision and action which leads to the resolution of urban problems and
which seeks to bring about a lasting improvement in the economic, physical , social and environmental condition of an area that has been subject to change.”
Urban regeneration interventions must go beyond physical regeneration and, although the
latter is an important component, the main objectives are economic growth, the reduction of
social inequalities and the increase in community cohesion [6,7,8] and environmental sustainability, through infrastructure provision and building specifications, and indirectly through
making possible and incentivizing more sustainable lifestyles [9].
A process of urban regeneration also involves many subjects, existing residents and those
arriving, investors and the public administration. The most important challenge in the practice
of urban regeneration is to avoid imbalances in the distribution of benefits, i.e. to avoid that at
the end of it there are winners and losers, to avoid that the benefits are captured by the strongest
groups (external investors) and that the disadvantages instead fall on existing residents [10,11].
A response to this issue can be given by public-private partnership (PPP) and other participation mechanisms, and by the definition of long-term monitoring policies [12]. PPP attempt
to build mutually beneficial cooperation between public and private partners. They facilitate
the urban regeneration process because they lighten the public financial burden determined by
infrastructure costs, thus transferring risks from the public to the private sector. The intervention
of the latter is fundamental because it makes the process more efficient, in turn the risk that the
private investor assumes is compensated by an expectation of economic return. Negotiating and
organizing how risks and benefits are distributed is crucial to the success of the process.
Urban regeneration involves financial and market risks for external investors who spend time
and resources on the expectation of a profit. Dedicated financing mechanisms, direct public
investments, fiscal mechanisms are the possible actions of the public administration which, for
this reason, assumes financial and political risks with the aim of maximizing collective wellbeing (social integration, economic development, environmental sustainability). Finally there
are the residents who have to face difficult and risky choices.
In fact, many of them are not aware of living in buildings that are vulnerable to the earthquake [13]. It will therefore be necessary first of all to make them aware of the benefit resulting
from the replacement of their old home with a new one. Although in the trade-off they will lose
in quantitative terms they will gain in terms of quality, sustainability and security, while indirectly they will get the benefit of a changed and better social condition.
The challenge of this work is to try to combine the interests of public and private partners in
a fair compromise.
3

THE MODEL

The hypothesis underlying the model is that the three actors, the public, the private investor
and the residents are involved in a process of urban regeneration of an entire dormitory area
(lack of services) in a seismic risk area. A neighborhood characterized by poor quality construction, inadequate both with regard to earthquake regulations, and those on containing energy
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consumption [14,15], as well as by a consequent condition of social degradation also due to the
lack of suitable infrastructures both in terms of quantity and quality.
Each of them has different needs and interests. Regeneration involves the demolition of existing residential volumes and their replacement with new buildings that are environmentally
sustainable and seismically safe. The transformation process requires the private sector to take
on the burden of upgrading the infrastructures and services in the neighborhood and to integrate
the existing ones with new facilities and services (parking, green areas, etc.). The process involves an increase in the existing volumes as a reward to be attributed to the private investor
and tax incentives for reaching the condition of convenience.
The parameters and variables involved are:
- Current Value (start) of the residential units (Vs);
- Future Value (arrival) that is predictable at the end of the regeneration. It corresponds to
the difference in terms of cost between the two buildings (the old and the new) plus a
differential to be commensurate with the increase in urban income resulting from the
regeneration process (Va);
- Current surfaces (start) (Ss);
- Final surfaces (arrival) (Sa);
The difference Sa-Ss constitutes the premium (D) guaranteed by the public administration.
30% is the upper limit of D, considering the national and local regulations;
- New surfaces replacing the old ones assigned to residents (trade-off) (Sra);
- Demolition costs for old buildings (Cd);
- Total Cost of building transformation (new residences, infrastructures and services) (Ct);
- Tax incentives commensurate with a percentage of the cost (Ti).
The model involves the construction of utility functions to be maximized for each actor involved. The independent variables are subject to constraints. The aggregation of the individual
functions takes place through the assignment of weights that express the contractual capacity
of the different subjects in participatory programming.
All utility functions are assumed to be linear and are normalized in the range 0-1.
!"
!#

=𝑖

constrain

with 𝑖 <1
𝑆𝑠 ∙ 𝑖 ≤ 𝑆𝑟𝑎 ≤ 𝑆𝑠

𝑆𝑎 = 𝑆𝑠 + ∆ ∙ 𝑆𝑠
constrain

0 ≤ ∆≤ 0.30

(1)
(2)
(3)
(4)

Amount of real estate (surface) sold by the private investor:
𝑆𝑎 − 𝑆𝑟𝑎 = 𝑆𝑖

(5)

Possible income of the private investor:
𝑆𝑖 ∙ 𝑉𝑎

(6)

𝑇𝑖 ∙ (𝐶𝑑 + 𝐶𝑡) 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛 0 ≤ 𝑇𝑖 ≤ 𝑇𝑖𝑚𝑎𝑥

(7)

Additional revenues (or tax deductions):

3.1 Utility function of the residents (Ur)
Figure 1 shows the utility function of the residents, then formalized in equation (8).
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0
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Figure 1: Utility function of the residents.

𝑈𝑟 =

IJ#KI"∙L

(8)

I"∙(MKL)

The redevelopment of public spaces, affecting the quality of life of the inhabitants and their
sense of belonging to places can, in fact, be a decisive factor in reducing disparities between
rich and poor neighborhoods, helping to promote greater social cohesion.
However, the quantification in the utility functions of improving social welfare is excluded
from this outline. The benefit is partly directed to residents and partly to the entire community
(public sector).
3.2 Utility function of the public sector (Upb)
This utility function is associated only with the reduction of land consumption. Figure 2
shows the utility function of the public sector, then formalized in equation (9).

1

Sa

0
(1+ D) Ss

Ss

Figure 2: Utility function of the public sector.

𝑈𝑝𝑏 =

I"KI#
∆∙I"

+1

(9)

3.3 Utility function of the private investor (Upv)
The investor has the goal of obtaining the maximum profit. In this scheme we assume to
neglect the time dimension. Therefore, the calculation of the net present value (NPV) of urban
regeneration operated only with private capital can be simplified with the expression (10), with
r equal to the minimum expected rate of return, and n the time required for regeneration
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NPV= Q

IL∙!#K(RSTRU)∙(MKVL)
(MTJ)W

X

(10)

The utility function, which must be normalized in the range 0-1, is constructed by calculating
the maximum value of the NPV (NPVmax). The latter is obtained by setting the Delta and Ti
equal to the maximum values (see the constraints) and the surface assigned to the residents (Sra)
in the trade off equal to the minimum threshold (Ss i).
Calculating in this way the NPVmax, the utility function, as shown in Figure 3 and Equation
(11), depends on the variables already described.

1

NPV
0
NPVmax

Figure 3: Utility function of the private investor.
Z[!

𝑈𝑝𝑣 = Z[!\#]

(11)

3.4 Function aggregation and solution
At this point it is necessary to attribute the weights to the utility functions (r). Since the
objective function and the constraints of the optimization problem are linear functions, then the
mathematical programming problem is a linear programming problem.
𝑀𝑎𝑥 𝑓 (𝑆𝑟𝑎, ∆, 𝑇𝑖 ) = ∑L 𝑈L∙ 𝜌L

4

(11)

CONCLUSIONS

The "urban regeneration" project already contains within itself the economic resources that,
with adequate financial instruments and public incentives, volumetric bonuses and European
funds, can generate income and make this challenge realizable.
Through a new urban conception and, therefore, through an adequate tool, it is possible to
trigger a virtuous economic flow able to recover those parts of the city, where the lack of services and the deterioration of public spaces have produced forms of tension and exclusion social.
We need to implement programs that, in addition to urban and building redevelopment with the
use of sustainable materials and the use of alternative energies, also favor the elimination of
social problems. Because the first recipient of Sustainable Urban Regeneration must be the
citizen. Also, for this reason his contribution is fundamental. It is necessary for him to become
aware of the state of security of living and the patrimonial conditions of his property so that he
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accepts the choice of replacing his old real estate unit in a tradeoff that would see him lose in
quantitative terms but gain in qualitative terms.
To achieve this, however, the contribution of private capital is fundamental, i.e. the intervention of investors who see in these initiatives the possibility of a profit. The model presented
in this research represents a tool capable of facilitating negotiation among the stakeholders,
trying to outline a condition of sustainable balance between the different interests and expectations.
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Abstract
The paper illustrates the seismic risk maps derived for the residential building stock of Italy
by using a general framework specifically set up by the authors for mapping seismic risk for a
generic asset of interest. Seismic risk maps are computed taking into account a seismogenic
model of the analyzed area, and properly characterizing vulnerability and exposure of an asset of interest. A risk-targeted indicator named Municipal Expected Annual Loss (MEAL) is
introduced and used as suitable metric for the development of the maps, and for the subsequent seismic risk rating.
Keywords: Seismic risk map, Italy, Expected Annual Loss, Risk Reduction, Structural retrofit
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1

INTRODUCTION

In the last decade, the number of significant losses following natural disasters worldwide,
has been rapidly growing [1]. This is mainly due to the growing of urbanization, world population and Gross Domestic Product (GDP). This main three factors, imply a concentration of
people, thus increasing the exposure of our society to natural hazards more than in the past [2].
In addition, the vulnerability of many structures and infrastructures is still high, since retrofitting and re-building are time and money consuming processes. Furthermore, in many cases
the vulnerability of old structure is increased by degradation phenomena [3]. Earthquake represent one of the most destructive natural events that can significantly affect the economy of a
region and lead to long-term restoration processes [4]. In particular, in Italy, several significant losses occurred in the last decades: in 2009 a moment magnitude Mw = 6.1 stroke the
Abruzzo Region, in 2012 a Mw = 6.0 and Mw = 6.1 earthquake occurred in Emilia Romagna,
while within the summer of 2016 and the winter of 2017 several significant seismic events
with Mw = 6.0-6.5 occurred in the Central Italy area [5-6]. The rapid succession of these seismic events unavoidably ended up to weight on public financial funds. For this reason, the Italian government has recently approved specific incentives for householders interested in
seismically retrofitting their properties [7]. In this way, a private citizen can take advantage of
a tax relief when reducing the seismic vulnerability of his private home with structural retrofit
and improvement. The reduction of structural vulnerability is the most immediate way for addressing the problem of the seismic risk mitigation. Nowadays seismic risk evaluation is a
well-known and established procedure, mostly applied for the risk assessment of punctual
structures or spatially distributed portfolio of structures [8-9]. The use of this procedures is
then commonly extended for a quantitative assessment of seismic risk at regional level. In this
case, a multidisciplinary approach is needed for fully describing the seismic activity of the
region of interest, its vulnerability distributions, and the associated exposure. In particular, the
development of seismic risk maps is the key point when dealing with the seismic risk assessment at territorial level, since they provide a quantitative representation of the current risk and
are a fundamental tool for computing the benefit associated to the structural retrofit. Their use
is thus needed when dealing with the design of possible sustainable risk reduction programs at
regional and national scale. In scientific literature, several authors investigated issues related
to the computation of seismic risk maps. In 2000, Musson [10] proposed a framework the
seismic risk assessment at regional level adopting as reference measure the EMS-98 scale [11],
and highlighting the significant difference between hazard and risk curves. In Germany, Tyagunov et al. [12] developed a risk map based on the EMS-98 macroseismic intensity, in which
they computed the mean damage ratio and losses for the German residential building stock.
Worldwide, Zhongchun et al. [13] computed the seismic risk mortality map for the Chinese
state, Huttenlau and Stotter analyzed the seismic risk of the Austrian Province of Tyrol [14],
and Frolova et al. showed different approaches for the seismic risk computation in Russia,
basing on the different extension of the considered area [15]. Regarding Italy, some first
works adopting the MCS intensity scale for representing the seismic hazard and damage probability matrices can be found in [16-17-18]. Recently, researcher focused their attention on the
development of more detailed fragility functions [19] and seismic risk maps, adopting quantitative intensity measures for the ground shaking, as the Peak Ground Acceleration (PGA). In
2011, Rota et al. [20] developed typological seismic risk maps for Italy, by simply convolving
hazard, in terms of PGA, and vulnerability expressed by empirical typological fragility curves
derived from data collected during post-earthquake survey after the main Italian events of the
past 30 years. In [20], authors did not included exposure, due mainly to the lack of data. The
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contribute of exposure has been considered by Asprone et al. 2013 [21], who computed a possible seismic insurance premium for five different types of building categories within all the
Italian territory, starting from the Italian seismic hazard map. In the last few years, the OpenQuake engine [22] has been adopted for developing maps of losses conditioned on ground
motion with a specific return period, for Portugal [23], Nepal [24] and Turkey [25]. In these
latter cases, the OpenQuake engine has been used with the s-called PSHA-approach, consisting in the calculation of the loss exceedance curve starting from the output of the hazard analysis, coupled with vulnerability and exposure. Literature review, showed as the computation
of seismic risk maps is mainly subdivide into two main steps, the hazard computation, and
then the risk estimation starting from hazard outputs. For this reason, this work proposes a
novel-approach for computing the Italian seismic risk map for the residential building stock,
directly starting from simulation of earthquake scenario consistent with the national seismogenic source model. This paper adopts as seismic synthetic risk indicator the Expected Annual
Loss (EAL) that represents the potential economic loss to be yearly sustained to repair the
seismic damage to the residential building asset of each Italian municipality. EAL is computed at three different levels of granularity, i.e. the most detailed municipal level (Municipal
Expected Annual Loss, MEAL), the intermediate provincial level (Provincial Expected Annual Loss, PEAL), and the less refined regional level (Regional Expected Annual Loss, REAL),
accordingly with the cogent administrative subdivision of Italy.
2

SEISMIC RISK COMPUTATION FRAMEWORK

The computation of the seismic risk in each municipality, and concretely the EAL estimation, requires a set of suitable models able to represent the spatial distribution of the hazard
and the exposure, and the all the possible structural classes of the considered buildings assets.

Figure 1: Main steps of the proposed framework

Figure 1 shows the main steps for the MEAL computation, whose input data are:
- Seismic source model represented by a set of s seismogenic zones (ZSs). Each ZS is
characterized by a specific spatial shape, and by a Gutenberg–Richter law representing the seismogenic potential of the considered ZS. Furthermore, a suitable Ground
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-

-

Motion Prediction Equation (GMPE) has to be adopted for the computation of the
shaking field, jointly with a soil map representing the shear wave velocity in the first
30 m soil-depth (vs,30);
A building taxonomy able to represent all the structural typologies that are present in
the considered area. Each of the p taxonomy classes (TCs) is characterized by common seismic vulnerability features. Formally, each TC is characterized by a set of fragility curves able to express the exceedance probabilities of a set of q mutuallyexclusive and collectively-exhaustive damage states (DSs). Commonly, fragilities are
derived analytically via the use of structural models [26], or empirically, starting from
evidences of structural damage due to occurred earthquakes [27].
Exposure data: they have to provide the spatial distribution of the analysed asset. In
particular, exposure data provides the built area of each p taxonomy class, for every
municipality.

The first passage consists in the creation of a grid of e epicenter, and in the definition of a set
of m magnitude values between Mw,min and Mw,max for each ith SZ, with t=1…s. Earthquakes
scenario analysis have thus to be run in every xth municipality centroid (x = 1 … n), for every
jth epicenter (j = 1…e) and for every kth (k = 1 … m) magnitude, belonging to each ith SZ (i =
1 … s). By using the GMPE it is possible to compute the correspondent value of the adopted
intensity measure IM, in each xth municipality, namely IMx,k,j,i, and consequently the associated total losses Lx,k,j,i as sum of direct losses over the p TCs
p

Lx ,k , j ,i   Lx ,k , j ,i , y

(1)

Lx,k , j ,i , y  RCRTot , y , x,k , j ,i  Ay , x URCy

(2)

y 1

where Lx , k , j ,i , y can be computed as

In Equation (2), Ay , x represents the built area of the yth TC in the xth municipality, URC y is
the unit repair cost for the yth TC (in €/m2), and RCRTot , y , x , k , j ,i is the total repair cost ratio of
the yth TC, that can be computed as
q

RCRTot , y , x ,k , j ,i   P  DS z , y | IM x ,k , j ,i   RCRz , y

(3)

z 0

where RCRz , y are a set of repair cost ratios (i.e., ratio between unit cost to repair a building in
a specific damage state and the unit replacement cost), assumed deterministic and homogeneous for each yth TC. In Equation (3), P  DS z , y | IM x ,k , j ,i  is computed as

P  DS z , y | IM x,k , j ,i   P  DSz , y | dsz , y | IM x ,k , j ,i   P  DSz 1, y | dsz 1, y | IM x ,k , j ,i 

(4)

and assuming P[ DS0, y  ds0, y | IM x,k , j ,i ]  1 and P[ DS5, y  ds5, y | IM x,k , j ,i ]  0 .
The damage state exceedance probability of the zth DS for the yth TC, in each xth municipality
centroid, in computed via fragility curves as
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 1
 IM x ,k , j ,i
P  DS z , y  dsz , y | IM x ,k , j ,i    
ln 
  DS z , y   DS z , y






(5)

At this stage, for each xth municipality a set of e losses caused by each kth magnitude, generated by the ith SZ is available. This vector of data represents the probability density function
(pdf) of direct losses conditioned on the specific magnitude value kth. From this samples, is
thus straightforward to compute ad hoc statistics, as the sample mean, representing the distribution expected value, and other percentile of interest (25th, 50th, 75th ecc). In the following
the paper assumes the mean value as relevant statistic, namely Lx ,k ,mean ,i . The final step of the
proposed procedure consists in the computation of the MEALx ,mean ,i in each xth municipality
due to losses cause by the ith SZ. This calculation can be performed according to Figure 2 by
associating to each Lx ,k ,mean ,i the corresponding mean annual rate  k ,i of exceeding a certain
moment magnitude M k ,i in the ith SZ, and applying the total probability theorem.  k ,i can be
easily computed from the Gutenberg-Richter (GR) recurrence law, given by the following expression

log  k ,i   ai  bi  M k ,i

(6)

where ai is the total seismicity rate and bi is the negative slope of the GR law for the ith SZ.
The expected annual loss, in the xth municipality, due to seismicity arising from the ith SZ is
thus given by
 M min,i

MEALx ,mean ,i 



Lx ,mean ,i  M  d  M ,i

(7)

0

As Figure 2 shows, two additional points are introduced for the computation of Eq. (7), consistently with the following assumption:
- A minimum magnitude value Mmin,i is assumed for each zone, aiming to remove small
events characterized by negligible impacts in terms of structural damage and thus
losses. For this reason, earthquakes with magnitudes lower than Mmin,i are associated
to zero loss;
- Since every zone, basing on its seismological characteristics, is characterized by a
maximum magnitude Mmax,i, the loss exceedance curve is truncated in correspondence
of Mmax,i, excluding in this way from the computation higher impossible losses.

Figure 2: MEAL computation.
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The MEAL considering the contribution of every SZ determining the seismicity of the considered xth municipality, can be computed by simply adding each contribution as:
s

MEALx ,mean   MEALx ,mean ,i

(8)

i 1

Once the MEALx ,mean is computed for each n municipalities, results can be mapped thus obtaining the seismic risk map. Since MEALx ,mean is strongly influenced by the exposure, it is
possible to refer the MEALx ,mean to the build surface in each municipality, i.e. the MEALx ,mean
for 1 m2 of built area in each xth municipality, obtaining in this way the UMEALx ,mean as:

UMEALx ,mean 

MEALx ,mean
p

A
y 1

(9)

y,x

Finally, a dimensionless indicator is introduced to easily rank seismic risk throughout a country, i.e. the Municipality Seismic Risk Class (MSRC, in % of replacement cost), estimated as:
MSRC x ,mean 

UMEALx ,mean
URC y

(10)

The same three risk indicators can be easily computed also for different granularity levels, as
the provincial and regional level. The development of a seismic risk map is therefore a keystarting point for the definition of a rational seismic mitigation program for a country, since it
allows government to understand needs and priorities, and compare resulting benefits with
costs associated to the implementation of specific seismic retrofitting schemes [28].
3

APPLICATION TO ITALY

The proposed framework is applied to compute the seismic risk map for the residential
building stock of Italy, considering as target losses the reconstruction cost of damaged structural elements (i.e. the so-called direct losses). However, the framework is general and flexible and can be applied to different target losses, as losses due to business interruption [29],
losses due to failure of spatially distributed networks [30-31], or losses arising from different
natural hazards [32], for which the same conceptual scheme can be applied.
3.1

Hazard model

The ZS9 model [33] has been adopted for describing the Italian seismicity; parameters of
the GR law for each ith SZ are taken from [34] and the values showed in Figure 3. In particular, a 5-km mesh grid of epicenters is adopted, for a total of 7237 points. Sardinia has not
been considered in the computation, since the ZS9 model does not provide SZs for this region.
Regarding the GMPE model, the formulation proposed by Bindi et al. [35] is adopted,
jointly with the vs,30 soil map provided by the United States Geological Survey (USGS) [36].
Finally, for each ith SZ a total of m = 6 magnitudes between Mmin,i and Mmax,i have been
adopted.
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Figure 3: Seismogenic source model: Mmax (a) and  M min (b) values, G-R b coefficients, and d) prevailing mechanism of faulting for each SZ (U = undetermined, N = normal, SS = strike-slip, R = reverse).

3.2

Vulnerability Model

For characterizing the seismic vulnerability of the analyzed building stock, a suitable
building taxonomy has been adopted. In particular, 8 TC classes have been adopted for representing the residential building stock of Italy, each one characterized by a set of fragility
curves related to four mutually exclusive and collectively exhaustive damage states (i.e. DS 1,
DS2, DS3, DS4 respectively related to slight, moderate, extensive and complete damage), according to [37]. Two masonry classes have been adopted for characterize masonry buildings,
according to Kostov et al. [38]: masonry building built before 1919, and after 1919. As regards reinforced concrete (RC) structures, the first important distinction is between gravity
load designed and seismic load designed. The subdivision for each municipality between the
two classes, have been performed by using the ECS-IT software which provide the temporal
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evolution of the Italian seismic code in each municipality [39]. Moreover, since the census
data is classified per decade (i.e. in 1971, 1981, and 2001), a linear variation with time was
assumed in order to bridge the gap between the milestone years marking the code evolution
and the census ten-year classification. A further subdivision has also been performed both for
RC-gravity and RC-seismic buildings, considering the number of stories and thus defining
two additional subclasses (1-2 story, 3 or more stories). Fragility parameters for the four reinforced concrete TCs have been taken from Ahmad et al. [40]. Finally, two TCs have been
considered representative of “other” mixed structural types, particularly combined RCmasonry, again subdivided in gravity-load and seismic-load designed, with the same approach
adopted for RC classes [35]. All main parameters of the adopted fragilities are listed in Table
1.
Taxonomy Class
Masonry – pre 1919

Damage State
DS1
DS2
DS3
DS4
Masonry – post 1919
DS1
DS2
DS3
DS4
RC - Gravity | 1-2
DS1
DS2
DS3
DS4
RC - Gravity | 3+
DS1
DS2
DS3
DS4
RC - Seismic | 1-2
DS1
DS2
DS3
DS4
RC - Seismic | 3+
DS1
DS2
DS3
DS4
Other - Gravity
DS1
DS2
DS3
DS4
Other - Seismic
DS1
DS2
DS3
DS4
Table 1: Main parameters of fragility curves for each TC and DS.

5471

 DSz , y [g]

 DSz , y

0.10
0.14
0.17
0.24
0.12
0.17
0.19
0.33
0.09
0.12
0.25
0.33
0.08
0.11
0.17
0.22
0.09
0.12
0.24
0.48
0.08
0.11
0.17
0.31
0.11
0.16
0.27
0.35
0.12
0.19
0.30
0.41

0.79
0.80
0.81
0.80
0.79
0.81
0.79
0.79
0.33
0.44
0.37
0.36
0.32
0.43
0.40
0.38
0.33
0.44
0.37
0.36
0.32
0.41
0.39
0.36
0.79
0.78
0.78
0.79
0.79
0.79
0.79
0.79

M. A. Zanini, L. Hofer, F. Faleschini, K. Toska, C. Pellegrino

3.3

Exposure Model

The exposure of the national residential building is based on the 15th census database of
the National Institute of Statistics [41], from which the built area of each TC has been computed, as in [34]. The unit repair cost has been assumed constant among the eight TCs and
equal to 1200 €/m2. Figure 3a shows the total build area in each municipality, while Figure 3b
shows the exposed value. Regarding, the percentage disaggregation of the TCs, Figure 3c
shows that masonry structures are the most diffused structural typology within all the Italian
municipalities. Regarding the RCRz,y, they have been assumed constant among the TCs and
equal to [0.15, 0.40, 0.65, 1], respectively for DS1, DS2, DS3 and DS4, resulting from statistical post-processing of rough data [42].
3.4

Seismic Risk computation

For the MEAL computation the expected value of the loss distribution f(L|M) has been assumed as reference statistic. EAL is computed first at municipality level (MEAL), and then
aggregated for obtaining the EAL at provincial level (PEAL), and the EAL at regional level
(REAL), according to the administrative subdivision of Italy.
Figure 4 shows results for the three adopted granularity levels. In particular, it is worth to
note as in this case the risk maps in terms of absolute EAL are highly influenced by the spatial
distribution of the exposure. The contribution of each SZ to the EAL of each municipality can
be found in Zanini et al. [43].

Figure 4: The seismic risk map of Italy in terms of MEAL (left), PEAL (center), REAL (right).

The same maps can therefore be expressed in relative terms using the following unitary
metric, the UMEAL (i.e. the MEAL for 1 m2 built area in each municipality, in €/m2), the
UPEAL (i.e. the PEAL for 1 m2 built area in each province, in €/m2), and the UREAL (i.e. the
REAL for 1 m2 built area in each region, in €/m2). UMEAL, UPEAL and UREAL map, showed
in Figure 5, allows to better detail the effective spatial distribution of seismic risk, since they
represent risk in relative terms, and can be used as a basic metric when dealing with defining
insurance coverage schemes.
In particular, Figure 5 shows the beneficial effect of computing seismic risk at higher
granularity levels than respect to the more refined municipal level. Indeed, the maximum
amount of UMEAL of 17-18 €/m2 drops to 5-6 17-18 €/m2 for UPEAL and UREAL. Previous
risk maps reported in Figure 4 and Figure 5, detail seismic risk of Italy quantifying in economic terms its impact: such risk maps are therefore relevant for stakeholders (e.g. government, research institutes, insurance, industry, banks).
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Figure 5: The seismic risk map of Italy in terms of UMEAL (left), UPEAL (center), UREAL (right).

Figure 6: The seismic risk map of Italy in terms of MSRC (left), PSRC (center), RSRC (right).

A qualitative and dimensionless seismic risk indicator can be obtained from the ratio between UMEAL and the URC value, namely the Municipality Seismic Risk Class (MSRC). The
same calculation can be performed also at provincial level, obtaining the Provincial Seismic
Risk Class (PSRC), and at regional level (RSRC, Regional Seismic Risk Class).
For all three different granularity levels the range between 0 and the correspondent maximum value, has been subdivided in 5 classes, finding five different risk levels: Very Low
Seismic Risk (LL), Low Seismic Risk (L), Medium Seismic Risk (M), High Seismic Risk (H),
and Very High Seismic Risk (HH). Table 2 shows the range on each class for the three granularity levels, while Figure 5 show the MSRC, PSRC and RSRC map.
LL
L
M
HH
HH
MSRC [%] 0.00 - 0.25 0.25 - 0.50 0.50 - 0.75 0.75 - 1.00 1.00 - 1.25
PSRC [%] 0.00 - 0.10 0.10 - 0.20 0.20 - 0.30 0.30 - 0.40 0.40 - 0.50
RSRC [%] 0.00 - 0.09 0.09 - 0.18 0.18 - 0.27 0.27 - 0.36 0.36 - 0.45
Table 2: MSRC, PSRC and RSRC range values for the adopted seismic risk ratings.
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4

CONCLUSION

Seismic risk maps are a key tool for public authorities of countries prone to significant
losses due to earthquakes, for developing suitable seismic risk transferring solutions. The described formulation deals with this specific topic, proposing an overall framework for computing the seismic risk and introducing some useful risk indicators. In particular, an application
to the Italian residential building stock is reported and seismic risk maps for Italy are computed. For this scope, a detailed hazard, vulnerability and exposure models are assumed. Seismogenic zones are used for representing the seismicity of Italy, while eight taxonomy classes are
assumed for describing the different vulnerability of the residential Italian buildings. The Expected Annual Loss is used as suitable risk indicator, representing the yearly amount that has
to be save for facing possible significant future losses. In the application, EAL computation is
performed at three granularity levels, municipal (MEAL), provincial (PEAL), and regional
level (REAL). Results showed as this first risk indicator, in the Italian case, is strictly related
to the exposure. Seismic risk maps have been computed also in terms of UMEAL, UPEAL and
UREAR, that represent each municipal, provincial and regional EAL referred to the corresponding built area of each municipality, province and region. Results show as considering
less refined granularity has an averaging effect on the risk computation. Finally, adimensional seismic risk maps have been computed and used for providing qualitative and
immediate risk maps of Italy. Resulting maps depict national seismic risk spatial distribution,
thus providing reliable information to government agencies, which can promote specific mitigation intervention at the territorial scale to reduce the impact of future earthquakes in the areas mostly. Risk maps are a fundamental tool for knowing the current exposure to seismic risk
of a wide territory, and provide a quantitative tool for evaluating the benefit associated to a
possible national retrofit scheme, and for designing possible sustainable financial risk reduction programs.
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Abstract
This paper gives the methodology to get the floor response spectra of the buildings on the
base of the results of the probabilistic assessment. On the base of the geophysical and seismological monitoring of locality the peak ground acceleration and the uniform hazard spectrum
of the acceleration was defined for the return period 10 000 years. The algorithms to generate
a synthetic ground motion accelerogram compatible with a response spectrum are described.
The methodology of the seismic resistance of the cable support structures are presented. The
experimental and numerical analysis of the seismic resistance of the technology structures are
discussed.
Keywords: Structural Dynamics, Earthquake Engineering, Safety, Technology, NPP,
ANSYS.
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1

INTRODUCTION

The earthquake resistance analysis of NPP (Nuclear Power Plant) buildings in Mochovce
were based on the recommends of IAEA (International Agency of Energy Atomic) in Vienna
to get international safety level of nuclear power plants [1]. Three logical possibilities of the
source zones were defined for Mochovce site – contact of Eastern Alps and Western Carpathians, Dobra Voda and alternative fault. The seismic load was defined by PGA (Peak Ground
Acceleration) and local seismic spectrum in dependence on magnitude and distance from
source zone of earthquake [2, 3]. Two principal methods are appropriate for assessing the
seismic safety of facilities, the SMA (Seismic Margin Assessment) method and the SPSA
(Seismic Probabilistic Safety Assessment) method [3, 4]. The RLE (Review Level Earthquake)
is very effective method to reevaluation of NPP safety then the new seismic hazard is defined.
The SMA methodology is based on the RLE determination. The first seismic reevaluation of
the seismic hazard of the Mochovce site was established on the deterministic method and
seismic-tectonical consideration of the Mochovce site was analyzed on the base of probabilistic method. The design response spectra were prepared based on results of the PSHA (Probabilistic Seismic Hazard Analysis) study for the NPP Mochovce site developed by GFÚ SAV
[4].
Basic parameters of the design GRS (Ground Response Spectrum) are as follows [2]:
 Spectral shape MDE (SL-2) (Maximum Design Earthquake) corresponds to 84% NEP
(Non Exceedence Probability) (i.e. median + 1 sigma);
 Seismic event with annual recurrent frequency 10-4;
 PGA for horizontal direction PGAH = 0.150 g;
 PGA for vertical direction PGAV = 0,100 g;
 Vertical response spectra

Figure 1: Calculation model of NPP V2.

Firstly the value of PGA was defined at 1994 (PGARLE=0,1g) follow in accordance of the
results of seismological monitoring this locality at 2003 (PGAUHS=0.142g and
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PGAHS=0.143g). The last PGA for horizontal direction was defined as PGAHS = 0.150 g on
base of the seismic-tectonic investigation of Mochovce NPP site.
The Mochovce NPP structures are typically the same as the NPP structures for reactor
VVER 440. Around of the reinforced concrete structures of the box SG and bubbler tower are
the steel structures of the reactor hall, longitudal and transversal electrical buildings are built.
The calculation model of NPP structures (Fig.1) created by VUT Brno [5] and modified by
STU Bratislava has 161.856 elements and 135.629 nodes [2]. The foundation of the reactor
building is embedded into the rock subsoil.
2

SEISMIC EVALUATION METHODOLOGY

To provide input excitations to structural models for sites with no strong ground motion
data, it is necessary to generate synthetic accelerogram. It has long been established that due
to parameters such as geological conditions of the site, distance from the source, fault mechanism, etc. different earthquake records show different characteristics [6 - 9].
The program COMPACEL was created by J. Králik [2] to generate synthetic accelerograms. The methodology of structure resistance verification is elaborately described in [1 - 4].
There are illustrated the procedures, requirements and criterion of calculation models and
methods for design of structure reliability. There are two principal methodology available for
seismic design of NPP structures - deterministic (SMA- seismic margin assessment) and
probabilistic (SPRA – seismic probabilistic risk assessments). The CDFM method is very
similar to the design procedure followed in the industry, except that the parameter values have
been liberalized. The objective of seismic margin assessment (SMA) is to determine for
a nuclear power plant the high-confidence-of-a-low-probability-of-failure (HCLPF) capacity
for a pre-selected seismic margin earthquake (SME), which is always chosen higher than the
design basis input. In probabilistic terms, the HCLPF is expressed as approximately a 95%
confidence of about a 5% or less probability of failure.
Based on Kanai's investigation regarding the frequency content of different earthquake
records [7], Tajimi proposed the following relation for the spectral density function of the
strong ground motion with a distinct dominant frequency

1  4    
S  
1      4   
2
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2

g

2

g

2
g

2
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Here ξg and ωg are the site dominant damping coefficient and frequency, and S0 is the constant power spectral intensity of the bedrock excitation. The Kanai-Tajimi power spectral density function may be interpreted as corresponding to an "ideal white noise" excitation at the
bedrock level filtered through the over-laying soil deposit at site [7].
3

ACCEPTABLE EVALUATION METHODS

For seismic analyses of structures and technological equipment, following methods are acceptable [2, 7 - 9]:
 Response Spectrum Modal Analysis Method – RSMAM,
 Methods of direct time integration of the motion equations system (Linear Time History Method – LTH and Non-linear Time History Method – NTH are discerned),
 Equivalent Static Method – ESM (or also “approximate equivalent static seismic loads
method”).
The equivalent static seismic loading method is used in cases when a structure or an
equipment component is, in the viewpoint of the mechanics, a simple single-degree of free-
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dom (SDOF) or 2-degree-of-freedom (2-DOF) system and when the intention of the analysis
is to determine only the seismic forces and moments in the point of anchorage to the civil
structure or to perform the stress analysis in some critical cross-section (when such a simple
substitution is obviously sufficient).
The spectral analysis is based on linear behavior of the structures, while damping takes into account the plastic deformations and the over thrust of friction-type connections. The response spectrum will be obtained by a combination of a response magnitudes for the
individual shapes by the CQC method (considering the proximity) as follows [7]:
RCQC
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and i is the modal damping.

Overall response Rk in the cross-section k has been obtained by the envelope of combinations of responses alongside the individual excitation directions in the direction of the axes X,
Y and Z.
Rk = max{Rxk + 0,4Ryk + 0,4Rzk ; Rxk + 0,4Ryk + 0,4Rzk ; Rxk + 0,4Ryk + 0,4Rzk }

(3)

where Rxk, Ryk and Rzk are the responses in the cross-section k from excitation by the acceleration spectra in the direction X, Y and Z.
Test
segment
1A
2A
3A

Static
resistance
[N]
3.000
12.000
11.000

Dynamic resistance experimentally determined
Horizontal force [N]
Vertical force [N]
Ratio [%]
Min
Max
Min
Max
0
1040
450
810
35
0
6370
2700
4864
53
0
12530
5400
9730
88

Table 1. Recapitulation of the experimental tests of OBO Bettermann segments

All tested segments were satisfied for the static and dynamic loads defined in Tab.1. In the
case of the tested connection OBO2A the plastic deformation of 9mm occurred, but this connection was not damaged. This connection was not used in the final cable trays structures in
NPP finally.
4

NUMERICAL ANALYSIS OF THE SEISMIC RESISTANCE

The seismic resistance of the various typical cable support structures based on OBO Bettermann segments were numerically analysed in software ANSYS (Fig.3) [1].
The principal structures was made from the columns 5xI8/3680, beams 6xUS7/1500, consoles 60xAS30/41/410 and the cable segments. These structures were used with the cable
trays 48xWKSG140/1500 (OBO1Z) and the cable ladders 44xLG640N/1500 (OBO1R)
(Fig.4). The seismic response was solved by the method of the seismic response spectra from
the floor spectra envelope in the horizontal direction as well as vertical direction at the level
of the ceiling +5,4 m; upon considering 7% damping [1] (Fig.3).
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Fiure.2. Calculation models of the support structures with the cable tray EKS640 (OBO1Z) and the cable ladder
LG640 (OBO1R)

Figure 3. FRS for horizontal and vertical direction at the level of +5,4m of SO805/806

The value of the HCLPF parameter depends on the equipment structure or component resistance (R) and the corresponding effect of action (E) using elastic or inelastic behavior.
Generally, it follows
HCLPF (CDFM) = (FS)ep · PGARLE = SL-2
Model
OBO1Z
OBO1R

(4)

Part. factor
Part. factor
Part. factor
foHz
foHz
foHz
[%]
[%]
[%]
in direct. X
in direct. Y
in direct. Z
10.27
84.8
3.88
84.3
9.64
47.3
0.85
58.5
2.98
76.5
8.99
67.4
Table 2. Principal eigenvalues of the OBO Bettermann structures

Model
OBO1Z
OBO1R

Cable masses
[kg/bm]
390
390

Column
[g]
0.33
0.18

Beam
[g]
0.31
0.29

Console
[g]
5.79
0.19

Bracing
[g]
6.85
3.70

Table 3. Parameter HCLPF for the segments of OBO Bettermann structures

The optimal configuration of the support systems of the cable trays was determined by the
acceleration peaks of FRS, which are in intervals 5-10Hz [1]. The seismic effective structures
are with the principal modes out from this interval. There are presented two different conceptions of the structures. The principal frequencies of model OBO1Z and OBO1R are out of this
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critical interval in direction X and Y (Tab.2). The total masses of the structure OBO1Z is equal
to 19.719ton and OBO1R is equal to 22.176ton .
The seismic resistance of these support structures is determined by the lowest resistance of
the structure segments (Tab.3). The minimal HCLPF parameter of the structure OBO1Z is
0.31g and the structure OBO1R is 0.18g.
5

CONCLUSIONS

This paper presented the methodology of the seismic reevaluation of NPP in Mochovce
due to new results from the geological and seismic-tectonic monitoring of this site. The deterministic methodology of seismic design based on CFDM methodology was presented. The
synthetic spectrum compatible accelerograms generated in program COMPACEL (created by
Králik) were presented in comparison with requirements ASCE4/98 standard. The methodology of the seismic resistance of the cable support structures were described. This methodology was used for the optimal design of the cable support systems from the structural elements
of OBO Bettermann experimentally tested.
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Abstract
In order to estimate failure probabilities of underground structure under seismic load, probability variables should be considered in reliability analysis. Normally underground structures
are applied from both vertical and horizontal loads at the same time, and have nonlinear boundary conditions, so the behavior of structure not correspond to the superposition principle. In
first, in order to obtain load(L) in the limit state function(Q=R-L), member forces of underground structure applied combined loads in seismic condition are analyzed from 2D frame
model, and then combined probability variables such as means and variances are determined
from a new approach developed in this study. Probabilities of failure are calculated on load
combinations by using MCS(Monte-Carlo Simulation) technique. As a result, from the estimation of reliability indices on load combinations, target reliability index in seismic condition are
determined in order to develop a specification for limit state design of underground structures.

Keywords: Failure Probability, Underground Structures, Seismic Condition, Limit State
Function, Reliability Analysis, MCS, Target Reliability Index.
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1

INTRODUCTION

Recently AASHTO presented “LRFD 2017 Road tunnel design and construction guide specifications” [1], and BSI suggested “PAS 8810 - Design of concrete segmental tunnel linings code of practice” [2]. Korea also has been developing the LSD specification for underground
structures and has been researching probabilities of variables and establishing of target reliability indices.
In this study, structural analysis is performed to 2D frame model applied all of loads entirely
with nonlinear boundary conditions, because analysis of underground structure not correspond
to the superposition principle. In order to obtain probability variables of resistance(R) and load
(L) for reliability analysis in seismic condition, existing research materials and pre-researched
data are considered.
It is calculated to probabilities of failure in the limit state function through MCS (MonteCarlo Simulation), then, probabilities of failure convert to reliability indices by function described by Nowak and Collins (2013) [3]. The analysis result in strength limit state are made
out in order to compare with assessment of underground structure in the general condition, then
target reliability index is suggested in final.
2

REVIEW MODEL

2.1 Modeling and Boundary Condition
In this study, the analysis model of underground structure is as shown in Fig. 1, and the model
is consist of 2D frame members and nonlinear boundary conditions.

Figure 1: Analysis model of underground structure

2.2 Applied Loads
The loads applied on underground structure are considered to self-weight, horizontal & vertical earth pressure, water pressure, and earthquake load as shown in Fig. 2.

Figure 2: Loads applied on underground structure
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3

STRUCTURAL ANALYSIS

3.1 Analysis in the General Condition
The enveloped result of load combinations in the general condition is shown as follows, the
results are performed through preliminary study [4].
Moments

Axial Forces

Figure 3: Member forces in the general condition

3.2 Analysis in the Seismic Condition
Underground structures in the seismic condition are loaded from inertia force and ground
displacement as well as seismic shear stress. Thus, member forces generated by inertia force
and ground displacement load are shown in Fig. a, member forces generated by seismic shear
stress are shown in Fig. b.
Moments

a.

Axial Forces

Member forces generated by inertia force and ground displacement

Moments

b.

Axial Forces

Member forces generated by seismic shear stress

Figure 4: Member forces in the seismic condition
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4

RELIABLITY ANALYSIS

4.1 Probability variables of loads
It is considered to probability variable which is presented by Nowak as shown Table 1 [5].
As mentioned in the introduction, however, variations separately are not applicable to analysis
reliability for underground structures because of not corresponding to the superposition principle. Thus, the variance of combined COV of all loads which are proposed through the research
process with KICT is calculated and applied for this study.

L1
L2
L3
L4
L5
Lcomb
Lcomb

Loads
Dead load
Horizontal earth pressure
Vertical earth pressure
Water pressure
Seismic load
Combined load (Seismic)
Combined load (General)

Bias factors
1.05
0.95
1.00
0.90
0.95
0.95
1.00

Variations (COV)
0.10
0.15
0.14
0.15
0.15
0.15
0.37

Table 1: Probability variables of loads

4.2 Probability variable of resistance
The probability variable of resistance, COV(coefficient of variation), is used 0.08 which is
presented by Nowak and Rakoczy [6].
4.3 MCS (Monte Carlo Simulation)
In this study, MCS program was developed to calculate probabilities of failure, results are
obtained as shown in Fig. 5.

Figure 5: Applied loads on underground structure

4.4 Probability of failure and reliability index
The probability of failure and reliability index for the existing design cases (5sections) in
Korea are calculated as following Table 2.
Models
M-1
M-2
M-3-a
M-3-b
M-3-c

Prob. of failure
(Pf)
3.10e-5
8.00e-6
5.40e-5
1.23e-7
1.00e-11

Reliability Index(β)
4.01
4.31
3.87
5.16
6.71

Table 2: Probability of failure and reliability index for the existing design cases.
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5

REVIEW OF RELIABILITY INDEX

The load combinations for reviewing the target reliability index are based on the AASHTO
LRFD TUNNEL SPECIFICATION (2017) [1], and the load factors that affect the section force
are analyzed by calculating the member forces according to the change of load factors in units
of 0.05. Also, the sensitivity of the load is identified by analyzing of the reliability index depend
on the change of load factors.
5.1 Sensitivity of load factors
The load combinations in this study are considered as follows.
LC 1 : 1.25DC + 1.35EV + 1.35EH + 1.00WA + 1.00EQ
LC 2 : 1.25DC + 1.35EV + 0.75EH + 1.00WA + 1.00EQ
The results according to load combination are as following Fig. 6, from the results, it is
confirmed that horizontal earth pressure (EH) and seismic load (EQ) are more sensitive than
others in the variation of member forces according to the change of load factors.
LC 1

LC 2

Figure 6: Variations of member forces depend on load combinations

5.2 Review on reliability index according to variation of load factors
The reliability indices according to variation of load factors are calculated as follows, earthquake load (EQ) mainly effects to the variation of reliability index as shown Table 3.
Adjustment of Factors
-0.15 -0.10 -0.05 0.0 +0.05 +0.10 +0.15
EH

2.46

2.37 2.29 2.20 2.11

2.03

1.94

EQ

1.38

1.65 1.93 2.22 2.47

2.74

3.02

Table 3: Reliability Indices according to variations of load factor.

Earthquake load is not only an extreme load, but also a main load to effect to the variation
of reliability index. Thus, it is reasonable to apply the load factor of earthquake load is 1.00, it
may be applicable to consider the code calibration of horizontal earth pressure depending on
the regional characteristics.
5.3 Target reliability index
For bridge structures, a sufficient number of bridges have studied to establish the target reliability. Nowak presented a normal target reliability index of 3.5 in the NCHRP Report 368
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[7], and Ghosn et al. proposed a seismic target reliability index of 2.4 ~ 2.9 in the NCHRP
Report 489 [8].
On the other hand, though enough research has not been done yet for underground structures,
it may propose that the target reliability in seismic is 2.3 considering the existing research on
the bridge and results of this study. And, the target reliability index was proposed through limited number of design sample, so it should be to advance based on sufficient number of samples
and data in the future.
6

CONCLUSIONS
• It is conformed that horizontal earth pressure (EH) and earthquake load (EQ) are more
sensitive than others in the seismic condition.
• It is presented that the earthquake load factor is 1.00 in this study, and that the code calibration of horizontal earth pressure may be needed depending on the regional characteristics.
• In the study, considering the existing research on the bridge and results of this study, it is
supposed that target reliability is 2.3 under seismic condition.
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Abstract
The equal displacement approximation is a well-known procedure for estimating the non-linear
behavior of structures subjected to earthquake ground motions. This procedure plays a significant role in current seismic design, since it constitutes the basic assumption for defining strength
reduction factors. In this paper, calculation of the performance point based on this rule is used
to estimate engineering demand parameters such as those obtained by advanced probabilistic
non-linear dynamic analysis, NLDA. We present a modification to the classic approach, to improve the predictability of the equal displacement rule. Uncertainties in seismic action and
structural properties are considered. Mid-rise reinforced concrete buildings will be used as a
testbed. To obtain a representative sample of buildings for statistical analysis, we describe the
development through implementation of a numerical tool for calculating probabilistic NLDA.
This tool, which is expected to evolve into interoperable software for assessing the seismic risk
of structures, is developed within the framework of the KaIROS project. The results presented
in this paper could be used to estimate the seismic risk of structures in a very simplified manner.
Keywords: equal displacement approximation, probabilistic non-linear dynamic analysis, midrise reinforced concrete buildings, KaIROS project
1

INTRODUCTION

Disaster risk reduction is a major concern of world communities. The 2030 Agenda for Sustainable Development includes 17 goals to end poverty, fight inequality and injustice and tackle
climate change. The eleventh goal is sustainable cities and communities, as half of humanity
now lives in urban areas and almost 60 per cent will live in cities by 2030. Thus, an important
target for 2030 is to ensure universal access to basic services and to adequate, safe, affordable
housing. Achievement of this target is at risk if the negative impact of catastrophes is not reduced. The importance of resilient communities has been shown in past and recent earthquakes.
However, the negative impact of these catastrophic events on mankind is increasing due to
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globalization. Sustainability, resilience and well-being are affected negatively at global level.
Accordingly, a continuous effort to reduce seismic risk is fundamental to develop a stronger
society.
Seismic loss mainly depends on the capacity of civil structures to withstand strong ground
motions. Thus, the development of advanced numerical tools for assessing the seismic response
of civil structures will contribute positively to the planning of optimal strategies for reducing
seismic risk. Currently, several research projects are focused on reducing seismic risk. One is
the Kairos project [1], which is aimed at maintaining and increasing the resilience and sustainability of communities against earthquakes. One research area in the Kairos project is the development of numerical tools to estimate the seismic risk of structures. In this paper, we present
the development of one of the tools. To correctly estimate seismic risk scenarios, uncertainties
in seismic hazard action and in the main features of the structures should be considered. The
numerical tool presented herein takes into account uncertainties relating to the geometry of the
structure, the mechanical properties of the materials and the seismic action, amongst many others. Moreover, the tool can be used to estimate several engineering demand parameters (EDP),
which can be related to seismic damage of structures. The tool is developed through implementation of a hypothetical case study. To achieve this, the probabilistic seismic response of midrise reinforced concrete buildings is calculated via NLDA. A thousand numerical models were
created and subjected to a set of earthquake records with different properties. The numerical
tool, combined with information on variables characterizing the exposure of an urban environment, will help to estimate the seismic risk of the area precisely. However, the main target of
the paper was to develop a procedure based on the equal approximation rule for estimating
EDPs in a very simple way. Due to the amount of numerical data available, this simplified
procedure could be developed easily based on a maximum correlation criterion.
2

PROBABILISTIC CONSIDERATIONS

The main factors affecting earthquake risk are hazard, exposure and vulnerability. Hazard
refers to seismic actions and their occurrence probabilities. Probabilistic seismic hazard analysis [2] is estimated based on past seismicity, statistical models, ground motion prediction equations and site effects. Exposure concerns structures, facilities and properties in the stricken area.
The quantification of exposure requires a considerable amount of data on facilities, population
and built environment, including special and essential buildings and lifelines. Vulnerability is
related to susceptibility to damage of exposed goods. It connects hazard and exposure to obtain
risk, that is, expected damage and cost. Regarding exposure, it has been a common practice to
classify structures with similar features within a structural class. For instance, buildings are
often classified as low-rise (1-3 stories), mid-rise (4-7 stories) and high-rise (>7 stories). Of
course, many other features are used to identify a structural class. Generally, the seismic behavior of buildings in the same structural class is represented using probabilistic functions. This
classification within structural classes simplifies the characterization of exposure when the seismic risk is estimated at urban level. The finer the characterization of the exposure, the more
precise is the quantification of the seismic risk. Thus, inventory is a critical issue in risk assessments, and geographical information systems (GIS) can be used to enhance characterization at
urban scale. Thus, if precise inventory information is available, it should be included when
exposure is modelled.
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2.1 Characterizing exposure
It is important to distinguish between two types of random variables when exposure is characterized: those that refer to the population of buildings, for example, in a neighborhood, district
or city, and those that refer to intrinsic properties of a building, which can be considered epistemic uncertainty. Consideration of these types of random variables depends on whether the
intended application is the classes of structures considered in urban risk assessment or individual buildings. Modeling the random variation in building-to-building structural characteristics
within a structural class is standard practice. This modelling must reflect the epistemic uncertainty and how many structural types are grouped together into a single class.
2.2 Building-to-building variation
The main variables that characterize buildings in a structural class are random. In this section,
we explain how building-to-building random variation will be considered within a structural
class. Buildings belonging to the structural class ‘reinforced concrete mid-rise buildings’ are
used as a testbed. Through implementation of this simulation, a numerical tool will be created
that allows consideration of specific distributions within a structural class. Several variables
that characterize a building are considered as input random variables. These variables will be
the input of the software to be developed, once the simulation is achieved. In real cases, characterization of these random variables strongly depends on the information stored by local institutions. This information can be enhanced using GIS tools. For the purpose of the present
study, the distribution of these variables will be assumed, and it will be mainly uniform or
Gaussian. Thus, the number of stories, Nst, the number of spans, Nsp, the story height, Hst and
the span length, Sl, are considered as the input random variables. Nst follows a uniform, discrete
distribution in the interval (4, 7); Nv also follows a uniform, discrete distribution in the interval
(2, 8). Hst is distributed uniformly in the interval (2.8, 3.2) m. Sl is distributed uniformly in the
interval (4, 6) m. Functions based on the design of various hypothetical structures belonging to
the structural class are used to assign the cross area to the structural elements. These models
were designed by supposing that they are located in a moderate seismic area. Based on the
results, several functions are developed. Thus, the width, Wc, and depth, Dc, of the columns of
the first story will depend on the number of stories of the building and will be calculated using
the following equation:
𝑊𝑊𝑐𝑐 𝑜𝑜𝑜𝑜 𝐷𝐷𝑐𝑐 = 𝑐𝑐1 ∗ ln(𝑁𝑁𝑠𝑠𝑠𝑠 − 𝑐𝑐2 ) + 𝑐𝑐3 ∗ Φ1,0 + 𝑐𝑐4

(1)

where cn are coefficients that could be adjusted depending on the data distribution of the analyzed area. For the study, 𝑐𝑐1 = 0.15, 𝑐𝑐2 = 3, 𝑐𝑐3 = 0.02 and 𝑐𝑐4 =0.35. Φ1,0 is the standard normal distribution. Note that the columns are not necessarily square, that is, one random sample
is generated for the width and one for the depth of the columns according to Equation 1. Moreover, the values generated are rounded to the nearest multiple of 5 cm. Figure 1a shows the size
of the columns in the first story and Figure 1b shows the cross-sectional area. For the upper
stories, the size of the columns will decrease systematically by 5 cm every two stories. To assign
the steel percentage of the columns, ρc, a continuous Gaussian distribution is assumed. The
mean value is 1.5% and the standard deviation is 0.15%. The width of the beams will also
depend on the number of stories of the building model and will be calculated using the following
equation:
𝑊𝑊𝑏𝑏 = 𝑏𝑏1 ∗ 𝑁𝑁𝑠𝑠𝑠𝑠 + 𝑏𝑏2
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where bn are again coefficients that depend on the data distribution of the urban area. For the
hypothetical case of study, 𝑏𝑏1 = 0.0053 and 𝑏𝑏2 = 0.2947. The depth of the beams will not only
depend on the number of stories but also on the span length. The following equation has been
used to calculate the depth of the beams:
𝐷𝐷𝑏𝑏 = 𝑔𝑔1 ∗ 𝑁𝑁𝑠𝑠𝑠𝑠 + 𝑔𝑔2 ∗ 𝑆𝑆𝑙𝑙 + 𝑔𝑔3

(3)

where 𝑔𝑔1 = 0.0157, 𝑔𝑔2 = 0.075 and 𝑔𝑔3 = -0.0157. A random term was not considered for the
beams. Either the coefficients, or the type of equation considered, can be modified so that they
better represent the urban environment under consideration. Figure 2a shows the width of the
beams as a function of the number of stories and Figure 2b depicts the depth of the beams as a
function of the number of stories and the span length. To assign the steel percentage of the
beams, ρb, a continuous Gaussian distribution is assumed whose mean value is 1% and standard
deviation is 0.1%.

Figure 1 a) Depth and width of the columns of the first story and b) Cross-sectional area

Figure 2 a) Width of the beams as a function of the number of stories and b) Depth of the beams as a function of
the number of stories and the span length

2.3 Epistemic uncertainty
Several random variables should be considered when the behavior of a single building is
modelled. Amongst many other variables, the mechanical properties of the materials, the loads
acting on the structure and the participation of non-structural elements introduce epistemic uncertainty to the system. In this paper, the live loads, LL, the superimposed loads, SL, the compressive strength of the concrete, fc, the tensile strength of the steel, fy, the elastic modulus of
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the concrete, Ec, and the elastic modulus of the steel, Es, are considered random variables. A
continuous Gaussian distribution is assumed for these variables. The mean values, µ, and standard deviations, σ, are summarized in Table 1.
Variable
µ
σ
1
0.15
LL (kPa)
2
0.3
SL (kPa)
fc (kPa) 2.1e4 2.1e3
fy (kPa) 4.2e6 4.2e5
2e6
Ec (kPa) 2e7
2e7
Es (kPa) 2e8
Table 1 Mean and standard deviation of the random variables

2.4 Monte Carlo simulation
The Monte Carlo method is a relatively modern technique that allows modelling of complex
systems with a large number of random parameters. This method has been used to generate
1000 random samples of buildings, according to the established distributions described above.
An algorithm was implemented with MATLAB to this end. This algorithm will be part of the
source code of the software under development. Figure 3 shows ten building samples generated
with this algorithm. In this figure, we can see how the geometrical properties of the models vary
within the intervals considered.

Figure 3 Building samples generated by the code

One question at this point relates to the validity of the models that are generated: do they
properly describe the behavior of real structures? This question can be answered by comparing
some properties of the models with a physical property of the real structures. For instance,
Figure 4a shows a comparison between the fundamental period of the simulated models and
those measured in real reinforced concrete buildings [3]. The fundamental periods of the buildings that are generated agree with those measured on real structures. Moreover, if the fundamental periods are tabulated into a histogram (Figure 4b) one can observe that the values are in
agreement with those expected, according to the number of stories.
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Figure 4 a) Variation in the fundamental period as a function of the building height and b) Histogram of the fundamental periods of the structural models that are generated

3

SEISMIC HAZARD

One of the main important sources of uncertainty in estimations of the seismic risk of structures is the random variability of the ground motion. There are several methodologies to
properly select ground motion records that are consistent with the site-dependent spectral shape.
However, the main objective of this paper is not to assess the seismic risk of an area, but to
develop a simplified procedure for estimating EDPs, like those obtained with NLDAs. With
this objective in mind, the most important requirement is to have earthquakes that demand the
structural models at different intensity levels. To achieve this, based on the fundamental period
range of the generated models (see Figure 4b), groups of earthquakes are selected whose mean
spectral acceleration in the interval (0.4-1) s is between a stripe limited by two intensity levels.
The intensity levels defining the upper and lower limits of each stripe range from 0 to 1.5 g at
intervals of 0.15 g. The objective is to obtain 1000 records (as many as structural models generated) whereby 100 earthquake records per interval should be found. The database of Ambraseys et al. [4] is considered for the earthquake selection. Figure 5 shows 100 earthquake records
(approximately 10 per interval) selected according to the procedure described.

Figure 5 Response spectra of the selected earthquakes
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However, because of the high number of earthquakes requested, several will be scaled versions of the ones that naturally fulfil the interval condition. Thus, if an interval does not contain
100 earthquakes records, because there are not enough records within the database, the number
of missing records will be selected from the previous interval. This criterion avoids excessive
scaling of the earthquake records.
4

NON-LINEAR DYNAMIC ANALYSIS

An NLDA allows simulation of the time history response of a structure, which enters or does
not enter the nonlinear range when it is subjected to an earthquake. This analysis allows calculating EDPs such as the maximum displacement at the roof, 𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 , the maximum interstory drift
ratio (MIDR) and damage indices, among others. A key issue when an NLDA is performed is
the hysteresis law assigned to the structural elements. The modified Takeda hysteresis law [5]
has been used to perform the simulations. In-cycle strength degradation has also been considered. The yielding surfaces are defined by the bending moment-axial load interaction diagram
for columns and bending moment-curvature for beams. Based on these modeling assumptions,
the 1000 NLDA are performed. Ruaumoko software has been used to calculate the structural
analyses [6]. Figures 6a and 6b show the histograms of 𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 and MIDR, respectively. These
EDP are commonly used in several methodologies to assess the seismic risk of structures. The
maximum global drift ratio (MGDR), obtained as the ratio between the 𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 and the height of
the building, is also considered as EDP. Note that the MIDR is the envelope of the MGDR, as
can be seen in Figure 7. Another important aspect of the relationship between these two EDP
is their high correlation, which indicates that if one of them is known an accepted estimation of
the other can be made. Pearson’s linear correlation coefficient is also presented in Figure 7.
This coefficient will always be used in this paper to measure the correlation between two variables. Although NLDA requires a high computational effort, it should be the reference procedure to correctly estimate the seismic risk of structures. Nevertheless, it would be of practical
interest to have a simpler methodology to obtain similar results to those based on NLDA.

Figure 6 a) Histogram of 𝜹𝜹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 and b) histogram of the MIDR (NLDA)
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Figure 7 MGDR vs. MIDR

5

EDP
ESTIMATION
APPROXIMATION

BASED

ON

THE

EQUAL

DISPLACEMENT

The most simplified assumption, and one of the most commonly used in practice, is to estimate the expected seismic response of the structure based on the equal displacement approximation, EDA. EDA is a well-known empirical rule for the assessment of non-linear behavior
of structures subjected to earthquake ground motions. This procedure states that the predicted
inelastic displacement response of oscillators is often very similar to the predicted displacement
response of elastic oscillators with the same period. Noticeably, oscillators with short periods
of less than approximately 0.5 seconds are often significantly larger than the predicted response
of elastic structures of the same period. Accordingly, most of the structures analyzed in this
paper meet the requirements for a good prediction based on this simplified rule. The displacement calculated using EDA, commonly known as a performance point, corresponds to a singledegree-of-freedom (SDOF) approximation of the structure; if the 𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 of the represented
multi-degree-of-freedom system (MDOF) is the target, the spectral displacement should be
multiplied by the participation load factor [7], PF1, as shown in Equation 4:
𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟,𝐸𝐸𝐸𝐸𝐸𝐸 = 𝑃𝑃𝑃𝑃1 ∗ 𝑆𝑆𝑆𝑆�𝑇𝑇𝑓𝑓 �

(4)

where Tf is the fundamental period of the structure. In this way, after applying the EDA rule to
the structural models described above, and factoring the results by PF1, the 𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 based on
EDA is obtained. Figure 8a shows the comparison between the 𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 obtained using NLDA
and EDA methodologies. The dispersion increases as the displacement rises. The EDA rule
allows the δroof of a building to be estimated, but the MIDR cannot be directly estimated based
on this approximation. However, an MGDR based on EDA can be calculated by dividing the
𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 by the height of the building, H. According to Figure 7, there is a high correlation between
MIDR and MGDR. Consequently, it is expected that this correlation also exists between these
variables when EDA is applied. Thus, the following equation can be used to estimate the MIDR
from the 𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟,𝐸𝐸𝐸𝐸𝐸𝐸 :
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𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝐸𝐸𝐸𝐸𝐸𝐸 = 𝛼𝛼 ∗

𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟,𝐸𝐸𝐸𝐸𝐸𝐸
𝐻𝐻

(5)

where α is a coefficient intended to minimize the mean square error between the MIDR drift
based on NLDA and the MIDR based on EDA. It was found that α=1.3675. Figure 8b shows
this comparison. Noticeably, the correlation between these variables is similar to that observed
when 𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 (Figure 8a) is analyzed. Nevertheless, the EDA rule does not consider, explicitly,
either the higher mode response or the structural period elongation because of the accumulation
of damage.

Figure 8 a) Comparison between the 𝜹𝜹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 via NLDA and EDA and b) MIDR comparison obtained via NLDA
and EDA

5.1 Modification to the EDA rule
When a structure undergoes inelastic deformation due to a dynamic action, a change of in
its vibrational elastic properties is expected, whereby the participation of periods that are longer
than the elastic ones becomes important. Moreover, depending on the mass participation factor
of higher modes of the structure and the frequency content of the dynamic action, the contribution of these modes can become significantly high, even in low-rise buildings. Neither of these
effects are considered explicitly by the EDA rule. More advanced methodologies, also based
on the principles of the capacity spectrum method, e.g. FEMA 440 [8], allow such effects to be
considered. Nevertheless, these methodologies are intended for spectral shapes that are smooth,
and they can provide multiple solutions when real earthquakes are considered. If earthquakes
are selected to fit a smooth spectral shape, such as a design or a uniform hazard spectrum, these
methodologies provide very good results [9]. The most important aspect of the EDA, at least in
our opinion, is its ease of use. Thus, a modification of the EDA rule, aimed at maintaining its
simplicity, is presented. The new performance point will be calculated not as the response of
the oscillator related to the fundamental period but as the average spectral displacement of several SDOF systems. Therefore, the term Sd from Equation 4 becomes the average spectral displacement of several oscillators as follows:
𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟,𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 𝑃𝑃𝑃𝑃1 ∗
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Of course, the periods of these oscillators should consider softening of the structure due to
the accumulation of damage and the participation of higher modes. These periods will be
equally spaced, with an interval of 0.01 s, in the βinf·Tf to βsup·Tf range. Tf represents the fundamental period of the structure. Moreover, it is expected that βinf <=1 and βsup>=1. We designed
an algorithm based on Monte Carlo to find the coefficients βinf and βsup that minimize the mean
square error between the 𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 obtained via NLDA and the modified EDA. It has been found
that βinf = 0.1 and βsup= 1.8 are the coefficients that fulfil the minimization condition. Figure 9a
shows the comparison between the 𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 obtained using NLDA and the modified EDA. A significant increase in the correlation can be seen after the applied modification. Then, to calculate
the MIDR based on the modified EDA, the MGDR based on EDA are recalculated and a new
α coefficient is obtained. In this case, it has been found that α=1.6976. Figure 9b shows the
comparison between the MIDR using NLDA and the modified EDA. Again, the correlation
between these variables is similar to that obtained for the 𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 comparison (Figure 9a).

Figure 9 a) Comparison between the maxima 𝜹𝜹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 via NLDA and modified EDA and b) MIDR comparison obtained via NLDA and modified EDA

6

DISCUSSION AND CONCLUSIONS

In this paper two main issues were considered. The first is related to the development of a
numerical tool that can be used to estimate the seismic risk of structures through the implementation of a hypothetical case study. This tool considers several sources of uncertainties such as
those related to geometry, the mechanical properties of the materials and the seismic hazard.
Currently, the source code used to obtain the results presented herein is being reviewed and
enhanced. It is expected that an interoperable version for potential users will be created by the
end of the KaIROS project [1]. This tool could be used to develop detailed vulnerability models
as the one presented in [10]. The second is a statistical analysis of the results aimed at developing a simplified procedure for estimating commonly used EDPs. The EDA rule principle was
employed as the basis of a modified version that can be used to calculate similar results to those
obtained via NLDA. This simplified procedure can be used to estimate, for instance, fragility
curves via cloud analysis [11] without the need to perform NLDAs. Thus, the fragility curves
for several damage state thresholds, related to MIDR 0.005, 0.01, 0.015 and 0.02, for the reinforced concrete six-story building shown in Figure 10a will be obtained based on the NLDA
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and the modified EDA. The fundamental period of this structure is 0.84 s. Table 2 summarizes
the details of the building. The epistemic uncertainties are considered according to the values
presented in Table 1.
Story Wc (m) Bc (m) Wb (m) Db (m) ρc (%) ρb (%)
1
0.7
0.7
0.35
0.4
1.2
0.8
2
0.7
0.7
0.35
0.4
1.2
0.8
3
0.65
0.65
0.3
0.35
1.1
0.8
4
0.65
0.65
0.3
0.35
1.1
0.8
5
0.6
0.6
0.3
0.3
1
0.8
6
0.6
0.6
0.3
0.3
1
0.8
Table 2 Characteristic of the building analyzed (Figure 10a)

Fifty earthquake records are selected in similar way to the procedure presented in Section 3,
but in this case the spectral acceleration is related to the fundamental period of the structure.
The values defining the upper and lower limit of each stripe range from 0 to 1 g, at intervals of
0.1 g (Figure 10b).

Figure 10 a) Six-story building and b) Spectra of the selected earthquakes

The fragility curves are then obtained using the cloud analysis via NLDA and the modified
EDA. Figure 11a shows the comparison between the fragility curves obtained with both approaches. Significant differences can be seen between both curves. Nevertheless, these curves
have been calculated for α=1.6976, which is a value that minimizes the error of all the structural
models analyzed in the paper. If one analyzes the evolution of α depending on the number of
stories, we will find that α increases with the number of stories. This makes sense, because the
higher the building the higher the participation of superior modes of vibration. Figure 12 shows
the evolution of α as a function of the number of stories. Then, after performing the calculations
using α=1.85, obtained from the regression analysis presented in Figure 12, the fragility curves
shown in Figure 11b are obtained. Noticeably, a better fit is achieved. This example proves the
ability of the proposed procedure to estimate EDP in a very simplified way. Of course, the
building that is analyzed should be in the domain of the simulation performed in this paper.
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Figure 11 a) Fragility curves via cloud analysis with α=1.6976 and b) α=1.85

Figure 12 Evolution of α as a function of the number of stories

Finally, the key to reducing seismic risk is to decrease the vulnerability of existing structures
and provide new insights to improve the design of new structures and protect them against
seismic events. The current capacity of computers, combined with the versatility offered by
probabilistic numerical methods, helps face this fundamental challenge in current society.
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Abstract
Mapping seismic risk at the territorial scale is a key process in earthquake-prone countries
since it allows to understand the spatial distribution of risk and its quantification in economic
terms. Seismic risk maps can be used by governments to outline short-, mid- or long-terms
risk mitigation and/or transfer actions. The present contribution aims to show how the seismic
risk mapping framework detailed by the authors in a companion paper can be used to investigate the financial sustainability of national seismic risk reduction programs, focusing the attention on the specific case of the national residential building stock of Italy.

Keywords: Seismic risk map, Italy, Seismic risk reduction programs, risk mitigation, costbenefit analysis
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1

INTRODUCTION

For practitioners and authorities, seismic risk computation and mapping are fundamental
knowledge tools for understanding and managing the risk at which communities are exposed.
For these reasons, reliable seismic risk indicators are needed for quantitatively approach the
problem of reducing and/or transferring the risk at with an extended territory is exposed. The
Expected Annual Loss (EAL) is a widely adopted synthetic risk indicator, considering and
weighing all possible loss scenario than can occur in a specific point. Furthermore, it allows
quantifying benefits associated to a retrofit intervention and also provides a reasonable estimate the insurance premium that can be expected based on the design or strengthening decision taken [1].
In last years, many applications adopted the EAL for the evaluation of the best seismic
strategy to be adopted, but mostly related to specific structures and addressing specific problems, most of time at punctual level and not at regional level. In [2], Beigi et al. performed a
cost-benefit analysis for buildings retrofitted using a gapped-inclined brace system (GIB),
while [3] discussed the possible criteria for the mitigation of seismic risk and for the structural
strengthening in case of reinforced concrete structures [3]. In 2018, Hofer et al. [4] proposed a
methodology for determining the most profitable seismic retrofit strategy to be adopted in an
industrial productive plant. In this context, seismic risk evaluations have been extended to
spatially distributed assets, for assessing seismic risk at regional level. Map of losses, conditioned on a specific return period, have thus been developed with the OpenQuake engine [5]
for Portugal [6], Nepal [7], and Turkey [8]. In 2013, Asprone et al. [9] computed a possible
seismic insurance premium for five different types of building categories within all the Italian
territory, while in 2018 Zanini et al. developed the first seismic risk map in terms of EAL, for
the Italian territory [10]. In particular, he performed the calculation for three different level of
granularity according to the Italian administrative subdivision, obtaining in this way the Municipal Expected Annual Loss map (MEAL), the Provincial Expected Annual Loss map
(PEAL), and the Regional Expected Annual Loss map (REAL). In addition, [10] showed the
effect of different granularity levels on the EAL referred to 1 m2 of build area (€/m2), highlighting the averaging effect of assuming a less refined granularity.
This work wants to propose a possible seismic retrofit scenario for the entire Italian residential building stock, and accordingly compute the seismic risk maps for the retrofitted assets. From the difference between the two maps, it is thus possible to quantify the benefit
associated to the retrofit interventions. Furthermore, this paper provides an insight on the
problem of evaluating the profitability of retrofit interventions at national scale when a significant number of vulnerable structures is involved, and thus scale-effects may happen on the
cost-benefit analysis. The paper thus proposes a possible sustainable risk reduction program
for the Italian residential building stock and shows some possible applications of it. More details, and the complete procedure description can be found in [10, 11].
2
2.1

A RETROFIT SCENARIO FOR REDUCING THE CURRENT SEISMIC RISK
The current seismic risk map of Italy

Zanini et al. [12], showed the construction of the seismic risk map for Italy, computing the
Expected Annual Loss for every Italian municipality, province and region. For the hazard representation, [10] adopted the seismogenic model of [13], jointly with the GutenbergParameter of [14], the Ground Motions Prediction Equations of [15], and the soil map of [16].
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A suitable building taxonomy have been adopted for representing the seismic vulnerability
of the Italian residential building stock, which has been subdivided in eight Taxonomy Classes TCs. Masonry buildings have been subdivided in two TCs, masonry buildings built before
and after 1919, respectively TC1 and TC2. Reinforced concrete structures have been subdivided in two main classes, depending if gravity-load design, or seismic-load design. Each one
of these two classes have been furtherly subdivided in two classes, on the base of the number
of storeys (1-2, or 3+), respectively TC3 and TC4 for the gravity-load design, and Tc5 and
TC6 for the seismic-load design. Finally, two more TCs (again Other – gravity design TC7,
and Other – seismic design TC8) have been adopted for describing structures other than masonry and RC, mainly combined RC-masonry structures. All parameters of the adopted fragilities can be found in [10].
About exposure data, they have been retrieved from the 15th census database of the National Institute of Statistics [17]. Figure 1 shows the seismic risk maps in terms of MEAL, PEAL
and REAL, that are representations of the seismic risk in the so-called as-built condition.

Figure 1: The seismic risk map of Italy in terms of MEAL (left), PEAL (center), REAL (right).

2.2

The seismic risk map of Italy after the retrofit of the building stock

This work investigates benefits of implementing a full seismic retrofit of the Italian residential building stock. For this scope, a seismic retrofit scenario for the entire building asset at
national scale, has to be determined, and improved suitable fragilities have to be assumed.

Figure 2: The seismic risk map in terms of MEAL (left), PEAL (center), REAL (right), for the retrofitted asset.
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In particular, this paper assumes to improve the structural behavior or masonry buildings
(TC1 and TC2), RC gravity load-designed structures (TC3 and TC4), and “Other” gravity
load-designed structures (TC7). Retrofitting implies a change of the fragilities for the abovementioned TCs: in particular it has been assumed that in the retrofitted configuration they behave like the respective seismic-designed classes, i.e. TC1, TC2, TC3 change in TC5, TC4 is
modified as TC6, and TC7 is characterized as TC8.Under these assumptions, seismic risk
maps have been recomputed for the three level of granularity. Figure 2 shows results in terms
of MEAL, PEAL and REAL.
2.3

Assessing the retrofit convenience

For assessing the financial sustainability of the proposed seismic retrofit program, a costbenefit analysis (CBA) is needed [18]. The main aim of CBA is to assess the profitability of a
retrofit intervention, usually performed by computing the break-even time tBE, i.e. the temporal point at which total cost and total revenue are equal. The tBE,x for each xth municipality
can thus be computed as:
t BE , x 

Cx
Bx

(1)

where Cx represents the cost to be sustained by the xth municipality for retrofitting TC1, TC2,
TC3, TC4 and TC7, and Bx is the benefits in terms of EAL provided by the all the retrofit interventions in the xth municipality. Bx can be computed as the different between the MEAL in
the as-built condition, and the MEAL after the structural improvement interventions as

Bx MEALx,as built  MEALx,retrofit

(2)

Similarly, the benefit due to seismic retrofit can be computed at provincial and regional
level. Figure 3 shows the three benefit maps, highlighting how higher benefits are expected in
the area of higher Annual Expected Losses.

Figure 3: Benefit map at municipal (left), provincial (center), and regional (right) level.

Cost at municipal level Cx in Eq. (1) strictly depends on the planned seismic retrofit interventions for p = 5 TCs that need a structural improvement, and can be computed as
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Cx  Ay , x  SRC y

(3)

y 1

where Ay , x is the built area of the yth TC that needs seismic retrofit, and SRCy is the unitary
seismic retrofit cost for the yth TC. The SRCy values have been assumed equal to 68 €/m2 for
TC1, TC2, TC7 structures (i.e. retrofit schemes consisting in the insertion of tie-roads [19]
and reinforced plaster) and 34 €/m2 to for TC3, TC4 buildings (i.e. interventions based in FRP
wrapping [20] or reinforced concrete jacketing of RC frame elements) in accordance to Prota
[21]. Figure 4 shows the break-even time map, computed at municipal, provincial and regional level. Basing on this indicator, the Italian territory is mainly divided into two parts: in the
first zone, coinciding with the Appennini area and northeastern Italy, seismic retrofit is recommended and tBE ranges between few decades till about one hundred years. In the second
case, for northwestern Italy, Puglia and the Tyrrhenian coast, retrofit interventions seem not to
be convenient, since the break-even time is hundreds of years. Even in this case, the calculation at provincial and regional level, has an averaging effect, increasing the lower tBE values at
municipal level, and reducing the higher tBE values.

Figure 4: Break-even time map at municipal (left), provincial (center), and regional (right) level.

In general, for the entire national territory, structural retrofit implies gains in a mediumlong term, and, except for some municipalities and provinces where it is highly recommended,
seems not to be a convenient strategy for reducing seismic risk. However, the safety of citizens and the national risk reduction, cannot be neglected basing on cost-effectiveness analysis.
For this reason, a financially sustainable seismic risk reduction program is proposed in the
next section.
3

DEVELOPMENT OF SUSTAINABLE RISK REDUCTION PROGRAMS

The financial sustainability of implementing a nationwide retrofit program, has to be investigated in order to guarantee reasonable break-even times. The idea is that the implementation
of the national seismic risk reduction program, should be managed by the Italian Government,
or, better, by an ad hoc national public agency, which have to support the seismic retrofit at
municipal level (or provincial and regional). The cost-effectives of the initial investment, and
thus a reasonable financial return time, should be guaranteed by increasing benefits due to the
seismic retrofit. This can be obtained by introducing for each xth municipality (or Province
and Region) a property tax PTx, that can be seen as an additional income to be summed to the
benefit Bx, thus reducing the break-even time:
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t BE , x 

Cx
Bx  PTx

(4)

In each xth municipality, PTx can be computed as a fraction PTRx (property tax rate) of the
total municipal cadastral income
PTx  PTRx  CI x  Ax

(5)

where Ax is the total built area in the xth municipality, and CIx is the municipal cadastral income in €/m2: in this application CI has been assumed constant and equal to 484 €/m2 [22].
From Eq. (4) and Eq. (5) it is thus possible to compute the PTRx, given a specific tBE, and, on
the contrary, compute the break-even time corresponding to a specific PTRx. Figure 5 shows
the map of the break-even time for PTRx = 1 ‰ while Figure 6 shows the map for PTRx =
2 ‰. Further examples for PTRx = 0.5 ‰ and PTRx = 3 ‰, and the calculation of PTRx for a
specific payback period can be found in [10].

Figure 5: Break-even time map with PTR = 1 ‰ at municipal (left), provincial (center), and regional (right) level.

Figure 6: Break-even time map with PTR = 2 ‰ at municipal (left), provincial (center), and regional (right) level.

Figure 5 and Figure 6 clearly show the benefit of introducing this contribution. In particular,
with PTRx = 2 ‰ almost the entire national territory has a payback period lower than 30 years.
Even in this case, considering less refined granularity has an averaging effect on tBE, increasing the lower values, and reducing the higher ones.
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4

CONCLUSIONS

In earthquake-prone countries, the development of financially sustainable risk reduction
programs, is a key issue that has to be addressed starting from a deep knowledge of the risk at
which the national territory is exposed. For this scope, suitable hazard, vulnerability and exposure models have to be defined, and then combined for computing the seismic risk map of
the area of interest. The seismic risk map is the representation of the current as-built condition,
from which the benefit due to seismic retrofit has to be computed. It is thus possible to compute the seismic risk map for the retrofitted configuration, and by subtraction the map of the
expected benefit. The cost-benefits analysis performed for the Italian territory, showed a wide
range of variability for the payback period, highlighting Italian regions in which seismic retrofit is highly recommended, and others in which it has a lower impact with high break-even
times. For this reason, this work proposed a financially sustainable risk reduction strategy,
based on the introduction of a property tax to be paid by citizen for achieving in a shorter time
the financial break-even. The Italian Government, or, better, an ad hoc national public agency,
has thus to support the seismic retrofit, whose cost-effectives is guaranteed by the introduction of this additional contribution. The flexibility of the proposed strategy allows computing
the expected payback period corresponding to a given level of property tax rate, or vice versa,
the property tax rate to be applied for re-entering the investment in a specific number of years.
Results shows as a property tax rate of 2 ‰ assures for almost the entire national territory a
payback period lower than 30 years. In this paper, all calculations are performed at three
granularity levels, i.e. municipal, provincial and regional level, according to the Italian administrative subdivision. In particular, a less refined granularity has an averaging effect on the
final break-even time, increasing the lower values, and reducing the higher ones. The use of
different granularity levels is highly informative and, together with the developed maps, allows national authorities to take rational decisions for reducing the impact of future earthquakes that can occur in the Italian peninsula.
5
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Abstract
The paper summarizes results from numerical investigations on seismic response of singlestory non-residential steel buildings designed and built in Italy during the 1980s-1990s, i.e.
prior to code enforcement of modern capacity design and ductility detailing rules. A typical
geometry and structural layout were selected to generate an archetype building, considering
trussed portal frames in the building transverse direction and concentric braces in the building longitudinal direction. Following the simulated design, the case study building was
modelled and analysed using OpenSEES. First, the paper describes the mathematical
modelling of the mechanical response of critical building components as well as the global
building model. The model represented explicitly the shear force-displacement response of
bolted connections for truss members, as well as the axial-shear force-displacement response
for column base connections. Low-cycle fatigue of buckling braces was considered following
literature models to represent triggering of brace fracture. Two different envelope types were
analysed and explicitly modelled. Following description of the finite element model, results
from non-linear static analysis are summarized and critical building components are identified. Subsequently, results from response history analysis with multiple sets of ground motions
selected for increasing seismic intensity levels are also provided and commented on. Finally,
conclusions from the presented numerical results are traced and future developments of the
work are discussed.
Keywords: Building, collapse, risk, steel
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1

INTRODUCTION

Single story steel buildings are frequently used in Italy for non-residential buildings. Often,
in old buildings, trussed beams were employed to carry the gravity loads distributed on large
spans, while braced frames were used to obtain out-of-plane member stability and stiffness in
the orthogonal direction. Because of the relatively small values of structural and nonstructural masses, design of this buildings is dictated by gravity and wind actions, as well as
slenderness and other geometric limitations. Besides, due to the absence of capacity design
and ductility detailing rules in the old structural codes, post-buckling member behaviour, connection failures and other relatively brittle failure modes are phenomena that could govern
response under increasing horizontal actions. Eventually, an adequate model of the building
envelope could be necessary, if a realistic estimate of the seismic performance would be required. The case study presented in this paper refers to typical similar structures designed and
built in Italy during the years 1980s-1990s. First, the paper provides a description of the case
studies and the relevant design assumptions, as well as the main design output. Second, a description of the structural model, including the building envelope, is presented. Finally, results
are presented in terms of non-linear static and dynamic analyses on a 3D finite element (FE)
model. The paper discusses the results, with a focus on evaluating the building ultimate failure, and the effect on response of the building envelope, in comparison to the bare frame response. The presented work is framed within the activity of a broader research project, the
ReLUIS-DPC project named RINTC, aimed at evaluating the seismic reliability of structures
in Italy with emphasis on ultimate failure [1, 2]. In specific, the behaviour of existing steel
structures is under investigation, following a similar work already carried out for new structures [3].
2
2.1

CASE STUDY STRUCTURE
General design assumption

The building depicted in Figure 1 represents the case study of this work. A simulated design was carried out, according to codes and standards of practice adopted in Italy in the years
1980s-1990s [4,5,6]. The archetype building was made of five portal frames with a main
trussed beam in the transverse direction (X), while concentric braced frames were adopted in
the longitudinal direction (Y). In addition, Figure 1 highlights the presence of the envelope
and their openings in the two main building directions.

Figure 1: Global geometry of the case study building.
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The building was located at L’Aquila (Italy), a small city in central Italy where seismic
hazard is significant. The design assumed two main load combinations: (i) a gravity load
combination; (ii) a horizontal load combination. The effects of seismic actions were included
in the combinations (for both horizontal and vertical actions), but neither capacity design rules
nor detailing requirements for ductility were implemented. The simulated design was carried
out according to the allowable stress method, considering an old “Fe 430” steel with an allowable stress of σa=190 MPa.
2.2

Design results

Figure 2 shows the member cross sections for the main structural members. The choice of
the trussed beam element cross sections was governed by the gravity loads, while the column
cross section was governed by the horizontal loads. The brace cross sections were selected
based on a codified slenderness limitation (λ≤200 for main members and λ≤250 for secondary
members).
2 UPN 180

2 L 80x10

L 60x5

2 L 80x8
2 L 80x8

2 UPN 140
HEM 500

HEA 220

2 UPN 280
HSS 110x5
HSS 80x5

Figure 2: Cross sections of main structural members.

Bolted connections were used for truss members. The gravity load combination led to connections for members at midspan stronger than the connections for members at the column
face (Figure 3(a)). Simple column base connections were assumed for the design. Column
base anchor cross sections were selected to resist only shear forces, because no tension developed under the design loads. The anchor length was conservatively selected equal to the minimum suggested by the code for tension bars. In addition, to provide stability during column
erection, four anchors were used (Figure 3(b)).

t=20mm

a)

HSS 80x5
Φ22

b)
Figure 3: Connection design: (a) Truss-to-Column connection; (b) Column base connection.

Two alternative types of lateral cladding were considered: (i) sandwich panels (Figure
4(a)), and (ii) trapezoidal sheeting (Figure 4(b)). The roofing panels were always made of sin-
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gle trapezoidal sheeting, eventually completed on-site with thermal insulation and weather
shield. Bolted connections between secondary steelwork and panels were assumed in the case
of sandwich panels, because of the experimental results used for modelling the panels [7]. Instead, screw connections were assumed in the case of trapezoidal sheeting, according to the
experimental results used for modelling the panels [8].
Connected
Structural Member

Steel Sheets
t=0.6 mm

Steel Trapezoidal Sheet
t=1.52 mm

M8 Bolts

Connected
Structural
Member

a)

b)

Screws d=5.36 mm

Figure 4: Cladding and roofing elements: (a) sandwich panel detail; (b) trapezoidal sheeting detail.

3
3.1

NON-LINEAR MODELLING FOR SEISMIC ASSESSMENT
General modelling issues

The open source finite element software “OpenSEES” [9] was adopted to analyse the
seismic performance of the case study building. The stress-strain relationship was defined by
Young modulus Es = 210 GPa, yielding strength fy = 316.25 MPa, post-elastic kinematic hardening ratio Ep = 0.01Es, and Poisson ratio ν=0.30.
A classical Rayleigh damping model was adopted, with damping ratio set equal 5% for two
main vibration modes in the two main building directions. Generally, members of both transverse and longitudinal trusses were modelled as “truss” elements. An exception is represented
by the bottom chords of the main trusses, where “beam” elements were used to provide more
realistic out-of-plane stiffness of the truss. Columns were modelled as elastic “beam-column”
elements, because preliminary analysis indicated that connection and brace failures anticipated column yielding.
3.2

Structural modelling issues

Figure 5 shows two views of the structure finite element model, highlighting: (i) the main
structure elements; (ii) the secondary steelwork elements; (iii) the cladding/roofing panelequivalent brace elements. Openings (dashed lines) were considered by applying a 50% reduction to both the initial stiffness and resistance [10].

Figure 5: Structure finite element model

Both roof and vertical braces were modelled as non-linear fiber beam-column elements,
with equivalent member imperfections calibrated to obtain buckling loads according to the
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Eurocode general method [11]. The Giuffré-Menegotto-Pinto uniaxial material model was
selected, considering the steel mechanical parameters described previously. The Bauschinger
effect was considered assuming values of relevant parameters suggested in the OpenSEES
user manual. Figure 6 shows one example of vertical brace modelling: brace discretization
and member equivalent imperfection (Figure 6(a)), out-of-plane rotational behaviour of the
gusset plate connection (Figure 6(b) and Figure 6(c)) according to Hsiao et al. [12]. Figure
6(d) shows an example of component response.
a)

b)
600

Brace axial load N [kN]

M
0,01𝑘𝑅𝑂𝑇

ϑ

c)

500

Cyclic - e0=L/550

400

Monotonic

300
200
100
0
-100
-200
-0.25

d)

-0.15
-0.05
0.05
0.15
Brace axial displacement δ [m]

0.25

Figure 6: Brace modelling: (a) element modelling; (b) connection detail and (c) model; (d) element response.

Figure 7(a) shows the mechanical model used for the generic element of the main truss,
where the flexibility and resistance of end connections was considered [13]. For the bolted
connection between the columns and the truss ends, analysis indicated shear failure of bolts
and the relevant non-linear behaviour (δU,conn, FU,conn) was modelled using results provided by
Henriques et al. [14].
Sj

EA/L

Non-linear
Fiber
Element

Sj

N
FU,Conn
FR,Conn

δ

a)

δU,Conn

b)

Linear
compression-only
spring

Non-linear
tension-only
spring

Figure 7: Connection modelling: (a) truss connection model; (b) column base connection model.
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Figure 7(b) shows the model for column base connections in the longitudinal braced frame
direction. An equivalent circular non-linear fiber element was used to simulate the anchor
length outside the foundation block, thus considering the shear-axial force interaction. In addition, a unilateral tension spring was used to simulate the anchor length embedded into the
concrete foundation including the hook [15]. The compression behaviour of the connection
was considered by means of an elastic unilateral compression spring. Additional information
about modelling can be found in Cantisani et al. [16].
Figure 8(a) shows the mechanical response of sandwich panels with bolted connections
(SPs). The model comprises both the mechanical response of the panel and the non-linear response of the connection between panels and secondary steelwork. According to the experimental results [7], failure of the specimen occurred by bolt bearing against the sheet holes.
Figure 8(b) shows the mechanical response of the trapezoidal sheeting (TS), considering the
non-linear response of the screw connections. The response for TS comprises also the sideby-side connections between adjacent sheets [8].

0
-5

H

-15
-20

δ

F

-10

-40

-30

-20

-10

0

δ/H
F

10

20

30

-2

F

-4

H

δ
δ/H
F

-6
-8

40

δ/H [mrad]

a)

0

-8.0

-6.0

-4.0

b)

-2.0

0.0

2.0

δ/H [mrad]

4.0

6.0

8.0

Figure 8: Envelope component modelling: (a) SPs response; (b) TSs response.

In addition to panel and panel-to-frame connection response, the model comprises also the
non-linear response of connections between siderails and columns (Figure 9(a)). The shear
connection model was implemented following the same rules already used in modelling trussto-column connections (Figure 9(b)), considering a horizontal zero-length element in each
siderail-to-column intersection in both the main direction of the building.
Generic
Cladding
System

FU,Conn
FR,Conn

Secondary
Element
Cladding to
Secondary
Element
Connections

a)

F

𝑆𝑗,𝑠𝑡
𝑆𝑗,𝑖𝑛𝑖

b)

Shear Bolted
Connection

δU,Conn

δ

Figure 9: Cladding connection modelling: (a) connection geometry; (b) connection model; (c) connection arrangement.
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4

ANALYSIS RESULTS

4.1

Modal analysis results

Table 1 provides information about periods of vibration (T) corresponding to modes having
the largest modal participating mass (indicated as m* in the table, and given as percentage of
the total building mass) in the main building directions. Results are shown for different 3D
models: (i) a bare frame model (BF), (ii) a model with sandwich panels (SP), and (iii) a model
with trapezoidal sheeting. The values of T for the transverse X-direction (i.e., the direction of
the main trusses) demonstrate significant increase of stiffness when changing from a bare
frame model to a model incorporating envelope panels. Such increase in global stiffness was
due to both the diaphragm effect of the roofing panels and the lateral stiffness contribution
from the panels located at the two front and back portal frames. The diaphragm effect provided by the roofing panels is demonstrated by the different modes of vibration illustrated in
Figure 10 for the bare frame model (Figure 10(a)) and the models with the envelope panels
(Figure 10(b)). There was no significant difference between the SP and TS models, because
the two models showed almost the same elastic stiffness in the transverse direction. Considering that SP and TS exhibited appreciable difference in their initial stiffness, one can conclude
that the increase in the lateral stiffness compared with the bare frame model was mainly due
to the diaphragm effect of the roofing panels. Instead, the longitudinal Y-direction (i.e., the
direction of the concentrically braced frames) was neither qualitatively nor quantitatively affected to any significant extent by the presence of the envelope panels.
Model
X-direction
Y-direction
Bare frame (BF) model
T = 1.06 s m*=59.5% T = 0.25 s m*=71.2%
Model with sandwich panels (SP)
T = 0.54 s m*=95.2% T = 0.22 s m*=81.6%
Model with trapezoidal sheeting (TS) T = 0.54 s m*=95.2% T = 0.22 s m*=81.6%
Table 1: Modal analysis results for the 3 cases study

b)

a)

Figure 10: Transverse vibration mode in plain view: (a) BF model; (b) SP/TS model. Note: A circle highlights
the control node for the pushover analysis discussed in section 4.2.

4.2

Pushover analysis results

Figure 11 summarizes the results of non-linear static (i.e., pushover) analysis. The figure
shows the relationship between the base shear force (VB,X and VB,Y) and the column drift ratio
(dX/H and dY/H, with H=10.50 m) (the control node is shown in Figure 10). Two types of lateral force patterns were used: (i) a modal force (MF)pattern, in which forces are proportional
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to the product of node mass and displacement component of the relevant vibration mode in
the direction considered; (ii) a uniform force (UF)pattern, in which forces have the same intensity at all the nodes of the model. The pseudo-static analysis method suggested by Hall [17]
was adopted in cases in which convergence problems occurred.
Pushover results show that the structural response is significantly different between the two
main directions. Failure of truss-to-column connections leads to collapse of the building in the
transverse direction, in all the examined models. The presence of the cladding did not change
the collapse mechanism of the building. During the whole loading process until collapse, rather complex interaction developed between claddings and the main structure. A detailed explanation of the interaction phenomena, as well as the evolution of the claddings damage, is
provided by Cantisani and Della Corte [18].
2500

2500

BF - UF
SP - UF

2000

2000

TS - UF

1500

1500

SP - MF

VB,Y [kN]

VB,x [kN]

BF - MF
TS - MF

1000
500

a)

BF - UF
SP - UF

1000

TS - UF
BF - MF

500

0
0.0%

1.0%

2.0%

3.0%

dX/H [-]

4.0%

5.0%

b)

0
0.0%

SP - MF
TS - MF

1.0%

dY/H [-]

2.0%

3.0%

Figure 11: Non-linear static analysis results: (a) transverse direction; (b) longitudinal direction.

4.3

Ultimate failure criteria

Pushover analysis was used to identify the building ultimate failure [1]. Global failure of
the building during a generic non-linear dynamic analysis was assumed to occur when the
drift ratio at the pushover control node exceeded a limit value. The limit value to the drift ratio was assumed as that corresponding to a 50% loss in the global base shear force resistance
obtained from the pushover curve. The drift limits were identified for the transverse response,
because of the descending branch of the pushover curves. Ultimate failure for the longitudinal
response was monitored by post-processing results in terms of brace and column base anchor
strains. In fact, brace fracture was assumed to occur when the maximum brace strain range
(Δεpeak) reached the limit value by Hsiao et al. [12]. Similarly, column base anchor fracture
was assumed to occur when the peak strain in the anchors (εpeak) exceeded the expected steel
ultimate strain (εu=34%, [19]).
4.4

Non-linear dynamic analysis results

4.4.1. Seismic hazard and record selection
Non-linear time history analyses were performed using bidirectional ground motions which
were selected by the coordinators of the RINTC project [1]. The spectral (pseudo-) acceleration at the system fundamental period of vibration (Sa(T1)) was used as intensity measure (IM).
Ten different IM values corresponding to return periods (TR) varying from 10 years to 100000
years were considered. At each IM value, 20 pairs of ground motions (GMs) were provided.
Consequently, a total of 200 non-linear dynamic analyses were carried out. For instance, Figure 12(a) shows the two selected site hazard curves in terms of mean annual frequency of exceedance (λSa). Figure 12(b) shows the mean (pseudo-)acceleration elastic response spectra of
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ground motions selected with a conditioning period T = 0.5 s and for each return period, TR,
considered in the analysis.
7
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Figure 12: Seismic hazard: (a) Hazard curves for L’Aquila (Italy); (b) mean elastic acceleration response spectra
for GMs selected with conditioning period T=0.5 s.

4.4.2. Multi-stripe analysis results
Using the selected ground motions, a multi-stripe dynamic analysis (MSA) was carried out
[20]. Figure 13 summarizes the results in terms of relationship between IM and an engineering demand parameter (EDP), which was chosen to represent the global building response.
For the transverse direction (X), the peak drift ratio (dX,peak/H) among the five portals was selected as EDP. For the longitudinal direction (Y), the brace strain range (Δεpeak) among the
vertical braces and the anchors peak strain (εpeak) were selected as EDPs, in order to check
possibility to trigger steel fracture in braces or anchors. The results are shown for the BF
model (Figure 13 (a), (b)), the SP model (Figure 13 (c), (d)), and the TS model (Figure 13 (e),
(f)). The figures also report the various ultimate failure limits of the EDPs, as introduced previously.
The MSA of the bare frame model was already described by Cantisani et al. [14]. Results
are reported here for comparison purposes. The figure shows the number of failure cases (if
larger than 0) in a box for each value of IM. As shown in Figure 13, failure in the transverse
direction starts to occur at IM = 6 (i.e., TR = 1000 yrs). Only one failure case was observed in
the longitudinal direction due to brace fracture. No anchor fractured in the bare frame model.
Concerning the SP (Figure 13 (c), (d)) and TS models (Figure 13 (e), (f)), results essentially confirmed the pushover results, with ultimate failure cases predominantly occurring in the
transverse direction, starting at IM = 6 (i.e., TR = 1000 yrs) and IM = 7 (i.e., TR = 10000 yrs)
for the TS and SP models respectively. The SP model shows much less failure cases at IM = 7
and IM = 8, while there is practically no difference at IM = 9 and IM = 10. A small number
(≤3 for both models) of failures in the longitudinal direction were observed, but they only occurred at IM = 10, when also failure in the transverse direction takes place for any ground motions.
MSA results are reported in terms of peak strains in the column base anchors in Figure
14(a) and (b), for the SP and TS models respectively. Though there were no fractures predicted to occur in column base anchors, large ductility demand could occur, with values as high
as 28% for one ground motion at IM=10.
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Figure 13: MSA results for the three models: (a) X-BF; (b) Y-BF; (c) X-SP; (d) Y-SP; (e) X-TS; (f) Y-TS.
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Figure 14: MSA results in terms of column base anchor peak strain: (a) SP model; (b) TS model.
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Because of the bi-directional ground motion input, columns were subjected to axial forces
and bi-directional bending moments, differently from the pushover analyses. For this reason,
and for also investigating any potential difference in the dynamic response compared with the
predictions from the static non-linear analysis, column buckling was checked step-by-step
during post-processing of the numerical results. Figure 15 shows the peak demand over capacity ratio (D/C) for the columns in the SP model (Figure 15(a)) and TS model (Figure
15(b)). The Figure shows the results considering all the GMs at the last two stripes of the
analysis (i.e., IM = {9,10}). Since columns were elastic elements in the model, three checks
were necessary: (i) resistance check (labelled as R); (ii) in-plane buckling check (labelled as
IP); out-of-plane buckling check (labelled as OOP). The member capacities for the R, IP and
OOP failure modes were evaluated according to Eurocode 3 [9]. Looking at Figure 15, one
can observe that there were no column failures in the SP model, while there was one failure
case in the TS model (IM=10, GM=19). However, for this specific GM brace fracture anticipated column buckling. For both models, the ratio D/C varies in the range (0.4, 0.8), approximatively.
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Figure 15: Demand-capacity ratio for columns: (a) SP model; (b) TS model

4.4.3. Model-to-model comparison
Figure 16 provides further comparison between the three analysed models. Figure 16(a)
shows statistical comparison among the median values of the peak drift ratio demand
((dX,peak/H)m) in the transverse direction at each IM. IM levels at which global failures occurred (i.e., IM > 6) were discarded in this statistical analysis. The comparison in Figure 16(a)
is in agreement with the comparison made by the pushover analysis: the two types of envelope panels shows reductions of displacements compared with the bare frame model in all the
analysed intensity. Comparing the models with envelope, although median drift values were
similar until IM=6, dispersion between SP and TS became different from IM>4. This assertion is discussed showing the coefficient of variation (COV) for the same data as a function of
the IM parameter in Figure 16(b). Comparing the results from the two models with envelope
panels (i.e., SP and TS plots in the figure), one can observe similar values of COV up to IM =
4, whilst the dispersion became larger for the TS model when yielding of TS started (i.e.,
IM > 5). It is worth noting that one GM at IM=4 for the TS model was excluded from the statistical analysis, because of the anomalously larger value of the peak drift demand in that case.
Figure 16(c) summarizes the number of global failures observed for the three examined models as a function of the IM value. The better performance of the building with SPs compared
with the BF model response is apparent. On the contrary, the building with TS had a response
comparable to the BF model, except at very large IM values for which almost all the GMs
produced global failure anyway. The relatively smaller increase in the lateral force resistance
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provided by the selected trapezoidal sheeting, and the fact that the panel resistance was completely lost during severe earthquakes, could explain the observed response. Figure 16(d)
shows the fraction of global failures (i.e., the ratio between the number of GMs producing
global failure at a given IM and the total number of GMs considered) as a function of the
Sa(T1) value. The median value of Sa(T1) to global failure is also highlighted in the figure. Although number of global failures is similar between the BF and TS models, differences in the
hazard curves leads to significant differences in the median value of the first-mode spectral
acceleration leading to failure.
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Figure 16: Model-to-model comparison in terms of (a) median peak drift and (b) COV, (c) failure cases and (d)
median spectral acceleration that led to building failure.

4.4.4. Components response
This section highlights some aspects of local responses observed in the building components. To this end, Figure 17 shows a sketch of (i) the structural plan layout with a portion of
a transverse elevation, (ii) one column where vertical braces are connected in the longitudinal
direction, and (iii) a clos-up view of the corresponding column base joints. The sketch of
structural layout highlights (i) the location of the transverse trusses (labelled as TRi), (ii) the
location of two critical truss-to-column connections (labelled as TCCiL and TCCiR in the figure), and (iii) the portal frame transverse displacements (dX(t)). To describe the local response
at the brace-column-foundation connections, the views on the braced column highlight (i) the
column top displacement (dY,CTD) and the displacement of the node at the brace-to-column
connection (dY,CD). Knowing these displacements, it is possible to identify the column relative
displacement (dY,CRD). Finally, the close-up view of the column base highlights the force and
displacement parameters used to describe the column base connection response.
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Figure 17: Sketch of trusses and column locations with identification of displacement components.

Figure 18(a) shows response histories of portal frame displacements. In the figure, TRi
identifies the i-th truss (Figure 17). The drift plotted in the figure is the mean value between
the two columns for each portal frame. The assumed limit value of the drift for the ultimate
failure is also indicated by a dashed line. As shown in the plot, similar drift values were observed among the five portals, especially when the limit value was reached. Figure 18(a) emphasizes the relatively brittle overall system response, with the five portal frames reaching
almost simultaneously the limit corresponding to global failure. Divergence of the lateral displacement response at a time during the shaking is also apparent from the plot. This behaviour
is further highlighted by the results plotted in Figure 18(b), showing the relationship between
the drift of each portal frame and the corresponding shear force in the truss-to-column connections (forces labelled as FiL, FiR corresponding to TCCiL and TCCiR as shown in Figure 17).
The figure clearly shows that all the connections reached their deformation capacity.
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Figure 18: Sample time history response at IM10: (a) transverse drift; (b) forces on truss-to-column connections.

Figure 19(a) shows one sample response history for the column longitudinal displacements.
The connection contribution to the column total displacement dY,CTD was negligible in the first
part of the response history, i.e. when the column base connection remained in the elastic
range of response. When yielding of the column base connection started, a difference also
started to develop between dY,CTD and dY,CRD, i.e. a difference between total displacement at
the column top cross section and column displacement relative to the base. The plot shows
that dY,CRD could either be smaller or larger than dY,CTD depending on the response time. This
behaviour can be explained because of the connection residual deformation that accumulated
during the response history, as shown in Figure 19(b).

5524

G. Cantisani and G. Della Corte
0.05

150

0.04

100

0.02

FV,conn [kN]

dY [m]

0.03
0.01
0.00

-0.01
-0.02
CTD

-0.03
-0.04

a)

0

2

CRD
4

Time [s]

0
-50

-100

CD
6

50

8

10

b)

-150
0.000

0.005

0.010

dY,CD [m]

0.015

0.020
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5

CONCLUSIONS

This paper presented the results of an ongoing research project on seismic performance
evaluation of existing non-residential single-story steel buildings in Italy. Non-linear static
and dynamic analyses were carried out on a 3D finite element model of an archetype building.
The following main conclusions could be drawn:
- Because of quasi-brittle shear failure of truss-to-column connections, the building response in the transverse direction was much less ductile than in the longitudinal direction. Consequently, global failure of the building was always governed by failures
occurring in the trussed beams.
- The envelope panels provided significant benefits to the seismic structural performance. The two types of examined panels, i.e. sandwich panels and trapezoidal sheeting, provided significant increase of the initial lateral stiffness and resistance in the
direction of the main portal frames. On the contrary, the effect was much smaller in
the longitudinal braced frame direction.
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Abstract
Current approaches for the seismic hazard assessment, are mainly based on the classical
formulation of the probabilistic seismic hazard analysis, widely known with the acronym
PSHA. This procedure is able to compute the annual rate of exceedance of a set of ground
motion intensity measures at a site of interest. During years, several efforts were performed
for understanding and including the influence of uncertainties underlying the PSHA calculation. PSHA integral is a correct application of the total probability theorem, but it does not
account for the uncertainties in model parameters which can be significant, since most of
times they are derived from historical data and/or statistical catalogues. For this reason, this
work aims to develop a robust semi-analytical formulation, able to assess how uncertainties
in model parameters influence the seismic hazard curve’s reliability. The proposed mathematical procedure uses the reliability index and its standard deviation for computing a design
hazard curve, whose points are characterized by a fixed accepted level of risk. Results show
how uncertainties in model parameters affect the hazard curve’s dispersion, and how a better
parameters’ knowledge allows defining lower design values, with the same assumed risk.

Keywords: Instructions, ECCOMAS Thematic Conference, Structural Dynamics, Earthquake
Engineering, Proceedings.
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1

INTRODUCTION

Current approaches for the seismic hazard assessment, are mainly based on the classical
formulation of the probabilistic seismic hazard analysis, widely known with the acronym
PSHA. For its nature, PSHA deals with several sources of uncertainties and aims describing
effects of stochastic and unpredictable events. For this reason, since its early beginning, several efforts have been made for guaranteeing that all uncertainty sources were correctly accounted for [1]. Usually, scientific literature subdivides uncertainties into two main types:
aleatory uncertainty and epistemic uncertainty. The former is the variability naturally inherent
to a physical phenomenon, while the latter is due to the limited knowledge about the true
model describing the aleatory variability ([2], [3]). Currently, on of the most widely adopted
strategy for addressing seismic hazard epistemic uncertainty is the so-called logic-tree approach [4]. In the logic-tree, every node represents a potential source of epistemic uncertainty,
and the corresponding outcoming branches represent the possible alternatives. This approach
is general and considers both the inter-model uncertainty, due to uncertainty in model parameters, and the inter-model uncertainty, due to the uncertainty among models. Despite its wide
adoption in PSHA [5], the use of logic trees is often debated, and there are many potential pitfalls that should be considered [6], mainly due to the fact that two potential interpretation of
the logic-tree are possible ([7], [8], [9], [10]). For an extended discussion on the subject the
reader is referred to [11] and [12]. In any case, logic tree results strictly depend on how logic
tree branches are populated and on the weight assigned on each branch. In this context, the
present work wants to contribute to the discussion on the reliability of seismic hazard estimate.
In particular, this contribution aims to develop a standardized robust semi-analytical formulation, able to assess the influence of all possible source on variability involved in the seismic
hazard computation, by treating them as random variables. The proposed method needs a
carefully election of the best functional forms to be adopted in the calculation but does not
need the definitions of any branches or weights. The formulation herein presented allows thus
computing a given quantile of the seismic hazard demand by treating model parameters as
random variables. The required computational time is limited, since no sampling or distribution fitting is required.
2

PROPOSED FORMULATION

The proposed formulation introduces a further development to the classical PSHA formulation, that is able to consider the variability of the hazard curve arising from uncertainties in
model parameters ([13], [14]). For this reason, only a brief presentation of the consolidated
PSHA procedure will be provided in the following, leaving space to a complete and extensive
explanation of the proposed method. Classical PSHA integral aims computing the annual rate
of exceedance IM im of a set of ground motion intensity measures IM at a site of interest with
the following formula:
nsources

λIM im =

ν

mmin,i

i=1

mmax,i rmax,i

  P  IM  im|m,r  f  m  f  r  drdm
M,i

mmin,i

R,i

(1)

0

where νmmin,i is rate of occurrence of earthquakes greater than a suitable minimum magnitude
mmin,i of the ith seismogenic sources (SZ), f M,i  m  is the magnitude distribution for the ith ZS
and f R,i  r  is the distribution of the source ith -to-site distance. The exceedance probability of
a threshold im, given a magnitude m and a distance r is provided by P  IM  im|m,r  . Once
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calculating λIM im , using the Poissonian distribution it is possible to compute the probability
of exceeding each ground motion level im in the next T years as
P  IM  im,T =1-e -T  λIM im

(2)

The exceedance annual rate computed in Eq. (1) depends on νmmin,i and on parameters which
define f M,i  m  , f R,i  r  and f IM  im  distributions; in the following, these model parameters are
summarized in vector Θ . As a consequence, probability computed in Eq. (2), called in the
following Pf (probability of failure), is function of im, T, and parameters Θ :
P  IM  im,T =Pf  im,T,Θ =1-e

-T  λIM im  Θ 

(3)

Following Gardoni et al. [15] the solid line of Fig. 1 is a point estimate P̂f  im,T  of Pf calcuˆ , where Θ̂ could be the
lated by computing Pf  im,T,Θ  at a point estimate of Θ (i.e., Θ  Θ

mean or median of Θ ), or the predictive estimate Pf  im,T  of Pf  im,T,Θ  computed as the
expected value of over Θ ( Pf  im,T = Pf  im,T,Θ  f  Θ  dΘ ). The risk-based hazard curve
Pf,d  im,T  (where d stands for design) is characterized by fixed accepted level of risk (Fig. 1);

in other words, we want to define a quantile q such that the probability of having Pf bigger
than Pf,d due to uncertainties in model parameters it is equal to q; more formally
P  Pf  im,T,Θ   Pf,d  im,T   =q

(4)

Figure 1: Definition of the Pf  im,T,Θ  distribution, Pf , Pf,d and q.

Since the exact evaluation of the Pf  im,T,Θ  distribution requires nested calculation ([16]),
this formulation adopts approximated quantile obtained by a first order analysis ([15]). The
design failure probability Pf,d can thus be obtained as
Pf,d  im,T      im,T   k     im,T 
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where    is standard normal cumulative function,   im,T  is the reliability index computed according to the definition of reliability index as   im,T    1 1  Pf  im,T   and
k     im,T  is the quantile of the distribution reflecting the assumed level of risk. Assuming
 normally distributed, k is shown to be equal to:
k  1 1  q

(6)

According to [16] the standard deviation of the reliability index   can be computed by using
a first order Taylor series expansion around the mean vector of the model parameters M Θ as
  2  im,T   Θ   im,T  ΣΘΘ Θ   im,T 
T

(7)

where ΣΘΘ is the covariance matrix and contains the variances of the model parameters and
their possible correlation. The gradient of  Θ   im,T  , is computed by applying the chain
rule to the definition of reliability index as
Θ   im,T   

1

    im,T  

Θ Pf  im,T 

(8)

where    is the standard normal probability density function and  Θ Pf  im,T  is the gradient column vector of Pf  im,T,Θ  evaluated in M Θ , that can be numerically computed with the
definition of derivative as
 Pf  im,T,+   Pf  im,T,  
Θ Pf  im,T   



 MΘ

3

(9)

CASE STUDY

The proposed formulation is applied to a case study, represented by a residential building
structure (T = 50 years) located in Gemona (13.145, 46.288) and built on a soil-type C [17].
Two seismogenic zones SZs of the Italian source model are considered, SZ 904 and SZ 905
[18]. Main model parameters for each zone are derived from Barani et al. [19] and are reported in Tab. 1

i = 1 – SZ 904 5.5
i = 2 – SZ 905 6.6

νmmin,i

mmin,i

bi

4.3
4.3

0.939 0.05
0.853 0.316

mmax,i

Table 1: Main parameters of each SZ.

Fig. 2 shows a map representing the site of interest and the considered seismogenic zones.
Calculations are performed referring to two IMs, i.e. Sa (T = 0 sec.), the so-called Peak
Ground Acceleration (PGA), and for Sa (T = 0.1 sec.). In this work, the ground motion prediction equation GMPE proposed by Bindi et al. [20] has been adopted.
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Figure 2: Site of interest and adopted SZs

The parameters that have been assumed as random are the G-R law parameters ( mmax,i , mmin,i ,
bi and νmmin,i ), and the main parameters contained in the adopted GMPE, i.e. e1 that is the constant term of the regression, FS and Fsof representing respectively the site amplification and the
faulting mechanism, and σ tot that is the standard deviation of the predicted IM logarithm. The
final vector of model parameters Θ , is thus composed by the following 12 elements
Θ=  mmax,1 ,mmax,2 ,mmin ;b1 ;b2 ;νmmin,i ;νmmin,i ;e1 ,FS ;Fsof,1 ;Fsof,2 ;σ tot 

(9)

In this way, all the main possible sources of uncertainty, associated to model’s parameters involved in the PSHA calculation, are considered. Table 2 lists the mean value and the standard
deviation of each parameter, where the mean values are the elements of the vector M Θ , while
the variances represent the diagonal term of the covariance matrix ΣΘΘ . For mmax,i , mmin , bi ,
νmmin,i and σ tot , a coefficient of variation     has been assumed, since no information on
the parameters’ standard deviation was available.
mmax,1

µ
σ
δ = σ/µ

5.5
0.55
0.1
e1

µ
σ
δ = σ/µ

3.672
0.316
0.086

mmax,2

bi

6.6
0.939
0.66
0.0939
0.1
0.1
FS
Fsof,1
Sa (T = 0 sec.)
0.24
-0.0544
0.0322 0.0355
0.134
0.652

bi

νmmin,i

0.853
0.0853
0.1
Fsof,2

0.05
0.005
0.1
e1

0.105
0.0296
0.282

3.796
0.365
0.096

νmmin,i

mmin

0.316
4.3
0.337
0.0316
0.43
0.0337
0.1
0.1
0.1
FS
Fsof,1
Fsof,2
Sa (T = 0.1 sec.)
0.247 -0.0451 0.111
0.0357 0.0367 0.0351
0.145
0.814
0.316

Table 2: Mean value and standard deviation of the adopted parameters.

Finally, two percentile values have been assumed q=0.05,0.15,0.25 corresponding to
k=1.64,1.04,0.67 ; when q = 0.5, Pf is computed (Eq. (2)), without any further information
related to parameter uncertainties (k = 0). When k  1 the approximate 15% and 85% per-
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centile bounds of Pf are calculated. Fig. 3 shows results of the proposed formulation which
allows characterizing Pf uncertainty and its distribution; each design hazard curve is characterized by a constant level of assumed risk q (for completeness also curves corresponding to
(1- q) have been plotted). The two different spectral accelerations show a similar behavior; in
particular, quantiles of Sa (T = 0.1 sec.) are less close, in absolute terms, to the hazard curve
computed without considering parameters uncertainties.

Figure 3: Hazard curve for different values of q: a) Sa (T = 0 sec.), b) Sa (T = 0.1 sec.).

For sake of completeness and for showing the influence of the covariance matrix, a smaller
fictitious covariance matrix Σsmall
ΘΘ is assumed with the coefficient of variation of all paramesmall
  / 2 representing a hypothetical case in which a more accurate knowledge
ters equal to 
of the distribution parameters is available. Table 3 lists the mean value and the standard deviation of each parameter adopted in this second case.
mmax,1

mmax,2

µ
σ
δ = σ/µ

5.5
0.275
0.050
e1

µ
σ
δ = σ/µ

3.672
0.158
0.043

6.6
0.939
0.330
0.047
0.050
0.050
FS
Fsof,1
Sa (T = 0 sec.)
0.24 -0.0544
0.016
0.018
0.067
0.326

bi

bi

νmmin,i

νmmin,i

mmin

0.853 0.05 0.316
4.3
0.043 0.003 0.016 0.215
0.050 0.050 0.050 0.050
Fsof,2
e1
FS
Fsof,1
Sa (T = 0.1 sec.)
0.105 3.796 0.247 -0.0451
0.015 0.182 0.018 0.018
0.141 0.048 0.072 0.407

0.337
0.017
0.050
Fsof,2
0.111
0.018
0.158

Table 3: Mean value and standard deviation of the adopted parameters.

Fig. 3 shows as that Pf,d curves are closer to the one computed without considering parameters’ variability. This behavior is clearly due to the lower uncertainty associate to the input
parameters. In other words, a better initial knowledge allows considering a lower seismic hazard curve with the same assumed level of risk q.
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Figure 3: Hazard curve for different values of q computed with a reduced covariance matrix Σ small
ΘΘ :
a) Sa (T = 0 sec.), b) Sa (T = 0.1 sec.)

4

CONCLUSIONS

This work presented a mathematical formulation able to consider the effect of parameters’
uncertainty, on the seismic hazard curve. In particular, a procedure for the seismic hazard
computation based on a fixed level of risk was proposed. The proposed framework allows
computing a specific target quantile of the hazard curve, by mean of an immediate semianalytical procedure that does not need any sampling or distribution fitting. The formulation
is general and flexible and can be easily extended to hazard curve obtained by considering the
entire seismic sequence, with foreshocks and aftershocks. Furthermore, the proposed methodology is also an important knowledge tool, since it allows finding the most impacting parameter on final results without running extensive analysis.
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Abstract
Increases in operational train speed have resulted in an elevated probability that dynamic effects will occur inside the railway track and subgrade structure. This is problematic because
it causes soil non-linearity, thus resulting in reduced soil stiffness. Therefore, this paper outlines a numerical semi-analytical frequency domain model to compute and analyse non-linear
stiffness degradation below railway lines. An equivalent linear approach is used to incorporate
non-linear stiffness and damping changes into a thin-layer element frequency-wavenumber domain formulation. The model is validated using published data and then used to analyse nonlinearity. It is shown that non-linearity plays an important role in track-ground response, with
track displacements increasing significantly in magnitude. It is also shown that the critical
velocity can be reduced significantly, which is important because many high speed lines set
their dynamic threshold at 70% of the linearly calculated value. Similar findings are made for
track velocities and soil strain levels, thus indicating it is vital to consider soil non-linearity
when modelling high speed rail track behaviour.
Keywords: Railway track dynamics, non-linear soil, thin-layer element method
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1

INTRODUCTION

Operational railway speeds have increased over the past 40 years since the inception of high
speed rail. This means it is increasingly likely that trains will induce high levels of dynamics
within the track-soil structure. This occurs when the trains peed approaches the natural wave
speeds of the track-ground system. The speed at which maximum dynamic amplification occurs is the ‘critical velocity’ ([1], [2]). This is undesirable because it is a safety risk, increases
track degradation and can induce ground-borne vibration ([3],[4], [5]).
To analyze critical velocity, early approaches modelled the problem analytically [6]. Then,
with the aim of simulating more complex ground conditions (e.g. layered soil), integral transform methods [7] were proposed. To allow for the track to also be modelled in a more detailed
manner, ‘two-and-a-half’ dimensional models (2.5D) were also developed ([8], [9], [10]).
These assumed the track was invariant in the direction of vehicle travel, thus allowing the problem to be discretized in 2D. This provided greater model flexibility, while maintaining a relatively low number of degrees of freedom.
The majority of railway vibration models are formulated in the frequency-wavenumber domain, meaning they are typically limited to considering linearly elastic material behavior. This
assumption is suitable for many situations, however limits the analysis of non-linearity’s such
as wheel-rail contact ([11]) and soil stiffness degradation. Soil stiffness degradation is particularly important on heavy haul and high speed rail lines were the elevated loads and high speeds
can cause high strain levels. These strains can then reduce the soil stiffness by a significant
percentage, thus causing higher track deflections.
To include non-linear material effects, [1] manually adjusted the soil shear wave velocity at
different speeds to account for the reduced stiffness effect. A challenge with this approach is
that manually choosing stiffness’ values is open to error and difficult to apply over multiple soil
regions. Therefore [12], [13] proposed 3D time-domain constitutive non-linear time domain
formulations and validated results against field data recorded in Sweden. A challenge with this
approach is that such models are computationally intensive and often require a large number of
material input properties that are challenge to quantify.
As an alternative, [14] proposed the use of a frequency-wavenumber domain 2.5D finite/infinite element model which although was linear, used an iterative procedure implement nonlinearity. Again the model was compared to the data recorded in Sweden and strong agreement
was found but with reduced run times compared to the 3D constitutive approach.
This paper builds upon this iterative linear equivalent approach. Instead of a 2.5D model
though, a semi-analytical approach is preferred because it further reduces run times thus allowing for larger sensitivity studied to be performed. The track is modelled analytical while the soil
is modelling using the thin-layer element method. It is validated and then used to make findings
into the effect of non-linearity of dynamic amplification curves.
2

NUMERICAL MODEL

The model uses a semi-analytical method to compute vertical track deflections. It consists
of an analytical track model, and a semi-analytical thin-layer element model for the soil. These
sub-models are formulated in the frequency-wavenumber domain, and then coupled assuming
a relaxed boundary condition at their interface. To do so, although the 2 models have different
numbers of degrees of freedom, they are only coupled in the vertical direction. As will be
shown, this approach produce accurate results, yet allows for the simulation of deep-wave propagation in an efficient manner [15].
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2.1 Track model
The track is modelled upon a generic slab track, using springs for the railpads and beam
elements for the rail and slab (Figure 1). The equations of motion are formulated in the wavenumber-frequency domain and shown in Equation 1. Further details of the track formulation
are found in [15].
[

𝐸𝐼𝑟 𝑘𝑥4 + 𝑘𝑝∗ −
−𝑘𝑝∗

2

𝑚𝑟

−𝑘𝑝∗
𝑢̃ (𝑘 , 𝜔)
̃
]{ 𝑟 𝑥
} = {𝑃 (𝑘𝑥 , 𝜔)}
4
∗
2
𝐸𝐼𝑠 𝑘𝑥 + 𝑘𝑝 − 𝜔 𝑚𝑠 + 𝑘𝑒𝑞 𝑢̃𝑠 (𝑘𝑥 , 𝜔)
0

(1)

Figure 1: Track model

2.2 Ground model
The ground behavior is simulated using the thin-layer element method. First the soil stratum
is discretized into a series of thin and horizontal elements, each with 3 nodes (Figure 2). This
ensures that the stresses and strains are accurately reproduced, which is important for the linear
equivalent updating procedure. Again, the equations of motion are formulated in the frequencywavenumber domain as shown in Equation 2, where K and M are the global stiffness and mass
matrices respectively, U is displacement, ω is frequency and P is the load.
([𝐊] − 𝜔2 [𝐌])𝐔 = 𝐏
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Figure 2: Soil model

2.3 Track-soil coupling
The track model and soil model are coupled using a frequency-wavenumber dependent stiffness. This is computed using the thin-layer method and assumes that there is an equilibrium
of loads and a compatibility of displacements at the track-ground interface. It is important
that the interaction across this boundary is accurately resolved because when the train speed
nears the critical velocity there is very significant wave propagation within the soil stratum.
2.4 Linear equivalent implementation
At high train speeds, large strains can be induced in the underlying soil, causing a reduction
in its stiffness, as illustrated in Figure 3. To capture this non-linear behaviour, a ‘linear equivalent’ approach is implemented.
This is useful because it can be implemented with frequency domain models, to approximate
non-linear soil behavior in a much faster timeframe in comparison to time-domain constitutive
models. By definition, it means that while the analysis remains linear, the soil properties are
updated as function of the strain level, thus simulating non-linear type effects. It is implemented
within the thin-layer formulation using the following steps:
 Low strain properties assumed for all thin-layer soil elements
 Strain time histories computed for all elements and determine effective octahedral shear
strain values
 Use the maximum strain value to update the element stiffness, based upon stiffnessstrain reduction curves (e.g. [14])
 Use the maximum strain value to update the element damping, based upon dampingstrain reduction curves
 Repeat the above steps until convergence between consecutive iterations is below 3%
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Figure 3: Stress-strain path

3

VALIDATION

The model was validated using field data recorded at Ledsgard, Sweden. This site was subject to large rail deflections and suspected high soil non-linearity during the passage of X2000
trains shortly after opening. This occurred because the track was constructed over soft ground,
with a sandwiched layer of uncharacteristically soft organic clay. The detailed track and ground
properties, including soil degradation curves, are given in [14], [16] and [17].
Figure 4 shows the time history response of the field the TLM signals at a train speed of 70
km/h. It is seen that the numerical model replicates the field result accurately in terms of magnitude and shape. The same is true for the faster speed of 180km/h, which is shown in Figure
5. Additional speeds were also computed with similar findings. Therefore is was concluded
that the model was able to accurately predict track response in the presence of non-linear soil
behavior.

Figure 4: Displacement time history at 70km/h
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Figure 5: Displacement time history at 180km/h

4

NUMERICAL ANALYSIS

To investigate the role of soil non-linearity on high speed lines in more depth, an infinitely deep, homogenous soft soil was analysed. It had a small-strain stiffness of 45MPa, a
Poisson’s ratio of 0.35, a density of 1800kg/m3 and damping of 0.03. The stiffness and damping degradation curves were identical to those used for the validation case. The vehicle was a
single 18 tonne axle load moving at speeds ranging between 10-140m/s.
Figure 6 shows the rail dynamic amplification curve across the full speed range. It is seen
that the linear and linear-equivalent curves have similar shape. The linear response yields
lower displacements at the majority of speeds, except around its critical velocity peak at
90m/s. Further, the linear equivalent case has 29% higher maximum rail deflections compared to the linear case. Also, the critical velocity for the non-linear case reduces by 21%
compared to the linear case. Both the change in deflection magnitude and critical speed are
due to the drop in soil stiffness below the moving load, thus allowing the track to deflect
more. However, it should be noted that the result is for a single wheel and that non-linearity
is highly sensitive to multiple-wheel spacing and loading magnitude.

Figure 6 – DAF curves for linear and non-linear behavior

Finally, Figure 7 shows the effect of vehicle speed on strain levels with depth. Two
speeds are shown: 10m/s (well below the critical speed) and 70m/s (at the linear equivalent
critical speed). It is seen that the maximum strains occur for both speeds close to 1m below

5540

K. Dong, P. Alves Costa, O. Laghrouche, P.K. Woodward, D.P. Connolly

the soil surface. However, at all depths, the maximum octahedral strains are significantly
lower for the linear case. This is the primary cause of the reduction of soil stiffness and the ultimate increase in rail deflections.

Figure 7 – Strain versus depth for linear and non-linear behavior

5

CONCLUSIONS

This paper presented a wavenumber-frequency domain model to predict railway track displacements in the presence of non-linear soil stiffness degradation. Analytical expressions
were used for the track and the soil was simulated using the thin-layer method. Linear equivalent soil behavior was implemented using an iterative procedure where the soil strains were
calculated during train passage and then used to update the stiffness and damping material
properties. The model was validated using field data collected on a railway line with high
non-linearity in Sweden. Finally, the model was used to investigate the effect of non-linearity
on a homogenous half-space. It was found that the linear equivalent approach showed yielded
significantly higher deflections compared to the linear case and that the critical speed was also
lower.
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Abstract. The simulation of the behavior of soil-structure interaction (SSI) systems subjected
to seismic waves can be conveniently carried out in the frequency domain, to account for the
frequency-dependent properties of the inﬁnite soil. However, the soil exhibits nonlinear behavior even at small values of the strain level, so that its shear modulus and damping ratio vary
as a functions of the strain. It is important to consider the strain- and frequency-dependent
properties of the soil in a seismic SSI simulation. Since frequency domain (FD) analyses are
not suitable for nonlinear systems, time domain (TD) integration algorithms are commonly
adopted. An accurate way of including the frequency-dependent soil into a transient analysis is
to use convolution integrals, which requires linearity of the system and leads to a high computational cost. Hybrid frequency–time domain (HFTD) methods represent an efﬁcient alternative.
Most of the existing HFTD methods idealize the soil behavior according to the one-dimensional
(1D) wave propagation theory, which is a major simpliﬁcation of the complex three dimensional
(3D) theory.
In this contributions we present a HFTD method, where the soil is described as a 3D continuum governed by Lamé’s equation of elastodynamics and the problem is solved with the integral
transform method (ITM). The shear modulus and the damping of the soil are nonlinear functions of the strain level. The seismic waves (the loading) can be represented by spatial waves
with an arbitrary distribution in time and space. The response of the soil to the seismic waves is
ﬁrst solved in the FD assuming a linearized elastic soil subjected to input waves, the response
is transformed into the TD and the maximum strain is evaluated at different depths. According
to the maximum strain, the shear modulus and the damping at different depths is updated and
the process is iterated until convergence. The proposed method is compared to the reference
1D nonlinear method and it is applied for a multi-dimensional analysis of a nonlinear soil. The
limitations of the method are also described.
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1

INTRODUCTION

Structures and the underlying soil can exhibit nonlinear behavior during strong earthquakes.
Nonlinearities can arise in the structure, in the soil, or/and at the interface between structure and
soil (i.e. base isolation, uplift). In order to simulate the nonlinear interaction between the soil
and the structure during a seismic event, transient analyses in the time domain are necessary.
It is common to use discretized numerical models for simulating structural problems in civil
engineering; in particular, the ﬁnite element method (FEM) is the most established approach,
thanks to its suitability for nonlinear and anisotropic materials.
However, the FEM fails to represent the real endless dimension of the soil because the energy
cannot be transported to inﬁnity. A possible solution is to enlarge the soil domain and move its
boundary away from the structure at a sufﬁcient distance. This leads to a model with a large
number of elements, for which the run time becomes prohibitive.
Another complex aspect of nonlinear seismic analysis is the correct estimation of the seismic
loads, which do not act directly on the structures but result from the spatial and temporal variation of the seismic displacement ﬁeld. The latter, in turn, can be inﬂuenced by the foundation
and the structure. This aspect must be taken into account when selecting the analysis method.
In the past decades, much effort has been made in order to ﬁnd valid alternatives to the classical FEM representation for nonlinear soil-structure interaction (SSI) problems. The different
methods can be classiﬁed into two main groups: direct methods and substructure methods. In
both cases the aim is to overcome the difﬁculty of modeling the unbounded domain of the soil,
accounting for the radiation conditions at inﬁnity and the nonlinearities of the system due to
seismic events.
In the direct methods, the structure and part of the soil near the foundation (near ﬁeld) are
modeled using the same technique, usually the FEM. In order to satisfy the radiation condition,
mathematical artifacts at the boundary of the soil’s near ﬁeld must be added. These are called
transmitting boundaries (TB) and are local approximations of boundary conditions (local in
time and space) and their coefﬁcients are frequency-independent. Direct methods can account
for nonlinearities in the structure as well as in the soil’s near ﬁeld and can be solved using direct
time integration methods such as central difference method or Newark method. The soil’s far
ﬁeld is assumed to remain linear. Applications of direct methods can be found in [8]. The direct
method for nonlinear SSI system is computationally demanding.
The substructure methods involve the application of different techniques for different parts
of the systems and their coupling at the interaction surfaces. Usually the FEM is used for the
structure and a different numerical method is used for the soil. If nonlinearities occur, the soil
model must be deﬁned in the TD and this would involve convolution integrals. In this case,
the SSI boundary conditions are global in time and space, as they require the information of
all the time steps from the beginning and all the degrees of freedom (DoF) at the substructure
interface. Substructure methods can account for nonlinearities in the structure as well as at
the soil-structure interface, whereas the soil is assumed to remain linear. A classical reference
for the theory of substructure methods is Wolf [23]. An example of application can be found
in [18].
Alternatives to transient analysis are the hybrid time-frequency domain (HTFD) approaches,
where the system of equations is solved iteratively transforming back and forth from the TD to
the FD and vice versa. The existing HFTD methods assume the soil approximated as a onedimensional system (either as a compressional bar for P-waves or as a shear beam for S-waves).
In this contribution we present an extension of the HTFD, where the three-dimensionality
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⎡
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b)
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Figure 1: a) 3D free ﬁeld, b) 1D representation of the free ﬁeld subjected to P-waves, c) 1D representation of the
free ﬁeld subjected to S-waves.

of the problem can be account for and the solution is found iteratively using both time- and
frequency-domain results. The focus in on the nonlinear response of the free ﬁeld and the
equations are derived only for the nonlinear soil. However, a coupling to a nonlinear structure
using transfer functions is straightforward.
2

THREE-DIMENSIONAL PROPAGATION OF SEISMIC WAVES

Let us ﬁrst analyze a linear isotropic soil. The propagation of seismic waves through the
soil can be described using the theory of elasticity applied to a three dimensional homogenous
half space. Different forms of waves (shear, compressional and Rayleigh waves) can propagate simultaneously, generating a complex three dimensional displacement ﬁeld u. In seismic
analysis it is of interest 1) how the soil ampliﬁes or de-ampliﬁes the signal as the waves propagate through the medium towards the structure, and 2) how its ﬂexibility inﬂuences the overall
dynamic response of the structure. For both aspects, the extent of the effects depends on the
properties of the soil and on the frequency content and spatial distribution of the seismic excitation. The propagation of seismic waves through a non-homogenous half space is even more
complicated, because of additional Stoneley waves, Love waves and evanescent modes.
The problem is shown in Fig. 1a and can be described with the Lamé equation in index
notation:
Gui |jj + (λ + G)uj |ij − ρüi = 0

with

i, j = x, y, z

(1)

where ux = u,uy = v and uz = w are the componenet of the displacement vector u, ρ is the soil
mass density, λ and G are the Lamé-constant and can be estimated from the Youngs’s modulus
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E and Poisson’s ratio ν:
G=

E
2(1 + ν)

and λ =

νE
(1 + ν)(1 − 2ν)

.

(2)

The Lamé equation, Eq. (1), is deﬁned in the original space (x, y, z, t) and is valid for a linear
elastic isotropic and homogeneous continuum. Using the Helmholtz decomposition and a threefold Fourier transformation one obtains a system of four decoupled ordinary differential equations which can be solved with an exponential approach in the image space (kx , ky , z, ω) [4].
This approach is referred to as integral transform method (ITM). The solution expressed in
terms of potentials φ̄ and ψ̄i reads:
φ̄(kx , ky , z, ω) = A1 eλ1 z + A2 e−λ1 z
ψ̄i (kx , ky , z, ω) = Bi1 eλ2 z + Bi2 e−λ2 z with i = x, y, z

ω2
− kx2 − ky2 ,
with λ1 = −i
c2p

ω2
λ2 = −i
− kx2 − ky2 ,
c2s
ω
ω
and ks =
kp =
cp
cs

(3)

(4)

where cp and cs are the compressional and shear wave velocity respectively and kx and ky
are the horizontal wave numbers. One can demonstrate that the potential ψ¯z can be set to zero,
still maintaining the complete correct 3D solution [6]. The displacements in the image space
can be obtained as:
⎛
⎞
A1 eλ1 z
⎛ ⎞ ⎡
⎤ ⎜ A2 e−λ1 z ⎟
⎟
ikx ikx
ū
0
0
−λ2 λ2 ⎜
⎜ Bx1 eλ2 z ⎟
⎜
⎟
λ2
−λ2
0
0 ⎦⎜
ū = ⎝ v̄ ⎠ = ⎣iky iky
(5)
−λ2 z ⎟
B
e
x2
⎜
⎟
w̄
λ1 −λ1 −iky −iky ikx ikx ⎝
 By1 eλ2 z ⎠
K ū
By2 e−λ2 z

c

where the vector c contains the 6 unknown coefﬁcients of the solution. The stresses can be
estimated and expressed as:
⎤
⎛ ⎞
⎡
−(2kx2 + Gλ kp2 ) −(2kx2 + Gλ kp2 )
0
0
−2ikx λ2
2ikx λ2
σ̄x
⎥
⎜ σ̄y ⎟
⎢−(2ky2 + λ kp2 ) −(2ky2 + λ kp2 ) 2iky λ2 −2iky λ2
0
0
G
G
⎥
⎜ ⎟
⎢
2
2
⎜ σ̄z ⎟
⎢ 2k 2 − k 2
2kr − ks
−2iky λ2 2iky λ2
2ikx λ2
−2ikx λ2 ⎥
r
s
⎥c
⎜ ⎟ = G⎢
⎜σ̄xy ⎟
⎢ −2kx ky
−2kx ky
ikx λ2
−ikx λ2
−iky λ2
iky λ2 ⎥
⎥
⎜ ⎟
⎢
⎝σ̄yz ⎠
⎣
2iky λ1
−2iky λ1
λ22 + ky2 λ22 + ky2
−kx ky
−kx ky ⎦
σ̄zx
2ikx λ1
−2ikx λ1
kx k y
k x ky
−(λ22 + kx2 ) −(λ22 + kx2 )

Kσ̄

with

kr2 = kx2 + ky2
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In short notation, we can write:
ū = K ū c ,
σ̄ = K σ̄ c .

(8)

The two matrices K ū and K σ̄ depend on the excitation circular frequency ω, the soil material
and the horizontal wave numbers kx and ky . Based on given boundary conditions at certain zcoordinates the unknown coefﬁcients vector c can be found.
The application of the the material law delivers the strain components in the original space :
σx = λ
ε + 2Gεx
σy = λ
ε + 2Gεy
σz = λ
ε + 2Gεz

τxy = τyx = Gγxy
τyz = τzy = Gγyz
τzx = τxz = Gγzx

(9)

with
ε = εx + εy + εz

.

(10)

ε =

.

(11)

Adding σx , σy and σz , ε is estimated as:

σ x + σy + σz
3λ + 2G

The strain components εx , εy and εz result from inserting Eq. (11) into Eq. (9). The three
shear strain components γxy , γyz and γzx can be estimated directly from the respective shear
stress through division by the shear modulus G. Thus, a matrix formulation of the stress-strain
relationship reads:

⎞ ⎡1
λ
(1 − 3λ+2G
)
εx
2G
⎜ εy ⎟ ⎢ − 1 λ
2G 3λ+2G
⎜ ⎟ ⎢
⎜ εz ⎟ ⎢ − 1 λ
⎜ ⎟=⎢
2G 3λ+2G
⎜γxy ⎟ ⎢
0
⎜ ⎟ ⎢
⎝γyz ⎠ ⎣
0
γzx
0

⎛

ε

λ
1
− 2G
3λ+2G
1
λ
(1 − 3λ+2G
)
2G
λ
1
− 2G 3λ+2G
0
0
0

λ
1
− 2G
3λ+2G
λ
1
− 2G
3λ+2G
1
λ
(1 − 3λ+2G
)
2G
0
0
0

K εσ =K ε̄σ̄

0
0
0

1
G

0
0

0
0
0
0

1
G

0

⎤⎛ ⎞
0
σx
⎥
⎜
0 ⎥ ⎜ σy ⎟
⎟
⎜ σz ⎟
0⎥
⎥⎜ ⎟
⎜ ⎟
0⎥
⎥ ⎜σxy ⎟
0 ⎦ ⎝σyz ⎠
1
σzx
G


σ

(12)
The assumption of linearized elastic material allows the application of the material law also
in the image space. Thus,
K εσ = K ε̄σ̄ and
ε̄ = Kε̄σ̄ σ̄ .

(13)

Combining Eq. 8 and Eq. 13, the relationship between the strains ε̄ and the vector of the
unknowns coefﬁcients c is established:
ε̄ = Kε̄σ̄ Kσ̄ c .


(14)

Kε̄

For a layered half space with N isotropic layers, the system of equations is obtained by
overlapping the matrices of the adjacent layers and by enforcing continuity and equilibrium
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u(z = 0), γ(z = 0) = 0
Layer 1
Layer 2
.
.
Layer n
.
.
Layer N

z

u(z), γ(z)

u∗r
Rock
outcrop

Half space (HS)

Bedrock
SH wave
Figure 2: One-dimensional representation of the load application for a seismic analysis of the free ﬁeld.

at their interfaces. If at the base of the layers there is a bedrock, a ﬁxed boundary condition
is enforced at the base and the system has 6N unknowns. If the layers are underlain by an
homogenous half space, the radiation condition must be satisﬁed and the system has 6(N -1)+3
unknowns.
The unknowns are found with the additional boundary conditions concerning the load. For a
free ﬁeld (soil without a coupled structure) subjected to a seismic excitation, one of the boundary conditions is the zero-stress condition at the surface. A further boundary condition is the
equilibrium of stresses at the location where the seismic excitation is applied, which leads to
a condition between stresses and displacements at that location and therefore to the remaining
unknowns of the problem.
The deﬁnition of the seismic input and its location depends on the available information
about the seismic event and on the aim of the analysis. In this contribution, according to
Kausel [11]1 , we assume that the seismic input is known in form of a motion u∗r at the rock
outcrop, which is the surface of the rock without taking into consideration the layers (see Fig. 2).
If at the base of the layers there is a bedrock, u∗r can be directly used as a root-point-excitation
condition, after transformation into the image space. If the layers are underlain by an homogenous half space, equivalent seismic stresses are computed according to Kausel [11] and applied
at the interface between half space and layers.
Once the problem is solved in the image space, the solution is transformed back into the
original space for further calculations (see Fig. 3). In the following paragraphs, ...
¯ indicates the
quantity in the image space.
2.1

Three-Dimensional Transfer Functions for the Free Field

Using the ITM, it is possible to express the relationship between various response parameters
of the soil, such as displacements, velocities, accelerations, stresses and strains, and an input
motion parameter such as the bedrock displacement vector u∗r . This relationship is referred
1

Pages 356-357
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Original Space

Original Space

3 coupled Partial Diﬀerential Equations
(PDEs) (Lamé Equation)

State variables
f(x, y, z, t)

Helmholtz approach
4 uncoupled PDEs

x

Fourier Transformation
ω
kx y k y t

kx

Image Space
Ordinary Diﬀerential
Equations (ODEs)
Unknown: φ̄; ψ̄x ; ψ̄y ; ψ̄z

Inverse Fourier Transformation
y ω
x ky
t

Image Space
Solution

State variables
f¯(kx , ky , z, ω)

Figure 3: Integral transform method for the solution of the Lamé equations.

to as transfer function. This paragraph explains how to obtain the three-dimensional transfer
functions for the displacements and the formulation is shown for a single stratum with thickness
h subjected to input motions, to maintain clarity. The same procedure can be applied to any
arbitrary horizontally layered soil over a bedrock or an elastic half space.
For a stratum subjected to input motions at the bedrock level, the boundary conditions are:
• BC 1: zero stresses at the soil surface
→ [σ̄z (kx , ky , z = 0, ω), σ̄yz (kx , ky , z = 0, ω), σ̄zx (kx , ky , z = 0, ω)]T = [0, 0, 0]T ,
• BC 2: the displacements at the interface bewteen bedrock and stratum are given
→ [ū(kx , ky , z = h, ω), v̄(kx , ky , z = h, ω), w̄(kx , ky , z = h, ω)]T = [ū∗r , v̄r∗ , w̄r∗ ]T ,
which lead to the following expression:
⎤−1

⎡

⎞ ⎢ ⎡ 2
⎤⎥
2iky λ2
2ikx λ2
−2ikx λ2 ⎥
2kr − ks2 2kr2 − ks2 −2iky λ2
A1
⎢
⎥
⎜ A2 ⎟ ⎢
⎢ 2iky λ1
−2iky λ1 λ22 + ky2
λ22 + ky2
−kx ky
−kx ky ⎥
⎥
⎜
⎟ ⎢
⎢
⎥
⎢
2
2
2
2 ⎥⎥
⎜Bx1 ⎟ ⎢ ⎢ 2ikx λ1
−2ik
λ
k
k
k
k
−(λ
+
k
)
−(λ
+
k
)
x
1
x
y
x
y
2
x
2
x
⎜
⎟
⎥⎥
G⎢
λ2 h
−λ2 h ⎥⎥
⎜Bx2 ⎟ = ⎢
⎢ ikx eλ1 h ikx e−λ1 h
0
0
−λ
e
λ
e
⎢
2
2
⎜
⎟
⎢
⎥⎥
⎝By1 ⎠ ⎢
⎦⎥
λ2 e λ 2 h
−λ2 e−λ2 h
0
0
⎢ ⎣ iky eλ1 h iky e−λ1 h
⎥
⎢
⎥
λ1 z
−λ1 h
λ2 h
−λ2 h
λ2 h
−λ2 h
By2
λ1 e
−λ1 e
−iky e
−iky e
ikx e
ikx e
⎣
⎦

⎛

K BC

⎛

⎞
0
⎜0⎟
⎜ ⎟
⎜0⎟
⎜ ∗⎟
⎜ ūr ⎟
⎜ ∗⎟
⎝ v̄r ⎠
w̄r∗

(15)
The coefﬁcients A1 , A2 , Bx1 , Bx2 , By1 , By2 are then introduced in Eq. 8 to ﬁnd the displacements and stresses in the image space. Finally, the inverse Fourier transformation leads to the
spatial and temporal distribution of the ground motions due to the input motions u∗r . Because
both input u∗r and output u have three components and each component depends on the position
in space and time, it is not possible to establish a simple deﬁnition for the three-dimensional
transfer functions, which usually relate scalar values.
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However, for the method proposed in this contribution, it is necessary to choose a representative value of the strain vector for each horizontal plane in the middle of each layer, which will
be used in the nonlinear material model. This can be done either observing a speciﬁc point of
horizontal coordinate x
 and y or using a spatial averaging method to estimate a representative
value.
In order to overcome this difﬁculty, in most studies on free ﬁeld response analysis, a major
assumption is commonly adopted: the seismic input was generated far enough from the area
of interest, so that the wavefront can be considered plane and all the point in the horizontal
plane moves in phase and experience the same motion. In the image space, this condition is
represented by a function which is equal to zero everywhere except for kx =ky =0. In this special
case, Eq. 5 and Eq. 15 shows that ū only depends on A1 and A2 (related to Φ̄, P-waves), which
in turn only depend on u∗r , so that a straightforward deﬁnition for the transfer function u/u∗r is
possible. Analogously, this apply for v/vr∗ and w/wr∗ . This means that for kx =ky =0, the three
dimensional problem can be treated as a one dimensional problem, where each component of
the displacement vector can be treated independently.
2.2

One-Dimensional Transfer Functions for the Free Field

Under the assumption of a plane horizontal wavefront (kx =ky =0), the problem in x-direction
is uncoupled from the problem in y- direction and the axial and shear motions do not affect
each other. Fig. 1b and Fig. 1c shows that, in 1D, P-waves and SH-waves can be treated separately and the vertical and horizontal transfer functions for a layered soil, w(z)/wr∗ and u(z)/u∗r
respectively, can be computed independently at different soil depths. The transfer functions
are deﬁned in frequency domain and take into account the frequency-dependent steady-state
response of the 1D free ﬁeld.
We consider a soil made up of N layers with thickness hn , shear wave velocity cs,n , shear
modulus Gn and density ρn underlain by a homogenous half space, subjected to a SH-wave.
The transfer functions F 1 for the displacements, evaluated at the top of each layer, are obtained
using the stiffness matrix of the soil K:
⎛
⎞
⎛
⎞
u1 /u∗r
0
⎜ u2 /u∗r ⎟
⎜ 0 ⎟
⎜
⎟
⎜
⎟
⎜ u3 /u∗r ⎟
⎜ 0 ⎟
−1
∗
⎟
⎜
⎟
F 1 (ω) = ⎜
(16)
⎜ ... ⎟ = u1D /ur = K ⎜ ... ⎟
⎜
⎟
⎜
⎟
⎝un /u∗r ⎠
⎝ 0 ⎠
∗
KHS
ur /ur
where K is the stiffness matrix of the layered soil and KHS =iωρHS cs,HS is the stiffness of
the underlying half space. The dependency on the circular frequency ω is omitted for clarity.
This transfer matrix can be applied also to estimate the velocity at different z-coordinates:
u̇1D
iωu1D
u1D
=
= ∗ = F1
∗
∗
u̇r
iωur
ur

(17)

For the purposes of this contribution, it is necessary to deﬁne a second transfer function
type, F 2 , which estimates the shear strain transfer functions w.r.t the velocity of the seismic
excitation u̇∗r . This transfer function F 2 is obtained from the relationship between shear strains
and displacements:
γ 1D = F 1D
(18)
γu u1D
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b)
F 2 =γ 1D /u̇∗r

F 1 =u1D /u∗r

a)

Layer 1
Layer 2

Layer 1
Layer 2

HS

HS

Figure 4: a) Displacement transfer function F 1 and b) strain transfer functions F 2 , for the soils investigated in
paragraph 2.3.

where the matrix F 1D
γu of the N -layered soil system reads:

F 1D
γu

⎤
F12
0
...
0
0
−F1
⎢−0.5F12 0.5(F1 − F2 )
⎥
0.5F23
0
...
0
⎢
⎥
⎢ 0
⎥
−0.5F
0.5(F
−
F
)
0.5F
...
0
23
2
3
34
⎥
=⎢
⎢ ...
⎥
...
...
...
...
...
⎢
⎥
⎣ 0
...
...
−0.5FN −1,N 0.5(FN −1 − FN )
0.5FN,N +1 ⎦
0
...
...
0
−0.5FN,N +1
0.5(FN + FHS )
⎡

(19)

with

nn = ω/cs,n
Fn = nn cot(nn hn ) and Fn,n+1 = nn sin−1 (nn hn )
KHS
iωρHS cs,HS
=
FHS =
GHS
GHS
Inserting Eq. (17) in Eq. (18), the functions F 2 can be obtained from the functions F 1 :
1D
γ 1D = F 1D
γu u1D = F γu

(20)

1
1
u̇1D = F 1D
F1 u̇∗r = F 2 u̇∗r
γu
iω
iω

(21)
1
F1
→F 2 =
=
iω
The 1D transfer functions are a special case of the 3D relationships between input and output.
It can be demonstrated that the 1D transfer functions F 1 and F 2 can be obtained from the 3D
procedure described in paragraph 2.1 by setting kx =ky =0.
γ/u̇∗r

2.3

F 1D
γu

Example: 1D Linear Transfer Function of a Layered Soil

This example shows the transfer functions for a layered soil both in terms of F 1 and F 2 .
The investigation is carried out for two different soils, both made up of two undamped layers
underlain by an elastic half space. The displacements transfer functions F 1 are evaluated at the
top surface of each layer, while the strain transfer functions F 2 are evaluated at the center of
each layer.
For both soils, the two layers have different thicknesses and shear velocities but same mass
density:
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• Thickness h1 = 2.1336 m and h2 = 3.9624 m
• Mass density ρ1 = ρ2 = 1922 kg/m3
• Shear wave velocity cs,1 = 158 m/s and cs,2 = 0.488 cs,1 = 77 m/s
The ratios χi , which relate the impedance of the layers with the impedance of the half space,
vary according to Tab. 1. Fig. 4 shows the linear transfer functions and the inﬂuence of the
ratios χi on the ampliﬁcation effect of the soil layering on the seismic input.
χ1 =
Soil 1 (continuous lines in Fig. 4)
Soil 2 (dashed lines in Fig. 4)

ρ1 cs,1
ρHS cHS

1.0
0.5

χ2 =

ρ2 cs,2
ρHS cHS

0.488
0.244

Table 1: Impedance ratios for the soils investigated in paragraph 2.3.

3

NONLINEAR SOIL BEHAVIOUR

Experiments and past seismic events have shown that the soil material behaves non linearly
when the strain exceeds 10−5 , which is often the case during strong earthquakes [20, 3]. Adequate three-dimensional models for the description of the inelastic soil behavior are still under
investigation today (for example in [15]). The salient characteristics of the behavior of the material is the degradation of the stiffness and the increasing dissipation with increasing strain.
Fig. 5 shows typical degradation curves for the shear modulus G normalized to the maximum
shear modulus G0 and for the hysteretic damping ξ as a function of the cyclic strain γ for sand
material. The gray areas are the envelopes of experimental data according to [14], which show
the inﬂuence of the conﬁning pressure p and of the void ratio e on the degradation curves.
The most common models are based on the one-dimensional wave propagation theory and
consider only one stress and one strain component at a time. Most of these models assume
the behavior to be rate independent and fully characterized by the initial loading curve, or
backbone. The most widely used stress-strain constitutive law is the Masing’s rule [17]. This
model assumes that unloading and reloading paths are scaled and/or inverted replicas of the
initial stress–strain path for monotonic loading. In this model, when unloading or re-loading,
the history of some or all of the reversal points must be tracked, so that when an unloading or
re-loading episode intersects a previously taken path, that previous path is reestablished. Hence,
this nonlinear model has memory of the previous strain history, but the path does not depend
on the deformation speed. One can simulate any rate-independent, inelastic material obeying
Masing’s rule by means of a set of elasto-plastic springs in parallel [10]. The implementation
of this model is much easier than the one for a non-linear backbone where many reversal points
need to be tracked [7]. Other 1D models are the hyperbolic model [21] and the RambergOsgood [19, 16] model and more recent extensions of them, e.g. [5]. These assume that the
stress-strain curve is independent of the cycle number, the void ratio, the conﬁning pressure and
the sand type.
In this contribution, we focus on the Assimaki et al. model [2], called MITS1, which is
deﬁned by 4 parameters and gives the strain-dependent values for the shear modulus and the
hysteretic damping (or material damping) and takes into account the conﬁning pressure.
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Figure 5: Experimental evidences of the dependency of the shear modulus G and of the material damping ξ on the
strain γ, the conﬁning pressure p and on the void ratio e (adapted from [2]).

Furthermore, to obtain a scalar measure of the shear deformation on a given point from the
3D strain vector, we use the octahedral shear strain [9]:
2
2 + 6γ 2 + 6γ 2
γoct =
(εx − εy )2 + εy − εz )2 + (εz − εx )2 + 6γxy
(22)
yz
zx
3
where εi are the normal strains and γi are the shear strains. This value is used as a reference for
the degradation curves of the material model. It is important to notice that, if only shear strains
in one direction would occur (εx =εy =εz =γxy =γyz =0, γzx =0), the octahedral shear strain γoct
does not coincide with the 1D shear strain γzx (γoct =1.63γzx ).
4

1D HFTD Method

When a nonlinear constitutive material for the soil is assigned to the model, a time-integration
algorithm is necessary, because the properties of the soil depends on the strain and the model
must be updated at each time step. This task is computationally demanding and produces a large
database of transient signal, which are difﬁcult to interpret. An alternative to time integration
schemes are the hybrid frequency-time domain (HFTD) methods, which assume a linearized
material and solve the problem iteratively.
In the one dimensional case, the HFTD method involves the following steps:
1. discretize the soil in N thin numerical layers;
2. assume initial linearized soil parameters;
3. evaluate the strain spectrum γ̄n (ω) at the center of each n-th numerical layer using the
transfer functions F 2 , described earlier;
4. transform the response back into the time domain γn (t) and evaluate the maximum of the
signals;
5. for each layer, use this maximum to scale the strain spectrum, obtaining an effective strain
spectrum γ̄n,eff (ω);
6. for each frequency ω of the spectrum, read the effective spectral strain value γ̄n,eff (ω)
and use the constitutive laws (for example the hyperbolic model or the MITS1 model) to
update the shear modulus Gn (γ̄n,eff (ω)) and the material damping ξn (γ̄n,eff (ω));
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7. repeat the analysis until the maximum of the strain of two subsequent analysis converge.
With these procedure the frequency- and amplitude-dependent nature of the strains is approximated, which in turn requires the model’s material to be frequency-dependent.
The effective strain spectra obtained in step 5 can be smoothed before using the strain value in
the constitutive laws, in order to obtain a more stable iterative algorithm. The HFTD procedure
presented by Kausel et al. [12] is summarized in Fig. 6.
4.1

Example: 1D HFTD Analysis of a Nonlinear Stratum

As an example, a layer underlain by a bedrock (a stratum) is computed considering a linear
and a nonlinear material. The soil properties are taken from [12]-Example 1. The total depth
h of the stratum is 25 m, the density ρ is 2000 kg/m3 , the shear velocity cs 200 is m/s and the
material damping ξs is 5%. The nonlinear behavior follows the material model MITS1 [2]. The
stratum is subjected to a transient signal of the Kobe Earthquake scaled to a maximum acceleration of 0.5g. The physical layer is discretized into 10 numerical layers and the exponential
smoothing technique described in Fig. 6 is used.
Fig. 7a shows the inﬂuence of the nonlinearity on the displacement transfer function F 1 (ω)
evaluated at the surface. In the nonlinear case, the amplitudes of the peaks are decreased and the
peaks for the ﬁrst three resonances occur at lower frequencies then in the linear case. Fig. 7b,c
and d show the spectrum of the strains at the center of the top layer, the transient accelerations
and the transient displacements at the surface respectively, for the linear and non linear case.
Several alternative smoothing functions can be used to improve the method. Kwack et al. [13]
compared different smoothing techniques found in literature. Wang and Zhao [22] proposed a
smoothing method based on a moving average method and a different scaling technique for
the computation of the effective strain. Fig. 8 shows the inﬂuence of the different smoothing
techniques for the effective strain (Fig. 8d) on the converged results, e.g. on the accelerations of
the free ﬁeld at the surface (Fig. 8a) and on the displacement transfer functions (Fig. 8b). The
moving average method (MAM) gives the most stable and realistic results.
Fig. 8c shows the frequency-dependent behavior of the material parameters for the MITS1
model using different smoothing techniques, evaluated at the center of the physical layer. It
can be observed that the shear modulus is strongly degraded at low frequencies. The opposite
applies to the hysteric damping, which decreases strongly at high frequencies. This is also
conﬁrmed in Fig. 9, where the distribution of the material properties with depth is shown for
different frequencies, for the converged solution.
Fig 10 shows a validation of the 1D HFTD method against a fully transient nonlinear analysis
carried out with the aid of a series of elasto-plastic springs, according to the Ivan’s Model [11]2 .
The comparison shows the great agreement between the two approaches, conﬁrming the suitability of the hybrid method.
5

3D HFTD Method

All the existing studies on HFTD methods for the SSI simulations neglect the effects of the
three dimensions of the system and focus only on one strain component at time. Therefore,
we propose to extend the HFTD methods by computing the three dimensional strains for the
free ﬁeld and iteratively solve the problem analogously to the 1D procedure. Fig. 11 shows the
proposed algorithm for the 3D HFTD methods. The main difference between the 1D and the
2
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Input soil properties of each soil
layer n:
Thickness hn
Mass density ρn
Shear wave velocity cs,n
Shear modulus Gn = ρn c2s,n

Input excitation:
Acceleration ar (t)
Velocity u̇r (t) = ar (t)dt, u̇r,max
Spectrum of the velocity
¯r (ω) = FFT(u̇r (t))
u̇

Inizialization (iteration i = 0)
0
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=

End
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Figure 6: 1D iterative process according to [2] for non-linear soil properties based on the MITS1 constitutive laws.
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(a) Transfer function F1 at the surface

(b) Strain spectrum at center of the numerical layer
on top

(c) Acceleration response at the surface

(d) Displacement response at the surface

Figure 7: Comparison between the nonlinear soil response resulting from the 1D HFTD method and the linear soil
response.

(a) Acceleration at surface

(b) Transfer function F1

(c) Degradation curves at center of the physical
layer

(d) Strain spectrum at center of the upper numerical
layer

Figure 8: Nonlinear soil response with different smoothing techniques for the 1D case.
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Figure 9: Nonlinear soil properties over depth at frequency of 2.5 Hz, 5 Hz and 10 Hz.

(a) Displacement on the soil surface

(b) Strain spectrum - center of the numerical top
layer

(c) Comparison of stress-strain curve

(d) Comparison of dissipated energy

Figure 10: Comparison between the results according to the 1D HFTD method and a true nonlinear simulation
using elasto-plastic springs after Ivan [11].
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3D lies on the computation of the strains: in the 1D case, the strains at different depths in the
free ﬁeld are obtained through the 1D transfer functions F 2 according to Eq. (21); in the 3D
case, the strains are obtained with the ITM according to Eq. (13).
In the 3D HFTD method, it is possible to consider a complex spatial distribution of the input
at the rock outcrop or at any point of the soil. Consequently, also the displacements and strains
become a function of the coordinates x, y and z. These can be used to update the soil properties
locally, thus obtaining a non-homogenous anisotropic soil. However, one of the assumption of
the ITM method is that the soil has the same properties in x-direction and y-direction and that
the properties in z-direction are homogenous within each horizontal layer. Therefore, for the
iterative part of the method, we approximate the 3D strain distribution through a distribution
which is constant for each horizontal layer and the reference strain vector εn for each layer n
corresponds to the octahedral shear strain evaluated at the coordinate zn (depth of the center of
each layer), x
 and y (horizontal coordinate of the evaluation points, e.g. directly underneath
the potential structure coupled to the free ﬁeld). With the components of the reference strain
vector, the octahedral shear strain according to Eq.( 22) is computed and used to update the
material properties of each layer with the chosen nonlinear material law. The more horizontal
numerical layers are considered, the more accurate is the approximation. Alternatively one can
used directly the 6 components of the the reference strain vector εn and a 3D nonlinear material
model to update the soil model.
5.1

Comparison Between the 1D and 3D HFTD Method

In order to compare the 1D and 3D results, a free ﬁeld subjected to a plane S-wave is considered. The wave propagates vertically while the particles move horizontally in x-direction
(vr∗ =wr∗ =0, u∗r =0) according to the Kobe earthquake signal[12]. In each plane x-y, all the particles experience the same horizontal motion, therefore the three dimensional case coincide with
a one-dimensional problem. The soil is made up of a physical layer underlain by an elastic half
space and the properties are speciﬁed in Tab. 2. The physical layer is divided into 10 numerical
layers. The evaluation points for the ITM quantities are at the coordinate xn =yn =0 and at the zn
corresponding to the depths of the center of the N numerical layers.
For the solution of the ITM, the following boundary conditions are applied:
• BC 1: zero stresses at the soil surface;
• BC 2: the product of the dynamic stiffness of the half space with the relative displacements at the lowest interface of the layer is equal to the stresses at this interface,
[σ̄zx (z = h), σ̄yz (z = h), σ̄z (z1 = h)]T =
KHS [(ū(z = h) − ū∗r ), (v̄(z = h) − v̄r∗ ), (w̄(z = h) − w̄r∗ )]T ;
• BC 3: continuity at interfaces between layers.
Where h is the thickness of the physical soil layer. By applying these boundary conditions,
the coefﬁcient vector c can be found and consequently the free ﬁeld soil response in the image
space (kx , ky , z, ω) is obtained. The solution in the original space (x, y, z, t) is computed through
the inverse Fourier transformation.
The strain at the layer center and the acceleration at the surface resulting from 1D (blue
curves) and 3D-model (red curves) are plotted in Fig. 12a and c. It can be seen that strains
and accelerations resulting from both models is nearly identical. The 3D model achieved the
convergence after eight iterations while the 1D model required six iteration steps. Also the
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Input soil properties of each soil layer n :
Thickness hn
Mass density ρn
Shear wave velocity cs,n
Shear modulus Gn = ρn c2s,n
(isotropic material: Gn,x = Gn,y = Gn )

Input excitation:
Acceleration a∗r (x, y, z, t) 
Velocity u̇∗r (x, y, z, t)(t) = a∗r (t)dt, u̇∗r,max
(bold symbols a∗r and u̇∗r are vectors containing components
in x,y and z direction)

Inizialization (iteration i = 0, j = x, y)
0
γn,max

=

End

∗
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Smoothind and scaling
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|)

Eni and cip,n are calculated with new values of Gin , ξni
Figure 11: Proposed 3D iterative process for non-linear soil properties based on the MITS1 constitutive laws.

Layer
Half space (HS)

h [m]
6.096
-

ρ [kg/m3 ]
2002
2102

cs [m/s]
244
265

ξ [-]
0.05
0.05

Table 2: Soil properties - Example with ITM
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(a) Acceleration in x direction at surface

(b) Degradation curve at layer center

(c) Shear strain in x direction γzx (t) at layer center

(d) Dissipated energy at layer center

Figure 12: Nonlinear response of one heterogeneous layer on elastic half space, subjected to a plane wave: 3DHFTD method with ITM versus 1D-HFTD method.

degradation curves and the dissipated energy shows agrrement between the 1D and the 3D
method.
5.2

3D HFTD Method Considering a Spatially Varying Seismic Excitation

In this example a layered soil is subjected to a seismic excitation with a non-constant horizontal distribution, applied at the interface between layer and half space, as shown in Fig 13.
The material properties are shown in Tab. 3. Fig. 14 shows the transient signals and the spectra of the input u∗r in x-direction and of vr∗ in y-direction, applied to all the particles of the
area highlighted in Fig 14. The loaded area is 0.625 m × 0.625 m, symmetric with respect to
the point (x, y) = (0, 0). Because of the small size of the loaded area, the excitation which
would results from this excitation would be very small. Therefore, the equivalent seismic loads
[σ̄zx (z = h), σ̄yz (z = h), σ̄z (z1 = h)]T are scaled with a factor of 1200 in order to introduced
enough energy into the system. This scenario does not represents a real seismic loading condition but serves the purpose of showing the effect of a localized excitation. The soil is discretized
into 10 numerical layers and the MITS1 material model is assumed. The reference strains for
the iterative process are evaluated at the center of each layer and the the points (x, y) = (0,0).
The results of this scenario are compared to the results of the same scenario considering a linear
material behavior.
Fig. 15 shows the time history of the displacement response of the soil surface at (x,y,z ) =
(0,0,0), and the strain response at a depth of 5m (center of the physical layer), for the nonlinear
and linear case. Fig. 16 shows the contour of the displacement response in x- and y-direction
over the considered area on the soil surface at a chosen time t = 5.5s. Finally, Fig. 17 shows
the transfer functions F1,x = u/u∗r and F1,y = v/vr∗ (deﬁned as in the
√ 1D case) as well as the
spectrum of the total displacements utot (ω, x = y = z = 0) = u2 + v 2 + w2 at the soil
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Layer
Half space

h [m] ρ[kg/m3 ] cs [m/s]

ξ[-]

ν[-]

10.0
-

0.05
0.05

0.3
0.3

2002
2102

100
265

Table 3: Soil properties for the 3D investigation in paragraph 5.2.

Lay

h
Ha

⎤
u(x, y, z, t)
u(x, y, z, t) = ⎣ v(x, y, z, t) ⎦
w(x, y, z, t)
⎡

er

lf s

y

pac

e

x
z

⎤
u∗r (t)
u∗r (x, y, t) = ⎣vr∗ (t)⎦
0
⎡

Figure 13: Non-constant spatial distribution of the seismic excitation at the layer-HS interface for the example in
paragraph 5.2.

surface for the linear and the nonlinear case. The results show the inﬂuence of the nonlinear
behavior on the frequency response and on the transient response.
5.3

Limitations of the 3D HFTD Method

The proposed method owns several advantages with respect to fully transient nonlinear analysis such as efﬁciency, simplicity of application and recued amount of output data. However,
several limitations are also present and discussed in the following:
• Linearization: as in the 1D HFTD method, we assume that the transient nonlinear behavior of the 3D ground can be approximated by a superposition of steady-state linearized
frequency-dependent responses. The convergence criteria focuses on the strain and affect
the accuracy of the iterative process. This assumption needs to be investigated in more
details, with a comparison against a fully transient nonlinear analysis.

u∗
r

∗
vr

u∗
r

[m]

∗
vr

(a) Transient signals of the input motion

(b) Spectra of the input motion

Figure 14: Displacement input in x and y direction applied at a portion of the layer-HS interface - 1987 earthquake
in Superstition Hills, California, USA (downloaded from the PEER Strong Motion Database Record [1]).
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u
v
[m]

w
u
v
w

(b) Strains at z = 5 m

(a) Displacements at the soil surface

Figure 15: Comparison of the displacement and strain response at (x, y) = (0,0) for the linear and the nonlinear 3D
HFTD method.

(a) Contour plot of the displacement

(b) Contour plot of the displacement
v(x, y, z = 0, t = 5.5 s)

u(x, y, z = 0, t = 5.5 s)

Figure 16: Contour of the displacement response of the soil surface at t = 5.5s for the nonlinear case.

(a) Transfer functions of the displacement response
on the soil surface

(b) Spectrum of the total displacement response on
the soil surface

Figure 17: Comparison of the transfer functions and total displacement spectrum at the soil surface at (x, y) = (0,
0) - Linear versus nonlinear soil system.
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• Material model: most of the nonlinear material model for soils are one-dimansional and
the material parameters are deﬁnes as a function of the shear deformation. In the 3D
HFTD method, one obtains a more detailed picture of strain deformation with 6 components, which could be the input of a realistic three-dimensional model for the description
of the inelastic soil behavior. However, 3D material models are still under investigation.
Therefore, we opted for established 1D material models, such as the MITS1, which depend only on one component of the strain. Here, we take the octahedral shear strain as a
scalar measure of the shear deformation on a given point. This aspect can be improved
integrating more complex 3D material models.
• Spatial averaging: in the 1D HFTD method, the system is approximated by a one dimensional model and all the particles in the x-y-planes, perpendicular to the depth-direction
(z-axis), moves in phase and with the same amplitude. In the 3D HFTD method, the
distribution of the motions and strains in the x-y-planes is not constant, being the input
arbitrarily spatially distributed. One could use this information to update the soil model
locally. However, in the current formulation of the ITM, we assume that each horizontal
layer is isotropic. Therefore, the material properties, such as G and ξ, are constant for
the whole x-z-plane and over the whole depth of the layer. For this reason, we have to
summarize the spatial distribution into one reference value, for example observing one
speciﬁc horizontal point (
x,
y ) to obtain the reference strain for the material model. In future developments, we plan to reformulate the method including spatial averaging based
on energy consideration and to extend the ITM solution for anisotropic and locally inhomogeneous soils.
6

CONCLUSIONS

In this contribution we gave an overview of the one-dimensional (1D) hybrid frequency-time
domain (HFTD) method for the simulation of the seismic response of nonlinear soils. The 1D
HFTD method does not takes into account the three dimensional (3D) effects that characterize
the wave propagation in the soil. To ﬁll this gap, we presented a 3D HFTD method, where
the seismic input motions can be applied at any point of the soil and can be spatially variable.
The effective strains in the soil are computed based on the 3D theory of elasticity through the
integral transform method (ITM). The 3D strain vector is used to ﬁnd the linearized properties
of the nonlinear soil and the problem is solved iteratively transforming from the image space
into the original space and viceversa and updating the soil properties until convergence. Several
examples show the comparison between the 1D and the 3D formulations and between linear
and nonlinear simulations.
In the proposed method the main assumptions are that the soil is isotropic in the horizontal
plane and that the properties of the material are homogenous within each horizontal layer. Moreover, the nonlinear material model used to update the materiel properties is one-dimensional.
In future works, the 3D HFTD method will be extended for anisotropic soils and for three
dimensional non linear material models.
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Abstract
Several studies have revealed that the inclined bedrock at the sides of the basins bring about
the concentration of damages, which well known as basin edge effect. As a seismically active
area much of the Turkey lies on the Anatolian Plate. This small plate bounded by two major
strike-slip fault zones, the North Anatolian Fault and East Anatolian Fault. During the history, Turkey has been the site of devastating earthquakes.
Severe structural damage at basin sides during recent major earthquakes around the world
strongly pointed out the importance of basin edge effect. Some of its notable examples can be
tracked in Turkey. With respect to the fact that Turkey is among the top 20 percent of all
countries exposed to earthquake hazard with regard to mortality and economic losses, the
necessity of the investigation and consideration of the basin edge effect in earthquake design
codes is revealed. In this study, the dynamic behavior at the edge of two real basins is investigated. In this study, at the first, the basin edge model of the basins are extracted from the data
obtained from extensive microtremor surveys and geotechnical investigations as well as insitu studies including SPT, CPT, PS logging tests. Then, the idealized geometry of the Dinar
and Duzce basins edge models are proposed.
Afterwards, the basins are subjected to the collection of strong ground motions using a fully
nonlinear method which works based on explicit finite difference scheme FLAC3D code. The
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idealized 2D model of the Dinar and Duzce basins are subjected to the collection of sixteen
strong ground motions with different peak ground accelerations (PGA) level of 0.1, 0.2, 0.3
and 0.4 g, four motions for each PGA level. For missing the effect of soil layers on selected
real accelerograms they have been chosen from among those recorded on stiff layers during
real earthquakes, or deconvoluted to the corresponding bedrock motion.
After the application of the strong ground motions from the bottom of the models in time domain, the acceleration of the surface points were recorded. For each surface point, the maximum spectral amplification factor under each earthquake is calculated then the average of
resulted spectral amplification for four earthquakes of the same PGA level was estimated and
reported.
The results of the dynamic analysis of Duzce basin showed the dominant effect of the inclined
bedrock at the basin edge. Also, variation of its effect under excitations with different PGA
levels is evident. At this basin the highest amplification factor occurs under the motions with
PGA of 0.2g. Also, unlike the rest of the curves, a de-amplification of 0.85 along about 200
meters from the basin edge occurred at Duzce basin edge which shows that the basin edge
can sometimes have decreasing effect on amplification. Regarding the influenced distance by
the basin edge, while this distance is bout 800m and 1000m for the motions with the PGA of
0.1g and 0.2g, it increases to 1250m and 1500m for the motions with the PGA of 0.3g and
0.4g, respectively.
For asymmetric Dinar basin, two different amplification behaviors were seen at the eastern
and western edges of the basin in terms of amplification amount and influenced distance by
the basin edge. The higher basin edge effect at the eastern part with lower bedrock inclination
with respect to western part was seen. This shows the higher effect of bedrock with lower angles. While the highest amplification factor at the western side occurs under the motions with
PGA of 0.3g, it happens under the motions with PGA of 0.1g at the eastern side. Also, it was
seen that at the eastern part of the basin has affected the distance about 1500 m from the outcrop while this distance for the steeper bedrock angle at the western side is about 700 m from
outcrop. Between these distances 1D behavior is dominant.
The results show that the dynamic behavior of the both Dinar and Duzce basins at their sides
is under the effect of basin edge in terms of amplification amount and influenced distance by
the basin edge. At the basin edges, comparable amplification amounts with respect to the inner parts of the basins were seen.

Keywords: Site effect, Dynamic behavior, Numerical modeling, Microtremor, Basin edge
effect, Dinar Basin, Duzce Basin.
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1

INTRODUCTION

Several studies have revealed that the inclined bedrock at the sides of the basins bring
about the concentration of damages, which well known as basin edge effect [1-3]. Ashigara
Valley [4] and Ohba Valley [5] in Japan, Parkway Valley in New Zealand [6], Coachella Valley in southern California [7], Volvi Basin in Greece [8], Heathcote Valley in the Christchurch City of New Zealand [9] are among the sites with extensive seismic array observation
instruments that have been used for validation of the theoretical studies regarding basin effects. In the meantime, investigations carried out at basins like Miyagi and Fukushima (Japan)
[10], Fraser Delta [11] and Euroseistest site [12], among others, provided more accurate data
about the basin edge effect.
As a seismically active area much of the Turkey lies on the Anatolian Plate. This small
plate bounded by two major strike-slip fault zones, the North Anatolian Fault and East Anatolian Fault. During the history, Turkey has been the site of devastating earthquakes. A devastating earthquake hit the city of Duzce on November 12, 1999 with a moment magnitude (Mw)
of 7.2 causing heavy damage and fatalities in Duzce province. The seen damage pattern during 1st October 1995 earthquake at Dinar town, Turkey, where located at the edge of an alluvial basin is another example of such effect. With respect to the statistical investigations, the
resulting losses place Turkey in the top 20 percent of all countries exposed to earthquake hazard with regard to mortality and economic losses [13]. Severe structural damage at basin sides
during recent major earthquakes around the world strongly pointed out the importance of basin edge effect and land-use planning [14-15]. Some of its notable examples can be tracked in
Turkey. The recorded damage patterns during 1996 Dinar earthquake [16] as well as November 12, 1999 Duzce earthquake [17] revealed the necessity of the consideration of the basin
edge effect in earthquake design codes. In this study, the different dynamic behavior at the
edge of two basins with respect to the basin center is investigated. The results of such investigations can be used as the critical data in land-use planning projects as instrument of earthquake hazard mitigation.
In this study, at the first, the edge models of are extracted from the data obtained from performed microtremor surveys as well as geotechnical investigation. In this way, the basin stratification and shear wave velocity profile as well as geotechnical properties of the layers are
obtained. Based on these data, the idealized geometry of Dinar and Duzce basins are proposed.
Then, in order to estimate the dynamic behavior of the basins, a fully nonlinear method based
on explicit finite difference scheme which solve the full equations of motion using FLAC3D
code [18] is performed.
2

BASIN EDGE EFFECTS AT DINAR AND DUZCE BASINS

The existence of the inclined bedrock underlying the Duzce Basin has aroused the ideas of
the effect of the basin edge on the dynamic behavior of basin. Also, the concentration of the
damages at the edges of the non-symmetric alluvial Dinar basin indicates the involvement of
the inclined bedrock in the different dynamic behavior of the basin at its sides [19-20].
2.1

Geology and seismo-tectonics of the basins

Dinar town is located at the edge of an alluvial basin in the southwest Anatolia, Turkey. To
reveal its geology and geotechnical conditions, extensive in-situ studies including SPT, CPT,
PS logging tests as well as microtremor measurements were carried out throughout the town
[21].
There are two main fault systems around Dinar Town. One of them is Dinar-Civril fault
which lays in the NW-SE direction and the other is Akdag fault with N-S direction. The Di-
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nar-Civril fault has got a 75 km long normal fault with a slight oblique left lateral component
[22]. These two fault systems had caused to form a seismotectonic structure consisting of two
grabens and a horst.
In order to estimate the shear wave velocity profile of soil layers, at two of the pre-drilled
boreholes suspension PS-logging tests until the approximate depths of 40 m were done. In Fig.
1 a characteristic geological section of Dinar laying in the E-W direction which reveals the
horst-graben structure as well as an example of the results of the SPT and PS-logging test that
were carried out at Dinar meteorological station site are presented.

Figure 1: East-West geological section of Dinar basin and an example of the SPT and PS-logging test results.

Duzce basin is a graben-like basin which was formed by the activities of the North Anatolian Fault. From geological point of view there is a low inclined topography toward the
southwest (toward Lake Eftani). In order to constitute the basin model and extract shear wave
velocity profile of the Duzce basin a microtremor survey was performed. Also, Single point
microtremor measurements were carried out at 25 different points in the basin along an S-N
line. The thickness value for each top layer was estimated by providing the best fit between
the H/V curve and theoretical Rayleigh wave ellipticity [23]. Based on microtremor measurements, the basin is composed of seven separate layers with different shear wave velocities.
The layer with a shear wave velocity greater than 800 m/s was considered as seismic bedrock.
The depth of seismic bedrock was estimated by the method conducted by Kudo et. al.(2002)
[24]. In Fig. 2 the proposed Duzce basin stratification and the shear wave velocity profile of
the basin edge is presented.
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Figure 2: The proposed Duzce basin stratification and the shear wave velocity profile of the basin edge.

2.2

Idealized basin geometry and geotechnical properties

Based on the results of the microtremor measurements, underground explorations and laboratory tests, and with respect to the extracted geologic cross sections of the areas given at
Fig. 1 and Fig.2 the idealized geometry of the Dinar and Duzce basins are proposed at Fig. 3.
As can be seen, for Dinar basin which is located between two horsts, the bedrock has got
6° inclination at the east edge until the180m depths. Then, until the depth of 220 m the bedrock angle decreases to 2°. At the west part steeper bedrock with 20° angle continues until the
depth of 220 m. At the other parts, horizontal bedrock with the depth of 220 m is modeled.
The width of the 2D basin model has been taken 6km.Corresponding soil specifications are
presented at Table 1.
For Duzce basin, the findings of the 2D shear wave velocity profile indicate the seismic
bedrock inclination of 6° at the basin edge which continues until 2km inside the basin. The
soil layers were assumed to extend horizontally within 2.2 km from the basin edge. Also, in
order to effectively catch the 2D behavior of the basin, the selected modeling length should
exceed the region that is affected by inclined bedrock. Such point is considered as the beginning of the 1D behavior of the basin; the region that the effect of the inclined bedrock is
missed. So, the left 2.2km of the basin has been modeled.
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Figure 3: The idealized geometry of the (a) Duzce and (b) Dinar basins.

Regarding geotechnical properties of the basins, the 220 m basin depth of the Dinar basin
is divided to two 200 m and 20 m layers on the bedrock in order to model the 20 m transient
layer between bedrock and basin (underlying a 5m bedrock layer). A linear variation of the
properties over basin depth has been provided for Dinar basin. Duzce basin and its surrounding area consists of alluvium deposits and lake sediments, which are composed of fine grained
gravel, sand and silt mixture with clay layers. The geotechnical properties of the idealized Dinar and Duzce basins soils are presented at Table 1.
Soil Type

c' (kPa)

' (°)

Vs (m/s)

G (MPa)

K (MPa)

g(kN/m3)

Dinar Basin
Basin

50-140

10

175-600

55.1-828

143.7-2159

18-21.6

Transient part

140-150

10

600-700

828-1127

2159-2939

216-22

Bedrock

-

-

1000

2200

3600

22

Duzce Basin
Stiff Low Plasticity Clay with Sand
(CL)
Medium Dense-Dense Silty Sand
(SM)
Dense-Very Dense Sandy Gravel
with Cobbles (GP)
Medium Weathered Soft Rock
Slightly Weathered Soft Rock
Elastic Bedrock

10

26

245

108

282

18

3

33

460

391.5

1020

18.5

-

38

520

527.3

1375

19.5

350
450

35
37

730
800

1120
1410

2918
3672

21
22

-

-

1000

2500

4160

25

Table 1: The geotechnical properties of the idealized Dinar and Duzce basins

The idealized 2D model of the Dinar and Duzce basins are subjected to the collection of
sixteen strong ground motions with different peak ground accelerations (PGA) level of 0.1,
0.2, 0.3 and 0.4 g, four motions for each PGA level. These records are of different peak
ground accelerations, frequency contents and durations. They are baseline corrected and filtered by a 25 Hz low-pass filter. The excitations are applied as SV waves to the model bot-
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toms. For missing the effect of soil layers on selected real accelerograms they have been chosen from among those recorded on stiff layers during real earthquakes, or deconvoluted to the
corresponding bedrock motion. At Table 2 the specification of the applied earthquakes are
presented.
Earthquakes

Station

Anza (25.02.1980)
Mammoth lakes
(25.05.1980)
Chalfant ( 21.07.1986)
Palm springs1986
Livermore (27.01.1980)
Düzce (12.11.1999)
Dinar 1995
Sakarya (11.11.1999)
Firuzabad 20.06.1994
Parkfield (28.06.1966)
Coyotelake (06.08.1979)
Mendocino 1992
South Iceland (17.06.2000)
UmbriaMarche (10.16.1997)
Parkfield (28.06.1996)
Kocaeli1(7.08.1999)

PinyonFlat

Amax
(g)
0.1

Mw=4.9

Significant
Duration (s)
1.945

Arias Intensity
(m/s)
0.0218

LongValleyDam

0.1

Mw=6.0

7.46

0.0666

LongValleyDam
Silent Valley
Morgan Terr Park
Lamont-531
Dinar station
Develop. burea
Firuzabad-ZRT
Temblor pre
Coyote Lake Dam
EEL River valley
Thjorsarbru
Colfiorito
Temblorpre
Develop. burea

0.1
0.1
0.2
0.2
0.2
0.2
0.3
0.3
0.3
0.3
0.4
0.4
0.4
0.4

Mw=6.2
ML=5.9
Mw=5.4
Mw=7.1
ML=5
Md=5.7
Mw=5.9
Mw=6.1
Mw=5.7
ML=6.5
Mw=6.5
Mw=4.3
Mw=6.1
Md=7.4

10.24
6.14
3.42
10.57
14.95
3.11
7.14
4.29
3.68
4.82
4.29
4.57
3.19
9.74

0.0638
0.0658
0.1877
0.5283
0.8096
0.1397
0.687
0.3615
0.4003
0.8079
1.6125
0.6902
0.5537
1.5843

Magnitude

Table 2: The specification of the applied strong ground motion collection.

3

ANALYSIS METHOD

To estimate the dynamic behavior of the Dinar and Duzce basins a fully nonlinear analysis
using FLAC3D code (Fast Lagrangian Analysis of Continua) based on explicit finite difference scheme which solves the full equations of motion is applied. In this method, both shear
and compressional waves are propagated together in a single simulation, and the material responds to the combined effect of both components. This aspect gets more important in the 2D
modeling of the basin edge where the waves are trapped at low angle bedrock inclinations.
Also, the method follows any prescribed nonlinear constitutive relation and since the strain
increments (not tensors) relate to the stress tensors, therefore plastic yielding is modeled appropriately [18]. With respect to the selected soil properties, the corresponding G/Gmax
curves have been estimated based on relation proposed by Ishibashi and Zhang (1993) [25]
and is presented at Fig. 5.
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Figure 4: The corresponding G/Gmax degradation curves of the basins' soils.

At the bottom boundary of the model the quiet boundary scheme, which involves dashpots,
are attached independently in the normal and shear directions to prevent the reflection of outward propagating waves back into the model as well as allow the necessary energy radiation.
For vertical boundaries, the approach used in the continuum finite difference code NESSI [26]
are developed via Free-Field boundary condition which involving the execution of free-field
calculations in parallel with the main-grid analysis. Also, to provide the accurate transmission
of the wave through modeled mesh, based on Kuhlemeyer and Lysmer (1973) [27], with respect to the frequency content of the input waves and the wave speed characteristics of the
system, the spatial mesh size was selected smaller than one tenth to one eighth of the wavelength associated with the highest frequency component of the wave.
The verification of this analysis has been done by comparing to the solution of Kawase and
Aki (1989) [28], and presented at Iyisan and Khanbabazadeh (2013) [29] and Khanbabazadeh
and Iyisan (2014 a,b) [30-31]. The solution of the trapezoidal valley by Kawase and Aki
(1989) [28] has been tested by Zahradnik (1995) [32] and Gil-Zepeda et al. (2003) [33],
among the others.
4

RESULTS AND DISCUSSION

After the application of the strong ground motions presented at Table 2 from the bottom of
the models in time domain, the acceleration of the surface points were recorded. For each surface point, the maximum spectral amplification factor under each earthquake is calculated
then the average of resulted spectral amplification for four earthquakes of the same PGA level
was estimated and reported. At Fig. 6 and Fig. 7, the maximum spectral amplification variation at the surface of the Dinar and Duzce basins under excitations with four different PGA
levels are presented.
4.1

Dinar basin

As seen at the idealized geometry of the Dinar basin, this basin has got an asymmetric geometry with different bedrock angles at its sides. The effect of such geometry can also be seen
in the dynamic behavior of Dinar basin at Fig. 6. Two different amplification behaviors are
seen at the eastern and western edges of the Dinar basin in terms of amplification amount and
influenced distance by the basin edge. Also, the effect of the motion strength on the dynamic
behavior of the basin is evident.
The results show that while the highest amplification factor at the western side occurs under the motions with PGA of 0.3g (with the maximum amplification factor of 3.75), it hap-
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pens under the motions with PGA of 0.1g at the eastern side (with the maximum amplification
factor of 3.82).

Figure 5: The maximum spectral amplification variation at Dinar basin surface.

There are two different amplification trends at two sides. Because of the enough distance
between two edges, no interference of the edges effect is seen. In fact, Dinar basin is divided
to three areas, two areas with independent 2D behavior at edges and a middle area with 1D
behavior. The point that the amplification curve turns to a flat curve, which continues towards
the inner parts of the basin, is usually considered as the beginning of the 1D behavior of the
basin; the region that the effect of the inclined bedrock is missed.
It is seen that the milder bedrock inclination at the eastern part of the basin has affected the
distance about 1500 m from the outcrop while this distance for the steeper bedrock angle at
the western side is about 700 m from outcrop. Between these distances, the effects of the basin edges are cancelled. In this region the basin turns to behave one dimensionally. The highest 1D amplification factor belongs to the motions with PGA of 0.1g. For other PGA levels,
relatively close 1D amplification factor is seen. While the sustained spectral amplification of
the basin center under the motions of 0.1g PGA is about 2.7, it decreases to about 2.25 for
stronger motions with higher PGAs.
4.2

Duzce basin

The amplification curves of the Duzce basin clearly show the influence of the basin edge
on the dynamic behavior of Duzce basin. Also, the variation of its effect under excitations
with different PGA levels is evident. As can be seen, while the highest amplification factor
occurs under the motions with PGA of 0.2g, the lowest amplification factor belongs to the
motions with PGA of 0.1g.
Despite the increasing trend of the amplification under the motions with the PGA of 0.1g
and 0.2g, it begins to decrease under the motions with higher PGAs. The seen amplification
factors under the motions with the PGA of 0.3g and 0.4g reach to 3.4 and 3, respectively.
Also, the maximum amplification curve of the basin surface under the motions with the
PGA of 0.3g shows a de-amplification of 0.85 along about 200 meters from the basin edge,
unlike the rest of the curves. This shows that the basin edge can sometimes have decreasing
effect on amplification. This phenomenon can be the result of the trapping of the waves at the
half space between inclined bedrock and surface at the edges.
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Figure 6: The maximum spectral amplification variation at Duzce basin surface.

As mentioned earlier, from the point that the effect of the inclined bedrock is missed the
1D behavior of the basin begins. For Duzce basin the beginning of 1D behavior under the motions with different strengths is different. While this behavior for motion with the PGA of
0.1g begins at 800m from the outcrop (with the maximum amplification factor of 2.6), it
reaches to about 1000m under the motions with the PGA of 0.2g (with the maximum amplification factor of 2.9). Despite the decrease in the maximum amplification factor under the motions with the PGA of 0.3g and 0.4g (with respect to the motions with the PGA of 0.2g), the
beginning point of the 1D behavior stretches more. It begins from 1250m and 1500 for the
motions with the PGA of 0.3g and 0.4g, respectively. In shorts, inside these areas the effect of
the basin edge is dominant.
5

CONCLUSIONS
 In this study, in order to investigate the basin edge effect, at the first, the basin edge
model is extracted from the data obtained from extensive microtremor surveys and geotechnical investigations as well as in-situ studies including SPT, CPT, PS logging tests.
Using these findings the basin stratification and shear wave velocity profile as well as
geotechnical properties of the layers of the basins were obtained. Then, the idealized geometry of the Dinar and Duzce basins edge models were proposed. Afterwards, the basins were subjected to the collection of sixteen strong ground motions with different peak
ground accelerations (PGA) levels using a fully nonlinear method which works based on
explicit finite difference scheme and solve the full equations of motion using FLAC3D
code. Using the recorded acceleration at 12 surface points along the basin edge the variation of the maximum spectral amplification factor was reported.
• The results show that the dynamic behavior of the both Dinar and Duzce basins at
their sides is under the effect of basin edge. Comparable amplification amounts with respect to the inner parts of the basins were seen. For asymmetric Dinar basin, two different amplification behaviors were seen at the eastern and western edges of the basin in
terms of amplification amount and influenced distance by the basin edge. The higher basin edge effect at the eastern part with lower bedrock inclination with respect to western
part was seen. This shows the higher effect of bedrock with lower angles. While the
highest amplification factor at the western side occurs under the motions with PGA of
0.3g, it happens under the motions with PGA of 0.1g at the eastern side. Also, it was seen
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that at the eastern part of the basin has affected the distance about 1500 m from the outcrop while this distance for the steeper bedrock angle at the western side is about 700 m
from outcrop. Between these distances 1D behavior is dominant.
• The results of the dynamic analysis of Duzce basin showed the dominant effect of the
inclined bedrock at the basin edge. Also, variation of its effect under excitations with different PGA levels is evident. At this basin the highest amplification factor occurs under
the motions with PGA of 0.2g. Also, unlike the rest of the curves, a de-amplification of
0.85 along about 200 meters from the basin edge occurred at Duzce basin edge which
shows that the basin edge can sometimes have decreasing effect on amplification. Regarding the influenced distance by the basin edge, while this distance is bout 800m and
1000m for the motions with the PGA of 0.1g and 0.2g, it increases to 1250m and 1500m
for the motions with the PGA of 0.3g and 0.4g, respectively.
• By consideration of the all aspects of this study, the results of such investigations can
be used as the critical data in land-use planning projects as instrument of earthquake hazard mitigation.
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Abstract. The two dimensional transient response of a tunnel subjected to an uniform load
is described in this paper. The concrete tunnel is embedded in a limestone massif with a heterogeneous chalk layer. The theoretical approach presented here is based on a semi-analytical
approach in which the Helmholtz decomposition is used for the separation of wave motion and
the solutions of wave equations are written using the Bessel-Fourier serie expansion method in
the Laplace domain. The inversion of the Laplace transforms are performed numerically by using the Durbin algorithm. An imperfect contact is used to take into account the discontinuities
at the interfaces between the different media. The results of hoop stress and radial displacement
on the outer boundary of the tunnel are presented.
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1

INTRODUCTION

Seismic methods have been used for several decades increasingly to asssist in rock mass
characterization in many geotechnical engineering applications. The present work concerns the
study of mechanical wave propagation in a specific underground environment constituted by
a system of cylindrical galleries, some of them presenting a concrete layer, embedded in an
elastic full space. The site under study is located at the LSBB (Low Noise Inter-Disciplinary
Underground Science and Technology, Rustrel, France). A bibliographical survey has been
carried out with a special attention to select articles focusing on configurations close to the
LSBB-kind geometry. Fang et al. [1] studied the dynamic response of a non-circular tunnel
subjected to longitudinal and transversal waves (P, SV). They used a visco-elastic interface to
model the contact between the rock mass and the tunnel. They concluded that the viscosity
has a small influence on the dynamic stress in high frequency areas compared to low frequency
areas. Fang et al. [2] analyzed the dynamic stress distribution around a circular tunnel subjected
to SH waves. Using an elastic slip interface to represent the contact between the alluvial valley
and the lined tunnel, they found that the dynamic stress increases when the elastic modulus of
the tunnel lining increases, and that the interface effect decreases for larger dimension tunnels.
The work described here extends the approach originally proposed by Yi et al. [3] who studied
the harmonic response of a cylindrical elastic tunnel, impacted by a plane compressional wave
and embedded in an infinite elastic ground. The interface between the rock mass and the linen
is considered as an imperfect contact and is modeled with two spring parameters (Achenbach et
al. [4]). The extension concerns the heterogeneous aspect around the tunnel called the damaged
zone. The heterogeneous description of this area consists in a finite number of isotropic and
elastic layers with imperfect contacts at each interface. We propose a cylindrical chalk layer to
take into account the heterogeneous area around the tunnel. The main steps of the theoretical
approach are: i) applying the Helmholtz decomposition, ii) solving the wave equation based on
the separation method and iii) use the Laplace transform and the expansion in Bessel function
series in the Laplace domain. We consider a step load that acts on the inner surface of the tunnel,
the solutions for each layer are derived and expressed in terms of Bessel-Fourier series. Using
the boundary conditions associated with the orthogonality conditions, a global stiffness matrix
is constructed and assembled. The Durbin algorithm [5] is used for the inverse transformation
in the time domain. The results obtained have been validated by comparison with Zakout et al.
[6] and a first set of new results with the configuration under study is proposed.
2

STATEMENT OF PROBLEM

An infinitely long cylindrical tunnel in an infinite limestone massif is subjected to a load
acting on the inner surface of the cavity (Figure 1).
The limestone massif is considered to be elastic, homogeneous and we propose a cylindrical
layer (k = 2) approach to model the heterogeneous area surrounding the concrete tunnel (k =
3). We also consider the tunnel and the heterogeneous layer to be elastic and isotropic. Taking
into account these hypotheses, the displacement equations of motion in each medium can be
written as follows
µk ∇2 uk + (λk + µk )∇∇ · uk = ρk ük ,

k = {1, 2, 3}

(1)

where the displacement vector u with subscript k represents motion in a given layer, {λk , µk }
are the Lamé constants, ρk is the density and the superposed dot denotes time derivative (ü is
the second derivative with respect to time).
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Figure 1: Problem geometry

The displacement field may be separated into scalar φ and vector Ψ potentials with the usual
Helmholtz decomposition. The problem does not depend on the z-coordinate due to the two
dimensional configuration, Ψ has only one single component ψz and for the sake of clarity it
will be written as ψ. It comes thus
uk = ∇φk + ∇ × ψk

(2)

Substituting equation (2) into (1), two wave equations are obtained
∇ 2 φk −

1
φ̈k = 0
c2pk

(3)

∇2 ψk −

1
ψ̈k = 0
c2sk

(4)

q
λk +2µk
Equations (3) and (4) are relative to P and SV waves, respectively. cpk =
and
ρk
q
µk
csk =
are the P and SV wave velocities in the elastic medium under consideration, ∇2
ρk
is the the Laplace operator in polar coordinates.
The Laplace transforms is defined as
∞

Z

F (r, θ, t)e−st dt

F (r, θ, s) =

(5)

0

Applying the Laplace transform with respect to time to Eqs (3) and (4), we obtain
∇2 φk + αk 2 φk = 0
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2

∇2 ψk + βk ψk = 0

(7)

is
is
, βk =
} are the P
cpk
csk
and SV wave numbers in the Laplace domain for a given layer and i2 = −1 is the imaginary
complex number.
When the step load acts on the inner surface of the tunnel, two incoming cylindrical waves (P,
SV) and two outgoing cylindrical ones propagate in the tunnel medium. The same phenomenon
is observed in the heterogeneous area, i.e two incoming and two outgoing cylindrical waves
(P, SV). The two incoming (P, SV) waves are expressed with Hankel functions of the second
kind. The two outgoing (P, SV) are written with Hankel functions of the first kind. The total
displacement potentials in the Laplace domain for the heterogeneous area (k = 2) and the tunnel
(k = 3) are
where over-bar hereafter denotes the Laplace transform, {αk =

φkt =

∞
X

[Lnk Hn(2) (αk r) + Pnk Hn(1) (αk r)]cos(nθ)

(8)

n=0

ψkt =

∞
X

[Qnk Hn(2) (βk r) + Znk Hn(1) (βk r)]sin(nθ)

(9)

n=0

where Lnk , Pnk , Qnk , Znk are respectively the expansion coefficients per mode of the (P, SV)
(1)
(2)
waves in the tunnel and the heterogenoues area. {Hn , Hn } are the Hankel function of the
first and second kind of an integer order n.
Two transmitted waves (P, SV) propage in the limestone massif from the interface r = a1 . They
are expressed by Hankel functions of the first kind that represent outgoing cylindrical waves.
∞
X

φ1t =

En Hn(1) (α1 r) cos(nθ)

(10)

Fn Hn(1) (β1 r) sin(nθ)

(11)

n=0

ψ1t =

∞
X
n=0

where En and Fn are respectively the expansion coefficients per mode of the two transmitted
waves (P, SV).
Based on the Helmholtz potential-displacement (11), displacement-strain relations (12) and
stress-strain relations generalized by Hooke’s law for a linear isotropic material (13), stress and
displacement components for the different media {k = 1, 2, 3} in the Laplace domain in polar
coordinates can be expressed as
ur,k =
εrr,k =

∂ur,k
∂r

∂φkt 1 ∂ψkt
+
∂r
r ∂θ

εθθ,k =

uθ,k =

1 ∂uθ,k ur,k
+
r ∂θ
r

σrr,k = λk (εrr,k +εθθ,k )+2µk εrr,k

1 ∂φkt ∂ψkt
−
r ∂θ
∂r

uθ
1 ∂uθ,k
1 ∂ur,k
εrθ,k = (
− ,k +
)
2 ∂r
r
r ∂θ

σθθ,k = λk (εrr,k +εθθ,k )+2µk εθθ,k
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3

BOUNDARY CONDITIONS

The heterogeneous area chalk surrounding the tunnel contains fractures which can modify the mechanical parameters of the materials. We propose an interface model developed by
Achenbach et al. [4] to take into account the discontinuities at the interfaces located at r = a1
and r = a2 . The basis of the model is that a fracture represents a displacement discontinuity
whereas the stresses are continuous. It is applicable to cases for which the fractures are large
in extent but small in thickness compared to the wavelength of the mechanical waves. We consider that a fracture of circular shape separates two successive layers. Two stiffness (kr, k , kθ,k )
constants are useful for modeling the fracture in the radial and angular directions at the interface between two successive layers. The constant kr,k models the fracture in the radial direction
and the constant kθ,k in the circumferential direction. Physically, the contact is assumed to be
perfect between two successive layers for largest values of kr,k and kθ,k . For very low values
of kr,k , kθ, k two successive layers are detached but present identical traction conditions. The
interface conditions at r = {a1 , a2 } are thus written as

σrr,1 = σrr,2





σrθ,1 = σrθ,2




1



ur,1 −
σrr = ur,2


kr,1 ,1




1



uθ,1 − k σrθ,1 = uθ,2
θ,1
(15)

σ
rr,2 = σrr,3





σrθ,2 = σrθ,3




1


ur,2 −
σrr = ur,3



kr,2 ,2




1


σrθ = uθ,3
uθ,2 −
kθ,2 ,2
We consider a step load which acts on the inner boundary of the tunnel at (r = a3 ). The
relative equations are

Pr
σ
rr,3 =
(16)
s

σrθ,3 = 0
Pr
of Eq (15) into Fourier cosine series so that the Fourier series
We choose to expand term
s
appears on each side
∞

Pr X
=
κn cos(nθ)
s

(17)

n=0

Pr
where κn =
for n = 0 and κn = 0 for n ≥ 1.
s
Substituting Eqs (11-13) into Eqs (14-15), and applying the orthogonality conditions, n sets
of linear algebraic equations are obtained in the Laplace domain
[X]n,{10,10} {C}n,10 = {Y }n,10
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0
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0

0

0



0
0

×
×
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×
×
×
×

×
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×

×
×
×
×

0
0
0
0

0
0
0
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0
0
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0
0
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0
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0 × × ×
0 × × ×


0
0

0

0



×

×

×

×



×
×

{C} = En Fn Ln2 Pn2 Qn2 Zn2 Ln3 Pn3 Qn3 Zn3
{Y } = 0 0 .. .. .. .. .. ..

Pr
s

T

T
0

The symbol × denotes non-zero terms.
The inversion of the Laplace transforms are performed numerically by using the following
Durbin’s formula [5] on the interval [0, T0 ]
M

X
eat 1
iπς
πςt
iπς
πςt
F (t) =
{ Re[F (a)] +
[Re[F (a +
)] cos(
) − Im[F (a +
) sin(
)]] (19)
T0 2
T0
T0
T0
T0
ς=0
where M is the truncation parameter, a is an arbitrary real number and F (a) can be any of
urk , uθk , σrrk .....
4

NUMERICAL RESULTS

The phenomenon of dynamic stress concentration, namely the sharp increase in the stress
over some normal value in a localized region of a structural body due to geometric discontinuities such as cavities, corners or notches, is related to the propagation of elastic waves. Structures embedded in a medium act as discontinuities resulting in an amplification of the dynamic
signal. Baron et al. [7, 8] have analysed the dynamic stress and displacement fields produced
around a circular cylindrical cavity in an infinitely extending elastic medium due to the passage
of harmonic or transient waves.
For numerical inversion with the Durbin method [5], the numerical parameters are as follows:
aT0 = 5, T0 = 200, M = 2000
At first, we are interested in the validation of our numerical code. Zakout et al. [6] study
the transient response of a circular cavity with and without a bonded shell in an infinite elastic
medium. We consider the same configuration for the case of the circular cavity unlined by
assuming that media 2 and 3 are identical to medium 1. We also consider perfect contacts at
interfaces r = a1 and r = a2 . Using the same mechanical parameters as Zakout et al. [6], in
Figure 2 we compare the nondimensional radial displacement and a good agreement is obtained.
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Parameters Limestone massif
ρ (kg/m3 )
2700
cp (m/s)
6000
cs (m/s)
3300

Chalk
3100
2600
1300

Concrete tunnel
2500
4216
2582

Table 1: Mechanical parameters of the media

Figure 2: Nondimensional radial displacement for mode (n = 1) at the inner surface of the tunnel r = a3 and
θ = 0, comparision with Zakout et al. [6].

Figure 3: Radial displacement for mode (n = 0) at the outer surface of the tunnel r = a2 and θ = 0

The numerical parameters for the geometric points in Figure 1 are a1 = 2.2 m, a2 =
1.2 m, a3 = 1 m.
We consider imperfect contacts, the stiffness constants have the values kr1 = kr2 = kθ1 =
kθ2 = 86.42 P a/m and the charge P r is equal to π P a. The mechanical parameters of the
media are shown in table 1. The results presented are obtained only for the first mode (n = 0)
and at the angle θ = 0. Figures 3 and 4 show the radial displacement and the hoop stress on
the outer surface of the tunnel at r = a2 . We observed a fast increase in the amplitudes of the
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radial displacement and the hoop stress followed by a progressive attenuation over the time.
The attenuation is certainly impacted by the quality of the contact at the interfaces which has
a considerable effect on the seismic wave signals. Figures 3 and 4 are the first sets of results,
other complementary results will be investigated in the near future.

Figure 4: Hoop stress for mode (n = 0) at the outer surface of the tunnel r = a2 and θ = 0

5

CONCLUSIONS

We have proposed a transient analysis of an elastic model describing the dynamic response
of a circular tunnel lined embedded in a limestone massif with a heterogeneous chalk layer. An
imperfect contact model is used to take into account the heterogeneous chalk area surrounding
the concrete tunnel. The numerical results are validated with those of Zakout et al. [6] and a
first set of results relating to the hoop stress and the radial displacement on the outer surface of
the tunnel is presented. Other results will be examined in the near future and we also hope an
experimental validation of the numerical results in some distant future.
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Abstract
In earthquakes propagating seismic waves will arrive at adjacent bridge piers at different instants. Consequently, the ground motion will not excite all bridge piers at the same time, but
with a time delay. Since the soil development along the bridge is never uniform, the spreading
waves will be altered by the unequal soil properties along the wave path. The bridge will
therefore experience spatially non-uniform ground excitation. The research focuses on the
consequence of this non-uniform ground excitation for the response of a bridge structure. The
left-hand abutment, bridge pier and right-hand abutment were excited by three separate
large-scale shake tables, respectively. The influence of the spatial variation of ground motions on the seismic response is discussed.
Keywords: Spatial variation; Seismic response; Bridge; Shake tables; Earthquake; Pounding
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1

INTRODUCTION

Major earthquakes, e.g. the 1995 Kobe earthquake [1], the 1999 Chi-Chi earthquake [2],
the 2008 Wenchuan earthquake [3], the 2010 Chile earthquake [4] and the 2011 Canterbury
earthquake [5] have shown the seismic vulnerability of bridges. Previous research found that
for long bridges, the non-uniform ground motions at adjacent bridge supports is one of the
main reasons of the relative movements between bridge structures. This is because the ground
motions at adjacent bridges will never be the same due to the finite speed of propagating
waves and heterogeneous properties of soil medium along the bridge. Many studies have been
conducted to investigate the influence of spatially varying ground motions. Some earlier research [6-8] revealed that a time delay of ground motions has a considerable influence on the
response of bridges. After the installation of the Strong Motion Array (SMART-1 array) in
Taiwan [9], Chouw and Hao [10] found that for adjacent bridge segments with similar natural
frequencies, the ground motion variation is one of the dominant factors for causing the out-ofphase movements between the bridge structures. The work showed the significant influence of
wave passage, incoherence and site-response effects on the bridge response during earthquakes.
During strong earthquakes the collisions between adjacent bridge structures are normally
impossible to avoid because of a relatively small expansion gap. Research has shown that
poundings could reduce bending moments of the piers due to the dissipation of the energy as
well as the restriction of the girder movements. However, poundings might also cause the
damage at the contact location and increase the unseating probability of the bridge girder own
to the transfer of the momentum [11]. Pounding response of bridges subjected to spatially
varying excitations has been studied by many researchers. Hao et al. [12], for instance, revealed that the spatially varying ground motions could increase the accelerations and impact
forces of adjacent bridge segments, which in turn resulted in an increasing number of collisions. Sextos et al. [13] found in their numerical study that when considering pounding, ignoring ground motion variation could on average result in a 25% underestimation on the ductility
demand of bridge piers. Bi et al. [14] showed that the spatially varying ground motions with
weak correlation could increase the pounding responses of bridges in both transverse and vertical directions.
Experimental research on the topic is limited. Crewe and Norman [15] were among the few
that using the experimental method to investigate the spatial variation effects of ground motions. In their study, a 1:50 scale bridge model was fabricated to evaluate the pounding response of short-span bridges under non-uniform ground motions. The result showed that even
for the same input ground motions with only a small time delay the girder displacements was
significantly increased. Li and Chouw [16] constructed a two-span bridge model to study the
influence of the plastic deformation of the bridge piers when subjected to non-uniform excitations. In a later study [17], a three-span bridge model was chosen to investigate the influence
of the size of gap at the expansion joints with considering two-side poundings. The result of
their studies indicated that neglecting the spatial variation of ground motions can underestimate the seismic responses of bridges, e.g. the pounding forces and the relative displacements
between the neighbouring bridge girders. Shrestha et al. [18] carried out a shake table testing
for a large-scale reinforced concrete bridge model subjected to non-uniform ground motions.
The authors reported that spatially varying ground motions would increase the longitudinal
peak accelerations of the girder.
The moveable abutment is, however, not considered in the studies mentioned above. Because of the significantly dissimilar structural characteristic, the abutments will inevitable influence the seismic responses of the bridge girder, which has been confirmed by many former
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researcher [19-22].
To the authors’ knowledge the experimental study on the pounding behaviour of bridge
structures subjected to the spatially varying ground motions is scarce. To narrow the
knowledge gap, in this research a series of shake table tests have been performed on a bridgeabutment model. The effects of spatially varying ground motions and pounding was physically investigated by fixing the left-hand abutment, bridge pier and right-hand abutment on three
separate large-scale shake tables, respectively. The ground motions were stochastically simulated based on the target design spectrum specified in the New Zealand standard [23] for soft
soil (Class D) condition with low correlation.
2
2.1

METHODOLOGY
Prototype structure and scaled model

The prototype structure is a segment of the Newmarket Viaduct Bridge located in Auckland, New Zealand. The bridge segment is 100 m long and 15.5 m high. The pier-to-pier distance is 50 m. The longitudinal fundamental frequency of the prototype is 0.98 Hz.
The experimental model has been constructed using steel with a dimensional scale of 1:20.
The similitude approach followed in this study has been proposed by Chen et al. [24] and Qin
et al. [25]. Details of the model are summarised in Table 1. Two abutments were simulated
using steel frames, which are significantly stiffer compared to the bridge model in terms of
having a much higher fundamental frequency of 330 Hz. The abutment, bridge and adjacent
abutment were fixed on a shake table array located in the National Engineering Laboratory for
Construction Technology of High-Speed Railway at Central South University, China. The
shake table array consists of three 4 m × 4 m independent shake tables with an edge-to-edge
distance of 2 m. The bridge-abutment system with shake tables is shown in Figure 1.
Parameter
Bridge span
Pier height
Pier-to-pier distance
Pier width
Pier thickness
Second moment of area of the pier
Bending stiffness
Effective mass
Longitudinal frequency

Model dimension
5000 mm
775 mm
2500 mm
100 mm
6 mm
1.8×103 mm4
1.86×104 N/m
488 kg
0.98 Hz

Table 1 Parameters of model
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Shake table 1

Shake table 3

Bridge segment

Abutment 1

Abutment 2
Shake table 2

Figure 1 Bridge-abutment model on shake tables

2.2

Experimental set-up

The pounding response of bridges was investigated using pounding heads attached at each
girder end. The pounding head has a contact block with a dimension of 310 mm × 56 mm.
Since pounding occurs via a contact area, the actual state of impact behaviour of bridges, i.e.
surface-to-surface contact, can be simulated effectively. For the case of pounding, the bridge
span and adjacent abutments were fixed 5 mm apart from each other. When pounding was not
considered, they were sufficiently far apart.
The MEAS 4000A accelerometers with a capacity of ± 2g were used to capture the girder
accelerations. Laser displacement transducers were fixed at girder ends to measure the opening and closing displacements of the girder relative to the abutments. The pounding forces
developed at the bridge-abutment interface were calculated using the force sensors. The strain
gauges were placed near the top and support of each pier for measuring the strains for calculating the bending moments.
2.3

Ground motions

Spatially non-uniform ground motions were simulated stochastically based on the target
design spectrum specified in the New Zealand seismic codes [22] for soft soil conditions. Details of the simulation can be found in Chouw and Hao [26]. Two sets of ground motions are
considered for each of uniform and non-uniform ground motions, hereafter referred to as Set 1
and Set 2, respectively. The ground displacements at different supports of are presented in
Figure 2.
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(a)

(b)
Figure 2 Ground displacements of (a) Set 1 and (b) Set 2

3

RESULTS AND DISCUSSION

To investigate the influence of spatially non-uniform ground excitations, the relative displacements obtained in the case of spatially varying ground excitations (SVGM) are compared to those obtained from an assumption of uniform excitations (UGM). The maximum
displacements in both no pounding and pounding cases are present in Figure 3. Fig. 3(a)
shows the effect of spatially non-uniform ground motions. It increases the maximum opening
displacements of the girder in all considered cases. Fig. 3(b) shows that in the case without
considering pounding, non-uniform ground motions increase the maximum displacements by
20%, whereas in the pounding case a significant larger amplification factor of 64% can be observed compared to that of the no pounding case. This result shows that an assumption of
uniform ground motions could underestimate the relative movements of the girder whether or
not pounding was considering. In the case of considering the spatially varying ground motion
the amplitude of the relative displacement increases significantly due to poundings.

(a)
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(b)
Figure 3: Effects of spatially varying ground motions and pounding on the (a) maximum and (b) average maximum longitudinal relative displacements of the bridge girders due to ground motions Sets 1 and 2.

Figure 4 shows the influence of the spatially varying ground motions on the bending moment developed at the base of piers when pounding was considered. The spatially varying
ground motions increase the maximum bending moment by 18% and 27% due to the ground
motions Sets 1 and 2, respectively. The results show that with considering pounding the nonuniform ground motions increases the maximum bending moments of piers. However, the influence of the effect on the bending moments is smaller than that of on the relative displacements of the girder (see Fig. (3).

Figure 4: Simultaneous effects of spatially varying ground motions and pounding on the maximum bending moments of the bridge girders due to ground motions Sets 1 and 2.

To investigate the influence of ground motion variations on the pounding response, the
pounding forces developed at girder-abutment interface due to ground motions Sets 1 and 2
are plotted in Figure 5. The result shows that the effect of spatially non-uniform ground motions increases the maximum pounding force from 194.43 N to 275.27 N due to ground motions Set 1, whereas the maximum pounding force is increased from 108 N to 240 N due to
ground motions Set 2.
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(a)

(b)

Figure 5: Effects of spatially varying ground motions on the pounding force due to (a) Set 1 and (b) Set 2 ground
motions

4

CONCLUSIONS
This paper discussed the simultaneous influence of spatially varying ground motions and
pounding on the seismic response of bridges. The following conclusions are drawn:
 The effect of spatially varying ground motions could aggravate the seismic response of
bridges whether or not pounding was considered.
 In the case with considering pounding the effect of spatially varying ground motions
causes a larger amplification on the relative displacements than the no pounding case.
 Poundings and the spatially varying ground motions have more influence on the relative
displacements of the girder than on the bending moments at the bridge pier supports.
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Abstract
A simple reduced-order discrete model is used to investigate the problem of dynamic through
soil structure to structure interaction via an analytical 2-D formulation that is solved in the
time domain. This new model includes sufficient degrees of freedom (DOF) for each of the
buildings to analyses the structure-soil-structure interaction between tall and short buildings.
This extends the parametric scope of previous studies. Additionally, we employ real ground
motion, that are classified into three groups: Near-Field Pulse-Like (NFPL), Near-Field Without Pulse (NFWP) and Far-Field (FF). These records have differences in amplitude, duration,
envelope shape, and power spectral content. Over 3 million different structural cases are analysed in Matlab for this extensive parametric study. Interaction between mode one of the short
building and mode 2 of the tall building is considered. These mode 1-to-2 interactions along
with the mode 1-to-1 interaction suggests that adverse/beneficial structure-soil-structure behaviour occurs for may more buildings than previous studies suggest.

Keywords: Structure-Soil-Structure Interaction (SSSI), Time History, Seismic Analysis, Dynamics.

5597

Felipe Vicencio, Nicholas A. Alexander

1

INTRODUCTION

Conventionally, buildings in urban areas are designed by considering the response of structures in isolation, i.e. without any neighbouring structures. However, the high density of buildings in cities inevitably results in the possibility of seismic interaction of adjacent buildings
through the underlying or surrounding soil. This phenomenon is widely known as structuresoil-structure interaction (SSSI) and has been reported in the pioneering works of Luco and
Contesse [1], Kobori et al. [2], Lee and Wesley [3], Murukami and Luco [4] and Wong and
Trifunac [5].
The complexity of the multi-structural interaction problem has also been emphasized in more
recent investigations based on numerical two or three-dimensional Finite Element Method
(FEM), Boundary Elements Method (BEM) or a combination of these two FEM/BEM procedures. For example the works of Qian and Beskos [6], Karabalis and Mohammadi [7], Lehmann
and Antes [8], Qian et al. [9], Yahyai et al. [10], Padron et al. [11], among others. These studies
have identified important factors that control the seismic interaction behaviour such as: (i) the
separation building distance, (ii) the direction of the orientation between foundations, (iii) the
height ratio and dynamic characteristics of adjacent buildings, (iv) the aspect ratio (the building
height to width ratio), and (v) the soil type beneath the buildings. One advantage of using such
methods is the possibility of modelling complex geometries and considering nonlinearities in
the elements. However, those models have a large number of degrees of freedom involved,
producing computationally costly and time-consuming analyses.
Another approach is physical modelling, which has been implemented in the last years for
the SSSI phenomenon. Trombetta et al. [12] and Mason et al. [13], model the nonlinear behaviour of soil and structure. Knapett et al. [14] analysed similar and highly dissimilar building on
shallow foundations using centrifuge modelling. Aldaikh [15] has indicated that the presence
of neighbouring buildings could produce favourable/detrimental changes in seismic response.
These represent important validation points for numerical models and provide preliminary estimates of the effects of complex interaction problems. However, these experiments are technically challenging because of the problem of scaling and represent a statistically small sample.
Thus, a large-scale parametric exploration of this problem requires a different method.
The alternative is to use system models, with a relatively limited number of degrees of freedom, for a parametric study. These low-order models (i) capture the most important dynamic
behaviour, (ii) have a relatively small amount of system parameters and (iii) are computationally simple for exploring a vast number of generic cases. These parametric studies should be
viewed as a preliminary investigation of the problem. They are not meant to substitute advanced
computational models and experimental work of specific cases. Mulliken and Karabalis [16]
calculated the interaction between adjacent two and three identical rigid surface foundations
supported by a homogeneous half-space soil, and subjected to impulsive, moment, sinusoidal
and random loads. Most recently, Alexander et al. [17] proposed a set of frequency-independent
rotational coupling spring coefficient that is used to modelling the interaction between adjacent
closely spaced buildings. Additionally, Aldaikh et al. [18] proposed an alternative closed-form
analytical expression for these interaction springs based on a Boussinesq formulation of the
surficial displacement and rotation fields. On the other hand, Vicencio and Alexander [19] extended these previous analyses further by allowing nonlinear hysteretic behaviour in the soil.
Results indicate that SSSI effects can increase with soil nonlinearity. Vicencio and Alexander
[20] suggest that there are significant interactions between different structures, employed a
large database of real records.
Based on the previous discussion, this paper aims to introduce a mathematical formulation
of the problem of SSSI, where the model enables an extra mode for each structure, and it is
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included the case of a low-rise structure next to a neighbouring much taller structure. We explore over 3 million different systems/ground motion cases. This computationally challenging
study required the High-Performance Computing (HPC) machine, BlueCrystal, at the University of Bristol. The objective of this research is to answer the following two questions: (i) does
the taller buildings can affect the size of adverse/beneficial SSSI behaviour? and (ii) Is there
evidence to suggest that different types of earthquakes can affect the SSSI behaviour?
2

THEORY

Considering the following system shown in Figure 1. It is a pair of building described in
terms of six DOFs and coupled by a rotational ground spring κ. The soil/foundation system of
each building has one rotational DOF at the foundation level 𝜃𝑗 . The building super-structures
have two translational DOFs relative to the ground (𝑥2𝑗−1 and 𝑥2𝑗 ). Thus, the three DOFs of
each building can be viewed as a projection, onto a three modes vector basis, of a generalised
multi-storey building. In the same way, this extended simplified low-order model allows SSSI
between the ‘second sway mode’ of a tall building, and the ‘first sway mode’ of a shorter building. A known ground displacement field is applied at both foundations, i.e. wave passage effects
and spatially heterogeneous ground displacement are neglected in the present work. The kinetic
energy and potential energy for this system are given by the equations (1) and (2) respectively.
2
1

1

2

1

2

1

𝑇𝐸 = 2 ∑ (2𝑚𝑏𝑗 (𝑥̇ 2𝑗−1 + 𝑥̇𝑔 − 2ℎ𝑗 𝜃𝑗̇ ) + 2𝑚𝑏𝑗 (𝑥̇ 2𝑗 + 𝑥̇𝑔 − ℎ𝑗 𝜃𝑗̇ ) + 𝑚𝑠𝑗 𝑟𝑗2 𝜃𝑗2 )

(1)

𝑗=1

𝑈𝐸 =

2
1
2
∑ (𝑘𝑏𝑗 𝑥2𝑗−1
2
𝑗=1

2

1

+ 𝑘𝑏𝑗 (𝑥2𝑗 − 𝑥2𝑗−1 ) + 𝑘𝑠𝑗 𝜃𝑗2 ) + 2𝜅(𝜃2 − 𝜃1 )2

(2)

where ℎ𝑗 is the total height of the structures and 𝑚𝑏𝑗 is the total mass of the buildings. 𝑚𝑠𝑗
are the foundation/soil masses underneath building 1 and 2, 𝑟𝑗 are the soil/foundation masses
radius of gyration, 𝑚𝑠𝑗 𝑟𝑗2 are the foundation/soil mass polar second moments of area (moments
of inertia). 𝑘𝑏𝑗 are the building lateral stiffnesses, 𝜅 is the stiffness of the inter-building soil
rotational spring and 𝑏𝑗 are the width of the buildings’ foundation. The equation of motion of
the complete dynamic system can be derived using the Euler-Lagrange as follows.
𝐌𝐮̈ + 𝐂𝐮̇ + 𝐊𝐮 = 𝐩𝑢̈ 𝑔

(3)

The system’s linear viscous damping matrix 𝐂 defined in equation (3) assumes that each
natural mode 𝑛 ∈ [1,6] is damped at 𝜉𝑛 = 0.05 of critical damping. 𝛟𝑛 is the eigenvector for
mode n, 𝜔𝑛 are the natural frequencies of the systems. Thus, the Caughey orthogonal damping
matrix 𝐂 can be calculated as [21]:
6

𝐂 = 𝐌 (∑
𝑛=1

2𝜉𝑛 𝜔𝑛
𝛟 𝛟𝑇 ) 𝐌
𝛟𝑇𝑛 𝐌𝛟𝑛 𝑛 𝑛
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Figure 1: Two buildings discrete model.

The scope of this analysis is restricted to a special case, by assuming the following.
 The same soil profile (loose sand with an average soil density of 𝜌𝑠 = 1300𝑘𝑔/𝑚3) exists
under both buildings.
 Both buildings have a similar square plan area of 𝑏 = 𝑏1 = 𝑏2 .
 The buildings can be of different heights ℎ𝑗 , where the first building frequency is estimated
using the approximation of the SEAOC Blue Book [22] for the natural period of a structure
on a rigid foundation equal to 𝑇 = ℎ1 /32.
 The buildings are spaced at some arbitrary distance from each other 𝑧𝑏.
 Building pounding is not permitted as inter-building spacing is assumed large enough to
avoid pounding.
Newmark and Rosenblueth [23] proposed that the dynamic mass of soil beneath buildings
is equal to 𝑚𝑠 = 0.35𝑏 3 𝜌𝑠 . The mass of the buildings can be calculated as 𝑚𝑏𝑗 = 𝜌𝑏 ℎ𝑗 𝑏 2 ,
where 𝜌𝑠 and 𝜌𝑏 are the densities of soil and building respectively. Based on typical spans and
floor loading, the average building density is 400-800 kg/m3. In this research, we used 𝜌𝑏 =
600𝑘𝑔/𝑚3 . Hence, the proportionality constant is equal to 𝑐1 = 0.76. The radius of gyration
of the soil-cylinder (directly under the rigid foundation) is evaluated using the Newmark’s empirical expression 𝑟 ≈ 0.33𝑏. We defined the following geometric parameters Height ratio 𝜀
and Aspect ratio 𝑠.
𝜀=

ℎ2
ℎ1
𝜌𝑠
, 𝑠 = , 𝑐1 = 0.35
ℎ1
𝑏
𝜌𝑏

(5)

Empirical forms for the rotational and inter-building interaction spring defined in Alexander
et al. [17] are considered. These springs were validated by (i) finite element models [14], (ii)
physical experimental models in shaking table and centrifuge [14, 15] and (iii) closed-form
analytical Boussinesq models [18]. Therefore, the values of foundation rotational spring 𝑘𝑠1 =
𝑘𝑠2 , and the interaction spring stiffness 𝜅 are written as an inverse cube power function of non-
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dimensional inter-building separation distance 𝑧. The rotational stiffness spring coefficient 𝑘𝑠
is obtained by using the empirical formulae deducted by Pais and Kausel [24] in the absence of
building interaction.
𝑘𝑠1 = 𝑘𝑠2 = 𝑘𝑠 𝑞2 , 𝜅 = 𝑘𝑠1 𝑞𝑘 , 𝑞𝑘 = −

3
0.25
0.5
1 𝐺𝑠 𝑏
,
𝑞
=
1
+
,
𝑘
=
2
𝑠
21− 𝜇
(1 + 𝑧)3
(1 + 𝑧)3

(6)

Thus, the Euler-Lagrange equation of motion expressed in matrix form is as follows,
1
0
3

1 − 2𝑠
𝐌=
2 0
0
[0
2
−1
0
𝐊=
0
0
[0

−1
1
0
0
0
0

3
− 𝑠
2

0
1
−3𝑠

−3𝑠
45 2
𝑠 +2𝑐1 𝑠−1
4

0

0

0
0

0
0

0
0
𝑐1 𝑐2 𝑞2 𝑠𝑉̅𝑠2 (1 + 𝑞𝑘 )
0
0
−𝑐1 𝑐2 𝑞2 𝑞𝑘 𝑠𝑉̅𝑠2

0
0
0

0
0
0

0
0
0

𝜀

0

3
− 𝜀2𝑠
2

0

𝜀
−3𝜀 2 𝑠

3
− 𝜀2𝑠
2

0
0
0
2𝜀 −1
−𝜀 −1
0

(7)

−3𝜀 2 𝑠
45 3 2
𝜀 𝑠 +2𝑐1𝑠−1
4

]

−1
0
−1
0
1 92𝑠
−𝑐1 𝑐2 𝑞2 𝑞𝑘 𝑠𝑉̅𝑠2
, 𝐩 = −𝜀
0
2
−𝜀
0
9
𝑐1 𝑐2 𝑞2 𝑠𝑉̅𝑠2 (1 + 𝑞𝑘 )]
[2𝜀2𝑠]

0
0
0
−𝜀 −1
𝜀 −1
0

(8)

Therefore, in this analysis, we need only 3 geometric non-dimensional parameters, (i) Aspect
ratio 𝑠 = ℎ1 /𝑏 (for building 1), (ii) The height ratio 𝜀 = ℎ2 /ℎ1 (building 2 to 1) and (iii) the
normalised inter-building distance ratio 𝑧 (ratio of the distance between buildings to building
width). The soil parameters are reduced to 𝑐1, 𝑐2 , 𝑉̅𝑠 , 𝜌𝑠 and 𝜇.
In this paper, we will employ two system performance measures (the following displacement
and total acceleration) to calculate the difference between the response of the coupled (SSSI)
and uncoupled (SSI) systems.
𝑈2𝑗 = 𝑢2𝑗 − 3

ℎ𝑗
ℎ𝑗
𝜃𝑗 , 𝐴2𝑗 = 𝑢̈ 2𝑗 + 𝑢̈ 𝑔 − 3 𝜃𝑗̈
𝑏
𝑏

(9)

where 𝐴2𝑗 are respectively the total (sway + ground + rotational) accelerations for the top of
buildings “j” in non-dimensional form. Therefore, we can state the percentage change in power
caused by SSSI as follows,
𝜒̈𝑖𝑖 = 100

[𝐸𝑠 (𝐴𝑖 )]𝑆𝑆𝑆𝐼 − [𝐸𝑠 (𝐴𝑖 )]𝑆𝑆𝐼
[𝐸𝑠 (𝐴𝑖 )]𝑆𝑆𝐼

(10)

where subscript 𝑖 is from 1 to 4 and 𝐸𝑠 (𝐴𝑖 ) is the total power spectral density (which is based
on all data points of response timeseries 𝐴𝑖 ), which is defined using the Parseval’s theorem
according to equation (11).
∞

𝐸𝑠 (𝑈𝑖 ) = ∫ |𝐴𝑖
−∞

∞

(𝜏)|2

1
𝑑𝜏 =
∫ |𝐴𝑖 (𝜔)|2 𝑑𝜔
2𝜋

(11)

−∞

where 𝐴𝑖 (𝜔) is the continuous Fourier transform of 𝐴𝑖 (𝜏). This difference term 𝜒̈ 𝑖𝑖 is zero if
there is no change between SSSI and SSI analyses or no interaction between the different structures. Using the total power as a comparative variable, produces a statistical estimate of magnitude that is more robust than employing a single peak of the function (displacement and
acceleration). To obtain the uncoupled system response (SSI) case, it is possible to calculate
the following system (i) increase inter-building distance 𝑧 to a very large value or (ii) set 𝑞𝜅 =
0 and 𝑞2 = 1.
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3

RESULTS AND DISCUSION

3.1 Ground Motion Selection
To calculate the effect of SSSI on the system we consider three types of ground acceleration
motion. This includes Far-Field (FF), Near-Field Without Pulse (NFWP) and Near-Field PulseLike (NFPL) record sets [25]. The ground motions database is obtained from FEMA P695 [26].
The recorded acceleration series of these ground motions are selected from the Pacific Earthquake Engineering Research (PEER-NGA) West database. The FEMA P695 recommends a set
of 22 FF records that are taken from 14 events that occurred between 1971 and 1999. Eight of
them occurred in California, and six of them are taken from different places around the world.
Each record has two horizontal components. Event magnitudes range from 𝑀𝑤 = 6.5 to 𝑀𝑤 =
7.6 with an average magnitude of 𝑀𝑤 = 7.0. Values of their peak ground accelerations (PGAs)
vary from 0.21g to 0.82g with a mean value of 0.43g. The next figure shows the elastic response
spectra from all records set used in this research.

Figure 2: Elastic response spectra of FEMA P695 ground motions.

3.2 Response of the system for a set of parameters
In this section, initial results for the Near-Field Pulse-Like Imperial Valley earthquake is
presented. For this, we examine the case when the two buildings are placed in very close proximity to each other, at 𝑧 = 0.1, i.e. at a spacing distance equal to 0.1𝑏.
Figure 3 displays the response for a system that the second building is 2.6 times the first
building, and building one has a height to width ratio equal to 2.6 (aspect ratio 𝑠 = ℎ1 /𝑏 = 2.6
and height ratio 𝜀 = ℎ2 /ℎ1 = 2.5). Figure 3(a) shows the uncoupled SSI (blue line) and coupled SSSI (red line) responses for the upper DOFs of building 1, that is the displacement 𝑈2
and the total acceleration 𝐴2 . Comparing the uncoupled SSI and coupled SSSI responses, we
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observe that the maximum displacement and acceleration of buildings increases for the SSSI
case.
Figure 3(b) shows the power spectral density for the displacements and total accelerations
of the building 1 (SSI and SSSI cases). We perceive that building 1’s total response power
increase about 𝜒22 = 63.7% and 𝜒̈ 22 = 51.3% in the displacement and acceleration respectively. In general, for height ratios greater than 2.0, higher amplifications are observed for displacement than for acceleration.
There is a significant amplification in the displacement power spectral density for a Fourier
frequency equal to 0.61Hz. This is mainly due to building 2’s first uncoupled natural frequency.
An important characteristic of the SSSI system is that the eigenfrequencies for the coupled and
uncoupled system are very similar (there is a maximum of 9% variation in natural frequencies).
However, the eigenmodes are different for the coupled system as they span the two buildings
rather than a single building in the uncoupled system. The resonance at 0.61Hz is not significant
for acceleration, mainly because the acceleration response is not as susceptible to low-frequency content by definition. This is a result of the Eulerian relationship 𝐯̈ (𝜔) = (𝑖𝜔)2 𝐯(𝜔).
The second resonance in the displacement and acceleration occurs at a Fourier frequency equal
to 2.1Hz (which corresponds to building 1’s first uncoupled natural frequency), while the third
resonance is due to building’s 2 second uncoupled natural frequency.
Figure 3(c) and Figure 3(d) displays the norm of the transfer function for the displacement
and acceleration for building 1 and 2 respectively. There is a transfer of earthquake energy
between building 2 to building 1, producing a reduction in building 2’s responses of 𝜒44 =
−12.3% and 𝜒̈ 44 = −4.1% in the displacement and acceleration respectively. For this parameter setting, the ‘first modal frequency’ of building 1 (represented by the second peak with a
Fourier frequency of 2.1Hz) is close to the natural frequency of the second mode in building 2
(represented by the third peak in Figure 3(d) with a Fourier frequency of 3.4Hz). This produces
an additional amplification in the response of building 1. Thus, adding an extra degree of freedom to building 1 and 2 may increase the interaction between the buildings. Nevertheless, incorporating further additional DOF into the buildings (i.e. greater than 3 degree of freedom per
buildings) does not significantly influence the SSSI system response. This is because the modal
participation factors of additional higher system modes are very small.
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Figure 3: (a) Displacement and acceleration responses of building 1, (b) Power spectral density of displacement
and acceleration responses of building 1, (c) Transfer function of displacement and acceleration for building 1
and (d) Transfer function f displacement and acceleration for building 2.

3.3 Change in power with variation in aspect ratio and height ratio
We now take a look at the total change in power of building 1, defined in equation (10) for
the acceleration 𝜒̈ 22 (𝑠, 𝜀). This difference term would be zero if there is no difference between
the coupled (SSSI) and uncoupled (SSI) analyses.
The variation of error in power, with height ε = h2 /h1 and aspect ratio s = h1 /b for loose
soil and inter-building spacing of 𝑧 = 0.1, is plotted. The system is subjected to all earthquake
events, classified by Far-Field (FF), Near-Field Without Pulse (NFWP) and Near-Field PulseLike (NFPL) record sets. For each of these record sets, the maximum of maxima error (for this
record set), the mean error (for this record set) and the standard deviation of error (for this
record set) are presented.
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Figure 4 displays the contour plots of variation of error 𝜒̈ 22 (𝑠, 𝜀) for the displacement and
acceleration 𝐴2 on top of building 1, for the Far-Field records. Figure 4 contains the results of
nearly half million different time-histories analyses. We employed University of Bristol’s supercomputer, BlueCrystal, for these simulations. The critical zones in the figure are red, i.e.
where the total response power of building 1 is amplified by the presence of building 2. Blue
indicates when the response power is reduced.
For the displacement, the worst possible building parametric configuration lies around
𝜒22 (2.6,1.1) = 110%, and when the height ratio is greater than 2. In the case of acceleration,
for height ratios greater than 1, i.e. when adjacent buildings are taller, the response of building
1 is amplified. The maximum increase in total acceleration power response occurred when the
building parametric configuration lies around 𝜒̈ 22 (2.5,1.1) = 110% and its average is approximately 𝜒̈ 22 (s, 1.1) = 40%. The dispersion of the values is small, with a maximum of 40%, for
the whole range of analysed parameters.

Figure 4: Response for Far-Field records. Maximum value, average and standard deviation for change in (a) displacement and (b) acceleration power.

Figure 5 displays the contour plots of variation of error in power 𝜒̈ 22 (𝑠, 𝜀) for the displacement and acceleration 𝐴2 considering the Near-Field Pulse-Like records. Again, in Figure 5 and
Figure 6 over half a million different time-histories analyses are developed. As with the FF
records, the maximum increase in total acceleration power response occurred when the structure
configuration lies around 𝜒̈ 22 (2.6,1.1) = 110% and reaching values above 400% for the displacement (height ratio greater than 2). The dispersion of the values is small, with a maximum
of 32%, for the whole range of analysed parameters.

5605

Felipe Vicencio, Nicholas A. Alexander

Figure 5: Response for Near-Field Pulse-Like records. Maximum value, average and standard deviation for
change in (a) displacement and (b) acceleration power.

Figure 6 shows the variation of change in power for the displacement and acceleration
𝐴2 considering Near-Field Without Pulse records. In general, the behaviour of NFPL and
NFWP earthquakes follows a similar pattern for maximum values, averages and standard deviation. Comparing the FF and NF earthquakes, the contour plots suggest that the low-frequency
content of the earthquake (especially for Near-Field records) can affect the size of adverse SSSI
effects, especially for response displacements when the height ratio is greater than 2.0.
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Figure 6: Response for Near-Field Without-Pulse records. Maximum value, average and standard deviation for
change in (a) displacement and (b) acceleration power.

4

CONCLUSION

In this paper, we present a theoretical formulation for SSSI between two buildings. These
structures are coupled through the underlying soil. Three types of ground motion were considered (Far-Field, Near-Field Without Pulse and Near-Field Pulse-Like records sets), selected
from FEMA P695. The analyses have been undertaken for loose soil.
The computational analysis for loose soils showed that there are unfavourable and beneficial
configurations for the dynamic characteristics of buildings. Regardless of the seismic event, it
is found that the effect of interaction is adverse for building 1 when building 2 is taller: i.e. the
power of the earthquake passed from the taller building to the smaller building. For the displacement responses, there is an increase in the response of up to 400%, when there is a large
difference of height (height ratio ε = h2 /h1 > 2.0) between the buildings. This result was not
observed in previous studies [15,17]. The taller building imposes a low-frequency ‘rigid body
rocking mode’ on the smaller building. If this behaviour is combined with ground motions that
have a larger low-frequency content (i.e. the near field records), then there is significant error
in using SSI analyses rather than SSSI analyses for these cases. This behaviour is observed in
displacement responses alone because acceleration responses are, by definition, much less susceptible to low-frequency excitation. For the acceleration responses, the greatest amplifications,
of up to 120%, are observed for buildings of 10% difference in height. This finding confirms
the results of previous studies [17].
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This research also indicated that there is a favourable geometric configuration (ε = h2 /h1 <
1.0) where the seismic risk is reduced in building 1 by the presence of a smaller structure. The
most beneficial configuration produces a reduction of the change in power in -45% for displacement and acceleration.
Results obtained from this 6dof model suggest that the introduction of two additional degree
of freedoms can affect the size of interaction between the structures. Therefore, the 6dof model
allows the interaction of the second sway mode of a much taller structure with the first sway
mode of a shorter structure of less than half its height. This suggests that modal coupling between the buildings is possible between more than just the primary modes of each structure and
therefore indicates a significant interaction between a taller building 1 and much shorter building 2.
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Abstract. Urban densification, despite the economic and social opportunities it offers, brings
with it challenges to the well-being of citizens. A direct effect of densification is the rise in noiseand vibration-producing sources, which can lead to both health and comfort issues. In determining the risk associated with excessive vibration levels, the distance between the source and
the receiver or target building, the ground properties, and the building type, are all important
factors. In this paper, we are concerned with the effect that adjacent buildings have on the prediction of the vibration levels in a residential building, caused by external ground surface loads.
The parametric studies were conducted using a coupled finite element model of the ground and
the buildings. The analyses were conducted in the frequency domain, and vibrational velocity
levels were computed at the receiver building in order to assess how building adjacency affects
the receiving building’s vibrational response.
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1

INTRODUCTION

The densification of urban areas, driven mostly by economic forces, continues unabated.
Urban densification, despite the economic and social opportunities it offers, brings with it challenges to the well-being of citizens. A direct effect of densification is the rise in noise- and
vibration-producing sources, which can lead to vibrations that exceed human-tolerable levels.
Current construction trends, which tend to favor the use of lighter materials (e.g., timber),
promote higher levels of human-perceivable vibrations. In addition, in dense urban settings,
the proliferation of vibration-producing sources has an effect on vibration-sensitive equipment,
whether in hospitals, research laboratories, or industrial facilities, that cannot be ignored.
Of the many different vibration sources, of interest herein is the analysis of traffic-induced
building vibrations, since it remains one of the dominant sources of vibrations in urban environments, further aggravated by densification. The traffic-induced vibration analysis is demanding,
since the problem involves a large number of difficult-to-estimate parameters. In broad strokes,
the problem can be divided into the three different parts illustrated in Fig. 1: the external source;
the medium; and the receiver. The parameters and the properties of each part affect the vibration
levels in the receiver building. In devising numerical models to estimate the vibration levels,
adjacent buildings are usually not taken into account—it is common practice to only include
the receiving building within the model. The effect of adjacent buildings in the response of a
receiver building has been primarily studied in the context of earthquake engineering, the socalled structure–soil–structure interaction and/or “site–city effects”, where the presence of adjacent buildings can significantly alter the response dynamics (see, for example, [1, 2]). However,
the influence of these interaction effects is not a well-studied area for traffic-induced building
vibrations. Exceptions include the study of the effect of structural modifications to the receiving
building and its surroundings in order to mitigate the vibrational response induced by ground
sources [3, 4, 5, 6, 7, 8].
In the present study, we investigate the effect of structural modifications to an adjacent building on the receiving building’s vibrational response due to ground surface loading. An example
of a suitable and commonly-arising application is the study of traffic-induced building vibrations were residents may be complaining due to increased vibrational levels. In Section 2 we
describe modeling of externally induced building vibrations, and in Section 3 we discuss the
developed computational model. Section 4 presents the conducted parametric study and the
numerical results. In Section 5 we discuss pertinent conclusions of the study.
Receiver

External source

Medium

Figure 1: Illustration of typical components of a building vibration problem in the built environment.
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2

MODELING OF EXTERNALLY INDUCED BUILDING VIBRATIONS

The modeling procedure used in the present study is based on the assumption of linear elastic
behavior, since we consider only low-amplitude vibrations induced by, for example, train and/or
road traffic. The analyses of the dynamic loading is performed in the frequency domain and the
finite element (FE) method is used to compute velocity levels. Since the spatial variability of the
soil and of the building properties occur at scales much smaller than the wavelengths that correspond to the frequency range of interest, in additional to linearity, we assumed homogeneous
and isotropic material behavior throughout.
After spatial discretization, the FE model of a linear dynamic system provides a semi-discrete
equation of motion in the form of the following system of ordinary differential equations:
Mü + Cu̇ + Ku = f,

(1)

where M, C, and K denote the mass, damping, and stiffness matrices, respectively, whereas u
denotes the displacements and f the loads. Dots indicate derivatives with respect to time. In
case of steady state displacement response to harmonic excitation, u and f can be expressed as
complex harmonic functions:
f = f̂eiωt , u = ûeiωt ,

(2)

where f̂ and û denote the complex load amplitude and the displacement amplitude, respectively,
i denotes the imaginary unit, ω denotes the angular frequency, and t denotes time. Introducing
Eq. (2) in the equation of motion (Eq. 1) yields the equation of motion in the frequency domain:
D(ω)û = f̂,

(3)

where the dynamic stiffness matrix D(ω) can be expressed as:
D(ω) = −ω 2 M + iωC + K.

(4)

We used a rate-independent (hysteretic) damping model, and thus, the damping can be described by a loss factor [9], as in:
Kη = ωC.
(5)
Inserting Eq. (5) into Eq. (4), we arrive at:
D(ω) = −ω 2 M + (1 + iη)K.

(6)

The imaginary part of the stiffness matrix is often referred to as the structural damping matrix. Equation (6) was used to model both the structures and the soil. We note that for the soil,
the linear elastic model accounts for the bulk compressional and shear waves, as well as for
any interface waves (Rayleigh on the free surface, and Stoneley along any interfaces between
soil layers). As is often the case, the FE model occupies a finite computational domain, which
is truncated via the introduction of suitable absorbing boundaries. Here, to reduce the computational effort, we used dashpots [10], which are effective when waves impinge at normal
incidence.
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3

COMPUTATIONAL MODEL

The coupled FE model comprises both the soil and the building structures, which are fully
coupled. See Fig. 2 for a schematic of the model. Plane strain conditions were applied, thus a
line load as well as an elongated building exposed to planar waves were assumed.
The soil in the example case consists of a stiff 10 m deep soil layer resting on top of
bedrock—conditions common in the south of Sweden; see Fig. 3 for the Youngs modulus E,
Poissons ratio ν, mass density ρ, and the loss factor η for the soil materials. Treating the bedrock
as a linear elastic material rather than a rigid foundation is an important parameter in this study.
The dimensions of the building are shown in Fig. 2. The building structure consists of 200 mm
thick concrete walls and 300 mm thick concrete slabs. The reinforcing bars are assumed to
not influence the response; the isotropic material properties used for the concrete are given in
Table 1. The model is excited by a vertical harmonic unit load applied on the ground surface
50 m from the receiver building; the load frequency was varied between 1 and 80 Hz in steps
of 0.5 Hz. The frequency range was set to relate to human response, on the basis of the ISO
standard [12].
Abaqus 6.13 [11] was used to compute the coupled response. To ensure that the FE analyses provide results of adequate accuracy, the influence of various parameters such as the aspect
ratio of the finite elements, the size of the computational domain, and the reflection of waves
at artificial boundaries have been studied, while the mesh density was adjusted to account for
typical minimum number of nodes per wavelength criteria. The soil, as well as the buildings,
were modeled with eight-node (serendipity) plane strain elements. Given the materials and fre7.8 m
Load

Building
50 m

3.3 m
3.3 m
3.3 m

Ground
Figure 2: Schematic of the model. Center-to-center dimensions are also shown.

ν
ρ
η

ν
ρ
η
Figure 3: Schematic of the ground profile; inserts describe the ground material properties.
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Property
Young’s modulus
Poisson ratio
Mass density
Loss factor

Value
32 GPa
0.2
2500 kg/m3
0.04

Table 1: Material properties used for concrete.

0.5 m

Soil
0.5 m

Bedrock

10 m

Figure 4: Schematic of the soil element mesh.

quency range of interest, the mesh convergence study resulted in an element size of 0.5×0.5 m2
for the soil layer and 0.5×10 m2 for the bedrock. Generally, an element size of 0.3×0.3 m2 was
used for the slabs, and 0.2×0.3 m2 for the walls. The FE mesh of the soil is shown in Fig. 4.
4

PARAMETRIC STUDY

In order to investigate the effects that various parameters of the adjacent building have on the
receiving building’s vibration response, a single parameter at a time was varied while the others
were kept constant. In total, five different parameters related to the adjacent building were
varied, and the results are presented in the following five subsections 4.1–4.5. Specifically, we
report on the effect of:
1. Distance between the buildings
2. Size of adjacent building footprint
3. Adjacent building cellar depth
4. Adjacent building mass
5. Adjacent building damping
In computing one value representing the vibration response we want to use a metric that is
sensitive to the peaks in the response spectra. We are therefore using a Root Mean Quad value
(RMQ), calculated as follows:

1/4
1 X
4
|V |j
,
(7)
RMQ =
n
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50 m

Receiving
building
EP

w
Load
d
Ground

h

Figure 5: Setup with adjacent building in front of receiving building.

50 m

Receiving
building

Load

EP
x

Ground

y

Figure 6: Setup with adjacent building behind receiving building.

where j denotes each discrete frequency, and n is the total number of frequencies. The vertical
velocities, |V |, were evaluated as complex magnitudes at the mid-point of the first floor level;
the specific locations are indicated in Figs. 5 and 6 as EP (Evaluation Point).
4.1

Distance between the buildings

In this subsection we evaluate to what extent the distance between the buildings affects the
vibrations in the receiving building.
First we consider the case when the adjacent building (h = 0, w = 8 m) is located in front
of the receiving building as seen in Fig. 5. Figure 7 shows that having an adjacent building
between the vibration source and the receiving building affects the response significantly. It
also shows that the gap-distance d has a minor effect on the response, and that no clear trend
can be seen.
Secondly, we consider the case of having an adjacent building without a cellar (h = 0) located behind the receiving building. The calculations showed that the response was not affected
to any appreciable extent, independently of the distance x between the buildings (cf. Fig. 6).
Therefore, we do not show the corresponding frequency response. However, if an 8 m-deep
cellar is considered, i.e. y = 8 m, the response in the receiving building is affected. The effect
of various distances, x, between the buildings for this case is presented in Fig. 8. As seen in
the figure, there is an effect on the response depending on the distance to the adjacent building.
The effect on the spectrum is rather small but since it affects the large frequency peaks, it still
results in a considerable change in the evaluated metric of the response. However, no apparent
general trends can be seen other than that the distance between the buildings is of importance.
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Figure 7: Vibration levels computed with the adjacent building in front of the receiving building. The distance d is
being varied. A setup with no adjacent building represents the reference case. In the left subfigure, the solid black
line represents the reference case and the gray vertical lines show the receiving building’s eigenfrequencies.
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Figure 8: Vibration levels computed with the adjacent building having 8 m cellar behind the receiving building.
The gap-distance x being varied. A setup with no adjacent building represents the reference case. In the left
subfigure, the solid black line represents the reference case and the gray vertical lines show the receiving building’s
eigenfrequencies.
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(b) RMQ value normalized to the reference case.
Note the inconsistent scale on the horizontal axis.

Figure 9: Vibration levels computed with the adjacent building in front of the receiving building. The width of
the adjacent building w being varied. A setup with no adjacent building represents the reference case. In the left
subfigure, the solid black line represents the reference case and the gray vertical lines show the receiving building’s
eigenfrequencies.

4.2

Size of building footprint

In this subsection we investigate the effects of the footprint size of the adjacent building,
when located in front of the receiving building, on the receiving building’s response. The model
can be seen in Fig. 5, where the footprint size is varied by changing of the width w of the
adjacent building. As seen in Fig. 9, the footprint size can have a marked influence on the
response. The most significant effect is seen when the adjacent building has the same footprint
as the receiving building (w = 8 m), where a large reduction in the vibration response is evident.
In this setup, the adjacent and receiving buildings have the same modal properties.
4.3

Cellar depth

The influence of the cellar depth for two different locations of the adjacent building is investigated in this subsection. In the first case, the adjacent building is located in front of the
receiving building as seen in Fig. 5. The distance d is fixed at 15 m, and the width of the adjacent building is 8 m; we vary the cellar depth h. As seen in Fig. 10, there is a large effect of the
cellar depth on the vibration response. The largest influence occurs when the cellar goes all the
way down to the bedrock, i.e. h = 10 m. The reflection of waves from the concrete cellar walls
is then significant.
As was noted in Section 4.1, having the adjacent building without cellar located behind the
receiving building did not, to any appreciable extent, affect the vibrational response for any of
the tested distances between the buildings. However, the distance has an influence when the
adjacent building has a cellar. Now we vary the cellar depth y of the adjacent building located
behind the receiving building. The distance x is fixed at 15 m and the width of the adjacent
building is 8 m; see Fig. 6 for the model. As seen in Fig. 11, there is only a small effect
of varying the cellar depth, but a clear trend is shown; with deeper cellar the reflected waves
amplify (normalized RMQ value greater than 1) the response in the receiving building.
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Figure 10: Vibration levels computed employing the adjacent building with cellar in front of the receiving building.
The cellar depth h being varied. A setup with no adjacent building represents the reference case. In the left
subfigure, the solid black line represents the reference case and the gray vertical lines show the receiving building’s
eigenfrequencies.
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(a) Frequency spectrum for the tested cellar depths of the adja- (b) RMQ value normalized to the reference case.
cent building.
Figure 11: Vibration levels computed with the adjacent building with cellar behind the receiving building. The
cellar depth y being varied. A setup with no adjacent building represents the reference case. In the left subfigure, the solid black line represents the reference case and the gray vertical lines show the receiving building’s
eigenfrequencies.
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Figure 12: Vibration levels computed with the adjacent building in front of the receiving building. The mass
density of the adjacent building being varied. A setup with no adjacent building represents the reference case. In
the left subfigure, the solid black line represents the reference case and the gray vertical lines show the receiving
building’s eigenfrequencies.

4.4

Building mass

In this subsection we vary the mass of the adjacent building by changing the material density
of the concrete. The adjacent building is located in front of the receiving building; see Fig. 5
for the model. The distance d is fixed at 15 m, the width of the adjacent building is 8 m, and the
building does not have a cellar, i.e. cellar depth h = 0.
As seen in Fig. 12 the mass of the adjacent building has a significant effect on the response.
A heavier adjacent building in front of the receiving building mitigates the vibrations to a larger
extent than a lighter building. Note that the lowest as well as the highest tested mass densities
are not realistic—however, they indicate that the largest influence occurs for mass densities
between 250 and 2500 kg/m3 .
4.5

Building damping

The amount of damping in the adjacent building, which is located in front of the receiving
building according to Fig. 5, is varied. The distance d is fixed at 15 m, and the width of the
adjacent building is 8 m and it does not have a cellar, i.e. cellar depth h = 0. The loss factor
was varied between 0.02 and 0.2. It was seen that varying the damping in the adjacent building
had a minor effect on the evaluated vibration levels in the receiving building; see Fig. 13 for the
response.
5

CONCLUSIONS

The paper presents a conceptual study of the effects of structural parameters of an adjacent
building on the vibration response in a receiving building. The FE method was used to create a
coupled soil and structure model that was excited by a ground surface load. The analysis was
conducted in the frequency domain with plane strain conditions, and the velocity levels were
computed in the frequency range of 1–80 Hz and evaluated at the midpoint of the first floor.
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(a) Frequency spectrum for the tested damping values of the (b) RMQ value normalized to the reference case.
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Figure 13: Vibration levels computed with the adjacent building in front of the receiving building. The amount
of damping in the adjacent building being varied by use of the loss factor η. A setup with no adjacent building
represents the reference case. In the left subfigure, the solid black line represents the reference case and the gray
vertical lines show the receiving building’s eigenfrequencies.

Two main general tendencies were observed: (i) to place a building between the vibration
source and the receiving building may work as a wave obstacle, thus mitigating the incoming
ground vibrations—the benefit is greater when the intervening building is heavier; (ii) having
building(s) with a cellar behind the receiving building may amplify the response and should
therefore be considered in a vibration analysis.
This conceptual study clearly points that there are so-called “site–city effects” in the problem
of ground-surface induced building vibrations, and that adjacent buildings must be considered
in an analysis aiming at determining vibrations levels in a building.
6
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Abstract
The present study refers to the interaction between two adjacent strip foundations that have
different depths of embedment. In particular, one foundation is characterized as deep and is
embedded in an elastic isotropic soil layer which is resting on a rigid substratum, while the
other foundation is characterized as surface and is resting on the soil layer’s surface. The two
foundations have an equal value of half-width, B and the embedment depth, D of the deep
foundation is equal to B. The distance ratio S/L, where S is the distance between the foundations and L is the width of each foundation receives the values of 0.5,3,5 and 10. In order to
investigate the effect of the soil layer’s depth H, the distance ratio is kept constant and equal
to 0.5 while the H/B ratio receives the values of 2, 4, 8 and 32.
The main target is the calculation of the impedance matrix of the two interacting foundations
and is achieved by the use of the finite element method. The accuracy of the finite element
model is verified by comparison studies with the rigorous results from the boundary element
method, concerning a single strip foundation, embedded or surface.
Each strip foundation has three degrees of freedom; the vertical translation, the horizontal
translation and the rotational one. Therefore, harmonic type of loading is applied at each
foundation for each degree of freedom and the flexibility matrix is calculated for a normalized
frequency range of 0.1<αο<2, where αο=ωB/Vs; ω is the loading frequency and Vs is the
shear wave velocity. The final flexibility matrix is a 6x6 symmetric matrix, which consists of
terms referring to the deep or surface foundation response and the coupled response between
them. The flexibility functions are presented for typical values of S/L and H.
The main conclusions are focused on the comparison between the response of each foundation which belongs to the system of the two and the response of a single foundation, deep or
surface. Additional comments refer to the effect of the soil layer’s depth on the coupling terms
of the flexibility matrix of the two adjacent foundations.

Keywords:
Structure-soil-structure interaction, Strip footings, Finite Element Method.
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1

INTRODUCTION

The assumption of fixed base boundary conditions for a structure can be considered appropriate only in very limited cases of a hard substratum time. Consequently, the soil-structure
interaction (SSI) phenomenon must be taken into account, especially during dynamic structural design analysis. Furthermore, in dense populated areas, of closely spaced structures or
structures on relatively close supports, the cross interaction through the soil between adjacent
foundations might also be important [1]. Therefore, in order to evaluate the dynamic characteristics or the response of adjacent structures, it is necessary not only to investigate the classical interaction between the foundation and the soil medium, but also the interaction between
the adjacent foundations through the soil [2]. Each foundation which diffracts the incident
wave field can be regarded as a disturbance producing a secondary wave field affecting its
neighboring [3]. This phenomenon is known as dynamic cross interaction (DCI) problem [2],
structure-soil-structure interaction (SSSI, 3SI) problem [4] or foundation-soil-foundation interaction (FSFI) problem [5].
The interaction of soil medium and a surface strip foundation was investigated by many researchers. Some researches refer to the coupling between horizontal and rocking response.
Luco and Westmann (1972) studied the coupling under the assumption of welded soil contact.
Horizontal-rocking coupling arises during the application of lateral forces (e.g. wind), earthquake loading or machine vibrations [7]. The coupled and uncoupled horizontal-rocking response of a surface foundation under the assumption of relaxed and welded as well boundary
conditions was studies by Karasudhi et al. (1968). The dynamic response of a surface strip
foundation without accounting for horizontal-rocking coupling was investigated by
Hryniewicz (1981). Furthermore, some additional researches focus on the properties of the
soil medium. Wickham’s study (1977) referred to a rigid strip foundation in smooth contact
with a semi-infinite elastic solid. A semi-analytical technique was applied by Gazetas and
Roesset (1976) in order to estimate the dynamic compliances of a rigid strip foundation resting on an elastic, linearly hysteretic, layered half-space. Von Estorff and Schmid (1984) analyzed the dynamic behavior of a strip foundation resting on a soil layer using the BEM. A
frequency domain BEM formulation has been used by Dominguez and Abascal (1989) in a 2D analysis of a strip footing on zoned viscoelastic soils. Jendoubi et al. (2008) studied the response of a strip footing resting on a half-space with constant or variable shear wave velocity.
The first studies concerning the through-the-soil coupling of adjacent surface foundations
referred to the two-dimensional space. Cruze and Rizzo (1968) applied a frequency domain
BEM formulation in order to study two and three dimensional elastodynamic problems, between two rigid surface foundations. The dynamic cross interaction of adjacent infinitely long
shear walls, supported on semi-cylindrical foundations under the prism of two-dimensional
anti-plane shear problem, was studied by Luco and Contesse (1973) for the case of two structures, by Wong (1975) and Wong and Trifunac (1975) for the case of several structures and
by Murakami and Luco (1977) for the case of an infinite number of equally space structures.
The finite element method was applied for the study of two-dimensional plane-strain models
by Lysmer et al. (1974, 1975), Liang (1974) and Aydinoglu and Cakiroglu (1977), whereas
the boundary integral equation approach was applied by Nakai and Fukuwa (1982), Antes and
v. Estorff (1986) and Kokkinos and Spyrakos (1991) for the same problem.
The soil-structure interaction of an embedded foundation was studied by many researchers
as well. Karabalis and Beskos (1986) applied the full-space Green’s functions in order to investigate the dynamic response of an arbitrarily shaped embedded rigid foundation. The dynamic response under vertical and horizontal loadings of arbitrarily shaped embedded
foundation was calculated by Gazetas et al. 1985 and Gazetas et al. 1987. Rajapakse and Shah
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(1988) studied also the dynamic response of rigid strip foundations of arbitrary geometry embedded in a homogeneous elastic half-space. Hatzikonstantinou et al. 1989 estimated the static
and dynamic stiffness coefficients while Fotopoulou et al. 1989 estimated the radiation damping coefficients of arbitrarily shaped rigid foundations embedded in an elastic homogeneous
half-space. The dynamic response of an arbitrary shaped rigid strip foundation embedded in
an orthotropic elastic soil under time-harmonic vertical, horizontal and moment loading was
studied by Wang and Rajapakse (1991). The impedance functions of rigid massless soilstructure interfaces, embedded in arbitrarily heterogeneous half-spaces were calculated by
Esmaeilzadeh Seylabi et al. (2016).
The dynamic performance of an embedded strip foundation was investigated by many researchers. In particular, Kobori et al. (1982) and Nakai et al. (1984) applied the boundary integral equation scheme. Israil and Ahmad (1989) investigated the dynamic response of surface
and embedded rigid strip foundation in viscoelastic soils under vertical excitation. The research was continued by Ahmad and Bharadwaj (1991) who investigated in detail the influence on key mechanical and geometrical parameters on the dynamic horizontal stiffness of
rigid strip foundations embedded in layered soil, while the research of Bharadwaj and Ahmad
(1992) referred to the rocking degree of freedom.
Although, many studies refer to the dynamic behavior of a single, massless, rigid embedded foundation, very few deal with the dynamic cross-interaction problem of two adjacent
embedded foundations. It is worth mentioning that Rajapakse and Shah (1988) investigated
the effect on impedances due to the presence of an adjacent embedment for various distances
between foundations and embedment ratios. Furthermore, Betti (1997) studied the dynamic
cross-interaction between two identical rigid square foundations embedded in a homogeneous
viscoelastic half-space by the application of the boundary element method.
The present study refers to the dynamic cross interaction between two adjacent strip foundations that have different depths of embedment and is a step further to previous investigations concerning two adjacent surface or embedded foundations [39, 40]. Difference in depth
of embedment may appear in cases where there is a basement in one of the adjacent structures.
The complete 6x6 impedance matrix of the coupled system is calculated for various values of
the distance ratio S/L, while the height of the soil stratum is kept constant. The study is completed by the investigation of the effect of the height of the soil stratum on the foundations
coupling for the minimum value of S/L.
2

PROBLEM AND MODEL DESCRIPTION

The problem under study is depicted in Fig.1. The main target of the study is the degree of
interaction between two rigid, massless, strip foundations that have different depths of embedment. Therefore, the left foundation is embedded to a depth D, in a soil layer which is resting on a rigid substratum while the right foundation is resting on the free soil surface. The
welded contact condition [9] issues at each foundation-soil interface. Consequently, complete
continuity of displacements is assumed for the area of contact (perfect bond). The adjacent
foundations have the same length, L or half-width, B and their separation distance is denoted
as S. Each foundation has three degrees of freedom: horizontal translation, ui; vertical translation, wi; and rotation, φi. the corresponding loadings that activate the three degrees of freedom
are denoted as: Hi, horizontal force; Vi, vertical force; and Mi, moment. In the following figure the positive direction of the external loads and the corresponding displacements are depicted. Subscript 1 refers to the deep foundation while subscript 2 refers to the surface
foundation. The soil comprises of a layer of thickness, H which is assumed as elastic, homogeneous and isotropic.
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Figure 1: Adjacent strip foundation with different depths of embedment.

The system of the adjacent foundations has six degrees of freedom in total. The loading
and displacement vector are related by the impedance matrix, K which takes the following
form.
11
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The 6x6 matrix is symmetrical. Each term is a frequency dependent complex number. The
real part (in-phase component) represents the true stiffness, the restraining action of the soil
and can be taken into account in the form of springs in a discrete model. Moreover, the imaginary part (out-of-phase component) represents the energy dissipation due to radiation and in a
discrete model corresponds to dashpots [4, 5].
Therefore, the complete displacement field of the two foundations is needed in case where
the external loading is applied at the deep foundation while the displacement field only of the
surface foundation itself is needed in case where the external loading is applied at the surface
foundation. The reverse issues if the surface foundation is denoted with subscript 1 and the
deep with subscript 2.
The main tool used for the estimation of the response of the complex system under different excitation frequencies is the finite element method. In the case of a strip foundation, related to a track, dam or building foundation with a high ratio of length to width, the assumption
of plane strain conditions can be considered to be reasonable [2]. Therefore, the finite element
model is created in 2D space with the aid of 9-node quadrilateral 2-D solid elements.
The foundation-soil-foundation problem is typically a wave propagation problem. Thus,
the minimum finite element size for each excitation frequency is equal to ⁄1 , where
is
the wavelength of minimum wave propagation velocity in the model, which usually corresponds to Rayleigh waves. Furthermore, the wave propagation problem in a model constructed by the used of the finite element method, cannot be simulated perfectly due to the
restriction imposed by the model length and the finite element size [41]. In particular, the
model must be large enough in order to reduce any reflected waves at its boundaries [42] and
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the finite elements’ size must be as small as possible in order to accurately describe a avelength. Therefore, in order to avoid any wave reflections, quiet boundaries suggested by Lysmer and Kuhlemeyer (1969) were used.
The soil characteristics are the following: shear modulus, G equals to 1
Pa, Poisson’s
ratio, v equals to 0.4 and density, ρ equals to 1.75t/m3. The ratio bet een the foundation’s
depth and its half-width, D/B is kept constant and equal to unity. The problem is first studied
for H/B equal to 2 and for various values of S/L ratio (0.5, 3, 5, 10). Furthermore, in order to
maximize the foundation-soil-foundation interaction effects, the distance ratio, S/L is also
kept constant and equals to 0.5. The interaction is studied for various typical values of the soil
layer’s depth ratio, /B ( , , 8 and ).
3

FINITE ELEMENT RESULTS

3.1 Validation studies
In order to validate the finite element model two validation studies were performed. The
first one refers to the calculation of flexibility matrix of a deep foundation while the second
one of a surface foundation.
Huh (1986) calculated the flexibility matrix of a rigid, massless, strip foundation embedded
to a depth, D of a soil layer resting on rigid substratum by the use of the boundary element
method. Figure depicts the comparison bet een the researcher’s results and the results of
the present study by the use of the finite element method. The horizontal axis of the charts
)⁄ s , where s is the shear wave velocity
represents the normalized frequency αο, αο (
and the vertical axis is normalized by the parameters π, G and B.

Figure 1: Validation study results for the case of an isolated, rigid, massless strip foundation embedded to a soil
layer resting on a rigid substratum.

The vertical loading of an isolated deep foundation does not produce any horizontal or
rocking displacement. Therefore, no coupling terms exist for the vertical degree of freedom.
On the other hand, the horizontal/moment loading produces rotations/horizontal translations,
respectively. Therefore, the coupling terms of motion are presented in Fig.2.c. Unfortunately
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no information is given by Huh (1986) regarding the coupled horizontal-rocking degree of
freedom. The results of the finite element method are in very good agreement with the result
of the boundary element method. Consequently, the validation study referring to the deep
foundation can be considered successful.
Luco and Westmann (1972), Hryniewicz (1981) and Wang et al. (2015) calculated the
flexibility matrix of a rigid, massless, strip foundation bonded to the free surface of an elastic
half-space. Figure depicts the comparison bet een the researchers’ results and the results of
the present study by the use of the finite element method.

Figure 3. Validation study results for the case of an isolated, rigid, massless strip foundation bonded to an elastic
half-space.

Once again, the vertical loading of an isolated surface foundation does not produce any
coupling terms ith the other degrees of freedom. Taking into account that the researchers’
results are produced by the boundary element method, which treats accurately the wave propagation problem in half-space, it can be concluded that the finite element results are in good
agreement. Therefore, the second validation study referring to a single surface foundation can
also be considered successful.
3.2 Study of coupling between two foundations with different embedment depths
The main core of the present study refers to the estimation of the dynamic cross interaction
between two rigid, massless, strip foundations that have different depths of embedment.
Therefore, the question that must be answered is the following: How much an external loading imposed on a foundation affects the dynamic behavior of its adjacent one? In order to answer the above question two features must be examined. The first feature refers to the
deviation of the behavior of each coupled foundation from the behavior of an isolated one,
while the second feature refers to the coupling terms of the 6x6 flexibility matrix. Therefore,
additional analyses were performed in order to calculate the flexibility matrices of an isolated
deep and an isolated surface foundation as well. The distance ratio, S/L receives the following
values: . , , and 1 hile the soil layer’s depth, /B is constant to .
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Based on the analyses results, it was found that the displacement field of each foundation is
attributed not only on its external loading but on the adjacent foundation’s loading as ell.
The smaller the ratio S/L is the bigger the effects of the foundation-soil-foundation interaction
phenomenon are. Therefore, not only there are coupling terms between the horizontal and
rocking movement of the foundation itself but coupling terms also appear between the two
foundations even for the vertical excitation. In particular, Fig. 4 depicts the foundations
movement at a random time frame for the case of S/L=0.5. It can be observed that even the
vertical excitation causes a rocking movement not only on the foundation itself but on the adjacent foundation as well. The blue color depicts the initial position of the foundations while
the cyan the deformed one.
Deep foundation loading

Surface foundation loading

a

b

c

Figure 3. Foundations response at a random time frame for the case of S/L=0.5: a) vertical loading, b) horizontal
loading, c) moment loading.

The foundation-soil-foundation interaction is expressed by the flexibility matrix, which is
the inverse of the impedance matrix. The necessary terms, real and imaginary parts, for the
definition of the impedance matrix, according to equation (1) that are related to the behavior
of the deep foundation are depicted in Fig. 4 and Fig.5. The horizontal axis of the charts represents the normalized frequency αο and the vertical axis is normalized by the parameters π, G
and B. The deviation from the behavior of an isolated deep foundation is observed at the coupling terms between vertical loading and translational and rocking degrees of freedom. Therefore, in the case of adjacent foundations, the vertical loading produces a complete
displacement field on the foundation itself. This phenomenon is intense for small values of
distance ratios, such as S/L=0.5 or 3. However, taking into account the small values of the
aforementioned coupling terms in comparison to the other terms of the matrix, it can be concluded that they can be ignored, especially in the low frequency range.
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Figure 4. Real parts of the necessary terms for the definition of the flexibility matrix referring to the response of
the deep foundation for various values of S/L (H/B=2).

Figure 5. Imaginary parts of the necessary terms for the definition of the flexibility matrix referring to the response of the deep foundation for various values of S/L (H/B=2).
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In Fig.6 and Fig.7 the real and imaginary parts of the flexibility matrix that are related to
the behavior of the surface foundation are depicted. The deviation from the behavior of an
isolated surface foundation is intense, especially in the high frequency range. Furthermore, the
coupling terms that relate the vertical loading to the horizontal and rocking degree of freedom
receive higher values than in the case of the deep foundation. Therefore, it can be concluded
that the surface foundation is affected in a higher level than the deep foundation from the
through-the soil- coupling.
In Fig.8 and Fig.9 the real and imaginary parts of the flexibility matrix that are related to
the pure coupling between the two foundations are depicted. Their values are a significant
portion of the values of the corresponding degrees of freedom of the two foundations. The
coupling is intense for small values of distance ratios, S/L=0.5 and 3. Furthermore, the interaction is stronger for horizontal and moment loading than for vertical loading, especially in
the high frequency range.
Consequently, for the case of a constant value of H/B=2, the through-the-soil coupling of
two rigid, massless, strip foundations with different depths of embedment cannot be ignored
for small values of distance ratios and in the high frequency range. Even though, the behavior
of each foundation does not decline from the behavior of an isolated one, the coupling terms
control the final behavior of the complex system.
Taking into account that the through-the-soil coupling of the adjacent foundations is
strongest for the smallest distance ratio, another question that arises is related to the effect of
the soil layer’s depth ratio, /B. Therefore, the 6x6 flexibility matrix is calculated for typical
values of H/B: 2, 4, 8 and 32.

Figure 6. Real parts of the necessary terms for the definition of the flexibility matrix referring to the response of
the surface foundation for various values of S/L (H/B=2).
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Figure 7. Imaginary parts of the necessary terms for the definition of the flexibility matrix referring to the response of the surface foundation for various values of S/L (H/B=2).

Figure 8. Real parts of the necessary terms for the definition of the flexibility matrix referring to the coupling
terms between the deep and the surface foundation for various values of S/L (H/B=2).
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Figure 9. Imaginary parts of the necessary terms for the definition of the flexibility matrix referring to the coupling terms between the deep and the surface foundation for various values of S/L (H/B=2).

Figure 10. Real parts of the necessary terms for the definition of the flexibility matrix referring to the response of
the deep foundation for various values of H/B (S/L=0.5).
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In Fig.10 and Fig.11 the real and imaginary parts of the flexibility matrix related to the response of the deep foundation are depicted. The thick lines represent the behavior of an isolated deep foundation at various values of H/B. The behavior of the coupled foundations does
not deviate substantially from the behavior of the isolated one, except for the coupling terms
between the vertical loading and the horizontal/rotational degrees of freedom. The coupled
effect cannot be ignored especially in the high frequency range for the real parts and for total
frequency range for the imaginary parts. Moreover, the coupling effect does not weaken with
the increase of H/B ratio.
In Fig.12 and Fig.13 the real and imaginary parts of the flexibility matrix related to the response of the deep foundation are depicted. The response of the coupled surface foundation
deviates substantially from the response of the isolated foundation according to the degree of
freedom excited and to the H/B ratio. In particular, the largest degree of deviation is presented
for the rocking motion, while the smallest one for the vertical motion. Furthermore, the deviation is strongest for H/B=2, while it still remains significant for larger values of H/B. The
coupling terms between the vertical excitation and the horizontal/rocking degree of freedom
receive the highest values for small values of H/B and only in the high frequency range. The
aforementioned behavior is expected for a surface foundation.

Figure 11. Imaginary parts of the necessary terms for the definition of the flexibility matrix referring to the response of the deep foundation for various values of H/B (S/L=0.5).
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Figure 12. Real parts of the necessary terms for the definition of the flexibility matrix referring to the response of
the surface foundation for various values of H/B (S/L=0.5).

Figure 13. Imaginary parts of the necessary terms for the definition of the flexibility matrix referring to the response of the surface foundation for various values of H/B (S/L=0.5).
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In Fig.14 and Fig.15 the real and imaginary parts of the flexibility matrix related to the
coupling terms between the two foundations are depicted. Comparing the maximum normalized values of the coupling terms with the values of the corresponding degrees of freedom of
the two foundations, it is obvious that the through-the soil coupling cannot be ignored. For the
vertical loading, the coupling terms receive their smallest values for H/B=2. As the ratio H/B
increases, the coupling due to vertical excitation covers the total frequency range with larger
values. For horizontal loading, the coupling terms receive higher values for small ratios of
H/B. Furthermore, for moment loading the interaction of the two foundations for small values
of H/B dominates in the high frequency range but as H/B increases the phenomenon covers
the total frequency range.

Figure 14. Real parts of the necessary terms for the definition of the flexibility matrix referring to the coupling
terms between the deep and the surface foundation for various values of H/B (S/L=0.5).
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Figure 15. Imaginary parts of the necessary terms for the definition of the flexibility matrix referring to the coupling terms between the deep and the surface foundation for various values of H/B (S/L=0.5).

4

CONLCUSIONS

The through the soil coupling of two rigid, massless strip foundations with different depths
of embedment has been studied by the use of the finite element method. The accuracy of the
finite element model was verified by the comparison studies referring to an isolated surface
and an isolated deep strip foundation. The foundation-soil-foundation is expressed by the impedance or flexibility matrix of the coupled system.
In the case of H/B=2, the response of the deep foundation deviates from the behavior of an
isolated one only at the coupling terms of horizontal and rocking motion, caused by a vertical
loading, especially for small values of S/L (0.5 and 3) and in the high frequency range. On the
other hand, the surface foundation is more susceptible to the dynamic cross interaction. In
particular, not only the aforementioned coupling terms are affected but also the terms due to
horizontal and moment loading. Finally, the coupling terms between the two foundations receive important values at small distances and in the high frequency range, especially for horizontal and moment loading. Therefore, the through-the-soil coupling between the two
foundations cannot be ignored for small values of distances at shallow bedrocks.
In the case of S/L=0.5, the response of the deep foundation deviates from the behavior of
an isolated one only at the coupling terms of horizontal and rocking motion, caused by a vertical loading. The aforementioned deviation is obvious for all values of H/B. On the contrary,
the response of the surface foundation deviates substantially for all degrees of freedom and
for all values of H/B. Finally, the coupling terms between the two foundations receive high
values only in the high frequency range for small values of H/B. On the contrary, as the H/B
ratio increases, the coupling becomes stronger in the whole frequency range. Therefore, the
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through-the-soil coupling between two closely spaced foundations cannot be ignored even for
high values of H/B.
The charts of real and imaginary parts of the impedances can be used in a simplified model
of springs and dashpots of the two foundations.
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Abstract
A rigid base is assumed in most seismic studies of liquid storage tanks. Additionally, recent
studies have shown that permitting uplift can significantly reduce the damage to tanks. Uplift
is the transient partial separation of the tank base from the supporting foundation. However,
uplift of storage tanks is still not well studied and a rigid base is assumed in numerical studies.
In this work, the simultaneous effect of uplift and a soil foundation are utilised to evaluate
experimentally the effect of these two factors on the acceleration in the tank wall. A low-density
polyethylene tank and a shake table were employed. Stochastically generated seismic excitation
is employed based on the New Zealand design standard, NZS 1170.5, for medium soil, classification B. Three base conditions were considered: 1) fixed-base tank on a rigid support, 2) freebase tank on a rigid support and 3) free-base tank on a flexible support.
To simulate the rigid support condition, the tank is resting on a steel plate rigidly attached
to the shake table. A laminar box infilled with sand is utilised to represent a flexible soil condition. Results revealed that the highest acceleration at the tank top occurred when the tank is
resting freely on a rigid supporting base. Furthermore, for this case the maximum uplift occurred at the same time as the maximum acceleration. However, for the case of a flexible support, the maximum acceleration occurred at the tank base and did not coincide with the time of
maximum uplift. The maximum uplift occurred for a flexible supporting base and is not related
to the maximum acceleration at the tank top. Thus, the distribution of the maximum acceleration,
and hence uplift, depends significantly on the support condition.
Keywords: Liquid storage tank, Uplift, Soil-Structure Interaction, Earthquake Engineering
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1

INTRODUCTION

Liquid storage tanks are required to supply and regulate water, petrol or other chemicals
following damaging seismic events. Hence, their integrity after emergencies is essential, especially for the fast recovery of the affected area. Experiences with strong earthquakes have repeatedly shown the vulnerability of tanks under dynamic loads. The vulnerability lies from the
complex uncertainties originating from the interaction between the liquid, the tank wall and the
supporting soil. However, these complications are usually incorporated by simplifications in
the design analysis and may not represent adequately the real behaviour of the tank under seismic loads.
Damage to a tank wall is generally associated with high concentration of both hoop and axial
stress. Hoop stress is related to the hydrodynamic pressure due to the liquid. Axial stress is
associated with uplift, which is the transient separation of a part of the tank base from the supporting foundation. Uplift in liquid storage tanks depends on several parameters that include
the dimensions of the tank, the ratio of the tank radius to the liquid height (aspect ratio h/r), the
stiffness of the base plate and supporting foundation. Another factor that may amplify the risk
of failure is soil-structure interaction (SSI).
SSI involves factors that are not generally addressed in a holistic design. The majority of
studies in this topic have been numerical, but opinions differ on some of the key parameters of
SSI. On the one hand, a flexible support condition is beneficial to the tank response, i.e. the
magnitude of acceleration and stresses are reduced [1–3]. According to Larkin [4], on the other
hand, the tank response depends on the soil and tank properties. Additionally, the changes in
the fixed base natural frequencies that may occur produce significant changes in the system
response. If the natural frequency of the tank is close enough to the predominant frequency of
the soil site, amplification in the response may occur [5–7]. Hence, during the design phase,
assuming a rigid support condition does not always guarantee conservative results [8].
Limited experimental studies have been conducted considering SSI [9-14]. Ormeño et al.
[10] utilised an aluminium tank on a shake table, focusing on the development of the acceleration of the tank and associated uplift. To simulate a flexible base support, a rigid box with sand
was utilised. It was concluded that the maximum acceleration for aspect ratios ℎ/𝑟 = 1 and 2.5,
when SSI is considered, presented similar magnitude. However, the maximum acceleration is
less than that of the case when the tank is resting on a rigid base.
The present paper evaluates, through an experimental study using a laminar box, the combined effects of uplift and a flexible support foundation (sand) on the earthquake-induced acceleration of a storage tank.
2

EXPERIMENTAL SET-UP

2.1 Tank model
A low-density polyethene (LDPE) tank, 750 mm in height and 450 mm in diameter, is used
to model a prototype steel tank. Neglecting the influence of oscillations at the fluid free surface,
i.e. the convective mode of response, the model can be analysed as a Single-Degree-of-Freedom
(SDOF) system based only on the impulsive inertia forces on the tank wall [3]. Thus, the similitude conditions may be defined using the Buckingham π theorem, along with the Cauchy number for a SDOF system [15]. The model and prototype properties are shown in Table 1, and the
scale factors are shown in Table 2. The fundamental periods were estimated according to the
work reported in NZSEE [16], for an anchored-roofless tank on a rigid support condition.
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Model

Prototype

Material

LDPE

Steel

Elastic Modulus E (GPa)

1.12

210

Radius r (m)

0.225

4.5

Liquid Height H (m)

0.675

13.5

Maximum liquid Mass (kg)

107

858 833

Fundamental period (s)

0.034

0.14

Table 1. Properties of the model and prototype
Dimension
Length
Mass
Time
Acceleration

Scale factor
20
8000
4.2
1.16

Table 2. Scale factors

Two support conditions for the tank were utilised, i.e. 1) a rigid steel plate fixed to the shake
table, representing a rigid support condition, i.e. rock, Figure 1(a); 2) sand contained in a laminar box (described in Section 2.3) i.e. a flexible support condition representing a soil site, Error!
Reference source not found.(b). All tests were performed with a liquid height of 675 mm,
which corresponds to an aspect ratio of three. Three tank base conditions are utilised: 1) The
tank is fixed to the rigid steel plate, 2) the tank is unanchored and is placed directly on the rigid
steel plate, and 3) the tank is resting freely on sand in the laminar box.
Two columns of three accelerometers, i.e. at 0° and 180°, see Figure 1(c), at heights of 30
mm, 375 mm and 700 mm, were attached to the external face of the LDPE tank, see Figure 1(c).
All the accelerometers were oriented at the same direction, i.e. positive in the direction from
180° to 0 °. In both support cases (rigid and flexible), an accelerometer was attached to the
shake table.

Figure 1. LDPE tank (a) fixed and free-rigid base, (b) free-flexible base, and (c) measurements locations.

2.2 Anchorage
The LDPE tank was fixed to a rigid steel plate of 𝑡 = 25 𝑚𝑚 thickness through eight M8
bolts. A round steel plate of 3 mm thickness was placed inside the tank to avoid stress concentration on the base plate due to the pressure from the bolts, as shown in Figure 2. Hence, modifications to the tank wall stiffness were avoided. An extra accelerometer was placed on the
steel plate to record the acceleration of the tank base (see Figure 1(c)).
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Figure 2. Fixing of LDPE tank base (a) Front view, and (b) top view (units in mm).

2.3 Laminar box
A 2 m cubic laminar box is used to simulate the earthquake-induced shear deformation of
the sand that results from seismic motion (Fig. 3). The maximum permitted displacement of
each layer of the laminar box is 175 mm in the direction of the shake table motion. More information regarding the characteristics of the box can be found in [17]. The box is filled to a height
of 1.43 m with sand with an average density of 1.58 t/m3. One accelerometer was placed on
the sand surface, next to the tank base.

Figure 3. Cubic laminar box filled with sand.

The shear wave velocity was measured at the beginning of the experiment by creating an
impulse, to ascertain the shear stiffness of the sand. The experimental set-up and the recorded
accelerations are shown in Figure 4. A circular steel plate was placed on the sand surface. A
horizontal impact from a hammer on the steel plate produces a downward travelling shear wave
that was recorded by two accelerometers a distance of 700 𝑚𝑚 apart. The average shear wave
velocity 𝑣𝑠 𝑚 may be estimated by dividing the travel distance 𝛥𝐿 by the travel time 𝛥𝑡. From
Figure 4, the travel time is 𝛥𝑡 = 1.1554 − 1.1514 = 0.004 𝑠. The estimated mean velocity is
𝑣𝑠𝑚 = 175 𝑚/𝑠. An empirical method to estimate the shear wave velocity is by Equation (1)
[18]:
1

′ )2
𝐷𝑟 + 25 √0.422 × 106 (𝜎𝑚
𝑣𝑠 = √
100
𝜌

(1)

where 𝑣𝑠 is the shear wave velocity in 𝑚/𝑠, 𝐷𝑟 is the sand relative density, Dr = 56%; ρ is the
sand mass density, 1580 kg/m3; σ′m is the mean effective stress at the respective depth, estimated as σ′m = (σ′v + 2σ′h )/3; σ′v is the effective vertical stress and σ′h is the horizontal effective stress.
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Figure 4. Configuration of impulse test and shear waves recorded by both accelerometers (units in mm).

The stresses may be estimated by elastic solutions for a uniform surface stress over a circular
′
′
area, in this case, 675 𝑘𝑃𝑎. The mean stress is 𝜎𝑚
= 405 𝑃𝑎 and 𝜎𝑚
= 135 𝑃𝑎. Hence,
100
800
the shear wave velocity is 𝑣𝑠100 = 222 𝑚/𝑠, 𝑣𝑠800 = 169 𝑚/𝑠, and 𝑣𝑠 𝑚 = 196 𝑚/𝑠. The subscript indicates the depth from the ground surface and the “m” indicates the mean value. The
estimated mean shear wave velocity is similar to the result obtained experimentally.
2.4 Excitation applied
The shake table excitation was stochastically simulated based on the target spectrum for a
medium fine grained soil, i.e. classification C of the design standard NZS 1170.5, Figure 5(a).
The target spectrum was calculated utilising the NZSEE recommendations for time domain
analysis of liquid storage tanks [16], [19]. However, the NZ 1170.5 code specifies the lower
limit of the frequency range of interest 𝑇𝑚𝑖𝑛 > 0.4 𝑠, and Ormeño, et al. [20] found application
of this lower limit of period underestimates the response of some tanks. The 0.4 𝑠 limit was
established for structures, not specifically tanks, because periods below this figure are difficult
to determine and hence have relatively high uncertainty, especially when structures present
complex geometries and diverse materials. For tanks, which usually have a regular geometry
and are made of a single material, this restriction may lead to an underestimate of the response.
Thus, the lower limit of frequency given by NZS 1170.5 was not applied in this work. The
lower limit applied was 0.4𝑇𝑝𝑟𝑜 = 0.057 𝑠 and the upper limit was 1.3𝑇𝑝𝑟𝑜 = 0.186 𝑠, as specified in the recommendations of NZSEE [14]. The response spectrum of the simulated excitation and the target spectrum are shown in Figure 5(b). The range of frequencies of interest for
matching the response and the natural period of vibration of the tank with an assumed fixed
base are shown.
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Figure 5. Base excitation. (a) Simulated motion for a medium soil condition defined by NZS 1170.5 and (b)
response spectrum of the simulated ground motion and target spectrum of the NZS 1170.5.

3

RESULTS

Table 3 shows the maximum acceleration recorded at the tank base. For the rigid base conditions, the maximum acceleration is given by the accelerometer on the steel plate; for the flexible base condition, by the accelerometer on the sand surface. The results hereafter have been
normalised by the maximum base acceleration to remove minor fluctuations in the applied motion.
Base case
Maximum
acceleration (g)

Fixed rigid

Free rigid

Flexible

0.14

0.13

0.17

Table 3. Maximum acceleration at the base of the tank

Table 4 shows the normalised absolute maximum accelerations for the bottom, middle and
top of the tank, for the three base conditions. For the fixed base condition, the amplification of
acceleration at the tank top is 25% referred to the acceleration at the tank base. For the freebase case, on a rigid foundation, the tank top experienced the highest amplification of 260%
with respect to the acceleration at the tank base. Thus, if the tank is resting on a rigid foundation,
fixed or free to uplift, the design of the tank wall should recognise the acceleration is not constant over the height of the tank.
The normalised acceleration of the tank resting on sand has two main differences compared
with the results of the tank on a rigid foundation. Firstly, the highest acceleration of the tank on
sand occurred at the bottom of the tank, i.e. 30 𝑚𝑚 from the supporting base, that is 81% higher
than the acceleration of the sand surface, adjacent to the tank base. This result is perhaps counter
intuitive, i.e. the maximum acceleration may be expected to occur at the top of the tank. Based
on the experiment results, the interaction of the supporting soil and the tank base resulted in
differences in the development of the acceleration along the tank height.
Secondly, the maximum amplification of the base acceleration on a rigid base (3.6) is almost
three times the maximum acceleration experienced when the tank is supported by a flexible
foundation (1.3). These results suggest that the maximum acceleration that should be considered for design of the tank wall is given by the case when the tank is resting freely on a rigid
foundation (may be interpreted as a rock site), and occurs at the top of the tank.
Hence, the design of an anchored tank on a hard rock site would results in high tie-down
forces and lower wall stresses than the same tank free to uplift.
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Base case
Fixed rigid

Free rigid

Flexible

Top

1.25

3.60

0.91

Middle

1.08

1.64

0.90

Bottom

0.98

0.93

1.34

Table 4. Variation of maximum normalised acceleration in the tank wall

Figure 6 shows the time-histories of the angle of rotation 𝛼 for the time 𝑡 = [8,12] 𝑠, being
the time interval containing the time of the maximum of acceleration. The rotation angle α is
the angle formed between the supporting soil and the tank base when uplift occurs at one side
of the tank (see Figure 7). It is assumed that the base plate is rigid, hence it did not experienced
any deformation. The angle 𝛼 is calculated using the time-history of uplift. It is worth noting
that in the cases of the rigid and flexible base the maximum uplift for each side of the tank
occurred at the same instant of time. Those results suggest that in the considered case the occurrence of uplift depends more on the characteristics of the earthquake rather than the supporting soil condition.

Figure 6. Comparison of angle of rotation α for free rigid and flexible base at (a) 180° and (b) 0°

Table 5 shows the times when the maximum acceleration of the shake table, acceleration of
the tank wall and uplift occurred, for both rigid and flexible base cases. These values were
extracted from time-history records as shown in Figure 6. Figure 7 shows sketches of the tank
configuration when the maximum uplift occurred and the normalised acceleration profiles along
the dimensionless height 𝑥/𝐻 for each supporting case. It is assumed that the acceleration profiles follow a linear distribution along the tank wall. The three accelerometers are indicated by
circles.
From Table 5, for the case of a rigid base, at the same side of the tank (180°), the maximum
acceleration in the tank wall occurred 10 ms before the maximum uplift. Figure 7(a) shows the
acceleration profile at the time at the maximum uplift. The tank top has the maximum acceleration of the profile. Considering the profile at 180°, for a flexible supporting soil the maximum
acceleration occurs 10 ms after the maximum uplift, while simultaneously the maximum uplift
takes place at the side of 0° (see Figure 7(b)). The lowest accelerometer of the tank recorded
the maximum acceleration of the profile of 0°. Even though the tank on a flexible base soil
experienced around 30% uplift more than that of the rigid base case, the development of acceleration was almost three times higher when the tank was on a rigid base.
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From the observation of the water in the tank, it was generally observed that the water was
vibrating out-of-phase with respect to the tank wall, and from time to time changed to being inphase. This suggests that for both rigid and flexible base cases, the time when the maximum
acceleration of the shake table occurred does not coincide with the time of the maximum acceleration of the tank wall and maximum uplift.
Maximum Uplift

Time (s)

Maximum acceleration
shake table
Rigid
Flexible
11.305
11.305

Maximum acceleration
tank wall
Rigid
Flexible
9.075
10.705

Rigid base
0°
10.69

180°
9.085

Flexible base
0°
10.695

180°
9.08

Table 5. Comparison of the time of maximum acceleration of the shake table, tank wall and uplift

Figure 7. Acceleration profiles in the tank wall when maximum uplift occurred. (a) Rigid supporting case 𝑡 =
9.085 𝑠 and (b) flexible base case 𝑡 = 10.695 𝑠

4

CONCLUSIONS

A low-density polyethylene tank was used as a model for a steel tank and tested on a shake
table. One stochastically simulated base motion based on the design spectrum of NZS1170.5
for a class C site was used. Two support conditions were utilised, i.e. 1) on a rigid base (steel
plate); 2) on a flexible base (sand). Results from three base conditions were compared: i) fixed
on a rigid base, ii) free on a rigid base and iii) free on sand. The experiments were performed
with an aspect ratio of three. The main aim was to investigate the combined effects of a flexible
foundation on uplift and tank acceleration. The results of the experiments reveal:
1) The highest acceleration occurred for a free-rigid base condition, at the top of the tank.
It was thrice the maximum acceleration of the case with a fixed-base condition and twice
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of the case for the tank on sand. In the cases considered, soil-structure interaction reduces
the development of acceleration in the tank wall.
2) The maximum acceleration did not always occur at the top of the tank. For a flexible
base, the maximum acceleration occurred at the bottom of the tank. This location of the
maximum acceleration may be due to the interaction between the soil and the structure
as well as the interaction between the fluid and the tank wall (out-of-phase vibrations).
3) In all cases considered the maximum uplift of occurred for the case of supporting sand,
even though the maximum acceleration occurred when the tank was on a rigid base.
However, the occurrence of the maximum uplift in both cases of a rigid and flexible base
coincided.
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Abstract. This paper presents a methodology to study wave propagation in periodic elevated
structures consisting of a series of identical cells. The wave finite element method is used to
determine the dynamic response of the structure while only a single reference cell is modeled. A
substructuring approach is used to efficiently compute the condensed dynamic stiffness matrix
of the reference cell. To demonstrate the methodology, the receptance of a slab track is computed. The results are validated with the Floquet transform method and the classical wave finite
element method.
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1

INTRODUCTION

Predicting the dynamic response of large-scale structures is computationally expensive, especially when dynamic soil-structure interaction (SSI) is taken into account. For periodic
structures, the SSI problem can be solved for a single reference cell using periodic structure
theory [1, 2]. A periodic finite element-boundary element (FE-BE) formulation using GreenFloquet functions has been proposed to solve periodic SSI problems [3, 4]. The Floquet transformation is used to transform the equilibrium equations to the wavenumber domain. The wave
finite element method (WFEM) avoids this transformation by employing the free wave characteristics of the reference cell [5, 6]. In this paper, a methodology based on the WFEM is
presented to study wave propagation in periodic elevated structures. The periodic reference cell
is divided in four parts to efficiently compute its condensed dynamic stiffness matrix. Section 2
introduces the WFEM and elaborates the methodology for elevated structures. In Section 3, the
methodology is demonstrated by computing the receptance of a floating slab track. The results
are validated using the classical WFEM and the Floquet transform method. Section 4 concludes
the paper.
2

METHODOLOGY

In this section, the classical WFEM to compute the forced vibration response of one-dimensional
waveguides is briefly recapitulated [5]. Next, the method is adapted to efficiently study wave
propagation in periodic elevated structures.
2.1

The wave finite element method (WFEM)

Figure 1 shows an infinitely long periodic structure which is divided in periodic cells with
length L. The dynamic stiffness matrix D = K + iωC − ω 2 M of a reference cell k relates the
forces fk to the displacements uk :

  

DLL DLI DLR  uLk 
 fLk 
fIk =  DIL DII DIR  uIk .
(1)


 
uRk
DRL DRI DRR
fRk
The subscripts L, I, and R denote the degrees of freedom (DOFs) on the left interface, the
interior DOFs, and the DOFs on the right interface of the reference cell, respectively. If no
external forces are applied to cell k (fIk = 0), the condensed dynamic stiffness matrix D̃ is
L
−∞

+∞

uRk−1 uLk
k−1

uRk uLk+1
k

fRk−1 fLk

k+1
fRk fLk+1

Figure 1: Periodic structure consisting of an infinitely long array of identical cells.
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obtained after elimination of the interior DOFs:
  


fLk
D̃LL D̃LR
uLk
=
fRk
D̃RL D̃RR uRk
where



 
 



DLL DLR
DLI
D̃LL D̃LR
DIL DIR .
=
−
D−1
II
DRL DRR
DRI
D̃RL D̃RR

(2)

(3)

If the number of interior DOFs is large, this condensation is computationally expensive.
Free wave propagation in periodic media is described by Floquet theory which states that
waves propagate from cell to cell with only a change in amplitude and phase [1]. This is represented by the propagation constant µ that relates the displacements and forces at the interfaces
of neighboring cells k and k + 1:
uLk+1 = e−µ uLk ,
fLk+1 = e−µ fLk .

(4)
(5)

Furthermore, continuity of displacements and equilibrium of forces is imposed at the cell interfaces:
uLk+1 = uRk ,
fLk+1 + fRk = 0.

(6)
(7)

The following relation is obtained from equations (4) and (6):
uRk = e−µ uLk ,

(8)

while combining equations (5) and (7) results in:
fRk = −e−µ fLk .

(9)

Equation (9) is further elaborated using equation (2):
D̃RL uLk + (D̃LL + D̃RR )uRk = −D̃LR e−µ uRk .

(10)

Equations (8) and (10) are combined into the following eigenvalue problem from which the
free wave characteristics (propagation constants and free wave modes) of the reference cell are
obtained [5]:





0
I
uLk
−µ uLk
=e
.
(11)
−1
uRk
uRk
−D̃−1
LR D̃RL −D̃LR (D̃LL + D̃RR )
Note that this eigenvalue problem can be reformulated to improve the numerical conditioning [7, 8]. It can be shown that the propagation constants µ appear in pairs (µ,−µ) [8]. The real
part Re(µ) of the propagation constant µ determines the wave attenuation, while the imaginary
part Im(µ) determines the phase change over the cell length L. A wave is called positive-going
if its amplitude decreases towards the right (Re(µ) > 0) or, if power is flowing towards the
right (Im(µ) > 0), when its amplitude is constant (Re(µ) = 0). A wave is called negativegoing if its amplitude decreases towards the left (Re(µ) < 0) or, if power is flowing towards
the left (Im(µ) < 0), when its amplitude is constant (Re(µ) = 0). The number of positive- and
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negative-going waves is equal to the number of DOFs n at the interface between two cells. Furthermore, three wave types are observed: (1) non-decaying waves (Re(µ) = 0), (2) evanescent
waves (Im(µ) = 0), and (3) decaying waves (all other cases).
The propagation constants of positive- and negative-going waves are denoted by µp and µn ,
respectively. The corresponding free wave modes ψ p and ψ n are the eigenvectors in equation (11). Each mode ψ p or ψ n is associated with a force vector ρp or ρn , which is computed
as:


ρp = D̃LL + e−µp D̃LR ψ p
(12)
for the positive-going waves, and as:


ρn = D̃RR + e+µn D̃RL ψ n

(13)

for the negative-going waves. The modes ψ p and ψ n are collected in the matrices Ψp and Ψn ,
while the force vectors ρp and ρn are collected in the matrices Rp and Rn .
Subsequently, the free wave characteristics are used to construct the condensed dynamic
stiffness matrix of a semi-infinite part of the structure. First, consider the semi-infinite part
to the left of cell k where only negative-going waves are propagating (figure 1). Hence, the
displacements uRk−1 at the right side of cell k − 1 are written as a linear combination of the
wave modes Ψn :
uRk−1 = Ψn αn
(14)
with αn the modal coordinates of the negative-going waves. Similarly, the forces fRk−1 are
written as a linear combination of the force vectors Rn :
fRk−1 = Rn αn .

(15)

Eliminating the modal coordinates αn results in an expression for the dynamic stiffness matrix Sn of the semi-infinite part to the left of cell k:
Sn = Rn Ψ−1
n .

(16)

A similar approach is followed to construct the dynamic stiffness matrix Sp of the semi-infinite
part to the right of cell k where only positive-going waves are propagating, relating the forces
fLk+1 to the displacements uLk+1 :
Sp = Rp Ψ−1
(17)
p .
Finally, the condensed dynamic stiffness matrix of a finite part of the structure consisting of N
cells is constructed, accounting for both positive- and negative-going waves. The displacements
uL1 at the left side of the first cell and uRN at the right side of the N th cell are written as a linear
combination of the wave modes Ψp and Ψn :

 
 
uL1
Ψn e+N µn
Ψp
αn
=
.
(18)
uRN
Ψn
Ψp e−N µp
αp
A similar expression is used for the forces FL1 and FRN as a linear combination of the force
vectors Rp and Rn , respectively:

 
 
FL1
−Rn e+N µn
Rp
αn
=
.
(19)
−N µp
FRN
Rn
−Rp e
αp
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The modal coordinates αn and αp are eliminated from equations (18) and (19), as follows:


FL1
FRN





Rp
−Rn e+N µn
=
Rn
−Rp e−N µp



S̃LL S̃LR
uL1
=
.
S̃RL S̃RR uRN

−1 


uL1
Ψp
Ψn e+N µn
uRN
Ψn
Ψp e−N µp
(20)

The properties of a block matrix are used to compute the matrix inverse. The condensed dynamic stiffness matrix S̃ relates the forces to the displacements at both ends of the finite part.
Note that the dynamic stiffness matrix is denoted by S for parts consisting of multiple cells,
while D is used for a single cell. A tilde is used to denote a dynamic stiffness matrix after
condensation.
2.2

Periodic elevated structures

In this section, the WFEM is used to compute the forced vibration response of periodic
elevated structures such as the bridge shown in figure 2. Waves propagate through both the
bridge deck and the soil (one-dimensional waveguides), and interact through the bridge piers.
The dynamic response of this structure is computed efficiently by substructuring the reference
cell into four parts (figure 2): the bridge pier (part a), the foundation (part b), the bridge deck
between two piers (part c), and the soil between two foundations (part d). Instead of constructing
an FE model of the entire reference cell, each part is modeled separately. This reduces the
computational effort, particularly when the number of interior DOFs in the reference cell is
large.

−∞

+∞

ucRk−1 uaLk a uaRk

ucLk

c
fRk−1

udRk−1

d
fRk−1
Cell k − 1

a
fLk

a
fRk

ubLk

ubRk

b
b
fLk
b fRk

c

ucRk

uaLk+1

c
fLk

c
fRk

a
fLk+1

udLk

udRk

d
fLk
Cell k

d

d
fRk

ubLk+1

b
fLk+1
Cell k + 1

Figure 2: Periodic elevated structure consisting of an infinitely long array of identical cells. The reference cell is
divided into four parts a, b, c, and d.
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2.2.1

Substructuring of the reference cell

The dynamic stiffness matrix of the coupled parts a and
subscript ab denotes the union of parts a and b:
 a   aa
aa
ab
aa
fLk 
DLL Dab

LL DLI DLI DLR




ba
bb

 ba Dbb
fb 
Dba


LL DLI DLI
LR
  DLL

 Lk
a 
aa
ab
aa
ab
 DIL DIL DII DII Daa
fIk
IR
=
b
bb
ba
bb
ba
 Dba
f
D
D
D
D


IL
IL
II
II
IR
Ik 




a 
ab
aa
ab
aa

Daa
f
D
D
D
D


RL
RL
RI
RI
RR
Rk


 b 
bb
ba
bb
ba
fRk
Dba
RL DRL DRI DRI DRR

b is denoted by Dab , where the
 a 
Dab

LR 

 uLk
bb  
b 

DLR  
u


 Lk 
ab   a 
DIR  uIk
 ub  .
Dbb
IR  
 aIk 

u 

Dab

RR 


 Rk
b 
bb
uRk
DRR

(21)

The superscript a denotes the DOFs of part a, while the superscript b denotes the DOFs of part
b. The subscripts L, I, and R are used to distinguish between the DOFs on the left interface, the
interior, and the right interface, respectively. In those cases where the left and right interface are
a
not directly coupled, the coupling terms with subscripts LR and RL are zero. Assuming fIk
=0
b
= 0, the condensed dynamic stiffness matrix D̃ab is obtained by eliminating the interior
and fIk
DOFs (equation (3)):
 a   aa
 a 
ab
aa
ab
D̃
D̃
D̃
D̃
f



LR
LR
LL
LL
Lk

 uLk 

  ba
 b 
bb   b 
ba
bb
uLk
D̃
D̃
D̃
D̃
fLk
LR 
LR
LL
LL

(22)
=  aa
a
 uaRk  .
fRk


D̃ab
D̃aa
D̃RL D̃ab
RR
RR
RL




 b 
 b 
bb
ba
bb
uRk
fRk
D̃ba
RL D̃RL D̃RR D̃RR
Parts c and d are uncoupled and assumed to be periodic. Equation (20) is used to construct
the condensed dynamic stiffness matrix S̃cc of part c, consisting of Nc cells, from the free wave
characteristics of a reference cell. A similar approach is followed to construct the condensed
dynamic stiffness matrix S̃dd of part d consisting of Nd cells. The condensed dynamic stiffness
matrix S̃cd of the union of parts c and d then becomes:
 c   cc
 c 
cc
0
0
S̃
S̃
f



LR
LL
Lk
 uLk 


 
 d 
dd
dd   d 
uLk
0
S̃
0
S̃
fLk
LL
LR 

.
(23)
=  cc
c
ucRk 
fRk


0 
S̃RL 0 S̃cc
RR




 d 
 d 
uRk
fRk
0 S̃dd
0 S̃dd
RL
RR
Continuity of displacements and equilibrium of forces is imposed at the interface between parts
a and c:
uaRk = ucLk ,
a
c
+ fLk
= 0.
fRk

(24)
(25)

Similarly, the following relations hold at the interface between parts b and d:
ubRk = udLk ,

(26)

b
fRk

(27)

+

d
fLk

= 0.

Relations (24) to (27) are used to combine equations (22) and (23) into the following system of
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equations:
 a   aa
D̃LL
fLk 






ba
b




 D̃LL
 fLk




c
fRk
 0
=
d
fRk 

 0




 aa


0


D̃RL

 

0
D̃ba
RL



a
D̃ab
0
0
D̃aa
D̃ab
u

LL
LR
LR
Lk 



ba
bb
b 


D̃bb
0
0
D̃
D̃
u


LL
LR
LR
Lk


 c 
cc
cc
0 S̃RR 0
S̃RL
0
 uRk
.

udRk 

0
0 S̃dd
0
S̃dd
RR
RL




cc
aa
uaRk 



D̃ab
0 S̃cc
D̃ab


RL S̃LR
LL + D̃RR
RR

b 
bb
dd
ba
dd
bb
u
D̃RL 0 S̃LR
D̃RR
S̃LL + D̃RR
Rk

(28)

The displacements uaRk and ubRk are subsequently eliminated by taking the Schur complement
of the coefficient matrix in equation (28). This results in the condensed dynamic stiffness matrix
of the reference cell, which relates forces to displacements at the cell interfaces. This condensed
dynamic stiffness matrix is used to compute the free wave characteristics of the reference cell
by solving the eigenvalue problem (11). The dynamic stiffness matrices Sn and Sp of the semiinfinite parts to the left and the right of the reference cell are computed using equations (16)
and (17).
2.2.2

Forced vibration response

In order to study the forced vibration response due to a moving load, the transfer functions
between the force and receiver locations are required in the frequency domain. Since the force
moves along the bridge deck, two cases are distinguished: (1) a force p applied to the interior
DOFs of part a (figure 3a), and (2) a force p applied to the interior DOFs of part c (figure 3b).
In the first case (figure 3a), the force p is applied to the interior DOFs of part a. Hence,
the dynamic stiffness matrix Dab of the union of parts a and b is used in the following. At
the interface between parts a and b, and the semi-infinite part on the left, continuity of disc
a
placements (ucRk−1 = uaLk and udRk−1 = ubLk ) and equilibrium of forces (fRk−1
+ fLk
= 0 and
d
b
fRk−1 + fLk = 0) is imposed. Furthermore, at the interface between parts c and d, and the
semi-infinite part on the right, continuity of displacements (ucRk = uaLk+1 and udRk = ubLk+1 )
c
a
d
b
and equilibrium of forces (fRk
+ fLk+1
= 0 and fRk
+ fLk+1
= 0) is imposed. The continuity of displacements and equilibrium of forces between the substructures in the reference cell
are expressed in equations (24) to (27). The force-displacement relations are given by the dynamic stiffness matrices defined in equations (16), (17), (21) and (23). Subsequently, the force
equilibrium equations are combined in the following system of equations:
   cc
cd
ab
Sn + Daa
0

LL Sn + DLL


dc
ba
dd



Sn + DLL Sn + Dbb
0


LL





p
  Daa
Dab

IL
IL



   Dba
Dbb
0
IL
IL
=
aa
ab

D
D
0


RL
RL
 
 

ba

Dbb
0
 
RL
 DRL







0


0
0


 
0
0
0

Daa
LI
Dba
LI
Daa
II
Dba
II
Daa
RI
Dba
RI
0
0

 a 
Dab
Daa
Dab
0
0


LI
LR
LR
 uLk

bb
ba
bb



DLI
DLR
DLR
0
0
ubLk 







ab
aa
ab
a

DII
DIR
DIR
0
0
uIk 







bb
ba
bb
b

DII
DIR
DIR
0
0
u
Ik

.
aa
cc
ab
cc
a

Dab
D
+
S̃
D
S̃
0
uRk 

RI
RR
LL
RR
LR





dd
b 

Dbb
Dba
Dbb
0
S̃dd

RI
RR
RR + S̃LL
LR

uRk

c 
cc
aa
ab



u

0
S̃cc
0
S̃
+
S
S
Rk 
p
p
RL
RR

 d 

ba
dd
bb
u
0
0
S̃dd
S
S̃
+
S
Rk
p
p
RL
RR

(29)

The system of equations (29) can be further condensed, for instance by eliminating the displacements ucRk and udRk .
In the second case, the force p is applied to the interior DOFs of part c (figure 3b). Part
c is divided in the loaded cell c2 and two unloaded parts c1 and c3 consisting of Nc1 and Nc3
cells, respectively. The dynamic stiffness matrix of the loaded cell is denoted by Dc2 . The
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p
ucRk−1 uaLk a uaRk

ucLk

c
fRk−1

c
fLk

a
fLk

a
fRk

c

−∞

uaLk+1

c
fRk

a
fLk+1

+∞

S̃cc
udRk−1

d
fRk−1

ubLk

ubRk

b
b
fLk
b fRk

Sn

(a)

ucRk

udLk

udRk

d
fLk

d
fRk

d

Dab

ubLk+1

b
fLk+1

S̃dd

Sp

p
ucRk−1 uaLk a uaRk

ucLk

c
fRk−1

c
fLk
c1

a
fLk

a
fRk

−∞

c3

S̃c1 Dc2
udRk−1

d
fRk−1

(b)

c2

ubLk

ubRk

b
b
fLk
b fRk

Sn

udLk

uaLk+1

c
fRk

a
fLk+1

+∞

S̃c3
udRk

d
fLk

D̃ab

ucRk

d
S̃dd

d
fRk

ubLk+1

b
fLk+1

Sp

Figure 3: Force p applied to the interior DOFs of (a) part a, and (b) part c of the reference cell.

condensed dynamic stiffness matrices S̃c1 and S̃c3 of parts c1 and c3 are obtained from equation (20). The dynamic stiffness matrices of the substructures are now assembled into one
global dynamic stiffness matrix by expressing continuity of displacements and equilibrium of
forces on the interfaces between the substructures (as in the first case). Additionally, continuity
of displacements is imposed between parts c1 and c2 , and c2 and c3 , respectively:
1
ucRk
= ucLk2 ,
2
ucRk
= ucLk3 ,

(30)
(31)

c1
c2
fRk
+ fLk
= 0,
c2
c3
fRk + fLk = 0.

(32)
(33)

as well as equilibrium of forces:

The force-displacement relations are given by the dynamic stiffness matrices defined in equations (16), (17), (22) and (23), and the dynamic stiffness matrix Dc2 of the loaded cell. Sub-
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sequently, the force equilibrium equations are combined in the following system of equations:

   cc

cd
ab
Sn + D̃aa
D̃aa
D̃ab
0
0
0
0
0
uaLk 
0
LL Sn + D̃LL
LR
LR






dc
ba
dd
bb
ba
bb






b

D̃LR
D̃LR
0
0
0
0
0
0
uLk 


Sn + D̃LL Sn + D̃LL







 
  D̃aa



c1
c1
ab
aa
ab
c



D̃
D̃
D̃
S̃
0
0
0
0
+
S̃
0
u






RL
RL
RR
RR
LR
LL
Lk









bb
ba
bb
dd
dd
d 
0
  D̃ba


D̃
D̃
+
S̃
0
0
0
0
S̃
D̃
u



RL
RL
RR
RR
LL
LR
Lk 


c2
c1
c1
c2
c2
c2
0 =
 uLk .
0
0
S̃RL
0
S̃RR + DLL DLI
DLR
0
0

 



ucIk2 
 p
 



0
0
0
0
DcIL2
DcII2
DcIR2
0
0










c
2
c
c
c
c
c



2
2
3
3
0
uRk 



0
0
0
0
DRL
DRI2 DRR
+ S̃LL
S̃LR
0
 








c 




c
c
aa
ab
3
3
0
u





0
0
0
0
0
0
S̃
S̃
+
S
S
Rk



p
p
RL
RR
 

 d 
dd
ba
ab
dd
0
u
Rk
0
0
0
S̃RL
0
0
0
Sp
Sp + S̃RR

(34)
This system of equations can further be condensed, for instance by eliminating the displacements uaLk and ubLk .
3

CASE STUDY

In this section, the proposed methodology is demonstrated by computing the receptance of a
floating slab track. The track properties are taken from Lombaert et al. [9].
Figure 4 shows the model of an infinitely long floating slab track. The track is symmetric
in its cross-sectional plane. Hence, only one rail and half of the slab are modeled. The track
consists of a UIC60 rail which is periodically supported by rail pads, which are modeled as
spring-damper connections with stiffness kr = 213.2 × 106 N/m and viscous damping constant
cr = 14.8 × 103 Ns/m. The slab with height H = 0.55 m and width 2B = 2.5 m is made of
concrete with a Young’s modulus of 30 GPa, a Poisson’s ratio of 0.25, a density of 2500 kg/m3 ,
and a hysteretic material damping ratio of 2%. The slab rests on a slab mat which is modeled
as a continuous spring-damper connection with stiffness Ks = 15 × 106 N/m3 and viscous
damping constant Cs = 30 × 103 Ns/m3 . Multiplying Ks and Cs with B results in the stiffness
k̄s and damping constant c̄s per unit length of the slab. The rail and the slab are modeled as
Euler-Bernoulli beams consisting of n elements per periodic length L = 0.6 m. The external
force p is a vertical unit harmonic point force applied to the rail at y = 0 m.

p

−∞

kr

+∞

cr
z

k̄s , c̄s
x

y
L

Figure 4: Model of one reference cell of the periodic slab track. The interface nodes are indicated in blue, while
the interior nodes are indicated in red. The number of beam elements in the rail and slab is equal to n per length
L. The external force p is applied to the rail at y = 0 m in the vertical direction.

Figure 5 shows the modulus and the phase of the vertical rail displacement at y = 0 m as a
function of the excitation frequency. Figure 6 shows the modulus and the phase of the vertical
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(a)

(b)

Figure 5: (a) Modulus and (b) phase of the vertical rail displacement at y = 0 m as a function of the excitation
frequency computed with the Floquet transform method (black solid line), the classical WFEM (blue dashed line),
and the adapted WFEM (red dotted line). The number of rail and slab elements in the FE model is n = 10.

(a)

(b)

Figure 6: (a) Modulus and (b) phase of the vertical slab displacement at y = 0 m as a function of the excitation
frequency computed with the Floquet transform method (black solid line), the classical WFEM (blue dashed line),
and the adapted WFEM (red dotted line). The number of rail and slab elements in the FE model is n = 10.

slab displacement at y = 0 m as a function of the excitation frequency. Reference solutions are
computed with (1) the classical WFEM and (2) the Floquet transform method. The frequency
is sampled between 1 and 500 Hz with a frequency bin of 1 Hz, while the wavenumber κy in
the Floquet transform method is sampled between −π/L and π/L with a wavenumber bin of
π/(200L). The correspondence between the three methods is excellent over the entire frequency
range. The resonance peaks correspond to the natural frequencies of a simplified 2DOF system
of the periodic reference cell. The resonance of the rail and slab on the slab mat occurs at 16.3
Hz, while the resonance of the rail on the rail pads occurs at 393.1 Hz. In the low frequency
range, the rail and slab move in phase and their amplitude is similar. In the high frequency
range, the displacement of the slab reduces significantly and the system behaves as a rail on rail
pads.
Table 1 gives an overview of the total computation time for each method with increasing
number of elements n. It is observed that for the Floquet transform method and the classical
WFEM the total computation time increases by increasing n. However, for the adapted WFEM
the total computation time is unaffected, since the number of DOFs in parts a and b does not
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increase by increasing n. For n = 1000, the computation time increases significantly for the
classical WFEM. A breakdown of the computation time results in the following: 47% is required for the condensation of the dynamic stiffness matrix (equation (2)), while 44% is needed
to solve the system of equations. For n = 10 on the other hand, the largest part of the total
computation time is in the construction of the FE model and the computation of the free wave
characteristics using equation (11). The computations for n = 1000 are not performed with the
Floquet transform method.
n = 10 n = 100 n = 1000
Classical WFEM
Adapted WFEM
Floquet transform method

0.002
0.003
0.091

0.024
0.003
14.842

7.186
0.003
-

Table 1: Comparison of the total computation time (in s) per frequency as a function of the number of elements n
per length L. The results are not computed with the Floquet transform method for n = 1000.

Finally, it should be pointed out that the construction of a full FE model of the periodic
reference cell is avoided in the adapted WFEM. This reduces memory requirements, which is a
very important advantage when solving large-scale SSI problems.
4

CONCLUSIONS

An adapted wave finite element method is presented for structures consisting of two onedimensional wavequides which are periodically coupled. The method exploits the periodicity
of the waveguides between the coupling points to efficiently assemble the dynamic stiffness
matrix of the entire periodic reference cell. In this way, the construction of a full FE model of
the reference cell is avoided. The methodology is demonstrated by computing the response of
a floating slab track. It is shown that the computational effort is significantly reduced. This is
very promising for the solution of large-scale periodic soil-structure interaction problems such
as railway bridges on piled foundations.
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Abstract
During earthquake shaking, the dam-reservoir-foundation system has to be considered a coupled system. In this paper Soil-Structure Interaction (SSI) effect is investigated on a 2D plane
model of a concrete gravity dam under earthquake excitation. Firstly, different approaches to
simulate the unboundedness of soil domain are explored: the Perfectly Matched Layer (PML)
technique, the Low Reflecting Boundary (LRB) condition and the Infinite Elements (IEs). Different options are compared in the time domain in the case of linear elastic material. The importance of taking into account the SSI in the seismic assessment of concrete dams is also
highlighted by the energy balance during time. Successively, the effects of SSI are analysed on
a full interacting nonlinear plane model. The results which are obtained in terms of material
damage and dissipated energy through a parametric SSI simulation in the time domain show
the importance of the choice of the damage constitutive law of the material.
Keywords: Gravity dams, Soil Structure Interaction, Perfectly Matched Layer, Low Reflecting Boundary, Infinite Elements, Time history analysis.
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1

INTRODUCTION

The soil effects on the seismic behavior of buildings are seldom explicitly taken into account in finite element models. More often, in order to overcome the difficulties involved in
modeling soil-structure interaction, code-provided response spectra depending on suitable soil
categories are used. The particular characteristics of the retaining structures do not allow us to
use the simplified methods which are commonly applied to ordinary buildings, so dam earthquake safety assessment requires the direct modeling of soil structure interaction.
Soil Structure Interaction is described to have two main components: kinematic and inertial interaction [1]. In the literature two contributions are relevant in approaching the problem of soil-structure interaction, those by Wilson [2] and Wolf [1]. Wilson describes the
“massless foundation” method, basing on the consideration that the recorded ground motions
are acquired at the terrain surface where the response has already experienced the effects of
the soil. This model is governed by soil flexibility. The massless foundation model proposed
by Clough in 1980 [3] has been extensively used in seismic analysis of dam-foundation problems. In this context, recorded displacements are imposed at the boundaries of the domain and
the input motion reaches instantaneously the base of the dam disregarding the inertial interaction. In the massless model, the wave velocity in foundation becomes infinite, so the input
motion reaches instantaneously the base of the dam and the structure takes all kinetic energy.
These assumptions seem in general unrealistic [4].
Inertial interaction is generated by elastic waves that develop under dynamic loads,
promoting the energy transport through the soil volume. Such a phenomenon that carries energy away from the structure is often referred as “radiation damping”. So, while in static SSI
analysis the simple truncation of the far field with setting of appropriate boundary conditions
gives very often good results, in dynamic cases it makes results to be erroneous because of
reflection waves.
The present paper addresses Soil-Structure Interaction (SSI) for existing concrete gravity dams, investigating its effects numerically on a 2D plane system under earthquake excitation. In order to simulate the unboundedness of soil domain, different modelling approaches
are explored: the Perfectly Matched Layer (PML) technique [5], the Low Reflecting Boundary (LRB) condition [6] and the Infinite Elements (IEs) [7]. Moreover, the analysis in the time
domain is performed in order to compare the response of the model in terms of base shear,
using different modelling options. The energy balance during time shows the importance of
modeling the SSI in the seismic assessment of concrete dams. The results in terms of base
shear values for several modeling approaches are compared in order to highlight the differences among different modelling strategies.
Finally the effects of SSI are analysed on a full interacting nonlinear plane model with
nonlinear material constitutive behaviour. The results in terms of material damage are obtained from a parametric SSI simulation in the time domain, in order to take into account the
presence of soil beneath the dam.
The main contribution of this work is to compare different modeling strategies and to
highlight the importance of SSI modelling for the evaluation of the seismic behaviour of concrete gravity dams.
2

MODELLING UNBOUNDED SOIL

Dam models seldom take into account full interaction effects, because of the lack of adequate numerical implementations or computational resources required by three dimensional
detailed models. Recently, SSI for concrete retaining structures is addressed by many authors
searching for a reliable simulation of wave propagation in a semi-infinite medium, modeling
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the far field part of the foundation. The unboundedness of the terrain was first considered by
Lamb [8] in its classical problem of a point load on a half space, for which he provided an analytical solution. Wolf [4], on the other hand, developed a formulation for appropriate springdashpot coefficients and boundary conditions. Some worth noting methods are Lysmer
boundary conditions [6], hyperelements [9], infinite elements [10], [11], rational boundary
conditions [12], boundary element method [13], scaled boundary element method [14] and
high order non-reflecting boundary conditions [15].
In order to simulate the unboundedness of both solid and fluid domains, three different
modeling options are explored in this work, the Perfectly Matched Layer (PML) technique,
the Low Reflecting Boundary (LRB) condition and the Infinite Elements (IEs). PML have
been widely used for simulating wave propagation in unbounded media to effectively avoid
spurious wave reflections from the computational domain boundaries. This technique is able
to absorb incident waves under any angle and frequency, preventing them from returning back
to the medium after incidence to the model boundaries [16]. The procedure, which was first
introduced by Berenger in 1994 [5], may be applied to different physical problems. It comes
to a complex coordinate stretching of the domain to introduce a decay of the oscillation avoiding any reflection in the source domain, thus simulating a perfectly absorbing material. The
rational scaling of PML is expressed by the following function of the dimensionless coordinate  [16]


i
1
f ( ) = s   

 3 p (1-  ) + 4 3 p (1-  ) 

(1)

where p is the curvature parameter and s the scaling parameter.
Implementation of PML into most commercial FE software packages is performed only
in the frequency domain, because the majority of the formulations in the time domain highly
affect the computational time and resources.
IEs, which are used to incorporate unbounded domains into the finite element method,
have a formulation similar to those of FEM, except for the infinite extent of the element region and shape function in one direction. IEs is based on a function which maps the global to
the local coordinate system
f ( ) =


 -

p

(2)

where p is the pole distance,

=

s + p
s

(3)

and s is the scaled thickness [7].
Finally, the LRB condition is obtained by imposing a mechanical impedance on the
foundation boundary of the model, following the equation

T   n = -  D 

du
dt

(4)

where u is the displacement vector, [T] the stress tensor, n the unit vector of the boundary tangent plane, [D] is the impedance matrix [17]
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 D =

c p + cs
2

I  ,

cs =

G



K+4 G
3
, cp =



(5)

where K is the bulk modulus of the soil, G the shear modulus,  the material’s density
and [I] the identity matrix.
3

A COMPARISON AMONG SSI MODELING STRATEGIES

Different modeling strategies are analyzed and compared in terms of resultant base shear
force of a 2D plane strain system under earthquake excitation. The analyses are carried out in
the time domain using COMSOL Multiphysics [18].
The dam and soil domains are modeled by applying the standard Solid Mechanics equations.
Three different techniques which have been discussed above are used to simulate the unboundedness of the soil: the Perfectly Matched Layer (PML) technique, the Low Reflecting
Boundary (LRB) condition and the Infinite Elements (IEs). The study in the time domain is
performed on an Italian concrete gravity dam 65 meters tall, with a base of about 45 m, using
four plane strain models, as shown in figure 1.
The reference model 1 simulates the dam on a rigid terrain. The solid mesh is composed by
453 default second-order serendipity elements and the displacements of the base nodes are
restrained along both directions.
In this case, the basin was simulated by the added mass model [19].

Figure 1. Different SSI modeling strategies for a plane strain model of an Italian dam.

The other three models account for massed foundation as an unbounded half-space.
The second model simulates the dam with the soil equipped by low reflection boundaries.
The solid mesh is composed by 3146 default second-order serendipity elements for both the
soil and the dam. The low reflecting boundary condition is defined on the boundary of the soil
domain. Its impedance parameter values derive from the elastic properties of the soil domain.
The third model is similar to the second one, but in addition there are 550 infinite elements
surrounding the physical soil region. The solid mesh is thus composed by 3696 default second-order serendipity elements. Infinite element pole distance is 400 m and the scaled thickness is 103·400 m.
The fourth model of fig. 1 simulates the unboundedness of the soil through the PMLs applied at the bottom and on the sides. Unfortunately, PML technique is not always available in
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each program code or, if present, may not be compatible with time domain analyses. For this
reason, a suitable 2D simplified model with horizontal and vertical springs and dashpots at the
base was created in [20] to take into account the SSI by using tools and standard boundary
conditions. Two viscous damping coefficients and two spring stiffness coefficients were calibrated in [20], starting from a model which is similar to that of case 2 of figure 1, but is
equipped by PML boundary elements around the soil domain, instead of low reflecting
boundaries. Calibration has been performed to provide the same resultant shear force at the
base of the dam in the frequency domain for both models: a simplified model and the interacting 2D model with PML boundary condition. The result is that there is a set of coefficients
which are capable to simulate SSI in terms of resultant shear force at the base of the dam.
Their values are independent from the frequency in the range between 0 Hz and 25 Hz with
good approximation and they are reported in table 1.
Table 1: Resulting parameters of the simplified model approximating the PML boundary technique.

parameter

[N/sqm]
8,6e+9 
1,1e+9
9,7e+8 
9,3e+7

k1
k2
c1
c2

[Ns/sqm]

3,6e+7  2,3e+6
1.5e+7  6,8e+6

The four models share the same plane-strain setting and material properties, whose values
are reported in Table 2.
Table 2. Material properties which are assumed for the comparison among SSI modelling strategies.

Material property value
Density ρ (kg/m3)
Young modulus E (MPa)
Poisson modulus ν
Damping coefficient ξ

Concrete
2450
20500
0.2
0.05

Foundation rock
2300
22000
0.2
0.05

In order to perform the analysis in the time domain for the fourth model of fig. 1, the Thin
Elastic Layer boundary condition of COMSOL is applied at the base of the dam. It has both
elastic and damping properties and can model a thin elastic layer with specified stiffness and
damping properties.
The dynamic excitation which was used in the model belongs to one of the Italian strongest
events occurred in the last 30 years, the earthquake of Central Italy of October 30th 2016
(06:40:17 UTC, 6.5 MW). It is the E-W component with about 7.8 m/sqs PGA, which was
recorded by Savelli (PG) station [21] (Fig. 2). The duration of transient load is 30 s and the
sampling is 5/1000 s.
The analysis has been carried out by assigning the seismic shaking in form of volume loads
to the dam domain, in addition to the self-weight and the hydrostatic load. The results in form
of base shear are reported in Fig. 3, where the graphs are overlapped. The similarity between
the results obtained with the different modelling strategies for the semi-finite soil is remarkable, while a certain difference between these and the rigid case is noteworthy, although the
heights of some main peaks remain quite unchanged.
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Figure 2. The acceleration time history recorded on October 30th 2016 by Savelli station (record 1).

Figure 3. Base shear resultant force obtained from the transient analysis for the four different modeling options.

The FFT of the signal of Fig. 3 is reported in figure 4. The FFT graphs for the different
modeling approaches substantially coincide except for the amplitude of some peaks, while, as
expected, the graph of the rigid case shows higher peak frequencies and relative peak values.

Figure 4. FFT of the base shear history for the different SSI modeling approaches.

Finally, in Fig. 5 the Root Mean Square value of the resultant base shear for different modeling options is displayed. Also this time, it may be observed that RMS values for the cases of
thin layer, low reflection boundary and infinite elements are very similar to each other, while
they substantially differ from the rigid base case. In addition, the models with IEs and LRB
almost coincide.
The graph of the energy balance during the time history analysis on the model with LRB is
displayed in Fig. 6. One can note that the most part of dissipated energy is radiated and the
energy dissipated within both dam and soil material is about 45% of the radiated one. In its
turn, the energy dissipated within the dam material only is about 70% of the energy dissipated
within the solid domain. The contribution of radiation damping is therefore a no-negligible
part of the total dissipated energy.
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Figure 5. Base shear Root Mean Square value for different modeling options.

Figure 6. Energy balance (J) during the time history analysis for the LRB model.

4

SSI IN NONLINEAR 2D MODELS

In order to evaluate the effects of taking into account SSI in a more detailed nonlinear
model, a 2D full interacting model was created in Abaqus r.6.14 [22]. It simulates a dam 55 m
tall, with a base length of 40 m, in plane stress state. The soil domain dimensions are 260 m x
110 m and the reservoir level is 53 m high. The thickness of the plane model is 1 m.
The standard Solid Mechanics equations are applied to the dam and soil domains. The solid mesh is composed by 774 linear quadrilateral elements CPS4R for the soil domain and by
1149 linear triangular elements CPS3 for the dam domain. 79 infinite elements CINPS4 surrounding the soil domain allow one to simulate the soil unboundedness.
The fluid subsystem is simulated by the Helmoltz equation derived from the full NavierStokes equation, assuming small vibrations and neglecting viscosity. The mesh of the fluid
domain is composed by 2912 linear triangular elements AC2D3.
As for the boundary condition for the fluid domain, a zero pressure condition is imposed at
the free surface of the water and a rigid wall condition at the bottom of the reservoir. The fluid-structural interaction condition at the interface between the two domains is the following
1
−𝒏 ( 𝛻𝜎) = −𝒏 ⋅ 𝒖𝑡𝑡
(6)
{
𝜌
𝐹𝐴 = 𝜎 ⋅ 𝒏
where  is the fluid pressure, n is the normal direction to the interface, FA is the acoustic force
on the structure and utt is the solid acceleration. The first equation transfers the structural acceleration to the fluid, while the second applies the fluid pressure load on the structure. Such a
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system of equations expresses a fully coupled problem, where the solid and the acoustic parts
have to be solved simultaneously.
In order to simulate the unboundedness of the fluid domain, an acoustic impedence in form
of Improved Planar nonreflecting boundary condition was introduced at the upstream side of
the fluid domain. The total number of elements within the model is 4914, whereas the total
number of nodes is 3170.
The constitutive model selected for the dam is the Concrete Plastic Damage Model (CPDM)
following the formulation proposed by Lee and Fenves [23], which uses the concepts of fracture-energy-based damage and stiffness degradation in continuum damage mechanics. In order to avoid mesh-dependency problem when simulating damage, a constitutive law
formulation in terms of displacements was selected. The values of material properties are reported in table 2 and the parameters of the CPDM implementation in Abaqus [22] are reported
in table 3 [24].
The seismic shaking of figure 1 was applied in form of displacement to 12 nodes of the
base contour of the solid domain, once it was reduced with a scale factor of 0.6.

Figure 7. The model for nonlinear time history analysis.
Table 3. Parameters of the CPDM [22].
parameters for the concrete
Dilation angle (°)
Flow potential eccentricity 
𝜎𝑏0 ⁄𝜎𝑐0 ratio of initial equibiaxial compressive yield stress to initial uniaxial
compressive yield stress
Shape factor Kc
Compressive strength (MPa)
Tensile strength (MPa)
Fracture energy (Nm)

32
0.1
1.16
0.66
17
1
150

In order to apply the recorded seismic shaking to the base of the soil model, the deconvolution of the signal was performed through the algorithm of Sooch and Bagchi [24].
As a first evaluation on the SSI effects, one can wonder whether the interaction forces are
able to change the basement motion as compared to the free-field ground motion (i.e. motion
recorded on the free surface of the soil without structure). To this aim, in Fig. 8 the acceleration of a point on the soil surface near to the dam base (red dashed line) has been compared
with the acceleration of the same point in a model that does not include the dam (black continuous line). In Fig. 9 the FFT of both signals is reported. One can note that the peak acceleration is higher in the free-field model. The FFT shows that the greatest amplifications of the
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free-field model in respect to the model with dam take place in the interval between 5 Hz and
10 Hz, although the peak frequencies remain almost unchanged. It can be concluded that the
interaction forces are able to considerably change the soil motion in this case.

Figure 8. Acceleration history on a point of the soil surface for the model including the dam (red dashed line)
and for the free-field model (black continuous line).

Figure 9. FFT of the signals of Fig. 8.

Another issue concerns the damaging mode of the dam after shaking when CPDM is used
to simulate the material behaviour. In this regard, the influence of both soil density and damping ratio variation was investigated and the effects of different acceleration records applied to
the model were explored.
As soil density seems to be a key parameter for SSI effects [20], it was varied in order to
evaluate the damaged state of the dam after shaking. In Figure 10 the damage level after the
seismic sequence is presented. The legend reports the values of the complement to unity of
the ratio between damaged deformability modulus and undamaged one. Cracks begin on the
upstream side and at the interface between dam and soil and develop downstream across the
dam body. Two different soil density values are considered: the first is greater than the actual
density of an order of magnitude and the second is near to zero. Figure 10 reports the damaged areas in the two extreme cases in comparison with the case with actual density. Despite
the considerable variation in the soil density value, the influence in terms of material damage
is not significant. One can conclude that there are no effects on the type and extent of damage
as a result of the different or incorrect appreciation of the soil density value.
The influence of viscous damping can be evaluated for the full interacting nonlinear system in term of dissipated energy. Two different values for damping ratio were considered:
 = 1% and  = 5%. The energy balance was calculated in both cases. In figure 11 the dam
body damping dissipated energy versus time is represented by a red line, the plasticity dissipated energy is indicated by a yellow line and the damage dissipated energy by a blue line.
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One can note that in both cases the dissipated energy due to plasticity is of the same order of
magnitude as the dam body damping energy, while material damage dissipates a very low energy amount in respect to the other two quantities.

Figure 10. Damage on the dam, varying density.

Figure 11: Dissipated energy for damage, plasticity and dam body damping for different values of .

The effect of the type of seismic shaking was evaluated, in its turn, by comparing the damaged state after the shaking of October 30th 2016 (record 1) with that after the shaking of August 24th 2016 (record 2) in Central Italy (Fig. 12).

Figure 12. The acceleration time history recorded on August 24th 2016 by Amatrice station (record 2).

This latter, belonging to the seismic sequence of August 24th 2016 (03:36:32 UTC, 6 MW),
is the E-W component recorded by Amatrice (RI) station [21] with about 8.5 m/sqs PGA. As
in the previous case, it was reduced by 0.6 before being applied.
Resulting damage of the dam is displayed in figure 13 for both dynamic excitations applied at the base of the soil domain. For each record, the initial and final damage state are reported. The damaged state is different in the two cases both in the initial and in the final phase.
In the case of record 1 and tensile strength of 1 MPa, cracks initiate from the upstream side of
the dam, whereas in the second case, they initiate from the downstream side. Damage evolves
in a very different way, as can be seen from the figures of final damage.
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Figure 13: Damage of the dam during the shaking of October 30th 2016 (record 1) and August 24th 2016 (record 2).

5

CONCLUSIONS

We can conclude that different modelling strategies for simulating the soil unboundedness
provide very similar results in terms of base shear force and dissipated energy. Moreover, the
most part of dissipated energy is the radiated one, thus, the simulation of the unbounded soil
appears very important.
When the material is nonlinear, the amount of dissipated energy due to plastic deformation
has the same order of magnitude of the dissipated energy due to material damping. On the
contrary, the energy that is dissipated by the material damage is particularly low. Hence, the
assumption of plastic behaviour of the material could provide large consequences in terms of
dissipated energy. Finally, the damaged state of the dam is not affected by the variation of soil
density, nor by that of the material damping, but it is largely influenced by the frequency content of the shaking. In conclusions, in order to obtain reliable results, SSI modeling and the
material damage law selection must be carefully considered.
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Abstract
During the last couple of decades, it was recognized that the soil on which a structure is constructed might interact dynamically with the structure during earthquakes, especially when
the soil is relatively soft and the structure is stiff. This kind of dynamic soil-structure interaction can sometimes modify significantly the stresses and deflections of the full structural system from the values that can be developed if the structure were designed on a rigid
foundation. Two important characteristics that distinguish the dynamic soil-structure interaction system from other general dynamic structural systems are the unbounded nature and the
nonlinearity of the soil medium. Generally, when establishing numerical dynamic soilstructure interaction models, the following problems should be taken into account.
Keywords: Seismic, Safety, Reliability, SSI, Nuclear Power Plants, ANSYS.
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1

INTRODUCTION

After the accident of nuclear power plant (NPP) in Fukushima the IAEA in Vienna adopted
a large-scale project "Stress Tests of NPP", which defines new requirements for the verification of the safety and reliability of NPP. Based on the recommendations of the ASCE standard
and IAEA in Vienna [1- 3], the effective seismic resistance of objects is assessed in PGA sites
up to 0.3g according to the "Seismic Margin Assessment" methodology (SMA) [1].
The required methodology was based on a reference earthquake (RLE) or a "Seismic Margin Earthquake" (SME) earthquake, which is an earthquake with seismological parameters of
a given site and response spectrum at the free terrain level corresponding to 84.1% probability
of non-elevation (median overs), including Peak Ground Acceleration (PGA) for a given acceptable annual occurrence probability (typically 10-4/year). The dynamic soil-structure interaction can sometimes modify significantly the stresses and deflections of the structural system.
The building of the nuclear fuel storage VJP in the J. Bohunice is located near the NPP areal [4]. This building consists of a reinforced concrete and steel hall. The nuclear fuel storage
capacities are located in seven modules by 7 meters (Fig.1). The dimensions of the object in
the plan view are 58.8m.x.36m. The elevation of the building is designed asymmetrically
from 14m to 30m. The building is based on a massive reinforced concrete slab with a thickness of 1.5m. The base joint is located at a depth of -6.5 m.
The design response spectra were prepared based on results of the PSHA (Probabilistic
Seismic Hazard Analysis) study for the NPP J. Bohunice site developed by GFÚ SAV [4].
The value of the PGA for horizontal and vertical excitation for the annual occurrence probability (typically 10-4/year) is following
- horizontal acceleration peak PGAH.iRLE = 0.250g, PGAH.RLE = 0.367g
- vertical acceleration peak
PGAV.iRLE = 0.130g, PGAV.RLE = 0.229g

Figure 1: Ground floor basement of the nuclear fuel storage VJP SO841M_B-VT
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The values of seismic motion (see Fig.2) for the nuclear fuel storage VJP are taken from
the report of the Geophysical institute [4]. The horizontal and vertical response spectrum RLE
are shown in the graphs. These spectra were used as inputs for generating a synthetic threecomponent accelerograms.

Figure 2: The spectrum compatible synthetic accelerogram.

Figure 3: The response spectrum from the synthetic accelerograms in direction X, Y and Z for 5% damping

2

GEOPHYSICAL SUBSOIL PROPERTIES OF THE LOCALITY

For seismic analyzes, it was recommended to use the seismic assignment for the nuclear
fuel storage VJP at J. Bohunice site according to data in the feasibility study.

Depth
[m]
0.0
10.2
10.2
18.0
18.0
25.2
25.2
28.8
28.8
40.7
40.7
100.0

BV11
vs

[m/s] [t/m3]
100 2.0
230 2.0
260 2.0
410 2.1
440 2.2
460 2.2
460 2.0
500 2.1
500 2.2
650 2.3
650 2.1
860 2.2

Depth
[m]
0.0
8.3
8.3
17.4
17.4
25.3
25.3
28.5
28.5
40.8
40.8
100.0

BV12
vs

[m/s] [t/m3]
100 2.0
210 2.0
250 2.0
380 2.1
410 2.2
470 2.2
470 2.0
500 2.1
500 2.2
650 2.3
650 2.1
860 2.2

Depth
[m]
0.0
4.8
4.8
16.6
16.6
24.0
24.0
30.1
30.1
39.6
39.6
100.0

BV13
vs

[m/s] [t/m3]
100 2.02
190 1.98
230 2.03
370 2.11
400 2.15
470 2.20
470 1.95
510 2.05
510 2.20
650 2.25
650 2.05
860 2.20

Depth
[m]
0.0
5.5
5.5
17.1
17.1
24.5
24.5
29.4
29.4
39.9
39.9
100.0

BV14
vs

[m/s] [t/m3]
100
2.0
200
2.0
250
2.0
370
2.1
400
2.2
470
2.2
470
2.0
510
2.1
510
2.2
650
2.3
650
2.1
860
2.2

Depth
[m]
0.0
6.9
6.9
18.5
18.5
24.9
24.9
28.7
28.7
41.8
41.8
100.0

BVX
vs

[m/s] [t/m3]
100
2.0
210
2.0
250
2.0
420
2.1
460
2.2
480
2.2
480
2.0
500
2.1
500
2.2
650
2.3
650
2.1
860
2.2

Table 1: Geological profile under the building of the nuclear fuel storage VJP SO841M_B-VT
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This seismic assignment corresponds to the results of the original seismological surveys
(see Tab.1) based on the recommendations of the standards IAEA 50-SG-S1 and NS-G-3.3.
Dynamic soil characteristics were obtained with sufficient accuracy from the refractive and
reflexive survey of a given site [3, 5, 6]. Depending on the propagation rates of the longitudinal and transverse waves in the soil, we can determine its physical characteristics.
The basic rigid parameter characterizing the earth body for dynamic calculations is the dynamic Gdyn (or Young's elastic modulus modulus)
Gdyn = vs2, Edyn  vs2  2 1  dyn  , vdyn   vp2  2vs2  /  2  vp2  vs2 

(1)

where  is the soil density, vs - the velocity of the shear waves propagation in the respective
earth (layer), vp is the velocity of the longitudinal waves.
3

STIFFNESS AND DAMPING SOIL PARAMETERS IN THE SUBSOIL

Dynamic soil characteristics were obtained with sufficient accuracy from the refractive and
reflexive survey of a given site [4]. Depending on the propagation rates of the longitudinal
and transverse waves in the soil, we can determine its physical characteristics [3].

Figure 4: Shear modulus dependence on the shear strain and proportional damping.

In the case of earthquakes, there is a large movement of the soil, and because of plastic deformation, the value of the dynamic soil module also drops. According to the recommendations of international standards, this reduction will maximally reach 65% of the dynamic
module measured for small seismic events. The process of the shear modulus and the damping can be seen in Fig. 4 depending on the shear strain [3].
4

SEISMIC HAZARD CONSIDERING SITE EFFECTS

The methodology for analyzing the influence of the layered subsoil of type 3 (for vs < 300
m/s) according to the requirements of the IAEA NS-G-3.6 was used to define the seismic load
for the nuclear fuel storage. The seismic load RLE was defined assuming that seismic waves
are transformed from the source to the site in a rock bed (for vs > 1100m/s).
Local design acceleration spectra were calculated considering the SSI effects used the
SHAKESI program in accordance with the recommendations of the standards IAEA [2] and
U.S. NRC.
Therefore, the methodology for calculating local design spectra is based on the following
assumptions:
 PGA values for RLE seismicity were determined for the free field assuming the rigidity
of the bed of the corresponding to the rock subsoil (for vs > 1100m/s)
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The response spectrum acceleration for SL-2 [3] were defined based on a probabilistic
analysis of the site effects,
 Synthetic 3D accelerograms compatible with response spectra were generated in accordance with the requirements [3].
Based on these input data, the calculation of local design spectra, taking into account the
real geological composition at the location of the VJP object, is carried out in the following
steps:
 Calculation of the synthetic accelerograms on the base at level -100m from the free
level in accordance with IAEA [2] standards,
 Calculation of the local synthetic accelerograms and the design response spectra at level of foundation (-6.5m) and at level of the pile foundations (-18.5m) from the excitation synthetic accelerations using the program SHAKESI for original and modified
geological conditions,
 Calculation of the smoothed design spectra at foundation level (-6.5m) and pile level (18.5m) than the median values and the statistical envelope for 84.5% probability of
failure is based on previous analyzes for characteristic excitation frequencies.
For these analyses, the modified SHAKESI [3] program was used to determine a best estimate of the transformation from free field to base level for the 1D model of the subsoil.
The amplification factors of the program SHAKESI are presented in the fig.5.

Figure 5: The amplification factors between the base and free field - SHAKESI

Frequency
[Hz]
0.5
2
5
10
33

Acceleration response spectrum [m/s2]
Level "Base"
Level "Free Field"
RLE
Local (SSI)
RLE
Local (SSI)
Sah
Sav
Sah
Sav
Sah
Sav
Sah
Sav
0.050
0.015
0.059
0.067
0.050
0.030
0.084
0.050
0.364
0.085
0.159
0.382
0.364
0.172
1.891
0.708
0.837
0.199
0.293
0.264
0.837
0.422
1.402
0.863
0.780
0.215
0.240
0.269
0.780
0.524
0.836
0.759
0.367
0.103
0.136
0.167
0.367
0.229
0.581
0.394
Table 2: Comparison of the global and local acceleration response spectrum

The smoothing response spectra were calculated in program SHAKESI at defined frequencies recommended by IAEA standards (Fig.6).
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Figure 6: The smoothing horizontal and vertical response spectra at level -6.5m

5

CONCLUSIONS

This paper describes the soil-structure interaction effects in the case of the nuclear fuel
storage VJP during earthquake excitation. The methodology of the calculation of the soilstructure interaction effects was presented. The local design acceleration spectra were calculated considering the SSI effects used the SHAKESI program in accordance with the recommendations of the standards IAEA. The considering the local effects in accordance with the
subsoil properties is very significant.
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Abstract
Concrete-filled double skin steel tubular (CFDST) columns could be utilized in structures
such as bridges, high-rise buildings, viaducts and electricity transmission towers due to its
great structural performance. Alternatively, lean duplex stainless steel has recently gained
significant interest for its high structural performance, similar corrosion resistance and lower
cost compared to the austenitic steel grade. Hence, this paper presents nonlinear numerical
simulations of rectangular outer lean duplex stainless steel (EN 1.4162) CFDST short columns under compression, based on the finite element (FE) method, The FE model and its validation were initially presented. Then, the effect of the key parameters that influence the
behavior of these types of columns was introduced. Based on that model, the behavior and
design of rectangular outer lean duplex stainless steel (EN 1.4162) CFDST short columns under compression were discussed. All classes of the outer rectangular hollow section according to the depth-to-thickness (D/t) ratios were considered. The results showed that the axial
ultimate strength of rectangular CFDST short columns increased linearly by increasing the
concrete compressive strength, while it does not influence when changing the hollow ratios.
Finally, the axial capacities were compared with the available design methods, and recommendations were conducted for the design strength of this type of column. The presented design model, for calculation of the ultimate axial strength of rectangular CFDST short columns
with external lean duplex stainless steel outer tubes, gave suitable conservative results if
compared with the other literature model.

Keywords: Concrete-filled double skin columns, Finite element analysis, Ultimate axial
strength, Short columns, Lean duplex stainless steel, Compressive strength.
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1

INTRODUCTION

Steel-concrete composite columns represent a very attractive structural form that is now
benefiting from extensive success. The composite construction ideally combines the advantages of both steel and concrete elements, where’s the high strength and the light weight of
steel combine the inherent mass, stiffness, damping, and economy of concrete [1, 2]. To reduce the weight of the structure while still maintaining a large energy absorption capacity
against different loading cases, concrete-filled double skin steel tubular (CFDST) columns
were suggested. With composite construction advantages, CFDST columns were recognized
to have a series of beneficial properties, such as a good fire and seismic performance [3-6].
CFDST columns consist of concentric inner and outer steel tubes with infill concrete between
them. The steel tubes are hollow structural sections, it may be supplied with carbon steel material, these sections can be circular (CHS) [3-9], square (SHS) [10] and rectangle (RHS) [11,
12].
On the other hand, Stainless steel materials have many advantages like the aesthetic appearance, high corrosion resistance, smooth and uniform surface, high fire resistance, high
ductility and impact resistance, reuse and recycling capability. Due to these advantages many
researchers [13-18] encouraged to investigate the behaviour of this material on the concretefilled tubular columns with different cross-section, and motivated the authors to perform this
study on the short concrete-filled double skin steel tubular (CFDST) stub columns with external stainless steel material as an introduction study of the long CFDST.
The austenitic stainless steels have been used for many years in structural applications as
minor elements; see [19-21]. Due to the lower cost of lean duplexes compared with austenitic
stainless steel, its applications are spread recently. However, most design codes [22-24] consider duplexes as the same design as austenitic stainless steels because the majority of the presented numerical and experimental results were for austenitic or duplex alloys as discussed by
Gardner [19]. Many studies show that, the structural behaviour of stainless steel and carbon
steel are differ, the main difference is that stainless steel has no definite yield strength, it has a
round stress-strain curve, and shows an early departure from linear elastic behaviour with
strong strain hardening [19-21]. The carbon steel has high proportional limit stress (at least
70% of the yield point) compared to stainless steel (from 36%- 60% of the yield stress) [25].
The rectangular sections are preferred when large major-axis bending moments occur in
beam or beam–column. Based on the above background, the behaviour of rectangular CFDST
short columns with external lean duplex tubes of Grade EN 1.4162 has never been studied.
Hence, the present paper focuses on the behaviour and strength of short rectangular CFDST
columns with external lean duplex tubes. The nonlinear analysis, behaviour and design of rectangular lean duplex stainless steel-concrete-carbon steel double skin tubular short (CFDST)
columns were presented. The finite element (FE) model for CFDST short columns, were developed by using the general purpose finite element package ABAQUS [26]. Different classification of cross-sections of outer tubes; fully effective (F), slender (S) and very slender (VS)
cross-sections were considered. The high and ultra-high strength concrete (HSC and UHSC)
were also investigated for current rectangular CFDST short columns. The results were discussed and compared with the available design strength found in the literature.
2

NUMERICAL MODELLING

Nonlinear numerical simulations, based on the FE method and utilizing the software package ABAQUS/Standard [26], were made in this section to widen the available results on short
rectangular CFDST columns which are not found in the literature. The FE model and its vali-
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dation were initially presented. Finally, the effect of key parameters that influence the behaviour of these types of columns was discussed.
2.1 General description of FE model
A detail of the current FE model was previously presented in several papers published by
the first author, such as [15-17]. The FE model can be summarized as following:
 Both inner and outer steel tubes were modelled using element S3 ABAQUS [26], S3 is a








three-node triangular general-purpose shell element with finite membrane strains element.
The sandwiched concrete and the two end plates were modelled by C3D4

ABAQUS [26], where C3D4 is a three dimensional four-node linear tetrahedron
solid element.
The initial imperfections were neglected in the FE modelling as previously discussed by Tao et al. [27]. Because of the reduction in strength of the thin-walled
hollow tubes is not significant (about 1% in average) owing to the delaying effect
of the concrete core on the tube buckling.
The mesh size was chosen as approximately 25 mm for modelling the tubes and the
sandwiched concrete.
Interface between tubes and the sandwiched concrete was modelled by surfacebased interaction with a contact pressure-overclosure model in the normal direction
and a Coulomb friction model in the longitudinal direction; more details of interaction between surfaces were discussed by Hassanein et al. [15, 16].
Only a quarter of the short rectangular CFDST columns were modelled, where’s
the geometry and the loads were symmetric, as shown in Figure 1 (a), in which the
upper end plates at the loaded end were removed to illustrate the cross-section.
Outer stainless steel
RHS

B

Plane of symmetry
te
ti

D

End plate

Plane of symmetry

Inner
carbon steel
RHS

d

Sandwiched
concrete

Sandwiched
concrete
b

Figure 1(a). FE mesh of short rectangular CFDST
Figure 1(b): Cross-section CFDST
column
column
Figure 1: FE mesh and Cross-section of short rectangular CFDST column

2.2 Stainless steels material model
Lean duplex stainless steel Grade EN 1.4162 was used in this study with proof stress (σ0.2)
and ultimate strength (σu) of 530 MPa and 700 MPa, respectively according to EN 10088-4
[24]. The material behaviour can be modelled using a multi-linear stress-strain curve in
ABAQUS [26], as shown in Figure 2; see Ref. [15, 18].
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2.3 Carbon steels material model
The carbon steel tube with steel grade S235 material was used. According to EN 1993-1-1
[28], S235 has a minimum yield (fsy) of 235 MPa, an ultimate strength (fsu) of 360 MPa and
the Young's modulus of E0 = 210 GPa. A von Mises material with isotropic hardening was
used for modelling the steel material. The bilinear elastic-plastic stress-strain curve with linear
strain hardening was used to model the steel material.

Stress [MPa]

800
600
400
Stainless steel Grade EN 1.4162

 0.2  530MPa, n  5

200
0
0

0.005

0.01

0.015

Strain [mm/mm]
Figure 2. Stress-strain curve of the lean duplex stainless steel material Grade EN 1.4162

2.4 Sandwich concrete material model
The confinement of concrete by steel tube occurred at the four corners of the rectangular
CFST column. This confinement does not have a considerable effect on the compressive
strength of the concrete core so that it can be ignored in the analysis and design of rectangular
CFST columns, as studied by Patel et al. [29]. In spite of that, the ductility of the concrete
core in rectangular CFST columns was improved and was included in the presented concrete
model, as discussed by Liang [30] and Patel et al. [29].
2.5 Validation of the FE model

2.5.1 CFDST short columns with both carbon steel tubes
To assess the accuracy of the generated FE models, the validity of the current FE model is
made in this section. First, the model was verified by the behaviour of carbon rectangular
CFDST short axial columns tested by Tao et al. [12]. A short specimen of a rectangular crosssection of CFDST short axial column was given in Figure 1 (b). Two replicate tests for this
specimen were tested. The details of the specimens’ simulation are given in Table 1, where D,
B and te are the depth, width and thickness of the outer square tube, and d, b and t i are the
depth, width and thickness of the inner square tube respectively. Second, additional simulation to validate the FE model was developed, the model was used to predict the behaviour of
square tubes CFDST short axial columns with inner circular tubes tested by Han et al. [31].
The comparison between the current FE ultimate strengths (Pul,FE) and the experimental rePul, FE

sults (Pul,Exp) is listed in Table 1. The mean value of Pul, Exp is 0.96 with a coefficient of variations of 0.043.
Figure 3 (a) shows a comparison between the experimental and FE load-axial strain curve
for the rectangular CFDST column tested by Tao et al. [12]. Also, Figure 3 (b) shows a com-
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parison between the experimental specimens tested by Han et al. [31] and FE load-axial strain
curves of sample results of square CFDST columns with circular inner tubes presented by the
first author with the same model [10]. It can be observed that the FE model gives good predictions for the ultimate load and axial load-strain curves for the short CFDST columns with
both square and rectangular cross-sections.
Details of the tested short rectangular CFDST columns [12]
Column
DST-SC1
DST-SC2

D*B* te

d * b * ti

L

f ye

f yi

f ui

f c

[mm]

[mm]

f ue

[mm]
150*100*3.2
150*100*3.2

75*45*3.2
75*45*3.2

450
450

[MPa]
380
380

[MPa]
476
476

[MPa]
429
429

[MPa]
473
473

[MPa]
42.88
42.88

Pul, FE
[kN]

Pul, Exp

Pul, FE

[kN]

Pul, Exp

1315
1315

1320
1300

0.996
1.012

946
946
3050
3050

990
1000
3240
3430

0.96
0.95
0.94
0.89
0.96
0.043

Details of the tested short square CFDST columns [31]
Column

D xte

d x ti

scc3-1
scc3-2
scc7-1
scc7-2

[mm]
120*3
120*3
300*3
300*3

[mm]
58*3
58*3
165*3
165*3

f ye

L
[mm]
360
360
900
900

[MPa]
275.9
275.9
275.9
275.9
Mean
Standard deviation

f yi

f c

[MPa]
374.5
374.5
320.5
320.5

[MPa]
37.44
37.44
37.44
37.44

The subscript (e) and (i) for external and internal properties respectively, f c is the compressive cylinder strength
of the concrete.
Table 1: Details of the tested short CFDST columns and the comparison of the experimental and predicted
strength.

2.5.2 Short columns with external stainless steel tubes
In this subsection, the verification of the FE model to simulate the behaviour of stainlesssteel tubes was assessed. The developed FE model was used to predict the behaviour of
square and rectangular hollow section (SHS and RHS) short columns with the lean duplex
stainless steel tubes, tested by Theofanous et al. [32]. Table 2 presents the dimensions and
material properties of these columns. The ultimate axial loads and end shortening at the ultimate load of SHS and RHS columns obtained from the finite element analyses were compared
with the test data in Table 3. The FE model yields good predictions of both ultimate loads (Pul)
and end shortening at the ultimate load (δu) of SHS and RHS columns. The mean values of
Pul, FE
δ u, FE

δ
and u, Exp are 0.98 and 0.95 with a coefficient of variations of 0.019 and 0.042, respectively. Figure 3 (c) shows the comparison of predicted FE and experimental results with respect to the load-axial strain relationships for SHS and RHS columns with a lean duplex
stainless steel tubes. It can be concluded that the FE model gives good predictions for the behaviour of axial load-strain relationships compared with the tested specimens.
On the other hand, other verifications were made by the first author on circular CFDST
short columns tested by Han et al. [14] with external stainless steel tubes and inner carbon
tubes [17].
Pul, Exp

Column

D * B * t [mm]

80*80*4-SC2
80*40*4-SC2

80*80*3.81
79.5*39.6*3.81

L

E

σ 0.2

σu

[mm]

[MPa]

[MPa]

[MPa]

332.2
237.8

199900
199500

679
734

773
817

n
6.5
10.1

Table 2: Details of the tested lean duplex stainless steel short columns tested by Theofanous et al. [32]
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Strain [ με ]

P [kN]

P [kN]

Figure 3(a): Comparisons of experimental and FE axial load-strain curves for short rectangular
CFDST column tested by Tao et al. [12]

Strain [ με ]

Strain [ με ]

Figure 3(b): Comparisons of experimental and FE axial load-strain curves for short square CFDST
columns with inner CHSs presented by Hassanein et al. [10]

80*80*4-SC2

Load [kN]

Load [kN]

80*40*4-SC2

End shorting [mm]

End shorting [mm]

Figure 3(c): Verification of load-end shortening relationships of Lean duplex stainless steel columns
Theofanous et al. [32]
Figure 3: Verification of the current FE model
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End shortening at ultimate load
δ u [mm]

Ultimate load ( Pul ) [kN]
Column

Pul, Exp

Pul, FE
80*80*4-SC2
80*40*4-SC2

890
708
Mean
Standard deviation

915
710

Pul, FE
Pul, Exp

δ u, FE

δ u, Exp

3.82
3.8

3.88
4.12

0.97
0.997
0.98
0.019

δ u, FE
δ u, Exp
0.98
0.92
0.95
0.042

Table 3: Comparison between FE and Experimental results of short lean duplex stainless steel columns

3

PARAMETRIC STUDY

The verified FE model was used to generate parametric results for short rectangular
CFDST columns. The length of the column ( L ) was taken as three times the external depth
( D ) of the outer rectangular hollow section (RHS) to avoid global buckling effects. Table 4
shows the dimensions of the current cross-sections considered in this study. The material
properties were considered as discussed in sections 2.3 to 2.5. The outer RHSs were classified
into three groups (G1, G2 and G3) based on the maximum depth-to-thickness ratios for the
compression parts of the cross-sections (D-2te)/te according to EC3 Part 1.4 [24]. The first
group (G1) was fully-effective (F: (D-2te)/te ≤ 30.7), and the second group (G2) was considε  235/f

ye
ered as slender sections (S: (D-2te)/te > 30.7);
. Finally, the value of (D-2te)/te exceeded the maximum value of 52ε for group 3 (G3) as specified in EC4 [33], hence these
cross-sections were considered to be very slender (VS). It worth pointing out that, in the current paper, the inner tubes were selected to have full-effective cross-sections.
The cylinder strength (f’c) of the concrete and the hollow section ratio

χ

b*d
(B  2t e ) * (D  2t e )

) were considered as the key parameters in the analyses. The values of
(
f’c ranging from 25 MPa to 120 MPa, covering the normal strength (NSC), high strength
(HSC) and ultra-high strength concrete (UHSC) according to the EC4 [33] in each group. The
values of the hollow section ratio ( χ ) are 0.34, 0.54 and 0.66 in each group. The ultimate axial loads of the current model were given in Table 4.
The failure mode of short rectangular CFDST column presented in Figure 4. The failure
local buckling mode was observed clearly in the outer tube than the inner one. An outward
local buckling failure mechanism of the outer tube was observed, this behaviour is similar to
that observed by Tao et al. [11, 12] in CFDST specimens. A separation of the tube from the
concrete core was noticed.

G1

Column

Group

Outer tube

D

B

[mm]

[mm]

[mm]

C1
C2
C3
C4
C5

200
200
200
200
200

120
120
120
120
120

10
10
10
10
10

te

Inner tube

D
te

d

b

[mm]

[mm]

20
20
20
20
20

60
60
60
60
60

35
35
35
35
35
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f c

[mm]

d
ti

[MPa]

5
5
5
5
5

12
12
12
12
12

25
40
60
80
100

ti

χ

ti
te

0.34
0.34
0.34
0.34
0.34

0.50
0.50
0.50
0.50
0.50

Pu, FE
[kN]
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5298
5611
5836
6240
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G2

G3

C6
C7
C8
C9
C10
C11
C12
C13
C14
C15
C16
C17
C18
C19
C20
C21
C22
C23
C24
C25
C26
C27
C28
C29
C30
C31
C32
C33
C34
C35
C36
C37
C38
C39
C40
C41
C42
C43
C44
C45
C46
C47
C48
C49
C50
C51
C52
C53
C54

200
200
200
200
200
200
200
200
200
200
200
200
200
320
320
320
320
320
320
320
320
320
320
320
320
320
320
320
320
320
320
400
400
400
400
400
400
400
400
400
400
400
400
400
400
400
400
400
400

120
120
120
120
120
120
120
120
120
120
120
120
120
140
140
140
140
140
140
140
140
140
140
140
140
140
140
140
140
140
140
150
150
150
150
150
150
150
150
150
150
150
150
150
150
150
150
150
150

10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20
20
20
20
20
20
32
32
32
32
32
32
32
32
32
32
32
32
32
32
32
32
32
32
40
40
40
40
40
40
40
40
40
40
40
40
40
40
40
40
40
40

60
80
80
80
80
80
80
120
120
120
120
120
120
85
85
85
85
85
85
140
140
140
140
140
140
185
185
185
185
185
185
115
115
115
115
115
115
160
160
160
160
160
160
255
255
255
255
255
255

35
65
65
65
65
65
65
65
65
65
65
65
65
50
50
50
50
50
50
75
75
75
75
75
75
85
85
85
85
85
85
50
50
50
50
50
50
90
90
90
90
90
90
85
85
85
85
85
85

5
5
5
5
5
5
5
5
5
5
5
5
5
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
8
8
8
8
8
8
8
8
8
8
8
8
8
8
8
8
8
8

12
12
12
12
12
12
12
12
12
12
12
12
12
8.5
8.5
8.5
8.5
8.5
8.5
14
14
14
14
14
14
18.5
18.5
18.5
18.5
18.5
18.5
14.4
14.4
14.4
14.4
14.4
14.4
20
20
20
20
20
20
31.9
31.9
31.9
31.9
31.9
31.9

120
25
40
60
80
100
120
25
40
60
80
100
120
25
40
60
80
100
120
25
40
60
80
100
120
25
40
60
80
100
120
25
40
60
80
100
120
25
40
60
80
100
120
25
40
60
80
100
120

0.34
0.54
0.54
0.54
0.54
0.54
0.54
0.66
0.66
0.66
0.66
0.66
0.66
0.34
0.34
0.34
0.34
0.34
0.34
0.54
0.54
0.54
0.54
0.54
0.54
0.66
0.66
0.66
0.66
0.66
0.66
0.34
0.34
0.34
0.34
0.34
0.34
0.54
0.54
0.54
0.54
0.54
0.54
0.66
0.66
0.66
0.66
0.66
0.66

Table 4: Details of FE models of short rectangular CFDST columns
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0.50
0.50
0.50
0.50
0.50
0.50
0.50
0.50
0.50
0.50
0.50
0.50
0.50
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80

6428
5003
5253
5470
5780
5951
6282
5047
5216
5462
5704
5894
6080
6883
7468
7920
8435
8954
9354
7167
7438
7890
8222
8657
9024
7375
7430
7865
8221
8543
8867
7521
7786
8309
9411
9977
10783
7501
7931
8258
9008
9613
10228
7544
7683
8094
9076
9458
9750
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Figure 4: Failure mode of rectangular CFDST short columns with outer stainless steel
tube

4



EFFECTS OF THE KEY PARAMETERS ( f c & χ )

In this section, the effect of the cylinder strength (f’c) of the concrete was discussed, as
well as the hollow section ratio ( χ ) on the behaviour of the rectangular CFDST short columns.
The effects of the key parameters on the axial load-strain relationships and the ultimate axial
strength (Pu,FE) were provided.
4.1

Effects of concrete compressive strengths

To study the influence of the concrete compressive strengths (f’c) on the behaviour of axial
rectangular CFDST short columns, the compressive concrete strengths varied between 25 and
120 MPa, so that the current investigation includes normal strength concrete (NSCs) (25 and
40 MPa), high strength concrete (HSCs) (60 and 80 MPa) and ultra-high strength concrete
UHSCs of 100 and 120 MPa EC2 [29]. Table 4 shows that increasing in the f’c values of the
sandwiched concrete increases the compressive strength of the rectangular CFDST short columns with full-effective, slender and very slender sections of outer stainless steel tubes for the
same hollow ratio.
The relationship between the load and axial strain for sample results was provided in Figure 5. It can be concluded that, the increase in the concrete compressive strength (f’c) caused
increment in the ultimate axial strength of rectangular CFDST short columns in an almost linear manner as shown in Figure 6. Also, it was found that by increasing the concrete compressive strength the initial stiffness is nearly the same. Moreover, the CFDST short columns have
favorable ductile behaviour.
4.2

Effects of hollow ratio

The effect of the hollow ratio ( χ ) on the ultimate axial strength (Pu,FE) of rectangular
CFDST short columns under axial compression was studied for fully effective, slender and
very slender sections, as shown in Figure 7. For the same concrete compressive strength (f’c),
it can be observed that, changing of the values of the hollow ratio has minimum effects on the
ultimate compressive strength (Pu,FE). This can be explained, as the hollow ratio increases the
area of sandwich concrete decreases, and the strength remains nearly the same due to the increase in the area of the inner tube, which raises the strength and covers the decrease caused by the
concrete.
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Pu, FE [kN]

Pu, FE [kN]

Strain [ με ]

Strain [ με ]

(a) Full-effective sections

(b) Slender sections

Pu, FE [kN]

Strain [ με ]
(c) Very slender sections

Pu,FE [kN]

Figure 5: Axial load-strain curves for rectangular CFDST short columns for different concrete compressive
strengths

f c [ MPa]
Figure 6: Effect of increasing the concrete compressive strengths on the compressive
strength of the rectangular CFDST short column
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Pu,FE [kN]
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χ
Figure 7: Effects of hollow ratio

5

DESIGN STRENGTH

A comparison of the FE strengths (Pu,FE) generated in the parametric study, the ultimate axial strength predicted according EC4 (PEC4) [33] and AISC specification (PAISC) [34] proposed
for short stainless steel CFDST columns are discussed here.
Based on the design model proposed by Hassanein et al. [17] and developed by the same
authors [15, 16], For determining the ultimate axial strength of short stainless steel CFDST
columns, a new modified model was suggested for the rectangular (CFDST) specimens based
on the current parametric study, whereas the proposed ultimate axial strength (P ul,Prop) can be
calculated as the summation of the component strength, as follow:
Pul, Prop  γ ss σ 0.2 A se  f cA sc  γ s f yi A si

(1)

where Asc, Ase and Asi are the cross-sectional area of the sandwiched concrete, gross sectional area of the external and internal steel tube respectively, fyi is the yield stress of the inner
steel tube. γss and γs are factors to consider the effects of strain hardening as given by Liang
[30] and Hassanein et al [15-17], which can be calculated as follow:
D
γ ss  1.62 
 te 

0.1

d
γ s  1.458 
 ti 

(γ ss  1.2)

(2)

0.1

(0.9  γ s  1.1)

(3)

Note that, for slender and very slender section, the gross sectional area of the external tube
(Ase) is calculated as the effective cross-sectional area (Ase,eff). The effective cross-sectional
areas (Ase,eff) of the external steel tubes were calculated by using EN 1993-1-5 [35] while the
reduction factor ρ should be taken according to Eurocode 3 Part 1.4 [24].
0.772 0.125 but  1
(4)
ρ

λp

λ 2p
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where; λ p is the element slenderness defined as: λ p 

b

t
.
28.4ε k σ

t is the relevant thickness, kσis the buckling factor corresponding to the stress ratio ψ and
boundary conditions from Table 4.1 or Table 4.2 in EN 1993-1-5 [35].
A comparison of the FE strengths generated in the parametric study and predicted strengths
were listed in Table 5. From Table 5, it can be observed that the average values of

PEC4 PAISC
Pul, FE Pul, FE

Pul, Prop
P

G1

G2

Column

Group

and u, FE are 0.82, 0.87 and 0.90 with standard deviations of 0.046, 0.095 and 0.031, respectively. Hence, the strength predictions using Pul,Prop are therefore recommended for short rectangular CFDST columns with an external lean duplex stainless steel outer tubes.

C1
C2
C3
C4
C5
C6
C7
C8
C9
C10
C11
C12
C13
C14
C15
C16
C17
C18
C19
C20
C21
C22
C23
C24
C25
C26
C27
C28
C29
C30
C31
C32
C33

Pu, FE

PEC4

[kN]

[kN]

5036
5298
5611
5836
6240
6428
5003
5253
5470
5780
5951
6282
5047
5216
5462
5704
5894
6080
6883
7468
7920
8435
8954
9354
7167
7438
7890
8222
8657
9024
7375
7430
7865

3777
4016
4334
4652
4970
5288
3817
4009
4265
4521
4777
5033
3846
3999
4203
4407
4611
4815
5222
5698
6333
6968
7603
8238
5442
5824
6334
6844
7354
7864
5569
5874
6279

PEC4
Pul, FE

PAISC

0.75
0.76
0.77
0.80
0.80
0.82
0.76
0.76
0.78
0.78
0.80
0.80
0.76
0.77
0.77
0.77
0.78
0.79
0.76
0.76
0.80
0.83
0.85
0.88
0.76
0.78
0.80
0.83
0.85
0.87
0.76
0.79
0.80

3690
3890
4158
4425
4692
4959
3741
3903
4118
4334
4549
4764
3780
3909
4081
4253
4424
4596
5833
6234
6769
7302
7835
8368
6075
6397
6827
7256
7684
8113
6222
6479
6821

[kN]
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Pul, Prop

PAISC
Pul, FE

Pul, Prop

0.73
0.73
0.74
0.76
0.75
0.77
0.75
0.74
0.75
0.75
0.76
0.76
0.75
0.75
0.75
0.75
0.75
0.76
0.85
0.83
0.85
0.87
0.88
0.89
0.85
0.86
0.87
0.88
0.89
0.90
0.84
0.87
0.87

4433
4672
4990
5308
5626
5944
4485
4677
4933
5189
5445
5701
4507
4660
4864
5068
5272
5476
5841
6318
6953
7588
8223
8858
6099
6481
6991
7501
8011
8521
6240
6544
6949

[kN]

Pu, FE

0.88
0.88
0.89
0.91
0.90
0.92
0.90
0.89
0.90
0.90
0.91
0.91
0.89
0.89
0.89
0.89
0.89
0.90
0.85
0.85
0.88
0.90
0.92
0.95
0.85
0.87
0.89
0.91
0.93
0.94
0.85
0.88
0.88
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C34
C35
C36
C37
C38
C39
C40
C41
C42
C43
C44
C45
C46
C47
C48
C49
C50
C51
C52
C53
C54

8221
6685
8543
7090
8867
7496
7521
5784
7786
6438
8309
7311
9411
8184
9977
9057
10783
9930
7501
5887
7931
6412
8258
7112
G3
9008
7812
9613
8512
10228
9212
7544
6044
7683
6459
8094
7014
9076
7568
9458
8123
9750
8677
Mean
Standard deviation

0.81
0.83
0.85
0.77
0.83
0.88
0.87
0.91
0.92
0.78
0.81
0.86
0.87
0.89
0.90
0.80
0.84
0.87
0.83
0.86
0.89
0.82
0.046

7162
7503
7844
7051
7603
8337
9071
9804
10536
7186
7629
8218
8807
9396
9984
7370
7721
8189
8655
9122
9588

0.87
0.88
0.88
0.94
0.98
1.00
0.96
0.98
0.98
0.96
0.96
1.00
0.98
0.98
0.98
0.98
1.00
1.01
0.95
0.96
0.98
0.87
0.095

7355
7760
8166
6336
6991
7864
8737
9610
10483
6455
6980
7680
8380
9080
9780
6579
6994
7549
8103
8658
9212

0.89
0.91
0.92
0.84
0.90
0.95
0.93
0.96
0.97
0.86
0.88
0.93
0.93
0.94
0.96
0.87
0.91
0.93
0.89
0.92
0.94
0.90
0.031

Table 5: FE strengths compared to different design models

6

SUMMARY AND CONCLUSIONS

The main objective of this paper was to examine the behaviour of short rectangular concrete-filled double-skin tubular (CFDST) columns with external lean duplex stainless steel
tubes. External rectangular hollow sections (RHSs) with different local slenderness (i.e. fullyeffective, slender and very slender cross-sections) were considered. From this paper, the following conclusions can be drawn:
 Increasing in the cylinder strength values of the sandwiched concrete increases linearly
the compressive strength of the rectangular CFDST short columns with full-effective,
slender and very slender sections of outer stainless steel tubes for the same hollow ratio.
 Changing the values of the hollow ratio has minimum effects on the compressive
strength of the rectangular CFDST.
 It was observed that the design strength of EC4 is high conservative compared with both
the AISC and the proposed design method based on design method found in literature.
 The design strength of AISC and the proposed method gave suitable conservative results
but the AISC has the highest standard deviation.
 Hence, the proposed design model was recommended to use for the prediction of the ultimate axial strength of rectangular CFDST short columns with external lean duplex
stainless steel outer tubes which is suitable for all classifications of cross-sections under
axial loading.
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Abstract
The analysis of steel constructions for their seismic design is commonly based on structural
models including just the main frame members and relevant connections, while cladding panels are considered only in evaluating the seismic mass. Exceptions to this common approach
can be found in a few studies available in the literature. A recent contribution was presented
on the cladding damage under seismic input, as well as on the role of cladding panels in the
overall seismic response of single-storey steel buildings. The results pointed out that claddings might have an important role on seismic response and should not be neglected in a refined finite element model. Starting from the available previous studies, the current work
contributes in terms of both methodology and results. Regarding the methodology, a multicriteria approach adopted for evaluating damage to cladding panels is reviewed and its applicability is discussed based on the results of a probabilistic study performed via multiplestripe analyses. Regarding the results, a case study designed according to the Eurocodes and
the recent 2018 Italian National Building Code is analysed with the aim of investigating the
influence of cladding panels with non-symmetric plan distributions, which introduce torsional
effects even if the structural elements have a symmetric configuration.
Keywords: Cladding, Non-structural damage, Serviceability limit state, Steel structures.
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1

INTRODUCTION

The analysis of steel constructions for their seismic design is commonly based on structural models where only beams, columns, and braces contribute to the seismic response, while
cladding panels are considered in the overall seismic mass but are not included as components
explicitly influencing the structural behaviour [1][2]. Few exceptions to this common approach can be found in the literature with studies involving the following aspects: (i) development of nonlinear cyclic models for cladding panels to be included in advanced models
incorporating structural and non-structural elements; (ii) design of cladding panels as structural elements providing bracing functions; (iii) analysis of the influence of the cladding panels
on the structural response under seismic conditions as compared to the results obtained when
only beams, columns, and braces are considered in the model definition; (iv) analysis of the
seismic damage that cladding panels undergo through explicit modelling of their response as
component of the structural model. A review of the state of the art on such topics can be
found in Scozzese et al. [3]. Attention is here focused on the latter two aspects, i.e. cladding
panels are included in the structural model with two objectives: 1) evaluate their influence on
the simulated seismic response, and 2) estimate their damage under seismic excitations.
Previous studies on single-storey steel buildings [3][4] pointed out that claddings have an
important role on the seismic response and should not be neglected in a refined finite element
model. Starting from the obtained outcomes [3], the current study contributes in terms of both
methodology and results. Regarding the methodology, the multi-criteria approach proposed in
[5] for reinforced concrete frames and used in [3] for the evaluation of the damage to the
cladding panels is reviewed and its applicability is discussed. Regarding the obtained results
in the description of the development and extent of non-structural damage, comparisons are
made between two sets of a case study designed according to the Eurocodes [6][7] and the
recent 2018 Italian National Building Code [8]. Specific attention is given to the investigation
of the influence of cladding panels with non-symmetric distributions in plan, not previously
evaluated in [3].
2
2.1

METHODOLOGY FOR ASSESSING NON-STRUCTURAL DAMAGE
Methodology review

According to the European [6][7] and Italian [8] seismic codes, the assessment of nonstructural damage of buildings is conventionally pursued by monitoring global response quantities, such as the interstory drift. The main limit of this conventional approach is represented
by the lack of an explicit relationship with the actual level of deformation of the nonstructural elements, whose behaviour is not explicitly considered during seismic analyses, and
the relevant lack of the description of the interactions between structural and non-structural
elements. In this study, following former investigations [3][4], the damage evaluation of the
non-structural elements is pursued through their inclusion in the structural model, thus, allowing an explicit estimation of their local seismic demand. A direct comparison with the outcomes achieved by means of a global drift-based approach applied to the conventional
analysis of bare-frame models allows comparing the results of the proposed methodology to
the results of the conventional code-based damage verifications.
Multi-criteria approach for the assessment of the Damage Limit State
In order to assess the onset of the Damage Limit State (DLS), a multi-criteria approach was
adopted. Specifically, a three-level local damage criterion [3] was proposed to characterize
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the attainment of the DLS of buildings: (1) low-damage level: a percentage of panels exceeds
the elastic response limit (a 50% value is considered in this study); (2) medium-damage level:
the totality of panels is beyond the elastic field; (3) strong-damage level: at least one panel
exceeds its maximum shear resistance. A global condition is added besides the three-level local damage criterion, i.e. attainment of the 95% of the maximum base shear force resistance
of the whole structural system, in order to consider cases where significant structural damage
might occur before the development of damage in non-structural elements, as discussed in
[3][4].
DLS fragility functions
A probabilistic unconditional approach [9], i.e., based on the Intensity Measure (IM), is
used for the fragility functions estimation at the DLS. In particular, the widely used Multiple
Stripe Analysis (MSA) method [10][11] is adopted to build the conditional demand model
P(D|IM) = P[D > d | IM = im], providing information about the probability that a given response quantity D exceeds a certain threshold value d characterising the attainment of given
limit state (focus of this study is on DLS), conditional to different levels of seismic intensity,
as described by specific values of IM. The seismic hazard curve is discretized in 10 intensity
levels corresponding to the following return periods (expressed in years): 10, 50, 100, 250,
500, 1000, 2500, 5000, 10000, 100000. The spectral pseudo-acceleration Sa(T1) at the system
period T1 is assumed as IM. The seismic record-to-record variability is accounted by using a
set of 20 pairs (two horizontal seismic components) of ground motion time-histories for each
IM level. Further details about the adopted seismic records and related scale factors can be
found in [12][13].
A simplified method based on pushover analyses is proposed for identifying the limit values (d) corresponding to the DLS attainment, in which the roof drift ratio is assumed as response quantity for the aim of the present work. The whole methodology used for estimating
the fragility functions can be summarised through the following four steps: (1) Pushover
analyses are performed separately along the two orthogonal directions (X, Y); (2) The control
node displacements (nodes located at the roof level) corresponding to the attainment of all of
three local damage conditions defined above (i.e., low, medium and strong damage) are evaluated and the corresponding drift ratios identified; (3) Nonlinear time-history analyses are
performed within the probabilistic context of MSA; (4) A set of fragility functions is provided
by comparing the roof drift ratios monitored during time-history analysis (for all of the
ground motions and for different IM values) with the limit values identified via pushover
analysis.
Non-structural element modelling approach
A class of lightweight sandwich panels widely used as enclosure elements in both industrial and civil constructions is considered in this study. In particular, the type A panels tested by
De Matteis and Landolfo [14] were adopted. The panels consist of external embossed steel
sheets (thickness of 0.6 mm) with slight stiffening ribs and insulating polyurethane core, for a
total thickness of 40 mm. The connection of panels to the main structural frame is made
through cladding rails (for vertical cladding panels) or purlins (for roof panels) by means of
bolts (generally of 8 mm in diameter and 110-120 mm spacing) [14].
Each panel was modelled by means of a couple of diagonal truss elements with nonlinear
axial behaviour following the Pinching4 model, able to catch the main features of the shear-
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displacement experimental response of cladding panels typically used in steel constructions
[14][15]. Further details about the Pinching4 implementation can be found in [3][4][16].
For the purposes of the present investigation, the Pinching4 model was calibrated based on
the experimental results available from cyclic shear loading tests performed on individual
units of panel type A, having size of 1000 mm  2500 mm  40 mm. The backbone curve for
the panel at hand is schematically represented in Figure 1a, superimposed to the envelope of
the experimental cyclic response. It consists of a trilinear model characterized by: a yielding
point at 12 kN (d = 20 mm), a hardening behaviour until the maximum shear of 17 kN (d = 80
mm), and a gradual softening branch where the force drops to zero at d = 320 mm. The simulated quasi-static nonlinear response is shown in Figure 1b.

(a)

(b)

Figure 1: (a) Cyclic envelope curve of a panel unit and (b) experimental vs. numerical cyclic response.

It is worth noting that the panel type A presented above is not used as individual unit within the buildings, but panel assemblies are adopted, made of a number of single panels varying
according to the specific geometric configuration of the structural system. To cope with that,
the equivalent truss model calibrated for the single panel is extended to simulate the nonlinear
contribution of whole panel assemblies, and this is done by making the following hypothesis:
(i) the presence of several adjacent panels is accounted by increasing the strength and the
stiffness of each pair of truss elements by a factor equal to the number of panels, i.e. the actual
number of panels, which can also be a fractional number (this assumption is consistent with
the condition of panels working in parallel); (ii) the presence of multiple rows of panels along
the height is accounted by following the analogy of a system working in series, according to
which the displacements of Ns rows of panels are Ns times larger than those of a single row,
while the stiffness of the whole system is reduced by a factor equal to 1/Ns; (iii) the presence
of concentrated openings is accounted by introducing a reduction factor equal to 0.5 for both
stiffness and strength of the truss elements; (iv) the cladding panels are assumed not connected side by side. For sake of clarity, according to the assumption discussed above, a panel assembly located within a structural field with length 6 m and height 4.5 m will have strength
and stiffness respectively 6 and 3.3 times higher than a single panel.
2.2

Applicability and open problems

The methodology as presented in the previous section was used in [3] to evaluate the intensity and extent of non-structural damage in steel buildings with cladding panels with symmetric distributions in plan in a high seismic hazard area in Italy (L’Aquila). On the other hand, in
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the present work focus is made to the evaluation of the intensity and extent of non-structural
damage in steel buildings with cladding panels with symmetric as well as non-symmetric distributions in plan in a medium seismic hazard area in Italy (Naples). Specifically, two different panel distributions are considered: perfectly symmetric along both X and Y directions;
with asymmetric distribution along the X direction, as thoroughly discussed in the following
section 3 of this article.
Moreover, the effect of the choice of the control node used to evaluate the drift ratio is analysed. This is an aspect of high relevance for the type of buildings herein investigated, characterized by the absence of a rigid diaphragm at the roof level. This implies that differential
movements are not restraint among the frames, and, thus, the choice of the nodes with respect
to which the drifts are computed might affect the outcomes. The relevance of this matter is
further amplified by the consideration of panels with asymmetric distribution that introduce
torsional effects even if the structural elements have a symmetric configuration.
3
3.1

CASE STUDY
Geometry and structural design

The considered case study is composed of five single span duo-pitch portal frames repeated in the longitudinal direction at a constant distance. The frames are connected in the longitudinal direction by hot-rolled beams at the apex, at the eaves and at the crane-supporting
bracket level. A three-dimensional view of the structural system is presented in Figure 2. The
transverse X-direction has its abscissa labelled with the letters A and B, the longitudinal Ydirection has its ordinates labelled with numbers. Horizontal forces are withstood by two different structure typologies: in the X-direction the resistance to lateral forces is due to moment
resisting action of the portal frames, i.e. moment resisting frames (MRFs); in the Y-direction
the resistance is provided by vertical concentric bracings, i.e. concentrically braced frames
(CBFs), placed in the outer spans. The same geometry was considered in in the case studies
analysed in [3][4][16] and a detailed description of its structural configuration, considered
loading conditions, and general design approaches, can be found in [16].
The considered case study is located in Naples, soil type C, topography condition T1
[7][8]. The transverse bay width is Lx = 20.00 m, the longitudinal bay width is Ly = 6.00 m,
the height at the eaves is H = 6.00 m, and the height of the crane-supporting bracket (measured at top surface of the bracket) is Hc = 4.50 m. The roof pitch is equal to 6°. Purlins are
used to support the roof cladding and are positioned every 2.5 m. Roof bracings are arranged
in the outer bays to transfer horizontal forces to the vertical bracings. Steel grade is S275.
The presence of a travelling overhead crane was considered as illustrated in details in [16].
Variable environmental loads (snow, wind, thermal actions) and seismic loads were determined accordingly to the Italian code prescription for the considered site [8]. Following the
current European and Italian seismic code [7][8], the design model assumed that horizontal
forces can be resisted by tension-only diagonal braces, i.e. the contribution of the compression
diagonals to the lateral force resistance was neglected at the design stage. Equivalent geometric frame imperfections were included in the design according to the simplified approach suggested by the Italian code [8] and described in [16]. The roof purlins were modelled as simple
spanned between two consecutive frames. All the columns were modelled as hinged at their
base.
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Figure 2: View of the steel structure of the considered case study.

Two different seismic designs were made by assuming a dissipative structural behaviour: 1)
ductility class medium (DCM) of Eurocode 8 [7], providing a behaviour factor q = 4 for both
the moment resisting frames and the frames with concentric braces; 2) ductility class high of
the 2018 Italian Code [8] (indicated in the code as CD“A”), providing a behaviour factor q >
4 for the moment resisting frames and q = 4 for the frames with concentric braces. While it
was assumed q = 4 for both designs and the same results were attained for the moment resisting frames (Table 1), a ductility requirement of the 2018 Italian Code [8] enforce a width-tothickness ratio smaller than or equal to 18 for the box cross section of braces, leading to different brace designs. Efforts were made to select cross sections for the braces to reduce as
much as possible the difference in resisting areas; inevitably the other inertial properties present large variations, as indicated in Table 2.
Element
Column
Rafter
Vertical X braces
Vertical single brace
Longitudinal beam
Purlins
Roof bracings

Eurocode design
HE 600 M
HE 450 A
60x2
90x2.6
IPE 270
HE 160 A
L 20x3

Italian code design
HE 600 M
HE 450 A
50x3
70x4
IPE 270
HE 160 A
L 20x3

Table 1: Designed cross section for the considered case study.
Property
Width b (mm)
Thickness t (mm)
Area A (mm2)
Inertia moment I (mm4)
Gyration radius i (mm)
b/t
Ductility class

60x2
60.00
2.00
450.30
248300
23.48
30.00
1

50x3
50.00
3.00
554.00
202000
19.10
16.67
1

90x2.6
90.00
2.60
885.70
1112000
35.43
34.62
2

70x4
70.00
4.00
1040.00
746000
26.78
17.50
1

Table 2: Comparisons of the properties of the designed brace sections.

Serviceability limit state verifications for the horizontal displacements of the portal frame
for the characteristic combination of loads was limited to Δi/H=1/300. For the damage limitation limit state (SLD), the horizontal drift was limited to 1/200. The difference of horizontal
deflection between two consecutive portal frames, Δij /Ly, was also checked to not exceed
1/200 [16].
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3.2

Nonlinear finite element model and analysis

The nonlinear response of the case study was investigated using the finite element open
source software OpenSees [17] including both geometric and material nonlinearities. All the
structural elements were modelled using nonlinear fibre sections with nonlinear behaviour
assigned to each section fibre using the Steel02 constitutive law (Giuffré-Menegotto-Pinto
steel material object with isotropic strain hardening) available within the OpenSees libraries.
Attention was given to the following aspects of the vertical brace modelling: description of
the buckling phenomenon in compression; proper modelling of the gusset plate connections
that in real structures are neither pinned nor fixed joints. The method followed for modelling
the bracings is that proposed by Hsiao [18][19] and consisting in simulating the nonlinear outof-plane rotational behaviour of the gusset plate connections by means of a rotational nonlinear spring located at the physical end of the brace. Details of the nonlinear finite element model
of the structural elements can be found in [3][4]. Material parameters are considered as deterministic, being the evaluation of the influence of model uncertainties beyond the scope of
this study. Studies involving response sensitivity analysis to material parameters, either using
direct differentiation or finite difference strategies, e.g. [20][21], could be considered in possible future developments. Further information on model uncertainties can be found in [4]
where the methodology illustrated in [22] was adopted.
Modelling of panels in OpenSees was made through couples of nonlinear truss elements
adopted to reproduce the contribution of groups of assembled panels belonging to different
structural fields. As already discussed, for each truss element, the Pinching4 uniaxial material
available in the OpenSees library was adopted to simulate the nonlinear cyclic behaviour of
the panel assembly, and the experimental results provided in [14][15] were used to calibrate
the parameters required. The presence of concentrated openings was accounted by a reduction
factor equal to 0.5 to both the stiffness and the strength of the truss elements. Details of the
nonlinear finite element model of the non-structural elements can be found in [3][4].
MSA at 10 IM levels (with IM chosen to be the spectral pseudo-acceleration at the fundamental period of the system) were carried out, by using a set of 20 X-Y-pairs of ground motions for each IM level in order to simulate the seismic record-to-record variability, as already
discussed. More details at this regard can be found in [3][4][13][16].
3.3

Numerical results

As previously introduced, the present work considers the influence of cladding panels with
non-symmetric distributions in plan. Two different panel distributions are considered: 1) distribution with perfect symmetry along both X and Y directions (Figure 3a); 2) asymmetric
distribution along the X direction, i.e., with cladding panels located within one extreme portal
frame only (Figure 3b). Figures also show the opening locations, whose effects are numerically accounted by following the modelling strategy discussed in section 2.1.
Pushover analysis results
A preliminary study on the influence of the cladding panels was carried out by performing
nonlinear static (pushover) analysis on the building designed in CD“A” according to the Italian seismic code [8]. It is worth noting that differential movements are possible among the
portals (in X direction) and the braced frames (in Y direction), because of the lack of a rigid
diaphragm at the roof level. Different control nodes were monitored in order to catch this
phenomenon and consequently assess the impact on the results provided by both pushover
analysis (as discussed in the current subsection) and MSA (discussed later). Despite the rela-
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tive movements are mainly expected along the portal direction (X), because of both the presence of a middle portal not restrained by roof braces and the asymmetric panel distribution, a
set of three control nodes was also utilized to monitor the longitudinal (Y) direction. The assumed control nodes are identified in Figure 3. The analyses were performed in control of
displacement, by pushing the building in each direction by means of sets of uniform horizontal forces applied at the nodes of the roof level.
PX,1 / PY,1

PX,2

PX,3

PX,1 / PY,1

PX,2

PX,3

PY,2

PY,2

PY,3

PY,3

(a)

(b)

Figure 3: Scheme of panel distribution: (a) symmetric case; (b) asymmetric distribution along the X direction.

The capacity curves for the case with symmetric panels are reported in Figure 4, while
those related to the asymmetric panel distribution are shown in Figure 5. Curves related to
different control nodes are superimposed in the charts by using different colours. It is worth
noting that the choice of the control node has no influence for the response along the longitudinal direction, because of the symmetry of both structural and non-structural components. On
the contrary, a higher sensitivity is observed in the X direction, due to the following reasons:
(1) the presence of a middle portal not restrained by roof braces, which experiences higher
displacements with respect to the lateral ones even for a symmetric panel assemblies’ configuration (see Figure 4a); (2) the asymmetric panel distribution, which amplifies the effect said
above on the central portal frame and, moreover, leads the extreme portal frame without panels to experience higher deformability, as witnessed by the pushover curves comparison in
Figure 5a. It is also worth noting the asymmetric distribution of panels along X modifies the
lateral response of the system, as can be observed by the different trends of the capacity
curves in X of Figure 4a (symmetric) and Figure 5a (asymmetric): hardening post-elastic behaviour with symmetric panels and softening branch with asymmetric ones.
For what concerns the local damage criterion, the four performance states introduced in
section 2.1 are highlighted on the capacity curves of Figure 4 and Figure 5 by coloured markers: (GD) a green dot for the low-damage level; (RST) a red star for the medium-damage level;
(BD) a blue diamond for the strong-damage level; (RSQ) a red square for the base-shear limit.
According to these results, the following comments can be done: (1) low-damage and medium-damage levels are attained simultaneously, and this is due to the particular geometry of
the building, with one storey only and panel assemblies of the same type and with the same
heights along each direction; (2) the attainment of the limit on the base-shear (i.e., 95%
Vb,max) is always posterior to the panel strong-damage state, except for the case with symmetric panels in X direction (Figure 5a), where a non-negligible structural damage occurs before
the development of strong-damage level on panels; this testifies the worsening of the lateral
structural response due to the presence of non-structural elements with asymmetric distribution in plan; (3) as expected, no differences are observed in the longitudinal direction (Y) in
terms of both capacity curves and panel performance points.
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(a)

(b)

Figure 4: Pushover curves for symmetric panel distribution along X (MRF) (a) and Y (CBF) (b) direction.

(a)

(b)

Figure 5: Pushover curves for asymmetric panel distribution: direction X (MRF) (a) and Y (CBF) (b).

Control node
Dir. X
Dir. Y

Px1
Px2
Px3
Py1 / Py2 / Py3

Low damage
(50% at Vp,y)
0.0060
0.0072
0.0060
0.0071

Medium damage
(100% at Vp,y)
0.0060
0.0072
0.0060
0.0071

Strong damage
(1 at Vp,max)
0.0307
0.0325
0.0307
0.0348

95% Vb,max
0.0524
0.0539
0.0524
0.1045

Table 3. DLS limit drift values for symmetric panel distribution.
Control node
Dir. X
Dir. Y

Px1
Px2
Px3
Py1 / Py2 / Py3

Low damage
(50% at Vp,y)
0.0061
0.0083
0.0094
0.0070

Medium damage
(100% at Vp,y)
0.0061
0.0083
0.0094
0.0070

Strong damage
(1 at Vp,max)
0.0307
0.0347
0.0369
0.0348

Table 4. DLS limit drift values for asymmetric panel distribution.
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To conclude this section, the drift limit values, estimated by using the different control
nodes of Figure 3, are summarised in Table 3 for the case with symmetric panels and in Table
4 for the case with asymmetric ones. These limits were used as threshold values to estimate
and compare the conditional probability (fragility) functions at the DLS, as described in the
next subsection.
Fragility functions estimated via MSA
The probability of exceeding the performance level corresponding to DLS at different intensity levels, is herein estimated for the building designed in CD“A” according to the Italian
seismic code [8]. This task is achieved through the application of the local damage criteria
introduced in section 2.1, i.e. the attainment of the DLS is defined by monitoring the onset of
the damage levels of the cladding panels. MSA is used to estimate the fragility functions
P(D|IM) = P[D > d | IM = im] at the DLS. Specifically, the drift ratios measured at the roof
nodes (see Figure 3) of the models with infill panels are used as response parameter (D),
while the limit threshold values d consist of the drift ratios computed via pushover analysis
and summarised in Table 3 and in Table 4.
Fragility curves for the building with symmetric panels are shown in Figure 6 (X direction
in Figure 6a and Y direction in Figure 6b). Given the panel symmetry, the probabilistic response does not change significantly by varying the control node, and, thus, only the results
related to node PX1/ Y1 are shown in the chart. The fragility curves corresponding to the exceedance of the conventional code-based limit drift value of 0.5% are also provided in the
same charts. It is worth noting that, in this case, the response parameter consists of the drift
ratios monitored on the bare-frame model (with panel assemblies modelled as mass only), that
is the most frequently adopted seismic analysis method for steel constructions.
Fragility curves for the building with asymmetric panels are shown in Figure 7 (X direction
in Figure 7a,b,c and Y direction in Figure 7d). Given the panel asymmetry, the probabilistic
response changes by varying the control node as can be observed comparing the results for the
considered control nodes: PX1 (Figure 7a), PX2 (Figure 7b), PX3 (Figure 7c).

(a)

(b)

Figure 6: DLS fragility curves for symmetric panel distribution. Results along the X direction (MRF) refer to
drift values computed on control node PX1 (a). Results along the Y direction (CBF) refer to node PY1 (b).
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(a)

(b)

(c)

(d)

Figure 7: DLS fragility curves for asymmetric panel distribution. Results along the X direction (MRF) refer
to drift values computed on different control nodes: P X1 (a), PX2 (b), PX3 (c). Results along the Y direction (CBF)
refer to node PY1 (d).

Influence of the design of braces
The probability of exceeding the performance level corresponding to DLS considering the
differences in the design of the vertical braces as discussed in section 3.1 is herein presented.
The methodology is the same illustrated in the previous section. The drift values are computed
with respect to node P1. Fragility curves for the building designed in DCM are shown in red
(Figure 8), by using continuous lines for the curves exceeding the low-damage level (also
equal to the medium-damage level) and dashed lines for the code-based curve with 0.5% conventional drift ratio). Fragility curves for the building designed in CD“A” are shown in black.
Results for the two brace designs are generally comparable with the fragility of the building
designed in medium ductility class (DCM) and slightly higher only at the very large IM = 10.
Similar trends are observed in terms of code-based fragility curves.
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Figure 8: DLS fragility curves along the Y direction (CBF) for the buildings design in medium and high ductility. Results refer to drift values computed with respect to the node PX1.

4

CONCLUSIONS

This paper focused on the influence of cladding panels on seismic response of nonresidential single-storey steel buildings. Starting from a previous work carried out by the authors, where cladding panels were explicitly included in the structural seismic analysis, the
current study aimed at investigating the influence of cladding panels with non-symmetric distributions in plan. In addition, as a supplementary work, two different seismic design philosophies were investigated: structural design in medium ductility class according to the
Eurocodes and structural design in high ductility class according to the recent 2018 Italian
National Building Code. Moreover, the effect of the choice of the control node used to evaluate the drift ratio was analysed. In order to assess the onset of the Damage Limit State (DLS),
a multi-criteria approach was adopted. Multiple-stripe analysis was used to estimate the DLS
fragility curves.
According to the outcomes provided in this work, the following main conclusions can be
drawn:
 Because of the specific building geometry, characterized by the absence of a rigid diaphragm at the roof level, the choice of the nodes for which the drift ratio is evaluated
might affect the fragility estimation, either underestimating or overestimating the conditional exceedance probabilities at the DLS. An asymmetric distribution of panels
could exacerbate the changes of the fragility curves with respect to the control node.
 The ductility class selected for brace members was observed to have negligible effects
on the DLS fragility functions.
For what concerns some possible future developments, these might be oriented to: (1) extend the current study to different typologies and different asymmetric configurations of cladding panels; (2) improve the local damage criterion and tailor it to better fit on single story
buildings; (3) analyse the influence of structural and non-structural parameters on the obtained results through response sensitivity analysis; (4) evaluate the effect of model uncertainties both for structural and non-structural components. Regarding the second point, it is
remarked that, due to the specific geometric features, all cladding panels experience almost
simultaneously the same damage state, thus, reducing the usefulness of a criterion based on
the attainment of a given damage condition by subsets of panel assemblies (such as, 50% of
panels at a given damage condition).
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Abstract
Steel plate shear walls (SPSWs) are a lateral force-resisting system in which thin infill plates
(web plates) are connected to the boundary frame (i.e., beams and columns) along four edges.
Despite shear buckling of thin plates upon lateral loading, web plates still provide lateral
strength and stiffness in the post-buckling range owing to a mechanism called tension field
action. The boundary frame (particularly columns) needs to satisfy stringent strength and
stiffness requirements to anchor the inclined forces in web plates resulting from tension field
action. An alternative system to conventional SPSWs, steel plate shear walls with beamconnected web plates (B-SPSWs), is proposed in the literature where web plates are connected to beams only. Therefore, high flexural and axial load demands in columns induced by tension field forces are eliminated. However, due to the difference in boundary conditions of web
plates, the load path of steel plate shear walls with beam-connected web plates significantly
differs from that of conventional SPSWs. In this study, a simplified strip model of beamconnected web plate is proposed to simulate the cyclic behavior of beam-connected web
plates. As it is typical and conservative to ignore the compressive strength of strips, strip
models underestimate the strain energy dissipated under cyclic loading. An equation for the
compressive strength of strips is proposed to accurately capture the energy dissipation capacity of beam-connected web plates. A three-way comparison between the proposed strip model,
a strip model from the literature, and a validated continuum model is provided. The results
reveal that the proposed strip model is capable of successfully estimating the boundary frame
demands, lateral load capacity, and energy dissipation of beam-connected web plates.
Keywords: Steel Plate Shear Walls, Beam-connected Web Plates, Strip Model, Partial Tension Field, Compressive Strength.
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1

INTRODUCTION

Steel plate shear walls (SPSWs) are a reliable lateral force-resisting system with high ductility, high lateral stiffness, and stable hysteretic behavior [1–7]. SPSWs comprise thin infill
plates (web plates) connected to beams and columns on all four edges. Under lateral loads,
web plates experience shear buckling; however, they are still capable of resisting lateral loads
and providing lateral stiffness in the post-buckling range due to diagonal tension stresses developing in web plates called tension field action (TFA) [8]. As the current design practices
rely on TFA for the design of SPSWs, diagonal tension stresses in the web plates must be anchored to very stiff beams and columns to utilize TFA efficiently. This diagonal tension might
cause significant force demands in beams and columns and require stringent stiffness requirements. It is worthwhile noting that the vertical component of TFA in the web plates of
the adjacent stories acting on the intermediate-story beams are in the opposite direction. Consequently, except for the base and roof beams, the flexural demands in the beams of SPSWs
might be minimal. However, as diagonal tension stresses in the web plates are exerted on the
columns of SPSWs on one side only, the significant internal force demands develop in the
columns, which is a design challenge. To mitigate high flexural and axial demands in the columns due to TFA and to facilitate field installation of web plates, an alternative SPSW configuration called SPSWs with beam-connected web plates (B-SPSW) is proposed, in which
the web plates are connected to the beams of SPSWs only and the vertical edges of the web
plates are free. Within the scope of this paper, the focus is on the modeling of beam-connected
web plates. Details of B-SPSWs system design and seismic performance can be found in Ozcelik and Clayton [9–12].
The web plate behavior is typically simulated using two modeling techniques, namely, the
continuum model and the strip model. In the former technique, the web plate is modeled using
shell-based finite elements with specified initial out-of-straightness to explicitly simulate the
shear buckling behavior and to capture the development of TFA under lateral loads. In the later approach, the strip model, the web plate is modeled using a series of inclined tension-only
truss elements connected to beams and columns to represent the diagonal tension field of the
web plate. The strip model has been utilized successfully by many researchers [2,8,13–17] to
simulate the cyclic response of fully-connected web plates (i.e., web plates connected to
beams and columns). However, there has been little work done on the development of a strip
model for the simulation of cyclic behavior of beam-connected web plates in B-SPSWs.
In the strip model, it is essential to determine the extent and inclination angle of TFA and
the hysteretic behavior of individual strips to simulate the cyclic behavior of web plates and to
obtain member demands accurately. For fully-connected web plates, design codes [18,19]
provide an equation for the inclination angle of tension field. In addition, recent research
[20,21] proposed an inclination angle of 45 degrees for fully-connected web plates provided
that beams and columns have sufficient stiffness to anchor the web plate to develop full TFA,
i.e., diagonal tension stresses develop in the whole plate. As the beam-connected web plates
are not restrained by columns along their vertical edges, the extent and inclination angle of the
tension field differ from these of fully-connected web plates due to the formation of partial
TFA (Figure 1) instead of full TFA. In addition, recent research [20,21] revealed that the tension-only strip behavior is not in alignment with experimental findings and the fullyconnected web plates have non-negligible compressive resistance upon loading and unloading.
As the compressive strength of the strips depends on the web plate connectivity and thickness,
it should be investigated for beam-connected web plates.
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Figure 1: A test photo of partial tension field (adapted from Clayton et al. [16])

In this study, to simulate the beam-connected web plate behavior, a strip model is proposed,
providing equations for the inclination angle of tension field and the compressive strength of
strips. The details of the strip model are explained and a three-way comparison between the
proposed strip, a strip model in the literature, and a continuum model is presented.
2

STRIP MODEL FOR BEAM-CONNECTED WEB PLATES

Thorburn et al. [8] was proposed a strip model for fully-connected web plates with infinitely flexible columns. In this model, Thorburn et al. [8] assumed that partial TFA would form in
the web plate between the beams over the partial TFA length (Lp) as the columns could not
anchor the diagonal tension stresses in the web plate. Assuming the PTF orients itself to resist
the maximum shear force, Thorburn et al. [8] proposed an equation for the inclination angle of
partial TFA (Equation 1), where  is a non-dimensional inclination angle parameter given as
0.5.
(1)
Thorburn et al. [8] defined Lp based on web plate geometry and an assumed  (Equation 2),
where L and H are the web plate length and height, respectively:
(2)
The strip model proposed by Thorburn et al. [8] can be extended to beam-connected web
plates as partial TFA is observed in beam-connected web plates under lateral loads. Characterizing thin beam-connected web plate behavior adopting a mechanics-based analytical model
and a validated detailed finite element of a beam-connected web plate, Equation 3 is proposed
for . Details of Equation 3 can be found in Ozcelik and Clayton [22,23].
(3)
As discussed herein, compressive strength of SPSW web plates is typically neglected since
it is assumed that web plates have limited shear buckling strength. A parametric study was
conducted by Ozcelik and Clayton [22] to quantify the compressive strength of strips representing beam-connected web plates. A parameter, , is defined as the ratio of compressive
strength of the strip to the yield strength, Fy, of the web plate material, given by Equation 4,
where tw is the web plate thickness:
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(4)
Adding an elasto-plastic material with a compressive strength determined by Equation 4
(Figure 2(b)) to the tension-only pinched material for which tensile stresses do not develop
until reaching the maximum plastic strain from previous cycles (Figure 2(a)) in parallel, a parallel material (Figure 2(c)) can be used to simulate the strip behavior under cyclic loading.
The normalized stress and strain diagrams of the materials are given in Figure 2, where  is
the stress in strips,  is the normal strain of strips, and y is the yield strain of the web plate
material.

Figure 2: Material models for strips: (a) pinched tension-only material, (b) elasto-plastic tension-compression
material, and (c) resulting strip response when (a) and (b) are used in parallel. (adapted from Ozcelik and Clayton [22])

The area of a strip, As, can be calculated using Equation 5, where ns is the number of strips
in each direction:
(5)

Figure 3: Strip model. (adapted from Ozcelik and Clayton [22])

The step-by-step modeling of the proposed strip model is described as follows:
• Determine  and  using Equations 3 and 1, respectively.
• Calculate Lp using Equation 2.
• Select the number of strips (at least 10 strips to improve accuracy) and calculate As from
Equation 5.
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• Estimate  from Equation 4.
• Define the strip material as a combination of materials in parallel given in Figure 2(a) and
Figure 2(b).
• Create a series of evenly-spaced inclined strips using truss elements as shown in Figure 3.
3

COMPARISON OF B-SPSW MODELS

A three-way comparison between the proposed strip model, a strip model in the literature,
and the continuum model is provided. B-SPSWs with various aspect ratios (L/H) between 0.8
and 2.5 keeping H constant (4 m) and height-to-thickness ratios between 160 and 3200 are
analyzed under a cyclic drift history in ABAQUS [24] adopting the continuum model approach where the web plates are represented by shell elements (S4R) with an initial imperfection and beams and columns are modeled using very stiff line elements (B31). These models
will be referred to as finite element models (FEM). The same B-SPSWs are modeled in
OpenSEES adopting the strip model approach proposed herein. As the proposed strip model
accounts for the compressive strength of the strips, it will be referred to as tensioncompression strip model (TC). In addition to the proposed strip model, B-SPSWs are modeled
in OpenSEES adopting the strip model proposed by Thorburn et al. [8], in which  is 0.5 and
 is 0 (i.e., tension-only strips). The strip model proposed by Thorburn et al. [8] will be referred to as tension-only strip model (TO). Similar to FEM, the beams and columns of the TC
and TO models are modeled using very stiff line elements. Further details on the modeling of
FEM, TC, and TO can be found in Ozcelik and Clayton [22].
The analysis results from the strip models (TC and TO) and FEMs are compared in terms
of base shear capacity of beam-connected web plates, beam and column demands, and energy
dissipation capacity of B-SPSWs. Figure 4 shows the comparison of the base shears, V, normalized with respect to the web plate lateral load capacities, Vy, of three models with an aspect ratio of 1.5 for various H/tw ratios. Vy can be calculated from Equation 6:
(6)
As depicted in Figures 6(a) and 6(b), for thinner web plates (higher H/tw), both TO and TC
match the FEM results closely as the strips representing thinner web plates have limited compressive strength. The normalized base shear capacities and the normalized unloading base
shears are closed to 1 and 0, respectively, for all models, as expected. For thicker plates (Figures 6(d) and 6(e)), TC still shows a very similar response to FEM while TO does not match
FEM. As thicker plates are used, TC is able to predict peak capacities accurately; however, it
does tend to underestimate the web plate strength during unloading and loading. The loading
and unloading strengths might have a substantial impact on the energy dissipation capacity;
however, they do not affect the peak beam and column demands as will be discussed.
By integrating the area under the base shear vs. displacement response for each model, energy dissipation (E) is determined. For a L/H of 1.5 and H/tw of 213, Figure 5 shows E for
each model normalized with respect to the total energy dissipated in FEM (Emax). As mentioned, the TC model underestimates the unloading and loading strengths; consequently, the
TC model underpredicts E by approximately 25% for thicker plates with respect to the FEM
results. On the other hand, the TO model underestimates E by approximately 75% for the
same plate thickness with respect to the FEM results.
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H/tw = 3200
(a)

H/tw = 1600
(b)

H/tw = 320
(d)

H/tw = 213
(e)

Figure 4: Comparison of normalized base shear vs. drift ratio for an aspect ratio of 1.5
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H/tw = 640
(c)

H/tw = 160
(f)
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Figure 5: Normalized strain energy for a L/H of 1.5 and H/tw of 213

For various L/H and H/tw, the normalized strain energy (E/Emax) values are tabulated in Tables 1 and 2 for TC and TO models, respectively. For the thinnest and the thickest plates considered in this study ((H/tw of 1600 and 160, respectively), TO can dissipate approximate 50%
and 25% of Emax (on average), respectively. However, TC can dissipate as high as 84% of Emax
on average. Despite underprediction of energy dissipation, TC shows a great improvement in
simulating beam-connected web plate behavior compared to the existing TO in terms of energy dissipation capacity.

L/H
1.1
1.4
1.7
2.0
2.3
Average
Std. Dev.

160
1.16
1.03
1.17
1.12
1.07
1.09
0.07

Mmax
H/tw
320
1.06
1.16
1.14
1.12
1.16
1.09
0.06

1600
1.06
1.04
1.04
1.03
1.05
1.04
0.02

160
0.96
0.94
1.08
1.06
1.05
1.01
0.06

Pmax
H/tw
320
0.98
1.05
1.03
1.07
1.06
1.03
0.04

1600
1.04
1.03
1.04
1.03
1.03
1.04
0.01

160
0.89
0.92
0.96
0.99
1.01
0.94
0.07

V
H/tw
320
0.92
0.98
0.98
1.01
1.02
0.98
0.04

1600
0.96
0.99
0.99
1.00
0.99
0.98
0.02

160
0.75
0.78
0.80
0.83
0.95
0.82
0.08

E
H/tw
320
0.76
0.79
0.80
0.83
0.92
0.84
0.06

1600
0.81
0.84
0.81
0.84
0.90
0.85
0.04

Table 1: Beam Moment, Column Axial Load, Base Shear, and Energy Ratios (TC Model to ABAQUS Ratios)

L/H
1.1
1.4
1.7
2.0
2.3
Average
Std. Dev.

160
1.45
1.31
1.48
1.44
1.36
1.39
0.10

Mmax
H/tw
320
1.24
1.37
1.37
1.35
1.36
1.31
0.09

1600
1.15
1.13
1.14
1.14
1.12
1.14
0.02

160
1.09
1.07
1.23
1.21
1.21
1.15
0.08

Pmax
H/tw
320
1.08
1.15
1.15
1.19
1.17
1.13
0.06

1600
1.10
1.09
1.10
1.09
1.09
1.10
0.01

160
0.64
0.76
0.77
0.79
0.82
0.75
0.08

V
H/tw
320
0.80
0.82
0.87
0.88
0.88
0.84
0.04

1600
0.94
0.94
0.95
0.95
0.96
0.94
0.01

160
0.24
0.23
0.27
0.27
0.28
0.25
0.02

E
H/tw
320
0.30
0.30
0.33
0.33
0.35
0.33
0.03

1600
0.54
0.51
0.51
0.50
0.53
0.52
0.03

Table 2: Beam Moment, Column Axial Load, Base Shear, and Energy Ratios (TO Model to ABAQUS Ratios)

Tables 1 and 2 tabulate the ratios of maximum moment in beams (Mmax), maximum axial
compressive load in columns (Pmax), and V of strip models to those of FEM. TO overestimates
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Mmax and Pmax conservatively for all H/tw values; however, TO becomes overly conservative as
plate thickness increases. TO successfully predicts V for thinner plates while V of TO can be
as low as 60% of V of FEM for thicker plates. These differences stem from the negligible
compressive strength assumption for TO. TC predicts the Mmax Pmax, and V accurately regardless of the plate thickness as TC accounts for the compressive strength of strips. For the cases
in which TC deviates from FEM, the member demands are typically conservatively overestimated and base shear tends to be conservatively underestimated for TC. In brief, TC can be
used to model beam-connected web plates for a wide range of L/H and H/tw values.
4

CONCLUSIONS

In this study, a simplified model called strip model is proposed to simulate the behavior of
beam-connected web plates under cyclic loading. An equation is presented for the inclination
of tension field action observed in beam-connected web plates and another equation is provided that estimates the compressive strength of strips. A three-way comparison between the
proposed strip model, the strip model proposed by Thorburn et al. [8], and the shell-based finite element model is presented. The results of the comparative study appear to indicate that
the proposed strip model matches the finite element results and shows a significant improvement in simulating beam-connected web plate behavior compared to the strip model proposed
by Thorburn et al. [8].
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Abstract
Cross concentrically braced frames are commonly used in seismic design of steel buildings at
any seismicity, owing to their large lateral stiffness, simplicity of design and limited constructional cost. The seismic design criteria provided by current EC8 aim at assuring ductile global plastic mechanism occur, namely restraining the plastic deformation into the diagonals,
while the remaining structural members and connections should elastically behave. However,
several studies, show that the design process compliant to Eurocode 8 is affected by several
criticisms, it entails several efforts and often leads to massive, uneconomical systems solution
exhibiting poor seismic performance. EN1998-1 recommends estimating the lateral resistance
of X-CBFs by performing structural analysis on a tension-only (T-O) diagonal scheme in
which solely the tension braces resist the lateral loadings, while the contribution given by the
compression diagonals is neglected. As highlighted by the comments given by European designers coming from the survey promoted by CEN TC 250/SC8 for the systematic review of
EC8, this type of model can induce misleading interpretation of the structural behavior and
relevant modelling of X-CBFs, leading to uneconomical and oversized systems characterized
by heavy structural solutions and poor plastic engagement. The research presented in this
paper is addressed to critically discuss and revise the detailing rules codified within the current EN 1998-1 for X-CBF, to simplify the design process and to improve the seismic behavior. Whit this aim, an extent set of nonlinear dynamic analyses has been performed on a set
ow low, medium, and high-rise 2D frames extracted from residential steel buildings to assess
the effectiveness of currently codified requirements and to validate the beneficial effects of the
proposed revision.
Keywords: concentrically braced frames; seismic design; Eurocode 8; ductility demand; steel
structures.
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1

INTRODUCTION

Cross concentrically braced frames (X-CBFs) are widely used in multi-story steel buildings as seismic resisting systems at any seismicity, due to their simplicity of design and low
constructional costs, although the limited available ductility and redundancy as respect to
moment resisting frames (MRFs).
To ensure a global ductile behavior, seismic codes [1-3] provide capacity design criteria
devoted restraining the plastic deformations into the diagonal members and preventing damage of beams, columns and connections.
Numerous researchers [4-22] critically discussed and revised the design rules codified
within EN 1998-1 and even identified some issues needing upgrading and/or amendment.
EN1998-1 [1] recommends calculating the lateral resistance of cross bracings by performing structural analysis on a tension-only (T-O) diagonal scheme in which solely the tension
braces withstand the lateral loadings, and the contribution given by the compression diagonals
is neglected. As highlighted by the comments given by European designers coming from the
survey promoted by CEN TC 250/SC8 for the systematic review of EC8, this type of model
can induce misleading interpretation of the structural behavior and relevant modelling of XCBFs. In detail, one of the most critical aspect deals with the evaluation of brace slenderness.
Indeed, the use of T-O model instills in many designers that only the diagonal subjected to
tensile forces is mechanically active and the mutual restraint between the braces could be disregarded, thus considering the entire length of the element as buckling length. Conversely, as
highlighted by several Authors [12, 22-29], the presence of the complementary brace and the
mutual connection degree at the diagonals mid length has considerably importance for the accurate prediction of both in-plane and out-of-plane buckling phenomena; theoretical and experimental results by [22-29] confirmed that the tension brace can effectively restrain both inplane and out-of-plane displacements of the diagonal under compression at the brace-to-brace
intersection. Therefore, to accurately evaluate the brace slenderness and the brace hysteretic
response, half length of the brace can be conservatively assumed as buckling length.
According to current EC8 [1] the brace slenderness ratio should be in the range (1.3 – 2);
the lower limit is introduced to avoid overloading of the columns due to the force demand
transferred by the compression diagonals omitted in the models. However, the EC8 do not
discriminate continuous and discontinuous diagonals, being likely unconservative: indeed, in
absence of specific guidance, the designer can disregard the brace-to-brace mutual restraint,
thus selecting diagonals that are stockier than expected.
Another critical aspect of EC8-compliant design is related to the requirement on the capacity-to-demand ratios Ωi= Npl,br,Rd,i/NEd,br,i (being Npl,br,Rd,i the brace yield strength and NEd,br,i the
design forces due to the seismic actions) which should vary in the range (Ω; 1.25Ω) to guarantee uniform distribution of plasticity along the building height and thus mitigating the tendency of CBFs to soft-story mechanisms. Several Authors [11-18] showed that this requirement
is not adequate to guarantee an overall plastic engagement of the dissipative elements and it
also leads to oversize the diagonals at lower and intermediate stories. Indeed, to contemporarily satisfy the requirements of slenderness limits and the overstrength variation often leads to
impractical solutions with significant difficulties to select the proper member for braces, being
both requirements closely interrelated and juxtaposed [4-9, 11-12, 14-15]. These considerations motivated the research presented in this paper, which is addressed to identify the main
criticisms of the current EC8 [1] and to propose some amendments to design rules in order to
obtain more cost-effective and structurally efficient X-CBFs.
With this aim, the paper is organized in three main parts: (i) Section 2 describes the design
rules of the current Eurocode 8, providing a critical discussion; In Section 3, revised design
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rules are proposed; the proposed design rules are validated by mean of a numerical parametric
study described and discussed in Section 4
2

EC8 DESIGN PROCEDURE

For regular structures equipped with X-CBFs, EN 1998-1 recommends a behavior factor q
equal to 4 to reduce the elastic spectrum for both medium and high ductility classes.
To calculate the internal forces, EC8 allows simplified design procedure, performing a linear-elastic analysis on a T-O model where the contribution of compression diagonals is neglected (Fig. 1a).
The slenderness ratio  of diagonal members should be in the range [1.3, 2]. As mentioned in the previous Section, the lower bound limit (   1.3 ) is introduced to limit the forces
transferred to the columns by compression braces, omitted in the T-O model, while upper
bound limit (   2 ) is devoted to assure satisfactorily hysteretic behavior and undesired buckling under serviceability loads. The imposition of the lower bound limit (   1.3 ) is direct
consequence of using T-O model and it entails significant difficulties in sizing of brace crosssection, and it often involves the need to increase the number of braced bays to select smaller
diagonal members.
The upper bound limit for brace slenderness (   2 ) also influences the design process of
bracing elements, especially due to its interrelation with the control of the variation of the
brace overstrength ratios Ωi. To assure uniform distribution of plastic deformations along the
building height, Eurocode 8 limits the variation of the brace overstrength ratios Ωi=
Npl,br,Rd,i/NEd,br,i for braces at i-th story within the range [Ω - 1.25Ω], being Ω the minimum
value.
The diagonal members at the roof story are indeed generally characterized by large overstrength ratio due to the need of selecting large cross section to satisfy the slender upper
bound limit. As consequence, to meet the requirement on the Ω variation, the designer is
forced to oversize the diagonals at all story. In such situation, typical values of Ω ratios for
bracings in X configurations can largely overcome the unit, resulting in poor plastic engagement of dissipative zones and unsatisfactorily energy dissipation capacity [5,7,9].
The hierarchy of resistance is deemed to be satisfied by amplifying the seismic-induced effects evaluated by mean of the linear-elastic analysis by the overstrength factor Ω. In detail,
the required strength of non-dissipative should meet the following:

N pl , Rd ( M Ed )  N Ed ,G + 1.1  ov    N Ed , E

(2)

where Npl,Rd(MEd) is the design axial strength of the beam or column calculated in accordance with EN 1993:1-1 [31], taking into account the interaction with the design value of bending moment, MEd, in the seismic design situation; NEd,G is the axial force in the beam or in the
column due to the non-seismic actions included in the combination of actions for the seismic
design situation; NEd,E is the axial force in the beam or in the column due to the design seismic
action; γov is the factor accounting for random variability of the steel yield stress.
As previously mentioned, this design procedure often leads to uneconomical and oversized
structures practically behave in elastic range [4-5, 8-9, 11-12, 34-39]. The reason for using TO structural scheme is based on the assumption that compression diagonals have negligible
contribution to resist lateral action due to buckling. However, this idealization is a reasonable
approximation only for slender braces in post-buckling condition, while in the first stages of
seismic response, as well as for stocky braces, both diagonals are active in tension and com-
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pression and the axial force transferred to the columns and connections by the compression
diagonals could be significant. In order to clarify this aspect, Figure 2 depicts the force transfer mechanisms obtained by considering T-O model (Fig. 1a) and by using a tensioncompression (T-C) scheme in which both braces are explicitly accounted for (Fig. 1b). It is
trivial to observe that T-O model underestimates the force acting in the columns, thus potentially resulting in unconservative design.

Figure 1: Tension-only (a) Tension-Compression (b) model.

Moreover, as previously mentioned, the use of T-O model can lead to misleading interpretation of structural behavior, inducing the designer to inaccurately calculate the buckling
length of the diagonal disregarding the role of the complementary bracing and of the brace-tobrace mutual degree of connection.
3

SEISMIC DESIGN CRITERIA TO IMPROVE THE PERFORMANCE OF XCBFS

The current section presents new design criteria to improve the ductility of X-CBFs and at
the same time to simplify the design process. The suggested rules are consistent with those
provided by Authors [11, 13] for chevron CBFs, to develop and validate a unified approach
for seismic design of both cross and chevron bracings, thus avoiding the definition of two
sub-categories based on the bracing configurations as it is in the current version of EC8.
The behavior factor currently recommended by EC8 for X-CBFs, i.e. q = 4, is retained.
The required strength of bracings is determined by performing global elastic analysis on
the structural scheme with both braces active in tension and compression (T-C scheme).
Thereby, the bracing members should be designed to meet the following condition:

Nb,br , Rd ,i  Nbr , Ed ,i

(3)

Where Nb,br,Rd,i is the factored buckling capacity of the i-th bracing member evaluated according to EN 1993-1 [30]; Nbr,Ed,i is the axial force acting in the bracing members evaluated
according to the following equation:
(i) at the roof story:
Nbr , Ed ,rf = q  Nbr , Ed , E ,rf + Nbr , Ed ,G ,rf
(4)
where Nbr,Ed,rf is the required strength in compression of bracings at the roof story; Nbr,Ed,E,rf
is the axial force contribution at the roof story due to the seismic action; Nbr,Ed,G,rf is the axial
force contribution at the roof story due to the non-seismic actions included in the combination
of actions for the seismic design situation; q the behavior factor assumed at design stage.
(ii) at the i-th story:
Nbr , Ed ,ri = Nbr , Ed , E ,i + Nbr , Ed ,G ,i
(5)
being Nbr,Ed,i the required strength in compression of bracings at the i-th story; Nbr,Ed,E,i the
axial force at the i-th story due to the seismic action; Nbr,Ed,G,i the axial force at the i-th story
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due to the non-seismic actions included in the combination of actions for the seismic design
situation.
The requirement expressed by Eq. 4 is devoted to favor uniform distribution of drift along
the building height. Results of nonlinear dynamic analyses performed by [10, 12] showed that
medium and high-rise multistory braced frames designed according to EN 1998 generally exhibit cantilever-like displacement profile with high damage concentration at the upper stories.
Restraining the bracings at roof story in the elastic range allows to control the distribution of
drift along the building height. Results from non-linear analyses performed within previous
studies by the Authors [11-15] clearly validated the effectiveness of requirement expressed by
Eqn. 4 in assuring shear-like behavior and more uniform distribution of drifts and plastic deformations along the building height. In low-rise buildings up to three story, such requirement
can be neglected, being the behavior of low-rise buildings mostly shear-type.
Since, the brace under compression is explicitly accounted for in the global analysis, the lower bound limit currently provided for by EC8 is disregarded, while the maximum allowable
slenderness is retained (i.e.   2 ).
The brace slenderness is evaluated assuming that both in-plane and out-of-plane initial buckling is effectively restrained by the complementary brace, namely the buckling length is assumed equal to the half-length of the element.
The requirement on capacity-to-demand ratio variation is amended as follow:

[(b,i − b ) / b ]  0.25

(6)

Where:

   N pl ,br , Rd ,i 
b = min(b,i ) = mi 
(7)
 ; i  [1, (n − 1]
 N
Ed ,br ,i


being n the number of stories.
The overstrength Ωb at each story is defined considering the buckling strength of the brace
χNpl,br,Rd,i rather than the tensile one, to better control the sequence of buckling and fostering
uniform engagement of braces.
Differently from current EC8, the design forces acting in the non-dissipative members are
evaluated by explicitly considering the force transfer mechanisms occurring in the postbuckling range; thereby the most severe condition among the following is considered:
1) pre-buckling stage: both braces are active, and their axial forces are equal to
γovχiNpl,br,Rd,i.
2) post-buckling stage: the design forces in the non-dissipative members are estimated by a
free-body distribution of plastic forces corresponding to the braces fully yielded under tension
and those under compression in the post-buckling range. In detail, the brace under tension is
assumed transmitting its full plastic strength as follow:
NT = 1.1  ov  N pl ,br , Rd ,i
(8)
where, Npl,br,Rd,i is the design plastic strength of brace cross-section, γov is the material randomness coefficient and 1.1 accounts for material strain-hardening.
The compression diagonal is assumed attaining its average post-buckling strength set equal
to:
NC = 0.3   ov    N pl ,br , Rd ,i
(9)
It should be noted that in current EN 1998, plastic mechanism analysis is recommended
solely for calculating the unbalanced force occurring on the brace-intercepted beam in chevron concentrically braced frames. According to current EC8, the post-buckling strength of
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brace under compression should be assumed equal to γpbNpl,br,Rd,i, where the recommended
value for γpb is 0.30. As observed in [9-12], γpbNpl,br,Rd,i leads to inconsistent distribution of
forces when slender braces are used. Indeed, for very slender bracings close to the upper
bound limit 2, the brace buckling strength tends to the 20% of the plastic resistance (the buckling reduction factor χ is about 0.2), thus resulting lower than the value suggested by the code
to evaluate the brace post-buckling strength. Consistently to what recommended by AISC
341-16 [2] Eqn. 9 overcomes this criticism and it provides the post-buckling strength accounting for the brace slenderness by mean of the buckling coefficient χ.
In addition, consistently with CSA-S16 [3], the columns belonging to the braced bays are
verified to withstand the combined action of the axial force evaluated for the condition (2) and
bending moments with uniform distribution equal to the 20% of the plastic bending resistance
of the column cross section.
Moreover, in order to enhance the redundancy of the system and to favor a uniform distribution of plasticity along the height the beam-to-column connections belonging to the braced
bays are designed to be full strength and full-rigid (i.e. of moment resisting type).
4
4.1

NUMERICAL VALIDATION OF PROPOSED DESIGN CRITERIA
Parametric study

In order to validate the design criteria described in Section 3, a set of frames with three, six
and twelve-story was alternatively designed according to the proposed design rules and the
EC8-compliant criteria and analyzed by means of nonlinear dynamic analyses. In addition, in
order to highlight the influence of brace-to-brace mutual restraint in the estimation of brace
slenderness, the EC8 design criteria were applied twice, alternatively considering both design
rules, namely:1) buckling length factor K = 1 (i.e. the effective length equal to the full length
of the brace); 2) buckling length factor K = 0.5 (i.e. the effective length equal to the halflength of the brace).
The building archetypes is shown in Fig. 2. At each floor, the rigid diaphragm transmitting
the horizontal actions is obtained by means of composite slabs with profiled steel sheetings
supported by the hot-rolled steel beams (both primary and secondary), which are considered
as restrained to avoid flexural-torsional buckling.
The structural design for gravity loads is carried out according to the non-seismic European codes [31-33] for all the examined frames, considering the Eurocode recommended parameters in place of those nationally determined. Permanent loads (Gk) and live loads (Qk) are
assumed equal to 5.20 kN/m2 and 2.00 kN/m2, at both intermediate and roof story. The inertial effects in the seismic design situation are evaluated in accordance with EN 1998-1 [1]. A
reference peak ground acceleration equal to agR = 0.25g (being g the gravity acceleration), a
type C soil, a type 1 spectral shape are assumed.
Cold formed circular hollow profiles are used for the diagonal members; IPE and HE profiles are used for beams; HE and HD for the columns. The cross sections of all steel members
(i.e. beams, bracings and columns) are selected to satisfy the Class 1 requirements according
to EN 1993:1-1 [31].
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Figure 2: Reference building archetype

The geometrical properties of structural members for the three, six and twelve story buildings are reported in [12].
The non-linear behavior of the 2D examined frames is simulated by means of Seismostruct ; the modelling assumptions are described and validated against experimental results in
[12]. A suite of 14 natural earthquake acceleration records has been considered to perform the
non-linear dynamic analyses on the examined cases. More details on the selection of the signals and the relevant data can be found in [12].
4.2

Discussion of results

The plots in the current Section report the average values of performance parameters obtained for the 14 records. Figure 3 shows the average peak interstory drift ratios (IDR) for all
examined cases. The frames designed according to the proposed design rules meet the requirement for non-structural damage at DL limit state, being the seismic demand smaller than
0.75% (i.e. EC8 limit for ductile non-structural elements). In addition, they exhibit more uniform distribution of displacements along the building height than EC8-compliant frames.
These results confirm the effectiveness of proposed criteria to force a shear-type distribution
od deformation and to avoid damage concentration at upper story. Figure 4 report the profiles
d 
of the maximum brace ductility demand  =   , where d is the axial elongation and dis
d 
 y
the axial elongation and dy is the value corresponding to the yielding. The frames designed
according to proposed rules exhibit the lager plastic engagement of bracings, while limited
ductility is recognized for EC8 frames with K = 0.5 and significant damage concentration is
recognized solely at the upper story for EC8-compliant frames designed assuming K = 1.
5

CONCLUSIVE REMARKS

The paper discusses the main criticism of the design procedure for XCBFs currently codified in EN 1998-1 and seismic design criteria to improve the ductility of this type of systems
are provided and numerically validated.
The interpretation of obtained results infers the following remarks:
T-C scheme (see Fig. 1b) with both braces active in tension and compression allows estimating the force-transfer mechanism induced by seismic action more effectively than T-O
model (see Fig. 1a).
Using T-C model allows removing the lower bound limit on normalized brace slenderness
making easier to select proper brace cross sections and allowing to obtain more ductile and
effective systems.
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The requirement of current EC8 on the capacity-to-demand variation of brace is not adequate to avoid soft-story mechanism and assuring uniform distribution of plasticity along the
building height. In addition, it entails difficulties to design the brace cross sections and it
leads to overdesigned and uneconomical structures, almost behaving elastically up to NC limit state. On the contrary, controlling the story-to-story variation of brace buckling overstrength
is more effective to limit soft-story mechanisms and to assure uniform sequence of buckling
along the building height.
The requirement devoted to keep the braces at the roof story in elastic range (Eqn. 4) is effective to obtain a shear-type overall structural response in six and twelve-story buildings with
more uniform distribution of plastic deformations along the height.

Figure 3. Comparison between proposed design criteria and EC8 compliant frames: Interstory drift ratios for
three, six and twelve story buildings at DL (a), SD (b) and NC (c) limit state.
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Figure 4. Comparison between proposed design criteria and EC8 compliant frames: Braces ductility demand for
three, six and twelve story buildings at DL (a), SD (b) and NC (c) limit state
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Abstract
Steel moment resisting frames (MRFs) compliant with EN1998-1 are largely overdesigned
owing to the need to satisfy the severe requirements for lateral deformability and P-Delta effects. On the contrary, the North American codes (e.g. ASCE7) introduce different rules to
consider the structural sensitivity to the P-Delta effects. In lines with the latter approach, the
current draft version of the amended EN1998-1-1 introduces a different methodology to account for the structural lateral displacements. This work aims to investigate, using static nonlinear analysis, the effectiveness of the new EC8 provisions with respect to the former version
of EC8 and the current ASCE7. The analyses have been carried out by accounting for the real
dimension of beam-to-column joints and their behavior, which was simulated by means of a
non-linear spring, properly calibrated against experimental tests. The results show that the
structures designed according to the latest draft version of the EN1998-1-1 and those compliant with the North American code have a similar behavior.
Keywords: Seismic design, moment resisting frame steel structures, non-linear analyses, PDelta effect, extended stiffened joint.
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1

INTRODUCTION

Moment resisting frames (MRFs) are largely used for steel multi-story low and medium
rise buildings in seismic areas, since they can provide high ductile behavior thanks to the formations of plastic hinges at the ends of the beams and at the base of the column of the base
level. [1-13].
However, owing to their large lateral deformability, MRFs are highly sensitive to secondorder (P-Delta) effects as well as severely penalized by the verification checks of the drifts at
damage limitation state [14]. The current version of EN1998-1-1 [15] recommends to verify
the sensitivity of the structures to P-Delta effects by means of the Horne method, where the
critical multiplier is estimated considering the secant stiffness of the structure assuming that
the theoretical strength is set equal to the design base shear and the corresponding displacement is set equal to the seismic demand given by the equal displacement rule.
On the contrary, in the United States of America (USA), the rules given by the ASCE7
codes [16] account for the design overstrength, and the stiffness is evaluated at a displacement
demand computed more efficiently and more accurately than the equal displacement rule
adopted in EN1998-1-1. In addition, ASCE7 gives less stringent requirements for the limitations of lateral drifts for MRFs. In lines with this approach, the current draft version of the
amended EN1998-1-1 evaluate the Horne secant stiffness accounting for the structural overstrength mainly due to (i) the selection of slightly larger members, (ii) the hardening related to
the formation of plastic mechanism, and (iii) the expected strength of the materials, which are
larger than the design values. All these aspects clarify the reasons why EC8-compliant MRFs
are often overdesigned as shown by Tenchini et al. [17] and Cassiano et al. [18].
Therefore, the second order sensitivity coefficient (defined as θ) is evaluated considering
two overstrength parameters. The aim of this work is to investigate, by means pf static nonlinear analyses, the effectiveness of the new EC8 provisions with respect to the former version
of EC8 and the current ASCE7. Therefore, for each of the investigated design approaches
(current EC8, modified EC8 and ASCE7) a set of four MRFs was designed varying the spam
length (6 or 8m). Moreover, since the MRF’s response is strongly influenced by the beam-tocolumn joint typologies and behavior, the connections were modelled by a lumped non-linear
spring.
The paper is organized into three main parts, namely (1) the introduction of the investigated parameters with the descriptions of the three design approaches; (2) the description of the
geometrical features of the examined structures and the modelling assumptions; (3) the discussion of the results.
2

GENERAL SPECIFICATIONS

The current EN1998-1-1 (hereinafter also referred as “EC8-C”) recommends to calculate
the stability coefficient (θEC8-C) for P-Delta effects as follows:
P d
 EC 8−C = tot r
(1)
Vtot  h
Where Ptot is the total vertical loads due to the gravity loads in the seismic loading combination, dr is the design interstorey drift, Vtot is the total seismic shear and h is the interstorey
height. If θEC8-C is smaller than 0.1, the second order effects can be neglected at design stage,
while if θEC8-C is smaller than 0.2 the calculated internal effects should be magnified by the
factor α equal to 1/(1- θEC8-C). If θEC8-C exceed 0.3 the structure should be re-designed.
The design interstorey drift (dr) is evaluated as follows:
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dr ,i = d s ,i − d s ,i −1

(2)

Where ds is a structural displacements induced by the design seismic action and is evaluated on the basis of the equal displacement rule by the following equation:
(3)
d s = q  de
Where q is the adopted behavior factor and de is structural displacement evaluated by
means a response spectrum linear analysis.
According to this method, the displacements are evaluated considering the secant stiffness
of the structure by assuming that the ultimate resistance is equal to the design base shear, disregarding either any source of overstrength or the hardening effects associated with redundancy and plastic redistribution. From these considerations a proposal to amended EC8 rule
(hereinafter referred as “EC8-M”) may be to compute the stability coefficient by increasing
the secant stiffness as follows:
Ptot  d r
(4)
 EC 8− M =
Vtot  h   ov  d
Where γov accounts for the randomness of the yield stress of the steel and Ωd is equal to
min(Rd,i/Ed,i) being Rd,i the plastic resistance of the i-th dissipative component and Ed,i is the
corresponding design effect.
This criterion is very similar to the proposal by Vigh et al. [19], but it is more stringent because the overall hardening due to the redundancy of the structural system is not considered.
The stability coefficient (θASCE) recommended by ASCE7 is evaluated according to the following equation:
P    Ie
(5)
 ASCE = x
Vx  hsx  Cd
Where Px are the total vertical loads at level x (which perfectly corresponds to the Ptot in
the European approach), Ie is the importance factor (which is assumed equal to 1 in this study),
Vx is the seismic shear force acting between levels x and x – 1, hsx is the storey height, Cd the
deflection factor (that was assumed equal to 5.5) and  the design story drift occurring simultaneously with Vx. With this regard, the design interstorey drift  are computed as the largest
difference of the displacement δx and δx-1, where δx is estimated as follows:
C 
(6)
 x = d xe
Ie
where δxe is the displacement determined by an elastic analysis.
If the stability coefficient is larger than 1, an amplification factor should be introduced to
account for the P-Delta influence in the design analyses. However, θASCE should not exceed
the θmax defined in Equation (7).
0.5
(7)
=
  Cd
Where  can be assumed equal to 1 in a conservatively way.
3

INVESTIGATED STRUCTURES
3.1

Geometrical features

The influence of the second order effects were investigated by the design and verification
of six MRFs varying the span length (6-8m) and the method to account for the P-Delta effects.
To highlight the influence of the secondary effects’ limitation on the design phase, all the
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structures were designed according to current Eurocodes (i.e. both the EN1993-1-1 [20] and
EN1998-1-1 [15]), with the sole exception of the P-Delta effects. In line with this purpose,
cold formed partition walls were assumed, thus being able to separate the structural response
from the infill system [21-24].
The first set of structures were designed according to the current EN1998-1-1 (i.e. EC8-C),
the second set of structures were designed considering a modification of the actual EN1998-11 (i.e. EC8-M) and finally, in the last set of MRFs the P-Delta effects were accounted for according the ASCE7 approach.
All structures have a height of 22m with 6 floors and a constant value of storey height of
3.5m, except for the first level that is equal to 4.5m.
The plane has a rectangular shape, with five MRF bays in the X direction and three bays in
the Y direction, with a concentric braced frame (CBF) system in the central bay (see Figure 1).
The span length is equal in both directions and was alternatively set equal to 6m and 8m. Both
the structural design and verifications were done on a planar MRF system that was extracted
from the 3D structure.
The vertical dead load was assumed equal to 4.5kN/m2 and the live loads were set equal to
2kN/m2. The response spectrum was evaluated considering a peak ground acceleration (PGA)
equal to 0.25g, soil type B and a damping ratio equal to 2%. In accordance with the EN19981-1 riles for seismic design, the torsional effects were taken into account by means of the amplification factor δ, assumed equal to 1.3.
As damage limitation requirement, the maximum interstorey drift (ISD) ratio was ﬁxed
equal to 1%, thus assuming non-structural elements fixed in a way so as not to interfere with
structural deformations.
The design forces have been calculated by means of response spectrum analyses (RSA),
according to EN1998-1-1, where all the vibration modes that contribute signiﬁcantly to the
global response were accounted for.
Full strength extended stiffened end-plate joints, designed according to the procedure described by D’Aniello et al. [25], were adopted for all the investigated structures.
The results in terms of cross section, amplification factor (α), interstorey drift and the design overstrength (Ωd), are reported in Table 1 and Table 2 for the structures with 6 and 8m
span respectively.
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Third bay
Column
Beam
HE500B IPE500
HE500B IPE500
HE450B IPE450
HE450B IPE450
HE400B IPE360
HE400B IPE360
HE450B IPE450
HE450B IPE450
HE400B IPE400
HE400B IPE400
HE360B IPE330
HE360B IPE330
HE450B IPE400
HE450B IPE400
HE400B IPE360
HE400B IPE360
HE360B IPE300
HE360B IPE300



Drift

1.21
1.25
1.24
1.19
1.15
1.00
1.00
1.13
1.13
1.00
1.00
1.00
0.04
0.05
0.05
0.05
0.04
0.02

0.60%
0.79%
0.84%
0.80%
0.78%
0.62%
0.74%
0.98%
1.07%
1.02%
0.98%
0.78%
0.63%
0.93%
1.03%
1.00%
0.95%
0.78%



Drift

1.18
1.25
1.25
1.23
1.20
1.00
1.00
1.13
1.14
1.13
1.12
1.00
0.04
0.05
0.06
0.05
0.04
0.02

0.53%
0.79%
0.84%
0.92%
1.03%
0.77%
0.55%
0.87%
0.97%
1.08%
1.21%
0.96%
1.14%
1.83%
2.11%
2.10%
2.13%
1.83%

Ωd

2.72

Second bay
Column
Beam
HE500B IPE500
HE500B IPE500
HE450B IPE450
HE450B IPE450
HE400B IPE360
HE400B IPE360
HE450B IPE450
HE450B IPE450
HE400B IPE400
HE400B IPE400
HE360B IPE330
HE360B IPE330
HE450B IPE400
HE450B IPE400
HE400B IPE360
HE400B IPE360
HE360B IPE300
HE360B IPE300

2.2

I
II
III
IV
V
VI
I
II
III
IV
V
VI
I
II
III
IV
V
VI

First bay
Column
Beam
HE450B IPE500
HE450B IPE500
HE400B IPE450
HE400B IPE450
HE360B IPE360
HE360B IPE360
HE400B IPE450
HE400B IPE450
HE360B IPE400
HE360B IPE400
HE340B IPE330
HE340B IPE330
HE400B IPE400
HE400B IPE400
HE360B IPE360
HE360B IPE360
HE340B IPE300
HE340B IPE300

1.93

Floor

Table 1: Design results of the MRFs with span equal to 6m

Third bay
Column
Beam
HE650M IPE600
HE650M IPE600
HE550M IPE600
HE550M IPE450
HE500B IPE450
HE500B IPE450
HE650M IPE550
HE650M IPE550
HE550M IPE550
HE550M IPE400
HE500B IPE400
HE500B IPE400
HE550M IPE500
HE550M IPE500
HE550B IPE450
HE550B IPE450
HE450B IPE360
HE450B IPE360

Ωd

2.28

Second bay
Column
Beam
HE650M IPE600
HE650M IPE600
HE550M IPE600
HE550M IPE450
HE500B IPE450
HE500B IPE450
HE650M IPE550
HE650M IPE550
HE550M IPE550
HE550M IPE400
HE500B IPE400
HE500B IPE400
HE550M IPE500
HE550M IPE500
HE550B IPE450
HE550B IPE450
HE450B IPE360
HE450B IPE360

1.95

I
II
III
IV
V
VI
I
II
III
IV
V
VI
I
II
III
IV
V
VI

First bay
Column
Beam
HE550M IPE600
HE550M IPE600
HE500B
IPE600
HE500B
IPE450
HE400B
IPE450
HE400B
IPE450
HE550M IPE550
HE550M IPE550
HE500B
IPE550
HE500B
IPE400
HE400B
IPE400
HE400B
IPE400
HE550B
IPE500
HE550B
IPE500
HE450B
IPE450
HE450B
IPE450
HE400B
IPE360
HE400B
IPE360

1.77

Floor

Table 2: Design results of the MRFs with span equal to 8m

The influence of the adopted method to account for P-Delta effects can be directly recognised
by comparing the design results. Indeed, the structures designed according to EC8-C are characterized by very large values of the magnification factor (α), which is equal to 1.25 in some
cases. The EC8-M compliant structures have smaller values of the amplification factor (α),
with a maximum value equal to the 1.14. On the contrary, in the cases designed according to
the ASCE7 the P-Delta effects can be neglected.
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The value of the amplification factor implies an important change in the dimensions of structural members and consequentially in the structural weight, as consistently showed in Figure 3.
Span = 8m
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Figure 2 – Structural weight (expressed in ton) for the frames with span equal to 6m and 8m

3.2

FEM modelling

All the analyses were conducted on a 2D planar model build in Seismiostruct software [26].
As recommended by EN1998-1-1, the torsional effects were accounted for in the design phase
by the introduction of δ (amplification factor), assumed equal to 1.3.
The slab’s in-plane rigidity was simulated by the introduction of diaphragm constrains that
connect all the MRF bays to the leaning column. The lumped masses at each floor and the
concentrated forces, that model the gravity frame loads, are applied on the leaning column
that has no lateral rigidity in order for it not to influence the structural lateral stiffness.
All the structural elements were modelled by a force-based (FB) distributed inelasticity elements. These elements account for distributed inelasticity through integration of material response over the cross section and integration of the section response along the length of the
element. The cross-section behavior is reproduced by means of the ﬁber approach, assigning a
uniaxial stress–strain relationship at each ﬁber. The Menegotto-Pinto [27] law was introduced
to model the behavior of all steel elements, while the leaning column was modelled by an indefinitely elastic material.
Since their height seismic performance [28-31] extended stiffened joints were introduced
in all the investigated structures; the real joint dimensions were modelled by the introduction
of the rigid elements connected to the steel profiles by a lumped non-linear spring. that were
properly calibrated against the experimental results obtained within the EQUALJOINTs research project (EQUALJOINTs [32], D’Aniello et al. [33]).
4

RESULTS

The pushover results are presented in terms of: elastic stiffness (K), the maximum resistance (Vmax) and the overall overstrength factor (Ω), which are defined in Figure 3.
The VEd is the base shear at the design stage and Vy is the base shear at the formation of the
ﬁrst plastic hinge. For the sake of clarity, the overall overstrength factor (Ω) is given by the
following ratio:
Vy Vmax
V
 = max =

(8)
VEd VEd Vy
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Base shear

Where Vy/VEd is the ratio between force that corresponds to the formation of the first plastic hinge and the design force. The Vmax/Vy ratio represents the overstrength due to the system
redundancy (corresponding to αu/α1 the corresponding ratio in the EN1998-1-1).

Roof displacement
Figure 3: Monitored parameter in the pushover analysis

As a general consideration, it can be observed how, independently from the span length (6
or 8m) and the lateral force shape, the pushover results (see Figure 4) show that both the
structural resistance and elastic stiffness are strongly influenced by the P-Delta effects limitation. The structures designed according to the current EN1998-1-1 are the stiffer and the more
resistant, while, the MRF designed according to EC8-M have intermediate stiffness and resistance between the EC8-C and the ASCE compliant frames.
The shape of the response curves highlights that independently from the lateral force distribution the structures with 6m span exhibit the failure of the plastic hinges that corresponds
to the drop in terms of strength and stiffness of the response curves. Contrariwise, most of the
structures with span length equal to 8m show the formation of plastic hinges in the columns.
In line with the design assumptions, the structures designed according to the current version
of the EN1998-1-1 show the larger value of the Vy/VEd ratio. For instance, comparing the results of the structures with 6m of span subjected to a lateral force proportional to the masses,
it can be recognized that the EC8-C structures have a Vy/VEd overstrength factor 1.22 and
1.58 times larger than the one of the EC8-M and ASCE structures, respectively. These differences are almost the same for all the investigated structures (see Figure 4). Contrariwise, independently from the design approach and the span length, the Vmax/Vy overstregnth factors
are comparable for all the investigated structures and vary in the range 2.10-2.80, values larger compared to the EN1998-1-1 recommendation of 1.3.
Load distribution:
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Figure 4: Push over results for both the 6 and 8m spam length structures

Moreover, the shape of the response curves highlights that independently from the lateral
force distribution and the span length, the more deformable structures are more sensitive to
the P-Delta effects, showing a more pronounced performance degradation.
Differently from the structures with a span length of 8m, where the plastic mechanism involves also the column of the first floor, all the structures with 6m span exhibit the failure of
the plastic hinges that corresponds to the drop in terms of strength and stiffness of the response curves.
Regarding the overstrength factor, the structures designed according to the current version of
the EN1998-1-1 show the larger values of the Vy/VEd. This result is consistent with the design
assumptions.
5

CONCLUSIONS

• The design limitation on the P-Delta effects strongly influence the MRFs lateral stiffness;
therefore, the structures designed according to the actual version of EN1998-1-1 are 1.13
and 1.2 times heavier than those designed according to the EC8-M and ASCE, respectively. This difference increases in the case of the frames with the longer spans (e.g. 8m).
• The pushover analysis confirms that, independently from the shape of the lateral loads and
the span length, the structures compliant with EN1998-1-1 are the stiffer and the stronger
among those examined. The EC8-C structures have overdesign factors ranging within
2.49-2.93 for 6m and 8m of span, respectively.
• Changing the evaluation method for the P-Delta effects leads to a strong variation of both
the lateral stiffness and overstrength; therefore, the structures designed according to the
EC8-M and ASCE have an overstrength factor varying in the ranges 1.88-2.40 and 1.581.85, respectively.
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Abstract
Steel lattice towers are widely used by telecommunication companies to install radiowave
dish antennas for the expansion of their network. They are tall highly-optimized structures for
which severe weather conditions including low temperatures, snow and high winds are the
governing loading conditions. Specifically, high winds in combination with accumulated ice
on the members of the structure and the dishes are the leading causes of collapse. The focus is
on a standardized model of a telecommunication tower used by major telecommunication
companies in Greece. The model is designed according to European Standards for areas located at distances lower than 10km from the coastline. The tower is 48 meters tall, having a
square cross-section whose dimensions generally reduce with height and it employs channel
and angle steel sections. Non-linear dynamic analyses were performed in order to estimate
the fragility of the structure to wind and/or icing conditions. Wind loads were simulated via a
3D wind field fully capturing the spatial and temporal variation of wind speed over the entire
profile of the tower for different reference values of wind speed. The impact of ice was assessed by considering a range of different uniformly thick layers of ice that increase the
weight as well as the cross-section area of all members and dishes. The ultimate goal of this
work is to provide the fragility functions for every potential combination of wind and icing
conditions that could be observed during the service life of the structure. Thus, by incorporating the corresponding climactic hazard surfaces, the risk of tower collapse is estimated over
its entire projected lifetime, offering a useful decision support tool to telecommunication
companies regarding the need to replace or upgrade their existing tower network on a caseby-case basis.
Keywords: Telecommunication Tower, Steel Lattice Structure, Wind, Ice, Fragility
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1

INTRODUCTION

Rapid advances in data transmission technology and telecommunications introduce new
engineering challenges affecting not only the electromechanical components (e.g. microwave
dishes) of a telecommunication network but also the supporting structures. Supporting structures are usually tall highly-optimized steel lattice towers. These structures are vulnerable to
weather hazards with wind, low temperatures and corresponding ice accretion being the most
critical loading conditions.
Relevant experience, especially from power transmission networks, has shown that storm
events may lead to significant damage of steel lattice towers of a network resulting in total
collapses with adverse impact for the whole operation of the network, in most of the times
associated with considerable long downtime in service and significant economic loss. The
above effect of strong winds is further enhanced when ice has accumulated on the exposed
members of the structure due to low temperature and/or precipitation (e.g. snow) [1-3]. Under
this perspective, the development of a framework for performance based assessment [4] for
lattice steel structures used in telecommunication or power transmission networks is essential.
The first step towards this effort is the estimation of the fragility of those structures under
weather hazards and especially wind and icing conditions [5].
The most critical part for a performance based analysis of steel lattice structures requires
detailed and precise calculations of the wind forces acting on the structure. Methodologies for
estimation of wind force at lattice structures proposed by current standards (e.g. EN1991-1-4)
are mainly based on the solidity ratio of the structure. In cases of a telecommunication tower
carrying microwave dish antennas, the shielding effects of the antennas should be taken into
account. However, due to the lack of sound guidelines in standards, the estimation of the
shielding effects is usually based on wind tunnel tests [6-8].
Considering the above, the purpose of this paper is to present a case study of a telecommunication tower carrying four microwave dish antennas, and designed for coastal areas of
Greece according to European standards [9]. The ultimate goal is the estimation of the structure’s fragility under possible combinations of wind speed and icing conditions. For this reason, a 3D model was developed in open-source software and a 3D simulation of the wind
field was conducted capturing the spatial and temporal variation of wind speed over the entire
profile of the structure. Moreover, the impact of ice was assessed by considering a range of
various uniformly thick layers of accumulated ice on the exposed tower members and dishes.
The estimation of the fragility was based on the processing of the results of a large number of
non-linear dynamic analyses via probabilistic methods.
The results could be elaborated for performance-based design and analysis of telecommunication towers. Furthermore, if the fragilities are used in combination with climatic data from
the site of installation a risk assessment of this particular type of structure would be possible.
This assessment could be valuable to telecommunication companies as a useful decision support tool regarding their needs to replace or upgrade their existing tower network.
2

TOWER MODEL

2.1 Geometry
The main body of the lattice tower of the study is 48 meters tall and has a square cross section [9]. At the top of the tower though, a pyramid that holds the lightning rod is formed and
ends at a height of 51m. A complete view of the tower is presented in Figure 1a. The view of
the tower can be divided into two main sections. The first section is an inclined one, whose
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square cross section reduces with height and runs from 0 to 24m. The second section is a vertical one, which runs from 24 to 48m and has no inclination since it is designed to carry the
antennas. The tower has horizontal diaphragms every 3 meters along its height (Figure 1b). It
also includes five working platforms at heights of 12, 24, 42 and 45m (Figure 1c). Finally, a
ladder and a waveguide rack for the cables of the antennas run connecting the centers of the
horizontal diaphragms.

b)

a)

c)

Figure 1: a) Complete view of the tower. b) Typical plan of a horizontal diaphragm. c) Typical plan of a
working platform [9].

The structural members of the tower consist of channel and angle steel sections. The members could be characterized as (Figure 2): legs, (main) vertical diagonals/bracing members,
secondary vertical bracing members, horizontals, horizontal diagonals and a central horizontal
member at each diaphragm which carries the loads of the ladder, the waveguide rack and the
cables.
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Figure 2: Designation of structural members [9].

As far as the legs are concerned, two types of angle sections were used. Specifically, the
legs of the inclined section (height: 0-24m) were constructed from L160.15, while the legs of
the vertical section (height: 24-48m) were constructed from L120.12. For the main vertical
diagonals, an angle L70.7 section was used throughout the whole height of the structure,
while for the secondary vertical diagonals a L45.5 section was used. The horizontal members
of each diaphragm were constructed from a channel U100 section. For the horizontal diagonal
members an angle L45.5 was used, except for the five levels of the working platforms where a
channel U80 section was employed. On the other hand, the central horizontal member of each
diaphragm was formed by 2 channel U160 sections welded on both edges. Finally, the members of the pyramid at the top of the tower (height: 48-51m) were made by L70.7.
2.2 Material
The structural steel grade was S355J2K2 for legs and S235J0JR for the rest of the members. At this point it should be noted that since the purpose of this work is not the design but a
performance assessment for a lattice telecommunication tower, the real values of steel
strength (as estimated by experimental work listed in the literature) were assumed in the analysis, instead of the nominal ones. Specifically, for steel grade S355J2K2, the (mean) yield
strength fy is equal to 454.90 MPa and the (mean) tensile strength fu is equal to 546.84 MPa.
On the other hand, for S235J0JR the corresponding values are 328.80 MPa and 435.41MPa,
respectively [10]. The material stress-strain curve that was assumed in the analysis is presented in Figure 3. The value of E corresponds to steel Young’s Modulus and is equal to 210 GPa,
while the the buckling reduction factor χ was calculated for each structural member according
to EN 1993-1-1 [11] to reduce its compression strength. Since the members of the tower have
different properties according to their cross-section, the stress-strain curve is different for each
member and thus Figure 3 presents only the general form of the stress-strain curve for all
members.
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Figure 3: General form of a member stress-strain curve

2.3 Loads
2.3.1 Gravity loads
The unit weight of steel is equal to 78.50 kN/m3. The weight of the climbing ladder is
15.30 kN and the weight of waveguide rack 14.60 kN. Four dish antennas are installed at the
top (height 45-48m) of the tower. Each dish antenna has a weight of 2.30 kN. The weight of
the cables is assumed to be 0.05 kN/m per dish. Finally, the weight of the five working platforms is 0.25 kN/m2.The live load of the climbing ladder is 5.00 kN, while the live load at the
working platforms is assumed to be 2.00 kN/m2.
2.3.2 Wind loads
In the case of a telecommunication tower with dish antennas, the total wind force acting on
the structure consists of two main components, namely the force acting on the tower (i.e. the
structural members) and the force acting on the dish antennas [6,8,12]:
(1)
Wind Force at the tower
The wind force acting on the tower is calculated by the Equation:
(2)
where: q is the dynamic pressure of the wind, CD is the drag coefficient and Aref is the area of
the members projected normal to the level of the wind.
The dynamic pressure of the wind q depends on the air density ρ and the wind speed u and
is estimated using the following Equation:
(3)
Herein, ρ was assumed to be equal to 1.225 kg/m3.
The drag coefficient CD for lattice steel structures depends on the solidity ratio φ. According to EN1991-1-4 [13], the solidity ratio φ is the fraction of the sum of the projected area A
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of the members of the structure’s face normal to that face divided by the total enclosed area Ac
by the face’s boundaries projected normal to that face. Thus:
(4)
In this work, the structure was divided into sixteen segments (every 3 m) along its height
considering each horizontal diaphragm to be at the middle of the segment. For each segment
the solidity ratio was calculated and the corresponding drag coefficient was estimated based
on [13]. Finally, the forces of each segment were assigned to the level of the corresponding
diaphragm.
Wind Force at the dish antennas
According to [12], the commonly used practice in the past for the estimation of the wind
force on dish antennas was to calculate the drag coefficient of the isolated antenna, then the
corresponding force, and finally adding the result to the force of the tower as calculated by Eq.
(2). However, this practice would overestimate the total force since the antenna may shield
part of the tower. This is also evident in case of multiple antennas installed on the tower. For
this reason, except for the drag coefficient of the isolated antenna, an additional interference
factor should be added in the estimation. Thus the wind force, in case of two identical in size
antennas installed on the same height at the tower, is calculated as follows [6, 8]:
(5)
where: q is the dynamic pressure of the wind, Aα is the area of each antenna projected normal
to the level of the wind, CDα1 and CDα2 are the drag coefficients for the two isolated antennas
and fα1 and fα2 are the corresponding interference factors for each of the antennas.
The values of the drag coefficients and the interference factors of the antennas are mainly
based on the wind angle and the solidity ratio. Those values are usually estimated experimentally [6-8]. Herein, in lack of experimental results for the tower and the antennas, proposed
values by an experimental study of a similar case [8] for CDα1, CDα2, fα1 and fα2 were adopted.
2.3.3 Ice Loads
Apart from wind, another environmental hazard that should be taken into account is ice. In
the case of a lattice telecommunication tower, ice accumulates on the surface of the structural
members and the dish antennas. Ice accretion affects the loads of the structure in two major
ways. First, the weight (i.e. dead load) of the members and the dish antennas increase and
secondly, the projected area of the members and the antennas also increase. Following the
previous section, where the estimation of the wind loads was discussed, it can be inferred that
an increase in the projected area of the members affects the solidity ratio of the tower and the
corresponding drag coefficients resulting in a larger wind force for the same wind speed value.
In this work, it was assumed that an ice layer of uniform thickness was formed on the surface of the exposed parts of the members and the dish antennas. In terms of the value of the
ice thickness, three scenarios of different values were considered, namely 15mm, 30mm and
45mm. For each of those icing scenarios, the corresponding areas of the ice surface and the
associated values of the affected parameters (e.g. weight, solidity ratio etc.) were estimated.
Finally, it should be noted that the unit weight of ice was considered equal to 7.00 kN/m3.
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3
3.1

ANALYSIS
OpenSees model

For the analysis, the tower was modeled in OpenSees, an open-source software, provided
by Pacific Earthquake Engineering (PEER) Center [14]. The final 3D model (Figure 3) was
composed by 932 members, both trusses and beams. The members were also modeled as fiber
sections sharing the same properties of the corresponding steel cross-sections used in the
structure. In total, four different versions were analyzed, one for no icing conditions and one
for each of the three different scenarios of ice thickness as presented in a previous section.

Figure 3: 3D model created in OpenSees.

The natural frequencies of the structure were determined by a modal analysis. The first two
modes have the same period due to structure’s and loads symmetry, although refer to different
directions (X and Y). The third mode is torsional.
Modal analyses were also performed for each of the icing scenarios. Table 1 presents the
periods of the first three modes for each scenario. The results show, as expected, that as the
thickness of the ice layer increases, the corresponding periods increase. Certainly, this should
be attributed to the increase of the tower (and dish antennas) mass.
Ice Thickness
(mm)
15
30
45

T1
(sec)
0.901
1.108
1.316

T2
(sec)
0.901
1.108
1.316

T3
(sec)
0.305
0.370
0.436

Table 1: Natural periods of the first three modes for the three icing scenarios considered.
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3.2 Wind speed simulation
3.2.1 Wind speed profile
Wind speed increases with height following a specific pattern known as wind speed profile.
Herein, a power law wind speed profile was considered. According to the power law profile,
the value of wind speed at a height z is given by:
(6)
(
)
where: u is the wind speed at height z (in m/s), uref is the wind speed at a reference height zref
(in m/s) and α is the power law exponent. In this work, a power law exponent α=0.20 was
used, as proposed by IEC 61400-1 [15] for onshore structures. Eq. (6) gives the values of the
wind speed along the height of the tower. Herein, the values of wind speed at the heights of
the horizontal diaphragms and the center of the dish antennas were calculated. Based on these
values, the wind force along the height of the tower is estimated by applying Eq. (1) and Eq.
(2).
3.2.2 Wind field simulation
The simulation of the wind field where the tower is placed was performed in TurbSim
software [16]. TurbSim has been developed by National Renewable Energy Laboratory of the
USA and is mainly used in wind industry applications. The software simulates a 3D wind
field. TurbSim can also generate timeseries of wind speed over a user-defined period (e.g. 10
min, 1 hour etc.) and for a specific wind speed value which is considered to be the mean wind
speed (reference wind speed). The wind field is defined by a custom grid whose dimensions
and resolution are specified by the user. The software finally outputs the corresponding
timeseries of the values of the three wind speed components (for each of the three directions
X, Y, Z) at the points of the grid of the wind field. For each of those components the corresponding wind force timeseries (mainly for the directions X and Y, since the component of
direction Z is ignored in this study) were estimated by applying Eq. (2) for the wind force at
the tower and Eq. (5) for the wind force at the antennas.
3.3 Pushover analysis
As a first step before the nonlinear dynamic analysis, a pushover (nonlinear static) analysis
was performed in order to specify the failure mechanisms of the tower. The lateral load profile considered in the pushover was following the pattern of the wind force. Pushover analysis
was conducted for no ice conditions and the three scenarios of icing. In all cases, the failure
mechanism revealed a cascading effect shown in Figure 4. It is evident that the first member
failure occurs at the point of the tower where the inclination of the legs changes to vertical, a
change which also coincides with the change in the legs’ cross-section from L160.15 to
L120.12. The first element that fails could be either a leg or a main vertical bracing member
(marked with a red circle in the figure). As lateral loads increase, the failure cascades to other
elements resulting finally in a total collapse.

5748

Dimitrios V. Bilionis and Dimitrios Vamvatsikos

Figure 4: Failure mechanism as revealed by pushover analysis

Figure 5 presents the pushover curves for each of the four versions of tower (no ice and icing scenarios). The horizontal axis depicts the displacement of the top of the tower along the
lateral loads direction, while the vertical axis depicts the shear force at the base of the tower.
The curves show that the maximum shear force (i.e. the shear force when the first failure occurs) is approximately the same for the four versions and close to 470 kN. The corresponding
displacement of the top (height 51m) at the time of the first failure is approximately 0.68 m in
all versions.

Figure 5: Pushover curves for each of the four versions of ice thickness considered.
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3.4 Dynamic analysis
The main input for the nonlinear dynamic analysis was the timeseries of the wind speed
created in TurbSim software as discussed above. Thus, the wind speed value (i.e. the wind
speed profile) was estimated for specific points at the heights of the horizontal diaphragms of
the tower. Figure 6 presents a typical form of the wind speed timeseries at the level of the top
horizontal diaphragm (height 48m). The length of the timeseries was 1 hour (3600 seconds).
The next step of the analysis was to estimate the timeseries of wind force along the height
of the tower (i.e. the wind force profile). The estimation was done by processing the results of
the timeseries of wind speed and performing the necessary calculations by applying Eq. (1)
along the two horizontal directions (X and Y). Thus, the wind force profile for the two horizontal directions was created. Those values constituted the inputs of the dynamic parameters
for the OpenSees software where the dynamic analysis was performed.

Figure 6: Typical form of 1hr wind speed timeseries (reference wind speed 35 m/s).

In an attempt to reduce computational effort and time, only five different values for wind
speed with a horizontal angle of 0 degrees (i.e. parallel to X axis) were considered, namely 20,
25, 30, 35 and 40 m/s. Those values were actually the reference values of wind speed (constituting the inputs for TurbSim software) and their height was the height of the top horizontal
diaphragm (height 48m). Moreover, for each of the above values, six timeseries were created
resulting in a total of 56=30 different timeseries of wind speed. Consequently, 30 different
wind dynamic analyses were performed in OpenSees software for each of the four tower versions (no ice conditions and the three icing scenarios) considered in this work. Finally, it
should be noted that the same 30 timeseries of wind speed were used for the four versions in
order the final results to be comparable. However, the resulting wind force timeseries were
different since wind force is affected by ice thickness.
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3.5 Fragility analysis
The ultimate goal of this work was to estimate the fragility of the tower to wind and/or icing conditions. Fragility could be defined as the probability of failure for a given intensity
measure (IM), herein the value of wind speed. The results of such an analysis are reported in
the form of fragility curves. The estimation of the fragility functions and corresponding
curves is based on the probability of failure for the various values of the IM, i.e. the wind
speed in this case. A common assumption is that the fragility curve is defined by a lognormal
cumulative function (CDF) with the following mathematical expression [17]:
(7)
(
)
where: P(C|IM=x) is the probability that a value of the IM (e.g. the wind speed) equal to x
will cause a failure of the structure, Φ( ) is the standard normal cumulative distribution function (CDF), θ is the median of the fragility function which corresponds to the value of IM
with 50% probability of failure and β is the standard deviation of lnIM, sometimes referred to
as dispersion of IM.
A simple method to estimate fragility is by performing stripe analysis. Stripe analysis is
mainly applied when discrete values of IM are used, as in the case of this work. The first step
of the process is to perform a number of dynamic analyses for each value of the IM, namely
the wind speed, and then estimate the number of cases where a failure was occurred. Then for
each wind speed the fraction of analyses causing failure could be estimated by simply dividing by the total number of analyses. This fraction is actually an estimator of the probability of
failure for the corresponding value of the IM.
In this work, six dynamic analyses were performed for each of the five different reference
values of wind speed based on the wind speed timeseries discussed in a previous section and
for each of the four versions of tower considered. Finally, a failure was assumed that occurs in
two ways. First, when the mean value of the inter-story drift during the first 10 minutes of the
analysis is different from the corresponding mean value of the last 10 minutes of the analysis.
Secondly, if the dynamic analysis was failed (i.e. it was incomplete) due to non-convergence
of the algorithm used by the OpenSees software.
Figure 7 shows the stripe analysis results for no ice conditions. A blue circle denotes a
non-failure result of the dynamic analysis. A red triangle denotes a failure result of a converged dynamic analysis, while a black asterisk denotes a non-converged dynamic analysis.
Following the results of Figure 7, the estimation of the probability of failure for each combination of wind speed and ice thickness can be estimated by simply calculating the fraction of
analyses causing failure, as presented in Table 2.
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Figure 7: Stripe analysis for no ice conditions.

Wind Speed
(m/s)
20
25
30
35
40

No Ice
0.00
0.00
0.00
0.33
0.67

Ice thickness
15 mm
0.00
0.00
0.33
0.67
1.00

Ice thickness
30 mm
0.00
0.00
0.50
0.67
1.00

Ice thickness
45 mm
0.00
0.17
0.33
1.00
1.00

Table 2: Fraction of analyses causing failure for combinations of wind speed and ice thickness

The next step is to fit a lognormal cumulative function (Eq. (7)) to the values listed in Table 2. The parameters θ and β can be easily estimated by maximum likelihood estimation
method as in [17].
Results show that for no ice conditions, the median wind speed (θ) of the fragility function
is 37.62 m/s. On the other hand, for ice thicknesses of 15mm, 30mm and 45mm, the corresponding values are 32.28 m/s, 31.48 m/s and 29.55 m/s, respectively. This means that as ice
accumulates on the tower, the median wind speed of failure decreases. At the same time, the
probability of failure increases, as the thickness of the ice layer increases. The last is also evident if the four fragility curves are plotted on the same graph as in Figure 8. It is obvious that
the position of the fragility curve moves to the left as ice thickness increases. This finding
should be attributed to the impact that ice has on the structure by increasing both the dead
loads and the wind force for the same wind speed.
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Figure 8: Fragility curves for wind speed and ice thickness combinations

4

CONCLUSIONS

Telecommunication towers are tall steel lattice structures vulnerable to weather hazards. In
this paper, a case study of a telecommunication tower carrying four dish antennas and designed for coastal areas of Greece was presented. For the analysis of the tower a 3D model
was developed in an open-source software.
A number of nonlinear dynamic analyses of the 3D model of the tower were performed in
order to estimate the fragility of the tower to wind and icing conditions. For those analyses,
timeseries of wind speed and corresponding force at the structure were created based on a detailed 3D simulation of the wind field along the entire profile of the tower. Furthermore, four
different cases of icing conditions were examined by developing the corresponding models.
Finally, the fragility of the structure for every combination of wind and icing conditions was
estimated and the corresponding fragility curves were created following a probabilistic methodology.
The results confirm the significant effect of wind on steel lattice structures, especially
when it is combined with ice accretion. Specifically, the probability of failure (and probably
collapse) tends to increase as ice accumulates on the structure for the same wind speed value
in comparison with no ice conditions. This finding is in accordance with related literature.
At the end, the elaboration of climatic data from the site of the structure could be proposed
as an extension of this work. Based on climatic data, the probabilities of occurrence of all
wind and icing combinations over a specified period (e.g. service life of structure) could be
estimated. By incorporating these probabilities along with the fragility curves presented herein, one could estimate the risk of the structure over its projected lifetime. This risk estimation
could be used as a useful decision tool by telecommunication companies in upgrading and/or
expanding their network.
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Abstract
Automated Rack Supported Warehouses (ARSW) are the state of the art in storage technology, as they provide substantial savings in terms of cost, space and energy with respect to traditional solutions. Despite their lightness, ARSWs carry very high live loads, by far higher
than their self-weight, in contrast to what happens in typical civil engineering structures.
Thus, standard design approaches are not applicable, especially when one considers lateral
loading, i.e. seismic and wind loading.
In the frame of the STEELWAR project, the behavior factor (q) as well as the seismic fragility
shall be assessed for a number of archetype warehouses. FEM modelling for such structures
is a tedious task; they consist of hundreds or thousands steel members and nodes connected to
each other through simple and semirigid joints. Modern computers accompanied with efficient computational algorithms can handle linear systems with ease and thus, linear analysis
can be performed by including all structural components in the analysis model. Problems
arise when one considers nonlinear phenomena i.e. material and geometric nonlinearity.
Simulations that take into account all ARSW members and their nonlinear response may lead
to prohibitive computational costs, while introducing convergence and numerical stability
problems. As a direct remedy, a reduced-order physical model is proposed that enables accurate assessment of nonlinear behavior without compromising convergence performance.
Keywords: Simplified models, steel racks, pallet racking systems, automated rack supported
warehouses, nonlinear analysis.
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1

INTRODUCTION

Pallet rack is a material handling storage aid system designed to store materials on pallets
(or “skids”). Although there are many varieties of pallet racking, all types allow for the storage of palletized materials in horizontal rows with multiple levels. Forklift trucks are usually
an integral part of any pallet rack system as they are usually required to place the loaded pallets onto the racks for storage.
1.1

Structural Components

The structural design of a warehouse (geometry, materials, cross-sections etc.) varies depending on the material handling system, the designer’s preferences and the owner’s requirements. However, the following structural components are commonly considered:
a) Upright frame
Also known as built-up column, this component is in-plane with the cross-aisle direction of
the warehouse (Figure 1). It consists of two or three vertical elements known as uprights,
which are usually made of cold-formed open cross-section. The uprights are connected with
diagonal and horizontal bracings typically made of “C” cross-sections, which transfer shear
forces by uniaxial compression-tension mechanism. Their assembly strategy defines different
upright frame types (D, Z, K, X etc. [1]).
b) Beam
Similarly to steel frames, beams carry the pallet loads and transfer them to the upright
frames (Figure 1). Usually, the have connecting claws that ensure a decent connection to the
frames without the use of bolts or screws. They are made of hollowed cross-section of high
bending resistance and thus, their weakest point is the beam-to-upright connection.
c) Down-aisle vertical bracing
In many cases the loose connection between uprights and beams is not capable to resist the
lateral loads and a bracing system is assembled in down-aisle direction. Purpose of this system is to prevent soft-story collapse mechanism [2] and limit the displacements induced by
earthquake excitations.
1.2

Automated Rack Supported Warehouses

At present, Automated Rack Supported Warehouses (ARSW) or clad rack warehouses are
usually built by manufacturers specialized in structural systems for logistics with the same or
similar cold formed profiles used for warehouse storage pallet racks although in the case of
ARSW the rack forms the load bearing structure of the whole building by itself.
The research made up to now is mainly limited to steel storage racks which are a much
smaller scale of automated warehouses ([3], [4]). Automated storage systems, which will
probably be the future of the warehouse sector, have not been investigated to such an extent
so far. Moreover, in Europe (and in the world) there is no official reference document specific
for the design of Automated high-rise warehouses. Designers are obliged to work with a total
lack of specific references and of commonly accepted design rules and procedures. As a result,
these structures are vulnerable in extreme load scenarios, such as high wind speeds and seismic actions (Figure 2).
The aforementioned lack of knowledge and bibliography raises the demand for further research. Today, a variety of methods (Pushover, IDA etc.) exist to determine the nonlinear
characteristics (overstrength, ductility, energy dissipation) of a structure, which require computationally expensive numerical analyses. By examining the FEA model of an ARSW, it is
obvious that a nonlinear simulation of the whole structure is nearly impossible. Objective of
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the present paper is to develop simplified models for the representation of complete warehouses in order to check their nonlinear response to seismic motion.

Figure 1: Configuration of a racking system: portal frame (left), upright frame’s components (right)

Figure 2: Configuration of a racking system: portal frame (left), upright frame’s components (right)

2

MODEL SIMPLIFICATION PROCEDURE

As mentioned before, the full simulation of an Automated Rack Supported Warehouse
consists of hundreds of thousands of elements and nodes yielding to an extremely computationally cumbersome model, which is not only hard to be designed in a CAD program, but
also nearly impossible to be solved nonlinearly. These problems motivate the search for an
equivalent model which will be computationally efficient but also respect the behavior of the
real structure. The solution suggested in the present papers is to substitute the built-up columns and the roof for simple beam elements whose degrees of freedom will be way lesser.
2.1

Elastic Properties of equivalent beam element in Cross-Aisle direction

The stiffness matrix of a prismatic homogeneous two-dimensional beam element with
doubly symmetric cross-section depends on the material properties (i.e. E and G), length,
cross-section area, moment of inertia and shear area. It is worth mentioning that shear deformation is usually neglected because in beams with typical lengths and cross sections this phenomenon is insignificant. However, in the case of upright frames, the “cross section” does not
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remain perpendicular to the neutral axis [5] and so shear must be considered (Figure 3). If one
neglects the effects of shear deformation, the equivalent element may be 10 to 30% more stiff,
depending on the characteristics of the structure and the distribution of loads. Moreover, compatibility of deformations leads to fixed restraints on the equivalent beam.
Obviously, the equivalent element is made of the same material and has the same length,
thus:
E eq =E
G eq =G

(1)

L eq =L

Cross-section area of the simplified column is equal to the sum of upright’s cross-section
areas:
N

A eq = Ai

(2)

i=1

, where N is the total number of uprights and Ai is the cross-section area of i-upright.
In general, the equivalent moment of inertia of a built-up column consisted of N uprights is
given by:
N

Ieq =  Ai  h i2

(3)

i=1

, where h i is i-upright’s distance from the center of gravity. For example, the upright frame
shown in Figure 4 has moment of inertia equal to:
2
2
h2
 h0 
 h0 
Ieq =A c  -  +A c  0+A c   =A c 0
2
 2 
 2

Figure 3: In built-up columns (left) “cross sections” do not remain perpendicular to the neutral axis. This effect
must be considered when assigning equivalent element’s properties (right)
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Figure 4: Example of a X-type column with 3 uprights (left) and an upright frame with arbitrary bracing (right)

Finally, shear area depends on the geometry and the type of the upright frame (X, D, Z and
K systems. Closed form solutions can be easily derived for common systems, by considering
a segment of the upright frame and enforce static equilibrium [6]. However, in the case of arbitrary bracing configuration like the one shown in Figure 4, no formula exists for the calculation of shear area. In order to overcome this difficulty, the following approximate procedure is
introduced:
1. Isolate the column under consideration and pin the nodes at one end.
2. Apply a point load at the free end. If P is the applied load, then the corresponding
displacement of the free end δ tot is given by:

P=
, where Φ=

12 EIeq
δ tot
4+Φ L3

(4)

P ( 3EI ) L
/G
( 3EI ) δ-PL3

(5)

12EIeq

GAeff L2
3. Solve Eq. (4) for A eff :
A eff =

2.2

Elastic Properties of equivalent beam element in Down-Aisle direction

In down-aisle direction the uprights of an upright frame are independent and thus they behave as springs in parallel. This assumption is valid as the bracings are commonly pinned to
the uprights. As a result, we aggregate the moment of inertias of all uprights:
N

Ieq,DA =  Ii,DA
i=1
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, where Ii,DA is i-th’s upright moment of inertia in down-aisle direction. Moreover, if the uprights are assumed partially fixed to the base plate by employing rotational springs, the sum of
their stiffnesses has to be applied on equivalent beam’s restrained end.
Z-COLUMN SINGLE

Z-COLUMN DOUBLE A

Z-COLUMN DOUBLE B

No uprights

2

3

3

Aeq

2A c

3A c

3A c

2Ac h 02

2Ac h 02

EA d h 02 a
G d2 d
h 30 A d
1+ 3
d Ah

EA d h 02 a
2
2  G 3d d
h A
1+ 30 d
d Ah

Ieq

A eff

Ac

h 02
2

EA d h 02 a
G d2 d
h 30 A d
1+ 3
d Ah

Table 1: Equivalent properties of X-type columns

2.3

Nonlinear behavior of equivalent beam element

The nonlinear behavior of an upright frame can be distinguished in three main categories:
1. Axial Failure. This type of failure refers to flexural, local, distortional and lateral torsional buckling of the uprights [7]. It is common in rack-system technology to perform
laboratory tests to evaluate uprights’ compression resistance and thus, Nrd,upright is usually a known value.
2. Bending Failure. Loads are not primarily carried by bending mechanisms, as bracings
are considered to be pinned and uprights are usually simply supported to the foundation.
However, when vertical bracing system is missing in down-aisle direction, horizontal
loading may lead to development of bending moments in the uprights. However, their
contribution is usually small with respect to the axial loads.
3. Shear Failure. Shear forces are transferred via axial tension-compression mechanism
by bracings, which may fail due to buckling or tensile yielding.
The equivalent element must take into consideration all these failure mechanisms. For instance, open-source software OpenSees [8] provides the Two Node Link Elements (aka Link
Elements, see Figure 5) with the capability to assign axial, rotational and shear springs.
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Figure 5: Concept of Two Node Link Element

One important characteristic of the equivalent element is the coupled behavior of the axial
and rotational spring. Equivalent element’s bending moment M eq is linked to a set of axial
forces N b on the uprights, of opposite direction. As an example, for the Z-type upright frame
shown in Figure 6 the following relation holds:

Meq =Nb  h 0

(7)

On the other hand, equivalent axial force Neq is related to a set of axial forces Neq / 2 on the
uprights, of the same direction. Summing all together, if Nrd,upright is upright’s compression
resistance and N, M the axial force and the bending moment acting on the equivalent element
respectively, then the condition for axial failure is (same formulae can be derived for any
number of uprights):

N rd,upright =

N eq
2

+

M eq
h0

(8)

Eq. (8) indicates a linear interaction between moment and axial force of the equivalent element, which is conceptually illustrated in Figure 7.

Figure 6: Relation between axial forces and bending moments of the two models
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Figure 7: Interaction between the bending moment and axial force of the equivalent element

An important factor that dominates the nonlinear behavior of an upright frame in seismic
loading is bracings’ failure, as indicated in [9]. These structural components are responsible
for the transfer of seismic shear forces to structure’s foundation. If Veq is equivalent element’s
shear force and Nrd,bracing the axial resistance of the diagonal bracing shown in Figure 6, then
failure occurs when:
N rd,upright =

Veq

(9)

cosφ

, where cosφ is the angle between upright and bracing. Eq. (9) holds for Z-type upright
frames with two uprights, but it can be extended for any system.
Concluding, the substitution of an upright frame for simple beam elements does not reduce
model’s capabilities to simulate any type of structural failure. OpenSees’ Link Elements comprise of two rigid linear segments and three or six springs in the center for 2D and 3D analysis
respectively. These springs have to produce the same stiffness matrix as the classic finite
beam elements. Table 2 shows the stiffness of each spring for the 2D case.
Type of beam

EULER-BERNOULLI

TIMOSHENKO

Axial Spring

EA
L

EA
L

Shear Spring

12EI
L3

1 12EI

1 +  L3

Bending Spring

EΙ
L

EΙ
L

P-delta input value
(OpenSees users)

-0.1

-0.1

(1+Φ )

Table 2: Springs’ stiffnesses for 2D Two Node Link Element
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3

ANALYSIS OF AN ARSW FRAME WITH SHEAR FAILURE

The nonlinear behavior of a single ARSW frame is examined in static and dynamic analysis. The uprights are class 1 steel sections and thus not expected to participate in structure’s
failure mechanism. This test case focuses solely to shear failure of the simplified model or
equivalently to bracings’ failure.
3.1

Configuration of test case and structural characteristics

The ARSW frame under consideration (geometry illustrated in Figure 8) consists of 2 external single X-type upright frames and 4 internal double X-type upright frames connected to
a “truss” roof. The section and the material of the uprights and diagonal bracings vary in
height while the horizontal bracing has constant properties (see Table 3 for more details). The
roof is comprised of double angle sections 45x45x4 with steel grade S355.
Regarding the connections, it was assumed that the base plates do not offer additional
stiffness and thus the uprights were simulated as pinned to the foundation and the roof. Horizontal and diagonal bracings were also assumed pinned as they are commonly connected to
the uprights by 1 or 2 bolts. A common practice in the design of pallet racking systems is to
reduce diagonal bracings’ cross-section area to take into account the looseness of their connection. The magnitude of this reduction can be quite significant (e.g. 80%) and is verified by
experimental shear tests. However, for this particular test case the existence of class 1 uprights and diagonals may lead to the safe assumption that this reduction is negligible and thus
it was not considered.

Figure 8: Configuration and geometric properties of ARSW frame test case (units in mm)
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Height (m)
0.00-2.31

2.31-4.81

4.81-9.75

9.75-13.56

13.56-23.2

Uprights

Diagonal

Diagonal

Horizontal

(single)

(single)

(double)

(both)

RHS (S355)

L (S355)

L (S355)

DC (S355)

120x80x10

40x40x5

40x40x5

80x50x3

RHS (S355)

L (S275)

RHS (S355)

DC (S355)

120x80x10

40x40x4

30x30x2.5

80x50x3

RHS (S355)

L (S275)

RHS (S355)

DC (S355)

120x80x6

40x40x4

30x30x2.5

80x50x3

RHS (S355)

L (S275)

RHS (S275)

DC (S355)

120x80x4

35x35x4

30x30x2.5

80x50x3

RHS (S355)

L (S235)

RHS (S235)

DC (S355)

120x80x4

30x30x4

30x30x2

80x50x3

Table 3: Cross sections of upright frames. (RHS: Rectangular Hollowed Section, L: Angle, DC: Double Channel)

3.2

Reduced order models

Three models of decreasing accuracy will be examined:
1. Fiber Model: All structural members suspected to participate in structure’s failure
mechanism (i.e. uprights, diagonal and horizontal bracings) are simulated as forcebased fiber elements [10] with 3 integration points. Especially for the diagonal
bracings in compression, an imperfection L/200 is assumed, where L is the length
of the element. For the rest elements classic Euler-Bernoulli beams where used.
2. Truss Model: In this case, uprights are assumed to behave linearly (class 1 sections),
while the bracings are simulated by nonlinear truss elements. Their material law
can be derived by EN1993 formulae or by isolating each bracing, simulate it by fiber elements, perform compression and tension arithmetic tests and use them to
find an equivalent stress-strain diagram. For the rest elements classic EulerBernoulli beams where used.
3. Link Model: Here, an entire upright frame is substituted for a Two Node Link Element that includes shear failure. As mentioned before, Link Elements include axial,
rotational and shear springs which may have nonlinear material laws. Here we will
mainly focus on the characteristics of the shear spring.
To determine the elastic properties of the Link Elements first we have to substitute the upright frames for elastic Timoshenko Elements, using Eq (1) to Eq (6). Afterwards, spring’s
elastic stiffnesses can be readily evaluated using Table 2.
Next, the nonlinear behavior of the shear spring will be approximated. In initial configuration (Figure 9), shear forces are transferred through the diagonal bracings, while the horizontal bracing is unstressed due to symmetry. We define N( + ) , N( -) diagonal bracing’s strength in
tension and compression respectively and N h buckling resistance of the horizontal bracing.
The following relations hold:
• N( +) >N( -) , as in compression buckling phenomena are witnessed.
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•

N h >N ( -) , as h 0 <d and taking into account that horizontal bracing commonly is com-

prised of equal or even heavier section than the diagonal.
Thus, the first member exceeding its ultimate strength will be the diagonal bracing in compression, which corresponds to a “yield shear strength”:
Vy =2N ( -)

h0
d

(10)

Figure 10 shows the failure mechanism of a X-type upright frame. One can claim that the
system has transformed from X-type to Z-type and thus the shear area has changed. This will
be referred as “shear degradation”. Link element’s reduced shear stiffness after the degradation will be:
k y,shear =

12EI
(1+Φ y ) L3

(11)

, where Φ y is calculated using the shear stiffness formula for the Z-type columns given in
Table 1. Shear spring’s “yield deformation” is derived by combining Eq (10), Eq (11) and:
δy =

Vy
k y,shear

(12)

The upright frame has transformed from a X-type to a Z-type and thus, horizontal bracing
is now compressed. The next structural member that will fail depends on their tensile and
h
compressive strength. If N h <cosφN ( + ) = 0 N( + ) , the horizontal bracing in compression will
d
fail first, otherwise the diagonal bracing in tension. Following a similar to Eq. (10), (11) and
(12) procedure the complete force-displacement diagram can be calculated for each spring.

Figure 9: Shear transfer mechanism in initial configuration

5766

D.Tsarpalis, D. Vamvatsikos, I. Vayas

Figure 10: Failure sequence of X-type upright frame’s bracing

3.3

Modal Analysis

First, Modal Analysis is performed to validate the Link Model in the elastic region. The
masses are assumed to be lumped, of magnitude 10 kN at each level. The results for the five
first eigenmodes are shown in Figure 11 and Figure 12. As it is observed, the Link Model
predicts well even the higher modes of the system, and so, it is expected to give accurate results in linear dynamic analysis.

Figure 11: First Eigenmode of Full Model (T1,1=0.775 sec) and Link Model (T1,2=0.784 sec)
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Figure 12: 2nd, 3rd, 4th and 5th mode shapes. 5% maximum relative error

3.4

Pushover Analysis

Next, Static Pushover Analyses were performed for the three models, assuming triangular
distribution for the lateral loads. The analyses were executed until the system reached 10%
roof drift or stability and non-convergence problems occurred. The Base-Shear vs Top Node
Displacement diagrams are illustrated in Figure 13a and Figure 13b for 800 kg and 2000 kg
pallet load respectively.
All models respond linearly and elastic until a roof displacement approximately equal to
150 mm is achieved. After this “limit state” is exceeded, the structure is highly nonlinear, and
Pushover’s slope decreases exponentially. This behavior was attributed to the successive failure of the diagonal bracings in tension. At about 500mm the slope has dropped to 7.2% of the
elastic branch for the Link Model, 5.5% for the Truss Model and 7.7% for the Fiber Model. It
is mentioned that steel’s strain hardening was chosen equal to 5% which is roughly Pushover’s residual slope.
Pallet load scenarios 800 and 2000 kg have a vast difference in post-capping behavior. In
latter, P-delta phenomena are of major importance and the structure is not able to achieve high
ductility and overstrength.
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Figure 13: Base Shear vs Top Node Displacement of Pushover Analysis for the three models under examination; (a) 800 kg pallet load and (b) 2000 kg pallet load

3.5

Pushover Analysis

Nonlinear dynamic analyses were executed for the Truss and Link Model, and the timehistory results are displayed in Figure 14a to 14d. Structural properties, geometry and distribution of masses were the same as in Pushover Analysis of 800 kg pallet load. In addition,
both systems were assumed undamped, and thus residual oscillations are expected. It was observed that the Link Model was encouraging accurate, as it was able to predict adequately
well the maximum displacement of the system.

(a) Accelerogram BLD90 (x1.0)
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(b) Accelerogram BLD90 (x4.0)

(c) Accelerogram, BLD90 (x6.5)

(d) Accelerogram NR94 (x1.0)

Figure 14: Results of time history analyses for the Truss and Link Model
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4

CONCLUSIONS

The simplified method developed in present thesis was tested on a 2D Automated Rack
Supported Warehouse frame for linear, nonlinear static and nonlinear dynamic analyses. In
elastic region, the reduced-order model can predict extremely well even the higher
eigenmodes of the real structure. A question remains about Linear Buckling Analysis, as upright’s local buckling between bracings cannot be considered.
Concerning nonlinear analyses, the introduced model uses Two Node Link Elements to
simulate the nonlinear response of upright frames and Timoshenko Beam Elements for the
roof. In this specific test case, uprights were considerably stiff, so they did not participate in
structure’s plastic mechanism. Thus, we concentrated on bracings’ compression and tension
failure, which corresponds to shear degradation for the equivalent link element. As it was observed, X-column was “transformed” to Z-type after buckling of the diagonal bracing occurs
and the system loses shear stiffness.
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Abstract
The application of Fiber Reinforced Polymer (FRP) strips is common for rehabilitation
and strengthening of concrete structures. Still, the strengthening of steel profiles with FRPs
has received little attention so far. In this direction, three tests were performed on steel plates
strengthened with Carbon Fiber Reinforced Polymers (CFRP) at the Institute of Steel Structures, NTUA. They comprised one tensile and two four-point bending tests on composite specimens that consisted of one 3mm thick steel plate and one 1.2mm thick CFRP plate bonded
together in order to make a preliminary estimation of the CFRP strengthening effect. The first
four-point bending test was performed with the CFRP on the tension side, while the second
test employed the CFRP on the compression side of the specimen. Analytical approaches as
well as numerical nonlinear analyses using finite elements were employed to gain intuition
and further substantiate the results. In conclusion, CFRP strengthening was found to be an
effective strengthening method, which enhances ductility, tensile and bending capacity of the
steel plate by almost five times, regardless of whether the CFRP is used under tension or
compression. Notably, the CFRP plates, despite their slenderness were found to offer considerable resistance to compression stresses.

Keywords: Experimental tests, Carbon Fiber Reinforced Polymers (CFRP), Steel strengthening, numerical analyses, analytical procedure.
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1

INTRODUCTION

The application of fiber-reinforced polymers (FRP) has been long established in teaching,
research, design and regulation for strengthening and repair of concrete structures [1] – [4].
However, such an activity for steel structures is relatively new although strengthening of steel
structures by means of FRPs has gained attention in recent times [5]. The main application
fields refer to enhancing the moment capacity of steel or composite girders in building/bridge
applications [6], [7], increasing the local buckling resistance of thin-walled compression elements [8], repair through crack-patching of fatigue prone details [9], or increase strength and
ductility by means of confinement of steel or concrete filled steel tubes [10], [11]. It is therefore not surprising that, at least in Europe, there is a lack of regulations on the subject, except
probably an Italian guideline [12], while the European seismic code for assessment and retrofitting of buildings [2] provides information for FRP-interventions in reinforced concrete
structures only and not for steel or composite structures.
The potential for structural interventions in steel structures by means of FRPs is high, at
least in some areas, despite the fact that conventional interventions with steel for steel structures are easier to implement than with concrete for concrete structures. Indeed, it is simpler
to remove and repair damaged steel parts or entire structural members and easier to attach for
strengthening purposes new to existing steel through welding or bolting, than remove, repair
or strengthen through jacketing existing concrete members. An area where FRP composites
might be applied with big advantages is for strengthening of masts and towers, like for telecommunication towers that are often in need of strengthening due to their occupation with
more and larger antennas. Indeed, the classical method for strengthening tower legs where a
second angle profile is added in a star battened configuration may be substituted by adhesive
bonding of FRP plates to the existing angle profile. This leads to a smaller attack area of the
strengthened member for the wind and a smaller periphery for the snow loading, leading to
increased resistance and less loading, while the conventional method leads to increased resistance and higher loading. In addition, the operation could be handled easier due to less
weight to be lifted, less space needed and, probably, lower susceptibility to environmental influences. Another area of potential beneficial application is for buildings in seismic areas
where FRP plates could be attached to the beam flanges near the beam-to-column joints, in
order to move the plastic hinges away from the joints, or added panel zones to increase their
shear capacity. The interest for such research at European level appears to attract attention and
is funded by the Research Fund for Coal and Steel (RFCS) in the ANGELHY project [13] and
the German Academic Exchange Service (DAAD) in a project of hybrid strengthening methods [14].
Characteristic for these applications is that FRP composites are added in both tension and
compression zones of elements, as well as in zones subjected to both compression and tension.
Indeed, tower legs or bracing members may be subjected to compression or tension forces depending on the wind direction, flanges of beams in building frames in seismic areas are subjected alternatively to compression and tension, depending on the direction of the seismic
excitation and the same happens to the applied shear forces of panel zones.
Design for FRP strengthening of steel elements is currently based on the nominal FRP material properties as supplied by the fabricators. These material properties, such as modulus of
elasticity, tensile strength or elongation at fracture, refer exclusively to tension. Indeed, international test specifications for FRP material refer only to tensile testing, [15] to [18], obviously due to the fact that FRP material is predominantly used for tension and too thin to be
directly tested for compression. The tension properties are also used, unchanged, in analytical
formulae proposals for the prediction of the global or local buckling resistance of compression
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members [8]. However, this approach may be questioned due to the fact that the compression
resistance of FRPs is expected to be lower than the resistance to tension. It would be therefore
beneficial to test the material under compression and check whether the compression properties are the same as for tension. Unfortunately, there is no international specification providing a test method, but for such a test the FRP material should be obviously attached to another
element from the material that is intended to strengthen. Another issue, unspecified yet, is
whether compression originates in the test from axial force or bending. For the current research it was accordingly considered necessary to investigate prior to the full-scale tests on
angle leg columns, complete towers or beam-to-column joints, as planned in the relevant projects, the compression and tension behavior of FRP stripes bonded to steel plates. This would
help the determination of the relevant properties and the correct design of the interventions.
This paper presents experimental, analytical and numerical investigations on the behavior
of composite steel-CFRP specimens subjected to a tension and two four-point bending tests,
one with the CFRP material on the tension side, the other on the compression side. The purpose was to determine the properties of FRP plates in tension separately from whether the
tension arises from external axial forces or bending moments, and in compression arising
from bending moments. Carbon fiber-reinforced polymer (CFRP) was used as composite material due to its high elastic modulus and tensile strength. The research was carried out in the
frame of the MSc-Theses of the two first authors [19], [20].
2

GENERAL SPECIFICATIONS

The test specimens were constructed by the partner of the DAAD project [14] at the Brandenburg University of Technology (BTU) in Germany. They had the same dimensions and
were made by the same materials. Each one was consisted by two parts, a 3mm thick steel
plate with dimensions 80x250mm and a 1.2mm thick CFRP plate with the same dimensions
(80x250mm). The two parts were bonded with a structural adhesive along their whole surface,
with measured thicknesses of 1.3, 1.1 and 1.1 mm for the specimens 1, 2 and 3 respectively.
Two aluminum tabs with dimensions 84x100x3mm were also used at the specimen’s ends on
the side of the CFRP plate, in order to protect the fibers and avoid a local failure or a fibers’
break at the sections that are attached in the machine’s grips in the tensile test or at the points
of load application in bending tests. The side and plan view of the specimens are shown in Fig.
1, while Fig. 2 shows pictures of the specimens before testing.
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Figure 1: Plan and side view of the specimens

Figure 2: Picture of the specimen before testing

The mechanical properties of the constituent materials have been determined experimentally by tensile testing, carried out in an INSTRON 300XL universal machine with 300kN capacity. Steel has been tested by two tests in accordance with [21]. The resulting σ-ε-curve is
shown in Fig. 3, the mechanical properties, as average from the two tests, in Table 1.

Figure 3: Experimental stress-strain curve for steel

Ε
(MPa)

Yield
Yield
Hardening Hardening Ultimate Ultimate
stress σy strain εy stress σR strain εR stress
strain
(MPa)
(%)
(ΜPa)
(%)
σmax
εmax (%)
(ΜPa)
210000 287.5
0.1364
291
2.886
375
39.818
Table 1: Material properties of steel
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The CFRP plates were made by MC Brauchemie and are considered as “low strength”
plates. Their designation is 160/2400, i.e. the nominal modulus of elasticity is 160 GPa and
the ultimate strength 2400 MPa. The plates were made using unidirectional fibers along the
longitudinal axis of the plate. The actual mechanical properties have been determined by tensile tests on seven (7) specimens according to EN ISO 527-4 [16] and ASTM D638 -03 [17],
D3039 [18]. The dimensions of the specimens were 300x25x1.5 mm, with their ends protected from the jaws of the machine by aluminum end tabs of dimensions 105x30x3 mm, as proposed by [16]. The loading speed was 1mm/min, lower than as specified in [16], in order to
allow taking pictures by a thermic camera Flir B360 that was used to investigate if temperature changes take place in the material during the loading process. Strains were measured by
both extensometer and strain gage. The material behaved linear elastic up to failure which was
brittle and was due to the breakage of the carbon fibers, Fig. 4. Fig. 5 shows the resulting σ-εcurves as derived from the extensometer and the strain gage measurements. The former indicates that slippage occurs between the extensometer and the specimen distorting the results.
Accordingly, mechanical properties were determined on the basis of the strain gage measurements. The modulus of elasticity was determined by two methods: (a) as the slope of the
curve between two predefined points with strains ε1 = 0,05% and ε2 = 0,25% proposed in [16]
and (b) as the linear trendline of the σ-ε-curve from the origin up to failure. The average value
from the tests was for method (a) ≈130 GPa, while for method (b) ≈141 GPa. Both methods
delivered lower value than the nominal value provided by the producer, possibly due to the
fact that only one strain gage was used on one side of the specimen so that effects of eccentricity were present. The average values for the ultimate stress was 2734 MPa, i.e. higher than
the nominal value, as expected, and for the ultimate strain 1.91%.

Figure 4: CFRP specimens at failure
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Figure 5: Experimental stress-strain curve for CFRP

The structural epoxy resin Scotch WeldTM DP 490 was used as adhesive to bond steel and
CFRP plate, which is characterized by its simple and easy application and therefore recommended by its producer as appropriate for steel sections. Its ultimate shear stress τk and normal stress σk are estimated based on [5] and are shown in Table 2.
Ek (MPa)
3036

Shear strength Shear modulus
τk (MPa)
Gk (MPa)
3.76

308.9

Table 2: Material properties of adhesive, average values

This adhesive was not strong enough to bond the aluminium tabs at the specimen’s ends to
the CFRP plates, so that Sikadur 30 from SIKA with nominal shear strength of 20 MPa was
used instead.
As mentioned before, the specimens were fabricated at the Brandenburg University of
Technology, Germany, following a specific procedure. Firstly, a special treatment using a
hard brush was implemented to the steel surface, to increase the surface roughness in order to
have better application of the adhesive. Then the surfaces of both steel and CFRP plates were
cleaned with acetone. The adhesive was added using a special equipment, Fig. 6, to allow a
uniform application of the adhesive with a thickness of approximately 0.2mm over the entire
surface. For this purpose, small beads with diameter 0.105-0.20 mm made from glass were
placed between the two surfaces as seen in Fig. 6. The two bonded plates remained under
constant pressure for seven days until the adhesive reached its total strength. However, after
this procedure the adhesive’s thickness was measured, as well as possible, and was estimated
to be 1.3, 1.1 and 1.1 mm for specimens 1,2, and 3 respectively.
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Figure 6: Application of the adhesive using special equipment

Subsequently, two aluminum tabs were also bonded on the CFRP side to protect it from the
jaws of the machine. A different adhesive, Sikadur 30, was used to bond the aluminum plates
to the CFRP plate. After that the three specimens remained seven more days under some heating lamps at a constant temperature of 33-36⁰C, so that adhesive reaches its maximum
strength.
3

TENSILE TEST

The tension test was carried out in the INSTRON 300XL machine. The specimen was
loaded via displacement control at a testing speed of 0.2 mm/min, up to the maximum load
capacity of the test machine, 300 kN, which is lower than its nominal failure load. Besides the
load and the total elongation measured by the machine, strains on both the steel and the CFRP
were measured by two strain gauges. The test set-up is shown in Fig. 7.

Figure 7: Test set-up for the tension test

The experimental force – displacement curve is shown in Fig. 8. The applied force is divided between the steel and the CFRP plates as in Fig. 9. It may be seen that steel behaves in
the elastic-plastic, while CFRP purely in the elastic range. The force is distributed according
to the stiffness of the constitutive parts as long as steel behaves elastic. When steel enters into
the plastic region, it transfers only its yield force the other part transferred by the CFRP. This
is because steel did not enter into the strain hardening region, as the strains measurements
showed.
Assuming uniform strain distribution in the two materials, i.e. both materials are subjected
to pure tension, the total force may be determined analytically and expressed by equations (1)
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and (2). This assumption, which will be checked later, leads to acceptable results. This is
shown in Fig. 8 where the simplified analytical curve is compared to the experimental curve.
:

(1)

:

(2)

where:
Es , Ecfrp are the modulus of elasticity of steel or correspondingly CFRP
εs, εcfrp are the, measured, strains of steel or correspondingly CFRP
As , Acfrp are the cross-section areas of steel or correspondingly CFRP
εy, fy are the actual yield strain and yield stress of steel

Figure 8: Experimental, analytical and numerical force – displacement curve

Figure 9: Partial forces transferred by the steel and CFRP plates

The specimen didn’t reach failure at maximum load due to the limited capacity of the machine. However, the specimen exhibited a large permanent bow deformation after unloading
as shown in Fig. 10, due to the fact that steel entered into the plastic range and exhibited a
permanent tensile deformation. The corresponding plastic strain at unloading was measured
by the strain gages as εper = 1,3%. This value is confirmed by appropriate geometrical measurements after the test and application of eq. (3).
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(3)
where, Fig. 10:
f is the, measured, sagitta of the chord and
L is the, measured, chord length of the specimen.

Figure 10: Permanent bow deformation after unloading. Steel on the tension (convex) side

The tension test was in addition investigated numerically using the ABAQUS Code [22].
Steel was modelled by application of solid elements of type C3D8R (Continuum solid element, 8-node linear brick, Reduced integration with hourglass control), while CFRP with
shell elements of type S4R (Shell, 4-node double curved thick shell). The thickness of the
shell was determined through the Composite Layup, by entering the number of carbon layers
from which the CFRP is composed. Such a model is necessary when the orientation of the individual layers differs. In our case the same result could be achieved by a single layer with the
total thickness. The end tabs and the epoxy resin were not included in the model. The interaction between steel and CFRP was introduced by connection of the two contact surfaces by
means of tie constraints so that the two parts are rigidly connected with no slip between them.
The material properties of steel were introduced to follow the measured σ-ε-curve shown
in Fig. 3. For the composite material the material properties were given separately for the fibers, type Graphite IM6 with modulus of elasticity Ef = 275.6 GPA, Poisson’s ratio v = 0.2,
ratio vf = 51% and the matrix, type Epoxy 9310/9360 with Em = 3.12 GPA, vm = 0.38 and ratio vm = 49%. The modulus of elasticity of the composite material in the longitudinal, 1,
transverse, 2, and through thickness, 3, direction and the shear moduli are determined from
eqs. (4) to (8) correspondingly [23]:
(4)
(5)
(6)

E3 = Em

(7)
(8)

G23 = Gm

where:
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vf, vm are the fibers ratio and the matrix ration correspondingly and
G = E / [2∙ (1+ν)] for the fibers, f, and the matrix, m.
The Poisson’s ratio of the composite material may be determined from:
(9)
(10)
The numerical model included the specimen over its entire length, but at the end regions
where the jaws are acting the relevant displacements were restrained so that one end is fixed
and the other can move freely in direction of the load application. The force – displacement
curve of the numerical model is illustrated in Fig. 8, together with the experimental and analytical curves. The comparison shows a quite good agreement with the experimental and analytical results, indicating that the adopted input material parameters and the assumption of no
slip between the two materials are acceptable.
However, the numerical model allows the determination of the strain and stress state separately in the two material as shown in Fig. 11 and 12. It may be seen that the stresses, and
strains, at the external and internal surfaces of steel are not identical. Strains therefore vary
through the specimen’s thickness as shown in Fig. 13. The actual strains measured during the
test were εso and εcfrp at the specimen’s surface, which are similar but not identical to the
strains at the centroids of the corresponding materials. The corresponding stress distribution
gives rise to an internal moment that was calculated analytically by the strip method and numerically with ABAQUS and is shown in Fig. 14. This moment is in equilibrium with the external moment, calculated as the product between the applied force and the eccentricity
between this force and the centroid of the composite section, calculated from eq. (11). The
external moment is also illustrated in Fig. 14. There is a discrepancy between the curves of
the external and internal moment that is due to the approximations made in the calculations of
both. More specifically, the calculations for the internal moment assume pure axial tension
with no moment in the initial loading steps, while moments arise later due to plasticity. On the
other side, the external moment starts to develop from the beginning and is affine to the applied force since the eccentricity is considered unchanged during the test.
Besides the moment, the strip method was applied to calculate the axial force by integration of the axial forces in the individual strips. The relevant analytical curve is shown in Fig. 8.
The comparison with the experimental curve indicates that the strip method is more accurate
to the simplified one in the elastic region, while the two converge at larger strains in the plastic region of steel.

Figure 11: Stress distribution in the CFRP plate
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Figure 12: Stress distribution in the external and internal face of steel

Figure 13: Actual strain distribution in the composite specimen

Figure 14: Moment – displacement curve of the specimen
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4

FOUR-POINT BENDING TEST – FRP ON THE TENSION SIDE

The test set-up for the 4-point bending test, which was carried out in the INSTRON 300XL
machine, is shown in Fig. 15. The specimen was loaded via displacement control at a testing
speed of 0.42 mm/min. The recordings included the applied load, the deflection at mid-span,
both measured from the machine recordings, and the strains of the steel and the FRP-plate at
midspan, measured by two strain gauges. At late loading stages no steel’s strain data were
available because the strain gauge at the compression side was disconnected due to very high
strains. Small slips also occurred at certain times during the test.

Figure 15: Test set-up for the 4-point bending test – CFRP in tension

The experimental force – deflection curve is shown in Fig. 16. At some points the load
drops indicating small slips between the specimen and the supports. The experimental test
was accompanied by analytical and numerical calculations. For the former two methods were
adopted.

Figure 16: Experimental force – mid-span deflection curve
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• Analytical Method 1
This is based on the Bernoulli-Euler beam theory for linear strain distribution over the
cross section, Fig. 17. The centroid of the cross section, distance from the top side, is calculated from eq. (11):
(11)
where:
zs, zres, zcfrp are the centroids of steel, resin or CFRP correspondingly
As, Ares, Acfrp are the cross-section areas of steel, resin or CFRP correspondingly
Es, Eres, Ecfrp are the moduli of elasticity of steel, resin or CFRP correspondingly
nres = Es/Eres is the modular ratio of the resin
ncfrp = Es/Ecfrp is the modular ratio of the CFRP

Figure 17: Calculation procedure for the internal moment – Analytical method 1

Starting from the strains as measured during the test, the internal moment is determined by
the strip method as indicated in Fig. 17 neglecting the contribution of the resin. The analytical
moment – deflection curve is illustrated in Fig. 18 and compared with the experimental one.
The disadvantage of the analytical method 1 is that no experimental strain data are available at
the late loading steps so that the moment can be calculated up to a certain point (up to a deflection 25 mm in Fig. 18).

Figure 18: Experimental and analytical moment – deflection curves

• Analytical Method 2
In this method the computation process is reversed. The tension force in the CFRP, acting
at its centroid, is determined from eq. (12):
(12)
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where:
is the strain at the CFRP centroid of the CFRP. It is taken as ½ of the measured CFRP
strain, since the plastic neutral axis of the composite section is considered to be within the adhesive.
The tension force in the CFRP is equal for equilibrium reasons to the compression force in
steel, Fig. 19. The stress distribution in steel is assumed uniform across its thickness. The
steel stress is determined from measurements as long as strain data for steel are available. After it, the steel stresses are estimated under consideration of strain hardening. The so calculated moments are shown in Fig. 18.
It may be seen that despite the missing strain measurements, method 2 is appropriate for
the late loading steps at large strains where steel is yielding and strain hardening, while method 1 fits better for the early loading steps. Fig 18 shows that the combination of the two
methods may provide a good estimate of the specimen’s response.

Figure 19: Calculation procedure for the internal moment – Analytical method 2

The bending test was also investigated numerically with the same modelling using the
ABAQUS Code as previously described. Fig. 20 shows the test specimen in its deformed
shape, together with the corresponding numerical model.

Figure 20: Experimental and numerical model at its deformed state
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The calculations included MNA and GMNA analyses, where in the former only the material non-linearity and in the latter the geometric and material non-linearity were considered.
Fig 21 shows the experimental and numerical results. It may be seen that the numerical results
fit well with the experimental ones, especially when the effects of slip are removed from the
experimental ones. The numerical models, especially the GMNA analysis, predict a smaller
capacity due to the neglect of any contribution of the adhesive. However, the initial stiffness
is very close to the experimental one.

Figure 21: Experimental and numerical moment – deflection curves

5

FOUR-POINT BENDING TEST – FRP ON THE COMPRESSION SIDE

The test set-up, the measurements and all other data are the same as before, except that the
specimen is put upside down, so that the CFRP is on the compression side, Fig. 22. For the
same reasons as before, at late loading stages no CFRP strain data were available because the
strain gauge was disconnected at the compression side due to very high strains.

Figure 22: Test set-up for the 4-point bending test – CFRP in compression

Fig. 23 shows the experimental and analytical moment – deflection curves. The analytical
curves were determined by the two methods described before. It may be seen that the combination of methods 1 and 2 provides acceptable results, even if the contribution of the resin
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was neglected. Based on the analytical calculations, the compression strength of the CFRP is
estimated to be 640 MPa.

Figure 23: Experimental and analytical moment – deflection curves

This test was also studied numerically using the same model as in the other tests. Especially, the material properties of the CFRP were taken as those for tension. Both MNA and
GMNA analyses were performed. The deformed shape of the model for the GMNA analysis
is shown in Fig. 24 and may be compared to the deformed shape of the experimental model
shown in Fig. 22.

Figure 24: Deformed shape of the numerical model by GMNA analysis

Fig. 25 shows the experimental and numerical moment - deflection curves. It may be seen
that for this test the GMNA analysis provides better results. However, the numerical analyses
cannot predict the moment capacity due to the fact that for the CFRP material the linear elastic tension properties were introduced. Accordingly, the large deflections predicted numerically are not realistic if the tension properties of the material are adopted. Based on the stresses
of the numerical model at the maximal deflections of the experiment, the compression
strength of the CFRP is estimated as 700 MPa, which is similar to 640 MPa as determined
with the analytical model. This is around 30% of the nominal tension strength. However, it
should be noted that no local buckling occurred in this test.
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Figure 25: Experimental and analytical moment – deflection curves

The numerical model was further on used to calculate the 4-point bending response of the
steel plate alone without any CFRP strengthening. Fig. 26 compares the derived curve in
comparison with the experimental curves of the same steel plate strengthened with CFRP on
the tension or the compression side. It may be seen that the bending capacity of the steel plate
increased almost 6 times by strengthening it with CFRP in the tension side. When the CFRP
was placed on the compression side this increase was less, around 4.6 times, confirming the
lower strength of CFRP when it is used for compression. However, the stiffness of the
strengthened specimens was equal indicating that the same modulus of elasticity may be used
for the CFRP either in compression or tension. Important is that the ductility of the composite
specimen is exhausted when the CFRP material is reaching its compression capacity.

Figure 26: Moment – deflection curves for steel plates with and without CFRP reinforcement subjected to 4point bending

6

CONCLUSIONS

The behavior of steel plates reinforced in one side with carbon fiber reinforced polymer
(CFRP) has been studied experimentally, analytically and numerically. The properties of the
source material have been determined experimentally. Subsequently, the composite material
has been subjected to tension tests and four-point bending tests with the reinforcement on the
tension and the compression side. The test material has been prepared in BTU Cottbus, Germany, while the tests have been executed in NTUA, Athens, Greece. Analytical relations have
been derived on the basis of the Bernoulli assumption of linear strain distribution in the cross
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section and numerical investigations with application of the FEM have been performed. From
the studies carried out following conclusions may be drawn:
1. One-sided strengthened steel plates subjected to axial tension forces exhibit permanent
bow deformations after unloading due to irreversible plastic deformations of steel.
2. Existing analytical relations for defining the properties of the CFRP plates in relation
to the properties of the two constituent materials, the carbon fibers and the matrix,
have been confirmed.
3. The modulus of elasticity of CFRP was equal, whether the CFRP was in the tension or
in the compression side.
4. The strength of the CFRP was different for compression and tension, the former being
a fraction of the latter.
5. The assumption of a composite section from two different materials, the Bernoulli assumption of linear strain distribution in the cross-section and the assumption of no slip
between the two constituent materials are valid for this type of strengthening, provided
that appropriate adhesives are used and their application follows the relevant specifications for their connection.
6. Design for CFRP strengthening of steel elements where the CFRP is in the tension
side may be based on the nominal material properties of CFRP as determined by the
specified tensile testing.
7. For CFRP strengthening of steel elements where the CFRP is in the compression side,
only the modulus of elasticity of CFRP as determined by the tensile testing may be
used, while its strength must be reduced
8. Four-point bending tests of the composite material with no local buckling as outlined
here, where the CFRP is in the compression side are appropriate to define the properties of the CFRP material to compression.
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Abstract
This paper illustrates the effect of architectural non-structural components on the variation of
dynamic properties and lateral seismic behaviour of Cold-Formed steel (CFS) buildings, using shake-table tests and numerical modelling. The seismic behaviour of a two-storey gypsum-sheathed building was investigated as a part of European project ELISSA. Shake-table
tests were carried-out on this building under two different configurations: with and without
architectural non-structural components. Dynamic properties, such as fundamental period
and damping ratio, of both building configurations were evaluated and compared. Numerical
models considering all the architectural non-structural components were developed in Opensees environment. Results highlight the importance of considering the contribution of architectural non-structural components, such as finishing materials of shear and gravity walls,
partition walls and internal counter walls, in the process of structural analysis and modelling
of CFS buildings.

Keywords: CFS structures, Shake-table test, Non-Structural Components, OpenSees modelling.
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1

INTRODUCTION

Nowadays, Cold-Formed Steel (CFS) structures are often preferred to the traditional co nstructions as low-rise buildings in seismic areas due to their light weightiness and good seismic performance [1]. In fact, in the last decades numerous studies on elements [2–4],
components [5–12] or whole buildings [13–15] have evaluated their seismic response. Although structural behaviour has been deeply investigated, only few experimental and numer ical works have been carried out for the evaluation of the influence of architectural nonstructural components on the global seismic response [16,17]. As demonstrated, the presence
of non-structural architectural components offers a big contribution to the lateral resistance
and stiffness of structure, but the current seismic design of CFS buildings does not take into
account that contribution. To overcome this lack, as a part of European project ELISSA, the
main task of University of Naples “Federico II” was the design and the exec ution of shaketable tests on full-scale two-storey CFS building in two different construction phases, which
differ for the presence of architectural non-structural components. The influence of finishing
material and other non-structural architectural components, i.e. partition walls and internal
counter walls, on the dynamic properties of the structure (fundamental period of vibration and
damping) has been evaluated, through the experimental results and numerical modelling. This
paper summarises the experimental campaign and 3D building models developed in Opensees
[18] software, focusing on the effect produced by non-structural architectural components on
the seismic response.
2
2.1

EXPERIMENTAL CAMPAIGN
General

An experimental campaign aimed to deepen the knowledge of structural behaviour of CFS
constructions, subjected to seismic excitations, was carried out at the Department of Structures for Engineering and Architecture of University of Naples “Federico II”. In particular, the
influence of architectural non-structural components on the seismic behaviour was investigated through cyclic tests and shake-table tests. The cyclic tests were carried out on two fullscale gypsum-sheathed shear wall configurations, which differ only for the presence of finis hing and insulating materials, whereas shake-table tests were carried out on a full-scale 3D
building mock- up with and without architectural non-structural components. In particular, the
wall specimen without finishing and insulating materials is named as B wall Configuration,
while the specimen wall with finishing and insulating materials is named as C wall Configuration. Equally, the building mock- up without architectural non-structural components is named
as B mock-up Configuration, while the building mock-up in which the architectural nonstructural components were added is named as C mock-up Configuration. The B and C wall
Configurations were representative of the shear walls used in the B and C mock-up Configurations, respectively. More details about the research project are available in Landolfo et al.
[19].
2.2

Shear wall testing

The effect of the presence of finishing materials was evaluated through cyclic tests. The
wall specimens had a dimension of 2.4 × 2.3 m (length x height). The two wall configurations
are shown in Fig.1. The steel frame of specimens was mainly composed of intermediate and
chord studs and tracks. The studs had 147×50×10×1.5 mm (outside-to-outside web depth ×
flange size × lip size × thickness) lipped channel (C) sections mainly spaced at 625 mm on the
centre. Tracks had 150×40×1.5 mm (outside-to-outside web depth × flange size × thickness)

5792

A. Camp iche and S. Shakeel

unlipped channel (U) sections. All the steel members were made of S320GD+Z steel (characteristic yield strength: 320 MPa, characteristic ultimate tensile strength: 390 MPa). The steel
frame was sheathed with 15.0 mm thick impact resistant gypsum board on both sides. In order
to withstand the axial force due to overturning phenomena, back-to-back coupled studs and
ad-hoc designed hold-down devices were placed at the wall ends. For the second test (C wall
Configuration), the wall specimen was comp leted with insulation mineral wool, inserted
among steel studs. The internal face was completed with an internal counter wall made of 20
mm thick vacuum insulated panel attached to the structural wall, 50×50×0.6 mm C vertical
profiles spaced at about 600 mm, 50×40×0.6 mm U horizontal tracks, 50 mm thick insulation
mineral wool. The steel frame of the internal counter wall was sheathed with double layer of
15 mm thick impact resistant gypsum board panels. The external face was completed with a
ventilated façade made of a water proof membrane, 25×100 (outside-to-outside web depth ×
outside-to-outside flange size) slotted Ω horizontal profiles spaced at about 400 mm on the
centre, sheathed with 12.5 mm thick cement-based outdoor board panels and finished with
fibreglass mesh and cement plaster. Tests on wall specimens were conducted under displacement control in the reversed cyclic regime. The CUREE protocol, developed by Krawinkler et
al. [20], was used.
Results are presented in the form of a comparison of cyclic behaviour obtained for the B
and C Configurations walls (Fig. 2). Test results are shown in Table 1 in term of peak resistance per unit length (Fmax /L), elastic resistance per unit length (Fe/L), which is the 40% of
maximum resistance, drift corresponding to Fe (de /H), ultimate drift corresponding to a load
equal to 0.80∙Fmax on the post-peak branch of the response curve (d u/H) and conventional elastic stiffness per unit length (ke/L) assumed equal to Fe / (L de). For both specimens the wall
collapse was mainly governed by the tilting and pull- out of sheathing-to- frame connections.
At global level, the steel frame deformed as a parallelogram with a cons equent rigid rotation
of the sheathing panels. In the case of C wall Configuration, the detac hment of the sheathing
panel, together with the wall lining of the internal face was also occurred for inter-storey drift
ratios (IDR) higher than 4%. The presence of the finishing gave an increase in average of 48%
for the wall strength and 39% for wall stiffness. Further details are available in Macillo et al.
[21].

1

5

2

4
3

1. stud; 2. chord stud; 3. track; 4. hold-down; 5. gypsum board
a)

b)

Figure 1 a) View side of the B wall Configuration, b) Sections of B and C wall Configurations
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Pos. Env.

Fₑ/L
[kN/m]
5.60

de/ H
[% ]
0.19

k e/L
[kN/mm/ m]
1.28

Fmax/L
[kN/m]
14.00

du/ H
[% ]
1.97

Neg. Env.

5.54

0.20

1.24

13.85

1.95

Av.
Pos. Env.

5.57
8.47

0.19
0.23

1.26
1.63

13.92
21.17

1.96
2.71

Neg. Env.
Av.

7.98
8.22

0.19
0.21

1.86
1.75

19.95
20.56

1.37
2.04

Configuration

B

C

Table 1 Cyclic test results of both B and C wall configurations
25

F/L [kN/m]

20
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5

c)Sheathing-to-frame
connection collapse

0
-0.08

-0.06

-0.04

-0.02

0
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0.04

0.06

0.08

-5

Drift angle [-]
-10
-15

Experimental cyclic behaviour for B
wall Configuration

-20
-25

Experimental cyclic behaviour for C
wall Configuration

a) Experimental cyclic behaviours of B and C wall Configurations

b)Global deformation

d)Detachment
sheathing panel

Figure 2 Cyclic test results

2.3

Mock-up testing

A 3D building mock-up was tested on shaking table in two different construction phases:
bare structure (B mock-up Configuration), consisting only of structural elements; and complete construction (C mock- up Configuration), in which architectural non-structural components were added. The mock-up was a 2.5×4.5×5.4 m (length x width x height) two storey
building. The seismic resistant elements were made of CFS shear walls laterally braced by
gypsum panels. A white noise signal was applied to the building (Random tests) in B and C
Configurations in order to assess the main dynamic characteristics, i.e. first period of vibration and damping, while a natural ground motion record scaled by 5 to 150% (Earthquake
tests) was applied only to C mock-up Configuration to evaluate its seismic response. Indeed,
the experimental seismic response under an earthquake input is available only for the C mockup Configuration.
The B mock- up Configuration consisted mainly of shear walls and gravity walls without
finishing parts, internal partition walls, floors and roof. Shear walls had the same structure of
the B wall Configuration tested under quasi-static cyclic regime (see Section 2.2). Gravity and
partition walls had the same structural elements of shear walls. The main difference between
shear and gravity walls was the presence of hold-down. In fact, in order to withstand the axial
force due to overturning phenomena, ad hoc designed hold-down devices were placed only at
the ends of shear walls. Internal partition walls, instead, were not designed to carry gravity
loads. Floors and roof were made of back-to-back 197×50×10×2.0 mm C joists with a spacing
of about 500 mm on the centre, connected at their end with 200×40×1.5 mm U floor tracks.
The steel frame of the floors was sheathed on the top side with 28 mm thick high-density gyp-
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sum fibre board panels. The bottom side of steel frame of second floor and roof was sheathed
with 15 mm thick impact resistant gypsum board panels.
The C mock- up Configuration was completed with architectural non-structural components,
which mainly consisted of internal counter walls and finishing parts of shear walls, gravity
walls, and finishing parts of floors and roof. In partic ular, shear walls had the same structure
of the C wall Configuration tested under quasi-static cyclic regime and gravity walls were
completed in the same way of the shear walls (see Section 2.2), however certainly without the
hold down devices. Top sides of first and second floors were sheathed with additional gypsum
fibre board panels, while bottom sides of second floor and roof were completed with a ceiling.
The seismic weight of the B mock-up Configuration was evaluated to be approximately 24 kN
for the second floor and 14 kN for the roof, while for the C mock- up Configuration they were
approximately 50 kN and 26 kN, respectively. More details about mock-up are available in
Fiorino et al. [22].
Random test results are presented in term of fundamental period of vibration and damping
ratio for B and C mock-up Configurations, while the Earthquake test results are presented in
term of peak and residual inter-storey drifts for C mock-up Configuration. The fundamental
period for the B mock-up Configuration was greater than that recorded for the C mock-up
Configuration. In particular, the fundamental period of the B mock-up Configuration was
about 0.13 s, while for C mock- up Configuration it was about 0.10 s. As far as the measurement of damping ratio is concerned, it resulted in the range from 1.4% to 3.1% for the B
mock-up Configuration and from 1.2% to 2.0% for the C mock- up Configuration. As concerned the peaks of the inter-storey drift ratio (PIDR) measured during earthquake tests carried out on the C mock-up Configuration, the PIDRs were 0.80% for 1st storey and 0.52% for
2nd storey. All the PIDRs corresponded to the earthquake with maximum intensity (scale factor equal to 150%). In addition, the residual inter-storey drift ratios (RIDRs) were very small
(under 0.05%) and the observed damage was limited to architectural non-structural components, i.e. presence of gypsum dust and small detachment of cover paper at some corner joints
on the inner faces of internal counter walls.
2.4

Effect of architectural non-structural components based on experime ntal results

Non-structural components explicitly considered in this study included insulating and finishing materials of shear and gravity walls, partition walls and internal counter walls. On the
bases of experimental results, the effect of architectural non-structural components can be
evaluated both on subsystem (shear wall) and whole building (mock- up). The evaluation of
this effect for the shear walls can be done in term of stiffness, strength and collapse mechanisms, i.e. the cyclic tests on the shear walls were carried out up to the collapse on both shear
walls without (B wall Configuration) and with architectural non-structural components (C
wall Configuration). In contrast to shear walls, for the mock-up the effect of architectural nonstructural components can be evaluated only in term of first period of vibration and stiffness,
because the experimental seismic response under earthquake inputs is only available for
mock-up with architectural non-structural components (C mock-up Configuration). Moreover,
the partition walls are present in both B and C mock-up Configurations, therefore a rigorous
comparison between B and C mock-up Configurations focused to assess the effect of nonstructural components is affected by this circumstance. A further evaluation of the effect of
architectural non-structural components was carried out through numerical modelling (see
Section 3.6).
As experimental results showed, the increasing in stiffness due to the effect of nonstructural components on the single shear wall was estimated equal to about 1.4 times, while
the increasing in resistance was estimated equal to about 1.5 times, by comparing the lateral
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response of B and C wall Configurations. For the mock- up, the influence of non-structural
components implied a global decreasing of the fundame ntal period of about 1.3 times from B
to C mock-up configuration. Note that the variation of fundamental period of the mock-up
was also affected by the variation of the mass, because the mass of the B mock- up Configuration was about one half than that of the C mock- up Configuration. Therefore, for the mock-up
an increase of the estimated lateral stiffness equal to about 3 times can be associated to the
decrease of the fundamental period. It is evident that the increase of lateral stiffness was
greater for the mock-up than for the shear wall. This result confirms the important role of all
architectural non-structural components, together with the box building behaviour, which increase significantly the lateral stiffness.
3

NUMERICAL MODELLING

3.1

General

Numerical models representative of B and C mock-up Configurations were developed in
Opensees environment in order to capture their dynamic behaviour and seismic response. In
particular, B Models are representative of the B mock-up Configuration and include shear
walls (SW_B) and gravity walls (GW_B) without architectural non-structural components and
partition walls, while C Models are representative of the C mock-up Configuration and include shear walls (SW_C) and gravity walls (GW_C) with non-structural finishing materials,
partition walls (PW) and internal counter walls (ICW). Several modelling options were e xplored to deepen the knowledge of contribution offered by different structural and architectural non-structural components on the seismic response of the mock- up. They ranged from
very simple models with only shear walls to more complex models, in which all the structural
and architectural non-structural components were included. The effect of two different modelling choices for diaphragm was also evaluated. Diaphragm was either modelled as a rigid diaphragm constraint across all the nodes at floor or roof level, or as each joist (J) being
modelled as a separate element without any constraint. Different modelling options are summarised in Table 2.
S tructural*
Mock-up Configuration

B

C

Non-structural*

Model
S W_B

IS

GW_B

J

PW

S W_C GW_C

ICW

B1

Yes

No

No

No

No

No

No

No

B2

Yes

Yes

No

No

No

No

No

No

B3

Yes

Yes

Yes

No

No

No

No

No

B4

Yes

Yes

Yes

Yes No

No

No

No

B5

Yes

Yes

Yes

Yes Yes

No

No

No

C1

Yes

Yes

Yes

Yes Yes

Yes

No

No

C2

Yes

Yes

Yes

Yes Yes

Yes

Yes

No

C3

Yes

Yes

Yes

Yes Yes

Yes

Yes

Yes

*SW_B= shear wall without finishing materials, IS= intermediate studs, GW_B= gravity wall without finishing
materials, J= floor joists, PW= partition walls, SW_C= shear wall with finishing materials, GW_C= gravity wall
with finishing materials, ICW= internal counter wall

Table 2 Modelling options

3.2

Shear walls

The shear walls were modelled by a pair of diagonal trusses elements with a Pinching4 material, calibrated based on quasi static cyclic test response of the walls, as explained in the
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Section 2.2. Pinching4 material is a material model, which represents a pinched loaddeformation response and can exhibit degradation under cyclic loading, using the definition of
the backbone envelope and the parameters governing the cyclic behaviour. In order to define
the best- fit Pinching4 material for the shear walls, the force-displacement backbone curves
assigned to diagonals were individuated first using the cyclic test results from the experiments,
then the cyclic parameters were calibrated to best match the experimental response.
The shear wall models were subjected to the same loading protocol used in the cyclic tests.
A parametrical analysis was performed to better match the cyclic behaviour of the walls
through a quantitative comparison based on the energy dissipation per single cycle and cumulative cyclic energy. Figure 3 shows the comparison between experimental and numerical response in terms of load vs. displacement cyclic behaviour and cumulative dissipated energy.
Hold-downs present at the ends of shear walls were modelled as ZeroLength elements with
stiffness of 37kN/mm. The chord studs were modelled as truss elements with physical and
mechanical properties representative of chord studs used in tested mock-up (147×50×1.5 mm
C back-to-back sections), while the tracks were modelled as infinitely rigid truss elements.
More details are available in Fiorino et al. [23]. Intermediate studs were neglected in the shear
wall models as they are pin connected to their ends and do not contribute to the shear wall response.
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Figure 3: Experimental vs. numerical response in terms of load vs. displacemen t cyclic behaviour and cumu lative dissipated energy

3.3

Other structural components

Apart from shear walls, other structural elements and components contribute to the seismic
behaviour of the mock-up, i.e. intermediate studs, gravity walls, floors and roof. The intermediate studs were modelled as truss elements, with physical and mechanical properties representative of studs used in tested mock- up (147×50×1.5 mm C sections). The behaviour of
gravity walls was also idealized as a pair of diagonal truss elements with Pinching4 material.
The main difference between gravity and shear walls is the absence of hold-downs in gravity
walls and the presence of hold down in shear walls. To reproduce the experimental rigid behaviour of the floors (ASCE 7-10), two different approaches were followed: rigid diaphragm
or floor joists explicitly modelled. In the first approach the diaphragm was simulated by infinite rigid vertical and horizontal truss elements and in-plane X trusses applied at both floor
intrados and extrados. In the second approach, joists were modelled as elastic beam column
elements pin connected to the floor track elements, with the same properties of joists used in
the mock- up (197×50×10×2.0 mm C back-to-back section. For further details see Campiche
et al. [24].
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3.4

Architectural non-structural components

Main architectural non-structural components present in the C mock- up Configuration
were: finishing materials of shear walls and gravity walls, partition walls and internal counter
walls. Finishing materials of shear and gravity walls were included directly in wall models, by
using models representative of the walls with architectural non-structural components, i.e.
model of shear wall with finishing materials (SW_C) and model of gravity wall with finishing
materials (GW_C). The model of the partition walls was the same model used for the gravity
walls. Since partition walls did not have present finishing materials, only test data of the B
wall Configuration were used to calibrate the Pinching4 material. The lateral force contribution provided by the double layer of impact resistant gypsum boards in counter walls was a lready lumped in the model of shear and gravity walls with finishing parts. Therefore, only the
studs of internal counter walls were modelled as a truss element with their position in model
and, the physical and mechanical properties being the representative of profiles used in tested
mock-up (60×27×0.6 mm C sections). The end nodes of these studs were linked to the rigid
truss elements of floors and they were constrained by the same rigid Diaphragm used to reproduce the rigid behaviour of the floor.
3.5

Numerical vs. Experime ntal response

In order to validate the numerical results, a comparison in term of dynamic properties (fundamental period of vibration) for B and C mock- up Configurations and seismic performance
for C mock-up Configuration was performed. For each model, the fundamental period of vibration was evaluated via modal analysis (TNUM) and was compared with the values evaluated
on the bases of the experimental results (TEXP ), through the ratio T = (TNUM – TEXP )/TEXP
(Table 3) The models which gave the most accurate estimation of the fundamental period for
the B and C mock-up Configurations were the B2 and C2 Models, respectively. They exhibited a fundamental period of vibration of about 0.12 s and 0.11 s, corresponding to a T equal
to about 3% and 7%, respectively.
For C Models, the peak inter-storey drifts were evaluated via non- linear time history analysis
(PIDRNUM) and were compared with the values obtained experimentally (PIDREXP ), through
the ratio PIDR = (PIDRNUM – PIDREXP )/PIDREXP . Moreover, experimental and numerical
inter-storey drift time histories were compared. The model which gave the most accurate e stimation of peak inter-storey drifts and better reproduced the experimental time history (Fig.4)
was the C3 Model. It exhibited a PIDR equal to about 0.61% and 0.53% for the first and second storeys, corresponding to a PIDR equal to about 24% and 2%, respectively.
T
[%]

Model

TNUM

TEXP

[s]

[s]

B1

0.143

13

B2

0.123

3

B3

0.118

B4

0.117

8

B5

0.100

21

C1

0.107

7

C2

0.095

C3

0.082

0.130

0.100

7

5
18

Table 3 Co mparison between experimental and numerical fundamental period of v ibration
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Figure 4: Co mparison between experimental and numerical (C3 Model) IDR time history for the first storey

3.6

Effect of architectural non-structural components based on nume rical results

Since the experimental data for the seismic response under earthquake input are not available for the B mock-up Configuration and partition walls were present in both B and C mockup Configurations, the effect of architectural non-structural components on the seismic response of the mock-up was investigated numerically. The B4 Model, in which only all the
structural components are modelled, and C3 Model, i.e. the model including all structural and
non-structural components, were subjected to non- linear time history analysis and the results,
in terms of IDR time history (Fig. 5), PIDR and residual inter-storey drift ratio (RIDR) were
compared. PIDRs were 1.24% and 0.61%, while RIDRs were equal to 0.058% and 0.024%
for B4 and C3 Models, respectively. The comparison of earthquake response of B4 and C3
Models shows the decreasing of the PIDR in C3 Model due to the effect of non-structural
components on the whole building equal to about 2.0 times, while the decreasing of RIDR
was estimated equal to about 2.4 times. Obviously, due to the non-linear response of the
building under the earthquakes with higher intensity, the influence of the non-structural components in terms of PIDR reduction becomes lower in comparison with their effect on the increasing of initial lateral stiffness (see Section 2.4). However, also results in terms of
earthquake response confirm the important role of all architectural non-structural components,
which can significantly reduce peak and residual inter-storey drifts.
1.5

B4 Model

1.0

IDR[%]

C3 Model
0.5

0.0
4

6

8

10

12

14

16

18

-0.5

-1.0

time [s]

Figure 5: Inter-storey drift time history for B4 and C3 models
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4

CONCLUSIONS

The present paper summarises the study on the effect of architectural non-structural components on the seismic behaviour of CFS structures, through the experimental test results and
numerical modelling. Cyclic tests on full-scale gypsum sheathed shear walls with and without
finishing materials and shake-table tests on full- scale two-storey CFS building with and without the architectural non-structural components and finishing materials were carried out. On
the basis of the experimental results different numerical models of the building were developed in Opensees software, considering architectural non-structural components.
Based on the experimental results, the increasing in lateral stiffness and resistance due to
the effect of non-structural components on the single shear wall was estimated equal to about
1.4 and 1.5 times, respectively; while for the building the effect of non-structural components,
together with the box building behaviour, increased the lateral stiffness of about 3 times.
Based on the numerical results, the decreasing of the inter-storey drift due to the effect of nonstructural components was estimated equal to about 2.0 in terms of peak value and 2.4 times
in terms of residual value.
Therefore, both experimental and numerical results confirm the important role of all architectural non-structural components, together with the box building be haviour, which significantly increase lateral stiffness and strength and reduce peak and residual inter-storey drifts.
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Abstract
Recent experimental tests have shown that RBS connections incorporating Jumbo specimens
meet the current seismic design qualification protocols, allowing to further extend the current
seismic provisions for prequalified steel connections with possible applications of heavy steel
sections beyond their current use in ultra-tall buildings. The experimental results and observations described in this paper enabled a better understanding of the structural behaviour of
RBS connections made of heavy structural sections for application in seismic regions. However, the results indicate that geometrical and material effects need to be carefully considered
when designing welded RBS connections incorporating large steel profiles. To better interpret
the experimental results, extensive detailed non-linear finite element simulations are conducted on the entire series of tests, comprising of three large-scale specimens with distinct sizes.
The analyses intend to clarify the scale effects that influence the performance of these connections, both at material and geometric level, and particularly to understand the balance in deformation between the column panel zones and the reduced beam section and level of stress
within the main connection components. It is shown that the numerical models for all three
specimens reproduce accurately the overall load-deformation and moment-rotation time history.

Keywords: reduced beam sections; steel connections; welded connections; seismic design;
non-linear modelling.
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1

INTRODUCTION

Structural members with long uninterrupted spanning and large loading capacity are needed in the design of tall buildings, convention centres, sport arenas and airport concourses. The
latest product developments made by ArcelorMittal permits the use of large jumbo steel profiles as W920x420x1377 (W36×925) with steel of 450 MPa in grades like S460 and HISTAR
460, available both on the US and European market. When such profiles are used in areas of
high seismicity, the welded connection design requires a careful development from welding
performance specifications (WPS) point to ensure that the required rotational capacities to
reach interstudy drifts of 4% can be developed. One technique used to control the flexural
demand from the beam is to utilize reduced beam sections (RBS), which effectively limit the
demands at the beam-column interface (Figure 1).
The RBS concept was proposed initially by Plumier [1] in the late 1990s to alleviate problems encountered in the 1994 Northridge Earthquake with conventional welded connections.
Following, different shapes of RBS have been studied along the time. For example, Iwankiw
and Carter [2] studied the first polygonal cut and observed initial yielding in the column panel
zone (PZ) followed by diagonal yield lines in the beam flanges. Englehart [3] observed that a
higher performance goal might be achieved by changing the shape from constant to a radius
cut dogbone. Moreover, Zekioglu et al [4] showed that the application of large plastic rotation
capacities, without considering the strength degradation or rotation demand range, to justify a
particular moment frame system, would not be a rational approach.
Popov et al. [5] showed in tests that the triaxial loading makes steel at a connection fail
without exhibiting yielding ductile behaviour due to the state of stress and not because of material property. Later, Uang et al [6] used a database of 55 cyclically full-scale RBS moment
connection tests to study the cyclic instability of such connections. They observed that the
slenderness ratio for web local buckling affects the plastic rotation. Ultimately, Zhang and
Ricles [7,8] investigated the RBS moment connections to a deep wide flange column and observed that thee composite floor can significantly reduce the lateral displacement of the beam
bottom flange in the RBS and the amount of twist developed in the column.
The current AISC Provisions for Steel Buildings (AISC 360-16) [9], Seismic Provisions
(AISC 341-16) [10] and the Provisions for Prequalified Connections for Special and Intermediate Steel Moment Frames (AISC 358-16) allow the use of these connections but only for
sections up to 900 mm in depth and 450 kg/m in weight [11]. To extend the coverage of these
specifications to much larger sections, a joint experimental and analytical program was undertaken by Virginia Tech and ArcelorMittal [12]. It is worth noting, that codified prequalification procedures for seismic steel connections are under development in Europe as a result of
the recently completed Equaljoints research project [13].
In this paper, results and observations from an experimental program on three RBS connections provided with large section are reported. Complementary numerical studies are also
undertaken using nonlinear finite element procedures which are validated against the experimental results from this study. Comparative assessments are also presented, including stiffness and strength as well as ductility and energy dissipation are examined.
2
2.1

EXPERIMENTAL AND NUMERICAL METHODOLOGY
Testing arrangement and specimen details

The experimental campaign is based on a trial design to determine the realistic member
size in buildings with high seismicity area [12]. The study consisted of a square office building tower with fifteen stories and a large open atrium at the 1st floor. Special Moment Frames
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Figure 1: a) Sections at the lower storeys of the Case study building, b) Plan detail of the examined beamcolumn connections with doubler plates.

Spec.

Beam

SP2
SP3
SP4

W 44x408
W 36x925
W 44x408

Doubler
plate
W 14x873 None
W 14x873
5/8
W 40x503 None
Column

A mm (in)
200.5 (7.9)
236.5 (9.31)
305 (12.00)

RBS cut
B mm (in)
708.5 (27.89)
710.5 (27.97)
950 (37.40)

C mm (in)
68 (2.69)
99 (3.91)
85 (3.36)

Cont.
plates
None
None
None

Table 1: Specimen details

with RBS connections were considered exclusively for the seismic-load-resisting system.
These frames are located at the perimeter and are typically three bays wide, except at the lower levels as shown in Figure 1a. From these typical frames, sample connections were extracted
as possible test specimens. Table 1 presents the chosen configurations for the testing, whilst
Figure 1b depicts the schematic of a specimen. Each specimen exceeds the size limitation outlined in the AISC 358-16 [11] in at least one regard.
The specimens were secured within a rigid frame that is affixed to the strong floor laboratory as illustrated in Figure 2 and the schematic representation in Figure 3a. The pieces in red
indicates where the frame was being fixed to the strong floor. The frame connects to the
strong floor in two different ways. The first set of connections to the strong floor is made up
of eight stiffened W33×291 members. These eight members take load in the longitudinal direction (parallel to both the actuators and the W members embedded within the strong floor).
Each of the members is secured to the W members embedded within the strong floor (depicted as grey strips in Figure 3a) with 42 × one-inch (25.4 mm) A490 bolts in slip-critical connection (achieved with pre-tensioning). The second set of connections to the strong floor
involves two large steel wedge shape blocks, designed to take the load in the lateral direction.
As observed, the specimens were tested in the horizontal orientation in displacement control with the actuators reacting to the testing frame. The specimens were subjected to the loading protocol described in AISC 341-16 [10], as illustrated in Figure 3b. After two cycles at a
story drift angle of 0.04 rad, the story drift increases by 0.01 rad increments every two cycles
until failure. Due to stroke limitations in the actuators, the maximum achievable story drift
during these tests was 0.06 rad, hence, the specimens were cycled at 0.06 rad until failure.
Specimen instrumetation included a combination of linear and string potentiometers, strain
gauges and rosettes, and an in-house imaging system (OJOS) in order to capture all pertinent
measurements for analyzing the system as a whole. Results from these devices are later used
for the numerical validation descriBed later.
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Figure 2 Specimen in testing orientation with two actuators

Is is worth noting that besides the extension of prequalification limits in the AISC codes,
another main objective of the experimental programme was to determine an acceptable balance between the deformation obtained from flexural yielding of the RBS and shear yielding
of the column web PZ [12]

Figure 3 a) Test setup with four actuators, b) Loading protocol – AISC 2010..
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2.2

Numerical procedures

The numerical simulations described in this paper were carried out using the non-linear finite element (FE) program ABAQUS [14]. Tri-dimensional (3D) models of RBS connections
adopt eight node brick elements (C3D8R). Extruded solid elements from heavy W sections
representing the column were connected to the beams using tie constraints. Special attention
was given to the characteristics of the RBS region and the column PZ by considering the exact dimensions taken from the experimental specimens (Table 2). Initial studies indicated that
the experimental stiffness of specimens with the largest cross-sections (SP3) differed from
analytical assessments [12]. To address the potential influence from the test rig, two modelling approaches were considered. Firstly, the specimens, including the four stub elements
made of W sections used as boundary conditions were modelled together. Multi-point constraints connected to reference points assigned with pinned boundary conditions to the exterior face of the W profile, whilst surface-to-surface interactions were assigned to the interface
between the column element of the specimens and stub elements. Secondly, the specimens
described in Section 2.1 were modelled along with the complete testing arrangement as illustrated in Figure 3a. Similarly, pinned boundary conditions were assigned to reference points
that were connected through multi-points constraints to the rig elements. All contacts between
specimens and rig elements were modelled using surface-to-surface interactions.
Cyclic displacements were applied to reference points that are connected to beam tips
through constraints and transfer plates simulating firmly the experimental time history. Mesh
sensitivity studies were undertaken assess the element size influence on the hysteretic response. These indicate that a relatively coarse mesh restricts a reliable inelastic strain propagation within the RBS and local buckling effects are not captured. On the other hand, a fine
mesh within the RBS and column PZ (lm≈15-20 mm), combined with lm≈30-40 mm outside
of the critical regions offer reliable deformations and strains, as described in the subsequent
sections. A minimum of two mesh rows per flange thickness offer a good balance in terms of
computational time and reliability of the results, whilst a much larger number of rows significantly increase the analysis time and reduce the ability of the model to capture local effects,
primarily due to hourglass effects [15]. The Newton-Raphson approach was adopted for the
numerical integration procedure. The steel material properties were modelled using a plastic
multilinear kinematic hardening [14] constitutive representation in which the materials properties obtained from coupon testing, separately for webs and flanges, were accounted for. The
yield strength varied between fy=440-477 MPa and the ultimate strength varied between
fu=609-702 MPa.
3

TEST RESULTS AND NUMERICAL VALIDATION

A reliable failure mode of RBS connections is triggered by yielding at the RBS, followed
by limited yielding of the PZ and ultimately local flange buckling at the RBS. The latter is an
important mechanism as controls the connection behaviour acting as limit to hardening in
flexurally governed yielding responses [12]. Close inspection on the slenderness parameters
of the section showed that SP2 and SP4 were susceptible to such sequence of yielding and
failure. As the slenderness of both web and flanges are relatively low for SP3, local buckling
is unlikely to develop. As expected, SP2 and SP4, failed by flexural yielding and inelastic local buckling, and achieved the desired deformation capacity [12] as illustrated Figure 4a,c.
The load-displacement curves for these specimens indicate typical, yielding post-buckling
softening after maximum capacity was reached. In contrast, SP3, with significantly higher
sections reached flexural yielding, failing relatively sudden without any evidence of softening
(Figure 4b). This behaviour was attributed to the extreme demands on the very thick welds,
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for which the conventional design procedures may substantially underestimate the local strain
demands under cyclic displacements [12].
Non-linear numerical validation of the experimental results of Specimens SP2, SP3 and
SP4 were undertaken by accounting for the procedures described in Section 2.2. Figures 4d-e
present the relationship between load versus beam tip deflection of the above. The results indicate reliable prediction in terms of elastic stiffness, yielding characteristics, deformations
and relatively good predictions of the hysteretic response for Specimen SP2. Remarkably, the
model can closely capture the initiation of flange buckling and plastic development in the
RBS region and PZ. It is worth noting that the numerical model of SP2 showed slightly larger
deformations at RBS and slightly lower deformations at the PZ, recorded as displacement reaction from beam flanges in the column, in comparison to the test response.

Figure 4: Test force – deflection (V-δ) a) SP2, b) SP3, c) SP4; Numerical validation d) SP2, e) SP3, f) SP4

On the other hand, the behaviour of SP3 was predicted well only in terms of capacity and
corresponding displacement, with the numerical stiffness being more rigid in comparison to
the experimental stiffness. The test load-displacement of SP3 shows some pinching and
change in the unloading stiffness at load reversal, which is not captured with the adopted
modelling approach, primarily since all connections between rig elements are modelled with
tie constraints, whilst in tests these were rather discrete at the bolted connections. Simulation
results of Specimen SP4 show good agreement in terms of stiffness, capacity and degradation,
yet the energy dissipation, considered as the area enclosed under the hysteretic loops, is overestimated. For this specimen the numerical displacements at RBS in tension is identical with
the test response, whilst the compression is slightly over-estimated. This is however compensated by a decrease in the deformation at the PZ at which the numerical displacement is about
35% less than the test displacement (Figure 5).
The direct comparison between the models with and without testing rig allowed for an improved understanding of the rig compliance to the load-displacement response. Except the
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post-buckling softening response, for SP2 and SP4, the test and numerical curves in Figures
4d,f are virtually identical in terms of key structural parameters and hysteretic response. For
SP3, which had significantly larger section sizes in comparison to SP2 and SP4, there is some
deviation in the elastic stiffness, primarily due to higher reactions at the boundary conditions
of the specimen. Also, the numerical results indicated that the webs of the stub elements that
connected the SP3 column to the reaction stubs developed inelastic strains. Additional modelling of the slip between elements fixed to the strong floor and connected rig elements, r by
transducers, reduced the stiffness of SP3, being closer to the experimental stiffness, yet more
rigid.

Figure 5 a) Instrumentation extract; Comparison of deformations at RBS b) SP2, c) SP3, d) SP4; at column
flange due to force introduction from beam flanges e) SP2, f) SP3, g) SP4.

Observations from models indicate that although the welds were not explicitly modelled,
the inelastic strain maps obtained from the SP3 model showed initiation of yielding in the
beam at the column face and further in the web column panel, with lower stresses in the RBS
flanges than in its web. Also, the direct comparison between the test hysteretic responses of
SP2 and SP4 versus SP3 indicate a relatively distinct response. The latter depicts a less ductile
behaviour with a lower amount of energy dissipated through the loops. These observations
combined with test and numerical results from literature on RBS beam-to-column connections
[5] with relatively large sections suggest a possible size effect in cyclic response of large size
steel connections. As material models employed in numerical simulations are typically validated against tests on relatively small samples, at significant inelastic strains, these may not
reliably represent the structural response when plastic strains develop on large areas.
4

COMPARATIVE ASSESSMENTS

This section describes a detailed analysis of the response of the connections investigated in
terms of moment-rotation envelopes, ductility, energy dissipation and stiffness. Bending moments M were assessed at the face of the column from actuator loads in case of experiments
and reaction forces at reference points for numerical models. For the global behaviour, chord
rotations θ are assessed from beam tip displacements. Figure 6a depicts both test and numerical M-θ envelope curves determined from the V-δ from Figure 4. Besides M-θ curves, the
yield moment My at the RBS, using assessed material strengths, for each specimen is presented. As observed, the yield moment, represented by a change in member stiffness for both test
and numerical models intersects with the analytical assessments, marked with dashed lines.
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Figure 6 a) Moment – rotation envelopes; stress fields at peak displacement for b) SP2, c) SP3, d) SP4

All specimens exhibited acceptable levels of ductility at ultimate with values above 40
mrad. Specimens SP2 and SP4 had higher ductility and enhanced hysteretic response in comparison to SP3, as also described in previous sections. This is also highlighted by a direct
comparison between the test and numerical M-θ curves. For SP2 and SP4 there is a very good
agreement in terms of stiffness, yield moment My, hardening, ultimate moment Mu and softening. On the other hand, although the yield and capacity of SP3 are well captured by the
numerical simulations, the test stiffness is lower than its numerical counterpart. It is worth
noting that the size of SP3 was significantly higher than of the SP2 and SP4, hence the M u at
the column face for SP3 was in the range of 27.9 MNm, which is 2.3 × Mu of SP4 and 3.8 ×
Mu of SP2.
Figures 6b-d illustrate the Mises stress fields at the last cycle of the peak displacement applied. The stress distributions indicate (i) flange buckling at RBS for SP2 with a lower damage at the PZ (Figure 6b), (ii) concentration of stresses at PZ and beam web with lower stress
levels at the RBS flanges at SP3 (Figure 6c), and (iii) non-symmetric stress distribution at
RBS and PZ with out-of-plane column rotation for SP4 (Figure 6d). It is suggested that the
cyclic degradation of SP2 resulted from buckling at the RBS, whilst at SP4 the initiation of
buckling was combined with column twist and column web buckling. In contrast, as the RBS
flanges of SP3 had lower stress levels than the remaining connection components, there was
no degradation at RBS, yet significant column web panel distortion occurred.
The contributions of the RBS and column web PZ obtained from numerical simulations are
depicted in Figures 7a-c. The rotation at RBS was assessed from the relative displacements of
the top and bottom RBS cuts, and divided by the beam depths. The web column rotation was
determined from the relative web displacements resulted from force induction by beam flanges and relative vertical panel displacements [16]. As indicated in the figure, SP2 an SP4, dissipated large energy proportions through the RBS, with the PZ contributing in the range of
15-25%; hence a stronger PZ. On the other hand, SP3 had a relatively even contribution of the
two components indicating a relatively balanced behaviour. A close inspection on an identical
model of SP3 without double plates showed a contribution of the web column panel of about
70% to the connection rotation, resulting in excessive distortional demands leading to unreliable performance of the components [17,18].
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Figures 7d-e indicate the cumulative energy dissipation, integrated from the hysteretic
loops converted in M-θ from Figure 4, and the decrease in secant stiffness in relation with θ.
As described before, SP2 had stable hysteretic loops and a ductile response with θu=50.5 mrad.
This is captured by the cumulative energy curve whose stiffness increases with rotation. Additionally, as the numerical response was in good agreement with the test curves, the test and
numerical Ed curves of SP2 nearly overlap. On the other hand, SP3 and SP4 reached lower E d
indicating poorer hysteretic response in comparison to SP2 yet reaching reliable ductility levels (θu≈mrad). More importantly, considering that the yield rotation was around θy=15 mrad
for all members, the plastic rotation θp=30-35 mrad indicating that these connections developed reliable response for connections in seismic resistant structures with θp being between
the minimum requirements for ductility class medium (θp,M=25 mrad) and for ductility class
high (θp,M=35 mrad) [19].

Figure 7 Contribution of connection components for Specimen a) SP2, b) SP3, c) SP4; d) Cumulative energy
dissipation versus rotation; e) Stiffness versus rotation

5

CONCLUSIONS

The performance of reduced beam section (RBS) beam-to-column connections incorporating large jumbo steel profiles subjected to cyclic loading was investigated in this study.
The experimental and numerical results showed that the strength, stiffness, ductility, hysteretic response and failure mode of such connections are largely dependent on the beam and column section sizes. The results indicated that RBS beam sections with relatively high depth-toweb thickness slenderness ratios develop reliable failure modes characterised by extensive
yielding at the RBS, followed by yielding at the panel zone (PZ) and ultimately, flange buckling at RBS. Also, for relatively deep columns, force induction from beam flanges, combined
with RBS flange buckling, could produce out-of-plane column rotation. These connections
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developed responses characterised by stable hysteretic response, a relatively strong PZ and
reliable ductility levels.
In contrast, compact sections with relatively low depth-to-web thickness ratios may develop unreliable response with yielding developing almost concomitantly and at RBS and PZ,
having a relatively equal contribution to the total connection deformation. Numerical simulations showed that for connections with relatively compact sections, a higher concentration of
stresses may occur at the PZ and at the beam, web with lower stress levels developing at the
RBS flanges. These observations indicate the need for an alternative design procedure of
RBS for connections incorporating large compact sections. More importantly, the connections
investigated in this paper reached reliable rotational capacities, that correspond to inter-story
drifts of 4% as a minimum required by North American prequalification standards. This corresponds to plastic rotations of above 25 mrad, indicating that these steel connections conform
with the minimum European requirements for ductility class medium. Ultimately, the numerical models were able to capture the local effects, as well as the key structural response characteristics indicating that the modelling procedures can be employed for further extensive
parametric investigations.
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Abstract
Many existing steel multi-storey frames in Europe were designed prior to the provisions of
modern seismic design codes; therefore, they often exhibit low resistance to earthquakes due
to their insufficient energy dissipation capacity. However, the current framework for assessing existing structures in EC8-3 is inadequate and should be reviewed. Particular attention should be paid to the contribution from masonry infill walls as they significantly affect
the modal properties and the lateral stiffness of structures. To this end, two 3D models of a
two-storey steel moment-resisting frame were developed to assess the applicability of the current framework in EC8-3 to the infilled structures under multiple earthquakes through nonlinear analyses. The modelling of masonry infill walls was achieved through a macro-model
using equivalent diagonal struts. The ground motions utilised during the analyses took the
records of the recent 2016 Central Italy earthquake sequence. As part of the project
HITFRAMES, this paper serves as a preparation for the experiment to be conducted in
Greece.
Keywords: Existing steel frames, Assessment, Pseudo-dynamic testing, Seismic response,
Modal calibration.
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1

INTRODUCTION

Nowadays, modern seismic design codes have recognised the importance of the inelastic
behaviour of structures during earthquake and provided guidelines for designing ductile structures with sufficient capability of dissipating energy. However, numerous existing steel
frames were designed prior to the provisions of model seismic design codes and were designed to gravity loading only. Those frames are often characterised by inadequate energy
dissipation capacity due to their non-ductile connections and slender beams and columns [1],
and therefore, high vulnerability to earthquakes. Global collapse and severe local damage
have been observed in such frames in the aftermath of the 2016 Amatrice earthquake in Central Italy. Public attention has been attracted to the urgent need of a rigorous framework of
assessing the seismic vulnerability of existing steel frames [1, 2].
Many code-based procedures for assessing and retrofitting existing steel frames has been
developed so far, such as EC8-3 in Europe [3] and ASCE41-13 in the US [4]. Those codified
assessment procedures generally adopt the concept of performance-based earthquake engineering and allow both linear and nonlinear analysis of frame models to be carried out, though
with some restrictions on the linear methods. However, a recent review of the EC8-3 by
Araújo and Castro [4] summarised some inconsistencies and limitations in the European code,
for example, the different analysis methods provided in EC8-3 may cause significant inconsistencies in demand estimations and it seems that the predefined capacity criteria for different
limit states in terms of member plastic rotations are a direct reproduction of the former version of American code ASCE41-06, which were based on tests of typical American cross section profiles rather than the European profiles [4]. Another important issue is that the current
EC8-3 only defines the behaviour requirements of non-structural members in a qualitative
manner, through the definition of each limit states. Besides, since the EC8-3 requires safety
check of every individual member, the assessment process can be extremely time-consuming
and the onset of failure of a limit state is simply decided by the first member that exceeds corresponding criteria, which tends to neglect the redundancy of a structure. Consequently, further revision of EC8-3 is necessary for the next generation of Eurocode 8 regarding both the
analysis methods and compliance criteria.
As an important part of the assessment of existing steel frames, selection of the most appropriate numerical model is strongly dependent on the specific target that is set to achieve. A
comprehensive model that contains more detailing than a bare frame may lead to higher reliability of structural performance estimation, but this is not always true because of the complex
nature of the interactions among structural and non-structural components, such as the masonry infill walls, beam-to-column connections and composite slab. It is now widely accepted
that the contribution of infill walls to the lateral stiffness and strength of steel frame is significant and should be taken into consideration in assessing existing steel frames [1, 5]. Several
previous studies have tried to develop simple but reliable models of masonry infill walls and
incorporated them into bare frame models. A macro-model of masonry infill wall was proposed which uses a single equivalent strut in each diagonal direction with appropriate strut
mechanical properties to capture the strut action caused by infill walls to the confining frames
[5, 6, 7, 8, 9]. This macro-model has an advantage in terms of its combined efficiency and accuracy in the assessment of global response, despite some compromise has to be made to the
local behaviour of infill walls. A valid constitution law also plays an essential role in the
equivalent strut model due to the non-homogenous nature of the material [5].
The main aim of this study is to present the assessment of a case steel moment resisting
frame (MRF) based on the procedure in EC8-3. Nonlinear static and dynamic analysis was
performed to estimate the demand and capacity for each limit states. The steel frame was designed to sustain gravity loading only following the design code EC3. A 3D model was established in the Open System for Earthquake Engineering Simulation (OpenSees) analysis

5814

L. Di Sarno, J.R. Wu, M. D’Aniello, S. Costanzo, R. Landolfo, O.S. Kwon, F. Freddi

software [10]. Special attention was paid to the contribution of masonry infills to the overall
performance of the frame. In addition, multiple earthquakes were applied to the frame model
in the nonlinear dynamic analyses so that potential cumulative damage on the structure was
investigated as well. Capacity was assessed based on the criteria proposed in EC8-3 in terms
of member plastic rotation. Criteria based on inter-storey drift ratio (IDR), which accounts for
the stability of structures, were also used to assess the reliability of plastic rotation criteria.
2

ASSESSMENT FRAMEWORK IN EC8-3

This paper is aimed to present the assessment procedure of a steel frame based on the nonlinear analyses in EC8-3, therefore, a brief description of the framework is presented. The focus of this study is nonlinear analysis; hence the procedure of linear analysis is not included
here.
Three limit states are defined in EC8-3, namely the Damage Limitation (DL) limit state,
the Significant Damage (SD) limit state and the Near Collapse (NC) limit state, compared to
two in EC8-1 for general rules [11], which are the DL and ultimate limit state. By definition,
as concluded in Table 1, the return periods for the DL, SD and NC limit state are 225, 475 and
2475 years respectively, corresponding to probabilities of exceedance of 20%, 10% and 2% in
50 years. It is interesting to notice that the ultimate limit state in EC8-1 is equivalent to the
SD limit state in EC8-3 in terms of their return periods, while NC limit state is actually closer
to the real collapse of structures, hence associated with a much longer return period. The explanation given is that NC limit state makes full use of the deformation capacity of structural
elements, while SD limit state (ultimate limit state) leaves some residual lateral drift and stiffness and loading carrying capacity of vertical elements [2]. It is also worth noting that the DL
limit state in EC8-1 has a shorter return period than that in EC8-3, so the former is more conservative than the latter. The above comparisons indicate that the three limit states for existing
buildings are defined to prevent collapse of buildings rather than upgrading them to satisfy the
design requirements for new buildings [4].

Hazard
level

DL
225 years

EC8-3
SD
475 years

20% in 50
years

10% in 50
years

NC
2475 years
or
2% in 50
years

EC8-1
DL
Ultimate
95 years
475 years
10% in 10
years

10% in 50
years

Table 1: Performance requirements for different limit states in EC8-1 and EC8-3.

The EC8-3 also provides some guidance on the data collecting of existing buildings, where
information of geometry, detailing and materials should be gathered. Three knowledge levels
are summarised to deal with the uncertainties during the process of surveying, from limited to
full knowledge level. A confidence factor is assigned to each knowledge level, which is used
in the assessment of capacity as a partial safety factor. For the purpose of this study, full
knowledge is assumed, thus a confidence factor of 1.0 is taken and no reduction is required in
the safety verification.
Safety check in terms of demand and capacity is the last stage in the assessment framework
of EC8-3. In the context of nonlinear analysis, demand can be taken as the results of analysis
directly, but capacity differs between ductile and brittle structural elements. For ductile elements, their deformation capacity will be compared with the deformation demand, while for
brittle elements, internal force capacity shall be compared with the corresponding force demand. In the case of steel frames, which is the case of this study, EC8-3 requires safety check
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to be done considering the plastic rotation of columns and beams, where the capacity for each
limit state is dependent on the yield rotation of each element, as summarised in Table 2. The
table applies to Class 1 and 2 cross-sections only and the dimensionless axial force n should
not exceed 0.3. EC8-3 does not give any limits on other cross-sections or with higher value of
n. Recall that the criteria in Table 2 is in fact the same as the one used to be adopted in the
American code ASCE41 for dimensionless axial force n less than 0.2. For the determination
of demand, i.e. the target displacement, in nonlinear static analysis, N2 method [12] is recommended by EC8-3.
Class of cross-section
1
2

DL
1.0qy
0.25qy

SD
6.0qy
2.0qy

NC
8.0qy
3.0qy

Table 2: Plastic rotation capacity proposed in EC8-3 with dimensionless axial force n £ 0.3.

For non-structural elements, requirements are described in the definition of three limit
states qualitatively. For DL limit state, infill walls may experience some cracking, but damage
shall be repaired at a low cost. For SD limit state, although infill walls are damaged, but outof-plane failure shall not happen. Finally, the NC limit state allows infill walls to be significantly damaged or even collapse. Quantitative specifications are not included in the current
version of EC8-3.
3

CASE STUDY AND NUMERICAL MODELLING

The building considered in this study is a two-storey steel MRF, which has a rectangular
layout in plan. The frame is 13.5 metres long, consisting of three bays, 8.5 meters in width
and 6.6 metres in height with a storey height of 3.3 metres. Figure 1 shows the plan and side
view of the frame. Composite floor slab and masonry infill walls are omitted for clarity. The
steel frame was designed to resist gravity load only and does not have sufficient lateral stiffness and strength to survive a strong earthquake. The steel grade for all beams and columns is
S355. The primary and perimeter beams are designed to be IPE270, all other beams are
IPE200 and columns are HE240A. Moreover, beam-to-column connections are full penetration weld connection and the infill walls consist of two layers of 80-mm thick perforated
bricks with a compressive strength of 9.7 N/mm2 bound together through M5 mortar. Regarding the loading conditions, the self-weight of slab was taken as 240 kg/m2, the density of
bricks is 855 kg/m3 and a live load of 2 kN/m2 is also accounted for in the design.
Axial force (kN)
Strain

Cracking
183
0.00009

Ultimate
239
0.00034

Residual
24
0.01063

Table 3: Modelling parameters of the trilinear curve for masonry infill walls.
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Figure 1: Plan layout and side view of the steel MRF.

Two 3D models of this steel MRF were established in OpenSees [10], namely a bare frame
and an infilled frame. Columns were modelled using force-based beam-column elements with
fibre section and 10 integration points along the length using Gauss-Lobatto integration method. Besides, the Steel01 material, which is a bilinear elastoplastic material model, was considered for structural steel with a hardening ratio of 0.02. Plastic hinges in beams were assumed
to form at the ends of members, through lumped plasticity zero-length elements. The zerolength elements possess a trilinear moment-rotation relationship based on the IbarraKrawinkler-Deterioration (IKD) model [13, 14] to represent the rotational behaviour of beams.
The parameters if the IKD model were calibrated based on finite element analyses carried out
in ABAQUS 6.14. Rigid diaphragm action was achieved using rigid diagonal struts. Regarding the infills, the equivalent strut model [5] was chosen due to its simplicity and accuracy for
evaluating global response. The constitution law was based on the Fardis-Panagiotakos model,
which is a trilinear curve accounting for the cracking and ultimate strength of masonry infills,
as well as degrading after the ultimate strength is reached [6]. The model applies to compression only and zero tension is considered. Since the modelling of infill walls is a key point in
this study, the modelling parameters are summarised in Table 3. The analyses were performed
in the longitudinal direction of the frame, as shown in Figure 1, where the weak axis of columns was involved and the contribution of infills were more significant.
4

ASSESSMENT RESULTS

4.1 Modal analysis
A modal analysis was performed at the beginning to capture the basic modal properties of
the frame and the results are summarised in Table 4. The information obtained here will be
helpful in the following assessment of the steel frame.
Period (sec)
Modal mass (%)
1st floor
Mode shape
2nd floor

1st mode
0.74
92%
0.42
1.00

2nd mode
0.25
8%
1.00
-0.54

Table 4: Modal property of the bare frame in the longitudinal direction.

It is anticipated from Table 4 that the seismic behaviour of the frame will be dominated by
the fundamental mode, with a modal mass that accounts for 92% of the total mass. The modal
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analysis was performed on the bare frame only. The presence of infills increases the initial
lateral stiffness by a considerable amount, hence the initial fundamental period of the infilled
frame is much lower than that of the bare frame, which is around 0.05 sec. However, since the
masonry infills crack and fail quickly during the analysis, a quick drop was observed in the
lateral stiffness of the infilled frame, hence the fundamental period was very unstable. It was
also expected that the infilled frame would eventually have similar fundamental period to the
bare frame after the loss of all infill walls.
4.2 Nonlinear static analysis
A total of four pushover analyses were carried out in this study. EC8-3 requires at least two
lateral load patterns should be used in pushover analysis, namely a uniform pattern and a
modal pattern. The uniform pattern (denoted as U) consists of lateral loads proportional to the
lumped mass of each node, while the modal pattern (denoted as M) includes lateral loads proportional to both the mass and first mode shape of each node. Both of the two load patterns
were applied to the bare and infilled frame. The performance points (demand) were determined based on the N2 method [12] suggested in EC8-1. The response spectrum adopts the
Type 1 elastic response spectrum in EC8-1 for ground type B, and the reference peak ground
acceleration was taken as 0.1975, 0.25 and 0.4275g for DL, SD and NC limit state, respectively. The choice of these parameters was based on the seismicity in Central Italy, where severe
earthquake events have occurred in the past few years, causing collapse of numerous steel
MRFs. Figure 2 shows the response spectrum in acceleration-displacement (AD) form for
each limit state, as well as the capacity curves for the original frames and the equivalent
SDOF systems. Since the uniform and modal lateral load patterns provided very similar capacity curves, only the seismic demands obtained from the modal pattern are presented in this
paper. The global and inter-storey drift ratios at each performance point are also presented in
Table 5.
It is clearly shown in Figure 2 that the presence of infill walls significantly increased the
initial stiffness and maximum base shear of the frame. Besides, based on a damage assessment, it is found that columns in both models yield prior to the beams, which remain in elastic
range up to NC limit state. This weak column-strong beam (WCSB) scenario is undesirable in
modern seismic design code, which tends to concentrate plastic deformation within certain
floors and increase seismic demands [15, 16]. It is also observed that for the bare frame, no
plastic hinges were formed in columns at the DL and SD limit state. However, at NC limit
state, plastic hinges were found in all ground floor columns of the bare frame, indicating that
the frame was about to lose its load carrying capacity in the vertical direction. On the other
hand, for the infilled frame, plastic hinges began to form at the point of maximum base shear,
right after the exhaustion of ground floor infill walls. The turning point at 1.15% global drift
marks the formation of plastic hinges in all ground floor columns. Apparently, the columns in
the infilled frame failed quickly than those in the bare frame. This is possibly due to the strut
action of the infill walls which caused higher local force on columns. In addition, as a result
of the WCSB characteristic, all infills on the ground floor collapsed at the point of maximum
base shear while those on the first floor barely cracked. Therefore, the presence of infills had
great effects on the seismic behaviour of steel MRFs, emphasising the necessity of including
infill walls in the seismic assessment.
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Figure 2: Response spectrum in AD form and capacity curves of the original frames (right) and the equivalent
SDOF systems (left).

Global
Ground
floor
1st floor

Uniform
Modal
Uniform
Modal
Uniform
Modal

DL
0.99
1.02
1.13
1.09
0.81
0.94

Bare
SD
1.23
1.29
1.45
1.40
0.98
1.18

NC
2.11
2.20
2.88
2.78
1.27
1.62

DL

Infilled
SD

NC

0.04

0.06

0.14

0.08

0.09

0.26

0.02

0.02

0.01

Table 5: Global and inter-storey drift ratios (%) obtained from nonlinear static analyses.

An important step of the N2 method in EC8 is that an idealised bilinear curve should be
derived to represent the behaviour of the equivalent SDOF system, as presented in Figure 2.
However, a bilinear idealisation seems not appropriate in the case of infilled frames based on
the shape of its capacity curve. As a result, the initial stiffness was adopted to continue the N2
method. Apparently, from Figure 2 and Table 5, the seismic demands on the infilled frame is
much lower than those on the bare frame, because the presence of infill walls resulted in a
sharp increase in the lateral stiffness and strength. However, the N2 may yield nonconservative estimation at the short-period range due to the high sensitivity of inelastic displacement to the change of structures [12]. In this study, the infill walls cracked and failed
shortly after the start of pushover analysis, caused the global lateral stiffness to quickly decrease and eventually to be the same as that of the bare frame. Therefore, further research
should be carried out to find out a more accurate rule for structures in the short-period range,
where the effects due to changes of structural parameters are accounted for.
4.3 Nonlinear dynamic analysis
The time-history analysis utilised the records for the earthquake sequence initiated in Amatrice, a town in Central Italy, on 24th of August 2016. The Amatrice earthquake sequence includes one mainshock and four aftershocks whose peak ground accelerations are larger than
1.0g. The basic information of those strong ground motions is provided in Table 6, and the
accelerogram and pseudo-acceleration spectrum for 5% damping are shown in Figure 3. EC83 requires at least 7 earthquake records to be involved in the time-history analysis, however,
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the focus in this analysis is to investigate the potential effects of earthquake sequence and the
presence of infill walls. Therefore, only one earthquake sequence is considered in this study.
As shown in the spectrum in Figure 3, the spectral acceleration of the unscaled record of
mainshock at the fundamental period is 0.365g, which is less than the spectral acceleration at
fundamental period corresponding to the DL limit state. This indicates that the frame may still
be within the elastic range under the unscaled records. In order to observe some damage on
the frame, the entire earthquake sequence was scaled by a factor of 1.37 and 2.36 such that the
spectral acceleration of the new earthquake records at fundamental period equal to the one
corresponding to the SD and NC limit state, thus the two scaled earthquakes are denoted as
SD and NC, respectively. The spectral acceleration at fundamental period was used as the
scaling parameter because as mentioned in the modal analysis, the seismic response of the
steel frame in this study is dominated by the first mode, which takes up more than 90% of total mass. The mainshock record was applied to the frame alone at first and then with its aftershocks to represent single and multiple earthquakes.
Event
M/S
A/S1
A/S2
A/S3
A/S4

Date
24-Aug-2016
24-Aug-2016
24-Aug-2016
25-Aug-2016
26-Aug-2016

Mw
6.0
4.3
5.3
4.4
4.8

ML
6.0
4.5
5.4
4.3
4.7

Repi (km)
8.5
3.6
20.9
3.6
3.1

PGA (g)
0.87
0.19
0.11
0.23
0.34

PGV (cm/s) PGD (cm)
43.5
8.5
6.8
0.5
5.1
0.9
9.6
0.6
11.0
0.6

Table 6: Summary of the Amatrice earthquake sequence.
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Figure 3: Accelerogram and pseudo-acceleration spectrum for 5% damping of the mainshock.
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Bare
Global
Ground
floor
1st floor
Residual
drift

single
multiple
single
multiple
single
multiple
single
multiple

SD
1.26
1.26
1.46
1.46
1.37
1.37
0.05
0.05

NC
2.18
2.18
2.73
2.73
1.87
1.87
0.44
0.44

Infilled
SD
0.26
0.26
0.50
0.50
0.03
0.03
0.02
0.02

NC
1.34
1.34
2.67
2.67
0.04
0.04
0.60
0.60

Table 7: Peak global and inter-storey drift ratio and residual drift ratio (%) obtained from nonlinear dynamic
analyses.

The failure mechanisms in time-history analysis under single or multiple earthquakes are
similar to those in the pushover analysis. The occurrence of column plastic hinges and infill
failure is limited to the ground floor, while beams are too strong to enter plastic range. Besides, the presence of infill walls led to higher local force at beam-to-column connections and
accelerated the yield of columns.
The peak global, inter-storey and residual drift ratios of the bare and infilled frame obtained under single and multiple earthquakes are presented in Table 7. It is observed that there
is no difference between the peak and residual drift ratios under single and multiple earthquakes. This is primarily due to the WCSB characteristic of the frame which led to the failure
of columns but kept beams safe. Also, as a matter of numerical modelling, deterioration in
unloading and reloading was not considered in the columns, and the aftershocks were not
strong enough to activate columns into plastic range again. This is a major limitation of this
study and further study addressing this issue should be conducted in the future. It is also noticed in Table 7 that the ground floor drift ratio of the infilled frame was nearly twice the
global drift ratio, indicating that the global drift was in fact equal to the ground floor drift.
This behaviour is significantly different from that of the bare frame, possibly due to the quick
failure of ground floor infill walls and columns, causing the lateral stiffness of ground floor to
be much lower than the first floor. When comparing with the results from nonlinear static
analyses, good consistency was found for the bare frame. However, for the infilled frame,
nonlinear static analysis gives extremely underestimated prediction of seismic demands, although it captured the same behaviour of lateral drift as nonlinear dynamic analysis did.
4.4 Safety verifications
At the safety verification stage, the seismic demands obtained from the nonlinear analyses
are compared with the capacity determined based on the compliance criteria in EC8-3, which
are based on the rotation of beams and columns. EC8-3 also requires that no yielding or buckling shall occur in columns for DL and SD limit state. To calculate the yield rotation of columns, the following equation is adopted:
𝜃" =

𝑀%&,() 𝐿+
𝑁3)
/1 −
4
3𝐸𝐼
𝑁%&,()

(1)

This equation is not proposed in the EC8-3 and is slightly different from the one proposed in
the American code which uses half the length of element in the equation rather than the actual
shear span Ls. Apart from the criteria proposed in EC8-3, previous studies also suggested the
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check of IDR to ensure the stability of structures [2, 17, 18]. The recommended criteria of
IDR in [18] for SD and NC limit state is given in Table 9. The value for DL limit state was
derived from the serviceability requirement in EC8-1. Recall that the DL limit state in EC8-1
is more conservative than the DL limit state defined in EC8-3, the value of 1% may also be
slightly conservative.
The capacity curves from pushover analyses incorporated capacity points are presented in
Figure 4. In Figure 4, R represents the capacity of element rotation while D represents the capacity of IDR. It is obvious that for both frames, the rotation criteria only give more conservative predictions at the DL limit state. This indicates that the performance level at SD and NC
limit state are not guaranteed by only using the rotation criteria. Also, in the case of bare
frame, the locations of capacity points well match the definition of each limit state in EC8-3.
However, for the infilled frame, the capacity points tend to correspond to a worse situation
than that defined in EC8-3. For the safety verification, the bare frame failed the DL limit state
but fulfilled the requirement of SD and NC limit state.
DL
1.0

IDR (%)

SD
2.5

NC
4.0

Table 8: Criteria in terms of IDR for each limit state.
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Figure 4: Capacity curves with demand and capacity points for safety verification.

The verification based on the results from nonlinear dynamic analyses was carried out by
firstly checking each individual beam and column and then the IDR in Table 7. It is found that
the bare and infilled frame survived the SD limit state under the SD earthquake, and survived
the NC limit state only under the NC earthquake. Therefore, good consistency has been observed in the final verification results between the nonlinear static and dynamic analysis.
5

CONCLUSIONS

This paper presents a brief assessment of a steel MRF based on the framework in EC8-3
using nonlinear static and dynamic analysis. The potential effects of the presence of masonry
infill walls and the use of multiple earthquakes instead of a single earthquake are investigated.
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A modal analysis was performed at first, indicating that the seismic behaviour of the steel
frame is dominated by its first mode, with a natural period of 0.74 sec. Nonlinear static and
dynamic analyses were also performed and the following findings are concluded:
1. The presence of infill walls increases the initial lateral stiffness and strength significantly. An approximate 100% increase is found in the maximum base shear due to the
incorporation of infill walls. The strut action induced by the infill walls causes the columns to fail earlier, which also affects the failure mechanism of the frame.
2. The sharp increase in the initial lateral stiffness puts the infilled frame in the shortperiod range, where the accuracy of N2 method is not guaranteed and non-conservative
estimation may be provided. Big differences were found between the global and interstorey drift ratios for the infilled frame from pushover and time-history analyses, while
good consistency was observed in the performance points obtained for bare frame.
3. The use of multiple earthquakes does not influence the assessment results in this case
study. This is because of the WCSB nature of the frame structure, whose failure mechanism is controlled by columns, as well as the modelling of structural steel for columns,
which does not consider any deterioration in unloading and reloading stiffness.
4. The use of criteria based on beam and column rotation proposed by EC8-3 is not
enough in this study, which does not address the issue due to stability. A criterion
based on IDR gives more conservative capacity points than the rotation criteria for this
case frame under SD and NC limit state.
Further research should be carried out to address the applicability of N2 method in the
short-period range, which accounts for the presence of essential non-structural elements like
the infill walls. This limitation of the N2 method also restrict the applicability of the bilinear
idealisation proposed in EC8-1, which is no longer suitable for the case of an infilled frame.
Further research using refined models which take degrading and deterioration of columns into
consideration should also be conducted to assess the cumulative damage in columns under
multiple earthquakes.
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Abstract
Seismic design regulations rely on certain factors to reduce the earthquake actions due to inherent ductility and overstrength of the lateral force resisting systems. The behaviour factors
given in Eurocodes are one such example, which when applied during the design process will
ensure the life safety performance level of a building. Light-Weight Steel (LWS) structures fabricated with Cold Formed Steel (CFS) profiles are increasingly widespread in earthquake
prone regions, however the current in practice edition of Eurocodes fails to acknowledge their
seismic performance by not providing behaviour factors for them. The study presented herein
addresses this issue by evaluating behaviour factor for the two commonly used LWS systems:
CFS strap braced walls and CFS shear walls with gypsum board sheathing through FEMA
P695 methodology. For each type of system, a set of archetypes, which represent a range of
design parameters and building configurations are designed following the capacity design approach and their response is idealized by nonlinear numerical models. The performance of
archetype models is evaluated systematically through the static pushover and the incremental
dynamic analysis under a suite of forty-four normalized and scaled earthquake records, representing the probable seismic hazard to the buildings. Finally, by calculating the collapse probability while also considering the uncertainties from various sources, the suitability of a trial
value of the behaviour factor used in the design phase of archetypes is evaluated. Based on the
results, it is concluded that a behaviour factor of 2.5 and 2.0 for CFS strap braced walls and
CFS shear walls with gypsum board sheathing is appropriate.
Keywords: Cold-formed steel, Shear walls, Gypsum board sheathing, Strap braced walls, Behaviour factor, FEMA P695
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1

INTRODUCTION

Improved structural efficiency and superior environmental performance of Light-Weight
Steel (LWS) constructions made with a Cold Formed Steel (CFS) frame and sheathing panels
have made them stand out as a preferable alternative in contrast to traditional masonry or concrete constructions for low rise building applications. To resist the earthquake horizontal loads,
two main energy dissipative solutions are used in LWS constructions: strap-braced and
sheathed-braced. Lateral resistance can be provided by thin steel straps acting as braces in an
X configuration or sheathing-braced solutions with steel sheets, wood or gypsum-based panels
can provide the lateral bracing effect to withstand the horizontal loads.
Currently, only North American standard for seismic design of CFS structures AISI S400 [1]
provides design guidelines for various typologies of Lateral Force Resisting Systems (LFRS)
used in CFS constructions. In contrast with AISI S400, the main European earthquake standard
EN 1998-1 [2] lacks guidelines for any type of LFRS used in LWS constructions. In order to
bridge this gap, a series of numerical and experimental investigations were carried out at University of Naples Federico II, Italy, in recent years to better understand the seismic response of
these constructions and to propose design guidelines within the European design framework.
These studies are part of a wider effort [3–5] carried out at University of Naples Federico II to
better understand the seismic performance of steel structures.
Behaviour factors are employed in EN 1998-1 for buildings equipped with LFRS to reduce
the effect, of seismic actions due to building’s inherent structural ductility and overstrength.
The behaviour factor for any structural system can be evaluated preliminary through either a
test-based or a numerical approach. In a test-based approach, usually monotonic and cyclic tests
[6] of the prototypes representative of LFRS are used to evaluate the seismic response, while a
numerical approach make uses of several building archetypes to evaluate the collapse probability of the LFRS system and to make a judgement on reasonable value of the behaviour factor.
A more elaborate methodology is outlined by FEMA document P695 [7], which uses nonlinear
numerical analysis techniques, and explicitly considers uncertainties in ground motions, modelling, design, and experimental data to achieve an acceptably low probability of collapse of
the LFRS for a particular value of behaviour factor. The work presented in this paper uses this
methodology to evaluate behaviour factor for CFS gypsum-sheathed shear walls and strapbraced walls (Fig. 1).

a)

b)

Figure 1. a) CFS gypsum-sheathed shear wall b) CFS strap-braced wall.
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The methodology outlined by FEMA P695 [7] considers an archetypes design space to characterize the system behaviour , which is designed using a trial value of behaviour factor and
whose seismic response is idealized by nonlinear numerical models. A value of 2.5 and 2.0 is
used as a trial value for CFS strap-braced walls and CFS gypsum-sheathed shear walls, respectively. The seismic performance of the archetypes is evaluated systematically through static
pushover and incremental dynamic analysis techniques, by calculating the collapse probability,
while also considering the uncertainties from various sources. On the basis of collapse probability, the suitability of trial value of behaviour factor used in the design phase of archetypes is
evaluated. The organization of this paper also follows the arrangement of the different steps in
defined by the FEMA methodology.
2

ARCHETYPE SELECTION AND DESIGN

A set of 14 archetypes (Table 1) are designed separately for each LFRS under investigation.
The archetypes differed with each other in terms of occupancies, building heights (H) and seismic hazards. The complete design space is considered as one performance group due to the fact
that the changes in structural configuration and gravity loads among different archetypes will
not alter the behaviour of the LFRS significantly. Three anonymous geographical sites with
low, medium and high seismic intensity levels representative of the type of seismic hazard exposed to European continent are assumed as location of the archetypes. The Low, Medium and
High seismic hazard are assigned with reference peak ground acceleration (ag,R) values of 0.1g,
0.2g and 0.3g, respectively, in case of gypsum-sheathed shear walls and with the values of 0.15g,
0.25g and 0.35g, respectively in case of strap-braced walls. The reason for the choice of a comparatively lower hazard for gypsum-sheathed shear walls is due to their limited strength, with
which it was not possible to design a reasonable number of archetypes at the same hazard level
as that for strap-braced walls. All of the archetypes are assumed to be built on Soil class C and
belong to an Importance class II according to EN 1998-1 [2].
CFS gypsum-sheathed shear walls
CFS strap-braced wall
ArcheDesign
No of walls in
Archetype
Design base
No of walls in
type
base
each direction
ID*
shear
each direction
ID*
shear
[kN]
[kN]
R1L
129
4
R2L
292
4
R2L
175
6
R3L
470
6
R3L
322
12
R4L
644
8
R4L
469
16
R2M
486
6
R1M
258
10
R3M
783
8
R2M
350
12
R4M
1073
10
R3M
528
18
R2H
681
8
R1H
387
14
R3H
1096
10
R2H
525
18
O1L
212
6
O1L
101
4
O2L
475
6
O2L
332
12
O1M
352
6
O1M
203
8
O2M
792
6
O2M
504
18
O1H
494
6
O1H
304
12
O2H
1108
10
*Archetype ID: First letter: (Type of Occupancy R-residential or O-office), Second number:
umber of storeys, Third alphabet: Level of seismic hazard (L-low, M-medium or H-high)
Table 1. Archetype design space
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Two type of occupancies are considered for the archetypes: residential and office. The major
differences among the two occupancies is different intensity of the live loads they cause. In
particular, EN 1990 [8] defines a live load of 2.0 kN/m2 and 3.0 kN/m2 for residential and office
type of occupancies, respectively. The two occupancies also differ with each other in terms of
accessibility to roof. In case of residential occupancy, the roof is considered accessible with an
expected live load equal to the floors i.e. 2.0 kN/m2, while the roof of the office archetype is
considered inaccessible, except for normal maintenance and repair, which resulted in 0.4 kN/m2
expected live load. Two different types of floor are used: a lightweight steel floor sheathed with
panels (light solution) and a composite steel concrete deck (ordinary solution). The use of light
floors is limited to archetypes with shear walls braced archetypes which resulted in an excessive
design base shear, if an ordinary floor is used. In case of archetypes with strap-braced walls,
only ordinary floors are used. The resulting dead loads on floors due to light or ordinary floor,
ceilings and vertical partitions are 1.30 or 1.80, 0.10 and 0.80 kN/m2, respectively, while the
roof dead loads due to light or ordinary roof and ceilings are 1.40 or 2.30 and 0.10 kN/m2,
respectively. In addition to dead loads, a snow load of 1.00 kN/m2 and a wind load of 0.35
kN/m2 is assumed to be acting on the roof of archetypes. The height of the archetypes reflected
the current trend of LWS construction application in seismic areas, which is only limited to low
rise buildings. For residential building 3.0 to 12.0 m high archetypes are selected, while for
office archetype maximum height of archetype is limited to 6.0 m. Total height of each storey
for both type of occupancies is 3.0 m including a floor depth of 0.3 m.
The archetypes are structurally designed according to the relevant parts of Eurocodes. The
design of archetypes against the gravity load is carried out using EN 1993-1-3 [9], which provides supplementary rules for CFS members and sheeting. The lateral loads acting on the archetypes included a wind load of 0.70 KN/m2 and earthquake loads as explained earlier. Lateral
force method in EN 1998-1 [2] is used to compute the design base shear, because all of the
archetypes meet the criteria of regularity in structural plan and elevation. The seismic design
base shear is distributed over height of structure corresponding to seismic mass of each floor or
the first modal shape. Both types of lateral force distribution are used in pushover analysis of
archetypes as explained in upcoming Sections in order to obtain the worst-case scenario response. A 2.40 m wide shear wall configuration, which is already tested by authors [6] and has
shown acceptable performance under both cyclic [6] and shake table testing [10], is selected as
the only configuration used here for archetypes with gypsum-sheathed shear walls as the LFRS.
On the other hand, three wall configurations with Low, Medium and High shear force capacities
were used for archetypes with strap-braced walls as LFRS. The low and medium capacity walls
were tested experimentally in past [11], while high capacity wall was designed based on formulations given in [12].
3

NUMERICAL MODELLING

Numerical modelling of the archetypes is needed for their seismic performance evaluation.
It is expected from the building using CFS gypsum-sheathed shear walls as LFRS, that it would
mainly develop the nonlinear mechanism only at the sheathing connections, while rest of the
element would remain elastic. For strap-braced wall, the main nonlinear mechanism only happens in steel straps due to their plastic yielding. Thus, the simulation of response of the walls is
the single most important factor in the modelling of complete building response. OpenSees
software [13] is used for developing the numerical models. A two-stage modelling approach is
adopted. At first, numerical model for single wall is developed and calibrated based on the
experimental results and then in the later stage, the model of the single wall is incorporated in
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a complete building model representing the global response of the archetype. The choice of the
type of model for single wall and different modelling options available in literature are explained in detail by authors in [14] for CFS gypsum-sheathed shear walls and in [12] for CFS
strap-braced walls. A simplified model (Fig. 2), which relies on a pair of nonlinear diagonal
truss elements is used to simulate the response of a wall. Pinching4 material available in OpenSees is used to represent the nonlinearity in truss elements, which have a unit area and are the
representative of the behaviour of the walls as a whole. Rest of the wall elements, including
chord studs and hold-down devices are also modelled as elastic elements, which are necessary
for the transfer of forces to the rest of building.

Figure 2. Simplified model for the walls

A three-dimensional model representing the most important structural elements that would
have significant implications on the global seismic response of the building is created for each
archetype. The skeleton of a typical CFS building is made by joining the wall elements, such
as studs and wall tracks, to the floor elements, such as floor tracks and joists. The gravity studs
are modelled using truss elements. Not all of the gravity load bearing studs are modelled, because the presence of gravity load bearing studs does not affect much the seismic performance
of the archetypes since they cannot resist any bending moments. Moreover, adding all the studs
in model would make the model unnecessarily complex. Floor elements (joist, tracks and composite floor) are modelled as the rigid elastic beam column elements. To capture the lateral
displacement arising from P-delta effect, a rigid frame made of axially rigid elastic beam column elements having a co-rotational coordinate transformation is connected to the building in
the direction of seismic action. Moment releases are created at the ends of columns of P-delta
frame and are linked to the main building frame using the rigid truss elements. Moment releases
at the ends of columns are intended to avoid any transfer of moments from P-delta fame to main
frame and hence only transmitting the axial force, which induce an equivalent lateral displacement in the main frame. In the actual building, the studs are truss elements, and with the truss
elements, it’s not possible to simulate the p-delta effect. This is the main reason of using a
separate frame. Gravity load is applied to the P-delta columns at floor levels. More information
on modelling of CFS archetypes is give in [15]. For dynamic analysis, a 2% damping ratio is
used based on the Rayleigh damping model. This 2% value reflected the measured damping
values during the shaking table experiments [10] on a two storey CFS building.
4

SEISMIC ANALYSIS AND RESULTS

4.1 Non-linear static analysis
FEMA P695 [7] methodology uses non-linear static analysis to estimate archetype overstrength by calculating the ratio of maximum base shear resistance (𝑉𝑚𝑎𝑥 ) of archetype obtained
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through non-linear static analysis to the design base shear. After achieving the maximum base
shear resistance, all archetype models have the concentration of damage at a ground storey in
case of archetypes with shear walls, while in case of archetypes with strap-braced walls, the
story with the damage concertation varied from case to case, depending on the distribution of
shear resistance over the height of archetype. Moreover, this particular difference is due to the
difference in design of both systems. In case of shear walls, all stories had a same design shear
resistance, since there was only one configuration of gypsum-sheathed shear wall used in all
archetypes on all floors. While in case of archetypes with strap-braced walls, the design shear
resistance descended with ascending heights, since there were three different types of wall configurations used in archetypes design (see Section 2). The response in two planar directions do
not differ much in terms of 𝑉𝑚𝑎𝑥 in most cases, while the ultimate roof displacement (𝛿𝑢 ) presented slight differences. Ultimate roof displacement (𝛿𝑢 ) is taken as the roof displacement at
the point of 20% strength loss (0.8𝑉𝑚𝑎𝑥 ) in pushover analysis.
Additionally, the pushover analysis is also used to compute the period-based ductility according to formulations in FEMA, which is used to evaluate the effect of spectral shape of
different earthquake records, used for dynamic analysis, on the archetype performance. Subsequently, the final value of over-strength and period-based ductility for each archetype is computed based on its average response in both planar directions and under both types of load
distribution patterns based on FEMA P695 recommendations. These load patterns corresponded to the first modal shape, which has linearly increasing displacement over the height of
an archetype or to the distribution of seismic mass of each floor over the height of an archetype.
4.2 Non-linear Incremental Dynamic Analysis (IDA)
The collapse performance of archetypes in terms of the Collapse Margin Ratio (CMR) can
be assessed through Incremental Dynamic Analysis (IDA), which uses a set of ground motions
scaled with increasing scaling factors to reach a magnitude that will cause the collapse. CMR
is the ratio between median collapse intensity (𝑆𝐶𝑇 ) and maximum considered earthquake intensity (𝑆𝑀𝑇 ). The 4% inter storey drift ratio is used as a threshold value causing the collapse at
global level for archetypes with CFS gypsum-sheathed shear walls. The 4% value is selected
based on a similar study on shear walls sheathed with fibre cement board panels [16], which
exhibit comparable behaviour as walls with gypsum board panels and are classified under the
same category in AISI S400 [1]. Contrarily, a 5% inter storey drift value is chosen for archetypes with strap-braced archetypes as failure criterion. However, this value was chosen based
on experiment results [11], in which strap-braced walls were able to sustain load carrying capacity until at least 5% drift in all specimens.
Far-field record set provided by FEMA P695 is used to conduct IDA in both planar directions
with a 20% increment in intensity starting from a 20% (Scaling factor SF = 0.2) to 600% (SF =
6.0). Before applying the records to archetypes, they were normalized to remove the unwarranted variability between records due to inherent differences in event magnitude, distance to
source, source type and site conditions, without eliminating overall record-to-record variability
based on Peak Ground Velocity (PGV) and were matched to the archetype design response
spectrum through the scaling of median response spectrum of all records within the range of
fundamental vibration periods of archetypes. The SF=1.0 is representative of design level earthquake, while SF=1.5 corresponds to MCE (Maximum Considered Earthquake). Figure 3 shows
the IDA curves for a three-storey residential (R3M) archetype for both types of LFRS under
investigation.
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a)

b)

Figure 3. IDA curves: a) CFS Strap-braced walls, b) CFS gypsum-sheathed shear walls

5

SEISMIC PERFORMANCE EVALUATION

The acceptably low, yet reasonable, probability of collapse of structural systems is established by checking the suitability of the trial value of behaviour factor used in design as per
performance evaluation criteria of FEMA P695. The CMR’s obtained from the IDA analysis
are adjusted to take into the spectral shapes of different records used for the analysis to obtain
the adjusted CMR (ACMR), which is the product of CMR and a Spectral Shape Factor (SSF).
Two performance criteria are defined by the methodology [7]: the average value of adjusted
collapse margin ratio, ACMR avg , for each performance group should be greater than ACMR10% ,
and the individual values of adjusted collapse margin ratio, ACMR i , for each archetype within
a performance group should be greater than ACMR 20% . The values of ACMR10% and ACMR 20%
are the function of uncertainties, which are summed up as the total collapse uncertainty βTOT,
that takes into account the different sources of uncertainty which could contribute to the variability in collapse capacity. In particular, the main sources of uncertainty include: record to record uncertainty (βRTR), design requirements uncertainty (βDR), test data uncertainty (βTD); and
modelling uncertainty (βMDL).
βRTR represents the variability in response of the archetypes model under different ground
motion records. FEMA P695 recommends to use βRTR equal to 0.40 for archetypes having period-based ductility greater than 3, which is the case for all archetypes in this study. The other
three uncertainty parameters βDR, βTD and βMDL, are the qualitative measures. FEMA P695 provides the following qualitative scale to quantify them: (a) Superior: β=0.10, (b) Good: β=0.20,
(c) Fair: β=0.35, and (d) Poor: β=0.50. A quality rating of ‘Good’ (β =0.20) is adopted for all
of them in both cases except a ‘superior’ rating is given to test data available for gypsumsheathed shear walls. In addition to quasi cyclic test data on the shear wall [6], there was also
significant evidence on the seismic performance of gypsum-sheathed shear walls from shaking
table tests [10]. Finally, the total collapse uncertainty βTOT is computed to be 0.49 and 0.53 for
gypsum-sheathed shear walls and strap-braced walls, respectively. Based on the value of βTOT,
ACMR10% and ACMR 20% are obtained from Table 7-3 of FEMA P695. All of the archetypes in
both cases passed the criterion, as it can be seen in Tables 2 and 3, and hence this concludes
that the value of the behaviour factor equal to 2.5 and 2.0 used in design phase for strap-braced
walls and gypsum-sheathed shear walls, respectively is appropriate.
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Archetype
ID
R2L
R3L
R4L
O1L
O2L
R2M
R3M
R4M
O1M
O2M
R2H
R3H
O1H
O2H

𝑆𝐶𝑇

𝑆𝑀𝑇

SSF

CMR

AC
MR

3.40
3.67
3.70
2.87
3.40
2.27
2.18
2.53
2.40
2.50
1.95
1.94
1.72
2.16

1.50
1.50
1.50
1.50
1.50
1.50
1.50
1.50
1.50
1.50
1.50
1.50
1.50
1.50

1.14
1.14
1.13
1.14
1.14
1.14
1.13
1.12
1.14
1.14
1.30
1.31
1.33
1.30

2.27
2.45
2.47
1.91
2.27
1.51
1.45
1.69
1.60
1.67
1.30
1.29
1.15
1.44

2.58
2.79
2.79
2.18
2.58
1.73
1.64
1.89
1.82
1.90
1.69
1.69
1.53
1.87

AC
MR20

Pass
/Fail

ACMRavg

ACM
R10%

Pass
/Fail

Pass
Pass
Pass
Pass
Pass
Pass
Pass
Pass
Pass
Pass
Pass
Pass
Near Pass
Pass

2.05

1.97

Pass

%

1.57
1.57
1.57
1.57
1.57
1.57
1.57
1.57
1.57
1.57
1.57
1.57
1.57
1.57

Table 2. Performance evaluation of archetypes with CFS strap-braced walls

Archetype
ID
R1L
R2L
R3L
R4L
O1L
O2L
R1M
R2M
R3M
O1M
O2M
R1H
R2H
O1H

𝑆𝐶𝑇

𝑆𝑀𝑇

SSF

CMR

AC
MR

2.70
2.80
3.10
3.33
2.47
2.90
3.60
2.25
2.00
2.09
2.23
2.57
1.80
1.83

1.50
1.50
1.50
1.50
1.50
1.50
1.50
1.50
1.50
1.50
1.50
1.50
1.50
1.50

1.12
1.11
1.10
1.08
1.13
1.09
1.13
1.09
1.07
1.10
1.08
1.25
1.18
1.23

1.80
1.87
2.07
2.22
1.64
1.93
2.40
1.50
1.33
1.39
1.49
1.71
1.20
1.22

2.02
2.07
2.27
2.39
1.86
2.11
2.71
1.64
1.43
1.53
1.61
2.13
1.42
1.50

AC
MR20

Pass
/Fail

ACMRavg

ACM
R10%

Pass
/Fail

Pass
Pass
Pass
Pass
Pass
Pass
Pass
Pass
Near Pass
Pass
Pass
Pass
Near Pass
Near Pass

1.91

1.88

Pass

%

1.51
1.51
1.51
1.51
1.51
1.51
1.51
1.51
1.51
1.51
1.51
1.51
1.51
1.51

Table 3. Performance evaluation of archetypes with CFS gypsum-sheathed shear walls

6

CONCLUSIONS

Behaviour factor for CFS gypsum-sheathed shear walls and CFS strap-braced walls, which
are not yet standardized as seismic force resisting system in EN 1998-1, is evaluated here
through FEMA P695 [7] methodology. A total of fourteen residential and office archetypes
representing heights up to 12 m are designed following capacity design approach to withstand
the low, medium and high seismic load. Numerical models of archetypes with an ability to
simulate nonlinear hysteretic response of walls are developed in OpenSees software and analysed under the action of 44 records in FEMA P695 far-field record set. The analysis of models
followed an incremental dynamic analysis approach until the collapse happens. Finally, by
gauging the collapse performance of models against the FEMA P695 acceptance criteria for
adjusted collapse margin ratios, it is concluded that a behaviour factor value of 2.0 and 2.5 is
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appropriate for buildings using CFS gypsum-sheathed shear walls and CFS strap-braced walls
as main seismic force resisting system, respectively.
7
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Abstract. Network arch bridges are arch bridges where hangers intersect each other at least
twice. The concept has been developed firstly by Prof. Per Tveit during his Ph.D. Several
network arch bridges have been built around the world due to the advantage this type of
bridge presents. However, Network arch bridges as to conventional arch bridges are sensitive
to lateral displacement under vertical loads. In this study, lateral structural response of network arch bridges against traffic loads has been analyzed through extensive non-linear analyses. The structural response of the arch showed a relationship between the lateral
displacement and applied stress. In addition, it is observed that lateral arch’s bracing changes the development of plastic hinges in the arch.
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1

INTRODUCTION

In bridges’ industry, tied-arch bridges represent types of bridges where hangers are used to
transfer vertical loads from deck to arches. In this condition, the arches are substantially subjected to compression axial force instead of in the deck or tie beam there is a tensile axial
force and reduced bending moment due to hangers. Network arch bridges are widely spread
around the world due to several advantages from the aesthetical aspect to the costperformance ratio. The bridge has been developed by Per Tveit with the aim to develop innovative tied-arch bridges [1]. According to Per Tveit [2], network arch bridges are defined as
tied arch bridges where inclined hangers intersect each other at least twice. These bridges are
often mistaken to Nielsen bridges, which provide also inclined hangers but only once [3].
Fig.1 provides the common cable distribution in arch bridges from the vertical arrangement to
network arrangement.
Due to excessive axial force developed in the arches, they are sensitive to undergo instability phenomenon, either in plane or out-of-plane or both. For this reason, it is usually necessary
to provide an optimum cable arrangement, which gives a minimum stress distribution into
structural elements. Several authors [4 - 6] focused their researches to deliver an optimal cable
distribution within the arch.
In regards to the arch’s instability phenomenon, three different behaviors are often observed (fig.2). Amongst them, out-of-plane buckling has captured great attention recently. Sakimoto et al. [7] conducted experimental tests on arches with square hollow sections to study
the out-of-plane buckling of the arch. New column curves for the out-of-plane verification
have been derived as the outcome. La poutré et al. Error! Reference source not found. investigated the elasto-plastic out of plane buckling response of roller bent circular steel arches
under a vertical force located at the crown. Several tests were performed and the presence of
plastic zones in the arch rib featured the arches failure. Spoorenberg et al. Error! Reference
source not found. performed sensitivity numerical analyses to evaluate the influence of initial imperfections on the out-of-plane buckling response of steel arches. The authors proposed
a design rule to check the response of freestanding circular roller bent steel arches under
symmetric loads. When dealing with the analysis of lateral displacement of the arch, it is important to consider the existing imperfections of the element developed during the manufacturing process of the structural steel. Lonetti et al. [10], through non-linear analyses, showed
the influence of considering geometrical imperfections in the analysis while the influence of
geometrical out-of-plane imperfections on the lateral buckling behavior using a highly detailed finite element model has been investigated by Backer et al. [11].
In this study, the global lateral behavior of network arch bridges under traffic loads has
been studied throughout extensive nonlinear finite element analyses. Initial geometric imperfections equivalent to the first buckling mode of the free arch have been assigned in arch elements. Finally, the influence of the lateral bracing typologies and its position to the lateral
displacement have been developed.
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(a) Vertical arrangement

(b) Fan arrangement I

(d) Nielsen arrangement

(c) Fan Arrangement II

(e) Network arrangement

Fig. 1. Hanger arrangement for existing tied-arch bridges

a)
b)
c)
Fig. 2. Global instability behaviour of free standing arch; a) Snap-through; b) In-plane buckling; c) Out-of-Plane buckling extracted from Spoorenberg et al. 2012 Error! Reference
source not found.
2

DESCRIPTION OF THE BRIDGE

The bridge considered in this study is a 100 m span simply supported steel bridge. The
height of the arch has been chosen to have a desired span/height ratio equal to 0.20. The
bridge consists of two arch layouts with network arrangement of hanger. The two arches are
welded directly to two lateral girder beams inter-connected throughout 10 m equally spaced
transversal beams, which represents the width of the bridge. Each arch plane has 26 inclined
cables to distribute the loads throughout structural elements. The structural response of an
arch plane can be compared to an IPE section element where both arch and girder play the
same role than the upper and lower flange and hangers are considered as the web. The deck
will be composed of 8 m width traffic lane with two footways of 1 m width each. IPE lateral
beams are used to connect altogether the two arches. To study the influence of lateral bracing,
hollow circular elements have been used to connect the existing transversal arch beam. A
global view of the arch bridge is presented in Fig.3 while the information regarding the dimension of the structural elements considered is presented in both Table 1.
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a)

b)

c)

Fig. 3. Generic network arch bridge considered in the study
Structural elements
Tie Beam
Arch
Secpondary beam
Arch transversal beam
Cable
Lateral bracing

h [mm]
1600
474.6
650
398

b [mm]
500
424
250
141.8

tw [mm]
80
47.6
12
6.4

tf [mm]
80
77
14
8.6

D [mm]

t [mm]

12
250

5

Table 1: Section dimensions of the structural elements considered in the analysis

3

DESCRIPTION OF THE FINITE ELEMENT MODEL

FEM analysis has been performed in this study considering 1D element for all structural
elements unless cable and deck. The latter has been modelled as 2D shell elements with eight
nodes quad8 and six degrees of freedom. Hanger’s arrangement follows the radial distribution
along the arches. Imperfections equal to first buckling mode of the arch has been applied to
the arch before the buckling analysis of the whole model. To perform the GMNIA, a perfect
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elasto-plastic steel material behavior has been considered. S420 and S355 steel classes were
considered in the analysis while cables were modelled as tension only material to avoid any
risk of buckling of slender cable section. An overview of the 3D FEM model is presented in
Fig.4.

Fig. 4. 3D FEM model of a network arch bridge
4

LATERAL DISPLACEMENT OF NETWORK ARCH BRIDGES

In order to investigate the lateral sensitivity of the arches in network arch bridges, a geometrically and materially nonlinear analysis with imperfections (GMNIA) have been considered. Since the effect of traffic loads was primary investigated, analysis of the model with
only permanent loads is run firstly. Then, progressively increasing the live loads to better figure out the influence of traffic loads in the out-of-plane structural response. The FEM analysis
has been done following each step of the algorithm shown in Fig.5.
The results obtained from different braced length showed almost the same behaviour. The
first hinge is formed when the vertical force in the arch is more or less 4000 kN for unbraced
arches following successively the formation of second and third hinges. It is worth noting that
the successive hinges in the arches are formed shortly after the first hinge. Fig. shows the
stress level inducing the formation of the first three hinges. The benefit of wind bracing in the
increase of lateral stiffness is evident as soon as both cases are drawn in the same graph. As
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soon as the length of the braced zone of the arch increases, the critical load increases faster
than the lateral displacement. For unbraced arches, the behaviour observed is the same for
different cases studied while the situation is quite different for braced arches. In fact, for
arches braced up to 80 and 90 %, softening behaviour is observed after the critical load is
reached (Fig. ). When the free end portal increase for arches with syst.1, a slight softening is
observed after the critical buckling load of the arch.
Other results from FEM analysis showed that in general, the lateral sensitivity of both
braced and unbraced arch bridges subjected to vertical loads is characterized by 3 states: one
linear and two non-linear. From a stress point of view, the load increases linearly with the
lateral displacement until the material reaches the yielding stress at point 2. Thus, the first
hinge is formed with the partial plasticization of the section and will end the linear phase as
shown in Fig. . The location of the first hinge may vary depending on the length of the arch
where lateral bracing has been applied. It is worth noting that the first hinge is prone to be
formed near the support due to the reaction of the abutment.

Fig. 5. Flowchart for the GMNIA procedure analysis in braced arches
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(a)

(b)

(c)

Fig. 6. Vertical live loads – lateral deflection curves for unbraced and braced arch bridge; (a)
LBraced=50 m; (b) LBraced=70 m; (c) LBraced=90 m;

a)

b)

Fig. 7. Global lateral behavior of the network arch bridge under vertical loads; a) Stress variation in the section of unbraced network arch bridge; b) Stress variation in the section of
braced network arch bridge
5

CONCLUSION

The global out-of-plane behavior of network arch bridge has been studied in this paper
through intensive nonlinear analysis. The results from finite element models show a gradual
yielding of arch either from the support toward the arch midspan or from the arch midspan
toward the support. The yielding process is fast for the early case and the hinges are formed
rapidly until the braced region of the arch while in the latter case, the development of yielding
is prevented by the bracing system. On the other hand, for arches without lateral bracing, multi-shape modes are observed. The arches move to the second buckling mode at the end of the
first nonlinear phase. During this phase, an increase of vertical loads is still visible. On the
other hand, another behavior is observed for braced arches, which display a slight softening at
the end of the first nonlinear phase.
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Abstract. The extended finite element method (XFEM) enriches the polynomial basis functions
of standard finite elements with specialized non-smooth functions. The resulting approximation
space can be used to solve problems with moving discontinuities, such as cracks, while avoiding
the computational cost of remeshing. As the crack propagates, many artificial degrees of freedom are introduced near the crack tip, which can inflate the size of resulting linear system to be
solved. In addition, the stiffness matrix of the cracked body may become ill-conditioned, causing slow convergence of iterative solvers. To overcome this, domain decomposition methods
for solving the resulting linear systems of crack propagation problems is combined with XFEM
to improve its performance. A suitable decomposition is proposed to avoid inter-subdomain
boundaries near crack tip area. It is shown that choosing the proper FETI method, offers
significant speedup compared to a direct solver that uses the common finite element solution
techniques by means of Cholesky/LDL factorization, even if the execution is performed on a
single-core systems.

5842

Serafeim Bakalakos, Manolis Georgioudakis and Manolis Papadrakakis

1

INTRODUCTION

The extended finite element method (XFEM) enriches the polynomial basis functions of standard finite elements with specialized non-smooth functions [1]. The resulting approximation
space can be used to solve problems with moving discontinuities, such as cracks, while avoiding the computational cost of remeshing. Although the local enrichment strategy of XFEM is
computationally efficient, it can rapidly increase the size of the resulting linear system in large
scale problems. In addition, the stiffness matrix may become ill-conditioned, causing slow
convergence of iterative solvers.
In this paper, the application of domain decomposition methods for solving the resulting linear systems is proposed. Among such methods we will focus to the family of finite element
tearing and interconnecting (FETI) methods which were originally developed for the standard
finite element method. In a FETI method, the finite element model is decomposed into several subdomains and the continuity at the boundary freedom degrees is enforced by applying
Lagrange multipliers. These are the unknowns of an equivalent dual linear system, which can
be solved by processing each subdomain independently. To speed up the solution process of
each subdomain the standard preconditioners (e.g. preconditioned conjugate gradient method PCG) are used. When FETI methods are combined with XFEM, the identification of rigid body
motions of floating subdomains must be purely identified. Round-off errors in the computation
of the rigid body motions can increase the PCG iterations that are required to solve the interface problem. Thus, a FETI method and can be combined with an effective mesh partitioning
algorithm to ensure a decomposition into balanced subdomains that does not slow down the
convergence.
A benchmark structure under fatigue crack growth is analyzed to demonstrate the capabilities of the proposed algorithm. A suitable decomposition is proposed to avoid inter-subdomain
boundaries near crack tip area. It is shown that choosing the proper FETI method, offers
significant speedup compared to a direct solver that uses the common finite element solution
techniques by means of Cholesky/LDL factorization, even if the execution is performed on a
single-core systems.
The paper is organized as follows: a brief description of modeling crack propagation with
XFEM is given first, with special emphasis to fatigue crack growth. Subsequently, the FETI
methods are discussed and their basic concepts are presented. Finally numerical tests are provided for illustrating the capabilities of the proposed methodology.
2

MODELING CRACK PROPAGATION USING XFEM

This paper focuses on the 2D mixed-mode linear elastic fracture mechanics (LEFM) formulation, where the size of cracked plastic zone is sufficiently small and it is embedded within an
elastic zone around the crack tip. The inelastic behavior at the crack tip can cause a fatigue crack
growth, meaning that the crack will grow under conditions of cyclic applied loading. The basic
assumptions of LEFM in order to quantify crack growth around the crack tip in the presence of
constant amplitude cyclic stress intensity, are given in the next sections.
2.1

XFEM basic ingredients

According to XFEM, special functions are added to the finite element approximation based
on the partition of unity (PU) [2] and additional degrees of freedom are introduced to selected
nodes of the finite element mesh near to discontinuities providing a higher level of accuracy.
The quasi-static crack propagation simulations can be carried out without the need of remesh-
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ing, modeling the domain with standard finite elements without explicitly meshing the crack
surfaces.
Two basic types of enrichment functions are used: (i) the Heaviside function (step function)
and (ii) the asymptotic crack-tip enrichment functions derived from LEFM [3]. The displacement field for a single “nominal” element can be expressed as a superposition of the standard
~ustd , the crack-split ~uH and the crack-tip ~utip fields as:
~u(~x) = ~ustd + ~uenr = ~ustd + ~uH + ~utip

(1)

or more explicitly:
~u(~x) =

n
X

Nj (~x)~uj +

j=1

|

{z

~
ustd

}

nh
X

Nh (~x)H(~x)~ah +

|h=1

nt
X
k=1

{z

~
uenr

nf
X

Nk (~x)
Fl (~x)~blk

(2)

l=1

}

The first contributing part (~ustd ) on the right-hand side of Eq. (2) corresponds to the classical
finite element approximation of the displacement field, while the second part (~uenr ) refers to
the enrichment approximation which takes into account the existence of discontinuities. This
second contributing part utilizes additional degrees of freedom to facilitate modeling of the discontinuous field, without modeling it explicitly. n is the number of nodes in each finite element
model with standard degrees of freedom ~uj and shape functions Nj (~x), nh is the number of
nodes in the elements containing the crack face (but not the crack tip), ~ah is the vector of additional degrees of freedom for modeling crack faces defined by the Heaviside function H(~x), nt
is the number of nodes associated with the crack tip in its influence domain and ~blk is the vector
of additional degrees of freedom for modeling crack tips.
Furthermore, Fl (~x) are the crack-tip enrichment functions, given by:


√
√
θ √
θ √
θ
θ
4
r sin( ); r cos( ); r sin( ) sin(θ); r cos( ) sin(θ)
(3)
{Fl (r, θ)}l=1 =
2
2
2
2
The elements which are cut entirely by the crack, are enriched with the Heaviside (step) function
H. The Heaviside function is a discontinuous function across the crack surface and is constant
on each side of the crack. Splitting the domain by the crack causes a displacement jump and the
Heaviside function provides the desired behavior to approximate the real displacement field.
2.2

Crack representation by level sets

In association to XFEM, the level set method (LSM) [4] is adopted to describe the geometry
of the crack. The LSM was originally proposed for tracking moving interfaces, and became
a key ingredient of XFEM for describing complicated geometrical interfaces by computing
their motion on a fixed finite element mesh. Thus, level set functions offer an elegant way of
modeling cracks which take the form of signed distance functions. In order to fully characterize
a crack discontinuity, two level set functions are defined as signed distance functions: (i) a
normal level set function φ and (ii) a tangent level set function ψ. To define the signed distance
functions, the interface Γ can be regarded as the zero level contour of the level set function φ(~x).
The distance d from a point ~x to the interface Γ is defined as:
d = k~x − ~xΓ k
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where ~xΓ is the normal projection of ~x on Γ. Mathematically, the signed distance function φ(~x)
can be defined as,
φ(~x) = min k~x − ~xΓ k sign(n~1 · (~x − ~xΓ ))
(5)
where n~1 is the unit normal vector to the crack at point x~Γ (see Fig. 1).
For the case of an edge crack, to construct the two level set functions, the approach proposed
by Stolarska et al. [5] is adopted. The crack tip segment is extended to “meet” the boundary of
the domain and the normal level set function φ is then defined using Eq. (5), from the original
crack segment Γ (at crack tip j) and the virtual segments (extensions) (φ = 0 and ψ = 0) (see
Fig. 1). Similar, the tangent level set function ψ as the signed distance to the plane including
ψ=0
x
d
Ω
crack

φ=0

n1

x Γ n2

φ>0
ψ<0

Γ

φ>0
ψ>0
j

φ<0
ψ>0

φ<0
ψ<0

Figure 1: Signed distance definition, and corresponding level set functions φ and ψ in crack tip
point ~xΓ .
the crack front and perpendicular to the crack surface, is defined as follows:
ψ(~x) = min k~x − ~xΓ k sign(n~2 · (~x − ~xΓ ))

(6)

where n~2 is the unit vector tangent to the crack at its tip. The crack can now be represented by
the two level set functions φ and ψ such that φ = 0 for the crack surface Γ. Consequently, the
crack tip j is identified on an intersection of normal and tangent zero level set functions, i.e.
intersection of φ = 0 and ψ = 0. In the remaining domain, φ has a positive value above the
crack, while ψ has a positive value to the right of the unit normal vector n~1 at the crack tip j.
The crack tip level set ψ is generally assumed to be orthogonal to φ, i.e. φψ = 0. It is also
assumed that once a part of the crack has formed, that part will no longer change its shape or
move.
2.3

Computation of the crack growth direction

The accuracy and reliability of the method primarily on the continuity and the determination
of the crack path. Among the existing crack growth criteria, the maximum hoop stress criterion
[7], is adopted. According to this criterion: (i) the crack initiation will occur when the maximum
hoop stress reaches a critical value and (ii) the crack will grow along direction θcr in which
circumferential stress σθθ is maximum.
The circumferential stress σθθ in a polar coordinate system (r, θ) (see Fig. 2) along the direction of the crack propagation is a principal stress. Hence, the critical crack propagation direction
θcr is determined by setting the shear stress σrθ equal to zero, i.e.:

θcr 
1
cos
KI sinθcr + KII (3cosθcr − 1) = 0
(7)
σrθ = p
2
2 (2πr)
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σrθ

r

Ω

θ

crack tip

σrr

σθθ
σθr
σrr
σθθ

Figure 2: Polar coordinates in the crack tip coordinate system.
leading to the following expression of the crack growth direction θc , in terms of local crack tip
coordinate system:
s


KI2
1 KI
±
+8
(8)
θc = θcr = 2arctan
4 KII
KII
2.4

Computation of fatigue cycles

Fatigue crack growth is quantified using Paris law [8], which is originally proposed for single
mode deformation cases, and correlates crack propagation rate under fatigue loading with the
stress intensity factors (SIFs). For the case of mixed-mode loading, a modified Paris law is
defined using the effective stress intensity factor range ∆Keff = Kmax − Kmin . For a certain
fatigue loading level, where the crack grows by length ∆a in ∆Nc cycles, Paris law reads:
da
∆a
≈
= C(∆Keff )m
∆Nc
dNc

(9)

cracκ growth rate: log(da/dN)

where C and m are empirical material constants. m is often called as the Paris exponent and
is typically defined in the range of 3 ÷ 4 for common steel and aluminium alloys. Eq. (9)
da
) which is used to describe
represents a linear relationship between log(∆Keff ) and log( dN
c
fatigue crack propagation in Region II (Fig. 3). For calculating the effective mixed-mode stress

Region I
(threshold)

Region II
(Paris law)

Region III
(fracture)

Κc
stress intensity factor range: log(ΔΚ)

Figure 3: Logarithmic crack growth rate and effective region of Paris law.
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intensity factor ∆Keff , the energy release rate model is adopted, leading to:
q
2
∆Keff = ∆KI2 + ∆KII

(10)

Subsequently, the number of the corresponding cycles for a crack growth ∆a is computed according to [3]:
∆a
(11)
∆Nc =
C(∆Keff )m
Similar to strength of materials theory where the calculated stress is compared with an allowable stress defining the material strength, LEFM assumes that unstable fracture occurs when
SIF K reaches a critical value Kc , called fracture toughness, which represents the capacity of a
material to withstand a given stress field at the crack tip and to resist into the progressive tensile
crack extension. In other words, Kc is a material constant and is used as a threshold value for
SIFs.
3

FETI Methods

Domain decomposition methods (DDM) split the domain into smaller subdomains which
can be processed independently. Among such methods, the finite element tearing and in interconnecting (FETI) DDMs exhibit the highest scalability, when executed in distributed computing environments. The first FETI method (FETI-1) was introduced by Farhat et al. [11], and
is the first implementation of FETI methods which uses Lagrange multipliers to describe the
forces between the subdomains. Later, dual-primal FETI (FETI-DP) was introduced by Farhat
et al. [12], as a simpler and in many cases more efficient, alternative.
3.1

FETI-1

In FETI-1 method, the domain is divided into disconnected subdomains as in Fig. 4 and the
continuity between them is retained by enforcing equal displacements for instances of the same
boundary DOF (degree of freedom).
#
"

 u(1)
k
1 −1
=0
(12)
(2)
uk
By gathering the 1, -1 and 0 coefficients in a signed boolean matrix B s for all boundary
DOFs of a subdomain:
Ns
X

B s us = 0

(13)

s=1

To solve the initial linear system in the presence of these constraints, we apply Lagrange
multipliers at boundary DOFs. These are dual quantities and can be viewed as forces, while
displacements are primal quantities. Using the superscript e to denote the aggregation of all
subdomain matrices/vectors into an expanded matrix/vector, the resulting linear system is written as:
 e
 e   e 
K (B e )T
u
f
=
(14)
Be
0
λ
0
A subdomain of FETI-1 can be floating, meaning there are not enough constrained DOFs
and its stiffness matrix K s is singular. To overcome this, we use a generalized inverse (K s )+
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Figure 4: Langrange multipliers applied to boundary DOFs of subdomains.
and a normalized basis for its nullspace Rs , which corresponds to the rigid body motions of the
floating subdomain.


s −1
(K11
)
0
s +
(K ) =
(15)
0
0


s
s −1
) K12
(K11
s
(16)
R =
I
where the subscripts 1/2 denote linearly independent/dependent rows and columns, respectively.
If the subdomain has sufficient constraints then Rs = ∅ and (K s )−1 . The interface problem of
FETI-1 is as follows:

 


λ
d
FI −GI
=
(17)
0
a
−e
−GTI
where a expresses linear combinations of the normalized rigid body motions in R, FI is the
flexibility matrix, G aggregates the rigid body motions, d are the displacements due to applied
forces (boundary conditions and loading) and e is the work of rigid body motions due to these
applied forces.
Ns
Ns
X
X
FI =
FIs =
B s (K s )+ (B s )T
(18)
s=1

d=

ds
X
s=1

GI =



s=1

FIs

=

Ns
X

B s (K s )+ f s

(19)

s=1

B (1) R(1) B (2) R(2) . . . B (Ns ) R(Ns )



(20)

The linear system of Eq. (17) is not symmetric positive definite. To solve it using the preconditioned conjugate gradient (PCG) method, we must project it into another space using a
projection matrix P and then solve the following system:
P T FI P λ̄ = P T (d − FI P λ0 )

(21)

P = I − GI (GTI GI )−1 GTI

(22)

λ0 = GI (GTI GI )−1 e

(23)

where
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C

Ω1

C

C

Ω2

Ω3

C

Figure 5: Definition of corner nodes (C).

λ = λ0 + P λ̄

(24)

a = (GTI GI )−1 GTI (FI λ − d)

(25)

The coarse problem of FETI-1 is expressed in the linear system GTI GI x = y of Eq. (22) and it
helps speed up convergence by globally distributing the error at each PCG iteration. Finally we
calculate the displacements depending on if the subdomain is floating or not:
us = (K s )+ (f s − (B s )T λ) + Rs as =⇒ us = (K s )−1 (f s − (B s )T λ)
3.2

(26)

FETI-DP

The FETI-DP method is based on a dual-primary formulation of the problem to be solved.
The main difference between the FETI-DP method and the FETI-1 method is that in FETIDP, in every iteration of the PCG method, the compatibility of displacements is imposed to a
small subset of primal corner DOFs, while the compatibility of displacements to the remaining
boundary DOFs is only achieved after convergence.
We define corner nodes and corner or primal DOFs (Fig. 5). All other DOFs are called
remainder and are further separated into boundary-remainder and boundary-internal. We then
perform static condensation of the remainder DOFs in each subdomain and assemble the resulting matrices/vectors into global ones:
∗
Kcc

=

Ns
X

 s
s
s T
s −1
s
(Lsc )T Kcc
− (Krc
) (Krr
) Krc
Lc

(27)

s=1

fc∗ =

Ns
X

s T
s −1 s
) (Krr
) fr
(Lsc )T fcs − (Krc



(28)

s=1

where the subscripts r and c denote the rows/columns corresponding to remainder and corner
DOFs respectively. Lc are unsigned boolean matrices (entries are 0 or 1) mapping global corner
displacements to subdomain corner displacements. With an appropriate selection of corner
nodes, the matrices Krr is invertible, thus there are no floating subdomains. For the signed
boolean matrices Br , we will use the columns of B that correspond to remainder DOFs.
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The interface problem of FETI-DP can be written as follows:

FIrr + FIrc (Kcc )−1 (FIrr )T λ = dr − FIrc (Kcc )−1 fc∗

(29)

where dr are the displacements due to boundary conditions and loading and FIrr is the flexibility matrix. The linear system of Eq. (29) can be solved using the PCG method.
dr =

Ns
X

s −1 s
Brs (Krr
) fr

(30)

s=1

FIrr =

Ns
X

s −1
) (Brs )T
Brs (Krr

(31)

s
s −1
) Krc
Lsc
Brs (Krc

(32)

s=1

FIrc =

Ns
X
s=1

The coarse problem of FETI-DP is expressed in the linear system Kcc ∗ x = y of Eq. (29)
and it helps speed up convergence by globally distributing the error at each PCG iteration. After
solving the interface problem the displacements can be calculated using:

∗ −1
uc = Kcc
) (fc∗ + (FIrc )T λ
(33)
s −1
s
usr = (Krr
) (frs − Brs )T λ − Krc
Lsc uc

3.3



(34)

Preconditioning

Both FETI-1 and FETI-DP can use the same preconditioners to speed up the convergence
of PCG when solving the interface problem. The idea is to approximate the inverse of the
flexibility matrix, which is defined for the boundary DOFs. The most common preconditioners
used are Dirichlet and lumped ones.
Dirichlet preconditioner
A Dirichlet preconditioner is defined as follows:
FI−1

=

Ns
X

s
s T
Bpb
S s (Bpb
)

(35)

s=1

where S s is the Schur complement of internal dofs (internal-remainder in FETI-DP)
s
− (Kibs )T (Kiis )−1 Kibs
S s = Kbb

(36)

Bpb are sparse matrices that perform mapping (like B) and scaling, e.g. for a homogeneous
stiffness distribution among subdomains:
s
Bpb
= Bbs (Mbs )−1

(37)

where Bb are the columns of B corresponding to boundary DOFs (boundary remainder in
FETI-DP) and Mb is a diagonal matrix whose diagonal entries are the multiplicity of the corresponding DOFs, i.e. how many subdomains have instances of the DOFs.
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Lumped preconditioner
A lumped preconditioner is defined as follows:
FI−1

=

Ns
X

s T
s
s
)
(Bpb
Kbb
Bpb

(38)

s=1

In general, a lumped preconditioner is faster to compute and implement, but does not speed up
the convergence of PCG as much as Dirichlet.
Diagonal Dirichlet preconditioner
A Diagonal Dirichlet preconditioner is defined as follows:
FI−1

=

Ns
X

s
s T
Bpb
Ŝ s (Bpb
)

(39)

s=1

where Ŝ s is an approximation of the Schur complement of internal dofs (internal-remainder in
FETI-DP).
s
Ŝ s = Kbb
− (Kibs )T (Diis )−1 Kibs
(40)
where Diis is the diagonal of Kiis . In general, the computational cost of computing and implementing a diagonal Dirichlet preconditioner, as well as the resulting reduction of PCG iterations
falls between that of Dirichlet and lumped preconditioner.
4

Combining XFEM with FETI

Using FETI methods to solve the linear systems resulting from XFEM during crack propagation can speed up the process. FETI methods are inherently parallel and can be executed
on distributed computing environments concurrently. Compared to other domain decomposition methods, FETI methods scale extremely well with the number of processors in a network
environment.
Even on a single-core system, FETI methods can result in a speedup over direct solvers.
Due to domain decomposition, the stiffness matrix of each subdomain will have lower bandwidth than the stiffness matrix of the global domain. Non zero entries of the stiffness matrix
correspond to DOFs of the same element. These DOFs are numbered closer to each other in
a subdomain that has fewer DOFs than the whole model. In contrast, direct solvers rely on
factorizing the stiffness matrix and their main bottleneck is its bandwidth. The more subdomains a domain decomposition solvers uses, the smaller the bandwidth of the resulting stiffness
matrices.
To use FETI-1 for XFEM one needs to correctly identify the rigid body motions of the
floating subdomains defined in Eq. (16). Round-off errors in the computation of the rigid body
motions can increase PCG iterations required to solve the interface problem. FETI-DP on the
other hand requires an appropriate selection of corner nodes to avoid singular matrices. Both
methods can use the standard preconditioners described in Section 3.3. They should also be
combined with an effective mesh partitioning algorithm to ensure a decomposition into balanced
subdomains that does not slow down convergence.
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5

NUMERICAL EXAMPLE

The test case deals with a fatigue crack growth in a double cantilever beam (DCB) [10]. The
geometry of the DCB are h = 3.94 in and L = 3h = 11.82 in, as shown in Fig. 6. The thickness
of the beam is equal to 1 in. The first crack segment is horizontal at half the beam’s height
and has length a = 3.95 in. An extra crack segment is added with length da = 0.5 in with an
inclination angle dθ = 5.71o , to avoid pure Mode I propagation. The right side of the DCB is
fixed, while a cyclic load P = 197 lbs is applied on the top left and bottom left corners. The
material properties are E = 3·107 psi and v = 0.3, while plane stress conditions are considered.

Figure 6: Geometry characteristics of the double cantilever beam.
The beam is discretized with standard QUAD4 finite elements, forming a uniform mesh.
XFEM analysis is performed at 7 propagation steps, with topological tip enrichment. All analyses were conducted on a single-core system (Intel Core i7-6700 @3.40GHz CPU / 8 GB RAM)
using three different types of solvers: i) a direct solver (with LDL factorization), ii) a FETI-1
solver and iii) a FETI-DP solver. In all analyses approximate minimum degree (AMD) reordering was used to reduce the bandwidth of the resulting stiffness matrices. Fig. 7 shows the crack
path at the last step of the XFEM analysis.

Figure 7: Crack propagation in a double cantilever beam.
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The speedup of FETI-1 and FETI-DP solver over the direct solver is depicted in Fig. 8 versus
the number of DOFs and the number of subdomains. It is shown that FETI-DP exhibits excellent performance compared to other two solvers. More specific, it offers significant speedup
(up to 22X) compared to the direct solver for all meshes examined. Furthmore, the Dirichlet
preconditioner outperforms lumped and diagonal Dirichlet (up to a factor of 10X). The average
number of PCG iterations is depicted in Fig. 9 versus the number of DOFs and the number of
subdomains. The number of required PCG iterations remained low throughout the crack propagation analysis and was not affected by the ill-conditioned due to the enriched DOFs, while the
optimal number of subdomains depends on the mesh size. On the other hand, FETI-1 required
more PCG iterations to converge, as more enriched DOFs are added to the system. Although
FETI-1 is inferior to FETI-DP, it still results in a speedup of the solution phase compared to the
direct solver (up to 12X). Again Dirichlet precondition outperforms the other two in terms of
average number of iterations required for the convergence.

(a)

(b)

Figure 8: Speedup over direct solver versus number of (a) dofs and (b) subdomains.

(a)

(b)

Figure 9: Average number of PCG iterations vs number of (a) dofs and (b) subdomains.
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6

CONCLUSIONS
• FETI-1 and FETI-DP can be used for the solution of the linear systems resulting from 2D
crack propagation in the XFEM framework.
• They offer significant speedup compared to a direct solver that uses Cholesky/LDL factorization and reordering, even when run on a single-core system.
• Potentially they can be run on distributed computing environments to further reduce the
computational time.
• FETI-DP is simpler to use than FETI-1 and more efficient, since the number of PCG
iterations is marginally increased by the ill-conditioning caused by enriched dofs.
• For both methods, Dirichlet preconditioner performs the best, while lumped preconditioner performs the worst.
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Abstract. The transient response analysis of a linear system subjected to non-Gaussian random excitation is carried out by using the equivalent non-Gaussian excitation method. The
non-Gaussian excitation is prescribed by both the probability density function and the power
spectrum. Since the excitation is expressed by the Itô stochastic differential equation, moment
equations for the response can be derived from the governing equations for the excitation and
the system. However, the moment equations are generally not closed owing to the nonlinearity
of the diffusion coefficient in the governing equation for the excitation. Thus, using the equivalent non-Gaussian excitation method, the diffusion coefficient is replaced approximately by
the equivalent diffusion coefficient, which is expressed by a quadratic polynomial. After the
replacement of the diffusion coefficient, we could derive a closed set of the moment equations
and obtain the time evolution of the response moments by solving these equations. In numerical
examples, the analytical method is applied to a linear system under non-Gaussian excitation
with the widely different probability distributions and bandwidth. It is shown that the analytical
results of the transient response kurtosis agree very well with the corresponding Monte Carlo
simulation results in all cases considered in the examples.
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1

INTRODUCTION

Stochastic analysis of the response of machines and structures subjected to random excitation have been performed widely for many decades. In many cases, the random excitation has
been assumed to be a Gaussian process. This assumption is due to the fact that many random
processes in engineering problems have the probability density functions similar to the Gaussian distribution. However, some random excitations (e.g. road roughness[1], shallow water
waves[2] and wind pressure acting on low-rise buildings[3]) possess highly non-Gaussianity.
The response of systems under non-Gaussian excitation is generally also non-Gaussian even if
the system is linear, and the response characteristics are quite different with those in the case of
Gaussian excitation. Therefore, response analysis in consideration of the non-Gaussian nature
of random excitation is important to evaluate system response and reliability correctly.
In recent years, the equivalent non-Gaussian excitation method was presented to obtain
the statistical moments of the response of non-Gaussian randomly excited systems[4]. It was
demonstrated that this method leads to the accurate results of the variance, skewness and kurtosis of the stationary response for the random excitation with a wide range of the non-Gaussian
probability distributions and the bandwidth of the power spectrum. On the other hand, the
effectiveness of the method in transient analysis has not been verified yet.
In this study, we carry out the transient response analysis of a linear system subjected to
non-Gaussian random excitation by the equivalent non-Gaussian excitation method. The nonGaussian excitation is prescribed by both the probability density function and the power spectrum. Since the excitation is expressed by the Ito stochastic differential equation, moment
equations for the response can be derived from the governing equations for the excitation and
the system. However, the moment equations are not closed in most cases due to the nonlinearity
of the diffusion coefficient in the governing equation for the excitation. Accordingly, using the
equivalent non-Gaussian excitation method, the diffusion coefficient is replaced by the equivalent diffusion coefficient approximately. The square of the equivalent diffusion coefficient is
expressed by a quadratic polynomial. The coefficients of the polynomial are determined according to the criterion of the least mean square error between the original diffusion coefficient
and the equivalent counterpart. After the replacement of the diffusion coefficient, we can derive
a closed set of the moment equations and obtain the time evolution of the response moments by
solving these equations.
In numerical examples, the above-mentioned method is applied to a linear system under
non-Gaussian excitation with the widely different probability distributions and bandwidth. It is
shown that the analytical results of the transient response moments up to the fourth order agree
very well with the corresponding Monte Carlo simulation results in all cases considered in the
examples.
2

DESCRIPTION OF SYSTEM AND NON-GAUSSIAN RANDOM EXCITATION

2.1

System

Consider a single-degree-of-freedom linear system described by
Ẍ + 2ζ Ẋ + X = U (t)

(1)

where ζ is the damping ratio, t is the non-dimensional time parameter and dot sign denotes
the derivative with respect to time t. U (t) is a zero-mean stationary non-Gaussian random
excitation.
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2.2

Non-Gaussian random excitation

The non-Gaussian random excitation U (t) considered in this study is prescribed by both
the marginal probability density function pU (u) and the power spectral density SU (ω). As the
excitation probability density pU (u), various shapes of non-Gaussian distributions are taken into
account.
The power spectrum SU (ω) is expressed by
αE[U 2 ]
SU (ω) =
π(ω 2 + α2 )

(2)

where α is the bandwidth parameter and E[U 2 ] is the mean square value of the excitation.
SU (ω) is shown in Fig. 1. This spectral density has a peak at zero frequency. The excitation is
wide-band when α is large, on the other hand, the low-frequency component of the excitation
is dominant when α is small.
The excitation U (t) with the specified probability density pU (u) and the power spectrum
SU (ω) given by Eq. (2) can be described by the following one-dimensional Itô stochastic differential equation[5]
dU = −αU dt + D(U )dB(t)

(3)

where α is the bandwidth parameter in Eq. (2), B(t) is a Wiener process and the diffusion
coefficient D(u) is expressed by
∫ u
2α
2
D (u) = −
spU (s)ds
(4)
pU (u) −∞
It is found that the non-Gaussian distribution pU (u) is reflected in D(u). On the other hand,
the information on the power spectrum SU (ω) is included in the drift coefficient in Eq. (3) (see
Ref.[5]).

100
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3

ω
Figure 1: Power spectrum of excitation (E[U 2 ] = 1).
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3
3.1

EQUIVALENT NON-GAUSSIAN EXCITATION METHOD
Moment equations

The augmented system consisted of the equation of motion of the system (1) and the governing equation for the excitation (3) is described by a set of Itô stochastic differential equations as
follows:
dX = Ẋdt
(5)
dẊ = (−2ζ Ẋ − X + U )dt

(6)

dU = −αU dt + D(U )dB(t)

(7)

Then, applying the Itô’s formula[6] to Eqs. (5)-(7), the (i + j + k)th-order moment equations
for the system response can be derived.
d
E[X i Ẋ j U k ] =iE[X i−1 Ẋ j+1 U k ] − jE[X i+1 Ẋ j−1 U k ] − (2jζ + kα) E[X i Ẋ j U k ]
dt
1
+ jE[X i Ẋ j−1 U k+1 ] + k(k − 1)E[X i Ẋ j U k−2 D2 (U )]
2

(8)

However, E[X i Ẋ j U k−2 D2 (U )] on the right-hand side of Eq. (8) is complicated form in most
cases because of the nonlinearity of the diffusion coefficient D2 (u) given by Eq.(4). Therefore,
the moment equations (8) are generally not closed. In this paper, the equivalent non-Gaussian
excitation method[4] is applied to obtain a closed set of the moment equations approximately.
3.2

Equivalent non-Gaussian excitation method

In the equivalent non-Gaussian excitation method, the diffusion coefficient D(U ) in Eq.
(7) is replaced approximately with the equivalent diffusion coefficient Deq (U ). The square of
Deq (U ) is expressed by a quadratic polynomial.
2
Deq
(U ) = Aeq U 2 + Beq U + Ceq

(9)

where the coefficients Aeq , Beq and Ceq of the polynomial are adjusted according to the criterion
of minimization of the mean square error E[e2 ] between the square of the original diffusion
2
coefficient D2 (U ) and the square of the equivalent one Deq
(U ).
2
E[e2 ] = E[(D2 (U ) − Deq
(U ))2 ] = E[(D2 (U ) − Aeq U 2 − Beq U − Ceq )2 ]

(10)

Minimization of E[e2 ] is realized when the following three conditions hold:
∂E[e2 ]
∂E[e2 ]
∂E[e2 ]
= 0,
= 0,
=0
∂Aeq
∂Beq
∂Ceq

(11)

Solving Eq. (11) with respect to Aeq , Beq and Ceq leads to
Aeq =

(E[U 2 ] − E[U ]2 )(E[U 2 D2 (U )] − E[U 2 ]E[D2 (U )])
(E[U 4 ] − E[U 2 ]2 )(E[U 2 ] − E[U ]2 ) − (E[U 3 ] − E[U ]E[U 2 ])2
(12)
−

(E[U 3 ] − E[U ]E[U 2 ])(E[U 2 D2 (U )] − E[U 2 ]E[D2 (U )])
(E[U 4 ] − E[U 2 ]2 )(E[U 2 ] − E[U ]2 ) − (E[U 3 ] − E[U ]E[U 2 ])2
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Beq =

(E[U 4 ] − E[U 2 ]2 )(E[U D2 (U )] − E[U ]E[D2 (U )])
(E[U 4 ] − E[U 2 ]2 )(E[U 2 ] − E[U ]2 ) − (E[U 3 ] − E[U ]E[U 2 ])2
(13)
−

(E[U ] − E[U ]E[U ])(E[U D (U )] − E[U ]E[D (U )])
(E[U 4 ] − E[U 2 ]2 )(E[U 2 ] − E[U ]2 ) − (E[U 3 ] − E[U ]E[U 2 ])2
3

2

2

2

2

2

Ceq = E[D2 (U )] − Aeq E[U 2 ] − Beq E[U ]

(14)

Next, we derive the 2nd, 3rd and 4th order moment equations for the stationary excitation
U (t) by letting (i, j, k) = (0, 0, 2), (0, 0, 3), (0, 0, 4) in Eq. (8) as follows:
−2αE[U 2 ] + E[D2 (U )] = 0

(15)

−3αE[U 3 ] + 3E[uD2 (U )] = 0

(16)

−4αE[U 4 ] + 6E[u2 D2 (U )] = 0

(17)

From Eqs. (12)-(17), it can be seen that the coefficients Aeq , Beq and Ceq are evaluated by the
moments up to the 4th order of U (t). The moments E[U n ] (n = 1, 2, 3, 4) can be calculated
analytically or numerically from the non-Gaussian distribution pU (u), which is given beforehand to prescribe the excitation U (t). Therefore, Aeq , Beq and Ceq can be calculated, and the
equivalent diffusion coefficient Deq (U ) can be obtained by substituting the three coefficients
into Eq. (9).
By replacing D(U ) in Eq.(7) with Deq (U ) determined through the above procedure, the
stochastic differential equation governing the equivalent non-Gaussian excitation can be obtained as
√
(18)
dU = −αU dt + Aeq U 2 + Beq U + Ceq dB(t)
Finally, the (i + j + k)th-order moment equations are derived from Eqs. (5), (6) and (18).
d
E[X i Ẋ j U k ] =iE[X i−1 Ẋ j+1 U k ] − jE[X i+1 Ẋ j−1 U k ]
dt
(
)
1
+ −2jζ − kα + k(k − 1)Aeq E[X i Ẋ j U k ]
2
1
+ jE[X i Ẋ j−1 U k+1 ] + k(k − 1)Beq E[X i Ẋ j U k−1 ]
2
1
i j k−2
+ k(k − 1)Ceq E[X Ẋ U ]
2

(19)

In Eq.(19), the moments of order higher than (i + j + k) do not appear. Therefore, Eq. (19) is
closed form and can be solved analytically to obtain the time evolution of the response moments.
The solution of the 2nd-order response moment to Eq.(19) coincides perfectly with the exact
solution. This is due to the following two facts:

5860

Takahiro Tsuchida and Kohei Kanno

• The power spectrum of the excitation given by Eq.(2) remains unchanged after replacing
the diffusion coefficient D(U ) by Deq (U )[4].
• The 2nd-order response moment of a linear system is determined from the excitation
power spectrum SU (ω) and the frequency response function H(ω) of the system as follows[7]:
∫
2
σX
(t)

∞

=
−∞

SU (ω)|H(ω)|2
[

2ζ

× {1 + exp(−2ζt) 1 + √

1 − ζ2

(
− exp(ζt) 2 cos
(
− exp(ζt)

√

√

sin

1 − ζ 2t + √
)

2

sin

1 − ζ2

2ζ 2 − 1 + ω 2
sin2 ωt
+
1 − ζ2

√

1 − ζ 2 t cos

2ζ
1 − ζ2

√

1 − ζ 2t

)
√
sin 1 − ζ 2 t cos ωt

(20)

√

1 − ζ 2 t sin ωt

]}
dω

Furthermore, in the previous study[4], it was shown that since the coefficients Aeq , Beq and Ceq
are determined by the moments E[U n ] (n = 1, 2, 3, 4), the equivalent non-Gaussian excitation
governed by Eq. (18) retains the moments up to the 4th order which are the same as those of
the original excitation, and this feature enables us to obtain the accurate results of the stationary
response moments up to the 4th order.
In the next section, the validity of the equivalent non-Gaussian excitation method in transient
response moment analysis will be examined.
4

NUMERICAL EXAMPLE

The equivalent non-Gaussian excitation method described in the previous section will now be
applied to a linear system subjected to non-Gaussian excitation with the generalized Gaussian
distribution.
4.1

Excitation probability distribution and diffusion coefficient

In this example, the generalized Gaussian distribution[8] is used for the non-Gaussian distribution of the excitation. The distribution with zero mean is defined as
(
)
|u|κ
κ
exp − κ
(21)
pU (u) =
2aΓ(1/κ)
a
where Γ(·) is the gamma function and κ(> 0) represents the shape parameter. By varying κ,
it is possible to characterize a large class of distributions with the widely different kurtosis.
The Laplace, Gaussian and uniform distributions are special cases of the generalized Gaussian
distribution with κ = 1, κ = 2 and κ → ∞, respectively. a is the scale parameter. The variance
σ 2 of the distribution is expressed by
( ) ( )−1
1
3
Γ
σ =a Γ
κ
κ
2

2
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Figure 2: Generalized Gaussian distribution with zero mean and unit variance. Left : linear scale, Right : logarithmic scale.

In this study, a is adjusted so that σ 2 is equal to 1, irrespective of the shape parameter κ. The
kurtosis γ4U is given by
( ) ( ) ( )−2
5
1
3
γ4U = Γ
Γ
Γ
−3
(23)
κ
κ
κ
In Fig. 2, the generalized Gaussian distributions for four types of κ are shown. In the case
of κ < 2, the distribution has the heavier tail and larger kurtosis than those of a Gaussian
distribution (κ = 2). On the other hand, the distribution for κ > 2 becomes the light-tailed
distribution with smaller kurtosis compared to Gaussian distribution.
By Eq. (4), the diffusion coefficient D(u) corresponding to the the generalized Gaussian
distribution is derived as
(
)
( κ)
2 |u|κ
|u|
2αa2
2
Γ
, κ exp
(24)
D (u) =
κ
κ a
aκ
where Γ(·, ·) is the upper incomplete gamma function.
4.2

Application of equivalent non-Gaussian excitation method

Since the diffusion coefficient D(u) given by Eq. (24) is the complicated expression, the
moment equations (8) are not closed. Therefore, the equivalent non-Gaussian excitation method
is applied. D(U ) is replaced approximately with the equivalent diffusion coefficient Deq (U )
expressed by Eq. (9). The moments up to the 4th order of the generalized Gaussian distribution
are given as follows:
) ( )−1
(
1
n+1
n
n
E[U ] = a Γ
Γ
, n = 2, 4
κ
κ
(25)
3
E[U ] = E[U ] = 0
Using Eqs.(12)-(17) and (25), Aeq , Beq and Ceq can be calculated. The coefficient Beq is equal
to 0 since the 1st and 3rd order moments of the excitation are zero. Then, substituting Aeq ,
Beq and Ceq into Eq. (18) gives the stochastic differential equation for the equivalent nonGaussian excitation. Finally, using this equation and Eqs. (5) and (6), the moment equations
can be derived (Eq. (19)).
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In this example, all the odd-order response moments are zero since the system is linear and
the excitation distribution is symmetric. Thus, the second and fourth order moment equations
are solved. These moment equations are written in appendix.
4.3

Parameters for numerical Example
• Damping ratio ζ = 0.05
• Bandwidth parameter of excitation
α = 0.01 (α/ζ = 0.2)
α = 0.05 (α/ζ = 1)
α=1
(α/ζ = 20)
• Shape parameter of generalized Gaussian distribution
κ=1
(kurtosis γ4U = 3)
κ = 1.5 (kurtosis γ4U = 0.761954)
κ=4
(kurtosis γ4U = −0.811560)
κ = 10 (kurtosis γ4U = −1.11584)

Three types of the excitation bandwidth parameter α are considered: α = 0.01 (smaller than
the damping ratio ζ which corresponds to the bandwidth of the frequency response function of
a linear system), α = 0.05 (the same as ζ) and α = 1 (larger than ζ). The shape parameter κ
of the generalized Gaussian distribution is also changed such that the shapes of the probability
densities are quite different from each other. The distributions with κ = 1 and 1.5 have the
larger kurtosis than that of a Gaussian distribution (kurtosis = 0), whereas the distributions
with κ = 4 and 10 have the small kurtosis compared to a Gaussian distribution. The four types
of the distributions are shown in Fig. 2.
Assume that the initial conditions of the system are X(0) = 0, Ẋ(0) = 0 and the excitation
is added to the system at t = 0.
4.4

Results

As mentioned above, all the odd-order response moments are zero since the system is linear
and the excitation distribution is symmetric and zero-mean. Furthermore, when the equivalent
non-Gaussian excitation method is used, the exact solution of the 2nd-order response moment
can be obtained. Thus, the results of the response kurtosis, which is calculated from the 2nd
and 4th order moments, is compared with the Monte Carlo simulation result.
The results of the transient displacement kurtosis are shown in Figs. 3-6. In these figures,
the solid line and ⊙ denote the analytical results and the corresponding Monte Carlo simulation
results, respectively. The analytical results are in good agreement with the simulation results
in all cases considered here. These results illustrate that the effectiveness of the equivalent
non-Gaussian excitation method for transient response moment analysis of the system under
non-Gaussian excitation with the widely different probability densities and a wide range of the
bandwidth.
From Figs. 3-6, the following characteristics of the displacement response kurtosis could be
found.
• Immediately after the excitation is applied to the system (t ≃ 0), the response kurtosis becomes almost the same as the excitation kurtosis, irrespective of the excitation bandwidth
α.
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• When the excitation bandwidth is narrower than the bandwidth of the system (α = 0.01),
the response kurtosis approaches zero (i.e., Gaussian) at period 2π and becomes a value
close to the excitation kurtosis in steady state.
• In the case of the excitation bandwidth similar to the system bandwidth (α = 0.05), the
response kurtosis approaches zero at period 2π as in the case of α = 0.01, on the other
hand, the kurtosis of the stationary response is closer to 0 than that for α = 0.01.
• When the excitation bandwidth is wider than that of the system (α = 1), the response
kurtosis changes almost monotonically and becomes a value close to zero in steady state.
These response characteristics will be investigated and discussed in detail in future work.

5

CONCLUSIONS

The transient response moment analysis has been performed for a linear system subjected
to non-Gaussian random excitation using the equivalent non-Gaussian excitation method. The
non-Gaussian random excitation is prescribed by both the probability density function and the
power spectrum, and is described by an Itô stochastic differential equation. Since moment
equations, which is derived from the governing equations for the excitation and the system, are
generally not closed due to the nonlinearity of the diffusion coefficient in the stochastic differential equation for the excitation. Thus, by applying the equivalent non-Gaussian excitation
method, the diffusion coefficient is replaced by the equivalent one approximately. The square
of the equivalent diffusion coefficient is expressed by a quadratic polynomial. The coefficients
of the polynomial are determined by minimizing the mean square error between the original
diffusion coefficient and the equivalent counterpart. After the replacement of the diffusion coefficient, we can derive a closed set of the moment equations and obtain the transient response
moments by solving these equations. The solution of the 2nd-order response moment coincides
precisely with the exact solution because the replacement of the diffusion coefficient does not
change the power spectrum of the excitation.
In numerical examples, the equivalent non-Gaussian excitation method has been applied to
a linear system under non-Gaussian excitation with the generalized Gaussian distribution. It
has been shown that the analytical results of the kurtosis of the transient response is in good
agreement with the corresponding Monte Carlo simulation results in all cases considered in the
examples. This is because the equivalent non-Gaussian excitation obtained by replacing the
diffusion coefficient retains the moments up to the 4th order which are the same as those of the
original excitation.
In this study, only the case of non-Gaussian excitation with a symmetric probability distribution has been considered. In our future work., application of the equivalent non-Gaussian
excitation method to the case of random excitation with an asymmetric probability distribution
will be performed to examine the validity of the method for various shapes of non-Gaussian
distributions of the excitation.
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Figure 3: Kurtosis of displacement response, κ = 1, solid line : analysis, ⊙ : Monte Carlo simulation.
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Figure 4: Kurtosis of displacement response, κ = 1.5, solid line : analysis, ⊙ : Monte Carlo simulation.
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Figure 5: Kurtosis of displacement response, κ = 4, solid line : analysis, ⊙ : Monte Carlo simulation.
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Figure 6: Kurtosis of displacement response, κ = 10, solid line : analysis, ⊙ : Monte Carlo simulation.
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Appendix
The 2nd and 4th order moment equations to be solved are shown below. These equations can
be derived from Eq. (19).
2nd-order moment equations
dE[X 2 ]
= 2E[X Ẋ]
dt

(26)

dE[X Ẋ]
= −E[X 2 ] + E[Ẋ 2 ] − 2ζE[X Ẋ] + E[XU ]
dt

(27)

dE[XU ]
= −αE[XU ] + E[ẊU ]
dt

(28)

dE[Ẋ 2 ]
= −2E[X Ẋ] − 4ζE[Ẋ 2 ] + 2E[ẊU ]
dt

(29)

dE[ẊU ]
− E[XU ] − (2ζ + α)E[ẊU ] + 2E[U 2 ]
dt

(30)

dE[U 2 ]
= (−2α + Aeq )E[U 2 ] + Ceq
dt

(31)

4th-order moment equations
dE[X 4 ]
= 4E[X 3 Ẋ]
dt

(32)

dE[X 3 Ẋ]
= −E[X 4 ] − 2ζE[X 3 Ẋ] + 3E[X 2 Ẋ 2 ] + E[X 3 U ]
dt

(33)

dE[X 2 Ẋ 2 ]
= −2E[X 3 Ẋ] − 4ζE[X 2 Ẋ 2 ] + 2E[X Ẋ 3 ] + E[X 2 ẊU ]
dt

(34)

dE[X Ẋ 3 ]
= −3E[X 2 Ẋ 2 ] − 6ζE[X Ẋ 3 ] + 3E[X Ẋ 2 U ] + E[Ẋ 4 ]
dt

(35)

dE[X 3 U ]
= −αE[X 3 U ] + 3E[X 2 ẊU ]
dt

(36)

dE[X 2 U 2 ]
= (−2α + Aeq )E[X 2 U 2 ] + 2E[X ẊU 2 ] + Ceq E[X 2 ]
dt

(37)

dE[XU 3 ]
= (−3α + 3Aeq )E[XU 3 ] + E[ẊU 3 ] + 3Ceq E[XU ]
dt

(38)

dE[X 2 ẊU ]
= −E[X 3 U ] − (2ζ + α)E[X 2 ẊU ] + E[X 2 U 2 ] + 2E[X Ẋ 2 U ]
dt

(39)
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dE[X Ẋ 2 U ]
= −2E[X 2 ẊU ] − (4ζ + α)E[X Ẋ 2 U ] + 2E[X ẊU 2 ] + E[Ẋ 3 U ]
dt

(40)

dE[X ẊU 2 ]
= − E[X 2 U 2 ] − (2ζ + 2α − Aeq )E[X ẊU 2 ] + E[XU 3 ]
dt
+ E[Ẋ 2 U 2 ] + Ceq E[X Ẋ]

(41)

dE[Ẋ]
= −4E[X Ẋ 3 ] − 8ζE[Ẋ 4 ] + 4E[Ẋ 3 U ]
dt

(42)

dE[Ẋ 3 U ]
= −3E[X Ẋ 2 U ] − (6ζ + α)E[Ẋ 3 U ] + 3E[Ẋ 2 U 2 ]
dt

(43)

dE[Ẋ 2 U 2 ]
= − 2E[X ẊU 2 ] − (4ζ + 2α − Aeq )E[Ẋ 2 U 2 ] + 2E[ẊU 3 ] + Ceq E[Ẋ 2 ]
dt

(44)

dE[ẊU 3 ]
= − E[XU 3 ] − (2ζ + 3α − 3Aeq )E[ẊU 3 ] + E[U 4 ] + 3Ceq E[ẊU ]
dt

(45)

dE[U 4 ]
= (−4α + 6Aeq )E[U 4 ] + 6Ceq E[U 2 ]
dt

(46)
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Abstract
Floating bridges serve as attractive solutions where classical bridge concepts are not possible. However, compared to more commonly encountered bridge concepts such as cablesupported bridges, their dynamic behavior remains less investigated. Here, an end-supported
pontoon bridge, currently under development by the Norwegian Public Roads Administration
(NPRA) for the Bjørnafjord crossing in Norway, is considered as a case study to investigate
its dynamic behavior under combined wind and wave loading. The stochastic dynamic behavior of the bridge are evaluated using state-of-the-art time domain analysis techniques. The
frequency-dependent motion induced forces are modeled using state-space formulations,
which are then embedded into the general-purpose finite element software ABAQUS, where
the global dynamic analysis is carried out. Results of global response measures at the bridge
girder are presented and the results are carefully discussed.
Keywords: floating bridge, buffeting, first-order waves, stochastic dynamics, radiation forces, self-excited forces, state-space model
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1

INTRODUCTION

Although they are still relatively rare, floating bridges offer viable and economically efficient alternatives to the more classical long-span bridges. Span lengths so far has not been
crossed with cable-supported bridges can possibly be crossed with floating bridges, without
needing massive increase in the cost due to impractically large section dimensions. Such a
solution for crossing the 5 km wide, Bjørnafjord in Norway is currently under evaluation of
the Norwegian Public Roads Administration (Statens Vegvesen) as part of the Ferry Free E39
Coastal Highway Project [1]. In contrast to the cable-supported bridges, however, the dynamic behavior of such structures under environmental actions is far less investigated. The harsh
nature of the Norwegian fjords together with its complex and mountainous topography in addition to the uniquely large scale of the structure makes such an evaluation increasingly challenging for the designing engineers. Significant efforts in understanding the underlying
complex dynamics of the system are therefore necessary.
Dynamic analysis of floating bridges under random environmental loads require a stochastic dynamics approach, where the hydrodynamic effects at the pontoon locations and the aerodynamic interaction of the bridge girder with the wind should be modeled. Such an analysis
can be carried out both in the frequency domain using spectral analysis [2,3] and in the time
domain using Monte Carlo simulations [4,5]. Although significantly less time-efficient, time
domain methods allow incorporation of the nonlinearities in the system. In a time domain approach, structural and geometric nonlinearities and nonlinear wind and wave forces can be
included in the dynamic analysis, the effects of which might be important in case of such a
slender structure. However, the frequency-dependent motion-induced forces, namely the aerodynamic self-excited forces and the hydrodynamic radiation forces that arise from the fluidstructure interaction, are more difficult to model in a time domain approach. For computational efficiency, radiation forces are conveniently modeled by state-space models [6,7] in analysis of large offshore structures and recently same approach was adopted for floating bridges
[5]. Similar approaches can also be encountered in modeling of the self-excited forces in aerodynamic analysis of bridge decks [5,8,9].
Numerical simulations of the dynamic behavior of a super-long curved floating pontoon
bridge under combined wind and wave actions are carried out in this study. The analysis is
carried out in time domain, where the motion-induced forces are modeled using state-space
models. The analysis results are presented in terms of standard deviations of the girder displacement and section forces.

Figure 1: Floating bridge crossing the Bjørnafjord
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2

THE FLOATING BRIDGE CONCEPT

The floating bridge concept studied here is currently under concept development phase and
considered a viable option for crossing the Bjørnafjord in Norway, which is a 5 km wide fjord
in Hordaland, Norway. The fjord is exposed to strong winds and waves from the Norwegian
Sea and the depth of the seabed does not allow for abutments, which would support a classical
bridge. Therefore, a floating bridge with that is supported by pontoons is considered for the
crossing (Figure 1). The proposed bridge consists of mainly three parts: a cable-stayed bridge
that would allow the passage of ships underneath it, a high-bridge part that provides the transition between the cable-stayed bridge and the pontoon bridge, and the low bridge that sits on
floating pontoons (Figure 2). On top of each pontoon, columns support the bridge girder,
which has a streamlined girder of 31 meters wide and 3.5 meters deep. The bridge is also
curved, providing an arching effect against the harsh environmental loading from the open-sea
exposure.

Figure 2: Technical Drawings (courtesy of Norwegian Public Roads Administration)

3

MODELING FRAMEWORK

In the framework of finite element discretization, the equation of motion of the structure
under wind and wave loading, including the fluid-structure interaction terms, can be written as
[5,7]
(t ) + Cs u (t ) + (K s + K h )u(t ) = Fwind + Fbuff (t ) + Fse (t ) + Fwave (t ) − Frad (t )
Msu

(1)

where Ms, Ks, Cs are the structural mass, stiffness and damping matrices, K h is the hydrostatic restoring stiffness matrix and u(t) is the vector of displacements. Fwind is the static wind load
vector, Fbuff (t ) is the buffeting load vector and Fwave (t ) is the first order wave load vector. Fse (t )
and Frad (t ) denote the aerodynamic self-excited forces and the hydrodynamic radiation forces,
respectively. The structural matrices are easily obtained using a finite element model of the
structure (Figure 3), where the frequency-independent hydrostatic stiffness matrix can be obtained based on the buoyancy.
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3.1

Motion-induced forces

The frequency-dependent motion-induced forces, Fse (t ) and Frad (t ) will be modeled by
state-space models for computational efficiency. The state-space model adopted for both
terms can be written as
 (t ) DX(t ) + Eu(t )
=
X
z (t ) = QX(t )

(2)

where X(t) is the so-called state vector and D, E, Q are matrices of the model, z (t ) denotes
the frequency dependent part of the force vector. The system of equations given in the model
gives a linear, continuous and time invariant system that describes the relationship between
the motion of the structure and the motion-induced forces. The composition of the D, E, Q
matrices depend on the functional form assumed to represent the forces. The detailed formulation of the models can be found in [5,10].
3.2

Buffeting and first-order wave forces

The buffeting forces due to wind turbulence and the wave forces are stochastic dynamic
forces acting on the structure at pontoon locations and along the girder. They can be modeled
as time-dependent nodal forces in the finite element framework described. However, the stochastic processes are generally defined in the form of spectral density matrices and Monte
Carlo simulations are needed to obtain representative time-series of the processes.
Neglecting the aerodynamic admittance terms, the buffeting load vector for a girder node
can be written assuming three degrees-of-freedom associated with the drag, lift and pitch motions of the girder as
=
Fbuff ( x, t )

 2( D / B) ( D / B)C ′ − C ′ 
D
L

 u ( x, t )


′
2CL
CL + ( D / B)CD′  
  w( x, t ) 
2 
′
 2 BCM

BCM



ρUB 

(3)

where ρ is the air density, U is the mean wind velocity and B is the width of the bridge
deck. CD , CL and CM are the aerodynamic static coefficients of the bridge deck. Lastly, u ( x, t )
and w( x, t ) are the time-series of the along-wind and vertical turbulences.
Similarly, the first-order wave forces exerted upon pontoons by the incident waves, this
time acting on a node with six degrees of freedom, can be written as
=
Fwave ( x, y, t )
=
η nm

∑∑ T(ω ,θ
n

m

n

m

)η nm cos ( kn ( x cos(θ m ) + y=
cos(θ m ) − ωn t + ε mn − φmn ) , n, m {1, 2,...6}

 Im ( T(ωn , θ m ) ) 
2 Sη (ωn , θ n )∆=
ω∆θ , φmn tan −1 

 Re ( T(ωn , θ m ) ) 

(4)

where ω , θ , η and k denote the frequency, direction, wave amplitude and wave number, respectively and T is the transfer function, which can be obtained via potential theory.
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4

NUMERICAL SIMULATIONS

A detailed finite element model of the bridge, which was created in the general-purpose
commercial finite element software ABAQUS [11] was supplied by the Norwegian Public
Roads administration. The model (Figure 3) consists of beam elements representing the
bridge girder and the columns and nodes at the water level at the pontoon locations. At the
pontoon nodes, structural springs are used to model the hydrostatic stiffness of the pontoons.
Prior to modal and dynamic analyses, the static loading on the structure, namely the prestressing of the cables, self-weight of the structure and the static wind loads are applied to get the
correct stiffness. Eigenvalue analysis is carried out after the application of static loads. The
first four mode shapes, along with the corresponding natural frequencies are shown in Figure
4. The first natural period of the structure is found to be around 116 seconds.

Figure 3: Finite element model of the bridge with aero and hydro user elements

Figure 4: First four mode shapes and natural frequencies

4.1

Stochastic dynamic analysis

As discussed earlier, the definition of the stochastic environmental loads in the finite element model requires simulation of random time series from the processes defined by spectral
characteristics. Time series of wind and wave forces are generated using an FFT-based simulation scheme [12]. The spectral densities of the processes are taken according to the design
guidelines and the forms and parameters of the spectra are presented in Table 1. A Kaimal
type of spectra along with Davenport coherence scheme is assumed for the wind turbulence,
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where the Jonswap spectrum along with a cos-2s directional distribution is adopted for the
wave spectrum.
Wind spectra

Si f
=
2

σi

Ai f z

(1 + 1.5 Ai f z )

S nm ( f )
Sn ( f ) Sm ( f )

5/3

=
, fz

fz
=
, i u, w
U

f .∆ x
=
C=
exp(− K
), m, n =
{u , w}
U

Wave spectra

S (ω )

σ

5 H sω p (1 − 0.278ln(γ ) )
4

16ω p


ωp
exp  −1.25 4

ω


4


 γ


(

)

 ω −ω 2
p

exp  −
2
2
 2σ ω p








parameters
U
30
m/s
Au 6.8
Aw 9.4
Cuy 10
Cuz 10
parameters
s
Hs
Tp

Cwy

6.5

CD(CD’)

0.53(0)

Cwz
Iu
Iw

3
0.14
0.077

CL(CL’)
CM(CM’)

0.133(4.87)
0.042(0.056)

3
2.4
5.9

0.07 for ω ≤ ω p 
=
 , ω p 2π / Tp
0.09 for ω > ω p 

θ 
D(θ ) = cos 2 s  
2
Table 1: Analysis input

The self-excited forces are modeled using the state-space model described in Eqn (2). The
self-excited forces obtained by the quasi-steady theory are curve fitted by rational functions
and the obtained coefficients are used to deduce the aerodynamic state-space model. Similarly,
the hydrodynamic added mass and damping obtained from potential flow analyses in
WADAM software using a panel model of the pontoon. The coefficients, which are obtained
only at discrete frequencies, are then curve fitted using the method developed in [13]. The results of the curve fitting are then used to deduce the hydrodynamic state-space model.
The state-space models cannot be directly incorporated into the commercial finite element
software. To overcome this obstacle, additional node elements at the existing nodes of the finite element model, defined by a user subroutine are introduced into the model, following the
work of [5], where details of the implementation can be found.
5

ANALYSIS RESULTS

Dynamic analysis of the bridge is carried in time domain using the ABAQUS model, including the aerodynamic and hydrodynamic effects. 5 simulations of 1-hour duration each
have been performed. The global responses along the length of the bridge girder, namely the
strong and weak axis bending moments, the axial force and the displacements in three degrees-of-freedom (drag, lift and pitch) are extracted by post-processing the analysis results.
The standard deviations of the global responses are then calculated using the hour-long signals at each node or integration point along the girder. The resulting standard deviations of the
responses are plotted in Figure 5 for each simulation, where the average of five simulations is
also shown.
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Figure 5: Standard deviations of the global responses of the bridge girder: the gray lines show different simulations, where the red lines are the averaged results

6

CONCLUSIONS

Dynamic behavior of a super-long curved pontoon bridge crossing the Bjørnafjord in Norway is investigated in this study under wind and wave loading. The analysis methodology is
described and selected global responses under a certain environmental condition are presented.
Although the time-domain method discussed here has been used and verified against wellestablished frequency domain analyses before [5,10], comparisons are still necessary to ensure reliability of the approach. Such an analysis framework allows inclusion of also nonlinear phenomena with reasonable cost of computation, and opens possibilities for many
investigations concerning the dynamic behavior of the structure. The contributions of wind
and wave loadings and their interaction, different sources of damping, hydrodynamic interaction of the pontoons and global parametric stability of the entire bridge can be listed among
others.
7
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Abstract
In this paper, the evolutionary (time varying) power spectra of seismic accelerograms are estimated using the recently proposed method of separation. The procedure is based on a number of sample functions of the non-stationary random process characterizing the seismic
event. These sample functions are artificial accelerograms as well as natural ground motion
records. The key advantage of the method of separation is the minimization of spectral dispersion due to optimum time-frequency localization. However, it requires at least approximate spectral separability of the input samples to achieve satisfactory accuracy. The
estimated evolutionary spectra are found to be in good agreement with those of the input
samples in an average sense and can be used to generate artificial accelerograms compatible
with specific ground motion records.

Keywords: Accelerogram, Random Process, Evolutionary Spectrum, Spectral Representation.
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1

INTRODUCTION

Acceleration time histories are usually used to represent the seismic ground motion as they
contain information regarding both the nature of seismic wave propagation and the soil properties. Ground motion time histories are used as input in the nonlinear dynamic analysis of
engineering structures. Since there are still not enough records of strong earthquakes at a specific site, the generation of artificial accelerograms becomes necessary. The lack of regulatory
provisions regarding the algorithms for the generation of acceleration time histories and the
underlying assumptions has led to the development of a wide variety of methods based on
non-stationary random process theory. The basic distinction made between these methods is
about whether the produced accelerograms are design spectrum compatible [2, 3, 5, 6] or their
evolutionary (time varying) power spectra match recorded data [4, 7, 8, 12].
This paper assesses the performance of the method of separation proposed by Schillinger
and Papadopoulos in [9] for the estimation of evolutionary power spectra using a number of
sample functions of the random process characterizing the seismic event. These sample functions are artificial accelerograms generated by the algorithm of Sabetta and Pugliese [8] as
well as natural ground motion records. The key advantage of the method of separation is the
minimization of spectral dispersion due to optimum time-frequency localization. However, it
requires at least approximate spectral separability of the input samples to achieve reasonable
accuracy.
The paper is organized as follows: An introduction to evolutionary power spectra along
with a detailed description of the method of separation are provided in Section 2. Section 3 is
devoted to the estimation of evolutionary power spectra based on a set of artificial accelerograms whereas the case of natural ground motion records used as input is examined in Section
4. The paper closes with a discussion and related conclusions in Sections 5 and 6.
2

EVOLUTIONARY POWER SPECTRA - THE METHOD OF SEPARATION

One of the most widely used techniques for the simulation of earthquakes as random
processes is the spectral representation method [10]. This method is based on the power spectrum, which is related to the average energy of the random process and is obtained in seismic
applications from measured ground accelerations. Despite its importance in the dynamic analysis of structures, there is little experience so far in accurately determining the evolutionary
(time-varying) power spectrum of seismic motion. This is mainly achieved with the adoption
of time-frequency analysis techniques in the framework of digital time signal processing.
The evolutionary power spectrum S(ω,t) is dependent on both frequency ω and time t and
can be defined as the distribution of the mean square of the stochastic process f(t) over the
time-frequency domain:
∞

2
E  f (t )  = 2 ∫ S (ω , t )d ω



(1)

0

The power spectrum S(ω,t) satisfies spectral separability if it can be decomposed into a
homogeneous spectrum part Sh(ω) and a modulating time envelope gh(t) as follows:
S (ω , t ) = S h (ω ) g h (t )

(2)

The corresponding stochastic process is called separable. The homogeneous spectrum part
of the above equation expresses the distribution of energy over the frequency space ω and can
be determined from a series of samples f(i)(t) of the random process by the so-called periodogram:
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 1
Sɶh (ω ) = E 
 2π L

L

∫

f

(i )

0

 L
(t ) w  t −  e− I ωt dt
 2

2





(3)

where L is the total sample length and window w is centered at t=L/2. However, the distribution over time cannot be appropriately matched by Eq. (3), since it finds an average over
the entire duration of the signal. This is achieved with the use of the evolutionary power spectrum. By combining Eqs. (1) and (2), we get:
∞

∞

0

0

2
E  f (t )  = 2 ∫ S h (ω ) g h (t )d ω = g h (t )2∫ Sh (ω )d ω



(4)

from which it follows that:
2
E  f ( i ) (t ) 

gɶ h (t ) = ∞
2 ∫ Sɶh (ω )d ω

(5)

0

By combining Eqs. (2) and (5), the estimation of the evolutionary power spectrum by the
method of separation is finally obtained as [9]:
2
S (ω , t ) = E  f (i ) (t ) 



Sɶh (ω )
∞

(6)

2 ∫ Sɶh (ω )d ω
0

Factor 1/2 in the right-hand side fraction is necessary, because Eq. (6) takes into account
only one side of the symmetric two-sided power spectrum. Eq. (6) can be interpreted as the
distribution of the mean square of the samples f(i)(t) over the frequency domain at each time
instant t.

3

EVOLUTIONARY SPECTRA ESTIMATION BASED ON ARTIFICIAL
ACCELEROGRAMS

In this section, the method of separation will be used to compute the evolutionary power
spectrum of a specific earthquake (Lazio-Abruzzo, May 1984) based on 50 artificial accelerograms with the characteristics of this earthquake, derived from the Sabetta and Pugliese algorithm [8]. The method of separation is implemented in MATLAB software.
The algorithm of Sabetta and Pugliese incorporates the dependence of the motion on the
magnitude, the distance from the source and the geological conditions, in order to generate
realistic accelerograms. Based on these parameters, the evolutionary power spectrum or physical spectrum of the motion S(ω,t) is computed using a lognormal function [8]. The accelerograms are generated by spectral representation where the transient nature of the seismic
process is incorporated in the coefficients of the series Cn(t), which are determined by the
physical spectrum:
N

a (t ) = 2∑ Cn (t ) cos(ωn t + φn ) , Cn (t ) = S (ωn , t )∆ω

(7)

n =1

Parameters of the Lazio-Abruzzo earthquake (as recorded in Garigliano station) related to
the geophysical characteristics of the site under consideration were first introduced in the Sabetta and Pugliese algorithm to produce 50 compatible artificial accelerograms. The generated
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accelerograms have the same peak ground acceleration, time duration and small differences in
their form. The parameters used as input are the following:
• Moment magnitude: Mw = 5.8
• Epicentral distance: R = 52.6 km
• Local soil conditions: deep alluvial soil

Figure 1: Typical accelerogram from Sabetta and Pugliese algorithm.

Fig. 1 shows a typical accelerogram out of the 50 produced for this paper. The estimation
of the peak ground acceleration from the Sabetta and Pugliese algorithm for the parameters
given above is 33.8 cm/s2 and of the velocity is 2.5 cm/s. The duration of the time histories is
approximately 32 s.
As demonstrated in [11], the algorithm achieves in most cases a very good match of the response spectrum of the input earthquake although it has not been developed with the aim of
producing spectrum-compatible accelerograms. It is capable of delivering spectra that can satisfactorily be adapted to the Eurocode 8 design spectrum although the values of the maximum spectral accelerations of most spectra are smaller than the regulatory range for a
particular combination of parameters. Finally, it has been shown that the computed spectra,
although dispersed around the median, do not differ from this in their shape.
After generation of the artificial accelerograms with the Sabetta and Pugliese algorithm,
their evolutionary power spectra have been computed using the method of separation discussed in the previous section. Figs. 2-4 show respectively the real spectrum of the LazioAbruzzo earthquake, the physical spectrum calculated by the Sabetta and Pugliese algorithm
and the ensemble (mean) evolutionary power spectrum computed with the method of separation from 50 artificial accelerograms.

Figure 2: The real power spectrum of Lazio-Abruzzo earthquake [8].
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Figure 3: Lazio-Abruzzo earthquake: Physical spectrum calculated from Sabetta and Pugliese lognormal function.

Figure 4: Evolutionary (mean) power spectrum computed using the method of separation from 50 artificial accelerograms.

50 accelerograms have been used because it was observed that the more samples were introduced in the separation algorithm, the more homogenized, smooth and close to the values
of the real and the physical spectrum was the respective diagram. This is illustrated in Figs. 45 which show the evolutionary power spectra of 50, 1 and 10 artificial accelerograms with the
parameters given above.
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(a)

(b)

Figure 5: Evolutionary power spectrum of (a) one and (b) ten artificial accelerograms computed using the method of separation.

4

EVOLUTIONARY SPECTRA ESTIMATION BASED ON REAL
ACCELEROGRAMS

After producing the evolutionary spectra of artificial accelerograms derived from the Sabetta and Pugliese algorithm, some examples of evolutionary spectra of recorded accelerograms are also provided. The accelerograms were selected with peak ground accelerations in
the range 0.9-2.3 m/s2 from the European Strong-Motion Database (ESD) [1].
A. Earthquake: Montenegro (aftershock), Station: Bar-Skupstina Opstine
• Moment magnitude: Mw = 6.2
• Epicentral distance: R = 33 km
• Peak ground acceleration: PGA = 0.2g
• Date: 24/05/1979

(a)

(b)

Figure 6: (a) Accelerogram of earthquake A and (b) its evolutionary power spectrum computed using the method
of separation.
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B. Earthquake: Ano Liosia, Station: Athens 2 (Chalandri District)
• Moment magnitude: Mw = 6
• Epicentral distance: R = 20 km
• Peak ground acceleration: PGA = 0.09g
• Date: 07/09/1999

(a)

(b)

Figure 7: (a) Accelerogram of earthquake B and (b) its evolutionary power spectrum computed using the method
of separation.

C. Earthquake: Adana, Station: Ceyhan-Tarim Ilce Mudurlugu
• Moment magnitude: Mw = 6.3
• Epicentral distance: R = 30 km
• Peak ground acceleration: PGA = 0.23g
• Date: 27/06/1998

(a)

(b)

Figure 8: (a) Accelerogram of earthquake C and (b) its evolutionary power spectrum computed using the method
of separation.

5

DISCUSSION

Based on the above results, it can be noticed that the evolutionary power spectrum of the
50 artificial accelerograms (Fig. 4) approaches the physical spectrum of the Sabetta and Pug-

5886

George Stefanou and Sokratis Tsiliopoulos

liese algorithm (Fig. 3) but is less smooth as it is not calculated by an analytical lognormal
function. It is also similar to the real spectrum, which appears to exhibit a higher concentration of values at smaller frequencies (<5 Hz) than the other two. The evolutionary spectrum
has larger values in this frequency range than the physical spectrum.
A general observation based on the power spectra of Figs. 4, 6b-8b is that the distribution
of the seismic energy over time follows the corresponding accelerogram and is concentrated
at time instants of high acceleration values. The evolutionary spectra present also a large fluctuation in the frequency domain.

6

SUMMARY AND CONCLUSIONS
• In this paper, the evolutionary power spectra of artificial and real accelerograms were
computed using the method of separation. The Sabetta & Pugliese algorithm was used to
produce artificial accelerograms. The analyses were performed in MATLAB using 50 artificial and three real accelerograms to implement the method of separation.
• The evolutionary power spectrum estimated using the method of separation was in general found to be similar to the physical spectrum of the Sabetta and Pugliese algorithm
and to the real spectrum of the particular earthquake examined but it also presented some
differences. This is mainly due to the small number of accelerograms that were used. As
shown in [9], it took up to 10,000 samples of the stochastic process to obtain a smooth
approximation of the spectrum.
• Another reason is that the physical spectrum used by the Sabetta and Pugliese algorithm
to produce the accelerograms is not separable, which means that the method of separation
requires at least approximate spectral separability of the input samples to achieve satisfactory accuracy.
• Further investigation is deemed necessary using a larger number of time histories as input and, perhaps, more reliable intensity measures, such as spectral acceleration, for the
selection and/or generation of ground motions.
• The estimated evolutionary spectra can be used as input in the spectral representation method to produce artificial accelerograms compatible with given recordings.
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Abstract. For large size problems, domain decompositions can be used to solve wave propagation problems such as the Helmholtz equation. Generally, this leads to an iterative process
where data are exchanged at the boundary between subdomains. Depending on the quality of
this exchange the number of iterations is more or less. Moreover, this number of iterations
can depend on the frequency and on the number of domains. Here, we propose transmission
operators approximating the Dirichlet to Neumann (DtN) operator which is known to be near
optimal. We show this can be done using only the solution of problems involving sparse matrices and so keeping the computational time at an acceptable level. When this is combined
with the double sweep preconditioner and that the computational domain is decomposed into a
sequel of slices this results in an algorithm with a low number of iterations. Different examples
are presented to support the precedent analysis.
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1

INTRODUCTION

Solving wave propagation problems described by the Helmholtz equation is important in
many domains such as acoustics or elastic wave propagation. This can be difficult as the frequency increases because fine meshes have to be used in these cases. One possibility to increase
the computing power is to use domain decompositions for which the domain is decomposed into
subdomains on which the solutions can be computed more easily by solving small size problems. This generally involves an iterative scheme with a communication between the subdomains at each step, for instance by the transmission of data across the boundary of subdomains.
Many works have been done in the past on this subject where we find methods in which the
subdomains overlap or not. In the field of non-overlapping methods we find the works on FETI
methods as in [1] or for the application to the Helmholtz equation in [2] where interdomains
fields continuity is obtained by Lagrange multipliers. These Lagrange multipliers are computed
by solving a relatively small dual problem by a preconditioned conjugate gradient algorithm.
Another possibility is to use overlapping or non-overlapping Schwartz methods as in [3, 4, 5]
where the solution is computed iteratively in each subdomain and transmission conditions are
defined at the boundary of each domain from the solutions in the subdomains at the precedent
step. The convergence rate mainly depends on this transmission operator at the boundary, the
best one being the DtN map, see [6, 7], but it is too complicated to compute for being usable.
Different methods have been proposed to approximate this complex non-local operator by a
simpler one, often by local operators on the boundary, see for instance [8] and [9] for an uptodate
view on the subject. A PML layer can also be used as in [10].
Here we propose a new transmission operator defined from the solution of a wave problem
in domains around the computed subdomain as in the PML but with a simpler formulation
which does not need modifications to the problem formulation or computations of new stiffness
matrices. For being efficient, a preconditionner must be used with these methods such as the
double sweep preconditionner found in [11, 12, 13].
In section 2, the method is described for the case of a problem posed on two half planes
where analytical results can be found following the approach of [5] but with a new transmission
operator, then this is applied to more general domains which can be decomposed into a sequel
of slices. Finally, in section 3, numerical results are presented before a conclusion.
2

COMPUTATION BY DOMAIN DECOMPOSITION

The objective is to solve a wave propagation problem by domain decomposition. We consider
here the case of the Helmholtz equation given by
∆p + k 2 p = 0

(1)

with p the pressure, k = ω/c the wavenumber, c the sound velocity, ω = 2πf and f the
∂p
= q on
frequency. This is defined on a domain Ω with a Neumann boundary condition as ∂n
the boundary Γ of Ω.
2.1

Case of two half-planes

Consider first the Helmholtz equation defined on a plane (x, y) which is divided into two halfplane subdomains by the line x = 0, see figure 1. Taking the Fourrier transform in the y variable
with the wavenumber ky , one obtains the following sequel of one-dimensional problems in the
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x=−L
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Figure 1: Two half-planes with additional slices of thickness L.

two sub-domains, which are respectively
∂ 2 pn+1
(n+1)
1
+ (k 2 − ky2 )p1
= 0 f or x < 0
∂x2
(n)
(n+1)
∂p2
∂p1
(n+1)
(n)
+ σ1 (ky )p1
=
+ σ1 (ky )p2 at x = 0
∂x
∂x

(2)

(n+1)

∂ 2 p2
(n+1)
+ (k 2 − ky2 )p2
= 0 f or x > 0
2
∂x
(n+1)
(n)
∂p2
∂p1
(n+1)
(n)
−
+ σ2 (ky )p2
= −
+ σ2 (ky )p1 at x = 0
∂x
∂x

(3)

with σ1 (ky ) and σ2 (ky ) two well chosen functions to assure the convergence of the iterative
process. The solutions are respectively
(n+1)

(x) = e−λ(ky )x p1

(n+1)

(x) = eλ(ky )x p2

p1
p2
with λ(ky ) = i

(n+1)

(n+1)

(0) f or x < 0

(0) f or x > 0

(4)

p

k 2 − ky2 . From the transmission conditions (second lines of 2 and 3), one gets
λ(ky ) + σ1 (ky ) (n)
p (0)
−λ(ky ) + σ1 (ky ) 2
λ(ky ) + σ2 (ky ) (n)
(n+1)
p2
(0) =
p (0)
−λ(ky ) + σ2 (ky ) 1
(n+1)

p1

(0) =

(5)

so that
(2n)

p1
with
ρ(ky ) =

(0)

(0) = ρn (ky )p1 (0)

λ(ky ) + σ1 (ky ) λ(ky ) + σ2 (ky )
.
−λ(ky ) + σ1 (ky ) −λ(ky ) + σ2 (ky )
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Different possibilities for choosing the values of σ1 and σ2 are discussed in [5]. Here, we
propose another way of building these functions. The value of σ1 (ky ) is obtained from the
solution of the problem in the slice 0 < x < L with absorbing boundary conditions at x = L,
more precisely from the solution of the problem
∂ 2 p1
+ (k 2 − ky2 )p1 = 0 f or 0 < x < L
2
∂x
p1 = p f or x = 0
∂p1
− γ1 (ky )p1 = 0 f or x = L
∂x
and σ1 (ky ) is defined such that

∂p1
(0)
∂x

(8)

+ σ1 (ky )p = 0. The solution of problem 8 is given by

p1 (x) = aeλ(ky )x + be−λ(ky )x

(9)

with the coefficients a and b such that
λ(ky )(ae

λ(ky )L

−λ(ky )L

− be

) − γ1 (ky )(ae

The second relation of 10 leads to b = R1 a with R1 =
σ1 (ky ) = −λ(ky )

λ(ky )L

a+b = p
) = 0

−λ(ky )L

+ be

λ(ky )−γ1 (ky ) 2λ(ky )L
e
,
λ(ky )+γ1 (ky )

(10)

so that we get

1 − R1
1 + R1

(11)

Similarly one gets
1 − R2
(12)
1 + R2
In the case ky = 0, taking γ1 = γ2 = ik, one gets R1 = R2 = R and the classical values σ1 =
σ2 = −ik. From (11) and (12) we obtain the value of ρ(ky ) by relation 7 giving ρ(ky ) = R2 in
the case γ1 = γ2 = ik. The function ρ(ky ) is plotted versus ky /k for several values of kL in
figure 2. For kL = 0, the evanescent waves are not attenuated and the process cannot converge.
On the contrary, for kL > 0, the value of ρ(ky ) is lower than one for the entire spectrum leading
to the convergence of the iterative process and all the more so as the value of kL is high.
σ2 (ky ) = −λ(ky )

2.2

General method

We consider now a more general domain which is decomposed into vertical slices as shown
in figure 3. In each vertical band i, one has to solve at step n + 1
(n+1)

∆pi

(n+1)
∂pi

∂ni

(n+1)

+ k 2 pi

= 0 in Ωi
(n)

+

(n+1)
Si,i−1 pi

+

(n+1)
Si,i+1 pi

=

(n)
gi,i−1

∂p
(n)
= − i−1 + Si,i−1 pi−1 on Γi−1,i
∂ni−1

=

(n)
gi,i+1

∂p
(n)
= − i+1 + Si,i+1 pi+1 on Γi,i+1
∂ni+1

(n)

(n+1)

∂pi
∂ni

(13)

with the operators S as approximations of the DtN operators on the boundaries and the gi,i+1
are updated by
(n+1)

(n+1)
gi,i+1

∂p
(n+1)
= − i+1 + Si,i+1 pi+1
∂ni+1
(n)

(n+1)

= −gi+1,i + (Si,i+1 + Si+1,i )pi+1
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Figure 2: Values of ρ for different kL

(n+1)

with a similar formula for gi,i−1 .
(n+1)
The operator Si,i+1 pi+1 is obtained by solving the Helmholtz equation in the domain Ωi+1
with an absorbing boundary condition on Γi+1,i+2 , that is
∆u + k 2 u = 0 in Ωi+1
∂u
i ∂ 2u
= 0 on Γi+1,i+2
− iku +
∂ni+1
4k ∂τ 2
(n+1)

u = pi+1
(n+1)

and Si,i+1 pi+1

on Γi,i+1

(15)

∂u
on Γi,i+1 giving an approximation of the DtN operator on that interface.
∂ni+1
(n+1)
Si+1,i pi+1 is obtained by solving the Helmholtz equation in the domain Ωi

=

The operator
with an absorbing boundary condition on Γi−1,i , that is

∆u + k 2 u = 0 in Ωi
∂u
i ∂ 2u
− iku +
= 0 on Γi−1,i
∂ni
4k ∂τ 2
(n+1)
u = pi+1 on Γi,i+1
(n+1)

∂
with ∂τ
the tangential derivative and Si+1,i pi+1
the DtN operator on that interface.
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=

∂u
∂ni

(16)

on Γi,i+1 giving an approximation of

Denis Duhamel
Absorbing boundaries

Γi−2,i−1

Ω i−1

Ωi

Ω i+i

i−1

i

i+1

Γi−1,i

Γi,i+1

Γi+1,i+2

Figure 3: Domain and its decomposition into subdomains

Combining relations 13, 15 and 16, to update the solution in Ωi , one has to solve
(n+1)

∆pi

(n+1)

+ k 2 pi

(n+1)
∆ui−1 +
(n+1)
∆ui+1 +
(n+1)
∂pi

∂ni
(n+1)

∂pi
∂ni

+

(n+1)
k 2 ui−1
(n+1)
k 2 ui+1
(n+1)
∂ui−1

∂ni−1

= 0 in Ωi
= 0 in Ωi−1
= 0 in Ωi+1
(n)

= gi,i−1 on Γi−1,i

(n+1)

∂u
+ i+1
∂ni+1

(n+1)

(n)

= gi,i+1 on Γi,i+1

(n+1)

∂ui−1
i ∂ 2 ui−1
(n+1)
− ikui−1 +
∂ni−1
4k ∂τ 2

= 0 on Γi−2,i−1

(n+1)

(n+1)

∂ui+1
i ∂ 2 ui+1
(n+1)
− ikui+1 +
∂ni+1
4k ∂τ 2

= 0 on Γi+1,i+2

(17)

The last equations of (15) and (16) provide the relations of continuity between the solutions
in the adjacent domains. At the discrete level this problem is solved by assembling the dynamic stiffness matrices of the domains Ωi−1 , Ωi and Ωi+1 and putting forces on the interfaces
(n)
(n)
Γi−1,i and Γi,i+1 defined respectively by the functions gi,i−1 and gi,i+1 . For external boundaries,
∂p
the boundary condition of the problem should be used, for instance ∂n
= q0 for a Neumann
boundary defined by a function q0 .
The problem is then solved by the GMRES algorithm associated to the double sweep preconditionner described in [11, 12, 13]. For the updating of gi,i+1 , one has to solve the problems
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(15) and (16) and use their solutions in (14).
3
3.1

NUMERICAL EXAMPLES
Rectangle

We first consider the case of a rectangular domain of size 1m×1m with a boundary condition
∂p
= iknx eikx . The mesh
given by a plane wave eikx on the left and right boundaries as ∂n
is created with triangular elements of degree 2 (52633 nodes for 5 subdomains up to 80401
nodes for 100 subdomains). The mesh for 100 subdomains is shown on figure 4 where each
domain is a fine vertical band. Computations are done for different frequencies and number of
subdomains. Table 1 shows that in this case the number of iterations is very low and do not
depend on the frequency or the number of subdomains. The solution for 100 subdomains and
the frequency 2000Hz is shown on the right of figure 5.

Figure 4: Rectangular domain with 100 subdomains

Figure 5: Solution at 2000Hz for 100 subdomains

Other computations
with the boundary condition given by cos(ky y)eikx x with ky =
p 2 are made
4π/Ly and kx = k − ky2 . The number of iteration is given in table 2 while the solutions
for 500 Hz and 2000 Hz are given in figures 6 and 7. In figure 6 the boundary condition leads
to an evanescent wave while in figure 6 a propagating wave is clearly visible. This number of
iterations is low except for 100 subdomains and low frequencies. This needs further studies to
understand this phenomenon as usually the number of iteration is increasing with the frequency.
Frequency
500 Hz
1000 Hz
2000 Hz

5
4
4
4

Number of subdomains
25
4
4
4

100
4
4
4

Table 1: Number of iterations for different frequencies and number of subdomains.
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Frequency
500 Hz
1000 Hz
2000 Hz

Number of subdomains
5
25
10
15
13
15
17
18

100
73
41
20

Table 2: Number of iterations for different frequencies and number of subdomains.

Figure 6: Solution at 500Hz for 100 subdomains

3.2

Figure 7: Solution at 2000Hz for 100 subdomains

Disk

The domain is now a disk of radius 1m whose mesh and decomposition into 100 subdomains
is shown in figure 8. The solution for the plane wave excitation is shown in figure 9. In this case
the number of iterations is shown in table 3. There is a slow increase in the number of iteration
with the frequency and the number of subdomains.
Frequency
500 Hz
1000 Hz
2000 Hz

Number of subdomains
5
25
10
14
15
17
28
34

100
26
23
38

Table 3: Number of iterations for different frequencies and number of subdomains.

4

CONCLUSION

We have presented transmission conditions which are intermediate between the local conditions on the boundary and domain conditions as provided by a PML layer. So it gives an
equilibrium between the ease of implementation and the efficiency. It involves only modified
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Figure 8: Disk domain with 100 subdomains

Figure 9: Solution at 2000Hz for 100 subdomains

matrices on the boundaries but no new matrix in the domains. Subsequent research should focus
∂p
∂2p
on the improvement of the boundary condition ∂n
= ikp − 4ki ∂τ
2.
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Abstract. To predict ground-borne vibration levels caused by railway traffic, models for
estimating the load from the vibration source, as well as the vibration transmission through the
ground, are needed. In the present paper, a finite element formulation in a frame of reference
following the moving load, is used for modeling a railway slab track. The response of the
underlying soil is represented through a dynamic stiffness matrix, obtained via the Green’s
function for a horizontally layered visco-elastic half-space in a moving frame of reference in the
frequency–wavenumber domain. The track can be modeled as continuously connected beams,
but the use of plate elements allows for more general stress and displacement distributions in the
transverse direction of the slab to be resolved. Here, the free-field response due to a harmonic
load moving along a slab track, is evaluated and compared using different modeling strategies
for the slab.

5899

J. Malmborg, K. Persson and P. Persson

1

INTRODUCTION

To predict the level of ground-borne vibration caused by railway traffic, models are needed
to estimate the load from the vibration source as well as the vibration transmission through the
ground. A number of techniques have been developed in the past decades to study ground vibrations caused by a passing train, ranging from empirical methods to analytical and numerical
schemes.
Numerical schemes are often based on either the finite element (FE) or the boundary element (BE) method or a combination thereof. The strength of these methods lies in their ability
to model arbitrary geometries and discontinuities. The downside is the high computational cost.
The computational cost can be reduced if the soil and track system is assumed to be invariant
in the track direction, leading to so called 2.5D models [1, 2, 3, 4]. Further, if the soil stratification is assumed to consist of horizontally layered visco-elastic layers, a fundamental solution
(Green’s function) for the soil response can be found efficiently in frequency–wavenumber domain. Sheng et al [5, 6] proposed a semi-analytical model, with the track represented by an
infinite layered beam resting on a layered ground, where both the ground and the beam is described in the frequency–wavenumber domain. Kaynia et al [7] coupled a series of FE beams,
representing the railway track, to a dynamic stiffness matrix of the ground calculated from the
Green’s function of a layered half-space.
Modeling the track as a beam on a layered half-space is a common approach in the field
of ground-borne vibrations due to railway traffic. This approach, however, constricts the track–
soil interface stress distribution. Steenbergen et al [8] studied the influence of different interface
conditions between a beam on a half-space, subjected to a dynamic moving load, on the freefield response, using a semi-analytical model in the frequency–wavenumber domain. Galvin et
al [4] compared the free-field response of a high-speed train passage on a ballasted track on an
embankment, calculated using a 2.5D continuum model, to a model with a beam representation
of the track, finding large differences attributed to the rigid cross-section of the embankment in
the beam model.
In the present paper, a FE model is used for representing a railway slab track. The response of
the underlying soil is represented by a dynamic stiffness matrix obtained via the Green’s function for a horizontally layered visco-elastic half-space. The model is formulated in a frame of
reference following the moving load. The slab and rails can either be modeled as continuously
connected beams or by using Kirchhoff plate elements for representing the track slab. Plate
elements allow for more general stress and displacement distributions in the track transveral
direction to be resolved. Here, the free-field response due to a harmonic load moving along the
track at constant velocity, is calculated and compared using different modeling strategies for the
track.
In Section 2 an overview of the model is given and the studied case is presented in Section
3. Finally, conclusions are given in Section 4.
2
2.1

CALCULATION MODEL
Overview

The slab track is shown principally in Figure 1. It consists of a supporting layer, a concrete
slab, rails and rail pads. Full interaction is assumed between the slab and the supporting layer,
so that a homogeneous section with equivalent mass and bending stiffness may be utilized in
the calculations. This homogeneous section is simply referred to as the slab in the following.
Three models, model a)–c), with different assumptions regarding the slab and the slab–soil
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interface conditions, are established:
a) The slab is modeled with Bernoulli-Euler beam elements. Displacement continuity of
the beam and the soil is enforced only along the beam center line. A uniform stress
distribution between the beam and the soil is assumed in the transverse direction of the
slab.
b) The slab is modeled with Bernoulli-Euler beam elements. The slab–soil interface is assumed rigid in the transverse direction. This is enforced by coupling the beam kinematically to a number of soil DoFs in the transverse direction over the width of the slab.
c) The slab is modeled with Kirchhoff plate elements, allowing for a more general slab–soil
interface stress and displacement distribution in the transverse direction of the slab than
by the two other models.
In all three models, the rails are modeled as Bernoulli-Euler beams, connected to the slab
via a continuous visco-elastic interface layer representing the rail pads. The loading is assumed
identical on both rails, hence in model a) and b) the two rails are modeled as one. In model
c) symmetry around the track center line is utilized so that only half the track is modeled. The
track is coupled to a ground model, represented by a dynamic stiffness matrix. The dynamic
stiffness matrix of the ground is derived from the Green’s function for a horizontally layered
visco-elastic half-space. Both the ground model and the FE model are expressed in a moving
frame of reference, following the vehicle at a given speed v. The models a)–c) are shown
schematically in Figure 2.

Figure 1: Section of slab track.

Figure 2: Finite element models of the slab track. From the left: Models a), b) and c). Blue points represent soil
nodes at the slab–soil interface.

The soil model is described in Section 2.2. In Section 2.3 the governing equations for the
beam, plate and interface finite elements are derived. The coupling between the finite elements
and the soil is described in Section 2.4.
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2.2

Soil model

The ground is assumed to be composed of horizontal visco-elastic layers. Neglecting body
forces, the Navier equations for a single soil layer can be written as
∂ 2 uj
∂ 2 ui
∂ 2 ui
(λ + µ)
+µ
=ρ 2
∂xi ∂xj
∂xj ∂xj
∂t

(1)

where ui = ui (x1 , x2 , x3 , t) is the displacement in direction i. λ and µ are the Lame’ parameters.
Introducing a coordinate transformation as
(x̃1 , x̃2 , x̃3 ) = (x1 − vt, x2 , x3 ),

(2)

where x̃1 , x̃2 , x̃3 denotes the coordinates in the moving frame of reference, and v is the vehicle
speed, transforms the Navier equations to
 ∂ 2 ũ

2
∂ 2 ũi
∂ 2 ũi
∂ 2 ũj
i
2 ∂ ũi
+µ
=ρ
+v 2
,
− 2v
(λ + µ)
∂ x̃i ∂ x̃j
∂ x̃j ∂ x̃j
∂t2
∂t∂ x̃1
∂ x̃1

(3)

where ũi = ũi (x̃, ỹ, z̃, t) is the displacement in the moving frame of reference [9].
Fourier transforming the Navier equations with respect to the horizontal coordinates and
time, (x̃1 , x̃2 , t), yields the Navier equations in frequency–wavenumber domain as
d2
˜
(λ + µ)∆ik̃1 + µ( 2 − k̃12 − k̃22 )Ũ1 = −ρω̃ 2 Ũ1
dx̃3
2
˜ k̃2 + µ( d − k̃ 2 − k̃ 2 )Ũ2 = −ρω̃ 2 Ũ2
(λ + µ)∆i
1
2
dx̃23
˜
d2
d∆
+ µ( 2 − k̃12 − k̃22 )Ũ3 = −ρω̃ 2 Ũ3
(λ + µ)
dx̃3
dx̃3

(4a)
(4b)
(4c)

˜ = ∆(
˜ k̃1 , k̃2 , x̃3 , ω) is the Fourier transform, with respect to the horizontal coordinates
where ∆
and time, of the dilation ∆(x̃1 , x̃2 , x̃3 , t). The vibration frequency of a material point is
ω̃ = ω − k̃1 v and ω is the frequency of the moving load. The horizontal wavenumbers in the
direction of x̃1 and x̃2 are k̃1 and k̃2 , respecitvely.
As showed by Sheng [5, 6], the solution to Eq. 4 for an individual layer can be found
analytically, and due to continuity of displacements and tractions over interfaces between layers,
several layers can be assembled using the Thomson [10] and Haskell [11] layer transfer matrix
approach, forming a relationship between the displacement and stresses at the top of the stratum
and at the bottom of the stratum. With known boundary conditions at the lowest interface, a
relationship between the traction and the displacement at the surface can be obtained as
û = Ĝ p̂,

(5)

where û = û(k̃1 , k̃2 , ω) and p̂ = p̂(k̃1 , k̃2 , ω) are vectors containing the displacements and
tractions respectively on the soil surface, Ĝ = Ĝ(k̃1 , k̃2 , ω) is the Green’s function tensor, k̃1
and k̃2 are the horizontal wavenumbers. For certain frequencies and stratifications, the original
Thomson and Haskell method suffers from loss-of-precision. To avoid these problems in the
present work, the different soil layers are assembled in an orthonormalization procedure as
proposed by Wang [12].
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Equation 5 is evaluated for a set of discrete values of k̃1 and k̃2 , and the displacement vector ũ(x̃1 , x̃2 , ω) is obtained in Cartesian space through a double inverse Fourier transform of
û(k̃1 , k̃2 , ω).
The procedure described above is used for calculating the response on the soil surface, due to
a unit load with a rectangular spatial distribution, the size of which is determined by the element
size in the connecting superstructure. From this single load case, a dynamic flexibility matrix
Fg (ω, v) is established for a set of DoFs where the superstructure interacts with the soil surface.
These DoFs will be referred to as soil–structure interaction (SSI) DoFs. Fg is formed, column
by column, by interpolating from ũ. The flexibility matrix is then inverted to form the dynamic
stiffness matrix of the soil, Dg (ω, v) = F−1
g (ω, v), which gives a relation between the steadystate displacements ũg and forces f̃g for the SSI DoFs, at a certain load circular frequency ω and
velocity v, as
Dg ũg = f̃g .
(6)
2.3

Finite element model of railway structure

The coordinate transformation used for expressing the governing FE equations in a moving
frame of reference introduces convective terms in the damping and stiffness matrices. In Sections 2.3.1–2.3.3 below, the FE equations are derived for the beams, plates and visco-elastic
interface elements, respectively.
2.3.1

Beam elements

The equilibrium equation for a Bernoulli-Euler beam reads
∂ 2w
∂ 2M
+
q
−
m
= 0,
b
∂x2
∂t2

(7)

where M = M (x, t) is the bending moment. q(x, t) is a loading force per unit length. mb
is the mass per unit length of the beam. w = w(x, t) is the deflection. With the coordinate
transformation described by Eq. 2, Eq. 7 can be written as
2
∂ 2 M̃
∂ 2 w̃
∂ 2 w̃
2 ∂ w̃
+
q̃
−
m
(
−
2v
+
v
) = 0,
b
∂ x̃2
∂t2
∂ x̃∂t
∂ x̃2

(8)

where ˜· denotes that a variable is expressed in the moving frame of reference. The weak form
is obtained by multiplying Eq. 8 by an arbitrary weight function g = g(x̃) and integrating it
over the region. It can be shown that the resulting weak form for the Bernoulli-Euler beam in a
moving frame of reference is
R b ∂2g
Rb
Rb
2
2 w̃
2
M̃ dx − [ ∂∂gx̃ M̃ ]ba + [g Ṽ ]ba + a g q̃ dx − mb a g( ∂∂tw̃2 − 2v ∂∂x̃∂t
+ v 2 ∂∂ x̃w̃2 ) dx = 0. (9)
a ∂ x̃2
With the kinematic and constitutive assumptions for a Bernoulli-Euler beam, M̃ can be written
as
∂ 2 w̃
M̃ = −EI 2 ,
(10)
∂ x̃
where EI is the bending stiffness. To obtain the FE formulation, the deflection w̃(x̃, t) is
approximated using the element nodal values a(t) and the shape functions N(x̃), as w̃ = Na.
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Adopting the Galerking method, the mass, damping and stiffness matrices, as well as the load
and boundary vectors, are identified as
Z b 2
Z b
2
d N(x̃) T d2 N(x̃)
Td N
2
N
K = EI
dx
+
m
v
dx,
(11)
b
dx̃2
dx̃2
dx̃2
a
a
b

Z

NT

C = −2mb v
a

dN
dx,
dx̃

(12)

b

Z

NT N dx,

M = mb

(13)

a
b

Z

NT q̃ dx,

fl =

(14)

a

∂NT
M̃ ]ba .
(15)
∂ x̃
A 2-node beam element with two DoFs per node (vertical displacement and one rotation), based
on the above formulation, is implemented and used in the present work. Similar derivations for
the convective Bernoulli-Euler beams can be found in e.g. [13, 14].
fb = [NT Ṽ ]ba − [

2.3.2

Plate elements

The equilibrium equation for a Kirchhoff plate reads, see e.g. [15],
∂ 2 Mxy ∂ 2 Myy
∂ 2w
∂ 2 Mxx
+2
+
+ q − ρh 2 = 0,
∂x2
∂x∂y
∂y 2
∂t

(16)

where Mxx = Mxx (x, y, t), Myy = Myy (x, y, t) and Mxy = Mxy (x, y, t) are the bending
moments in the x- and y-directions. q(x, y, t) is a loading force per unit area. h and ρ is the
plate thickness and the mass density respectively. w = w(x, y, t) is the deflection of the midsection. With the coordinate transformation described by Eq. 2, Eq. 16 can be written as
2
∂ 2 M̃xx
∂ 2 M̃xy ∂ 2 M̃yy
∂ 2 w̃
∂ 2 w̃
2 ∂ w̃
+
2
+
+
q̃
−
ρh(
−
2v
+
v
) = 0.
∂ x̃2
∂ x̃∂ ỹ
∂ ỹ 2
∂t2
∂ x̃∂t
∂ x̃2

(17)

The weak form is obtained by multiplying Eq. 17 by an arbitrary weight function g = g(x̃, ỹ)
and integrating it over the region. It can be shown that the resulting weak form for the Kirchhoff
plate in a moving frame of reference is
R
H dg
H
R
dM̃nm
˜ T M̃ dA −
M̃
dL
+
(
∇g)
g(
Ṽ
+
)
dL
+
g q̃ dA
nn
nz
dm
A
L
A
L dn
R
(18)
∂ 2 w̃
∂ 2 w̃
2 ∂ 2 w̃
−ρh A (g ∂t2 − 2vg ∂ x̃∂t + v g ∂ x̃2 ) dA = 0,
˜ is defined as
where the matrix differential operator ∇
h 2
iT
∂
∂2
∂2
˜
∇ = dx̃2 dỹ2 2 dx̃dỹ ,

(19)

and the moment vector M̃ as

T
M̃ = M̃(x̃, ỹ, t) = M̃xx (x, y, t) M̃yy (x, y, t) M̃xy (x, y, t) .
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The constitutive equation for the cross-section of a Kirchhoff plate can be written as
˜ w̃ where D is the plane stress constitutive matrix for isotropic elasticity.
M̃ = − (h3 /12)D∇
To obtain the FE formulation, the deflection w̃(x̃, ỹ, t) is approximated using the element nodal
values a(t) and the shape functions N(x̃, ỹ), as w̃ = Na.
Adopting the Galerking method, the mass, damping and stiffness matrices, as well as the
load and boundary vectors, are identified as
Z
Z
∂ 2N
h3
T
2
˜
˜
(∇N) D(∇N) dA + ρhv
NT
dA ,
(21)
K=
12 A
∂ x̃2
A
Z
∂N
dA,
(22)
C = −2ρhv NT
∂ x̃
A
Z
M = ρh NT N dA,
(23)
A

Z

NT q̃ dA,

fl =

(24)

A

I

I
dM̃nm
N (Ṽnz +
fb =
(∇N)T nM̃nn dL .
(25)
) dL −
dm
L
L
A 4-node rectangular element with three DoFs per node (vertical displacement and two rotations), based on the above formulation, is implemented and used in the present work.
2.3.3

T

Visco-elastic interface elements

The rail pads are modeled by visco-elastic interface elements, representing continuous springs
and dashpots. In the following derivation of the equations for the interface elements, an interface element is assumed to be located between two beam elements parallel with the x-axis. The
loads on the upper and lower beams due to the visco-elastic interface are written
qu (x, y, t) = −k(wu − wl ) − c(

∂wu ∂wl
−
) = 0,
∂t
∂t

(26)

∂wl ∂wu
−
) = 0,
(27)
∂t
∂t
where wu = wu (x, t) and wl = wl (x, t) is the deflection in the upper and lower beam respectively, k is the spring stiffness and c is the damping coefficient. With the coordinate transformation described by Eq. 2,
n ∂ w̃
∂ w̃l
∂ w̃u ∂ w̃l o
u
q̃u (x̃, t) = −k(w̃u − w̃l ) − c (
−
) − v(
−
) ,
(28)
∂t
∂t
∂ x̃
∂ x̃
n ∂ w̃
∂ w̃u
∂ w̃l ∂ w̃u o
l
q̃l (x̃, t) = −k(w̃l − w̃u ) − c (
−
) − v(
−
) .
(29)
∂t
∂t
∂ x̃
∂ x̃
The displacements of the upper and lower beam, wu and wl , are approximated using the shape
functions Nu and Nl and element nodal displacements au (t) and al (t) for the upper and lower
beams, respectively. With Eq. 14 the load vectors for the respective beams can be written
nR
o
Rb
Rb
b
flu = a NTu q̃u dx = −k a NTu Nu dx au − a NTu Nl dx al −
nR
o
nR
o (30)
Rb T
R b T ∂Nl
b
b
T
T ∂Nu
c a Nu Nu dx ȧu + a Nu Nl dx ȧl + c v
Nu ∂ x̃ dx au − a Nu ∂ x̃ dx al ,
a
ql (x, y, t) = −k(wl − wu ) − c(
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o
Rb T
f ll =
dx al − a Nl Nu dx au −
dx = −k
nR
o
nR
o
R b T ∂Nu
R
b
b
b
T ∂Nl
c a NTl Nl dx ȧl + a NTl Nu dx ȧu + c v
N
dx
a
−
N
dx
a
l
u .
l ∂ x̃
l ∂ x̃
a
a
nR

Rb

NTl q̃l
a

b
a

NTl Nl

(31)

With the shape function vectors Ñu and Ñl and the displacement vector a defined as




Ñu (x̃, ỹ) = Nu 0Nl , Ñl (x̃, ỹ) = 0Nu Nl
T





f̃lu (t) = flu 0fll , f̃ll (t) = 0flu fll , fL (t) = flu fll





T
ãu (t) = au 0al , ãl (t) = 0au al , a(t) = au al

(32)

it is possible to write the load vector as
fL (t)
o
n R= f̃lu (t) + f̃ll (t) R=
Rb T
Rb T
b
b
T
T
−k a Ñu Ñu dx + a Ñl Ñl dx − a Ñu Ñl dx − a Ñl Ñu dx a
o
nR
Rb
Rb
Rb
b
−c a ÑTu Ñu dx + a ÑTl Ñl dx + a ÑTu Ñl dx + a ÑTl Ñu dx ȧ
nR
o
R b T ∂ Ñl
R b T ∂ Ñl
R b T ∂ Ñu
b
T ∂ Ñu
+c v
Ñu ∂ x̃ dx + a Ñl ∂ x̃ dx − a Ñu ∂ x̃ dx − a Ñl ∂ x̃ dx a.
a

(33)

The vector fL (t) collects the forces on the upper and lower beam, caused by the interface element. The forces on the interface element are therefore fi (t) = −fL (t), and the stiffness and
damping matrices of the interface element can be identified from Eq. 33 as
o
nR
Rb
Rb
Rb
b
K = k a ÑTu Ñu dx + a ÑTl Ñl dx − a ÑTu Ñl dx − a ÑTl Ñu dx
nR
o
(34)
Rb
Rb
Rb
b
−cv a ÑTu ∂∂Ñx̃u dx + a ÑTl ∂∂Ñx̃l dx − a ÑTu ∂∂Ñx̃l dx − a ÑTl ∂∂Ñx̃u dx ,
C=c

nZ

b

ÑTu Ñu

a

Z
dx +

b

ÑTl Ñl

Z
dx −

a

a

b

ÑTu Ñl

Z
dx −

b

o
ÑTl Ñu dx .

(35)

a

The above expressions are also valid for an interface element between a beam element overlying
a plate element in the xy-plane, such as in model c), with the shape functions for the plate
evaluated at the y-coordinate of the beam.
2.4

Coupling to soil

Assuming steady-state conditions, the governing equation for the railway track structure can
be written as
(−ω 2 Mr + iωCr + Kr )ũr = f̃r ,
(36)
or
Dr ũr = f̃r ,

(37)
2

where Mr , Cr and Kr is the mass, damping and stiffness matrix respectively. Dr = (−ω Mr +
iωCr + Kr ) is the dynamic stiffness matrix, and ũr and f̃r is the displacement and force vector
for the track structure, respectively.
The track and soil is coupled in a standard FE manner. Only the vertical DoFs of the track
structure and the soil are coupled. A global system of equations for the soil and the railway
structure is formed by combining Eqs. 6 and 37, yielding
Dt ũr = f̃r ,

5906

(38)

J. Malmborg, K. Persson and P. Persson

where Dt represents the total dynamic stiffness matrix for the track structure and soil.
Once the track displacements ũr , and thereby also the displacement in the soil DoFs ũg , have
been obtained by solving Eq. 38, the corresponding forces on the soil surface, f̃g are calculated
by Eq. 6. A second flexibility matrix Fgf (ω, v) is established, in the same manner as Fg (ω, v)
as described in Section 2.2, expressing the displacements in free-field due to forces on the soil–
structure interface. The free-field displacements, ũf , are then calculated as
ũf = Fgf f̃g .
3

(39)

MODEL COMPARISON

To compare the effect of the three different modeling strategies for the track on the free-field
response, each model is used for evaluating the response to a moving unit harmonic point load
acting on the rail. The track properties are given in Table 1. The track rests on a 14 m deep
layer of clay overlaying a half-space, with properties according to Table 2. An element length
of 0.3 m is used, meaning that 12 elements are used in the transverse direction of the slab in
model c). For model b) the slab is rigidly connected to 13 soil DoFs in the transverse direction.
In all three models, the number of elements in the track direction is 500, yielding a total track
length of 150 meters, which has been found to be sufficient to avoid problems with reflecting
waves at the boundaries of the FE model in the studied case. The track gauge is 1.435 m.
Figure 3 shows the wavefield and the track deformation due to a harmonic point load with
frequency f = 50 Hz traveling at v = 60 m/s, as obtained with the three different models.
The difference in the slab deformation in the transverse direction due to the different modeling
approaches is clearly visible. The displacements shown in Figure 3 are in the moving frame of
reference, following the load at speed v = 60 m/s. In this frame of reference, the displacements
are in steady state with the loading frequency f = 50 Hz. For a fixed point in the free-field,
however, the response is transient and contains a broad band of frequencies due to the Doppler
effect. A higher load speed results in a broader frequency content of the response in a fixed
point. This can be seen in Figure 4 that shows the displacement spectrum for a fixed point 10 m
and 25 m from the track, due to a harmonic 50 Hz load travelling at v = 30 m/s and v = 60 m/s.
All three models yield similar results, however, the response obtained with model c) using plate
elements is slightly higher than obtained with the other two models, for this particular load
frequency.
To compare the three models for a range of excitation frequencies, a moving rms-value of
the vibration velocity in a fixed point is calculated for each excitation frequency f , as
s
Z
1 t+T
u̇(t)2 dt,
(40)
vrms (t) =
T t
where u̇(t) is the velocity time history response for a fixed point. T is the window length and is
here set to T = 1 s. In Figure 5 the maximum of vrms (t) is shown for each excitation frequency
for the three models, for a fixed point located 10 and 25 m from the track respectively and the
load speeds v = 30 and v = 60 m/s. For both load speeds, and both distances, the free-field
response is very similar for all three models up to about f = 50 Hz. At higher frequencies, both
models a) and b) underestimate the response. However, the underestimation with model b) is
modest. For model a) the maximum underestimation is almost 10 dB at 70 Hz.
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Figure 3: Soil and slab displacements in models a)–c), from top to bottom, when subjected to a harmonic load with
frequency f = 50 Hz moving along the track at speed v = 60 m/s. The size of the displayed area is 60 m× 30 m.
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Figure 4: Response of a fixed point in the free-field due to a 50 Hz load traveling on the track. a) and b) show the
results for a fixed point 10 meters from the track, with a load speed of v = 30 and v = 60 m/s, respectively. c) and
d) are for a point 25 meters from the track.
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Figure 5: Velocity rms-value of a fixed point in the free-field due to a harmonic load traveling on the track. a)
and b) show the results for a fixed point 10 meters from the track, with a load speed of v = 30 and v = 60 m/s,
respectively. c) and d) are for a point 25 meters from the track.
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Parameter
Value
Rail
Mass (kg/m)
60
Young’s modulus (GPa)
210
Second moment of inertia (m4 ) 3.217×10−5
Loss factor (-)
0.01
2
Rail
Stiffness (MN/m )
92
pads
Damping (kNs/m2 )
73
3
Slab
Density (kg/m )
2310
+
Young’s modulus (GPa)
26.7
support Poisson’s ratio
0.2
layer
Width (m)
3.6
Thickness (m)
0.55
Loss factor (-)
0.04
Table 1: Track properties.

4

CONCLUSIONS

In the paper a numerical prediction model for train-induced ground-vibration has been presented. The model is formulated in a frame of reference following the moving load, which offers
some advantages over conventional FE models using a fixed frame of reference. Using a fixed
frame of reference, the computational domain must be large for the moving load to stay within
the model during the time of analysis. In the moving frame of reference following the load, on
the other hand, the load stays at the same location in the model throughout the analysis, allowing a smaller model. Furthermore, frequency domain methods can be used for analyzing the
moving load. A drawback of the model is that it is not suitable for analyzing load cases where
the resulting wavelengths are very short, such as moving loads approaching the soil shear wave
velocity. Short wavelengths, making the current approach inappropriate, may also result from
non-moving loads, depending on the soil and track stiffness and the frequency of the load.
Three different models of a railway slab track have been established and compared. In the
first two models, the railway track is modeled as a Bernoulli-Euler beam on a layered halfspace, with different assumptions regarding the displacement and stress distribution at the track–
soil interface. In the third model, the track slab is modeled using Kirchhoff plate elements,
enabling a more general displacement and stress distribution in the track transverse direction
to be resolved. It is shown that in the case studied here, the beam model where the track–
soil interface is considered rigid over the width of the slab, only slightly underestimates the
response, at higher frequencies. The beam model where a uniform traction is assumed at the
track–soil interface, on the other hand, underestimates the response significantly at frequencies
above 50 Hz.
5
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Layer
Soil

Parameter
Depth (m)
Young’s modulus (MPa)
Poisson’s ratio
Density (kg/m3 )
Loss factor (-)
Bedrock
Depth (m)
(half-space) Young’s modulus (MPa)
Poisson’s ratio
Density (kg/m3 )
Loss factor (-)

Value
14.0
475
0.48
2125
0.14
∞
8800
0.40
2600
0.04

Table 2: Soil properties.
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Abstract. In this article, an attempt is made toward the experimental validation of a numerical method allowing vibroacoustic and ultrasonic wave propagation analysis of complex woven
composites. For this validation, plates with a complex woven architecture were manufactured
using Resin Transfer Molding (RTM) process. These composites can be considered as periodic
structures composed of unit cells repeated in two directions. The unit cells of these three different woven patterns are modelled realistically at a mesoscopic scale, using information from
micrographic cross-sections and the mechanical properties of the fibres and matrix materials provided by the various manufacturers. The numerical method combining the mode-based
Component Mode Synthesis (CMS) and the Wave Finite Element (WFEM) methods allows for
computing the dispersion relations of the modelled samples. Experimentally, a few dispersion
relations are extracted from the samples by the mean of B-scan. These experimental results are
compared with the numerical results. It is shown that this methodology has a good accuracy
for determining the dispersion relations of complex woven composites. It is efficient time wise
and provides more information on the dispersion relations than experimental testing.
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1

INTRODUCTION

Textile composites are increasingly used in modern industry due to their excellent mechanical properties [1] and especially for aerospace applications thanks to a low weight. These
composite structures considered as an infinite assembly of identical elements called unit cells. The wide application of these periodic structures have attracted a lot of research for more
than a decade [2, 3, 4, 5, 6]. 3D woven composites in particular are getting more and more
interest over 2D laminates as they provide higher resistance in out-of-plane loading while 2D
laminates are easily subjected to delamination. Textile composites are prone to many modes of
failures such as fiber breakages, cracks and delamination. In the process of Structural Health
Monitoring (SHM) - which consists of performing Non Destructive Evaluation (NDE) [7] - the
earliest possible detection of damage is important. At present, approximately 27% of an average aircraft’s life cycle cost is spent on maintenance [8]. To avoid that, a technique finding
increasing popularity for ’on-line’ inspection is ultrasound guided waves spectroscopy [9]. As
guided wave propagation in thin plates is dispersive, the velocity of wave propagation depends
on the frequency and the dispersion relations need to be known. These guided waves techniques
are very efficient in traditional isotropic or even orthotropic materials as their wave propagation
characteristics have been thoroughly investigated [10]. However in strongly anisotropic composites, such as woven composites for example, these properties are not straightforward to
obtain. This paper proposes and experimentally validates a methodology for obtaining these
dispersion relations for 3D woven composites.
2

SAMPLES MANUFACTURING

A 3D woven fabric of complex architecture was used [11] to manufacture plaque samples
by resin transfer molding (RTM) (see Fig1). This process was chosen because it allows to have
smooth surfaces which is extremely important for the experimental measurements using a laser
Doppler vibrometer.

Figure 1: Photography showing the two halves of the mold, with the frame placed on on half and the pre-form
fabric sheet fitted inside the frame

The plaques measure 250 x 250 x 2 mm. The fabric is an angle interlock weave. The fabric
is made of carbon fibers while the matrix is made of epoxy resin. The dry preforms were given
courtesy of Dr. Andreas Endruweit.
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3

EXPERIMENTAL DETERMINATION OF THE DISPERSION RELATIONS

When performing a quantitative measurement of the dispersion relations in a thin structure
, more than one mode can exist and propagate for any given frequency. That is why the twodimensional fast Fourier transform (2D FFT) is used [12]. It allows for calculating the amplitude
in the frequency-wavenumber domain from displacements or velocities amplitude in the spacetemporal domain.
A broadband excitation signal (Fig.2 is transmitted to the studied structure by the mean of a
glued piezoelectric transducer (PZT).
1
2-cycles sinusoidal function
window function
resulting signal

0.8
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Figure 2: Broadband excitation signal, ’- -’ 2 cycles of a sinusoidal function mixed with a window function ’-o-’
gives the broadband signal ’–’

Two cycles of a sinusoidal function are modulated by a window function.
The set-up (see Fig.3) is composed of a waveform generator that is used to generate the
electrical waveform that will be transmitted to the piezoelectric transducer. The transducer is
glued on the surface of the tested textile composite sample. Finally, the scanning laser Doppler
vibrometer is programmed to measure the displacement at a set of discrete position on a straight
line (B-scan). The B-scan is performed once in every direction of interest.
This output signal is transmitted to the oscilloscope for each discrete position along the defined
line. A Fourier transform of the time history of the response at each discrete position is carried to
compute the frequency spectrum for each position. A spacial Fourier transform is then applied
to compute the amplitude-wavenumber-frequency information.
4
4.1

NUMERICAL METHOD
Microscale: Matrix and yarn mechanical properties

The mechanical properties of the fibers and matrix are provided by the supplier. A square
arrangement of the fiber is assumed to calculate the mechanical properties of the yarn [13, 14,
15]. The homogenization from microscale (fibers & matrix) to mesoscale (yarn) gives us the
following properties for the yarns (Tab.4.1)
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Figure 3: Experimental set-up for B-scan measurements

Yarn - Mat1 Vf =0.41

4.2

Fibre
TC33
TC35

Resin
IN2
IN2

E1
116.3
124.5

E2,3
7.40
7.41

G12,13
2.87
2.87

G23 ν12,13
2.31 0.27
2.31 0.27

ν23
density
0.37 1.450
0.37 1.451

Mesoscale: Geometric modelling

The modelling of the textile is performed with TexGen which is a software developed by the
Composites Research Group at the University of Nottingham [16, 17]. The geometric modeling
is compared to micrographic cross sections of the actual composite (see Fig.2). This helps for
an accurate modelling of the geometric shapes [18, 19].

Figure 4: Top view of the material

The dispersion curves are calculated using the geometric model and the methodology presented in [20] that combines the WFEM and the CMS methods.
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Figure 5: Cross sections of the material

4.3

WFE/CMS method

The nodal DOFs of the unit cell are partitioned in the following way: bottom, top, left, right,
left-bottom corner, right-bottom corner, left-top corner, right-top corner and internal DOFs,
which gives:

T
. The equation of motion of the
qT
qT
qT
qT
qT
qT
qT
qT
q = qT
I
RT
LT
RB
LB
R
L
T
B
unit cell can be written as


K + iωC − ω 2 M q = F

(1)

In order to reduce the complexity of the structural dynamic model, a Component Mode Synthesis (CMS) method is applied. It is mostly used to reduce the use of CPU time and memory.
The key to this method is the reduction of the relative DOFs (internal nodes), whereas the
boundary DOFs are kept as physical coordinates [21]. In the fixed interface CMS, a set of
’fixed boundary modes’, also called component modes are selected among a subset of the local
modes of the unit cell when the boundary DOFs are fixed and no force is acting on the internal
nodes.
Once this reduction method has been applied, the periodic structure theory (PST) is employed.
The PST states that when a free wave travels along a waveguide, the displacements between two
opposite boundary sides of a cell differ only by a propagation factor. The unit cell needs however to be meshed in a similar way on its opposite boundaries, so that continuity in displacements
and forces equilibrium is respected [22].
In our case the wave motion is in the Oxy plan, which gives
qR = λx qL ;

q T = λy qB
(2)

qRB = λx qLB ; qLT = λy qLB ; qRT = λx λy qLB
λx and λy being respectively the propagation factors along the axis x and y.
The propagation factors are calculated using the following formula
λx = e−ikx ∆ ; λy = e−iky ∆

(3)

and the direction of propagation θ is computed using the following relations
kx = kcos(θ); ky = ksin(θ)

(4)

Combining the CMS reduction method with the periodicity relation, allows us to reduce drastically the number of unknown in the equations and thus the calculation time.

5917

V. Thierry, O. Mesnil and D. Chronopoulos

5

RESULTS
A comparison is presented in Fig.6.
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Figure 6: Dispersion curves of the material in the y-direction - background image results from the experimental
B-scan - ’x’ numerical results computed with the methodology presented in [20] - ’+’ numerical results computed
with a classic WFE method and homogenised mechanical properties

A good agreement can be observed betweeen the numerical results and the experimental
results. However the resolution of the experimental results doesn’t allow to conclude wether
the agreement is excellent or not. Also both numerical methods seem to give similar results.
6

CONCLUSIONS
• It is shown that this methodology has a good accuracy for determining the dispersion
relations of complex woven composites.
• It is efficient time wise and provides more information on the dispersion relations than
experimental testing.
• It is difficult to conclude whether the methodology provides more information than using
a standard WFE method on a model with homogenized mechanical properties.
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